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“For it each Star is little more a mathematical Point, located upon
the Hemisphere of Heaven by Right Ascension and Declination, then
all the Stars, taken together, tho” innumerable, must like any other
set of points, in turn represent some single gigantick Equation, to the
mind of God as straightforward as, say, the Equation of a Sphere.—to
us unreadable, incalculable. A lonely, uncompensated, perhaps even
impossible Task,—yet some of us must ever be seeking, [ suppose.”

—Thomas Pynchon, Mason & Dixon



Preface

General relativity is the most beautiful physical theory ever invented. It describes
one of the most pervasive features of the world we experience—gravitation—in
terms of an elegant mathematical structure—the differential geometry of curved
spacetime—Ileading o unambiguous predictions that have received spectacular
experimental confirmation. Consequences of general relativity, from the big bang
10 black holes, often get young people first interesied in physics, and it 15 an unal-
loyed joy to finally reach the point in one's studies where these phenomena may
be understood at a rigorous quantitative level, If you are contemplating reading
this book, that point is here.

In recent decades, general relativity (GR) has become an integral and indis-
pensable part of modern physics. For a long time after it was proposed by Einstein
in 1916, GR was counted as a shining achievement that lay somewhat outside the
mainstream of interesting research. Increasingly, however, contemporary students
in a variety of specialties are finding it necessary to study Einstein’s theory. In ad-
dition to being an active research area in its own right, GR is part of the standard
syllabus for anyone interested in astrophysics, cosmology, string theory, and even
particle physics. This is not to slight the more pragmatic uses of GR, including
the workings of the Global Positioning System (GPS) satellite network.

There is no shortage of books on GR, and many of them are excellent. Indeed,
approximately thirty years ago witnessed the appearance of no fewer than three
books in the subject, each of which has become a classic in its own right: those by
Weinberg (1972), Misner, Thorne, and Wheeler (1973), and Hawking and Ellis
(1975). Each of these books is suffused with a strongly-held point of view advo-
cated by the authors. This has led to a love-hate relationship between these works
and their readers: in each case, it takes little effort to find students who will de-
clare them to be the best textbook ever writlen, or other students who find them
completely unpalatable. For the individuals in question, these judgments may very
well be correct; there are many different ways to approach this subject.

The present book has a single purpose: to provide a clear introduction to gen-
eral relativity, suitable for graduate students or advanced undergraduates. | have
attempted to include enough material so that almost any one-semester introduc-
tory course on GR can find the appropriate subjects covered in the text, but not
too much more than that. In particular, I have tried to resist the temptation to write
a comprehensive reference book. The only goal of this book is to teach you GR.

An intentional effort has been made to prefer the conventional over the id-
iosyncratic. I T can be accused of any particular ideological bias, it would be a
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tendency to think of general relativity as a field theory, a point of view that helps
one o appreciate the connections among GR, particle physics, and string theory.
Al the same time, there are a number of exciting astrophysical applications of GR
i(black holes. gravitational lensing. the production and detection of gravitational
waves, the carly universe, the late universe, the cosmological constant), and [
have endeavored to include at least enough background discussion of these issues
to prepare students to tackle the current literature.

The primary question facing any introductory treatment of general relativity is
the level of mathematical rigor at which to eperate. There is no uniquely proper
solution, as different students will respond with different levels of understanding
and enthusiasm 1o ditfferent approaches. Recognizing this, 1 have tried o pro-
vide something for everyone. | have not shied away from detailed formalism, but
have also attempted 10 include concrete examples and informal discussion of the
concepts under consideration. Much of the most mathematical material has been
relegated to the Appendices. Some of the material in the Appendices is actually an
integral part of the course (for example, the discussion of conformal diagrams),
but an individual reader or instructor ¢an decide just when it is appropriate to
delve mto them; signposts are included in the body of the text

Surprisingly, there are very few formal prerequisites for learning general rel-
ativity; most of the material is developed as we go along. Certainly no prior ex-
posure 10 Riemannian geometry is assumed, nor would it necessarily be helpful.
It would be nice to have already studied some special relativity; although a dis-
cussion is included in Chapter 1, its purpose is more to review the basics and and
introduce some notation, rather than 1o provide a self-contained introduction. Be-
vond that, some exposure to electromagnetism, Lagrangian mechanics, and linear
algebra might be uscful, but the essentials are included here.

The structure of the book should be clear. The first chapter is a review of spe-
cial relativity and basic tensor algebra, including a brief discussion of classical
field theory. The next two chapters intreduce manifolds and curvature in some
detail; some motivational physics is included, but building a mathematical frame-
work is the primary goal. General relativity proper is introduced in Chapter 4,
along with some discussion of aliernative theories. The next four chapiers dis-
cuss the three major applications of GR: black holes (two chapters), perturbation
theory and gravitational waves, and cosmology, Each of these subjects has wit-
nessed an explosion of research in recent years, so the discussions here will be
necessarily introductory, but [ have tried to emphasize issues of relevance to cur-
rent work. These three applications can be covered in any order, although there
are interdependencies highlighted in the text. Discussions of experimental tests
are sprinkled through these chapters, Chapter 9 is a brief introduction to quan-
tum field theory in curved spacetime; this is not a necessary part of a first look
at GR, but has become increasingly important to work in quantum gravity and
cosmaelogy, and therefore deserves seme mention. On the other hand, a few topics
are scandalously neglected; the initial-value problem and cosmological perturba-
tion theory come to mind, but there are others. Fortunately there is no shortage of
other resources. The Appendices serve various purposes: There are discussions of
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technical points that were avoided in the body of the book, crucial concepts that
could have been put in various places, and extra wpics that are useful but outside
the main development.

Since the goal of the book is pedagogy rather than originality, 1 have often
leaned heavily on other books (listed in the bibliography) when their expositions
scemed perfectly sensible to me. When this leaning was especially heavy, I have
indicated it in the text itself. It will be clear that a primary resource was the book
by Wald (1984), which has become a standard reference in the field; readers of
this book will hopelully be well-prepared to jump into the more advanced sections
of Wald's book.

This book grew out of a set of lecture notes that were prepared when | taught
a course on GR at MIT. These notes are available on the web for free, and will
continue to be so; they will be linked to the website listed below. Perhaps a little
over half of the material here is contained in the notes, although the advantages
of owning the book (several copies, even) should go without saying.

Countless people have contributed greatly both to my own understanding of
general relativity and to this book in particular—too many 1o acknowledge with
any hope of completeness, Some people, however, deserve special mention. Ted
Pyne learned the subject along with me, taught me a great deal, and collaborated
with me the first time we taught a GR course, as a seminar in the astronomy
department at Harvard; parts of this book are based on our mutual notes. Nick
Warner taught the course at MIT from which 1 first learned GR, and his lectures
were certainly a very heavy influence on what appears here. Neil Cornish was
kind enough to provide a wealth of exercises, many of which have been included
at the end of each chapter. And among the many people who have read parts of
the manuscript and offered suggestions, Sanaz Arkani-Hamed was kind enough
to go through the entire thing in great detail.

I would alse like to thank everyone who either commented in person or by
email on different parts of the book; these include Tigran Aivazian, Teodora Be-
loreshka, Ed Bertschinger, Patrick Brady, Peter Brown, Jennifer Chen, Michele
Ferraz Figueird, Eanna Flanagan, Jacques Fric, Ygor Geurts, Marco Godina,
Monica Guica, Jim Hartle, Tamds Hauver, Dani¢l Holz, Ted Jacobson, Akash
Kansagra, Chuck Keeton, Arthur Kosowsky, Eugene Lim, Jorma Louko, Robert
AL McNees, Hayri Mutluay, Simon Ross, Itai Seggev, Robert Wald, and Barton
Zwiebach. Apologies are due to anyone | may have neglected to mention. And
along the way I was fortunate to be the recipient of wisdom and perspective from
numerous people. including Shadi Bartsch, George Field, Deryn Fogg, Hana Har-
rus, Gretchen Helfrich, Mari Ruti, Maria Spiropulu, Mark Trodden, and of course
my family, (This wisdom often came in the form, “What were you thinking?")
Finally, [ would like to thank the students in my GR classes, on whom the strate-
gies deployed here were first tested, and express my gratitude to my students and
collaborators, for excusing my book-related absences when [ should have been
doing research.

My friends who have written textbooks themselves tell me that the first printing
of a book will sometimes contain mistakes, In the unlikely event that this happens
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here, there will be a list of errata kept at the website for the book:
http://spacetimeandgecmetry.net/

The website will also contain other relevant links of interest to readers,

During the time | was working on this book, | was supported by the National
Science Foundation, the Depariment of Energy, the Alfred F. Sloan Foundation,
and the David and Lucile Packard Foundation.

Sean Carroll
Chicago, Illinois
June 2003
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CHAPTER

Special Relativity and
Flat Spacetime

1.1 ® PRELUDE

General relativity (GR) is Einstein’s theory of space, time, and gravitation. At
heart it is a very simple subject (compared, for example, to anything involving
gquantum mechanics). The essential idea is perfectly straightforward: while most
forces of nature are represented by fields defined on spacetime (such as the elec-
tromagnetic field, or the short-range fields characteristic of subnuclear forces),
gravity is inherent in spacetime itself. In particular, what we experience as “grav-
ity” is a manifestation of the curvature of spacetime.

Our task, then, is clear. We need to understand spacetime, we need to un-
derstand curvature, and we need to understand how curvature becomes gravity.
Roughly, the first two chapters of this book are devoted 10 an exploration of space-
time, the third is about curvature, and the fourth explains the relationship between
curvature and gravity, before we get into applications of the theory. However, let’s
indulge ourselves with a short preview of what is to come, which will perhaps mo-
tivate the initial steps of our journey.

GR is a theory of gravity, so we can begin by remembering our previous theory
of gravity, that of Newton, There are two basic elements: an eguation for the
gravitational field as influenced by matter, and an equation for the response of
matter (o this field. The conventional Newtonian statement of these rules is in
terms of forces between particles; the force between two objects of masses M and
m separated by a vector r = rey,, 15 the famous inverse-square law,

O Mm

F=———e;, (1.1)
rl

and this force acts on a particle of mass m o give it an acceleration according to
Newton's second law,

F = ma. (1.2)

Equivalently, we could use the language of the gravitational potential @ the po-
tential is related 1o the mass density g by Poisson’s equation,

Vi = 4n Gp, (1.3)
and the acceleration is given by the gradient of the potential,

a=-Vo. (1.4)
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Either (1.1} and (1.2), or (1.3) and (1.4}, serve o define Newtonian gravity. To
define GR, we need to replace each of them by statements about the curvature of
spacetime,

The hard part is the equation governing the response of spacetime curvature
the presence of matter and energy. We will eventually find what we want in the
form of Einstein’s equation,

Ruv — 3 Rguy = 8w G Ty, (1.5)

This looks more forbidding than it should, largely because of those Greek sub-
scripts. In fact this is simply an equation between 4 x4 matrices, and the subscripts
label elements of each matrix. The expression on the lefi-hand side is a measure
of the curvature of spacetime, while the right-hand side measures the energy and
momentum of matter, so this equation relates energy o curvature, as promised.
But we will defer until later a detailed understanding of the inner workings of
Einstem’s gquation.

The response of matler to spacelime curvature is somewhat easier to grasp:
Free particles move along paths of “shortest possible distance,” or geodesics. In
other words, particles try their best to move on straight lines, but in a curved
spacetime there might not be any straight lines (in the sense we are familiar with
from Euclidean geometry), so they do the next best thing. Their parameterized
paths x* (A} obey the geedesic equation:

d*x# dx? dx”

eSO 1.6)
PR T e

At this point you aren’t expected to understand (1.6) any more than (1.5); but soon
enough it will all make sense.

As we will discuss later, the universal nature of geodesic motion is an ex-
tremely profound feature of GR. This universality is the origin of our claim that
gravity is not actwally a “force,” but a feature of spacetime. A charged particle in
an electric field feels an acceleration, which deflects it from straight-line motion;
in contrast, a particle in a gravitational field moves along a path that is the closest
thing there is to a straight linc. Such particles do not feel acceleration; they are
freely falling. Once we become more familiar with the spirit of GR. it will make
perfect sense to think of a ball flying through the air as being more truly “unac-
celerated” than one sitting on a table; the one sitting on a table is being deflected
away from the geodesic it would like to be on (which is why we feel a force on
our feet as we stand on Earth).

The basic concept underlying our deseription of spacetime curvature will be
that of the metric tensor, typically denoted by g,,. The metric encodes the ge-
omelry of a space by expressing deviations from Pythagoras’s theorem, (Al)? =
(Ax)? + (Ay)? (where Al is the distance between two points defined on a Carte-
sian grid with coordinate separations Ax and Ay). This familiar formula is valid
only in conventional Euclidean geometry, where it is implicitly assumed that
space is flat. In the presence of curvature our deeply ingrained notions of ge-
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ometry will begin 1o fail, and we can characterize the amount of curvature by
keeping track of how Pythagoras’s relation is altered. This information is con-
tained in the metric tensor, From the metric we will derive the Riemann curvature
tensor, used to define Einstein’s equation, and also the geodesic equation. Setting
up this mathematical apparatus is the subject of the next several chapters.

Despite the need to introduce a certain amount of formalism to discuss curva-
ture in a quantitative way, the essential notion of GR (“gravity is the curvature
of spacetime”) is quite simple. So why does GR have, at least in some benighted
circles, a reputation for difficulty or even abstruseness? Because the elegant truths
of Einstein’s theory are obscured by the accumulation of certain pre-relativity no-
tions which, although very useful, must first be discarded in order to appreciate
the world according to GR. Specifically, we live in a world in which spacetime
curvature is very small, and particles are for the most part moving quite slowly
compared o the speed of hight. Consequently, the mechanics of Galileo and New-
ton comes very naturally to us, even though it is only an approximation to the
deeper story.

So we will set about learning the deeper story by gradually stripping away the
layers of useful but misleading Newtonian intuition. The first step, which is the
subject of this chapter, will be 1o explore special relativity (SR), the theory of
spacetime in the absence of gravity (curvature). Hopefully this is mostly review,
as it will proceed somewhat rapidly. The point will be both to recall what SR is all
about, and to introduce tensors and related concepts that will be crucial later on,
without the extra complications of curvature on top of everything else. Therefore,
for this chapter we will always be working in flat spacetime, and furthermore we
will only use inertial (Cartesian-like) coordinates. Needless to say it is possible
to do SR in any coordinate system you like, but it turns out that introducing the
necessary tools for doing so would take us halfway 1o curved spaces anyway, so
we will put that off for a while.

SPACE AND TIME, SEPARATELY AND TOGETHER

A purely cold-blooded approach to GR would reverse the order of Chapter 2
{Manifolds) and Chapter | (Special Relativity and Flat Spacetime). A manifold
is the kind of mathematical structure used to describe spacetime, while special
relativity 1s a model that invokes a particular kind of spacetime (one with no cur-
vature, and hence no gravity ). However, if you are reading this book you presum-
ably have at least some familiarity with special relativity (SR), while you may
not know anything about manifolds. So our first step will be to explore the rela-
tively familiar territory of SR, taking advantage of this opportunity to introduce
concepts and notation that will be crucial o later developments.

Special relativity is a theory of the structure of spacetime, the background on
which particles and fields evolve. SR serves as a replacement for Newtonian me-
chanics, which also is a theory of the structure of spacetime. In either case, we can
distinguish between this basic structure and the various dynamical laws govern-
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particle worldline————

XN I

b space at a fixed time

FIGURE 1.1 [In Newtonian spacetime there is an absolute slicing into distinct copies of
space at different moments in time. Particle worldlines are constrained to move forward
in time, but can travel through space at any velocity; there is universal agreement on the
question of whether two events at different points in space occur at the same moment of
time.

ing specific systems: Newtonian gravity is an example of a dynamical system set
within the context of Newtonian mechanics, while Maxwell's electromagnetism
is a dynamical system operating within the context of special relativity.

Spacetime is a four-dimensional set, with elements labeled by three dimen-
sions of space and one of time. (We'll do a more rigorous job with the definitions
in the next chapter.) An individual point in spacetime is called an event. The path
of a particle is a curve through spacetime, a parameterized one-dimensional set of
events, called the worldline. Such a description applies equally to SR and New-
tonian mechanics. In either case, it seems clear that “time” is treated somewhat
differently than “space”; in particular, particles always travel forward in time,
whereas they are free 1o move back and forth in space.

There is an important difference, however, between the set of allowed paths
that particles can take in SR and those in Newton's theory. In Newtonian mechan-
ics, there is a basic division of spacetime into well-defined slices of *all of space
at a fixed moment in time.” The notion of simultaneity, when two events occur at
the same time, is unambiguously defined. Trajectories of particles will move ever
forward in time, but are otherwise unconstrained; in particular, there is no limit
on the relative velocity of two such particles.

In SR the situation is dramatically altered: in particular, there is no well-defined
naotion of two separated evenis occurring “ar the same time.” That is not to say that
spacetime is completely structureless. Rather, at any event we can define a light
cone, which is the locus of paths through spacetime that could conceivably be
taken by light rays passing through this event. The absolute division, in Newtonian
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particle worldline

——

- T light cones
) z

N

£

FIGURE 1.2 In special relativity there is no absolute notion of “all of space at one mo-
ment in time.” Instead, there is a rule that particles always travel at less than or equal 1o the
speed of light. We can therefore define light cones at every event, which locally describe

the set of allowed trajectories. For two events that are outside each others” light cones,
there is no universal notion of which event occurred earlier in time.

mechanics, of spacetime into unique slices of space parameterized by time, is
replaced by a rule that says that physical particles cannot travel faster than light,
and consequently move along paths that always remain inside these light cones.

The absence of a preferred time-slicing in SR is at the heart of why the notion
of spacetime is more fundamental in this context than in Newtonian mechanics.
Of course we can choose specific coordinate systems in spacetime, and once we
do, it makes sense to speak of separated events occurring at the same value of
the time coordinate in this particular system; but there will also be other possible
coordinates, related to the first by “rotating” space and time into each other. This
phenomenon is a natural generalization of rotations in Euclidean geometry, to
which we now turn.

Consider a garden-variety two-dimensional plane. It is typically convenient
to label the points on such a plane by introducing coordinates, for example by
defining orthogonal x and y axes and projecting each point onto these axes in the
usual way. However, it is clear that most of the interesting geometrical facts about
the plane are independent of our choice of coordinates; there aren’t any preferred
directions. As a simple example, we can consider the distance between two points,
given by

(As)? = (Ax)? + (ap)*. (1.7

In a different Cartesian coordinate system, defined by x' and y' axes that are
rotated with respect to the originals, the formula for the distance is unaltered:

(As5)? = (Ax)? + (A2 (1.8)

We therefore say that the distance is invariant under such changes of coordinates.



Chapter 1 Special Relativity and Flat Spacetime

Ay

Ay

FIGURE 1.3 Two-dimensional Euclidean space, with two different coordinate systems.
Notions such as “the distance between two points” are independent of the coordinate sys-
tem chosen.

This is why it is useful to think of the plane as an intrinsically two-dimensional
space, rather than as two fundamentally distinct one-dimensional spaces brought
arbitrarily together: Although we use two distinct numbers to label each point,
the numbers are not the essence of the geomeiry, since we can rotaie axes inio
each other while leaving distances unchanged. In Newtonian physics this is not
the case with space and time; there is no useful notion of rotating space and time
into each other. Rather, the notion of “all of space at a single moment in time"” has
a meaning independent of coordinates.

SR is a different story. Let us consider coordinates (r, x, ¥, z) on spacetime,
set up in the following way. The spatial coordinates (x, y, z) comprise a standard
Cartesian system, constructed for example by welding together rigid rods that
meet at right angles. The rods must be moving freely, unaccelerated. The time
coordinate is defined by a set of clocks, which are not moving with respect to
the spatial coordinates. (Since this is a thought experiment, we can imagine that
the rods are infinitely long and there is one clock at every point in space.) The
clocks are synchronized in the following sense. Imagine that we send a beam of
light from point 1 in space to point 2, in a straight line at a constant velocity ¢,
and then immediately back to 1 (at velocity —c). Then the time on the coordinate
clock when the light beam reaches point 2, which we label r2, should be halfway
between the time on the coordinate clock when the beam left point 1 (1) and the
time on that same clock when it returned (r)):

=50 +n). (1.9)
The coordinate system thus constructed is an inertial frame, or simply “iner-

tial coordinates.” These coordinates are the natural generalization to spacetime
of Cartesian (orthonormal) coordinates in space. (The reason behind the careful
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FIGURE 1.4 Synchronizing clocks in an inertial coordinate system. The clocks are syn-
chronized if the ume 13 is halfway between 1) and r; when we bounce a beam of light from
point 1 to point 2 and back.

construction is so that we only make comparisons locally, never, for example,
comparing two far-away clocks to each other at the same time. This kind of care
will be even more necessary once we go to general relativity, where there will not
be any way (o construct inertial coordinates throughout spacetime. )

We can construct any number of inertial frames via this procedure, differing
from the first one by an offset in initial position and Gime, angle, and {constant)
velocity. In a Newtonian world, the new coordinates (¢, x', v', ") would have the
feature that t" = ¢ + constant, independent of spatial coordinates. That is, there
15 an absolute notion of “two events occurring simultaneously, that is, at the same
time.” But in 5R this isn't true; in general the three-dimensional “spaces™ defined
by r = constant will differ from those defined by +* = constant.

However, we have not descended completely into chaos. Consider, without any
motivation for the moment, what we will call the spacetime interval between two
events:

(As5)? = —(cAD? + (Ax)? + (Ay)? + (A2 (1.10)

{Notice that it can be positive, negative, or zero even for two nonidentical points.)
Here, ¢ is some fixed conversion factor between space and time, that is, a fixed
velocity, As an empirical matter, it wms out that eleciromagnetic waves propa-
gate in vacuum at this velocity ¢, which we therefore refer to as “the speed of
light.” The important thing, however, is not that photons happen to travel at that
speed, but that there exists a ¢ such that the spacetime mterval is invariant under
changes of inertial coordinares. In other words, if we set up a new inertial frame
(¢, x', ¥, 2), the interval will be of the same form:

(As)? = —(cA1? + (Ax) + (&Y + (AZ)?. (1.11)
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This is why it makes sense to think of SR as a theory of four-dimensional space-
time, known as Minkowski space. (This is a special case ol a four-dimensional
manifold, which we will deal with in detail later.) As we shall see, the coordi-
nate transformations that we have implicitly defined do, in a sense, rotate space
and time into each other. There is no absolute notion of “simultaneous events”;
whether two things occur at the same time depends on the coordinates used.
Therefore, the division of Minkowski space into space and time is a choice we
make for our own purposes, not something intrinsic to the situation.

Almaost all of the “paradoxes™ associated with SR result from a stubborn per-
sistence of the Newtonian notions of a unigue time coordinate and the existence
of “space at a single moment in time.” By thinking in terms of spacetime rather
than space and time together, these paradoxes tend to disappear.

Let’s introduce some convenient netation. Coordinates on spacetime will be
denoted by letters with Greek superseript indices running from 0 to 3, with 0
generally denoting the time coordinate. Thus,

X" =l
1
X' =X
.J:H 2 fl.lzj
E-=y
.I'} =Z.

(Don't start thinking of the superscripts as exponents.) Furthermore, for the sake
of simplicity we will choose units in which

c=1; (1.13)

we will therefore leave out factors of ¢ in all subseguent formulae. Empirically
we know that ¢ is 3 x 10® meters per second; thus, we are working in units where
1 second equals 3 x 10° meters. Sometimes it will be useful to refer to the space
and time components of x* separately, so we will use Latin superscripis to stand
for the space components alone:

i A =X
X xt=y (1.14)
=z

It is also convenient to write the spacetime interval in a more compact form.
We therefore introduce a 4 x 4 matrix, the metric, which we write using two lower
indices:

-1 0 0 0
0 1 00 :

Mgy = B i 0t (1.15)
0 0 01

(Some references, especially field theory books. define the metric with the oppo-
site sign, so be careful.) We then have the nice formula

(A5)° = uuAx*Ax®. (1.16)
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FIGURE 1.5 A light
cone, portrayed on a space-
time diagram. Points that
are spacelike-, null-, and
timelike-separated from the
origin are indicated.

1.2 Space and Time, Separately and Together 9

This formula introduces the summation convention, in which indices appearing
both as superscripts and subscripts are summed over. We call such labels dummy
indices; it is important to remember that they are summed over all possible values,
rather than taking any specific one. (It will always turn out to be the case that
dummy indices occur strictly in pairs, with one “upstairs” and one “downstairs.”
More on this later.) The content of (1.16) is therefore exactly the same as (1.10).

An extremely useful tool is the spacetime diagram, so let’s consider Minkow-
ski space from this point of view, We can begin by portraying the initial r and x
axes at right angles, and suppressing the y and z axes. (“Right angles” as drawn on
a spacetime diagram don’t necessarily imply “orthogonal in spacetime,” although
that turns out to be true for the r and x axes in this case.) It is enlightening to
consider the paths corresponding to travel at the speed ¢ = 1, given by x = .
A set of points that are all connected to a single event by straight lines moving
at the speed of light is the light cone, since if we imagine including one more
spatial coordinate, the two diagonal lines get completed into a cone. Light cones
are naturally divided into future and past; the set of all points inside the future and
past light cones of a point p are called timelike separated from p, while those
outside the light cones are spacelike separated and those on the cones are light-
like or null separated from p. Referring back to (1.10), we see that the interval
between timelike separated points is negative, between spacelike separated points
is positive, and between null separated points is zero. (The interval is defined o
be (.ﬂs)z, not the square root of this quantity.)

The fact that the interval is negative for a timelike line (on which a slower-
than-light particle will actually move) is annoying, so we define the proper time
T to satisfy

(A1) = —(As)? = —nuvAxt AxY, (1.17)

A crucial feature of the spacetime interval is that the proper time berween rwo
events measures the time elapsed as seen by an observer moving on a straight path
between the events. This is easily seen in the very special case that the two events
have the same spatial coordinates, and are only separated in time; this corresponds
to the observer traveling between the events being at rest in the coordinate system
used. Then (At)? = —fuvAxPAxY = (A1)?, so At = At, and of course we
defined r as the time measured by a clock located at a fixed spatial position. But
the spacetime interval is invariant under changes of inertial frame; the proper time
(1.17) between two fixed events will be the same when evaluated in an inertial
frame where the observer is moving as it is in the frame where the observer is at
rest.

A crucial fact is that, for more general trajectories, the proper time and coor-
dinate time are different (although the proper time is always that measured by the
clock carried by an observer along the trajectory). Consider two trajectories be-
tween events A and C, one a straight line passing through a halfway point marked
B, and another traveled by an observer moving away from A at a constant velocity
v = dx/dt to a point B' and then back at a constant velocity —v to intersect at
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FIGURE 1.6 The twin paradox. A traveler on the straight path through spacetime ABC
will age more than someone on the nonstraight path A B'C. Since proper time is a measure
of distance traveled through spacetime, this should come as no surprise. (The only surprise
might be that the straight path is the one of maximum proper time; this can be traced to the
minus sign for the timelike component of the metric.)

the event €. Choose inertial coordinates such that the straight trajectory describes
a motionless particle, with event A located at coordinates (1, x) = (0,0) and C
located at {Ar, 0). The two paths then describe an isosceles triangle in spacetime;
F has coordinates {éﬂ.f. () and B has coordinates { ; Ar, Ax), with Ax = -éw_\.r,
Clearly, Atyp = %&:. but

ATag = {I{—é.ﬂ!]z —{Ax)?

=11 - v2ar. (1.18)

Bl

It should be obvious that Atge = Arap and Atg e = Atap. Thus, the ob-
server on the straight-line trip from event A 1o C experiences an elapsed time of
Atype = Ar, whereas the one who traveled out and returned experiences

Atape = V1 — v3AL < At (1.19)

Even though the two observers begin and end at the same points in spacetime,
they have aged different amounts. This 1s the famous “twin paradox,” the unfortu-
nate scene of all sorts of misunderstandings and tortured explanations. The truth
is straightforward: a nonstraight path in spacetime has a different interval than
a straight path, just as a nonstraight path in space has a different length than a
straight one. This isn't as trivial as it sounds, of course; the profound insight is the
way in which “elapsed time along a worldline” is related to the interval traversed
through spacetime. In a Newtonian world, the coordinate r represents a universal
fow of time throughout all of spacetime; in relativity, ¢ 1$ just a convenient co-
ordinate, and the elapsed time depends on the path aleng which you travel. An
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important distinction is that the nonstraight path has a shorter proper time. In
space, the shortest distance between two points is a straight line; in spacetime, the
longest proper time between 1wo events s a straight trajectory,

Not all trajectories are nice enough to be constructed from pieces of straight
lines. In more general circumstances il is useful to introduce the infinitesimal
interval, or line element:

ds? = Nuvdxdx’, | (1.20)

for infinitesimal coordinate displacements dx. (We are being quite informal
here, but we'll make amends later on.) From this definition it is tempting to take
the square root and integrate along a path 1o obtain a finite interval, but it is some-
what unclear what [ v Muvdx#dx? is supposed lo mean. Instead we consider a
path through spacetime as a parameterized curve, x*(2). Note that, unlike con-
ventional practice in Newtonian mechanics, the parameter A is not necessarily
identified with the time coordinate. We can then calculate the derivatives dx* /di,
and write the path length along a spacelike curve (one whose infinitesimal inter-

vals are spacelike) as

B ETENEET)
dxi dxV
Muv

R .'I it ol 2
ﬁ:s—f.‘., TR di, (1.21)

where the integral is taken over the path. For timelike paths we use the proper
time

/ dx* dxv
AT = f,lll,'—r;m. ——dA, (1.22)
di da

which will be positive. (For null paths the interval is simply zero.) Of course
we may consider paths that are timelike in some places and spacelike in others,
but fortunately it is seldom necessary since the paths of physical particles never
change their character (massive particles move on timelike paths, massless par-
ticles move on null paths). Once again, At really is the time measured by an

observer moving along the trajectory.

The notion of acceleration in special relativity has a bad reputation, for ne
good reason. Of course we were careful, in setting up inertial coordinates, 1o make
sure that particles at rest in such coordinates are unaccelerated. However, once
we've sel up such coordinates, we are free to consider any sort of trajectories for
physical particles, whether accelerated or not. In particular, there is no truth to the
rumor that SR is unable 1o deal with accelerated trajectories, and general relativity
must be invoked. General relativity becomes relevant in the presence of gravity,
when spacetime becomes curved. Any processes in flat spacetime are described
within the context of special relativity; in particular, expressions such as (1.22)
are perfectly general.
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LORENTZ TRANSFORMATIONS

We can now consider coordinate transformations in spacetime at a somewhat
more abstract level than before. We are interested in a formal description of
how o relate the various inertial frames constructed via the procedure outlined
above; that 1s, coordinate systems that leave the interval (1.16) invariant. One
simple variety are the translations, which merely shift the coordinates (in space
or time):

Mot = 3::I{X" + a*), (1.23)

where o is a set of four fixed numbers and 8}, is the four-dimensional version
of the traditional Kronecker delia symbaol:

' 1 when p' = pu,
| - 2
3 {(J when p' £ p. (20

Notice that we put the prime on the index, not on the x. The reason for this
should become more clear ence we start dealing with vectors and tensors; the
notation serves o remind us that the geomertrical object is the same, but its
components are resolved with respect to a different coordinate system. Trans-
lations leave the differences Ax* unchanged, so it is not remarkable that the
interval 15 unchanged. The other relevant transformations include spatial ro-
tations and offsets by a constant velocity vector, or boosts; these are linear
transformations, described by multiplying «# by a (spacetime-independent) ma-
trix:

o= A% XY, (1.25)

or, in more conventional matrix notation,

]

{We will generally use indices, rather than matrix notation, but right now we
have an interest in relating our discussion 1o certain other familiar notions usually
described by matrices.) These transformations do not leave the differences Ax®
unchanged, but multiply them also by the matrix A. What kind of matrices will
leave the interval invariant? Sticking with the matrix notation, what we would
like is
:
(As5)? = (Ax)Tn(ax) = (Ax)Tn(ax")
= (Ax)"ATpA(AY), (1.27)

and therefore

n= ﬁTm"\. (1.28)
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or
Npa = AH ,un;:"L"AIII e = its php a - (1.29)

(In matrix notation the order matters, while in index notation it is irrelevant.) We
want to find the matrices A* , such that the components of the matrix 5, are
the same as those of 1., that is what it means for the interval to be invariant
under these transformations.

The matrices that satisfy (1.28) are known as the Lorentz transformations;
the set of them forms a group under matrix multiplication, known as the Lorentz
group. There is a close analogy between this group and SO(3), the rotation group
in three-dimensional space. The retation group can be thought of as 3 x 3 mairices
R that satisfy RTR = 1, where 1 is the 3 x 3 identity matrix. Such matrices arc
called orthogonal, and the 3 x 3 ones form the group O(3). This includes not only
rotations but also reversals of orientation of the spatial axes (parity transforma-
tions). Sometimes we choose to exclude parity transformations by also demanding
that the matrices have unit determinant, |R| = 1; such matrices are called special,
and the resulting group is SO{3). The arthogonality condition can be made o lock
more like (1.28) if we write it as

1=RTIR. (1.30)

So the difference between the rotation group O(3) and the Lorentz group is the
replacement of 1, a 3 = 3 diagonal matrix with all entries equal to +1, by n,
a 4 x 4 diagonal matrix with one entry equal to —1 and the rest equal to +1.
The Lorentz group is therefore often referred to as O(3,1). It includes not only
boosts and rotations, but discrete reversals of the time direction as well as parity
transformations. As before we can demand that [A] = 1, leaving the “proper
Lorentz group™ SO(3,1). However, this does not leave us with what we really
want, which is the set of continuous Lorentz ransformations (those connected
smoothly to the identity), since a combination of a time reversal and a parity
reversal would have unit determinant. From the (p. o) = (0, ) component of
(1.29) we can easily show that |A” p| > 1, with negative values corresponding to
time reversals. We can therefore demand at last that ;'"‘.Un = l{inadditionto |A| =
1), leaving the “proper orthochronous™ or “restricted” Lorentz group. Sometimes
this is denoted by something like SO(3, 1)7, but usually we will not bother to
make this distinction explicitly. Note that the 3 = 3 identity matrix is simply the
metric for ordinary fat space. Such a metric, in which all of the eigenvalues are
positive, is called Euclidean, while those such as (1.15), which feature a single
minus sign, are called Lorentzian,

It iz straightforward o write down explicit expressions for simple Lorentz
transformations. A familiar rotation in the x-y plane is:

1 0 0 0
0 cosd  sing 0O
0 —sind cosé O
0 0 0 1

AW, = (1.31)
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The rotation angle # is a periodic variable with period 2. The boosts may be
thought of as “rotations between space and time directions.” An example is given
by a hoost in the x-direction:

coshg  —sinhg 0 0
—sinh¢ coshg O 0O
0 il 1 0
W] i 0 1

A, = (1.32)

The boost parameter ¢, unlike the rotation angle, is defined from —o¢ to oo, A
general transformation can be obtained by multiplying the individual transfor-
mations; the explicit expression for this six-parameter matrix (three boosts, three
rotations) is not pretty, or sufficiently useful to bother writing down. In general
Lorentz transformations will not commute, so the Lorentz group is nonabelian,
The set of both translations and Lorentz transformations is a ten-parameter non-
abelian group, the Poincaré group.

You should not be surprised to learn that the boosts correspond to changing
coordinates by moving to a frame that travels at a constant velocity, but let's see
it more explicitly, (Don't confuse “boosting”™ with “accelerating.” The difference
between boosting 1o a different reference frame and accelerating an object 15 the
same as the difference between rotating 1o a different coordinate system and set-
ting an object spinning.) For the ransformation given by (1.32), the transformed
coordinates +” and x” will be given by

]

t' = tcoshgp — xsinhg

x' = —rsinhg + x cosh . (1.33)

From this we see that the point defined by x" = () is moving; it has a velocity

X sinh b
= = = — = tanh ¢. (1.34)
r cosh ¢

To translate into more pedestrian notation, we can replace ¢ = tanh™' v to obtain
t' =yt —vx)
= yilx —ut), (1.35)

where ¥ = 1/v1 — v%. So indeed, our abstract approach has recovered the con-
ventional expressions for Lorentz transformations. Applving these formulae leads
to time dilation, length contraction, and so forth.

It’s illuminating to consider Lorentz transformations in the context of space-
time diagrams, According to (1.33), under a booest in the x-r plane the 1" oaxis
(t" = 0) is given by 1 = xtanhg, while the 1" axis (x" = () is given by 1 =
x/tanh ¢, We therefore see that the space and time axes are rotated into each
other, although they scissor together instead of remaining orthogenal in the tradi-
tional Euclidean sense. (As we shall see, the axes do in fact remain orthogonal in
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FIGURE 1.7 A Lorentz ransformation relates the {1', x'} coordinates to the {r, x} coor-
dinates. Note that light cones are unchanged.

the Lorentzian sense; that's the implication of the metric remaining invariant un-
der boosts.) This should come as no surprise, since if spacetime behaved just like
a four-dimensional version of space the world would be a very different place. We
see quite vividly the distinction between this situation and the Newtonian world;
in SR, it is impossible to say (in a coordinate-independent way) whether a point
that is spacelike separated from p is in the future of p, the past of p, or “at the
same time.”

Note also that the paths defined by x' = ¢ are precisely the same as those
defined by x = =1, these trajectories are left invariant under boosts along the x-
axis. Of course we know that light travels at this speed; we have therefore found
that the speed of light is the same in any inertial frame.

VECTORS

To probe the structure of Minkowski space in more detail, it is necessary to intro-
duce the concepts of vectors and tensors. We will start with vectors, which should
be familiar. Of course, in spacetime vectors are four-dimensional, and are often
referred to as four-vectors. This turns out to make quite a bit of difference—for
example, there is no such thing as a cross product between two four-vectors.
Beyond the simple fact of dimensionality, the most important thing to empha-
size is that each vector is located at a given point in spacetime. You may be used
to thinking of vectors as stretching from one point to another in space, and even
of “free” vectors that you can slide carelessly from point to point. These are not
useful concepts outside the context of flat spaces; once we introduce curvature,
we lose the ability to draw preferred curves from one point to another, or to move
vectors uniquely around a manifold. Rather, to each point p in spacetime we as-
sociate the set of all possible vectors located at that point; this set is known as
the tangent space at p, or T,. The name is inspired by thinking of the set of
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vectors attached to a point on a simple curved two-dimensional space as com-
prising a plane tangent to the point. (This picture relies on an embedding of the
manifold and the tangent space in a higher-dimensional external space, which we
won't generally have or need.) Inspiration aside, it is important to think of these
vectors as being located at a single point, rather than stretching from one point to
another (although this won't stop us from drawing them as arrows on spacetime
diagrams).

In Chapter 2 we will relate the tangent space at each point to things we can
construct from the spacetime itself. For right now, just think of T}, as an abstract
vector space for each point in spacetime. A (real) vector space is a collection of
objects (vectors) that can be added together and multiplied by real numbers in a
linear way. Thus, for any two vectors V' and W and real numbers a and b, we have

fa+b)(V+W)=aV 4+bV4aW bW, (1.36)

Every vector space has an origin, that is, a zero vector that functions as an identity
element under vector addition. In many vector spaces there are additional oper-
ations such as taking an inner (dot) product, but this is extra structure over and
above the elementary concept of a vector space.

A vector is a perfectly well-defined geometric object, as is a vector field, de-
fined as a set of vectors with exactly one at each point in spacetime. [The set of all
the tangent spaces of an n-dimensional manifold M can be assembled into a 2n-
dimensional manifold called the tangent bundle, T (M). It is a specific example
of a “fiber bundle,” which 15 endowed with some extra mathematical structure; we
won't need the details for our present purposes.] Nevertheless it is often useful to
decompose vectors into components with respect to some set of basis vectors. A
basis is any set of vectors which both spans the vector space (any vector is a linear
combination of basis vectors) and is linearly independent (no vector in the basis

FIGURE 1.8 A suggestive drawing of the tangent space Tp, the space of all vectors at
the point p.
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is a linear combination of other basis vectors). For any given vector space, there
will be an infinite number of possible bases we could choose, but each basis will
consist of the same number of vectors, known as the dimension of the space. (For
a tangent space associated with a point in Minkowski space, the dimension is, of
course, Tour.)

Let us imagine that at each tangent space we set up a basis of four vectors €,
with g € {0, 1, 2, 3} as usual. In fact let us say that each basis is “adapted 10 the
coordinates x#"—that is, the basis vector é(;) is what we would normally think
of pointing along the x-axis. I is by no means necessary that we choose a basis
adapted 10 any coordinate system at all, although it is ofien convenient. (As before,
we really could be more precise here, but later on we will repeat the discussion
at an excruciating level of precision, so some sloppiness now is forgivable.) Then
any abstract vector A can be written as a linear combination of basis vectors:

A= z"lu:';.:#;. (1.37)

The coefficients A¥ are the components of the vecior A. More ofien than not
we will forget the basis entirely and refer somewhat loosely 1o “the vector A#)”
but keep in mind that this is shorthand. The real vector is an abstract geometrical
entity, while the components are just the coefficients of the basis vectors in some
convenient basis. (Since we will usually suppress the explicit basis vectors, the
indices usuvally will label components of vectors and tensors. This is why there
are parentheses around the indices on the basis vectors, to remind us that this is a
collection of vectors, not components of a single vector.)
A standard example of a vector in spacetime is the Ltangent veclor o a curve.
A parameterized curve or path through spacetime is specified by the coordinates
as a function of the parameter, for example, x* (). The tangent vector V(i) has
components
.0
V# = ﬂ (1.38)
di
The entire vector is V = V*#g,,;. Under a Lorentz transformation the coordinates
x¥ change according to (1.25), while the parameterization A is unaltered: we can
therefore deduce that the components of the tangent vector must change as

l'.-'.h' —_ I._HI" - ﬂflli: V'L'r I [139}
However, the vector Voitselfl (as opposed to its components in some coordinate
system) is invariant under Lorentz transformations. We can use this fact o derive
the transformation properties of the basis vectors. Let us refer o the set of basis
vectors in the transformed coordinate system as €(,. Since the vector is invariant,
we have

Vo= VFRey = Ve = AY (VEé. (1.40)
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But this relation must hold no matter what the numerical values of the components
V' are, We can therefore say

é{u] = n1.J{£?I1"J' (1.41)

To get the new basis €., in terms of the old one €, we should multiply by the
inverse of the Lorentz transformation A" - But the inverse of a Lorentz transfor-
mation from the unprimed (o the primed coordinates is also a Lorentz transforma-
tion, this time from the primed to the unprimed systems. We will therefore intro-
duce a somewhat subtle notation, by using the same symbaol for both matrices, just
with primed and unprimed indices swiiched. That is, the Lorentz transformation
specified by A", has an inverse transformation written as A”,.. Operationally
this implies

WP =al, - AT it =85 (1.42)
From (1.41) we then obtain the transformation rule for basis vectors:
éu:f:, = h.r! L'Jé{p{]' {1.43}

Therefore the set of basis vectors transforms via the inverse Lorentz transforma-
tion of the coordinates or veclor components,

Let’s pause a moment to take all this in, We introduced coordinates labeled
by upper indices, which transformed in a certain way under Lorentz iransforma-
tions. We then considered vector components that also were written with upper
indices, which made sense since they transformed in the same way as the coordi-
nate functions, (In a fixed coordinate system, each ol the four coordinates x* can
be thought of as a function on spacetime, as can each of the four components of a
vector field.) The basis vectors associated with the coordinate svstem transformed
via the inverse matrix, and were labeled by a lower index. This notation ensured
that the invariant object constructed by summing over the components and ba-
sts vectors was left unchanged by the transformation, just as we would wish. It's
prabably not giving oo much away to say that this will continue o be the case
for tensors, which may have multiple indices.

DUAL VECTORS (ONE-FORMS}

Once we have set up a vector space, we can define another associated vector space
{of equal dimension) known as the dual vector space. The dual space is usually
denoted by an asterisk, so that the dual space 1o the tangent space T, called the
cotangent space, is denoted T7. The dual space is the space of all linear maps
from the original vector space to the real numbers; in math lingo, if w € T is a
dual vector, then it acts as a map such that

wlaV + W) =aw(V)+ bow(W) e R, (1.44)
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where V, W are vectors and a, & are real numbers. The nice thing about these
maps is that they form a vector space themselves: thus, if @ and n are dual vectors,
we have

(aw + by)(V) = aw (V) + bn(V). (1.45)

To make this construction somewhal more concrete, we can introduce a set of
basis dual vectors 8 by demanding

0 (éq) = 8}, (1.46)

Then every dual vector can be written in terms of its components, which we label
with lower indices:

w = w, O™, (1.47)

Usually, we will simply write ey, in perfect analogy with vectors, to stand for the
entire dual vector. In fact, you will sometimes see elements of T (what we have
called vectors) referred to as contravariant vectors, and elements of T; {what we
have called dual vectors) referred 1o as covariant vectors, although in this day and
age these terms sound a little dated. If you just refer to ordinary vectors as vectors
with upper indices and dual vectors as vectors with lower indices, nobody should
be offended. Another name for dual vectors is one-forms, a somewhat mysterious
designation that will become clearer in Chapter 2.

The component notation leads to a simple way of writing the action of a dual
veclor on a vector:

©(V) = w, 89 (VVé(y))
=y Vvvl.‘;““[eﬂ._ﬂ}

Vel
ey, V' é

[}

i

@, V* € R. (1.48)

This is why it is rarely necessary to write the basis vectors and dual vectors ex-
plicitly; the components do all of the work. The form of (1.48) also suggests that
we can think of vectors as linear maps on dual vectors, by defining

V{LL?}E(U{V}I(.U”V'“. 11.49)

Therefore, the dual space to the dual vector space is the original vector space
itself.

OFf course in spacetime we will be interested not in a single vector space, but
in fields of vectors and dual vectors. [ The set of all cotangent spaces over M can
be combined into the cotangent bundle, 7°(M).] In that case the action of a
dual vector field on a vector field is not a single number, but a scalar (function)
on spacetime. A scalar s a quantity without indices, which is unchanged under



20

Chapter 1 Special Relativity and Flat Spacetime

Lorentz transformations; it is a coordinate-independent map from spacetime o
the real numbers,

We can use the same arguments that we earlier used for vectors (that geomet-
rical objects are independent of coordinates, even if their components are not)
to derive the transformation properties of dual vectors. The answers are, for the
components,

wyr = Ay, (1.50)

and for basis dual vectors,
g% = A 56, (1.51)

This is just what we would expect from index placement; the components of a
dual vector transform under the inverse transformation of those of a vector. Note
that this ensures that the scalar (1.48) is invariant under Lorentz transformations,
just as 1t should be.

In spacetime the simplest example of a dual vector is the gradient of a scalar
function, the set of partial derivatives with respect to the spacetime coordinates,
which we denote by a lowercase d:

dep - .
dp = —— o', (1.52)
dxk
The conventional chain rule used 1o transform partial derivatives amounts in this
case (o the transformation rule of compenents of dual vectors:
il dxH B
dxr dx# dx#
B

HET

AH

(1.53)

I’y

where we have used (1.25) to relate the Lorentz transformation to the coordinates.
The fact that the gradient is a dual vector leads to the following shorthand nota-
tions for partial derivatives:

i

dxk

="ng¢' =¢~;d- (1.54)

So, x¥ has an upper index, but when it is in the denominator of a derivative it
implies a lower index on the resulting object. In this book we will generally use
i, rather than the comma notation. Note that the gradient does in fact act in a
natural way on the example we gave above of a vector, the tangent vector to a
curve. The result 1s an ordinary derivative of the function along the curve:

ax*  dg
M dr

i, (1.55)
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TENSORS

A straightforward generalization of vectors and dual vectors is the notion of a
tensor. Just as a dual vector is a linear map from vectors to R, a tensor T of type
(or rank) (&, 1) is a multilinear map from a collection of dual vectors and vectors
o R:

T:TJ;x~--><?;><T,.,x---xTJ.,~+R_ {1.56)

[k times) {1 timwes)

Here, " x" denotes the Cartesian product, so that for example T, = T}, is the space
of ordered pairs of vectors. Multilinearity means that the tensor acts linearly in
each of its arguments; for instance, for a tensor of type (1, 1), we have

Tlaw+ by, cV +dW)=acT(w, V)
+adl(w, W)+ beT(n, V4 bdT(n, W) (1.57)

From this point of view, a scalar is a type (0, 0) tensor, a vector is a type (1,0)
tensor, and a dual vector is a type (0, 1) ensor,

The space of all tensors of a fixed wpe (k, () forms a vector space; they can
be added togeiher and multiplied by real numbers. To construct a basis for this
space, we need to define a new operation known as the tensor product, denoted
by @. If T is a (k. /) tensor and 5 1s an (m, n) tensor, we define a (k + m. [ + n)
tensor T ® 5 by

T® S, ..., 0™, ..., pktm y | AT Ll
=Tw®,...,o®, v® .. v
% S{pleFl. o ltm) i+l gl (1.58)

Note that the @' and V@ are distinct dual vectors and vectors, not components
thereof. In other words, first act T on the appropriate set of dual vectors and
vegtors, and then act § on the remainder, and then multiply the answers. Note
that, in general, tensor products do not commute: T @ S £ SR 7.

It is now straightforward to construct a basis for the space of all (k, [} tensors,
by taking tensor products of basis vectors and dual vectors; this basis will consist
of all tensors of the form

Eruﬂ'@""E‘étm]@?'é“w@'“@g"“ﬂ- (1.59)

In a four-dimensional spacetime there will be 4°*/ basis tensors in all. In compo-
nent notation we then write our arbitrary tensor as

= T‘u"mmv|---w§fju} @ @'Efm) @ g & 'Ef;rrr!- (1.60)
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Alternatively, we could define the components by acting the tensor on basis vec-
tors and dual vectors:

THI P o= TH®Y G g, ... éun). (1.61)

You can check for yoursell, using (1.46) and so forth, that these equations all hang
together properly.

As with vectors, we will usually take the shortcut of denoting the tensor T by
its components T#i#4, . The action of the tensors on a set of vectors and
dual vectors follows the pattern established in (1.48):

T[n,:-':l:' _____ w'kr VHJI L V':”]l = THi ..u,r!”_rrw;!1:-| i _w‘[i:lv[i;u-_ R AL

i(1.62)

A (k. 0y tensor thus has & upper indices and ! lower indices. The order of the
indices is obviously important, since the tensor need not act in the same way on
ils various arguiments,

Finally, the transformation of tensor components under Lorentz transforma-
tions can he derived by applying what we already know about the transformation
of basis vectors and dual vectors. The answer is just what you would expect from
index placement,

Wl
T l"'l"

of = AF o AR AV o AR T, (1.63)

U 1
Thus, each upper index gets transformed like a vector, and each lower index gets
transformed like a dual vector,

Although we have defined tensors as linear maps from sets of vectors and dual
vectors to R, there is nothing that forces us to act on a full collection of arguments.
Thus, a (1, 1) tensor also acts as a map from vectors o veclors:

TE.: PP = FE ™ (1.64)

You can check for vourself that 74, V'Y i1s a vector (that is, obeys the vector trans-
formation law). Similarly, we can act one tensor on (all or part of) another tensor
to obtain a third tensor. For example,

P, = TH, 8%, (1.65)

is a perfectly good (1, 1) tensor.

You may be concerned that this introduction o tensors has been somewhat oo
brief. given the esoteric nature of the material. In fact, the notion of tensors does
not require a great deal of effort to master; iC's just a matter of keeping the indices
straight, and the rules for manipulating them are very natural. Indeed, a number of
books like to define tensors as collections of numbers transforming according o
(1.63). While this is operationally useful, it tends to obscure the deeper meaning
of tensors as geometrical entities with a life independent of any chosen coordinate
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system. There is, however, one subtlety that we have glossed over. The notions of
dual vectors and tensors and bases and linear maps belong to the realm of linear
algebra, and are appropriate whenever we have an abstract vector space at hand. In
the case of interest 1o us we have not just a vector space, but a veclor space at each
point in spacetime. More often than not we are interested in tensor fields, which
can be thought of as tensor-valued functions on spacetime. Fortunately, none of
the manipulations we defined above really care whether we are dealing with a
single vector space or a collection of vector spaces, one for each event. We will
be able 1o get away with simply calling things functions of x* when appropriate.
However, you should keep straight the logical independence of the notions we
have introduced and their specific application to spacetime and relativity.

In spacetime, we have already seen some examples of tensors without calling
them that. The most familiar example of a (0., 2) tensor is the metric, 1y,. The
action of the metric on two vectors is so useful that it gets its own name, the inner
product (or scalar product, or dot product ):

V., W)=nuV*W'=V.W (1.66)

Just as with the conventional Euclidean dot product, we will refer to two vectors
whose inner product vanishes as orthogonal. Since the inner product is a scalar,
it is left invariant under Lorentz transformations; therefore, the basis vectors of
any Cartesian inertial frame, which are chosen to be orthogonal by definition, are
still orthogonal afier a Lorentz transformation (despite the “scissoring together”
we noticed earlier). The norm of a vecior is defined to be inner product of the
vector with itsell; unlike in Euclidean space, this number is not positive definite:

=0, WV istimelike
if nuV#VY is 3 =0, VHislightlike or null
=0, V" isspacelike.

{A vector can have zero norm without being the zero vector.) You will notice
that the terminology is the same as that which we used earlier to classify the
relationship between two points in spacetime; itU's no accident, of course, and we
will go into more detail later.

Another tensor is the Kronecker delta 8%, of type (1, 1). Thought of as a map
from vectors to vectors (or one-forms (o one-forms), the Kronecker delta is simply
the identity map. We follow the example of many other references in placing the
upper and lower indices in the same column for this unigue tensor; purists might
write 8" 5 or 8, but these would be numerically identical, and we shouldn’t get
in trouble being careless in this one instance.

Related to the Kronecker delta and the metric is the inverse metric 5", a type
(2, 0) tensor defined (unsurprisingly) as the “inverse” of the metrie:

M 0 = nen’” =485 (1.67)

(It the inverse metric since, when multiplied by the metric, it yvields the identity
map.) In fact, as you can check, the inverse metric has exactly the same compo-
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nents as the metric itself. This is only true in flat space in Cartesian coordinates,
and will fail to hold in more general situations. There is also the Levi-Civita
symbaol, a (0, 4) tensor:

+1 if pepe is an even permutation of 0123
Epvpo = 1 —1  if pvpo is an odd permutation of 0123 (1.68)
¥ otherwise.

Here, a “permutation of 0123" is an ordering of the numbers 0, 1, 2, 3, which
can be obtained by starting with (123 and exchanging two of the digits; an even
permutation is obtained by an even number of such exchanges, and an odd per-
mutation is obtained by an odd number, Thus, for example. €032 = —1. (The
tilde on -E“ vpo . and referring to it as a symbol rather than simply a tensor, derive
from the fact that this object is actually not a tensor in more general geometries or
coordinates; instead, it 15 something called a “tensor density.” It is straightforward
enough to define a related object that is a tensor, which we will denote by €,y 0
and call the “Levi-Civita tensor,” See Chapter 2 for a discussion.)

A remarkable property of the above tensors—the metric, the inverse metric,
the Kronecker delia, and the Levi-Civita symbol—is that, even though they all
transform according 1o the tensor ransformation law (1.63), their components re-
main unchanged in any inertial coordinate system in flat spacetime. In some sense
this makes them nongeneric examples of tensors, since most tensors do not have
this property. In fact, these are the only tensors with this property, although we
won't prove il The Kronecker delta is even more unusual, in that it has exactly
the same compoenents in any coordinate system in any spacetime. This makes
sense from the definition of a tensor as a linear map; the Kronecker tensor can
be thought of as the identity map from vectors to vectors (or from dual vectors
to dual vectors), which clearly must have the same components regardless of co-
ordinate system. Meanwhile, the metric and its inverse characterize the structure
of spacetime, while the Levi-Civita symbol is secretly not a true tensor at all.
We shall therefore have to reat these objects more carefully when we drop our
assumption of flal spacetime.

A more typical example of a tensor is the electromagnetic field strength ten-
sor. We all know that the electromagnetic fields are made up of the electric field
vector E; and the magnetic field vector B;. (Remember that we use Latin indices
for spacelike components 1, 2, 3.) Actually these are only “vectors” under rota-
tions in space, not under the full Lorentz group. In fact they are components of a
(0, 2) tensor £, defined by

0 == =Es
E 0 By =B =
PSS e (1.69)
Ey By =B 0y

Fup =

From this point of view it is easy o transform the electromagnetic fields in one
reference frame to those in another. by application of (1.63). The unifying power
of the tensor formalism is evident: rather than a collection of two vectors whose
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relationship and transformation properties are rather mysterious, we have a single
tensor field to describe all of electromagnetism. (On the other hand, don’t get car-
ried away: sometimes it's more convenient to work in a single coordinate system
using the electric and magnetic field vectlors.)

MANIPULATING TENSORS

With these examples in hand we can now be a little more systematic aboul some
properties of tensors. First consider the operation of contraction, which wrns a
(k. I} ensorinto a {k — 1,1 — 1) wensor. Contraction proceeds by summing over
one upper and one lower index;

S =Ty, (1.70)

You can check that the result is a well-defined tensor. It is only permissible to
contract an upper index with a lower index (as opposed te two indices of the same
type); otherwise the result would nor be a well-defined tensor. (By well-defined
tensor we mean either “transforming according 1o the tensor transformation law,”
or “defining a unique multilinear map from a set of vectors and dual vectors 1o the
real numbers™; take your pick.) Note also that the order of the indices matters, so
that you can get different tensors by contracting in different ways: thus,

T“ch:rl' = T‘I"{M.m' (1.71)

in general,

The metric and inverse metric can be used to raise and lower indices on en-
sors. That is, given a tensor 7% »a. we can use the metric to define new tensors,
which we choose to denote by the same letter T

Ty = YT,

Tuﬁ}-d = ’.'_ucha'rS;/-5~

T,ru'pn = r]uaﬁ'u#”'ﬂ?”ﬂaTalrs;ni- {1.72)

and so forth. Notice that raising and lowering does not change the position of an
index relative to other indices, and also that free indices {which are not summed
owver) must be the same on both sides of an equation, while dummy indices (which
are summed over) only appear on one side. As an example, we can turn vectors
and dual vectors into each other by raising and lowering indices:

Vi = nu V'V

wt =", (1.73)

Because the metric and inverse metric are truly inverses of each other, we are free
1o raise and lower simultaneously a pair of indices being contracied over:

A*B) = P A e B® =82 A,B° = A, B°. (1.74)
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The ability 1o raise and lower indices with a metric explains why the gradient
in three-dimensional flat Euclidean space is usually thought of as an ordinary
vector, even though we have seen that it arises as a dual vector; in Euclidean
space (where the metric is diagonal with all entries +1) a dual vector is turned
inte a vector with precisely the same components when we raise its index. You
may then wonder why we have belabored the distinction at all. One simple reason,
ol course, is that in a Lorentzian spacetime the components are not equal;

wh = (—ay, wy, wr, an). (1.75)

In a curved spacetime, where the form of the metric is generally more compli-
cated, the difference is rather more dramatic. But there is a deeper reason, namely
that tensors generally have a “natural” definition independent of the metric. Even
though we will always have a metric available, it is helpful to be aware of the
logical status of each mathematical object we introduce. The gradient, with its
action on vectors, is perfecily well-defined regardless of any metric, whereas the
“gradient with upper indices” is not. (As an example, we will eventually want to
take variations of functionals with respect to the metric, and will therefore have Lo
know exactly how the functional depends on the metric, something that is easily
obscured by the index notation. )

Continuing our compilation of tensor jargon, we refer Lo a tensor as symmetric
in any of its indices if it is unchanged under exchange of those indices. Thus, if

Spve = Svup, {1.76)
we say that Sy, is symmetric in its first two indices, while if
Suvp = Supv = Spuv = Svpp = Supu = Spup, (1.77)

we say that 8., is symmetric in all three of its indices. Similarly, a tensor is
antisymmetric (or skew-symmetric) in any of its indices if it changes sign when
those indices are exchanged. thus,

"dlin;,r‘- = _Apuu {1-?8}

means that Ay, is antisymmetric in its first and third indices (or just “antisym-
metric in g and "), If a tensor is (anti-) symmetric in all of its indices, we refer
to it as simply (anti-} symmetric (sometimes with the redundant modifier “com-
pletely™). As examples, the metric ., and the inverse metric n*" are symmetric,
while the Levi-Civita symbol €,,,, and the electromagnetic field swrength ten-
sor £, are antisymmetric. (Check for yourself that if you raise or lower a set of
indices that are symmetric or antisymmeiric, they remain that way.) Notice that
it makes no sense to exchange upper and lower indices with each other, so don’t
succumb to the temptation to think of the Kronecker delta 8% as symmetric. On
the other hand, the fact that lowering an index on 3 gives a symmetric tensor (in
fact, the metric) means that the order of indices doesn’t really matter, which is
why we don’t keep track of index placement for this one tensor.
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Given any tensor, we can symmetrize (or antisymmetrize) anv number of is
upper er lower indices. To symmetrize, we take the sum of all permutations of the
relevant indices and divide by the number of terms:

T pa—pgdp. = - (701030041007 + sum over permutations of indices g1 - - - jen ),
2 por 2

(1.79)
while antisymmetrization comes from the alternating sum;:
|

Tiwypzoounle” = =5 (Tuypiypnp® + alternating sum over (1.80)
permutations of indices gy -« - gl

By “alternating sum” we mean that permutations that are the result of an odd
number of exchanges are given a minus sign, thus:

T[;n',alrf = f, EI;—;WW o= ?;me 1 T:;J;u'cr = I-'H.IPEF 1 Tvpua T Tpll;m}- “El}
Notice that round/square brackets denole symmetrization/antisymmetrization.
Furthermore, we may sometimes want to {(anti-) symmetrize indices that are

nol next to each other, in which case we use vertical bars 1o denote indices not
included in the sum:

T::Ifil'.F'} = % {?}lvj) + T_pl.lgl) . {].HE}

If we are contracting over a pair of upper indices that are symmetric on one tensor,
only the symmetric part of the lower indices will contribute; thus,

x{,'u-]};.[w — X".#FJYI'“U}‘ (1.83)

regardless of the symmetry properties of ¥, .. (Analogous statements hold for an-
tisymmetric indices, or if it’s the lower indices that are symmetric to start with.)
For any rwo indices, we can decompose a tensor into symmetric and antisymmet-
ric parts,

T,:dlu'ld = Tiuvh,.':u.’!f + Tjpv)pe (1.84)
but this will not in general hold for three or more indices,

Tuvpo # Tipvpie + Tipuple s (1.85)
because there are parts with mixed symmetry that are not specified by either
the symmetric or antisymmetnc pieces, Finally, some people use a convention

in which the factor of 1/a! is omitted. The one used here is a good one, since, for
example, a symmetric lensor satisfies
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Sill---uu = 51;41- Ml (1.86)

and likewise for antisymmaelric tensors.
For a (1, 1) tensor X*,, the trace is a scalar, often denoted by leaving off the
indices, which is simply the contraction:

X =X, (1.87)

If we think of X*#, as a matrix, this is just the sum of the diagonal components,
50 it makes sense. However, we will also use trace in the context of a (0, 2) tensor
Y., in which case it means that we should first raise an index (¥*, = g“"‘ Yiud
and then contract:

¥ = Y% = n""¥,.. (1.88)

{It must be this way, since we cannot sum over two lower indices,) Although
this is the sum of the diagonal compoenents of ¥#,, it is certainly nor the sum of
the diagonal components of ¥,; we had 1o raise an index, which in general will
change the numerical value of the components, For example, vou might guess that
the trace of the metricis =1 + 1+ 1+ 1 = 2, but it's not:

gy = 8 =4. (1.89)
{In n dimensions, Ef: = n.) There is no reason 1o denote this trace by g (or 8),
since it will always be the same number, even after we make the transition to
curved spaces where the metric components are more complicated. Note that an-
tisymmetric (0, 2) tensors are always traceless.

We have been careful so far to distinguish clearly between things that are al-
ways true (on a manifold with arbitrary metric) and things that are only true in
Minkowski space in inertial coordinates. One of the most important distinctions
arises with partial derivatives. [f we are working in flat spacetime with inertial
coordinates, then the partial derivative of a (&, [} tensor is a (k,! + 1) tensor;
that is,

T4, = 0, R*, (1.90)

transforms properly under Lorentz transformations, However, this will no longer
be true in more general spacetimes, and we will have to define a covariant deriva-
tive to take the place of the partial derivative. Nevertheless, we can still use the
fact that partial derivatives give us tensors in this special case, as long as we keep
our wits about us. [The one exception to this warning is the partial derivative
of a scalar, dg¢, which is a perfectly good tensor (the gradient) in any space-
time.] Of course, if we fix a particular coordinate system, the partial derivative is
a perfectly good operator, which we will use all the time; its failure is only that
it doesn’t transform in the same way as the tensors we will be using (or equiv-
alently, that the map it defines is not coordinate-independent). One of the most
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usetul properties of partial derivatives is that they commute,
BBl = <) = Dl ), (1.91)

no matter what kind of object is being differentiated.

MAXWELL'S EQUATIONS

We have now accumulated enough tenser know-how to illustraie some of these
concepts using actual physics. Specifically, we will examine Maxwell’s equa-
tions of electrodynamics. In 9th-century notation, these are

VxB-3E=]
V-E=p
VxE+&B=0
V.-B =10 (1.92)

Here, E and B are the electric and magnetic field 3-vectors, J is the current, p
is the charge density, and V3 and V. are the conventional curl and divergence.
These equations are invariant under Lorentz transformations, of course; that's how
the whole business got started, But they don’t ook obviously invariant; our ten-
sor notation can fix that. Let’s begin by writing these equations in component
notation,

gty By — dE' = J'
&E = J°
EVXY; Ex + 8B =0

#B' =0, (1.93)

In these expressions, spatial indices have been raised and lowered with aban-
don, without any attempt to keep straight where the metric appears, because §;;
is the metric on flat 3-space, with 8 its inverse (they are equal as matrices).
We can therefore raise and lower indices at will, since the components don't
change. Meanwhile, the three-dimensional Levi-Civita symbol £7/% is defined
just as the four-dimensional one, although with one fewer index (normalized
so that €12 = &123 = 1). We have replaced the charge density by J% this is
legitimate because the density and current together form the current 4-vector,
J¥ = (p, J*=, J¥, JE).

From (1.93), and the definition (1.69) of the field strength tensor F,., it is easy
to get a completely tensorial 20th-century version of Maxwell's equations. Begin
by noting that we can express the field strength with upper indices as



30

1.9 W

Chapter 1 Special Relativity and Flat Spacetime

FU‘ — h—u’
Fil = glikp, (1.94)

To check this, note for example that FOU = pg®pli g and FY2 = €385 Then
the first two equations in (1.93) become

B FT —F% =
& FY = JO. (1.95)

Using the antisymmetry of F#Y, we see that these may be combined into the
single tensor equation

du F'F = JV. (1.96)

A similar line of reasening, which is left as an exercise, reveals that the third and
fourth equations in (1.93) can be writlen

a[u FI.';.] = 0. (1.97)

It’s simple to verify that the antisymmetry of F,, implies that (1.97) can be equiv-
alently expressed as

”;d Fw‘_ -+ ‘:31.-1’:'1.'1 + Ej.kFgu.- =L {lgf‘”

The four traditional Maxwell equations are thus replaced by two, vividly
demenstrating the cconomy of tensor notation. More importantly, however, both
sides of equations (1.96) and (1.97) manifestly transform as tensors; therefore, if
they are true in one mertial frame, they must be true in any Lorentz-transformed
frame. This is why tensors are so useful in relativity—we often want to express
relationships without recourse to any reference frame, and the quantities on each
side of an equation must transform in the same way under changes of coordinates.
As a matter of jargon, we will sometimes refer 1o quantities writlen in terms of
tensors as covariant (which has nothing 1o do with “covariant™ as opposed o
“contravariant’™). Thus, we say that (1.96) and (1.97) together serve as the covari-
ant form of Maxwell’s equations, while (1.92) or (1.93) are noncovariant,

ENERCY AND MOMENTUM

We've now gone over essentially everything there is to know about the care and
feeding of tensors. In the next chapter we will look more carefully at the rigorous
definitions of manifolds and tensors, but the basic mechanics have been pretty
well covered. Before jumping to more abstract mathematics, let’s review how
physics works in Minkowski spacetime,

Start with the worldline of a single particle. This i1s specified by amap R — M,
where M is the manifeld representing spacetime; we usually think of the path as
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a parameterized curve x#(A). As mentioned earlier, the tangent vector 1o this path
is dx™ fda (note that it depends on the parameterization). An object of primary
interest is the norm of the tangent vector, which serves to characterize the path;
if the tangent vector is imelike/null/spacelike at some parameter value A, we say
that the path is timelike/null/spacelike at that point. This explains why the same
words are used to classify vectors in the tangent space and intervals between two
points—Dbecause a straight line connecting, say, two tmelike separated points will
itself be timelike at every point along the path,

Nevertheless, be aware of the sleight of hand being pulled here. The merric,
as a (0, 2) tensor, is a machine that acts on two veclors (or two copies of the
same vector) to produce a number. It is therefore very natural to classify tan-
gent vectors according to the sign of their norm. But the interval between two
points isn’t something quite so natural; it depends on a specific choice of path (a
“straight line™) that connects the points, and this choice in turn depends on the
fact that spacetime is flat (which allows a unique choice of straight line between
the points).

Let’s move from the consideration of paths in general to the paths of massive
particles (which will always be timelike). Since the proper time is measured by a
clock traveling on a timelike worldline, it is convenient to use T as the parameter
along the path. That is, we use (1.22) to compute (A}, which (if A is a good
parameter in the first place) we can invert to obtain A(t), after which we can think
of the path as x* (7). The tangent vector in this parameterization is known as the
four-velocity, U":

dxk
== (1.99)
dr
Since dt® = —npdxtdx’, the four-velocity is automatically normalized:
Mo VMUY = =1, {1,104y

This absolute normalization is a reflection of the fact that the four-velocity is not
a velocity through space, which can of course take on different magnitudes, but a
“velocity through spacetime,” through which one always travels at the same rate.
The norm of the four-velocity will always be negative, since we are only defining
it for timelike trajectories. You could define an analogous vector for spacelike
paths as well; for null paths the proper time vanishes, so t can’t be used as a
parameter, and you have to be more careful. In the rest frame of a particle, its
four-velocity has components U% = (1,0, 0, 0).
A related vector is the momentum four-vector, defined by

| pF =mU*, | (1.101)
L e ol
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where m is the mass of the particle. The mass is a fixed quantity independent of
inertial frame, what you may be used 1o thinking of as the “rest mass.” It wrns
out to be much more convenient to take this as the mass once and for all, rather
than thinking of mass as depending on velocity, The energy of a particle is sim-
ply £ = p", the timelike component of its momentum vector. Since it's only
one component of a four-vector, 1t 15 not invariant under Lorentz transformations;
that’s to be expected, however, since the energy of a particle at rest is not the
same as that of the same particle in motion. In the particle’s rest frame we have
p? = m; recalling that we have set ¢ = 1, we see that we have found the equation
that made Einstein a celebrity, E = mc?. (The field equation of general relativity
is actually more fundamental than this one, but &, — %ng = 8rGT,, doesn’t
elicit the visceral reaction that you get from E = m¢?.) In a moving frame we can
find the components of p* by performing a Lorentz transformation; for a particle
moving with three-velocity v = dx /di along the x axis we have

pto=(ym,vym, 0,0), {1.102)

where y = l,-"v”i — vZ, For small v, this zives pﬂ =m+ %m v? (what we usually
think of as rest energy plus kinetic energy) and p' = muv (what we usually think
of as Newtonian momentum ). Outside this approximation, we can simply write

pup* = —m?, (1.103)

or

E=\m?+p? (1.104)

where p? = & p' p/.

The centerpiece of pre-relativity physics is Newton's Second Law, or f =
ma = dp/dr. An analogous equation should hold in SR, and the requirement
that it be tensorial leads us directly to introduce a foree four-vector f* satisfying

“

d {
= mox(r) = (;—Tp"{rj_ (1.105)

The simplest example of a force in Newtonian physics 1s the force due to gravity.
In relativity, however, gravity is not deseribed by a force, but rather by the cur-
vature of spacetime itsell. Instead, let us consider electromagnetism. The three-
dimensional Lorentz force is given by f = g(E + v x B), where g is the charge on
the particle. We would like a tensorial generalization of this equation. There turns
out to be a unique answer;

f-,u — _qLI.';\ l"_;\'“. {llﬂﬁ]

You can check for yourself that this reduces to the Newtonian version in the limit
of small velocities. Notice how the requirement that the equation be tensorial,
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which is one way of guarantecing Lorentz invariance, severely restricts the pos-
sible expressions we can get. This is an example of a very general phenomenon, in
which a small number of an apparently endless variety of possible physical laws
are picked out by the demands of symmetry.

Although p" provides a complete description of the energy and momentum of
an individual particle, we often need to deal with extended systems comprised of
huge numbers of particles. Rather than specify the individual momentum vectors
of each particle, we instead describe the system as a Auid—a continuum char-
acterized by macroscopic quantities such as densily, pressure, entropy, viscosity,
and so on. Although such a fluid may be composed of many individual particles
with different four-velocities, the fluid itself has an overall four-velocity field. Just
think of everyday fuids like air or water, where it makes sense 1o define a velocity
for each individual fluid element even though nearby molecules may have appre-
ciable relative velocities.

A single mementum four-vector field is insufficient o describe the energy and
momentum of a fluid; we must go further and define the energy-momentum ten-
sor (sometimes called the siress-energy tensor), 74", This symmetric (2, ) tensor
tells us all we need to know about the energy-hke aspects of a system: energy den-
sity, pressure, stress, and so forth. A general definition of 77" is “the flux of four-
momentum p* across a surface of constant x ¥ In fact, this definition is not going
to be incredibly useful; in Chapter 4 we will define the energy-momentum tensor
in terms of a functional derivative of the action with respect to the metric, which
will be a more algorithmic procedure for finding an explicit expression for THY,
But the definition here does afford some physical insight, Consider an infinitesi-
mal element of the fluid in its rest frame, where there are no bulk motions. Then
T the “flux of p” (energy) in the x” (time) direction,” is simply the rest-frame
energy density p. Similarly, in this frame, 7% = 7' is the momentum density.
The spatial components T/ are the momentum flux, or the stress: they represent
the forces between neighboring infinitesimal elements of the fluid. Off-diagonal
terms in 7 represent shearing terms, such as those due (o viscosity, A diagonal
term such as 71! gives the x-component of the force being exerted (per unit area)
by a fluid element in the x-direction; this is what we think of as the x-component
of the pressure, p, (don't confuse it with the momentum). The pressure has three
compoenents, given in the fluid rest frame (in inertial coordinates) by

pi=TH, (1.107)

There is no sum over {.

To make this more concrete, let’s start with the simple example of dust. (Cos-
maologists tend 1o use “matter” as a synonym for dust.} Dust may be defined in
flat spacetime as a collection of particles at rest with respect o cach other. The
four-velocity field U/* (x) is clearly going to be the constant four-velocity of the
individual particles, Indeed, its components will be the same at each point. Define
the number-flux four-vector o be

NE = nl7F, (1.108)
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where n is the number density of the particles as measured in their rest frame.
(This doesn’t sound coordinate-invariant, but it is; in any frame, the number den-
sity that would be measured if you were in the rest frame 15 a fixed quantity.)
Then N is the number density of particles as measured in any other frame, while
N is the flux of particles in the x' direction. Let’s now imagine that each of the
particles has the same mass m. Then in the rest frame the energy density of the
dust is given by

£ = mn. (1.109)

By definition, the energy density completely specifies the dust. But g only mea-
sures the energy density in the rest frame; what about other frames? We notice
that both n and m are O-components of four-vectors in their rest frame; specifi-
cally, N#* = (n,0,0,0) and p* = (m,0,0,0). Therefore pisthe u =0, v =0
component of the ensor p @ N as measured in its rest frame. We are therefore
led 1o define the energy-momentum tensor for dust:

I'j:l:[= pPENY =mnUPU" = pURT", (1.110)
where p is defined as the energy density in the rest frame. (Typically you don’t
Just guess energy-momentum tensors by such a procedure, you derive them from
equations of motion or an action principle.) Note that the pressure of the dust in
any direction is zero; this should not be surprising, since pressure arises from the
random moticns of particles within the fluid, and we have defined dust (o be free
of such motions.

Dusst is not sufficiently general to describe most of the interesting fluids that
appear in general relativity;, we only need a slight generalization, however, to ar-
rive al the concept of a perfect fluid. A perfect Quid is one that can be completely
specified by two quantities, the resi-frame energy density o, and an isotropic rest-
frame pressure p. The single parameter p serves to specily the pressure in every
direction. A consequence of isotropy is that 7#" is diagonal in its rest frame—
there is no net flux of any component of momentum in an orthogonal direction.
Furthermore, the nonzero spacelike components must all be equal, TH - 722
7% The only two independent numbers are therefore the energy density p = T™
and the pressure p = T*'; we don’t need a subscript on p, since the pressure is
egual in every direction. The energy-momentum tensor of a perfect flud therefore
takes the following form in its rest frame:

g 0 0 0
=it O p 00D
By F
T = 00 p o (1.111)
0O 0 0 p

{Remember that we are in flat spacetime; this will change when curvature is in-
troduced.) We would like, of course, a formula that 1s good in any frame. For dust
we had THY = pU"UY, so we might begin by guessing (p + p)U* UV, which
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gives
g+p 0 0 0
i) 0 0 0
0 00 0 (1.112)
0 0 00

This 1s not a very clever guess, (o be honest. But by subtracting this guess from
our desired answer, we see that what we need to add is

—p 00 0

{ i

[i g ; g (1.113)
o o0 0 p

Fortunately, this has an obvious covariant generalization, namely pn#". Thus, the
general form of the energy-momentum tensor for a pertect fluid is

]

| T =0+ pURUY + pr. (1.114)

It may scem that the procedure used to arrive at this formula was somewhat arbi-
trary, but we can have complete confidence in the result. Given that (1.111) should
be the form of TH" in the rest frame, and that (1.114) is a perfectly tensorial ex-
pression that reduces to (1.111) in the rest frame, we know that (1.114) must be
the right expression in any frame.

The concept of a perfect fluid is general enough to describe a wide variety of
physical forms of matter. To determine the evolution of such a fluid, we specify
an equation of state relating the pressure to the energy density, p = p(p). Dust is
a special case for which p = 0, while an isotropic gas of photons has p = :l;p_ A
more exolic example is vacuum energy, for which the energy-momentum tensor
is proportional to the metric, T#Y = —pyen™’. By comparing 1o (1.114) we find
that vacuum energy is a kind of perfect fluid for which pyae = —pvae. The notion
of an energy density in vacuum is completely pointless in special relativity, since
in nongravitational physics the absolute value of the energy doesn’t matter, only
the difference in energy between two states. In general relativity, however, all en-
ergy couples to gravity, so the possibility of a nonzero vacuum energy will become
an important consideration, which we will discuss more fully in Chapter 4.

Besides being symmetric, 7%" has the even more important property of be-
ing conserved. In this context, conservation is expressed as the vanishing of the
“divergence™:

| 8,74 =0. (1.115)

This expression is a set of four equations, one for each value of v. The equation
with v = 0 corresponds to conservation of energy, while 8, T#* = 0 expresses
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conservation of the kth component of the momentum. Let's apply this equation to
a perfect fluid, for which we have

8, T = du(p + pUMU" + (p+ YUY, U* + U*3,UY) + 8" p. (1.116)

To analyze what this equation means, it is helpful to consider separately what
happens when we project it into pieces along and orthogonal to the four-velocity
field L/#, We first note that the normalization U, UY = —1 implies the useful
identity

Uy, UY = 33, (U, UY) = 0. (1.117)
To project (1.116) along the four-velocity, simply contract it into U,
Uy, THY = —8,(pU*) — pd, U". (1.118)

Setting this to zero gives the relativistic equation of energy conservation for a
perfect fluid. It will look more familiar in the nonrelativistic limit, in which

el o MR |11 R B ) (1.119)

The last condition makes sense, because pressure comes from the random motions
of the individual particles, and in this limit these motions {as well as the bulk
motion described by UU#) are taken to be small. So in ordinary nonrelativistic
language, (1.118) becomes

e+ V-(pv)=0, (1.120)

the continuity equation for the energy density, We next consider the part of (1.116)
that 1s orthogonal to the four-velocity. To preject a vector erthogonal to U¥, we
multiply it by the projection tensor

Py =385 +U°U,. (1.121)

To convince yourself this does the trick, check that if we have a vector V"”, parallel

to U*, and another vector W', perpendicular to U¥, the projection tensor will
annihilate the parallel vector and preserve the orthogonal one:

PP,V =0
Po WY = WS, (1.122)
Applied to 8, T"", we obtain
P?,d, T = (p+ p)U*a,U° +3°p+ UU" B, p. (1.123)

In the nonrelativistic limit given by (1.119), setting the spatial components of this
expression equal to zero yields

plav+(v-VIWI+Vp+vdip+v -Vp) =0 {1.124)
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But notice that the last set of terms involve derivatives of p times the three-
velocity v, assumed (o be small; these will therefore be negligible compared
the ¥V p term, and can be neglected. We are left with

ploy +(v-Viv] = —Vp, (1.125)

which is the Euler equation familiar from fluid mechanics.

CLASSICAL FIELD THEORY

When we make the transition from special relativity to general relativity, the met-
ric 1y will be promoted to a dynamical tensor field, g, (x). GR is thus a par-
ticular example of a classical field theory; we can build up some feeling for how
such theories work by considering classical fields defined on flat spacetime. (We
say classical field theory in contrast with quantum field theory, which is quite a
different story; we will discuss it briefly in Chapter 9, but 1t is outside our main
arca of interest here.)

Let’s begin with the familiar example of the classical mechanics of a single
particle in one dimension with coordinate g(r). We can derive the equations of
motion for such a particle by using the “principle of least action™: we search for
critical points {as a function ol the trajectory) of an action 5, wrinen as

Szfer(q.cj}. (1.126)

where the function L(g, ¢} is the Lagrangian. The Lagrangian in point-particle
mechanics is typically of the form

L=K-=YV, (1.127)

where K is the kinetic energy and V the potential energy. Following the calculus-
of-variations procedure, which is described in any advanced texthook on classical
mechanics, we show that critical points of the action [trajectories g(¢) for which
¥ remains stationary under small variations] are those that satisty the Euler-

Lagrange equations,

Y 4

oL _ i(.‘_% —0. (1.128)
ilg dr \g)

For example, L = 5(}" — Vig) leads o

dV

—_ (1.129)
dg

q=

Field theory is a similar story, except that we replace the single coordinate g(r)
by a set of spacetime-dependent fields, & (1), and the action § becomes a func-
tional of these fields. A functional is simply a function of an infinite number of
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variables, such as the values of a field in some region of spacetime. Functionals are
often expressed as integrals. Each @' is a function on spacetime (at least in some
coordinate system), and ¢ is an index labeling our individual fields. For example,
in electromagnetism (as we will see below) the fields are the four components of
a one-form called the “vector potential,” A ,:

¢ = {Ag. A}, A2, A3} (1.130)

We're being very lowbrow here, in thinking of a one-form field as four different
functions rather than a single tensor object. This point of view makes sense so
long as we stick to a fixed coordinate system, and it will make our calculations
more straightforward.

In field theory. the Lagrangian can be expressed as an integral over space of
a Lagrange density . which is a function of the fields @' and their spacetime
derivatives o, $':

L =fd-‘z L(D', 8, D). (1.131)
So the action is
5:[:”;. = fd‘*x (D', 0, (1.132)

The Lagrange density is a Loreniz scalar. We typically just say “Lagrangian”
when we mean “Lagrange density,” [t will most often be convenient to define
a field theory by specifying the Lagrange density, from which all of the equations
of moetion can be readily derived.

We will use “natural units,” in whichnot only ¢ = [ butalso i = k = |, where
ho= h /2, i 1s Planck’s constant, and k& is Boltzmann’s constant. The objection
might be raised that we shouldn’t involve ki in a purely classical discussion; but
all we are doing here is choosing units, not determining physics. (The relevance
ol A would appear if we were 1o quantize our field theory and obtain particles, but
we won't get that far right now.) In natural units we have

[energy] = [mass] = Inlcngth}_]t = [{time)”~ ! . (1.133)

We will most often use energy or mass as our fundamental unit. Since the action
15 an integral of L {(with units of encrgy) over time, it 1s dimensionless:

[S]=[ENT] = M°. (1.134)
The volume element has units
G 10 (1.135)
so to get a dimensionless action we require that the Lagrange density have units

(L] = M*. (1.136)
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The Euler-Lagrange equations come from requiring that the action be un-
changed under small variations of the fields,

P - '+ 5P, (1.137)
B @' = B, + 80, D) = 3, D' + 8, (5. (1.138)

The expression for the variation in 8, ®' is simply the derivative of the variation
of @, Since §®' is assumed to be small, we may Taylor-expand the Lagrangian
under this variation:

LD, 9, 0') — L(P' + 50, 5, + 3,50

Y : i L :
=L, 8,0 )+ —30" + ————d, ("), 1.139
) S F]{HJIQP’}:“( ) L )
Correspondingly, the aclion goes o § — 5 + 45, with
iL ; L :
35 = | d* | =80 + ———3,(69%) |. 1.140
f . [aupf * 3@.on ! j:l e

We would like to factor out 5@° from the integrand, by integrating the second
term by parts:

il . oL
dix 3, (3 = —fd“.r e [ ——— ) 50
3 (i, ') (0, D7)

aL
dxa, | ——— 59 ). 141
+f : ”(awnmaq’) e

The final term is a total derivative—the integral of something of the form g, V#—
that can be converted 1w a surface term by Stokes’s theorem (the four-dimensional
version, that is; see Appendix E for a discussion). Since we are considering vari-
ational problems, we can choose to consider variations that vanish at the bound-
ary {along with their derivatives). It is therefore traditional in such contexis to
integrate by parts with complete impunity, always ignoring the boundary contri-
butions. (Sometimes this is not okay, as in instanton calculations in Yang-Mills
theory.)
We are therefore left with

3 3 .
35.—_fd4x [;Tfr g (ﬁ)]m'. (1.142)
[ didy

The functional derivative §5/84' of a functional § with respect to a function ¢
is defined 10 satisfy

s .
:’i.’s‘:f.:f“.rrﬁdl‘. (1.143)
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when such an expression is valid. We can therefore express the notion that § is ata
critical peint by saying that the functional derivative vanishes. The final equations
of motion for our field theory are thus:

gssi i aL
—— = =y —x ] =0. (1.144)
b A A, D) !

These are known as the Euler—Lagrange equations for a field theory in flat space-
time.
The simplest example of a field is a real scalar field:

@{x") : (spacetime) — R. (1.145)

Slightly more complicated examples would include complex scalar fields, or maps
from spacetime to any veclor space or even any manifold (sometimes called “non-
linear sigma models™). Upon guantization, excitations of the field are observable
as particles. Scalar fields give rise o spinless particles, while vector ficlds and
other tensors give rise to higher-spin particles. If the field were complex instead
of real, it would have two degrees of freedom rather than just one, which would
be interpreted as a particle and a distinct antiparticle. Real fields are their own
antiparticles. An example of a real scalar field would be the neutral 7 -meson.

So let’s consider the classical mechanics of a single real scalar field. It will
have an energy density that is a local function of spacetime, and includes various
contributions:

kinetic energy : ,E¢,3
gradient energy : 3 (Vg)? (1.146)
potential energy : Vigh).

Actually, although the potential is a Lorentz-invariant function, the kinetic and
gradient energies are not by themselves Lorentz-invariant; but we can combine
them into a manifestly Lorentz-invariant form:

— 3" (@) (Do) = §6° — 3(V)2. (1.147)

[The combination n*"(d,,¢)(d,¢) is often abbreviated as {(#¢)%.] So a reasonable
choice of Lagrangian {or our single real scalar field, analogous to L = K — V in
the point-particle case, would be

£=—5n""(3,0)(8,9) — V(8). (1.148)
This generalizes “kinetic minus potential energy™ to “kinetic minus gradient mi-
nus potential energy density.” Note that since [£] = M*, we must have [V] =

M*. Also, since [8,] = [3/8x%] = M, we have

[¢) = M. (1.149)
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For the Lagrangian (1.148) we have

d.L dv i
L = — "o 115
a0~ do’ Gey T M (Bila0)

The second of these equations is a little tricky, so let’s go through it slowly. When
differentiating the Lagrangian, the trick is to make sure that the index placement
is "compatible” (so that if’ you have a lower index on the thing being differen-
tiated with respect to, you should have only lower indices when the same kind
of object appears in the thing being ditferentiated), and also that the indices are
strictly different. The first of these is already satisfied in our example, since we
are differentiating a Tunction of d,¢ with respect to d,¢. Later on, we will need
to be more careful. To fulfill the sccond, we simply relabel dummy indices:

1Y (D) (3u) = 177 (3,0)(809). (1.151)

Then we can use the general rule, for any object with one index such as V, that

av.
A/ . sf (1.152)
o Vﬁ

becaunse each component of 'V, is treated as a distinet variable, So we have

J

3(du)

(177 (8,0 (Do) | = 0n°7 [85 (Do) + (3,¢0)8% |
= "7 (da ) + 0 (Bpp) = 2" 0. (1.153)

This leads to the second expression in (1.150).
Putting (1.150) into (1.144) leads to the eguation of motion

ne=2X o (1.154)

et d¢ — s B
where T = n¥Vd, 4, is known as the d’Alembertian. Note that our metric sign
convention (—--+4-) comes into this equation; with the alternative {+———) con-

vention the sign would have been switched. In flat spacetime (1.154) is equivalent
o
" - dVv
¢ — Vi + — =1L (1.155}
dar
A popular choice for the potential V' is that of a simple harmonic oscillator,
Vig) = 2mip®. The parameter m is called the mass of the field, and you should
notice that the units work out correctly. You may be wondering how a field can
have mass. When we quantize the field we find that momentum eigenstates are
collections of particles, each with mass m. At the classical level, we think of
“mass™ as simply a convenient characterization of the field dypamics. Then our
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equation of motion is
= 2
P —mgp =0, (1.156)

the famous Klein—Gordon equation. This is a linear differential equation, so the
sum of two solutions is a selution; a complete set of solutions (in the form of
plane waves) is easy to find, as you can check for yourself,

A slightly more elaborate example of a field theory 18 provided by electro-
magnetism., We mentioned that the relevant field is the vector potential A, ; the
timelike component Ay can be identified with the electrostatic potential &, and the
spacelike components with the traditional vector potential A (in terms of which
the magnetic field is given by B = ¥ x A). The field sirength tensor, with com-
ponents given by (1.69), is related to the vector potential by

-'F_FI'I = H,uﬂv = ':}I.'A_H' (1.157)

From this definition we see that the field strength tensor has the important property
of gauge invariance: when we perform a gauge transformation on the vector
pelential,

Ay — Ay + d,A(x), (1.158}
the field strength tensor is left unchanged:
Fuv = Fpy + 8u8uA — 38uA = Fys. (1.159)

The last equality follows from the fact that partial derivatives commute, d,d, =
idyil,. Gauge invariance is a symmetry that is fundamental to our understanding
of electromagnetism, and all observable quantities must be gauge-invanant. Thus,
while the dynamical field of the theory (with respect 1o which we vary the action to
derive equations of motion} is Ay, physical quantities will generally be expressed
in terms of F,,.

We already know that the dynamical equations of electromagnetism are
Maxwell's equations, (1.96) and (1.97). Given the definition of the field strength
tensor in terms of the vector potential, (1.97) is actually automatic:

U“‘ Fl'ﬁl = r']“,-fj,-z’.gi = Um f]{rAt;i =1, (1.160}

again because partial derivatives commute. On the other hand, (1.96) 1s equivalent
to Euler-Lagrange equations of the form

L aL
— 3 | ———] =0, 1.1
T P (H(HJ.‘A\-J) (1.1eL)

if we presciently choose the Lagrangian 1o be

L=—3FuF* +A,J0 (1.162)
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For this choice, the first term in the Euler-Lagrange equation is straightforward:

i
I§=ﬁu“=wi (1.163)
i w

The second term is trickier. First we write F,, F*¥ as
Fuu F** = Fog F™ = n®nP° Fup Fpq. (1.164)

We want to work with lower indices on Fj,., since we are differentiating with re-
spect to @, Ay, which has lower indices. Likewise we change the dummy indices
on Fu F*Y, since we want to have different indices on the thing being differen-
tiated and the thing we are dilferentiating with respect 10, Once you get familiar
with this stuff it will become second nature and you won't need nearly so many
steps. This lets us write

I Fop FoP aF, JF

Hlup” ) _ yoeypo %ﬂ-&ﬁ&ﬁ%ﬂﬁ. (1.165)

”':.‘}p:Ar) dl:dptl‘“v} 'j{.‘}pt"qu]
Then, since Fpg = d, Ag — dg A, we have
il F*'-".E
— = ks, — L5, 1.166

T G T A i)

Combining (1.166) with (1.165) yields

d(Fup FP , , _ .

_%%?3=f%mb$%—$ﬁW@+my;4ﬁpad
M LY

= @** 1" — 0" 1" )Fpo + (™" 0F" — n" nP*) Fug

= FI': ¥ = F'I-'.l.f + FFI'I.' == Fl'.[t

= I, (1.167)

50
d.LC

—_— = = FHY 1.168
T el e

Then sticking (1.163) and (1.168) into (1.161) yields precisely (1.96):
3, F"" = J°, (1.169)

Note that we switched the order of the indices on F#" in order 1o save ourselves
from an unpleasant minus sign.

You may wonder what the purpose of introducing a Lagrangian formulation
is, if we were able to invent the equations of moton before we ever knew the
Lagrangian (as Maxwell did for his equations). There are a number of reasons,
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starting with the basic simplicity of positing a single scalar function of spacetime,
the Lagrange density, rather than a number of (perhaps tensor-valued) equations
of motion. Another reason is the ease with which symmetries are implemented;
demanding that the action be invariant under a symmetry ensures that the dynam-
ics respects the symmetry as well. Finally, as we will see in Chapter 4, the action
leads via a direct procedure (involving varying with respect to the metric itself}
10 a unique energy-momentum tensor. Applying this procedure to (1.148) leads
straight ta the energy-momentum tensor for a scalar field theory,

T e = W0" 08,9 — [;q"-” hpdad + vw.:}] : (1.170)

Similarly, from (1.162) we can derive the energy-momentum tensor for electro-
magnetism,

.E‘-i.:j = P-“AP-L';‘ s Efn;.ll.'!_-lﬂ }}la- f]..l?l:l

Using the appropriate equations of motion, you can show that these energy-
momentum tensors are conserved, 4, T = 0 (and will be asked to do so in the
Exercises).

The two examples we have considered—scalar field theory and electro-
magnetism—are paradigms for much of our current understanding of nature. The
Standard Model of particle physics consists of three types of fields: gauge fields,
Higgs fields, and fermions. The gauge fields describe the “forces” of nature, in-
cluding the strong and weak nuclear forces in addition to electromagnetism. The
gange fields giving rise o the nuclear forces are described by one-form poten-
tials, just as in electromagnetism; the difference is that they are matrix-vajued
rather than ordinary one-forms, and the symmetry groups corresponding to gauge
transformations are therefore noncommutative (nonabelian) symmetries, The
Higes lields are scalar fields much as we have described, although they are also
matrix-valued. The fermions include leptons (such as electrons and neutrinos)
and quarks, and are not described by any of the tensor fields we have discussed
here, but rather by a different kind of field called a spinor. We won't get around
to discussing spinors in this book, but they play a crucial role in particle physics
and therr coupling to gravity is interesting and subtle. Upon quantization, these
fields give rise to particles of different spins; gauge fields are spin-1, scalar fields
are spin-0, and the Standard Model fermions are spin-lz.

Before concluding this chapter, let’s ask an embarassingly simple guestion:
Why should we consider one classical field theory rather than some other one?
More concretely, let’s say that we have discovered some particle in nature, and
we know what kind of field we want to use to describe it; how should we pick
the Lagrangian for this field? For example, when we wrote down our scalar-field
Lagrangian (1.148), why didn’t we include a term of the form

L' = 1" 0" (Bud) (Do), (1.172)



1.11  Exercises 45

where A is a coupling constamt? Ullimately, of course, we work by trial and error
and try to fit the data given 1o us by experiment. In classical field theory, there's
not much more we could do; generally we would start with a simple Lagrangian,
and perhaps make it more complicated if the first try failed to agree with the data.
But quantum field theory actually provides some simple guidelines, and since we
use classical field theory as an approximation o some underlying quantum the-
ory, it makes sense to take advantage of these principles. To make a long story
short, quantum field theory allows “virtual™ processes at arbitrarily high energies
to contribute o what we observe at low energies. Fortunately, the effcct of these
processes can be summarized in a low-energy effective field theory. In the effec-
tive theory, which is what we actually observe, the result of high-energy processes
is simply to “renormalize” the coupling constants of our theory. Consider an arbi-
trary coupling constant, which we can express as 2 parameter g (with dimensions
of mass) raised 1o some power, & = p¥ (unless A s dimensionless, in which case
the discussion becomes more subtle). Very roughly speaking, the effect of high-
energy processes will be 1o make o very large. Slightly more specifically, p will
be pushed up 10 a scale at which new physics kicks in, whatever that may be.
Therefore, potential higher-order terms we might think of adding to a Lagrangian
are suppressed, because they are multiplied by coupling constants that are very
small. For (1.172), for example, we must have A = p 2 g0k will be tiny (be-
cause i will be big). Only the lowest-order terms we can put in our Lagrangian
will come with dimensionless couplings (or ones with units of mass (o a positive
power), so we only need bother with those at low energies. This feature of field
theory allows for a dramatic simplification in considering all of the models we
might wanl (o examineg,

As mentioned at the beginning of this section, general relativity itself is a clas-
sical field theory, in which the dynamical field is the metric tensor. It is neverthe-
less fair o think of GR as somehow ditferent; for the most part other classical
field theories rely on the existence of a pre-existing spacetime geometry, whereas
in GR the geometry is determined by the equations of motion. (There are excep-
tions to this idea, called wpoelogical field theories, in which the metric makes no
appearance.) Our task in the next few chapters is to explore the nature of curved
geometries as characterized by the spacetime metric, before moving in Chapter 4
1o putting these notions to work in constructing a theory of gravitation.

1.11 B EXERCISES

1. Consider an inertial frame § with coordinates x* = (t, x, ¥, z), and a frame 5" with
coordinates x* related to § by a boost with velocity parameter v along the y-axis.
Imagine we have a wall at rest in 5", lying along the line x" = —y'. From the point of
view of 5, what 15 the relatonship between the incident angle of a ball hitting the wall
(traveling in the x-y plane) and the reflected angle? What about the velocity before and
after?
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2.

&N

4.

Imagine that space (not spacetime) is actually a finite box, or in more sophisticated
terms, a three-torus, of size L. By this we mean that there is a coordinate system % =
(r, x, ¥.2) such that every point with coordinates (r, x, v, z) 1s identified with every
point with coordinates (f, x + L, v, z), (£, x. v+ L, z),and (r, x, ¥, z + L). Note that
the time coordinate is the same. Now consider two observers; observer A is at rest
in this coordinate system (constant spatial coordinates), while observer B moves in
the x-direction with constant velocity v. A and B begin at the same event, and while
A remains still, 8 moves once around the universe and comes back o intersect the
worldline of A without ever having 1o accelerate (since the universe is periodic). What
are the relative proper times experienced in this interval by A and B7? I= this consistent
with your understanding of Lorentz invariance?

Three events, A, B, C, are seen by observer (2 to oceur in the order ABC. Another ob-
server, O, sees the events to occur in the order CBA, Is it possible that a third observer
sees the events in the order ACB? Suppont your conclusion by drawing a spacetime
diagram.

Projection effects can trick you into thinking that an astrophysical object is moving
“superluminally.” Consider a quasar that ejects gas with speed v at an angle & with
respect to the line-of-sight of the observer. Projected onto the sky, the gas appears to
travel perpendicular to the line of sight with angular speed vapp/ D, where D is the
distance to the quasar and vapp 15 the apparent speed. Derive an expression for vgpp
in terms of v and #. Show that, for appropriate values of v and 4, Uapp can be greater
than 1.

. Particle physicists are so used 10 setting ¢ = | that they measure mass in units of energy.

In particular, they tend to use electron volts (1 eV = 1.6 x 1072 erg = 1.8 x 10733 g),
or, more commonly, keV, MeV, and GeV (10° eV, 10° eV, and 107 eV, respectively).
The muon has been measured to have a mass of 0,106 GeV and a rest frame lifetime
of 2.19 x 10™% seconds. Imagine that such a muon is moving in the circular storage
ring of a particle accelerator, 1 kilometer in diameter, such that the muon’s total energy
is 1000 GeV, How long would it appear to live from the experimenter’s point of view?
How many radians would it travel around the ring?

In Euclidean three-space, let p be the point with coordinates (x, v, z) = (1,0, =1).
Consider the following curves that pass through p:

Ay =0,0-D% -0
.t'.E_uJ = {cos . sin g, g — 1)
(@) = (6%, 0% + 02, 0).
{a) Calculate the components of the tangent vectors to these curves at p in the coordi-
nate basis {dy, dy, d:}.
(b) Let f = x? + v? — yz. Caleulate df /da, df /dy and d f /de.

7. Imagine we have a tensor X*Y and a vecior V¥, with components

2 01 -1
XY — '_: ? :} {2} : VH = (=1,2,0,-2).
-2 1 1 =2
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10.

11.

12.

Find the components of:

(a) X#,

(b) X,

fc) x'uvd

(d} x'#"‘]

(e) X*;

0 VEV,

(g) V,x#°

If 8, THY = @, what physically does the spatial vector fell represent? Use the dust
cnergy momentum tensor o FI'lEI.kE. VOUr Case,

For a system of discrete poimt particles the energy-momentum tensor takes the form

P{ﬂ} ptﬂ’}

- BV e ey o yla) 7

TJ“'_Z' Bia) & (x = x4, (1.173)
a P

where the index a labels the different particles, Show that, for a dense collection of

particles with isotropically distributed velocities, we can smooth over the individual

particle worldlines to obtain the perfect-fluid energy-momentum tensor (1.114).

Using the tensor transformation law applied to £, , show how the electric and magnetic
ficld 3-vectors E and B transform under

(a) a rotation about the y-axis,

(b) a boost along the z-axis.

Werify that (1.98) is indeed equivalent to (1.97), and that they are both equivalent to the
last two equations in (1.93).

Consider the two field theories we explicitly discussed, Maxwell's electromagnetism
(let J# = 0) and the scalar field theory defined by (1.148).

{a) Express the components of the energy-moementum tensors of each theory in three-

vector notation, using the divergence, gradient, curl, electric, and magnetic fields,
and an overdot to denote time derivatives,

{b) Using the equations of motion, verify (in any notation you like) that the energy-
momentum tensors are conserved.

Consider adding to the Lagrangian for electromagnetism an additional term of the form

L' = Euupo FEVFFe,

(a) Express £’ interms of E and B.

(b} Show that including £ does not affect Maxwell's equations, Can you think of a
deep reason for this?
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Gravity is special. In the context of general relativity, we ascribe this specialness
to the fact that the dynamical field giving rise to gravitation is the metric ten-
sor describing the curvature of spacetime itself, rather than some additional field
propagating through spacetime; this was Einstein’s profound insight. The phys-
ical principle that led him to this idea was the wniversaliry of the gravitational
interaction, as formabized by the Principle of Equivalence. Let’s see how this
physical principle leads us to the mathematical strategy of describing gravity as
the geometry of a curved manifold.

The Principle of Equivalence comes in a variety of forms, the first of which 15
the Weak Equivalence Principle, or WEP. The WEP states that the inertial mass
and gravitational mass of any object are equal. To see what this means, think about
MNewtonian mechanics. The Second Law relates the force exerted on an object to
the acceleration it undergoes, setting them propertional 1o each other with the
constant of proportionality being the inertial mass m;:

F = m;a. {2.1)

The inertial mass clearly has a universal character, related to the resistance you
feel when you try o push on the object; it takes the same value no matter what
kind of force is being exerted. We also have Newton's law of gravitation, which
can be thought of as stating that the gravitational force exerted on an object is pro-
portional to the gradient of a sealar field <, known as the gravitational potential,
The constant of proportionality in this case is called the gravitational mass m

Fy = —mg V. (2.2)

On the face of it, m, has a very different character than m;: it is a quantity specific
to the gravitational force. If you like, m, /m; can be thought of as the “gravita-
tional charge™ of the body. Nevertheless, Galileo long ago showed (apocryphally
by dropping weights off of the Leaning Tower of Pisa, actually by rolling balls
down inclined planes) that the response of matter to gravitation is universal—
every object falls at the same rate in a gravitational field, independent of the com-
position of the object. In Newtonian mechanics this translates into the WEP, which
is simply

mp = mg (2.3)
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for any object. An immediale consequence is that the behavior of freely-falling
test particles is universal, independent of their mass (or any other qualitics they
may have}); in fact, we have

a=-Vo, (2.4}

Experimentally, the independence of the acceleration due to gravity on the com-
position of the falling object has been verified to extremely high precision by the
Editvis experiment and its modern successors.

This suggests an equivalent formulation of the WEP: there exists a preferred
class of trajectories through spacetime, known as inertial (or “freely-falling™) tra-
jectories, on which unaccelerated particles travel—where unaccelerated means
“subject only to gravity.” Clearly this is not true for other forces, such as elec-
romagnetism. In the presence of an electric field, particles with opposite charges
will move on quite different trajectories. Every particle, on the other hand, has an
identical gravitational charge.

The universality of gravitation, as implied by the WEP, can be stated in an-
other, more popular, form. Imagine that we consider a physicist in a tightly sealed
box, unable to observe the outside world, who is deing experiments involving the
motion of test particles, for example to measure the local gravitational field. Of
course she would obtain different answers il the box were sitting on the moon or
on Jupiter than she would on Earth. But the answers would also be different if
the box were accelerating at a constant rate; this would change the acceleration of
the freely-falling particles with respect to the box. The WEP implies that there is
no way to disentangle the effects of a gravitational field from those of being in a
uniformly accelerating frame, simply by observing the behavior of freely-falling
particles. This follows from the universality of gravitation; in electrodynamics,
in contrast, it would be possible to distinguish between uniform acceleration and
an electromagnetic field, by observing the behavior of particles with different
charges. But with gravity it is impossible, since the “charge™ is necessarily pro-
portional to the (inertial) mass.

To be careful, we should limit our ¢laims abeut the impossibility of distin-
guishing gravity from uniform acceleration by restricting our attention to “small
enough regions of spacetime.” If the sealed box were sufficiently big, the gravi-
tational field would change from place to place in an observable way, while the
effect of acceleration would always be in the same direction. In a rocket ship or
elevator, the particles would always fall straight down, In a very big box in a grav-
itational field, however, the particles would move toward the center of the Earth,
for example, which would be a different direction for widely separated experi-
ments. The WEP can therefore be stated as follows: The motion of freely-falling
particles are the same in a gravitational field and a uniformly accelerated frame,
in small enough regions of spacetime. In larger regions of spacetime there will be
inhomogeneities in the gravitational field, which will lead 1o tidal forces, which
can be detected,

After the advent of special relativity, the concept of mass lost some of its
uniqueness, as it hecame clear that mass was simply a manmfestation of energy
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and momentum (as we have seen in Chapter 1). It was therefore natural for Ein-
stein to think about generalizing the WEP to something more inclusive. His idea
was simply that there should be no way whatsoever for the physicist in the box to
distinguish between uniform acceleration and an external gravitational field, no
matter what experiments she did (not only by dropping test particles). This rea-
sonable extrapolation became what is now known as the Einstein Equivalence
Principle, or EEP: In small enough regions of spacetime, the laws of physics re-
duce to those of special relativity; it is impossible to detect the existence of a
gravitarional field by means of local experiments.

In fact, it is hard to imagine theories that respect the WEP but violate the EEP,
Consider a hydrogen atom, a bound state of a proton and an electron. Its mass
is actualiy less than the sum of the masses of the proton and electron considered
individually, because there 1s a negative binding energy—you have (o put energy
into the atom o separate the proton and electron. Accerding o the WEP, the grav-
itational mass of the hydrogen atom is therefore less than the sum of the masses of
its constituents; the gravitational field couples o electromagnetism (which holds
the atom together) in exactly the right way 1o make the graviiational mass come
out right. This means that not only must gravity couple to rest mass universally,
but also o all forms of energy and momentum—which is practically the claim of
the EEP. It is possible to come up with counterexamples, however; for example,
we could imagine a theory of gravity in which freely falling particles began (o
rotate as they moved through a gravitational field. Then they could fall along the
same paths as they would in an accelerated frame (thereby satisfying the WEP),
but you could nevertheless detect the exisience of the gravitational field (in viola-
tion of the EEP). Such theories seem contrived, but there 1s no law of nature that
forbids them.

Sometimes a distinction is drawn between “gravitational laws of physics™ and
“nongravitational laws of physics,” and the EEP is defined to apply only to the
latter. Then the Strong Equivalence Principle (SEP} is defined to include all of the
laws of physics, gravitational and otherwise. A theory that violated the SEP but
nol the EEP would be one in which the gravitational binding energy did not con-
tribute equally to the inertial and gravitational mass of a body; thus, for example,
test particles with appreciable self-gravity (1o the extent that such a concept makes
sense) could fall along different trajectories than lighter particles.

It 15 the EEP that implies {or at least suggests) that we should attribute the
action of gravity to the curvature of spacetime. Remember that in special relativity
a prominent role is played by inertial frames—while it is not possible 1o single
out some frame of reference as uniquely “at rest,” it is possible 1o single out a
family of frames that are “unaccelerated” (inertial). The acceleration of a charged
particle in an electromagnetic field is therefore uniquely defined with respect to
these frames. The EEP. on the other hand, implies that gravity is inescapable—
there is no such thing as a “gravitationally neutral object” with respect to which
we can measure the acceleration due to gravity. [t follows that the acceleration
due 10 gravity is not something that can be reliably defined, and therefore is of
little use.
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Instead, it makes more sense to define “unaccelerated™ as “freely falling,” and
that is what we shall do. From here we are led to the idea that gravity is not
a “force”—a force is something that leads to acceleration, and our definition of
zero acceleration is “moving freely in the presence of whatever gravitational field
happens to be around.”

This seemingly innocuous step has profound implications for the nature of
spacetime. In SR, we have a procedure for starting at some point and constructing
an inertial frame that stretches throughout spacetime, by joining together rigid
rods and attaching clocks to them. But, again due to inhomogeneities in the grav-
itational field, this is no longer possible. If we start in some freely-falling state
and build a large structure out of rigid rods, at some distance away freely-falling
objects will look like they are accelerating with respect to this reference frame, as
shown in Figure 2.1. The solution is to retain the notion of inertial frames, but to
discard the hope that they can be uniquely extended throughout space and time.
Instead we can define locally inertial frames, those that follow the motion of in-
dividual freely falling particles in small enough regions of spacetime. (Every time
we say “small enough regions.” purists should imagine a limiting procedure in
which we take the appropriate spacetime volume (o zero.) This is the best we can
do, but it forces us to give up a good deal. For example, we can no longer speak
with confidence about the relative velocity of far-away objects, since the inertial
reference frames appropriate to those objects are completely different from those
appropriate to us.

Our job as physicists is to construct mathematical models of the world, and
then test the predictions of such models against observations and experiments.
Following the implications of the universality of gravitation has led us to give
up on the idea of expressing gravity as a force propagating through spacetime,

FIGURE 2.1 Failure of global frames. Since every particle feels the influence of gravity,
we define “unaccelerating™ as “freely falling.” As a consequence, it becomes impossible to
define globally inertial coordinate systems by the procedure outlined in Chapter 1, since
particles initially at rest will begin to move with respect to such a frame.
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FIGURE 2.3 Gravitational
redshift on the surface of the
Earth, as measured by ob-
servers at different elevations.
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FIGURE 2.2 The Doppler shift as measured by two rockets separated by a distance z,
each feeling an acceleration a.

and indeed to give up on the idea of global reference frames streiching through-
out spacetime. We therefore need to invoke a mathematical framework in which
physical theories can be consistent with these conclusions. The solution will be o
imagine that spacetime has a curved geometry, and that gravitation is a manifes-
tation of this curvature. The appropriate mathematical structure used to describe
curvature is that of a differentiable manifold: essentially, a kind of set that looks
locally like flat space, but might have a very different global geometry. (Remem-
ber that the EEP can be stated as “the laws of physics reduce to those of special
relativity in small regions of spacetime,” which matches well with the mathemat-
ical notion of a set that locally resembles flat space.)

We cannot prove that gravity should be thought of as the curvature of space-
time; instead we can propose the idea, derive its consequences, and see if the
result is a reasonable fit to our experience of the world. Let's set about doing just
that.

Consider one of the celebrated predictions of the EEP, the gravitational red-
shift. Imagine two rockets, a distance z apart, each moving with some constant
acceleration a in a region far away from any gravitational fields, as shown in Fig-
ure 2.2, At time #p the trailing rocket emits a photon of wavelength Ag. The rockets
remain a constant distance apart, so the photon reaches the leading rocket afier a
time Ar = z/¢ in our background reference frame. (We assume Av/c is small,
so we only work to first order.) In this time the rockets will have picked up an ad-
ditional velocity Av = aAr = az/c. Therefore, the photon reaching the leading
rocket will be redshifted by the conventional Doppler effect, by an amount

AA  Av  az
'
According to the EEP, the same thing should happen in a uniform gravitational
field. So we imagine a tower of height z sitting on the surface of a planet, with
d, the strength of the gravitational field (what Newton would have called the “ac-
celeration due to gravity™), as portrayed in Figure 2.3. We imagine that observers

in the rocket at the top of the tower are able to detect photons emitted from the
ground, but are otherwise unable to look outside and see that they are sitting on a

= (2.5)
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tower. In other words, they have no way of distinguishing this situation from that
of the accelerating rockets. Therefore, the EEP allows us to conclude immediately
that a photon emitted from the ground with wavelength g will be redshified by
an amount

Ad 4z (2.6
= 2 & . :}

.
AQ c

This is the famous gravitational redshift, Notice that it is a direct consequence of
the EEP; the details of general relativity were not required.

The formula for the redshift is more often stated in terms of the Newtonian
potential &, where a, = V&. (The sign is changed with respect to the usual
convention, since we are thinking of a, as the acceleration of the reference frame,
not of a particle with respect to this reference frame.) A nonconstant gradient of
& is like a time-varying acceleration, and the equivalent net velocity is given by
integrating over the time between emission and absorption of the photon. We then

have
Al |
-— = f '\_-’(D df
Ao é

l

= - 3:@(!'?,
ot

= AP, (2.7)

where A 1s the total change in the gravitational potential, and we have once
again set ¢ = 1. This simple formula for the gravitational redshifi continues to be
true in more general circumstances. Of course, by using the Newtonian potential
at all, we are restricting our domain of validity to weak gravitational fields.

From the EEP we have argued in favor of a gravitational redshifi; we may now
use this phenomenon to provide further support for the idea that we should think
of spacetime as curved. Consider the same experimental setup that we had before,
now portrayed on the spacetime diagram in Figure 2.4, A physicist on the ground
emits a beam of light with wavelength A from a height zg, which travels to the
top of the tower at height z;. The time between when the beginning of any single
wavelength of the light is emitted and the end of that same wavelength is emitted
is Afg = Ap/c, and the same time interval for the absorption 1s Afp = 4 /¢, where
time 1s measured by clocks localed at the respective elevations. Since we imagine
that the gravitational field is static, the paths through spacetime followed by the
leading and trailing edge of the single wave must be precisely congruent. (They
are represented by generic curved paths, since we do not pretend that we know
just what the paths will be.) Simple geometry seems to imply that the times Arg
and Arp must be the same. But of course they are not; the gravitational redshift
implies that the elevated experimenters observe fewer wavelengths per second, so
that Aty = Agy. We can interpret this roughly as “the clock on the tower appears to
run more quickly”” What went wrong? Simple geometry—the spacetime through
which the photons traveled was curved.
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FIGURE 24 Spacetime diagram of the gravilational-redshift experiment portrayed in
Figure 2.3. Spacetime paths beginning at different moments are congruent, but the time
intervals as measured on the ground and on the tower are different, signaling a breakdown
of Euclidean geometry.

We therefore would like to describe spacetime as a kind of mathematical struc-
ture that looks locally like Minkowski space, but may possess nontrivial curvature
over exiended regions. The kind of object that encompasses this notion is that of
a manifold. In this chapter we will confine ourselves to understanding the con-
cept of manifolds and the structures we may define on them, leaving the precise
characterization of curvature for the next chapter.

WHAT 1S A MANIFOLD?

Manifolds (or differentiable manifolds) are one of the most fundamental concepts
in mathematics and physics. We are all used to the properties of r-dimensional
Euclidean space, R", the set of n-tuples (x', ..., x"), often equipped with a flat
positive-definite metric with components &;. Mathematicians have worked for
many years 1o develop the theory of analysis in R"—differentiation, integration,
properties of functions, and so on. But clearly there are other spaces (spheres,
for example) which we intitively think of as “curved™ or perhaps wpologically
complicated, on which we would like to perform analogous operations,

To address this problem we invent the notion of a manifold, which corresponds
to a space that may be curved and have a complicated topolegy, but in local re-
gions looks just like R". Here by “looks like” we do not mean that the metric is
the same, but only that more primitive notions like functions and coordinates work
in a similar way. The entire manifold is constructed by smoothly sewing together
these local regions. A crucial point is that the dimensionality n of the Euclidean
spaces being used must be the same in every patch of the manifold; we then say
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that the manifold is of dimension n. With this approach we can analyze functions
on such a space by converting them (locally) to functions in a Euclidean space.
Examples of manifolds include:

o R" itself, including the line (R), the plane (R?), and so on. This should be
obvious, since R" looks like R" not only locally but globally.

o The n-sphere, 5". This can be defined as the locus of all points some fixed
distance from the origin in R"*!. The circle is of course §', and the two-
sphere 5% is one of the most useful examples of a manifold. (The zero-
sphere S°, if you think about it, consists of two points, We say that 5 is a
disconnected zero-dimensional manifold.) IU's worth emphasizing that the
definition of 5" in terms of an embedding in R"*! is simply a convenient
shortcut; all of the manifolds we will discuss may be defined in their own
right, without recourse to higher-dimensional flat spaces.

e The n-torus T" results from taking an n-dimensional cube and identifying
opposite sides. The two-torus T2 is a square with opposite sides identified,
as shown in Figure 2.5. The surface of a doughnut is a familiar example.

» A Riemann surface of genus g is essentially a two-torus with g holes instead
of just one, as shown in Figure 2.6, 52 may be thought of as a Riemann sur-
face of genus zero. In technical terms (not really relevant to our present dis-

o e T
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identifying opposite
sides

FIGURE 2.5 The torus, Tz. constructed by identifying opposite sides of a square.

genus 0 genus 1 genus 2
FIGURE 2.6 Riemann surfaces of different genera (plural of “genus™).
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cussion), every “compact orientable boundaryless”™ two-dimensional mani-
fold is a Riemann surface of some genus.

» More abstractly, a set of continuous transformations such as rotations in R"
forms a manifold. Lie groups are manifolds that also have a group struc-
ture. So for example SO(2), the set of rotations in two dimensions, is the
same manifold as §' (although in general group manifolds will be more
complicated than spheres).

¢ The direct product of two manifolds is a manifold. That is, given manifolds
M and M’ of dimension n and n', we can construct a manifold M = M’,
of dimension n + n’, consisting of ordered pairs (p, p) with p € M and
peM.

With all of these examples, the notion of a manifold may seem vacuous: what
isn't a manifold? Plenty of things are not manifolds, because somewhere they
do not look locally like R". Examples include a one-dimensional line running
into a two-dimensional plane, and iwo cones stuck together at their vertices, as
portrayed in Figure 2.7. More subtle examples are shown in Figure 2.8. Consider
for example a single (two-dimensional) cone. There is clearly a sense in which
the cone looks locally like R?; at the same time, there is just as clearly something
singular about the vertex of the cone. This is where the word “differentiable” in
“differentiable manifold™ begins to play a role; as we will see when we develop
the formal definition, the cone is perfectly smooth as a manifold, even though
the curvature is not smooth at its vertex. (Other types of singularities are more
severe, and will prevent us from thinking of certain spaces as manifolds, smooth
or otherwise.) Another example is a line segment (with endpoints included). This
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FIGURE 2.7 Examples of spaces that are not manifolds: a line ending on a plane, and
two cones intersecting at their vertices. In each case there is a point that does not look
locally like a Euclidean space of fixed dimension.
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FIGURE 2.8 Subtle examples. The single cone is a smooth manifold, even though the
curvature is singular at its vertex. A line segment is not a manifold, but may be described
by the more general notion of “manifold with boundary™

certainly will not fit under the definition of manifolds we will develop, due to
the endpoints. Nevertheless, we can extend the definition to include “manifolds
with boundary,” of which the line segment is a paradigmatic example. A brief
discussion of manifolds with boundary is in Appendix D.

These subtle cases should convince you of the need for a rigorous definition,
which we now begin to construct; our discussion follows that of Wald (1984),
The informal idea of a manifold is that of a space consisting of patches that look
locally like R", and are smoothly sewn together. We therefore need to formalize
the notions of “looking locally like R"" and “smoothly sewn together”” We require
a number of preliminary definitions, most of which are fairly clear, but it's nice to
be complete. The most elementary notion is that of a map between two sets. (We
assume you know what a set is, or think you do; we won’t need to be too precise.)
Given two sets M and N, a map ¢ : M — N is a relationship that assigns, to
each element of M, exactly one element of N. A map is therefore just a simple
generalization of a function. Given twomaps ¢ : A — Bandy : B — C, we
define the composition yr o ¢ : A — C by the operation (v o ¢)(a) = Yrigd{al),
as in Figure 2.9. So a € A, ¢(a) € B, and thus (¢ o ¢)(a) € C. The order in
which the maps are written makes sense, since the one on the right acts first.

A map ¢ is called one-to-one (or injective) if each element of N has at most
one element of M mapped into it, and onto (or surjective) if each element of N has
at least one element of M mapped into it. (If you think about it, better names for
“one-to-one” would be “one-from-one” or for that matter “two-to-two.”) Consider
functions ¢ : R — R. Then ¢(x) = ¢* is one-to-one, but not onto; ¢(x) = x> —x
is onto, but not one-to-one; ¢h(x) = x° is both; and ¢(x) = x? is neither, as in
Figure 2.10.

FIGURE 2.9 The map W o ¢ : A — C is formed by composing ¢ : A — B and
v:B—=C.
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bd(x) dix) # dbix)

onto, not one-to-one both neither

FIGURE 2.10 Types of maps.

The set M is known as the domain of the map ¢, and the set of points in N
that M gets mapped into is called the image of ¢. For any subset U' < N, the
set of elements of M that get mapped to U is called the preimage of U/ under
¢, or d~ N (U). A map that is both one-to-one and onto is known as invertible
{or bijective). In this case we can define the inverse map o' N> M by
(@~ "og)a) =a,asin Figure 2.11. Note that the same symbol ¢~ is used for
both the preimage and the inverse map, even though the former is always defined
and the latter is only defined in some special cases.

The notion of continuity of a map is actually a very subtle one, the precise
formulation of which we won't need. Instead we will assume you understand the
concepts of continuity and differentiability as applied to ordinary functions, maps
¢ : R — R. It will then be useful to extend these notions to maps between more
general Euclidean spaces, ¢ : R™ — R". A map from R™ to R" takes an m-tuple
(x', x2, .. ., x™) toan n-tuple (!, yl, ..., ¥"), and can therefore be thought of
as a collection of n functions ¢ of m variables:

vyl =¢l(x!, 2%, ..., x™)

V=gl 22, ™)
(2.8)

We will refer to any one of these functions as CP if its pth derivative exists and
is continuous, and refer to the entire map ¢ : R™ — R" as C” if each of its com-
ponent functions are at least C”. Thus a C” map is continuous but not necessarily
differentiable, while a C™ map is continuous and can be differentiated as many
times as you like. Consider for example the function of one variable ¢ (x) = I3 l.
This function is infinitely differentiable everywhere except at x = 0, where it is
differentiable twice but not three times; we therefore say that it is C2. C® maps
are sometimes called smooth.
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We will call two sets M and N diffeomorphic if there exists a C™ map
¢ : M — N witha C™ inverse ¢! : N — M; the map ¢ is then called a
diffeomorphism. This is the best notion we have that two spaces are “the same”
as manifolds. For example, when we said that SO(2) was the same manifold as
51, we meant they were diffeomorphic. See Appendix B for more discussion.

These basic definitions may have been familiar to you, even if only vaguely
remembered. We will now put them to use in the rigorous definition of a mani-
fold. Unfortunately, a somewhat barogue procedure is required 1o formalize this
relatively intuitive notion. We will first have to define the notion of an open set,
on which we can put coordinate systems, and then sew the open sets together in
an appropriate way.

We start with the notion of an open ball, which is the set of all points x in
R" such that |x — y| < r for some fixed y € R" and r € R, where |x — y| =
> (x' —3")%]"/2, Note that this is a strict inequality—the open ball is the interior
of an n-sphere of radius r centered at y, as shown in Figure 2.12. An open set in
R" is a set constructed from an arbitrary (maybe infinite) union of open balls. In
other words, V < R" is open if, for any ¥ € V, there is an open ball centered at y
that is completely inside V. Roughly speaking, an open set is the interior of some
(n — 1)-dimensional closed surface (or the union of several such interiors).

A chart or coordinate system consists of a subset [/ of a set M, along with
a one-to-one map ¢ : U — R", such that the image ¢ (L/) is open in R", as in
Figure 2.13. (Any map is onto its image, so the map ¢ : U — ¢(U) is invertible
if it is one-to-one.) We then can say that I/ is an open set in M. A ™ atlas is an
indexed collection of charts {(L',, ¢, )} that satisfies two conditions:

1. The union of the Uy is equal to M; that is, the U, cover M.

2. The charts are smoothly sewn together. More precisely, if two charts over-
lap, U;NUg # B, then the map (¢y o “'J takes points in ¢g(UyNUg) C R"
onto an open set ¢ (Uy N Ug) C R", and all of these maps must be C™
where they are defined. This should be clearer from Figure 2.14, adapted
from Wald (1984).

S0 a chart is what we normally think of as a coordinate system on some open set,
and an atlas is a system of charts that are smoothly related on their overlaps.

Al long last, then: a C* n-dimensional manifold (or n-manifold for short)
is simply a set M along with a maximal atlas, one that contains every possible

Rﬂ
J",_\-\-"-"\

FIGURE 2.13 A coordinate chart covering an open subset L7 of M.
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FIGURE 2.14 Overlapping coordinate charts.

compatible chart. We can also replace C* by CF in all the above definitions.
For our purposes the degree of differentiability of a manifold is not crucial; we
will always assume that any manifold is as differentiable as necessary for the
application under consideration. The requirement that the atlas be maximal is so
that iwo equivalent spaces equipped with different atlases don’t count as different
manifolds. This definition captures in formal terms our notion of a set that looks
locally like R". Of course we will rarely have to make use of the full power of the
definition, but precision is its own reward.

One nice thing about our definition is that it does not rely on an embed-
ding of the manifold in some higher-dimensional Euclidean space. In fact, any
n-dimensional manifold can be embedded in R?" (Whitney’s embedding theo-
rem), and sometimes we will make use of this fact, such as in our definition of the
sphere above. (A Klein bottle is an example of a 2-manifold that cannot be em-
bedded in R?, although it can be embedded in R*.) But it is important to recognize
that the manifold has an individual existence independent of any embedding. It is
not necessary to believe, for example, that four-dimensional spacetime is stuck in
some larger space. On the other hand, it might be; we really don’t know. Recent
advances in string theory have led to the suggestion that our visible universe is
actually a “brane™ (generalization of “membrane”) inside a higher-dimensional
space. But as far as classical GR is concerned, the four-dimensional view is per-
fectly adequate.

Why was it necessary to be so finicky about charts and their overlaps, rather
than just covering every manifold with a single chart? Because most manifolds
cannot be covered with just one chart. Consider the simplest example, S!. There
is a conventional coordinate system, 8 : §' — R, where 8 = 0 at the top of
the circle and wraps around to 2. However, in the definition of a chart we have
required that the image (5" be open in R. If we include either & = Oor 8 = 2,
we have a closed interval rather than an open one; if we exclude both points, we



FIGURE 2.15 Two coordi-
nate charts, which together
cover §1.
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haven't covered the whole circle. So we need at least two charts, as shown in
Figure 2.15.

A somewhat more complicated example is provided by S*, where once again
no single chart will cover the manifold. A Mercator projection, traditionally used
for world maps, misses both the North and South poles (as well as the Interna-
tional Date Line, which involves the same problem with & that we found for §'.)
Let’s take S? to be the set of points in R defined by (x")? + (x3)2 + (x})? = 1.
We can construct a chart from an open set Uy, defined to be the sphere minus the
north pole, via stereographic projection, illustrated in Figure 2.16. Thus, we draw
a straight line from the north pole to the plane defined by x* = —1, and assign to
the point on §? intercepted by the line the Cartesian coordinates (y', ¥?) of the
appropriate point on the plane. Explicitly, the map is given by

2x! 2x?
1-x3" 1=x3)"

prix! =0 = ( (2.9)

Check this for yourself. Another chart (U, ¢2) is obtained by projecting from the
south pole to the plane defined by x* = +1. The resulting coordinates cover the
sphere minus the south pole, and are given by

2x! 2x?
drx'. 2 =N = (W H—ﬂ) (2.10)

Together, these two charts cover the entire manifold, and they overlap in the region
—1 < x* < +1. Another thing you can check is that the composition ¢ o ¢, ' is
given by

i 4y

O+ @11

FIGURE 2,16 Defining a stereographic coordinate chart on 52 by projecting from the
north pole down to a plane tangent to the south pole. Such a chart covers all of the sphere
except for the north pole itself,
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FIGURE 2.17 The chain rule relates the partial derivatives of g o f to those of g and f.

and is C™ in the region of overlap. As long as we restrict our attention to this
region, (2.11) is just what we normally think of as a change of coordinates.

We therefore see the necessity of charts and atlases: Many manifolds cannot
be covered with a single coordinate sysiem. Nevertheless, it is ofien convenient
to work with a single chart, and just keep track of the set of points that aren’t
included.

One piece of conventional calculus that we will need later is the chain rule.
Let us imagine that we have maps f : R™ — R"and g : R" — R’, and therefore
the composition (g o f) : R® — R/, as shown in Figure 2.17. We can label points
in each space in terms of components: x“ on R™, y? on R", and z° on R', where
the indices range over the appropriate values. The chain rule relates the partial
derivatives of the composition to the partial derivatives of the individual maps:

9 . aft pgc
e @) =2 G @12
This is usually abbreviated to
J E vt @ @2.13)
dxa 7~ 0x@ dyb’ )

There is nothing illegal or immoral about using this shorthand form of the chain
rule, but you should be able to visualize the maps that underlie the construction.
Recall that when m = n, the determinant of the matrix dy?/dx? is called the
Jacobian of the map, and the map is invertible whenever the Jacobian is nonzero.
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VECTORS AGAIN

Having constructed this groundwork, we can now proceed 1o introduce various
kinds of structure on manifolds. We begin with vectors and tangent spaces. In cur
discussion of special relativity we were intentionally vague about the definition
of vectors and their relationship o the spacetime. One point we stressed was the
notion ol a tangent space—the set of all vectors at a single point in spacetime. The
reason for this emphasis was o remove from your minds the idea that a vector
stretches from one point on the manifold to another, but instead is just an object
associated with a single point. What is temporarily lost by adopting this view is
a way o make sense of statements like “the vector points in the x direction”—if
the tangent space is merely an abstract vector space associated with each point,
it's hard 1o know what this should mean. Now it’s time (o {ix the problem.

Let's imagine that we wanted to construct the tangent space at a point p in a
manifold M, using only things that are intrinsic 0 M (no embeddings in higher-
dimensional spaces). A first guess might be 10 use our intuitive knowledge that
there are objects called “tangent vectors 1o curves,” which belong in the tangent
space. We might therefore consider the set of all parameterized curves through
p—that is, the space of all (nondegenerate) maps y : R — M, such that p is in
the image of y. The temptation is to define the tangent space as simply the space
of all tangent vectors 1o these curves al the point p. But this is obviously cheating;
the tangent space T, is supposed to be the space of vectors at p, and before we
have defined this we don’t have an independent notion of what ““the tangent vector
to a curve” is supposed 1o mean. In some coordinate system 1 any curve through
p defines an element of R specified by the »n real numbers dx* /d3 (where X
is the parameter along the curve), but this map is clearly coordinate-dependem,
which is not what we want.

Nevertheless we are on the right track, we just have to make things indepen-
dent of coordinates. To this end we define JF to be the space of all smocth func-
tions on M (that is, C™ maps f : M — R). Then we notice that each curve
through p defines an operator on this space, the directional derivative, which
maps f =+ df/d (at p). We will make the following claim: the tangent space Ty,
can be identified with the space of directional derivarive operators along curves
through p. To establish this idea we must demonstrate two things: first, that the
space of directional derivatives is a vector space, and second that it is the vector
space we want (it has the same dimensionality as M, yields a natural idea of a
vector pointing along a certain direction, and so on).

The first claim, that directional derivatives form a vector space, scems straight-
forward enough. Imagine two operators d /d X and o /dn representing derivatives
along two curves x*(A) and x*(n) through p. There 1s no problem adding these
and scaling by real numbers, to obtain a new operator a(d /dl) + b(d/dn). It is
not immediately obvious, however, that the space closes; in other words, that the
resulting operator is itself a derivative operator. A good derivative operator 1§ one
that acts linearly on functions, and obeys the conventional Leibniz (product) rule
on products of funcuens, Our new operator is manifestly linear, so we need to
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FIGURE 2.18 Partial derivatives define directional derivatives along curves that keep all
of the other coordinates constant.

verify that it obeys the Leibniz rule. We have

d d dg df dg df
L Sl —afZE pag 1 pf28 L petL
("d1+ dq)”‘g} af 35 tas gy TG, The g
df = df dg dg

=(a"L + 5L b)) r (214

(“d:ﬁ’ dn)g+(adk+ dr;)f @.19)

As we had hoped, the product rule is satisfied, and the set of directional derivatives
is therefore a vector space.

Is it the vector space that we would like to identify with the tangent space? The
easiest way to become convinced is to find a basis for the space. Consider again a
coordinate chart with coordinates x#. Then there is an obvious set of n directional
derivatives at p, namely the partial derivatives d, at p, as shown in Figure 2.18.
Note that this is really the definition of the partial derivative with respect to x*;
the directional derivative along a curve defined by x" = constant for all v # u,
parameterized by x* itself. We are now going to claim that the partial derivative
operators {d, | at p form a basis for the tangent space T,. (It follows immediately
that 7, is n-dimensional, since that is the number of basis vectors.) To see this
we will show that any directional derivative can be decomposed into a sum of
real numbers times partial derivatives. This will just be the familiar expression for
the components of a tangent vector, but it's nice to see it from the big-machinery
approach. Consider an n-manifold M, a coordinate chartg : M — R" acurve y :
R — M, and a function f : M — R. This leads to the tangle of maps shown in
Figure 2.19. If A is the parameter along y, we want to express the vector/operator
d/d in terms of the partials d,. Using the chain rule (2.12), we have

d d
ﬁf= H[fﬂ}’}

d =1
= l(fed e (gey)]
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FIGURE 2.19 Decomposing the tangent vector toacurve ¥ : R — M interms of partial
derivatives with respect to coordinates on M.

_digoy)d(fep")
- da dxh

dx#
- :—l?_}pf_ (2.15)

The first line simply takes the informal expression on the left-hand side and
rewrites it as an honest derivative of the function (f e ) : R — R. The sec-
ond line just comes from the definition of the inverse map ¢~' (and associativity
of the operation of composition). The third line is the formal chain rule (2.12),
and the last line is a return to the informal notation of the start. Since the function
f was arbitrary, we have

d _dx*,

dr— da "
Thus, the partials {3, } do indeed represent a good basis for the vector space of
directional derivatives, which we can therefore safely identify with the tangent
space.

Of course, the vector represented by d/dA is one we already know; it's the
tangent vector to the curve with parameter A. Thus (2.16) can be thought of as
a restatement of equation (1.38), where we claimed that the components of the
tangent vector were simply dx* /dA. The only difference is that we are working
on an arbitrary manifold, and we have specified our basis vectors to be é(,) = d,,.

This particular basis (é¢,, = d,) is known as a coordinate basis for Tp; it
is the formalization of the notion of setting up the basis vectors to point along
the coordinate axes. There is no reason why we are limited to coordinate bases
when we consider tangent vectors. For example, the coordinate basis vectors are
typically not normalized to unity, nor orthogonal to each other, as we shall see

(2.16)
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shortly. This is not a situation we can define away: on a curved manifold, a co-
ordinate basis will never be orthonormal throughout a neighborhood of any point
where the curvature does not vanish. Of course we can define noncoordinate or-
thonormal bases, for example by giving their components in a coordinate basis,
and sometimes this technique is useful. However, coordinate bases are very sim-
ple and natural, and we will use them almost exclusively throughout the book; for
a look at orthonormal bases, see Appendix 1. (It is standard in the study of vector
analysis in three-dimensional Euclidean space 1o choose orthonormal bases rather
than coordinate bases; vou should therefore be careful when applying formulae
from GR texts to the study of non-Cartesian coordinates in flat space.)

One of the advantages of the rather abstract point of view we have taken toward
vectors is that the ransformation law under changes of coordinates is immediate,
Since the basis vectors are £(,, = d,. the basis vectors in some new coordinate
system x* are given by the chain rule (2.13) as

dxk

= —
: dx#

By (2.17)

We can get the transformation law for vector components by the same technique
used in flat space, demanding that the vector V. = V#3, be unchanged by a
change of basis. We have

M
. (2.18)

and hence, since the matrix ox* /dx* is the inverse of the matrix dx* /dx*

DM
v = % (2.19)

dx#
Since the basis vectors are usually not written explicitly, the rule (2.19) for trans-
forming components is what we call the “vector transformation law.” We notice
that it is compatible with the transformation of vector components in special rel-
ativity under Lerentz transformations, i = A p V¥, since a Lorentz wansfor-
mation is a special kind of coordinate transformation, with x# = N‘Jﬂ . But
(2.19) 15 much more general, as it encompasses the behavior of vectors under arbi-
trary changes of coordinates (and therefore bases), not just linear transformations,
As usual, we are trying to emphasize a somewhat subtle ontological distinetion—
in principle, tensor components need not change when we change coordinates,
thev change when we change the basis in the tangent space, but we have decided
to use the coordinates to define our basis. Therefore a change of coordinates in-

duces a change of basis, as indicated in Figure 2.20.

Since a vector at a peint can be thought of as a directional derivative operator
along a path through that peint, it should be clear that a vector fieid defines a map
from smooth functions 10 smooth functions all over the manifold, by taking a
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FIGURE 220 A change of coordinates x# — x# induces a change of basis in the
tangent space.

derivative at each point. Given two vector fields X and ¥, we can therefore define
their commutator [X, Y] by its action on a function f{x"):

[X, YIOf) = X(Y(f) = Y(X(F)). (2.20)

The virtue of the abstract point of view is that, clearly, this operator is independent
of coordinates. In fact, the commutator of two vector fields is itself a vector field:
if f and g are functicns and a and b are real numbers, the commutator is linear,

[X, Yl(af + bg) = alX, Y](f) + bIX, Y](g), (2.21)
and obeys the Leibniz rule,
(X, ¥](fg)= FIX, YI(g) + glX, ¥Y1(f). (2.22)

Both properties are straightforward to check, which is a useful exercise to do. An
equally interesting exercise is to derive an explicit expression for the components
of the vector field [ X, ¥]*, which turns out to be

[X, Y] = X 8, Y™ — ¥*a, XM, (2.23)

By construction this is a well-defined tensor; but you should be slightly worried
by the appearance of the partial derivatives, since partial derivatives of vectors are
not well-defined tensors (as we discuss in the next section). Yet another fascinat-
ing exercise is to perform explicitly a coordinate transformation on the expression
(2.23), to verify that all potentially nontensorial pieces cancel and the result trans-
forms like a vector field. The commutator is a special case of the Lie derivative,
discussed in Appendix B; it is sometimes referred to as the Lie bracket. Note that
since partials commute, the commutator of the vector fields given by the partial
derivatives of coordinate functions, {9, }, always vanishes.
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TENSORS AGAIN

Having explored the world of vectors, we continue to retrace the steps we took in
flat space, and now consider dual vectors (one-forms). Once again the cotangent
space T can be thought of as the set of linear maps @ : T), — R. The canonical
example of a one-form is the gradient of a function f, denoted d f, as in (1.52).
Its action on a vector d /d & is exactly the directional derivative of the function:

d e ‘E N
df (ara;) = B2

IU's tempting o ask, “why shouldn’t the function f itself be considered the one-
form, and df/d2 its action? The peint is that a one-form, like a vector, exists
only at the point it is defined, and does not depend on information at other points
on M. If you know a function in some neighborhood of a point, you can take its
derivative, but not just from knowing its value at the point; the gradient, on the
other hand, encodes precisely the information necessary to take the directional
derivative along any curve through p, fulfilling its role as a dual vector,

You may have noticed that we defined vectors using structures intrinsic to the
manifold (directional derivatives along curves), and used that definition o define
one-forms in terms of the dual vector space. This might lead 10 the impression
that vectors are somehow more fundamental; in fact, however, we could just as
well have begun with an intrinsic definition of one-forms and used that 1o define
vectors as the dual space. Roughly speaking, the space of one-forms at p is equiv-
alent 1o the space of all functions that vanish at p and have the same second partial
derivatives. In fact, doing it that way is more fundamental, if anything, since we
can provide intrinsic definitions of all g-forms (totally antisymmetric tensors with
g lower indices), which we will discuss in Section 2.9 (although we will not delve
into the specifics of the intrinsic definitions).

Just as the partial derivatives along coordinate axes provide a natural basis for
the tangent space, the gradients of the coordinate functions x* provide a natural
basis lor the cotangent space. Recall that in flat space we constructed a basis for
T, by demanding that (j'-”'“[e?[,-,} = &Y. Continuing the same philosophy on an
arbitrary manifoeld, we find that (2.24) leads to

P
dx*(d,) = Sl &t (2.25)

axv Y

Therefore the gradients {dx® | are an appropriate sel of basis one-forms; an arbi-
trary one-form is expanded into components as w = wy, dx,

The transformation properties of basis dual vectors and components follow
from what is by now the usual procedure. We obtain, for basis one-forms,

P
dx¥ = —— dx¥ (2.26)
daH

and for components,
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dxt .
Wy = mwu. (2.27)

We will usually write the components w,, when we speak about a one-form .

Just as in flat space, a (k, [} tensor is a multilinear map from a collection of
k dual vectors and [ vectors to R. [ts components in a coordinate basis can be
obtained by acting the tensor on basis one-forms and vectors,

TH R iy = T(dx ", LA™, By, - .., By (2.28)
This is equivalent to the expansion
T=TH""y 08y, ®@ - @8, @d" @ - -@dx". (2.29)

The transformation law for general tensors follows the same pattern of replacing
the Lorentz transformation matrix used in flat space with a matrix representing
maore general coordinate transformations:

i =aios oy Al eV o
TR i i g g
™ | P :u_dl_d_t—f]—i.f“ !
Wyreelty = d iy Atk = w o ¥
LSl X dXFr Ba¥ ax'

(2.30)

IRV

This tensor transformation law is straightforward to remember, since there really
1sn’t anything else it could be, given the placement of indices.

Actually, however, it is often easier to transform a tensor by taking the identity
of basis vectors and one-forms as partial derivatives and gradients at face value,
and simply substituting in the coordinate ransformation. As an example, consider
a symmetric (0, 2} tensor 5 on a two-dimensional manifold, whose components
in a coordinate system (x! = x,x% = y}are given by

i il
.5,1.:(“ _r?_). (2.31)

This can be written equivalently as
§ = Suu(dx* ®dx")
= (dx)? + x*(dy)?, (2.32)

where in the last line the tensor product symbols are suppressed lor brevity (as
will become our custom ). Now consider new coordinates

,  2x
X = =—
¥
;Y i
Y = = -ats
] 2
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ivalid, for example, when x = 0, y = (). These can be immediately inverted to
obtain

y =2y, (2.34)

Instead of using the tensor transformation law, we can simply use the fact that we
know how to take derivatives to express da® in terms of dx™ . We have

de = v dx" + 2" dy
dy = 2dy’. (2.35)

We need only plug these expressions directly into (2.32) to obtain (remembering
that tensor products don't commute, so dx’dy’ s dy"dx"):

§ = () dx")? + 2" v(dx' dy +dy de') + [(x)2 + 4V dY)E, (2.36)

or

: ("2 xy'
Surv = ( 'y ()P4 4(.?:‘}"‘.!3) ' 2.37)

Notice that it is still symmetric, We did not use the transformation law (2.30)

directly, but doing so would have yielded the same result, as you can check,

For the most part the various tensor operations we defined in flat space are
unaltered in a more general setting: contraction, symmetrization, and so on. There
are three important exceptions: partial derivatives, the metric, and the Levi-Civita
tensor. Let’s look at the partial derivative first.

Unfortunately, the partial derivative of a tensor is not, in general, a new lensor.
The gradient, which is the partial derivative of a scalar, is an honest (0, 1) tensor,
as we have seen, But the panial derivative of higher-rank tensors is not tensorial,
as we can see by considering the partial derivative of a one-form, 8, W,, and
changing to a new coordinate system:

i x* 9 [faxv
—— W, = s — | — W,
dx# dxM dxH A\ dxt

Ik HxV a dxt 4 axV
LSl (‘_wl.)+ W, o : (2.38)

T v A
dxM gyt dxH Jx# gxv

The second term in the last line should not be there if d, W, were to transform as a
(0, 2} tensor. As you can see, it arises because the derivative of the transformation
mairix does not vanish, as it did for Lorentz transformations in flat space.

Differentiation is obviously an important tool in physics, so we will have 1o
invent new tensorial operations to take the place of the partial derivative. In fact
we will invent several: the exterior derivative, the covariant derivative, and the Lie
derivative.
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THE METRIC

The metric tensor is such an important object in curved space that it is given a new
symbol, g, (while 1, is reserved specifically for the Minkowski metric). There
are few restrictions on the components of g,,, other than that it be a symmetric
{0, 2) tensor. It is usually, though not always, taken to be nondegenerate, meaning
that the determinant g = |g,,,| doesn’t vanish. This allows us to define the inverse
meiric g"Y via

2" gvo = gao g™t = 81 (2.39)

The symmetry of g, implies that g*" is also symmetric. Just as in special rela-
tivity, the metric and its inverse may be used to raise and lower indices on tensors,
You may be familiar with the notion of a “metric” used in the study of topology,
where we also demand that the metric be positive—definite (no negative eigenval-
ues). The metric we use in general relativity cannot be used 1o define a topology,
but it will have other uses.

It will take some time to fully appreciate the role of the metric in all of its
glory, but for purposes of inspiration [following Sachs and Wu (1977)] we can
list the various uses to which g, will be put: (1} the metric supplies a notien
of “past” and “future™ (2) the metric allows the computation of path length and
proper time; (3) the metric determines the “shortest distance™ between two points,
and therefore the motion of test particles; (4) the metric replaces the Newtonian
gravitational field ¢ (3) the metric provides a notion of locally inertial frames and
therefore a sense of “no rotation™; (6) the metric determines causality, by defining
the speed of light faster than which no signal can travel; (7) the metric replaces
the traditional Euclidean three-dimensional dot product of Newtonian mechanics.
Obviously these ideas are not all completely independent, but we get some sense
of the importance of this ensor,

In our discussion of path lengths in special relativity we (somewhat handwav-
ingly) introduced the line element as ds?® = Meedx®dx”, which was used to get
the length of a path. Of course now that we know that dx* is really a basis dual
veclor, it becomes natural to use the terms “metric” and “line element™ inter-
changeably, and write

ds® = g, dx* dx". (2.40)

To be perfectly censistent we should write this as “g,” and sometimes will, but
more often than not g is used for the determinant g, . For example, we know
that the Euclidean line clement in a three-dimensional space with Cartesian coor-
dinates is

ds® = (dx)* + (dy)* + (d2)°. (2.41)

We can now change to any ceordinate system we choose. For example, in spheri-
cal coordinates we have
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x =rsinf cosdg
y = rsinf sing

= roosi, (2.42)

B
I

which leads directly 1o
ds* = dr® + r* d6* + r¥ sin® 0 dg’. (2.43)

Obviously the components of the metric look different than those in Cartesian
coordinates, but all of the properties of the space remain unaltered.

Mosit references are not sufficiently picky to distinguish between “dx.” the
informal notion of an infinitesimal displacement, and “dx,” the rigorous notion of
a basis one-form given by the gradient of a coordinate function. (They also tend
to neglect the fact that tensor products don't commute, and write expressions like
dudy + dydx as 2dxdy; it should be clear what is meant from the context.) In
fact our notation “ds>" does not refer to the differential of anything, or the square
of anything; it's just conventional shorthand for the metric ensor, a multilinear
map from two vectors to the real numbers. Thus, we have a set of equivalent
expressions for the inner product of two vectors V¥ and W":

g VEWY = g(V, W) = ds*(V, W). (2.44)

Meanwhile, “(dx)*" refers specifically to the honest (0, 2) tensor dx @ dx.

A good example of a non-Euclidean manifold is the two-sphere, which can be
thought of as the locus of points in R? at distance 1 from the origin. The metric
in the (#, ¢) coordinate system can be derived by setting r = 1 and dr = O in
{2.43):

ds® = d6* + sin® 6 do*. (2.45)

This is completely consistent with the interpretation of ds as an infinitesimal
length, as illustrated in Figure 2.21. Anyone paying attention should at this point
be asking, “What in the world does it mean 1o set dr = 07 We know that dr
is a well-defined nonvanishing one-form field.” As occasionally happens, we are
using sloppy language (o motivate a step that is actually quite legitimate; see Ap-
pendix A for a discussion of how submanifolds inherit metrics from the spaces in
which they are embedded.

As we shall see, the metric tensor contains all the information we need to
describe the curvature of the manifold (at least in what is called Riemannian ge-
ometry: we will get into some of the subtleties in the next chapter). In Minkewski
space we can choose coordinates in which the components of the metric are con-
stant; but it should be clear that the existence of curvature is more subtle than hav-
ing the metric depend on the coordinates, since in the example above we showed
how the metric in flat Euclidean space in spherical coordinates is a function of r
and &. Later, we shall see that constancy of the metric components is sufficient
for a space to be flat, and in fact there always exists a coordinate system on any
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FIGURE 2.21 The line element on a two-dimensional sphere.

flat space in which the metric is constant. But we might not know how to find
such a coordinate system, and there are many ways for a space to deviate from
flatness; we will therefore want a more precise characterization of the curvature,
which will be introduced later.

A useful characterization of the metric is obtained by putting g, into its
canonical form. In this form the metric components become

gup = diag (=1, —1,..., =L, +1,+1,...,+10,0...., 0}, (2.46)

where “diag” means a diagonal matrix with the given elements. The signature of
the metric is the number of both positive and negative eigenvalues; we speak of “a
metric with signature minus-plus-plus-plus” for Minkowski space, for example. 1f
any of the eigenvalues are zero, the metric is “degenerate,” and the inverse metric
will not exist; if the metric is continuous and nondegenerate, its signature will he
the same at every point. We will always deal with continuous, nondegenerate met-
rics. If all of the signs are positive, the metric is called Euclidean or Riemannian
(or just positive definite), while if there is a single minus it is called Lorentzian
or pseudo-Riemannian, and any metric with some +1's and some —1's is called
indefinite. (So the word Euclidean sometimes means that the space is flat, and
sometimes doesn't, but it always means that the canonical form is strictly posi-
tive; the terminology is unfortunate but standard.) The spacetimes of interest in
general relativity have Lorentzian metrics.

We haven’t yet demonstrated that it is always possible 1o put the meiric into
canonical form. In fact it is always possible to do so at some point p € M, but
in general it will only be possible at that single point, not in any neighborhood
of p. Actually we can do slightly better than this; it turns out that at any point p
there exists a coordinate system x* in which g;; takes its canonical form and the
first derivatives d; g;;; all vanish (while the second derivatives d;d; g;,; cannot be
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made to all vanish):
g;'il_'{ﬁ) = Mg Gg;.u{f?} = (2.47})

Such coordinates are known as locally inertial coordinates, and the associated
basis vectors constitute a local Lorentz frame; we often put hats on the indices
when we are in these special coordinates. Notice that in locally inertial coordi-
nates the metric at p looks like that of flat space to first order. This is the rigorous
notion of the idea that “small enough regions of spacetime look like flat (Min-
kowski) space.” Also, there is no difficulty in simultanecusly constructing sets of
Basis vectors at every point in M such that the metric takes its canonical form; the
problem is that in general there will not be a coordinare system from which this
basis can be derived. Bases of this sort are discussed in Appendix J.

We will delay a discussion of how 1o construct locally inertial coordinates until
Chapter 3. It is useful, however, to sketch a proof of their existence for the spe-
cific case of a Lorentzian metric in four dimensions. The idea is to consider the
transformation law for the metric

dx# gxv

v = T =
! dx# ax¥

r

i (2.48)

and expand both sides in Taylor series in the sought-after coordinates x#. The
expansion of the old coordinates x# looks like

" .l
dxk - l et s
. ( ) x84 = : _ it
F‘

dak 2 \ dxirgxiz
| - x# = a -
+=| xPlxBghs ... (2.49)
6\ dxtgaHzgxrs 5

with the other expansions proceeding along the same lines. [For simplicity we
have set x*(p) = x*(p) = 0.] Then, using some extremely schematic notation,
the expansion of (2.48) to second order is

(2), + (f"ag;a) i+ (113) 3 (2.50)
P p p
_ foxdx dx 0l H ix ‘”3 i
=\ozo2t) "\ozozozl axart) *
f P

‘ax  Px a%x 9% ax 9%x . dx o 25 o
e e e it ) o e S B XX.
iy iixiﬂ'xﬂx& i dxdx r'}IH,l'g dx dxix °6 dx dx 8

P

We can set terms of equal order in X on each side equal to each other. There-
fore, the components g;;(p), 10 numbers in all (to describe a symmetric
two-index tensor), are determined by the matrix {dlr“{-"rbr“]llrJ This is a 4 x 4
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matrix with no constraints; thus, we are free 1o choose 16 numbers, Clearly this
is enough freedom to put the 10 numbers of g;;(p) into canonical form, at least
as far as having enough degrees of freedom is concerned. (In fact there are some
limitations—if you go through the procedure carefully, you find for example that
you cannol change the signature.) The six remaining degrees of freedom can
be interpreted as exactly the six parameters of the Lorentz group; we know that
these leave the canonical form unchanged. At first order we have the derivatives
iz gqi(p). four derivatives of ten components for a total of 40 numbers. But
looking at the right-hand side of (2.50) we see that we now have the additional
freedom to choose (#2x* faxi gy Jp- In this set of numbers there are 10 inde-
pendent choices of the indices & and g2 (it's symmetric, since partial derivatives
coemmute) and four choices of pu, for a total of 40 degrees of freedom. This is
precisely the number of choices we need to determine all of the first derivatives
of the metric, which we can therefore set to zero. At second order, however, we
are concerned with 8;d; g;:(p): this is symmetric in p and & as well as 4 and
v, for a twtal of 10 x 10 = 100 numbers. Our ability to make additional choices
is contained in (3%x# /ax® gxiz :]U”) This is symmetric in the three lower
indices, which gives 20 possibilities, times four for the upper index gives us B0
degrees of freedom—20 fewer than we require to set the second derivatives of
the metric 10 zero. So in fact we cannot make the second derivatives vanish; the
deviation from flatness must therefore be measured by the 20 degrees of freedom
representing the sccond derivatives of the metric tensor field. We will see later
how this comes about, when we characterize curvature using the Riemann tensor,
which will turn out 1o have 20 independent components in four dimensions,

Locally inertial coordinates are unbelievably useful. Best of all, their useful-
ness does not generally require that we actually do the work of constructing such
coordinates (although we will give a recipe for doing so in the next chapter), but
simply thal we know that they do exist. The usual trick is to take a question of
physical interest, answer it in the context of locally inertial coordinates, and then
express that answer in a coordinate-independent form. Take a very simple ex-
ample, featuring an observer with four-velocity U™ and a rocket flying past with
four-velocity V. What does the observer measure as the ordinary three-velocity
of the rocket? In special relativity the answer is straightforward. Work in inertial
coordinates (globally, not just locally) such that the observer is in the rest frame
and the rocket is moving along the x-axis. Then the four-velocity of the observer
is UA = (1,0,0,07 and the four-velocity of the rocket is Vi I{}f vy L0, ),
where v is the three-velocity and v = 1/+/1 — v2, so that v = ,,rl — 2, Since
we are in flat spacetime (for the moment), we have

y = —quUR VY = U vA, (2.51)
since npg = — 1. The flat-spacetime answer would therefore be

I-'—
v=, | — (U VE) (2.52)
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Now we can go back to curved spacetime, where the metric is no longer flat,
But at the point where the measurement is being done, we are free to use locally
inertial coordinates, in which case the components of g are precisely those of
Mae. S0 (2.52) 15 still true in curved spacetime in this particular coordinate system.
But (2.52) 1s a completely tensorial equation, which doesn’t care what coordinate
system we are in; therefore it is true in complete generality. This kind of procedure
will prove its value over and over.

AN EXPANDING UNIVERSE

A simple example of a nentrivial Lorentzian geometry is provided by a four-
dimensional cosmological spacetime with metric

ds? = —dr? + a(0)[dx? + dy* + dZY). (2.53)

This describes a universe for which “space at a fixed moment of time™ is a flat
three-dimensional Euclidean space, which is expanding as a function of time.
Worldlines that remain at constant spatial coordinates x* are said to be comoving;
similarly, we denote a region of space that expands along with boundaries defined
by fixed spatial coordinates as a “comoving volume.” Since the metric describes
(distance)®, the relative distance between comoving points is growing as a(f) in
this spacetime; the function a is called the scale factor. This is a special case
of a Robertson—Walker metric, one in which spatial slices are geometrically flar;
there are other cases for which spatial slices are curved (as we will discuss in
Chapter 8). But our interest right now is net in where this metric came {rom, but
inusing it as a playground to illustrate some of the ideas we have developed.
Typical solutions for the scale factor are power laws,

a(t)y =19, D=g<l. (2.54)

Actually there are all sorts of solutions, but these are some particularly simple and
relevant ones, A matter-dominated flat universe satisfies g = % while a radiation-
dominated flat universe satisfies ¢ = 5. An obvious feature is that the scale factor
goes to zero as 1 — (), and along with it the spatial components of the metric,
This is a coordinate-dependent statement, and in principle there might be another
coordinate system in which everything looks finite; in this case, however, 1 = 0
represents a true singularity of the geometry (the “Big Bang™), and should be
excluded from the manifold. The range of the ¢ coordinate is therefore

0=t < o0 (2.55)
Our spacetime comes to an end at ¢ = 0,

Light cones in this curved geometry are defined by null paths, those for which
ds® = 0. We can draw a spacetime diagram by considering null paths for which
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v and z are held constant; then
0= —dr? + 129 dx?, (2.56)

which implies

—_— = =

= b9, (2.37)
You might worry that, after all that fuss about dx” being a basis one-form and not
a differential, we have sloppily “divided by dr*" 1o go from (2.56) 1o (2.57). The
truth is much more respectable. What we actually did was 1o take the (0, 2) tensor
defined by (2.56), which takes two vectors and returns a real number, and act it on
two copies of the vector V = {dx" /d))d,, the tangent vector to a curve x* ().
Consider just the dr* piece acting on V:

dr2(V, V) = (dr @ dr)(V, V) = de(V) - de (V), (2.58)

where the notation de (V') refers 1o a real number that we compute as

dxt
EJ!"[V,'I = dr -Hdﬂ

dxH y
= d—;'df {‘!,II}
_dxt ot
T dh BxH
di
== T (2.59)

where in the third line we have invoked (2.25). Following the same procedure
with dx?, we find that (2.56) implies

dt\% . fdx\%
:}=—(—f') el (J—) : (2.60)
dAa di

from which (2.57) follows via the one-dimensional chain rule,

E = d—l d—l (2.61)
dt dh dt
The lesson should be clear: expressions such as (2.56) describe well-defined ten-
sors, but manipulation of the basis one-forms as if they were simply “differentials™
does get you the right answer. (At least, most of the time; it's a good idea to keep
the more formal definitions in mind.)
We can solve {2.57) to obtain

t = (1 = @)D (kx — x0)1/0-0, (2.62)



78

27 0

Chapter 2 Manifolds

FIGURE 2.22 Spacetime diagram for a flat Robertson—Walker universe with a(r) o ¥,
for 0 < g < 1. The dashed line at the bonom of the figure represems the singularity a
t = (1 Since light cones are tangent to the singularity, the pasts of two points may be
nonoverlapping.

where xp is a constant of integration. These curves define the light cones of our
expanding universe, as plotted in Figure 2.22. Since we have assumed (0 = g <= 1,
the light cones are tangent (o the singularity at r+ = 0. A crucial feature of this
geomelry is that the light cones of two points need not intersect in the past; this is
in contrast to Minkowski space. for which the light cones of any two peints always
intersect in both the past and future. We say that every event defines an “horizon,”
outside of which there exist worldlines that can have had no influence on what
happens at that event. This is because, since nothing can travel faster than light,
each point can only be influenced by events that are either on, or in the interior
of, its past light cone (indeed, we refer to the past light cone plus its interior as
simply “the past” of an event). Two events outside each others” horizons are said
to be “out of causal contact.” These notions will be explored more carefully in the
next section, as well as in Chapters 4 and §,

CAUSALITY

Many physical questions can be cast as an initial-value problem: given the state
of a system at some moment in time, what will be the state at some later time?
The fact that such questions have definite answers is due 1o causality, the idea that
future events can be understood as consequences of initial conditions plus the laws
of physics, Initial-value problems are as common in GR as in Newtonian physics
or special relativity; however, the dynamical nature of the spacetime background
intreduces new ways in which an initial-value formulation could break down,
Here we very briefly introduce some of the concepts used in understanding how
causality works in GR.
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We will look at the problem of evolving matter fields on a fixed background
spacetime, rather than the evolution of the metric itself. Our guiding principle will
be that no signals can travel faster than the speed of light; therefore information
will only flow along timelike or null trajectories (not necessarily geodesics). Since
it is sometimes useful to distinguish between purely timelike paths and ones that
ar¢ merely non-spacelike, we define a causal curve to be one which is timelike or
null everywhere. Then, given any subset 5 of a manifold M, we define the causal
future of S, denoted J¥(5), to be the set of points that can be reached from
S by following a future-directed causal curve; the chronological future /*(5)
is the set of points that can be reached by following a future-direcied timelike
curve. Note that a curve of zero length is causal but not chronal; therefore, a point
p will always be in its own causal future J*(p), but not necessarily in its own
chronological future [*(p) (although it could be, as we mention below). The
causal past J~ and chronological past I~ are defined analogously.

A subset § € M is called achronal if no two points in § are connected by a
timelike curve; for example, any edgeless spacelike hypersurface in Minkowski
spacetime is achronal. Given a closed achronal set §, we define the future domain
of dependence of §, denoted D (5), as the set of all points p such that every past-
moving inextendible causal curve through p must intersect S. (Inextendible just
means that the curve goes on forever, not ending at some finite point; closed means
that the complement of the set is an open set.) Elements of § itself are elements
of D*(5). The past domain of dependence D™ (5} is defined by replacing future
with past. Generally speaking, some points in M will be in one of the domains
of dependence, and some will be outside; we define the boundary of D*(5) to
be the future Cauchy horizon H*(5), and likewise the boundary of D™ (5) to
be the past Cauchy horizon A~ (§). You can convince yourself that they are both
null surfaces. The domains of dependence and Cauchy horizons are illustrated in
Figure 2.23, in which § is taken to be a connected subset of an achronal surface X.

e - Y»" -—.7 - —
..b; D— S
e % (5)

FIGURE 2.23 A connected subset § of a spacelike surface X, along with its causal struc-
ture. D* (5 denotes the future/past domain of dependence of 5, and & £(5) the future/past
Cauchy horizon.
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The usefulness of these definitions should be apparent; if nothing moves faster
than light, signals cannot propagate outside the light cone of any point p. There-
fore, if every curve that remains inside this light cone must intersect 5, then in-
formation specified on § should be sufficient to predict what the sitwation is at p;
that is, initial data for matter fields given on § can be used to solve for the value
of the fields at p. The set of all points for which we can predict what happens by
knowing what happens on § is the union D(5) = D*(S)U D~ (5), called simply
the domain of dependence. A closed achronal surface I is said to be a Cauchy
surface if the domain of dependence D(Z) is the entire manifold; from informa-
tion given on a Cauchy surface, we can predict what happens throughout all of
spacetime. If a spacetime has a Cauchy surface (which it may not), it is said to be
globally hyperbolic.

Any set ¥ that is closed, achronal, and has no edge, is called a partial Cauchy
surface. A partial Cauchy surface can fail to be an actual Cauchy surface either
through its own fault, or through a fault of the spacetime. One possibility is that
we have just chosen a *bad” hypersurface (although it is hard to give a general
prescription for when a hypersurface is bad in this sense). Consider Minkowski
space, and an edgeless spacelike hypersurface E, which remains to the past of the
light cone of some point, as in Figure 2.24. In this case I is an achronal surface,
but it is clear that D (X)) ends at the light cone, and we cannot use information
on I to predict what happens throughout Minkowski space. Of course, there are
other surfaces we could have picked for which the domain of dependence would
have been the entire manifold, so this doesn’t worry us too much.

A somewhat more nontrivial way for a Cauchy horizon to arise is through
the appearance of closed timelike curves. In Newionian physics, causality is en-
forced by the relentless forward march of an absolute notion of time. In spe-
cial relativity things are even more restrictive; not only must you move forward
in time, but the speed of light provides a limit on how swiftly you may move
through space (you must stay within your forward light cone). In general relativ-
ity it remains true that you must stay within your forward light cone; however,
this becomes strictly a local notion, as globally the curvature of spacetime might
“tilt” light cones from one place to another, It becomes possible in principle for
light cones to be sufficiently distorted that an observer can move on a forward-
directed path that is everywhere timelike and yet intersects itself at a point in its
“past”—this is a closed timelike curve.

As a simple example, consider a two-dimensional geometry with coordinates
{r, x}, such that points with coordinates (r, x) and (¢, x + 1) are identified. The
topology is thus R x §'. We take the metric to be

ds® = —cos(A)dr? — sin(A)[df dx + dx df] + cos(A)dx2, (2.63)
where

L=cot™ ', (2.64)
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FIGURE 2.25 A cylindrical spacetime with closed timelike curves. The light cones pro-
gressively tilt, such that the domain of dependence of the surface E fills the lower part of
the spacetime, but comes to an end when the closed timelike curves come into existence.

which goes from A(r = —oc) = 0to A(r = o0) = m. This metric doesn't
represent any special famous solution to general relativity, it was just cooked up
to provide an interesting example of closed timelike curves; but there is a well-
known example known as Misner space, with similar properties. In the spacetime
defined by (2.63), the light cones progressively tilt as you go forward in time, as
shown in Figure 2.25. For 1 < (), the light cones point forward, and causality is
maintained. Once ¢t = 0, however, x becomes the timelike coordinate, and it is
possible to travel on a timelike trajectory that wraps around the S' and comes
back to itself; this is a closed timelike curve. If we had specified a surface T
to this past of this point, then none of the points in the region containing closed
timelike curves are in the domain of dependence of Z, since the closed timelike
curves themselves do not intersect I. There is thus necessarily a Cauchy horizon
at the surface ¢+ = (. This is obviously a worse problem than the previous one,
since a well-defined initial value problem does not seem to exist in this space-
time.

A final example is provided by the existence of singularities, points that are not
in the manifold even though they can be reached by traveling along a geodesic
for a finite distance. Typically these cccur when the curvature becomes infinite
at some point; if this happens, the point can no longer be said to be part of the
spacetime. Such an occurrence can lead to the emergence of a Cauchy horizon, as
depicted in Figure 2.26—a point p, which is in the future of a singularity, cannot
be in the domain of dependence of a hypersurface to the past of the singularity,
because there will be curves from p that simply end at the singularity.



82

28 1

Chapter 2 Manifolds

These obstacles can also arise in the initial value problem for GR, when we try
to evolve the metric 1tsell from initial data. However, they are of different degrees
of troublesomeness. The possibility of picking a “bad” initial hypersurface does
not arise very often, especially since most selutions are found globally (by solv-
ing Einstein’s equation throughout spacetime). The one situation in which you
have 1o be careful is in numerical solution of Einstein's equation, where a bad
choice of hypersurface can lead 1o numerical difficulties, even if in principle a
complete solution exists. Closed timelike curves seem to be something that GR
works hard 10 avoid—there are certainly solutions that contain them, but evolution
from generic initial data does not usually produce them. Singularities, on the other
hand, are practically unavoidable. The simple fact that the gravitational force is
always attractive tends to pull matter together, increasing the curvature, and gen-
erally leading to some sort of singularity. Apparently we must learn to live with
this, although there is some hope that a well-defined theory of quantum gravity
will eliminate (or at least teach us how 10 deal with) the singularities of ¢lassical
GR.

TENSOR DENSITIES

Tensors possess a compelling beauty and simplicity, but there are times when it
is useful to consider nontensorial objects. Recall that in Chapter | we introduced
the completely antisymmetric Levi—Civita symbol, defined as

+1 i pypea - gy 15 an even permutation of 01 - (n — 1),
Eupprpin = 3 —1 1 gtz -« - jtn 15 an odd permutation of 01 - - (n = 1),

0 otherwise.
(2.65)

By definition, the Levi-Civita symbol has the components specified above in any
coordinate system (at least, in any right-handed coordinate system; switching the
handedness multiplies the components of €, ..., by an overall minus sign).
This is called a “symbol.” of course, because it is not a tensor; it is defined not to
change under coordinate transformations. We were only able to treat it as a tensor
in inertial coordinates in flat spacetime, since Lorentz transformations would have
left the components invariant anyway. Its behavior can be related to that of an
ordinary tensor by first noting that, given any # % n matrix M* -, the determinant
| M| obeys

] - i
€ __H;‘lﬂv'f- = ‘E#JFZ'“HnM‘ II::‘MH:H; '--M“"j‘;‘. (2.66)

s
This is just a streamlined expression for the determinant of any matrix, completely
eguivalent to the usual formula in terms of matrices of cofactors. (You can check it

for yourself for 2 x 2 or 3 x 3 matrices.) It follows that, setting M¥ ,, = dx* fdx#
we have
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axt | _ dxH gyhz Dyt

P TLT F Mgz T 7 7 : T
HyHg Ha gxH : dx™y AxHa dyts

(2.67)

where we have also used the facts that the matrix éi.r“Jﬁix“ is the inverse of
ax# /dx* | and that the determinant of an inverse matrix is the inverse of the
determinant, |M~'| = [M|~'. So the Levi-Civita symbol transforms in a way
close 1o the tensor transformation law, except for the determinant om front. Ob-
jects ransforming in this way are known as tensor densities. Another example is
given by the delerminant of the metric, g = |g,.|. It's easy to check, by taking
the determinant of both sides of (2.48), that under a coordinate transformation we
gel

; x| "
gx*)=—1 g(x*). (2.68)
dxk
Therefore g is also not a tensor; it transforms in a way similar to the Levi-Civita
symbol, except that the Jacobian is raised to the -2 power. The power 10 which
the Jacobian is raised is known as the weight of the tensor density; the Levi—Civita
symbaol is a density of weight 1, while g is a (scalar) density of weight —2.
However, we don't like tensor densities as much as we like tensors. There
is a simple way to convert a density into an honest tensor—muliiply by |g:”*'-“'2,
where w is the weight of the density (the absolute value signs are there because
g = 0 for Lorentzian metrics). The result will ransform according 1o the tensor
transformation law. Therefore, for example, we can define the Levi—Civita tensor
s

l,l'_ ‘_
Epypapin = V 18] Epqprepin (2.69)

Since this is a real tensor, we can raise indices and so on. Sometimes people
define a version of the Levi-Civita symbol with upper indices, #/#2#= whose
components are numerically equal to sgn(g)€,, u,...u,, where sgn(g) is the sign
of the metric determinant. This wrns out to be a density of weight —1, and is
related 1o the tensor with upper indices (obtained by using " 1o raise indices on
€uypzps) DY

Mkt = ghikzba, (2.70)

S

Something you often end up doing is contracting p indices on ei#27Ha with
€y gy s the Tesult can be expressed in terms of an antisymmetrized product of
Kronecker deltas as

L p ] B ) _ 5o 1ol #npl

I i PEppapipBroBump = (—=1) pli{n - pi.éﬁl ---6;;“_;' ., 271

where s is the number of negative eigenvalues of the metric (for Lorentzian sig-
nature with our conventions, s = 1}. The most common example is p = n — 1,
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for which we have

T paap = (—1) (= 1)1 5. (2.72)

DIFFERENTIAL FORMS

Let us now introduce a special class of tensors, known as differential forms (or
just forms). A differential p-form is simply a (0. p) tensor that is completely anii-
symmetric. Thus, scalars are automatically O-forms, and dual vectors are automat-
ically one-forms (thus explaining this terminology from hefore). We also have the
4-form €00 . The space of all p-forms is denoted AP, and the space of all p-form
fields over a manifold M is denoted A”(M). A semi-straightforward exercise in
combinatorics reveals that the number of linearly independent p-forms on an n-
dimensional vector space is n!/{p!(n — p)!). So at a point on a four-dimensional
spacetime there is one linearly independent O-form, four 1-forms, six 2-forms,
four 3-forms, and one 4-form. There are no p-forms for p > n, since all of the
components will automatically be zero by antisymmetry,

Why should we care about differential forms? This question is hard to answer
without some more work, but the basic idea is that forms can be both differentiated
and integrated, without the help of any additional geometric structure. We will
glance briefly at both of these operations.

Given a p-form A and a g-form B, we can form a (p 4+ g )-form known as the
wedge product A ~ B by taking the antisymmetrized tensor product:

(p +4)

(A A By ppsg = T q'!—."‘!“;I...“PBHfI__;...“I”_I?J. (2.73)
Thus, for example, the wedge product of two 1-forms is
(A A B)y =241, By = AuB, — A,B,,. (2.74)
Note that
AnB=(=1)P"B A, (2.75)

so you can alter the order of a wedge product if you are careful with signs. We are
free to suppress indices when using forms, since we know that all of the indices
are downstairs and the tensors are completely antisymmetric.

The exterior derivative d allows us to differentiate p-form fields 1o obtain
{p+ 1)-form fields. It is defined as an appropriately normalized, antisymmetrized
partial derivative:

{dA}'JH'"Hml =(p+ ]Ji‘]“” AH;""'HP—!I' (2.76)
The simplest example is the gradient, which is the exterior derivative of a O-form:

(d¢)y = dug. 2.77)
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Exterior derivatives obey a modified version of the Leibniz rule when applied (o
the product of a p-form w and a g-form g:

dlw A n) = (dw) A n+ (=1)Pw A (dn). (2.78)

You are encouraged to prove this yourself.

The reason why the exterior derivative deserves special attention is that if is
a tensor, even in curved spacetimes, unlike its cousin the partial derivative. For
p = 1 we can see this from the transformation law for the partial derivative ol a
one form, (2.38); the offending noniensorial ierm can be writien

dxH 5 ax¥ atxv
Wy— — — =W,———. (2.79)

dxt dx# gx dxH gx
This expression is symmetric in ¢’ and v, since partial derivatives commute. But
the exterior derivative is defined o0 be the antisymmetrized partial derivative, so
this term vanishes (the antisymmetric part of a symmetric expression is zero). We
are then left with the correct tensor transformation law: extension (o arbitrary p is
straightforward. So the exterior derivative is a legitimate tensor operator; it is not,
however, an adequate substitute for the partial derivative, since 1t 1s only defined
on forms. In the next chapter we will define a covariant derivative, which is closer
to what we might think ol as the extension of the partial derivative 1o arbitrary
manifolds,

Another interesting fact about exterior differentiation is that, for any form A,

didA) =0, (2.80)

which is often written d> = 0. This identity is a consequence of the definition
of d and the fact that partial derivatives commute, d,dg = dgd, (acting on any-
thing). This leads us o the following mathematical aside. just for fun. We define a
p-form A to be closed if dA = 0, and exact it A = dB for some (p — 1)-form B.
Obviously, all exact forms are closed, but the converse 15 not necessarily true.
On a manifold M, closed p-forms comprise a vector space Z7(M), and exact
forms comprise a vector space B”(M). Define a new vector space, consisting of
elements called cohomology classes, as the closed forms modulo the exact forms:

ZP (M)

P e
HYM) BP (M)

(2.81)
That is, two closed forms [elements of ZP (M)] define the same cohomology class
[elements of HP{M)] if they differ by an exact form [an element of BP(M)].
Miraculously, the dimensionality of the cohomology spaces A #{M ) depends only
on the topology of the manifold M. Minkowski space is topologically equivalent
to R*, which is uninteresting, so that all of the HP{M) vanish for p > 0; for

p = 0 we have HY(M) = R. Therefore in Minkowski space all closed forms
are exact except for zero-forms; zero-forms can’t be exact since there are no —1-
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forms for them to be the exterior dertvative of. It is striking that information about
the topology can be exiracted in this way, which essentially involves the solutions
to differential equations.

The final operation on differential forms we will introduce is Hodge duality.
We define the Hodge star operator on an n-dimensional manifold as a map from
p-forms to (n — p)-forms,

(2.82)

(*A)y, .. = —¢"l"" Aiicn

‘Hig—p MpMa—-p ‘pr
mapping A to “A dual.” Unlike our other operations on forms, the Hodge dual
does depend on the metric of the manifold [which should be obvious, since we
had to raise some indices on the Levi—Civita tensor in order to define (2.82)].
Applying the Hodge star twice returns either plus or minus the original form:

* % A = ‘._!}3 i-pl:fr—,rr]A’ [Eﬁ%j

where & is the number of minus signs in the eigenvalues of the metric.

Two facts on the Hodge dual: First, “duality” in the sense of Hodge 1s distinet
from the relationship between vectors and dual vectors, The idea of “duality” is
that of a transformation from one space to another with the property that doing
the transformation twice gets you back to the original space. It should be clear
that this holds true for both the duality between vectors and one-forms, and the
Hodge duality between p-forms and (n — pi-forms. A requirement of dualities
between vector spaces is that the original and transformed spaces have the same
dimensionality; this is true of the spaces of p- and (n — p)-forms,

The second fact concerns differential forms in three-dimensional Evuclidean
space. The Hodge dual of the wedge product of two 1-forms gives another 1-
form:

(U AV)= E;‘Jk{,’_l.' V. (2.84)

(All of the prefactors cancel.) Since 1-forms in Euclidean space are just like vec-
tors, we have a map from two vectors to a single vector. You should convince
yoursell that this is just the conventional cross product, and that the appearance of
the Levi—Civita tensor explains why the cross product changes sign under parity
(interchange of two coordinates, or equivalently basis vectors). This is why the
cross product only exists in three dimensions—because only in three dimensions
do we have an interesting map from two dual vectors to a third dual vector,

Electrodynamics provides an especially compelling example of the use of dif-
ferential forms. From the definition of the exterior derivative, it is clear that equa-
tion (1.97) can be concisely expressed as closure of the two-form F,

dF = 0. (2.85)

Does this mean that F is also exact? Yes; as we've noted, Minkowski space is
topologically trivial, so all closed forms are exact. There must therefore be a one-
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form A, such that
F=dA, (2.86)

This one-form is the familiar vector potential of electromagnetism, with the O
component given by the scalar potential, Ag = &, as we discussed in Chapter 1.
Gauge invariance is expressed by the observation that the theory is invariant under
A =+ A 4 dh for some scalar (zero-form) A, and this 1s also immediate from the
relation (2.86). The other one of Maxwell’s equations, (1.96), can be expressed as
an equation between three-forms:

d(=F) = *J, (2.87)

where the current one-form J is just the carrent four-vector with index lowered.
Filling in the details is left for you, as good practice converting from differential-
form notation to ordinary index notation.

Hodge duality is intimately related to a fascinating feature of certain field the-
aries: duality between strong and weak coupling. It's hard not to notice that the
equations (2.85) and (2.87) look very similar. Indeed, if we set J, = 0, the equa-
tions are invariant under the “duality transformations”

F = xF
#F — —F. (2.88)

We therefore say that the vacuum Maxwell's equations are duality invariant, while
the invariance is spoiled in the presence of charges. We might imagine that mag-
netic as well as electric monopoles existed in nature; then we could add a magnetic
current term =5 10 the right-hand side of (2.85), and the equations would be in-
variant under duality transformations plus the additional replacement J « Jyy.
(Of course a nonzero right-hand side 1o (2.85) is inconsistent with F = dA, so this
idea only works if A, is not a fundamental variable.) Dirac considered the idea
of magnetic monopoles and showed that a necessary condition for their existence
is that the fundamental monopole charge be inversely proportional to the funda-
menial electric charge. Now, the fundamental electric charge is a small number;
electrodynamics is weakly coupled, which is why perturbation theory is so re-
markably successful in quantum electrodynamics (QED). But Dirac’s condition
on magnetic charges implies that a duality transformation takes a theory of weakly
coupled electric charges to a theory of strongly coupled magnetic monopoles (and
vice-versa). Unfortunately monopoles don’t fit easily into ordinary electromag-
netism, so these ideas aren’t directly applicable; but some sort of duality sym-
metry may exist in certain theories (such as supersymmetric nonabelian gauge
theories). If it did, we would have the opportunity to analyze a theory that looked
strongly coupled (and therefore hard to solve) by looking at the weakly coupled
dual version; this is exactly what happens in certain theories. The hope is that
these technigues will allow us to explore various phenomena that we know ex-
ist in strongly coupled quantum field theories, such as confinement of quarks in
hadrons.
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FIGURE 227 An in-
finitesimal n-dimensional
region, represented as a
parallelepiped, is defined by
an ordered set of n vectors,
shown here as L, V', and W,
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INTEGRATION

An important appearance of both tensor densities and differential forms is in inte-
gration on manifolds. You have probably been exposed to the fact that in ordinary
calculus on R" the volume element d"x picks up a factor of the Jacobian under
change of coordinates:

dx#

d"x' =
o dxk

d"x. (2.89)

There is actually a beautiful explanation of this formula from the point of view
of differential forms, which arises from the following fact: on an n-dimensional
manifold M, the integrand is properly understood as an n-form. In other words,
an integral over an n-dimensional region £ € M is a map from an n-form field w
to the real numbers:

f Cw— R (2.90)
E

Such a statement may seem strange, but it certainly looks familiar in the context of
line integrals. In one dimension any one-form can be writien @ = w(x)dx, where
the first w is a one-form and w(x) denotes the (single) component function. And
indeed, we write integrals in one dimension as f o (x)dx; you may be used to
thinking of the symbol dx as an infinitesimal distance, but it is more properly a
differential form.

To make this more clear, consider more than one dimension. If we are claiming
that the integrand is an n-form, we need to explain in what sense it is antisym-
meiric, and for that matter why it 1s a (0, n) tensor (a linear map from a set of n
vectors to R) at all. We all agree that integrals can be written as f flx)du, where
f(x) is a scalar function on the manifold and d e is the volume element, or mea-
sure. The role of the volume element is to assign to every (infinitesimal) region
an (infinitesimal) real number, namely the volume of that region. A nice feature
of infinitesimal regions (as opposed to ones of finite size) is that they can be taken
to be rectangular parallelepipeds—in the presence of curvature we have no clear
sense of what a “rectangular parallelepiped™ is supposed to mean, but the effects
of curvature can be neglected when we work in infinitesimal regions. Clearly we
are not being rigorous here, but our present purpose is exclusively motivational,

As shown in Figure 2.27 (in which we take our manifold to be three-dimen-
sional for purposes of illustration), a parallelepiped is specified by n vectors that
define its edges. Our volume element, then, should be a map from n vectors to the
real numbers: du(U, V, W) € R. (Actually it should be a map from infinitesimal
vectors to infinitesimal numbers, but such a map also will take finite vectors to fi-
nite numbers.) It’s also clear that it should be linearly scalable by real numbers; if
we change the length of any of the defining vectors, the volume changes accord-
ingly: duall, bV, cW) = abcdu(U, V, W). Linearity with respect to adding
vectors is not so obvious, but you can convince yourself by drawing pictures.
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Therefore our volume element is an honest (0, ) tensor. Why antisymmetric? Be-
cause we are defining an oriented element; if two of the vectors are interchanged
we should get a volume of the same magnitude but opposite sign. (I this is not ob-
vious, you should at least convince yourself that the volume should vanish when
two vectors are collinear.) Thus, volume elements in # dimensions are in a very
real sense n-forms,

To actually do calculations, we need 1o make these ideas more concrete, which
turns out (o be straightforward, The essential insight is to identify the naive vol-
ume element d"x as an antisymmetric tensor density constructed with wedge
products:

d"x =dx" A-- A dx™L. (2.91)

The expression on the right-hand side can be misleading, because it looks like
a tensor (an n-form, actually) but is really a density. Certainly if we have two
functions f and g on M, then df and dg arc one-forms, and d f ~ dg is a two-
form. But the functions appearing in (2.91) are the coordinate functions them-
selves, so when we change coordinates we replace the one-forms dx™ with a
new set dx®’. You see the funny business—ordinarily a coordinate transforma-
tion changes components, but not one-forms themselves. The right-hand side of
(2.91} is a coordinate-dependent object (a tensor density, to be precise) which, in
the x# coordinate system, acts like dx? A .- A dx"~!. Let’s see this in action.
First notice that the definition of the wedge product allows us 1o write

1
dx Ao dx™! = — &y popty A A A dPe, (2.92)
a!

since both the wedge product and the Levi-Civita symbol are completely antisym-
metric. (The factor of 1/n! takes care of the overcounting introduced by summing
over permutations of the indices.) Under a coordinate transformation €., stays
the same, while the one-forms change according to (2.26), leading (o

St BELR.
= dx*! ditn = & gt oxFr by
Eppegey QX7 Ao dd™ =€y, —— s dx T A A da e
ot dxtn
dxh ' '
= 4 -
= axw €4 ptt dx®t A-- A dxFa, (2.93)

Multiplying by the Jacobian on both sides and using (2.91) and (2.92) recovers
(2.89).

[t is clear that the naive volume clement @"x transforms as a density, not a
tensor, but it is straightforward to construct an invariant volume clement by mul-
tiplying by /gl

VIghas® nvoon eV = flgldx® Ao a ™, (299)

which is of course just (n!) e, .., dx#i A-- A dx®s In the interest of simplicity
we will usually write the volume element as /| g| 4" x, rather than as the explicit
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wedge product;
Jigld"x = 1gldx® Ao A dx™ (2.95)

it will be enough to keep in mind that it's supposed (o be an n-form. In fact, the
volume element is no more or less than the Levi-Civita tensor €., ; restoring
the explicit basis one-forms, we see

€= €y, A" @ @ dxtn

!

n!

Euygtg I A A dxtn

1 —
— = - i yl
= F\,—’iglem...hda DA adatn

0gldx® Ao A de™!
Jlgld"x. (2.96)

il

Notice that the combinatorial factors introduced by the epsilon tensor precisely
cancel those from switching from tensor products to wedge products, which is
only allowed because the epsilon tensor automatically antisymmetrizes.

The punch line, then, 1s simple; the integral 7 of a scalar function ¢ over an
n-manifold is written as

1
|
‘ I =f¢{x}1-"'lig|d".i'. ] (2.97)

Given explicit forms for ¢¢(x) and +/]g], such an integral can be directly evaluated
by the usual methods of multivariable calculus. The metric determinant serves to
automatically take care of the correct ransformation properties. You will some-
times see the more abstract notation

I = fq:r{x}ﬁ: (2.98)

given (2.96), these two versions convey the same content.

2.11 W EXERCISES

1. Just because a manifold is topologically nontrivial doesn’t necessarily mean it can’t be
covered with a single chart. In contrast to the circle §', show that the infinite cylinder
R = 5! can be covered with just one chart, by explicitly constructing the map,

2. By clever choice of coordinate charts, can we make R? look like a one-dimensional
manifold? Can we make R' look like a two-dimensional manifold? If so, explicitly
construct an appropriate atlas, and if not, explain why not. The point of this problem
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15 to provoke you to think deeply about what a manifold 1s; it can’t be answered ng-
orously without going into more details about topological spaces. In particular, you
might have to forget that you already know a definition of “open set” in the original
R? or R, and define them as being appropriately inherited from the R! or R? 1o which
they are being mapped.

3. Show that the two-dimensional torus T2 is a manifold, by explicitly constructing an
appropriate atlas. (Not a maximal one, obvicusly.)

4. Verify the claims made about the commutator of two vector fields at the end of Section
2.3 (lineanty, Leibniz, component formula, transformation as a vector field).

5. Give an example of two linearly independent, nowhere-vanishing vector fields in R?
whose commutator does not vanish, MNotice that these fields provide a basis for the
tangent space at each point, but it cannot be a coordinate basis since the commutator
doesn't vanish.

6. Consider BY as a manifold with the flat Euclidean metric, and coordinates {x, ¥, Z).
Introduce spherical polar coordinates {r, #, ¢¢] related to {x, ¥, 2] by

X =rsinfcosg
¥y =rsinfsing
z=rcosf, (2.99)
so that the metric takes the form
ds? =dr? + r2de? + 2 .\'inzé'qubz. (2.100)
(a) A particle moves along a parameterized curve given by
x{A)=cosa, ylA)=sink, z(A)=4A. (2.101)

Express the path of the curve in the {r, 8, ¢ system.
(b) Calculate the components of the tangent vector to the curve in both the Canesian
and spherical polar coordinate systems.

=l

Prolate spheroidal coordinates can be used to simplify the Kepler problem in celestial
mechanics. They are related to the usual cartesian coordinates (x, v, z) of Euclidean
three-space by

X

sinh x sin# cos ¢,
v = sinh y sin# sing,
z = cosh y cosé.
Restrict your attention to the plane y = ) and answer the following questions.

{a) What is the coordinate transformation matrix ax /dx" relating (x, z) to (x, #)7
(b} What does the line element ds° look like in prolate spheroidal coordinates?

o

Werify (2.78): for the exterior derivative of a product of a p-form « and a g-form n,
we have

diew A 5) = (dew) A5 + (=1 P w A (dy). (2.102)
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9. In Minkowski space, suppose =F = g sinf df ~ dg,

10

11.

(a) Evaluated * F = %J.
(b} What is the two-form F equal to?
(e} What are the electric and magnetic fields equal to {or this solution?

(d) Evaluate [, d«F, where V is a ball of radius R in Euclidean three space at a fixed
moment of time,

Consider Maxwell's equations, dF = 0, d=F = *J, in 2-dimensional spacetime.
Explain why one of the two sets of equations can be discarded. Show that the electro-
magnetic field can be expressed in terms of a scalar field. Write out the field equations
for this scalar field in component form.

There are a lot of motivational words attached here to what is a very simple problem;
don't get too distracted, In ordinary electromagnetism with point particles, the part
of the action which represents the cnupling of the gauge-potential one-form 4" 10 a
charged particle can be written § = f A where ¥ is the particle worldline. (The
superseript on AU s just to remind you l.hal it is a one-form.) For this problem you
will consider a theory related to ordinary electromagnetism, but this time in 11 space-
time dimensions, with a three-form gauge potential A and four-form field strength
F% = dA™ Note that the field strength is invariant under a gauge transformation
A 5 4G 4 @ for any two-form A,

(a) What would be the number of spatial dimensions of an object to which this
gauge field would naturally couple (for example, ordinary E+M couples 1o zero-
dimensional objects—point particles)?

(b} The electric charge of an ordinary electron is given by the integral of the dual of
the two-form gauge field strength over a two-sphere surrounding the particle. How
would you define the “charge” of the object to which A'* couples? Argue that it
is conserved if d + F4) =0,

(¢} Imagine there is a “dual gauge potential” A that satisfies d{:{‘] = xF% To what
dimensionality object does it naturally couple?

{d) The action for the gauge field itself (as opposed to its coupling to other things)
will be an integral over the entire 11-dimensional spacetime. What are the terms
that would be allowed in such an action that are invariant under *“local™ gauge
transtformations, for instance, gauge transformations specified by a two-form A2
that vanishes at infinity? Restrict yourself to terms of first, second, or third order
in A and its first derivatives (no second derivatives, no higher-order terms).
You may use the exteror derivative, wedge product, and Hodge dual, but not any
explicit appearance of the metric,

More background: “Supersymmetry” is a hypothetical B}MNE[? relating bosons
(particles with integral spin) and fermions (particles with spin 3 cle.). An inter-
esting feature is that supersymmetric theories are only wcll-deﬂncd in 11 dimensions
or less—in larger numbers of dimensions, supersymmetry would require the existence
of particles with spins greater than 2, which cannot be consistently quantized. Eleven-
dimensional supersymmetry is a unique theory, which naturally includes a three-form
gauge potential (not to mention gravity ). Recent work has shown that it also includes
the various higher-dimensional objects alluded to in this problem (although we've cut
some corners here). This theory turns out to be a well-defined limit of something called
M -theory, which has as other limits various 10-dimensional superstring theories.
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Curvature

3.1 B OVERVIEW

We all know what curvature means, at least informally, and in the first two chap-
ters of this book we have felt free to refer on oceasion 1o the concept of curvature
without giving it a careful definition. Clearly curvature depends somehow on the
metric, which defines the geometry of our manifold; but it is not immediately
clear how we should atrribute curvature 1o any given metric (since, as we have
seen, even the metric of a flat space can look arbitrarily complicated in a suffi-
ciently extravagant coordinate system). As is often the case in mathematics, we
require quite a bit of care to formalize our intuition about a concept into a usable
mathematical structure; formalizing what we think of as “curvature™ is the subject
of this chapier.

The technigues we are about to develop are absolutely crucial to the subject;
it is sate to say that there is a higher density of useful formulas per page in this
chapter than in any of the others. Let's quickly summarize the most important
ones, (o provide a roadmap for the formalism to come.

All the ways in which curvature manifests itself rely on something called a
“connection,” which gives us a way of relating vectors in the tangent spaces of
nearby points. There is a unigque connection that we can construct from the metric,
and it is encapsulated in an object called the Christaffel symbol, given by

r’:r = éci:'m (‘.i','a.,f..'rcr + dy oy = f]nﬁglm'}- (3.1)
The notation makes r‘j;l_ look like a tenser, but in fact it is not; this is why we
call it an “ebject” or “symbaol.” The fundamental use of a connection is 1o take a
covariant derivative V,, (a generalization of the partial derivative); the covariant
derivative of a vector field V" is given by

VuV' =8, V¥ + T, VO, (3.2)

and covariant derivatives of other sorts of tensors are given by similar expressions.
The connection also appears in the definition of geodesics (a generalization of the
notion of a straight line). A parameterized curve x¥(4) 15 a geodesic if it obeys
3
dext dx? dx”

+ —— =1, 3.3
di? Uo di da g =

known as the geodesic equation,

93
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Finally, the technical expression of curvature is contained in the Riemann ten-
sor, a (1, 3) tensor obtained from the connection by

R'urr;w = ';.',u[ fg

— &, + T8, T, — T4 T, (3.4)
Everything we want to know about the curvature of a manifold is given o us
by the Riemann tensor; it will vanish if and only if the metric is perfectly flat.
Einstein’s equation of general relativity relates certain components of this tensor
to the energy-momentum ensor.

These four equations are all of primary importance in the study of curved mani-
folds. We will now see how they arise from a careful consideration of how familiar
notions of geometry in flat space adapt to this more general context.

COVARIANT DERIVATIVES

In our discussion of manifolds, it became clear that there were various notions we
could talk about as soon as the manitold was defined: we could define functions,
take their derivatives, consider parameterized paths, set up tensors, and so on,
Other concepts, such as the volume of a region or the length of a path, required
some additional piece of structure, namely the introduction of a metric. It would
be natural to think of the notion of curvature as something that depends exclu-
sively on the metric. In a more careful treatment, however, we find that curvature
depends on a connection, and connections may or may not depend on the metric.
MNevertheless, we will also show how the existence of a metric implies a certain
unigque connection, whose curvature may be thought of as that of the metric, This
15 the connection used in general relativity, so in this particular context it is legit-
imate to think of curvature as characterizing the metric, without introducing any
additional structures.

The connection becomes necessary when we attempt 10 address the problem
of the partial derivative not being a good tensor operator. What we would like
is a covariant derivative, that is, an operator that reduces to the partial derivative
in flat space with inertial coordinates, but transforms as a lensor on an arbitrary
manifold. It is conventional to spend a certain amount of time motivating the
introduction of a covariant derivative, but in fact the need is obvious; equations
such as d, 7" = 0 must be generalized 1o curved space somehow. So let’s agree
that a covariant derivative would be a good thing to have, and go about setting it
up.

In flat space in inertial coordinates, the partial derivative operator d, is a map
from (&, I} wensor fields to (k, [ + 1) wensor fields, which acts linearly on its argu-
ments and obeys the Leibniz rule on tenser products. All of this continues o be
true in the more general situation we would now like o consider, but the map pro-
vided by the partial derivative depends on the coordinate system used. We would
therefore like o define a covariant derivative operator ¥ to perform the func-
tions of the partial derivative, but in a way independent of coordinates. Rather
than simply postulating the answer (which would be perfectly acceptable), let's
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motivate it by thinking carefully about what properties a covariant generalization
of the partial derivative shouwld have—mathematical structures are, after all, in-
vented by human beings, not found lying on sidewalks. We begin by requiring
that ¥ be a map from (k, /) tensor ficlds, to (&, [ 4 1) tensor ficlds which has these
two properties:

l. linearity: W(T +5)=VT+VS§;
2. Leibniz (product) rule: V(T @ S) = (VI @5+ T ®(V5).

If ¥ is going 10 obey the Leibniz rule, it can always be written as the partial
derivative plus some linear uvansformation. That is, to take the covariant deriva-
tive we first take the partial derivative, and then apply a correction to make the
result covariant. [We aren’t going to prove this reasonable-sounding statement;
sce Wald (1984) 1f you are interested.] Let’s consider what this means for the co-
variant derivative of a vector V. It means that, for each direction g, the covanant
derivative ¥V, will be given by the partial derivative 8, plus a correction specified
by a set of » matrices (I', )75 (one i = n matrix, where n is the dimensionality
of the manifold, for each jo). In fact the parentheses arc usually dropped and we
wrile these matrices, known as the connection coefficients, with haphazard index
placement as I'f}, . We therefore have

V¥ =3,V + T2, V2, |

(3.5)

Motice that in the second term the index originally on V has moved to the 1", and
a new index is summed over, If this is the expression for the covariant derivative
of a vector in terms of the partial derivative, we should be able to determine the
transformation properties of F;"l by demanding that the left-hand side be a (1, 1)
tensor. That is, we want the transformation law 1o be

p dxk 8. v
vHrV‘ _ X ax ?B'L’"- {1-"5}

dxk gxv

Let's look at the left side first; we can expand it using (3.5) and then transform the
parts that we understand (which is everything except 1":",.5_,}:

V¥ = 2,VY 41V, V¥

'’
dxH dxV x4 Y . b

=V —— V' [, —V* 17
gxk gxv L ok dxH fgxv wA gk (3.7)

On the right-hand side we can also expand V, V":

dxt ax¥ ,  oxk ax" 3 Vv ax* ax" T 18
i M

— WV = —
dx® ax® dxH dxt
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These last two expressions are to be equated; the first terms in each are identical
and therefore cancel, so we have
"

a ol = et il o gl G

I A

ax# axY .
by s —— - : —_— = —— [ VA, 31.9)
A Ay o dx# dx* dxH" dxv HA (
where we have changed a dummy index from v to A. This equation must be true
for any vector V*, so we can eliminate that on both sides. Then the connection co-
efficients in the primed coordinates may be isolated by multiplying by dx* /ix?
and relabeling o’ — A", The result is
: ax# dx* axV axt 3x* 9V

g - Moy ¥ — (3.10)

A Gxk gxt axv o B gxk et dxmaxh

This is not, of course, the tensor transformation law; the second term on the right
speils it, That's okay, because the connection coefficients are not the components
of a tensor. They are purposefully constructed to be nontensorial, but in such
a way that the combination (3.5) transforms as a tensor—the extra terms in the
transformation of the partials and the s exactly cancel. This is why we are not
so careful about index placement on the connection coefficients; they are not a
tensor. and therefore you should try not to raise and lower their indices.

What about the covariant derivatives of other sorts of tensors? By similar rea-
soning to that used for vectors, the covariant derivative of a one-form can also be
expressed as a partial derivative plus seme linear transformation. But there is no
reason as yel that the matrices representing this transformation should be related
to the coefficients I', . In general we could write something like

Vywy = duwy + oy, (3.11)

where Im;:v is a new set of matrices for each u. Pay attention to where all of the
various indices go. It is straightforward to derive that the transformation properties
of I' must be similar to those of T, since otherwise Wty wouldn't transform as
a tensor, but otherwise no relationship has been established. To do so, we need to
introduce two new properties that we would like our covariant derivative to have,

in addition to the two above:

3. commutes with contractions: ?’F{T‘-‘;._ﬂ} — [‘Jf']ﬂ;‘;‘,;,
4. reduces to the partial derivative on scalars: V9 = d,¢ .

There is no way to “derive” these properties; we are simply demanding that they
be true as part of the definition of a covariant derivative. Note that property 3
is equivalent to saying that the Kronecker delta (the identity map) is covariantly
constant, V8% = 0; this is certainly a reasonable thing to ask.

Let’s see what these new properties imply. Given some one-form field e, and
vector field V#, we can take the covariant derivative of the scalar defined by iy V*
1o get
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W (oo, V4 = (v;,whw* . :uli‘F,{V;'}

= (B V* + T 00 V* + @i (@, VY) + al5, VP, (3.12)

FIrs e
But since w; V* is a scalar, this must also be given by the partial derivative:
Vil V) = 8, (an V)
= (D) V* + (8, V). (3.13)

This can only be true if the terms in (3.12) with connection cocefficients cancel
each other; that is, rearranging dummy indices, we must have

0=T%weV* + I w, V> (3.14)
But both e, and V* are completely arbitrary, so

du!'F ¥

r;t?, T _FHJ.' (3.15)
The two extra conditions we have imposed therefore allow us (o express the co-
variant derivative of a one-form using the same connection coefficients as were
used for the vector, but now with a minus sign (and indices matched up somewhat
differently):

Vywy = ey — F::L.ml. i3.16)

It should come as no surprise that the connection coefficients encode all the
information necessary 1o take the covariant derivative of a tensor of arbitrary rank.
The formula is quite straightforward; for each upper index you introduce a ter
with a single +1I", and for each lower index a term with a single —1I":

bl L LR —_— g MM ME
Ve T T e O

[ T LTy ] s s
+la? i “"'”3“"'1 + o i vgeey H

A Mo fEze iy A Miptzepe
- ral.l T l.'.l*;-- W F.»;L-,T ltI.'|.-t,---1.'.l -

(3.17)

This is the general expression for the covariant derivative. You can check it your-
self; it comes from the set of axioms we have established, and the usual require-
ments that tensors of various sorts be coordinate-independent entities. Sometimes
an alternative notation is used; just as commas are used for partial derivatives,
semicolons are used for covariant ones:

ITRIERTT BT Ay el g
V, THw2 e, o= TH el (3.18)

Once again, in this book we will stick to “V,.”
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To define a covariant derivative, then, we need to put a connection on our
manifold, which is specified in some coordinate system by a set of coefficients
I (n* = 64 independent components in n = 4 dimensions) that transform
according 1o (3.10). (The name connection comes from the fact that it is used
to transport vectors from one tangent space to another, as we will soon see; 1t
is sometimes used to refer to the operator V, and sometimes 1o the coefficients
l“fna } Evidently, we could define a large number of connections on any manifold,
and each of them implies a distinet notion ol covariant differentiation. In general
relativity this freedom is not a big concern, because it turns out that every metric
defines a unique connection, which is the one used in GR. Let's see how that
works.

The first thing to notice is that the difference of two connections is a tensor.
Imagine we have defined two different kinds of covariant derivative, V,, and ?H,
wilh associated connection coefficients rﬂ . and 1‘:]1 Then the difference

5* gy = I‘;n I";;l, (3.19)
1sa (1, 2) tensor. (Notice that we had to choose a convention for index placement.)
We could show this by brute force, plugging in the transformation laws for the
connection coefficients, but let’s be a J.'Lt}]ﬁ more slick. Given an arbitrary vector
field V*, we know that both VeV*oand ¥V V* are tensors, so their difference must
also be. This difference is simply

YV =9,V =8, VA4 VY -3,V -T2 v

vy e

= 5.V (3.20)

Since V* was arbitrary, and the left-hand side is a tensor, 5"",”. musl be a tensor.
As a trivial consequence, we learn that any set of connection coefficients can be
expressed as some fiducial connection plus a tensorial correction,
A _TA -,
M = im + 5" up. (3.21)
Next notice that, given a connection specified by FI“ we can immediately
form another connection simply by permuting the lower indices. That is, the set of
cocfficients l"f,ﬂ will also ransform according to (3.10) (since the partial deriva-
tives appearing in the last term can be commuied), so they determine a distinet
connection. There is thus a tensor we can associate with any given connection,
known as the torsion tensor, defined by
i rk, —rh, =2ri (3.22)
gy = iy v il lev)” e
It is clear that the torsion 1s antisymmetric in its lower indices, and a connection
that is symmetric in its lower indices is known as “torsion-free.”
We can now define a unigue connection on a manifold with a metric g, by
introducing two additional properties:
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e lorsion-free: [';, = 1"{“;‘ e
e meiric compatibility: Vagu, = (1

A connection is metric compatible if the covariant derivative of the metric with
respect to that connection is everywhere zero. This implies a couple of nice prop-
erties. First, it's easy to show that both the Levi-Civita tensor and the inverse
metric also have zero covariant derivative,

Vi€pvpe =0
V,g"" =0 (3.23)

Second, a metric-compatible covariant derivative commuies with raisin e and low-
ering of indices. Thus, for some vector field V*,

gurVpV* = V(g V) = V, V.. (3.24)

With non-metric-compatible connections we would have o be very careful about
index placement when taking a covariant derivative.

Our claim is therefore that there is exactly one torsion-free conneciion on a
given manifold that is compatible with some given metric on that manifold. We
do not want to make these two requirements part of the definition of a covariant
derivative; they simply single out one of the many possible ones.

We can demonsirate both existence and uniqueness by deriving a manifestly
unique expression for the connection coelficients in terms of the metric. To ac-
complish this, we expand out the equation of metric compatibility for three dif-
ferent permutations of the indices:

Vo8uv = 3p8uv = [y 8av — Mpygur =0
v,ugvp = H,u!.’up = 11f;1-§lp m Fﬁﬂgu;\ =0
Vogou = dgpu — Thpgau — Thygor = 0. (3.25)

We subtract the second and third of these from the first, and use the symmetry of
the connection to obtain

Bp8uv — 0uBup — 8oy + 205,855 = 0. (3.26)

It is straightforward 1o solve this for the connection by multiplying by £7¢. The
resull is
l ]—fﬁ = ﬁgﬂpfﬂ,;ﬁf'ﬁp + dugpon — Hp&'.ln'JJ (3.27)

This formula is one of the most important in this subject; commit it (o memory.
Of course, we have only proved that if a metric-compaiible and torsion-free con-
nection exists, it must be of the form (3.27); you can check for yourself that the
right-hand side of {3.27) transforms like a connection.
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This connection we have derived {rom the metric is the one on which conven-
tional general relativity 1s based. It 15 known by different names: sometimes the
Christoffel connection, sometimes the Levi—Civita connection, sometimes the
Riemannian connection, The associated connection coefficients are sometimes
called Christoffel symbols and written as |7, }; we will sometimes call them
Christoffel symbaols, but we won’t use the funny notation. The study of manifolds
with metrics and their associated connections 1s called Riemannian geometry, or
sometimes pseudo-Riemannian when the metric has a Lorentzian signature.

Before putting our covariant derivatives 1o work, we should mention some mis-
cellaneous properties. Firsi, note that in ordinary flat space there is an implicit
connection we use all the time—the Christoffel connection constructed from the
flat metric. The coefficients of the Christoffel connection in flat space vanish in
Cartestan coordinates, but not in curvilinear coordinate systems, Consider for ex-
ample the plane in polar coordinates, with metric

ds® = dr? + ride?. (3.28)

The nonzero components of the inverse metric are readily found to be g™ = 1
and g™ = r 2. Notice that we use r and ¢ as indices in an obvious notation. We
can compute a typical connection coefficient:

7, =18 (B, 8rp + 0rgor — Bpgrr)
= %Rn—{argrr + degrr — Orgrr)

=+ %gr"(érﬁ'r!’:‘ + Ej.rg-‘-:r — dggrr)

I

HO0+0-0)+ (0)(0+0~0)
=0. (3.29)

Sadly, it vanishes. But not all of them do:

;,c,. = %_Erp[”flﬂ'fsp + H'H,gp_‘! = H;}EH.’!J

= ;grr{u"-‘gﬂf + ”{f.i}.ri.- — l:.irgs.-r.-::l
= ()0 + 0~ 2r)
i il (3.30)

Continuing to turn the crank, we eventually find

g, =y =0
ré, =0

1
= o f
[ =T, = :

rh, = 0. (3.31)
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From these and similar expressions, we can derive formulas for the divergence,
gradient, and curl in curvilinear coordinate sysiems.

Contrariwise, even in a curved space it is still possible 1o make the Christoffel
symbols vanish at any one point. This is because, as we argued in the last chapter,
we can always make the first derivative of the metric vanish at a point; so by
(3.27) the connection coeflicients derived from this metric will also vanish, Of
course this can only be established at a point, not in some neighborhood of the
point. We will discuss this more fully in Section 3.4

Another useful property is that the formula for the divergence of a vector (with
respect to the Christollel connection) has a simplified form. The covariant diver-
gence of V# is given by

Vu V4 =3, V* 4+ T, VA (3.32)

It is siraightforward 1o show that the Christoffel connection satisfies

I —
o= —=/lel, (3.33)
fTE V,fm ¥
and we therefore obtain
1 —
V.V = —3,(,/1gIV*). (3.34)

Vgl

There are also formulas for the divergences of higher-rank iensors, but they are
generally not such a great simplification.

We use the Christoffel covariant derivative in the curved-space version of
Stokes’s theorem (see Appendix E). If V* is a vector field over a region £ with
boundary d 2, Stokes’s theorem is

f‘v’” vESle a’"x:f n,VE/lyld" x, (3.35)
E 4E

where n, is normal to § X, and y;; 1s the induced metric on 3 . If the connection
weren't metric-compatible or torsion-free, there would be additional terms in this
cquation.

The last thing we need to mentien is that converting partial derivatives into
covariant derivatives is not always necessary in order to construct well-defined
tensors; in particular, the exterior derivative and the vector-field commutator are
both well-defined in werms of partials, essentially because both involve an anti-
symmetrization that cancels the nontensorial piece of the partial derivative trans-
formation law. The same feature implies that they could, on the other hand, be
equally well-defined in terms of (torsion-free) covariant derivatives; the antisym-
metrization causes the connection coefficient terms to vanish. Thus, if ¥V is the
Christotfel connection, @y, is a one-form, and X* and Y*# are vector fields, we
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can write
(de) oy = 28p 000 = 2V 0 (3.36)
and
[X,YI# = X*8,Y¥ — Y i X¥ = XAV, Y* — YAV, X%, (3.37)

If the connection is not torsion-free, the last equalities in these expressions are
no longer true; the more fundamental definitions of the exterior derivative and the
commutator are those in terms of the partial derivative.

Before moving on, let’s review the process by which we have been adding
structures to our mathematical constructs. We started with the basic notion of a set,
which you were presumed to be familiar with (informally, if not rigorously). We
introduced the concept of open subsets of our set: this is equivalent to introducing
a topology, and promoted the set o a topological space. Then by demanding that
each open set look like a region of R" (with n the same for each set) and that
the coordinate charts be smoothly sewn together, the topological space became
a manifold. A manifold is simultancously a very fHexible and powerful structure,
and comes equipped naturally with a tangent bundle, tensor bundles of various
ranks, the ability o take exterior derivatives, and so forth. We then proceeded
to put a metric on the manifold, resulting in 2 manifold with metrie (sometimes
Riemannian manitold). Independently of the metric we found we could introduce
a connection, allowing us to take covariant derivatives, Once we have a metric,
however, there is autematically a unique torsion-free metric-compatible connec-
tion. Likewise we could introduce an independent volume form, although one is
automatically determined by the meiric. In principle there is nothing to stop us
from introducing more than one connection, or volume form, or metric, on any
given manifold. In general relativity we do have a physical metric, which deter-
mines volumes and the covariant derivative, and the independence of these notions
is not a crucial feature,

PARALLEL TRANSPORT AND CEODESICS

Now that we know how to lake covariant derivatives, let’s step back and put this
in the context of differentiation more generally. We think of a derivative as a way
of quantifying how fast something is changing. In the case of tensors, the crucial
issue is “changing with respect to what?” An ordinary function defines a number
at each point in spacetime, and it is straightforward 1o compare two different num-
bers, so we shouldn™t be surprised that the partial derivative of functions remained
valid on arbitrary manifolds. But a tensor is a map from vectors and dual vectors to
the real numbers, and it's not clear how to compare such maps at different points
in spacetime. Since we have successfully constructed a covariant derivative, can
we think of it as somehow measuring the rate of change of tensors? The answer
turns out to be yes: the covariant derivative quantifies the instantaneous rate of
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FIGURE 3.1 Inflat space, we can parallel transport a vector by simply keeping its Carte-
sian components constant.

change of a tensor field in comparison to what the tensor would be if it were “par-
allel transported.” In other words, a connection defines a specific way of keeping
a tensor constant (along some path), on the basis of which we can compare nearby
tensors.

It turns out that the concept of parallel transport is interesting in its own right,
and worth spending some time thinking about. Recall that in flat space it is unnec-
essary (o be very careful about the fact that vectors are elements of tangent spaces
defined at individual points; it is actually very natural to compare vectors at dif-
ferent points (where by “compare” we mean add, subtract, take the dot product,
and so on). The reason why it is natural is because it makes sense, in flat space, to
move a vector from one point to another while keeping it constant, as illustrated
in Figure 3.1. Then, once we get the vector from one point to another, we can do
the usual operations allowed in a vector space.

This concept of moving a vector along a path, keeping constant all the while,
is known as parallel transport. Parallel transport requires a connection to be well-
defined: the intuitive manipulation of vectors in flat space makes implicit use of
the Christoffel connection on this space. The crucial difference between flat and
curved spaces is that, in a curved space, the resulr of parallel rransporting a vec-
tar from one point to another will depend on the path taken berween the points.
Without yet assembling the complete mechanism of parallel transport, we can use
our intuition about the two-sphere to see that this is the case. Start with a vector
on the equator, pointing along a line of constant longitude. Parallel transport it up
to the north pole along a line of longitude in the obvious way. Then take the orig-
inal vector, parallel transport 1t along the equator by an angle #, and then move 1t
up to the north pole as before. As shown in Figure 3.2, it should be clear that the
vector, parallel transported along two paths, arrived at the same destination with
two different values (rotated by #).

It therefore appears as if there is no natural way to uniquely move a vector
from one tangent space to another; we can always parallel-transport it, but the
result depends on the path, and there is no natural choice of which path to take.
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FIGURE 3.2 Parallel transport on a two-sphere. On a curved manifold, the result of
parallel transport can depend on the path taken.

Unlike some of the problems we have encountered, there is no solution to this
one—we simply must learn to live with the fact that two vectors can only be com-
pared in a natural way if they are elements of the same tangent space. For example,
two particles passing by each other have a well-defined relative velocity, which
cannot be greater than the speed of light. But two particles at different points on
a curved manifold do not have any well-defined notion of relative velocity—the
concept simply makes no sense. Of course, in certain special situations it is still
useful to talk as if it did make sense, but occasional usefulness is not a substitute
for rigorous definition. In cosmology, for example, the light from distant galax-
ies is redshifted with respect to the frequencies we would observe from a nearby
stationary source. Since this phenomenon bears such a close resemblance to the
conventional Doppler effect due to relative motion, we are very tempted o say
that the galaxies are “receding away from us"” at a speed defined by their redshift.
At arigorous level this is nonsense, what Witigenstein would call a “grammatical
mistake”—the galaxies are not receding, since the notion of their velocity with
respect to us is not well-defined. What is actually happening is that the metric of
spacetime between us and the galaxies has changed (the universe has expanded)
along the path of the photon from here to there, leading to an increase in the wave-
length of the light. As an example of how you can go wrong, naive application
of the Doppler formula to the redshift of galaxies implies that some of them are
receding faster than light, in apparent contradiction with relativity. The resolution
of this apparent paradox is simply that the very notion of their recession should
not be taken literally.

Enough about what we cannot do; let's see what we can. Parallel transport is
supposed to be the curved-space generalization of the concept of “keeping the vec-
tor constant”™ as we move it along a path: similarly for a tensor of arbitrary rank.
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Given a curve x# (i), the requirement of constancy of a tensor THi#2 e,
along this curve in flat space is simply that the components be constant:
d dx* B

— THre THIE2 M
d}_ LS R & {.LJ\. ij“
To make this properly tensorial we simply replace this partial derivative by a co-
variant one, and define the directional covariant derivative o be
D dx*
i d i
This is a map, defined only along the path, from (&, /) ensors 10 (&, {) wensors.
We then define parallel transport of the tensor T along the path 2 () 1o be the
requirement that the covariant derivative of T along the path vanishes:

D Bz dx® i
(dl j") Bibgeely = = Vo T By R g vy = 0. ':3-39)

R T |

This is a well-defined tensor equation (since both the tangent vector dx™ /d b and
the covariant derivative VT are tensors), known as the equation of parallel trans-
port. For a vector it takes the form

o dx®

—VH 4 !"j;ﬂ—w’ = (. (3.44)

di di
We can look at the parallel transport equation as a first-order differential equation
defining an initial-value problem: given a tensor al some point along the path,
there will be a unique continuation of the tensor to other points along the path
such that the continuation solves (3.39). We say that such a tensor is parallel-
transported.

The notion of parailel transport is obvieusly dependent on the connection,
and different connections lead to different answers. If the connection is metric-
compatible, the metric is always parallel transported with respect to it

D dx” :

b = gy Yodu =0- i

It fallows that the inner product of two parallel-transported vectors is preserved.
That is, if V* and W" are parallel-transported along a curve x® (4), we have

D

d d &

= {). (3.42)

@V W) = (2 g ) VW + g (200 ) WY 4 guvi (2w
Euv = (”‘_-L,tu' Epv . T Buv

This means that parallel transport with respect 1o a metric-compatible connection
preserves the norm ol vectors, the sense of orthogonality, and so on.

With parallel ransport defined, the next logical step is o discuss geodesics. A
geodesic is the curved-space generalization of the notion of a straight line in Eu-
clhidean space. We all know what a straight line is: itU's the path of shoriest distance
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between two points. But there is an equally good definition—a straight line is a
path that parallel-transports its own tangent vector. It will turn out that these two
concepts coincide if and only if the connection is the Christoffel connection.

We'll start with the second definition (a geodesic is a curve along which the
tangent vector is paratlel-transported), since it is computationally much more
straightforward. The tangent vector to a path x* () is dx* /d).. The condition
that it be parallel transported is thus

D dx#
— (3.43)
di di
or alternatively
%
d xh [H dx? dx® i (3.44)

Az T T
|
This 1s the geodesic equation, another one you should memorize. We can eas-
ily see that it reproduces the usual notion of straight lines if the connection co-
efficients arc the Christoffel symbols in Euclidean space; in thal case we can
choose Cartesian coordinates in which ', = 0, and the geodesic equation is
just d2x# /d2? = 0, which is the equation for a straight line.

That was embarrassingly simple; let’s turn to the more nontrivial case of the
shortest-distance definition. As we know, various subtleties are involved in the
definition of distance in a Lorentzian spacetime; for null paths the distance is
zero, for timelike paths it's more convenient o use the proper time. So in the
narme of simplicity let’s do the calculation just for a timelike path—the resulting
equation will turn out to be good for any path, so we are not losing any generality.
We therefore consider the proper time functional,

dx® dx*\ /2
T :_[(_g“llﬁfd_}) di, (3.45)

where the integral is over the path. To search for shortest-distance paths, we could
do the usual calculus-of-vanations treatment to seek critical points of this func-
tional. They will turn out to be curves of maximum proper time, consistent with
our discussion of the twin paradox in Chapter 1. However, we can simplify the
algebra by means of a trick. The integral (3.45) is of the form t = [ /= Fd2,
where f = g, (dx® /dd)(dx" /dL). The variation looks like

st = js\;’—fﬂm

1 2
- f 5 (=N sf dh. (3.46)

It makes things easier if we now specily that our parameter is the proper time
T itself, rather than the arbitrary parameter A, so that the 1angent vector is the
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four-velocity U, This fixes the value of f,

dx* dx¥ : :
fF=80——— =HI“.U"UL = ~1. (3.47)
dr drt
From (3.46) we then have
1
81 = == fc’ifdf. (3.48)

Stationary points of (3.45)}—paths for which §t = O—are therefore equivalent to
stationary points (with fixed parameterization) of the simpler integral

| ) 1 dx® dxV
.’=§'/\j‘{4‘jr=ijg“1. E'_E'—dtl (349]

(The 1 is by no means necessary, but will make things nicer later on.) Taking
variations of this expression is thus a shorteut to finding shortest-distance paths,
one that we will wisely follow.

Stationary points of [ will of course obey the Euler-Lagrange equations
(1.128), but evaluating them involves repeated application of the chain rule, and it
is just as simple to directly consider the change in the integral under infinitesimal
variations of the path,

“

EaE T ¥

Euv —* Euv + {;]ng,:.:v}"s-\'a- (3.50)

The second line comes from Taylor expansion in curved spacetime, which as you
can see, uses the partial derivative, not the covariant derivative. This is because
we are simply thinking of the components g, as functions on spacetime in some
specific coordinate system. Plugging this into (3.49) and keeping only terms first-
order in dx*, we get

1[[ dx# dxV d(dx*)dx" dx# d{@x"'):| e

8 = - | j— — Y p— et
2 el dr drt Eur dr drt Spv dr drt

(3.51)

The last two terms can be integrated by parts: for example,
£ ¥ P i

1 dx® d(sx") l f dixh dgue dx®
= o e | dT = == tuy—— + —— —— | dxV d1
2[[‘2”[ dr dx } 2 [5'“ dr? dr dr

1 d*x* dx® dx* e
s v — +d,,gm.F— dx" dr,

2 dr? drt
(3.52)

where we have neglected boundary terms, which vanish because we take our vari-
ation dx* 1o vanish at the endpoints of the path. In the second line we have used
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the chain rule on the derivative of g,,. The variation (3.51}) then becomes, after

rearranging some dummy indices,

) dix* 1, . . dx* dx"
af=—f{mwﬁy+iﬂﬁm+m%ﬁ—%&d;;g;%fdt
(3.53)

Since we are searching for stationary points, we want 8/ (o vanish for any varia-
tion dx; this implies

dixt 1, ) . dx* dx*
c‘,’paﬁ + E l:d“_q.l:ﬂ -t ‘ir,‘.’r.rp — ”nr.?.u"-} F s = (), (3.54)
and multiplying by the inverse metric g7 finally leads o
d2x® 1 dxt dxV
4 =% (B e + Bofan — Dygus) — —— =10 3.55)
dt? 35 (usvo vBou ~ do8uv) dr dt ¢

We see that this is precisely the geodesic equation (3.40), but with the specific
choice of Christoffel connection (3.27). Thus, on a manifold with metric, ex-
tremals of the length functional are curves that parallel transport their tangent
vector with respect to the Christoffel connection associated with that metric. It
doesn’t matter if any other connection is defined on the same manifold. Of course,
in GR the Christoffel connection is the only one used, so the two notions are the
Sarme.

The variational principle provides a convenient way to actually calculate the
Christoffel symbols for a given metric. Rather than simply plugging into (3.27), it
is often less work to explicitly vary the integral (3.49), with the metric of interest
substituted in for g,,,. An example of this procedure is shown in Section 3.5.

PROPERTIES OF GEODESICS

The primary usefulness of geedesies in general relativity is that they are the paths
followed by unaccelerated test particles, A test particle is a body that does not
iiself influence the geometry through which it moves—never perfectly true, but
often an excellent approximation. This concept allows us to explore, for example,
the properties of the gravitational field around the Sun, without worrying about the
field of the planet whose motion we are considering. The geodesic equation can
be thought of as the generalization of Newton's law [ = ma, for the case { = 0,
to curved spacetime. It is also possible to introduce forces by adding terms to the
right-hand side; in fact, looking back to the expression (1.106} for the Lorentz
force in special relativity, it is natural to guess that

d*xt Ly AxF dx® 9 pu dx” (3.56)
dr? ' P dr dtr  m  dt’

We will talk about this more later, but in fact your guess would be correct.
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We should say some more careful words about the parameterization of a
reodesic path. When we presented the geodesic equation as the requirement that
the tangent vector he parallel-transporied, (3.44), we parameterized our path with
some parameter 4, whereas when we found the formula (3.55) for the exiremal
of the spacetime interval, we wound up with a very specific parameterization, the
proper time. Of course from the form of (3.55) it is ¢lear that a transformation,

T = A=ar + b, (3.57

for some constants a and b, leaves the equation invariant. Any parameter related
to the proper time in this way is called an affine parameter, and is just as good as
the proper time for parameterizing a geodesic. What was hidden in our derivation
of (3.44) was that the demand that the tangent vector be parallel-transported
actwally constrains the parameterization of the curve, specifically 1o one related
to the proper time by (3.57). In other words, if you start at some point and with
some initial direction, and then construct a curve by beginning 1o walk in that
direction and keeping your tangent vector parallel transported, you will not anly
define a path in the manifold but also (up to linear transformations) define the
parameter along the path.

Of course, there is nothing 1o stop you from using any other parameterization
you like, but then (3.44) will not be satisfied. More generally you will satisly an
equation of the form

d*x* » dx’ dx° dxt

= fla)—, (3.58)

da? | " da da der

for some parameter o(), where f() is related to the affine parameter by

-

da dee™y
=—=l—=|1|>T ] 3.59
f@) (a;} (d;:) L5
Conversely, if (3.58) is satisfied aleng a curve you can always find an affine pa-
rameter A{e) for which the geodesic equation (3.44) will be satisfied.
For timelike paths, we can write the geodesic equation in terms of the four-
velocity U* = dx® /d1 as

UV, U* = 0. (3.60)

Similarly, in terms of the four-momentum ¥ = mi* | the geodesic equation is
simply

P p* = 0. (3.61)

This relation expresses the idea that freely-falling particles keep moving in the
direction in which their momenta are pointing.

For null paths, the proper time vanishes and 7 is not an appropriaie affine pa-
rameter. Nevertheless, it is still perfectly well-defined to ask whether a parameter-
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ized path x* (1) satisfies the geodesic equation (3.44). If a null path is a geodesic
for some parameter A, it will also be a geodesic for any other affine parameter
of the form aX + b. However, there is no preferred choice among these param-
eters like the proper time is for timelike paths. Once we choose a parameter at
some point along the path, of course, there is a unigue continuation to the rest
of the path if we want to solve the geodesic equation. It is often convenient to
choose the normalization of the affine parameter A along a null geodesic such that
dx™ fd) is equal 1o the momentum four-vector:

m
p_d.r

-— (3.62)

P
This is in contrast to timelike paths, where dx* /dr is the momentum per unit
mass. Then an observer with four-velocity {/# measures the energy of the particle
{or equivalently the frequency, since we are setting ## = 1) to be

E = —p,U*. (3.63)

This expression always tells us the energy of a particle with momentum p* as
measured by an observer with four-velocity U, whether p* is null or timelike;
you can check it by going to locally inertial coordinates. (A caveat: this expression
for E does not include potential energy, only the intrinsic energy from motion and
inertia. In a general spacetime there will not be a well-defined notion of graviia-
tional potential energy, although in special cases it does exist.)

An important property of geodesics in a spacetime with Lorentzian metric is
that the character (timelike/null/spacelike) of the geodesic, relative 1o a metric-
compatible connection, never changes. This is simply because parallel transport
preserves inner products, and the character is determined by the inner product of
the tangent vector with itself. This 1s why we were consistent to consider purely
timelike paths when we derived (3.35); for spacelike paths we would have derived
the same equation, since the only difference is an overall minus sign in the final
answer.

Let's now explain the earlier remark that timelike geodesics are maxima of the
proper time. The reason we know this is true is that, given any timelike curve
{geodesic or not), we can approximate it to arbitrary accuracy by a null curve,
To do this all we have to do is 1o consider “jagged” null curves that follow the
timelike one, as portrayed in Figure 3.3, As we increase the number of sharp cor-
ners, the null curve comes closer and closer to the timelike curve while still hav-
ing zero path length. Timelike geodesics cannot therefore be curves of minimum
proper lime, since they are always infinitesimally close to curves of less proper
time (zero, in fact); actually they maximize the proper time. This is how you can
remember which twin in the twin paradox ages more—the one who stays home
is basically on a geodesic, and therefore experiences more proper time. Of course
even this is being a little cavalier; actually every time we say “maximize” or “min-
imize™ we should add the modifier “locally.” Often the case is that between two
points on a manifold there is more than one geodesic. For instance, on 52 we can
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draw a great circle through any two points, and imagine traveling between them
either the short way or the long way around. One of these is obviously longer than
the other, although both are stationary points of the length functional.

Geodesics provide a convenient way of mapping the tangent space T, of a
point p to a region of the manifold that contains p, called the exponential map.
This map in turn defines a set of coordinates for this region that are automatically
the locally inertial coordinates discussed in Section 2.5 [coordinates x* around a
point p such that g;;;(p) = ngp and 95 g;0(p) = 0]. We begin by noticing that
any vector k € T, defines a unique geodesic passing through it, for which & is the
tangent vector at p, and A(p) =O:

7
"%m = 0) = k. (3.64)

Uniqueness follows from the fact that the geodesic equation is a second-order
differential equation, and specifying initial data in the form x*(p) and k* =
(dx* /dA)(p) completely determines a solution. On this geodesic there will be a
unique point in M for which A = 1. The exponential map at p, exp, : Tp — M,
is then defined as

exp, (k) = x(a = 1), (3.65)

where x"(L) solves the geodesic equation subject to (3.64), as shown in Fig-
ure 3.4,

For some set of tangent vectors k¥ near the zero vector, this map will be well-
defined, and in fact invertible. Depending on the geometry, however, different
geodesics emanating from a single point may eventually cross, at which point
exp, : Tp — M is no longer one-to-one. Furthermore, the range of the expo-
nential map is not necessarily the whole manifold, and the domain is not neces-
sarily the whole tangent space. The range can fail to be all of M simply because
there can be two points that are nol connected by any geodesic. An example is
given by anti-de Sitter space, discussed in Chapter 8. The domain can fail to be
all of T, because a geodesic may run into a singularity, which we think of as
“the edge of the manifold"” Manifolds that have such singularities are known as
geodesically incomplete. In a more careful discussion it would actually be the

FIGURE 34 The exponential map takes a vector in Tp to a point in M that lies at unit
affine parameter along the geodesic to which the vector is tangent.
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other way around: the best way we have of defining a singularity is as a place
where geodesics appear to “end,” after we remove trivial cases in which a part of
the manifold is artificially excluded by hand. See Wald (1984) or Hawking and
Ellis {1973). This problem is not merely technical; the singularity theorems of
Hawking and Penrose state that, for certain matter content, spacetimes in gen-
eral relativity are almost guaranteed to be geodesically incomplete. As examples,
two of the most useful spacetimes in GR—the Schwarzschild solution describing
black holes and the Friedmann-Roberison—Walker solutions deseribing homoge-
neous, isotropic cosmologies—both feature important singularities; these will be
discussed in later chapiers.

We now use the exponential map to construct locally inertial coordinates. The
easy part is to find basis vectors {¢.;,} for T, such that the components of the
metric are those of the canonical form:

£ = g8 Emy) = N (3.66)

Here g{ . ) denotes the metric, thought of as a multilinear map from T, x Tp
1o R. And the hais have different meanings: over e they remind us that it's a
basis vector, and over the indices they remind us that we are in locally inertial
coordinates (as we shall see). This is easy because it’s just linear algebra, not
yet referring to coordinates; starting with any set of components for g, we can
always diagonalize this matrix and then rescale our basis vectors to satisfy (3.66).
The hard part, we would expect, is finding a coordinate system x* for which
the basis vectors {€.;,} comprise the coordinate basis, e.;, = #;, and such that
the first partial derivatives of g;; vanish. In fact, however, the exponential map
achieves this automatically. For any point g sufficiently close to p, there is a
unigue geodesic path connecting p 1o g, and a unique parameterization & such
that A{p) = 0 and J{g) = 1. At p the tangent vector & to this geodesic can
be written as a linear combination of our basis vectors, k = k¢ €(j2)- We define

the sought-after coordinates x* simply to be these components: x*(g) = k*. In
other words, we have defined the coordinates x# () to be the components (with
respect 1o our normalized basis [€;,}) of the tangent vector & that gets mapped to
q by exp,,. Coordinates constructed in this way are known as Riemann normal
coordinates at p.

We still need to verify that these Riemann normal coordinates satisty d; gq0(p)

= 0. Note that a ray in the tangent space (a parameterized set of vectors of the
form 2k", for some fixed vector k%) gets mapped to a geodesic by the exponential
map. Therefore, in Riemann normal coordinates, a curve x# (1) of the form

X0y = ak (3.67)

will solve the geodesic equation. Indeed, any geodesic through p may be ex-
pressed this way, for some appropriate vector k#, We therefore have

=1} (3.68)

e
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along any geodesic through p in this coordinate system. But, by the geodesic
eguation, we also have
d’xt
di?

(p) = =TE (pIKPK?, (3.69)

oo
where kP = [d_t"’,"f!)_}(,r;}. Since this helds for arbitrary kP we conclude that

'

T, _
[ss(P)=0. (3.70)
Now apply metric compatibility:
0=Vsgio
= dg 8 — 1";"-”-‘ 8o — 1"3,—_.&,;;_
= t'},}lij;,{.. (3.1

where all quantitics are evaluated at p. We see that Riemann normal coordinates
provide a realization of the locally inertial coordinates discussed in Section 2.5,
They are not unique; there are an infinite number of non-Riemann-normal coor-
dinate systems in which g;;(p) = n;; and 35 g;5(p) = 0, but in an expansion
around p they will differ from the Riemann normal coordinates only at third order
in x®,

THE EXPANDING UNIVERSE REVISITED

Let’s put some of the technology we have developed to work in understanding a
simple metric. Recall the expanding-universe metric we studied in Chapter 2,

ds? = —dr? + a?(t)[dx? + dy? + dz?)
= —dr? + a*(r)§;jdx'dx’. (3.72)

This metric describes a universe consisting of flat spatial sections expanding as
a function of time, with the relative distance between particles at fixed spatial
coordinates growing proportionally to the scale factor afr).

Faced with a metric, the first thing we do is to calculate the Christoffel symbols.
As mentioned at the end of Section 3.3, the easiest technique for doing so is
actually to vary explicitly an integral of the form (3.49). Plugging in the metric
under consideration, we have

: ]f (fir 2+ 223 dxi dx’ ; 5
= = -] — a- = T. Sors
2 dr) Far dt | ° ]

The technique is to consider variations x* — x#* 4+ §x" and demand that 51
vanish. We get n equations on an n-dimensional manifold (in this case n = 4), one
for each p: each equation corresponds to a component of the geodesic equation
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(3.44). In the equation derived by varying with respect to x*, the coefficient of
(dx?/dt)(dx? fdr) will be [pg.

For the metric (3.72), we need to consider separately variations with respect to
x" = t and one of the x's (it doesn’t matter which one, since the results for cach
spacelike direction will be equivalent). Lets start with ¢ — ¢ + &r. The nontrivial
time dependence comes from the scale factor, for which, to first order,

alt + &) = a(t) + adt, (3.74)

where a = da/dr. We therefore have

1 dr didi) s dx’ dx!
= - 22—+ 2048, — —8t | d
51 3_[[ Edr dr Sy dr dr :} .

d* . dx'dx]
= f {F +ﬂﬁ5u‘EE} 5t Cff, [,3'?5]

where we have dropped a boundary term after integrating by parts (as always).
Setting the coefficient of &r equal to zero implics

dr dx' dx!
— 4 gadi;—— =10, 3.76
dr2 ' % g ( )

which is supposed 1o be eguivalent to the geodesic equation (with g = ()

d*x" o dx? dx®

+ —_— =0 (3.77
dr? M dr dr !
Comparison of these two equations implies
My =0,
-0 i
Fipn=Tg =0,
FPJ- = ad §;j. (3.78)

We can repeat this procedure for a spatial coordinate, x' — x' + &x'. The

variation is then
I dx' d(éx’)
§f=ifﬂ (MUE o= )dl’

dixt dadx’
7
= - e+ 2a— — | &jj0x' dr. 379
[(ﬂ dr? adr r,a‘r) il ( :
We can express da /dT in terms of @ by using the chain rule,
a t
98 i (3.80)
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Then setting the coefficient of dx/ equal to zero in (3.79) implies

d2xt = a dt dx’ 0 (3.81
dr? adr dv A
Comparing to the geedesic equation, we find that the Christoffel symbaols must
satisfy

i dxPdxc ,Jci dr dx'

o gr dr " ladidr ==
The Christoffel symbols are therefore given by
[hy =0
Mo =Tg; = 252
[ie =0 (3.83)

Together, (3.78) and {3.83) are all of the connection coefficients for the metric
{3.72). These are, of course, necessary both for studying geodesics of the space-
time and for taking covanant derivatives: in fact, (3.76) and (3.81) together are
the geodesic equation. Let’s put this 1o work by solving for null geodesics, those
followed by massless particles such as photons, for which we have to use A rather
than 7 as a parameter. Without loss of generality we can consider paths along the
x-direction, for which x#{A) = {r{’), x(A), 0,0}, It is trivial to solve for null
paths of this sort, using ds® = 0. We have

0 = —dr? + a%(r)dx?, (3.84)
which implies
dx 1di (3.85)
d). ad\’ i

In Section 2.6 we solved this for @ = 19, but here we will remain more gen-
eral. Also, we have chosen to consider paths moving in the positive x-direction,
which determines the sign of dx/di. We must distinguish, however, between
“null paths™ and “null geodesics™ the latter are a much more restrictive class,
and to show that these paths are geodesics, we need 1o solve for the coordinates ¢
and x in terms of the parameter 4.

Let’s solve for di /dA, which will turn out to be the quantity in which we are
most interesied. Plugging the null condition (3.85) into the g = 0 component of
the geodesic equation (3.76), and remembering to replace T — A, we get

dr 4 fdr)\?
— 4+ = — =0. B
di? B a (d:«.) G
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It is straightforward to verify that this is solved by

A (3.87)
da a
where wg is a constant, For a given a (1), this could be instantly integrated 1o yield
t(4). But more interesting is to consider the energy £ of the photon as it would be
measured by a comoving observer (one at fixed spatial coordinates), who would
have four-velocity

U* =(1,0,0,0. (3.88)

Don’t get tricked into thinking that the timelike component of the four-velocity
of a particle at rest will always equal unity; we need to satisfy the normalization
condition g, U UY = =1, which in the rest frame (U' = 0) implies Ut =
v —go0. According to (3.63), and using p* = dx" /d}, we have

J P
E = —=Pu 1

1
I
=
=
<
=]

= —. (3.89)

We see why the notation ey was chosen for the constant of proportionality in
(3.87): exg is simply the frequency of the photon when a = 1. Recall that £ = Aw,
and we are using units in which i = 1.

We have uncovered a profound phenomenon: the cosmological redshift. A
photon emitted with energy £ at scale factor a; and observed with energy E; at
scale factor g2 will have

=, (3.90)

This is called a “redshift” because the wavelength of the photon is inversely pro-
portional to the frequency, and in an expanding universe the wavelength therefore
grows with time. As a practical matter this provides an easy way to measure the
change in the scale factor between us and distant galaxies, and also serves as a
proxy for the distance: since the universe has been monotonically expanding, a
greater redshift implies a greater distance. In conventional notation, the amount
of redshift is denoted by
()] — w2 ]

7= = ], {3.91)
w3 €

so that z vanishes if there has been no expansion, for instance, if the emitter and
ohserver are so close that there hasn’t been enough time for the universe to appre-
clably expand.
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As mentioned in Section 3.3, the cosmological redshift is nor a Doppler shift
(despite the understandable temptation te refer to the “velocity™ of receding galax-
ies). Now we can understand this statement guantitatively. You might imagine
that, as far as the behavior of emitted photons is concerned, there 1s little differ-
ence between two galaxies physically moving apart in a flat spacetime and two
galaxies at fixed comoving coordinates in an expanding spacetime. But let's con-
sider a specific (unrealistic, but educational) example. Start with flat spacetime,
and imagine that our two galaxies are initially not moving apart, bul are at rest in
some globally inertial coordinate system. One emits a photon toward the other;
while the photon is traveling, we quickly move the two galaxies apart until they
are twice their original separation, then leave them stationary at that distance; and
then the photon is absorbed by the second galaxy. Clearly there will be no Doppler
shift, since the galaxies were at rest both at emission and absorption. Now con-
sider the analogous phenomenon in an expanding spacetime, with the galaxies
stuck at fixed comoving coordinates. We begin with the scale factor constant {the
universe is not expanding). One galaxy emits a photon, and we imagine that dur-
ing the photon's journey the universe starts expanding until the scale factor is
twice its original size, and then stops expanding before the photon is absorbed. In
this case there certainly will be a redshift, despite the fact that there was no “rela-
tive motion™ (an ill-defined concept in any case) at either absorption or emission;
the photon’s wavelength will have doubled as the scale factor doubled, so we ob-
serve a redshift z = 1. This demonstrates the conceptual distinction between the
cosmological redshift and the conventional Doppler effect.

Bevond the geodesic equation, covariant derivatives will play a role in gener-
alizing laws of physics from the fat spacetime of special relativity to the curved
geometry of general relativity. As we will discuss in more detail in the next chap-
ter, a simple rule of thumb is simply to replace all partial derivatives by covariant
derivatives, and all appearances of the flat spacetime metric 7,, by the curved
metric gy,.. For example, the energy-momentum conservation equation of special
relativity, 9, T#" = 0, where T"" is the energy-momentum tensor, becomes

Ve TH =0. (3.92)

In cosmology, we typically model the matter filling the universe as a perfect fud;
the corresponding energy-momentum tensor comes from generalizing (1.114) to
curved spacetime,

T = (p + pUHU" + pg"*. G.93)

Recall that o is the energy density, p is the pressure, and U is the four-velocity
of the fluid. For the metric (3.72) the components of the inverse metric are

=
=
g = g : (3.94)
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We can take the fluid to be in its rest frame in these coordinates, so that the com-
ponents of the four-velocity are U = (1,0, 0, ). In fact the fluid would have 1o
be in its rest frame for this particular metric to solve Einstein’s equation, as we
will later see. The energy-momentum tensor therefore takes the form

THY = R A . (3.95)

Note that these components are specific o the metric (3.72), and will generally
look different for other metrics.

Let’s see what the energy-momentum conservation equation V, 7#" = () im-
plics for a perfect fluid in an expanding universe. The rule for covariant derivatives
(3.17) implies

FEE o Sl A ST T
V TH =8, TH" + T, T + T, T =0. (3.96)
This equation has four components, one for each w, although the three p =17 €
{1, 2, 3} are equivalent. Let’s first look at the v = 0O component, piece by piece.
The first term is straightforward,

B, TH® = HTY = p. (3.97)

The second term is

0 _ i 0
1"::;_? =] ::n‘; = 35,0 (3.98)
and the third term is
: 1
AL gt pl gl pLpll g pl gl phiyst et o (3.99)
a

In each of these sets of equations, we have first invoked the fact that 74" is di-
agonal, and then used the explicit formulae for the energy-momentum tensor and
the connection coefficients in this metric. All together, then, we find

) a
p= —3E{p+p}. {3.100)

Now let’s look at one of the spatial components, choosing v = | for definiteness.
Once again working piece by piece. we have for the first term in (3.96),

E!“'."'“l =nT" =a 23, p. (3.101)
The second and third terms are

P P T =, (3.102)
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and

~1 e ph 1 00 1 11 1 21 33
P TH =TT + T, T +r32‘[22+]g_’;f =10 (3.103)
Equivalent results will hold for v = 2 and v = 3. So the spatial components of
the energy-momentum conservation equation simply amount to

4p=0. (3.104)

It is illuminating 10 compare these results to those we would obtain in Min-
kowski spacetime, which can be found by simply setting « = 1, 4 = (. The
pressure-gradient equation (3. 104) is unaffected, so there is no effect of curvature
on the spatial components: for a fluid that 1s motionless as measured by a comov-
ing observer, the pressure must be constant throughout space. For the timelike
component, on the other hand, the expansion of the universe introduces a nonzero
right-hand side 1o (3.100). To understand the consequences of this new feature,
let us consider equations of state of the form

p=wp, (3.105)
where w is some constant. Then (3.100) becomes

d = —3(l + u;}f, (3.106)
o a

which can be solved to yield
P a—.?(l+n-|. [qu?}

In Chapter 1 we mentioned three kinds of perfect fluid with equations of state of
the form (3.105): dust, with w = 0; radiation, with w = l‘ and vacuum, with
w = —1. A set of nonrclativistic, noninteracting particles behaves like dust; a
set of photons or other massless particles behaves like radiation; and a nonzero
constant energy density throughout spacetime acts like vacuum. From (3.107) we
see that the equation of state determines how the energy density evolves as the

universe expands:

matter p =10 poa -3
radiation p=1p poca™
vacuum p= —p p = constant. (3.108)

We will explore these behaviors more thoroughly in Chapter 8; for right now let's
simply note that they make sense. For dust, the energy density comes from the
rest mass of each particle; if all the particles have mass m, the energy density
is simply p = nm, where n is the number density. Since the number density
goes down as @~ (the physical volume of a comoving region goes up, while the
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total number of particles stays constant), while the masses remain unchanged,
we expect that the energy density obeys p a~*. For radiation, meanwhile, the
energy of each particle (such as a photon) redshifts away as a~' as the universe
expands; since the number density still obeys n o a~*, we expect that p
a4, Finally, the vacuum energy density is an intrinsic and unchanging amount of
energy in any physical volume; it doesn’t redshift at all as the universe expands,
so we gel o = constant.

This example brings to life the ditfferences between flat and curved spacetimes.
For example, consider what we might be tempied to call the “energy,” the integral
over space of the energy density: £ = pa’ d*x, where the boundaries are at
fixed comoving coordinates, so the region expands along with the universe, and
the factor of @* comes from the square root of the determinant of the spatial metric
azéu. This number is clearly not conserved in general, For dust, since p a3,
F remains constant as the universe expands; but for radiation it decreases, and
for vacuum energy it increases. This is upsetting, since conservation of energy 15
one of the more cherished principles of physics. What has happened? One way
of thinking about this is from the viewpoint of Noether’s theorem, which states
that every symmetry implies a conserved guantity. Energy is the conserved quan-
tity that derives from invariance under time translations. Clearly, in an expanding
universe, the energyv-momentum tensor is defined on a background that is chang-
ing with time; therefore there is no reason to believe that the energy should be
conserved. (“There is no timelike Killing vector,” in the language 1o be iniro-
duced in Section 3.8.) Nevertheless, we continue to refer to VuTH = 0 as the
energy-momentum conservation equation. It conveys the idea that there is a def-
inite law obeyed by the energy-momentum tensor, even if there is no integral
corresponding to a conserved energy. The transition from flat 1o curved space-
time induces the additional Christoffel-symbaol terms in (3.96); these terms serve,
roughly speaking, to allow transfer of energy between the matier fields (com-
prising T#"} and the gravitational field. This notion is not very formal, however,
and you shouldn’t push it too far—it turns out to be difficult to associate a local
energy density to the gravitational field, although it is possible in certain circum-
stances,

Of course there is also a notion of time-translation invariance that refers not to
the background spacetime, but 1o the theory itself (that is, to the eguations that de-
fine the theory rather than a specific solution to them). We haven’t yet developed
the dynamical equations of general relativity, but they will turn out 1o be invariant
under time translations, as well as under any other sort of coordinate transforma-
ticns, as indeed they must be. This general coerdinate invariance leads to a set of
constraints on allowed configurations of the theory, and generally requires a more
subile analysis.

In the end, you should come to accept that there is a profound difference be-
tween flat and curved spacetimes, and some of our favorite notions from fat-
spacetime physics will be seriously medified in this more general context. This is
not a sign of any flaw in general relativity, but a natural consequence of discarding
the rigid spacetime geometry we learn to take for granted.
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FIGURE 3.5 An infinitesi-
mal loop defined by two vec-
tors A" and BY.
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THE RIEMANN CURVATURE TENSOR

Having set up the machinery of covariant derivatives and parallel transport, we are
at last prepared to discuss curvature proper. The curvature is quantified by the Rie-
mann tensor, which is derived from the connection. The idea behind this measure
of curvature is that we know what we mean by “flatness” of a connection—the
conventional (and usually implicit) Christoffel connection associated with a Eu-
clidean or Minkowskian metric has a number of properties that can be thought of
as different manifestations of flatness. These include the fact that parallel trans-
port around a closed loop leaves a vector unchanged, that covariant derivatives
of tensors commute, and that initially parallel geodesics remain parallel. As we
shall see, the Riemann tensor arises when we study how any of these properties
are altered in more general contexts.

We have already argued, using the two-sphere as an example, that parallel
transport of a vector around a closed loop in a curved space will lead to a transfor-
mation of the vector. The resulting transformation depends on the total curvature
enclosed by the loop; it would be more useful to have a local description of the
curvature at each point, which is what the Riemann tensor is supposed to provide.
One conventional way to introduce the Riemann tensor, therefore, is to consider
parallel transport around an infinitesimal loop. We are not going to do that here,
but take a more direct route. Nevertheless, even without working through the de-
tails, it is possible 1o see what form the answer should take. Since spacetime looks
flat in sufficiently small regions, our loop will be specified by two (infinitesimal)
vectors A" and BY. We imagine parallel transporting a vector V# by first mov-
ing it in the direction of A*, then along BY, then backward along A" and B"
to return to the starting point, as shown in Figure 3.5. We know the action of
parallel transport is independent of coordinates, so there should be some tensor
that tells us how the vector changes when it comes back to its starting point; it
will be a linear transformation on a vector, and therefore involve one upper and
one lower index. But it will also depend on the two vectors A and B that de-
fine the loop; therefore there should be two additional lower indices to contract
with A* and B". Furthermore, the tensor should be antisymmetric in these two
indices, since interchanging the vectors corresponds to traversing the loop in the
opposite direction, and should give the inverse of the original answer. This is
consistent with the fact that the transformation should vanish if A and B are the
same vector. We therefore expect that the expression for the change §V# experi-
enced by this vector when parallel transported around the loop should be of the
form

VP = R” 5,V A* B, (3.109)

where R”g,y is a (1, 3) tensor known as the Riemann tensor (or simply curva-
ture tensor). It is antisymmetric in the last two indices:

Rpouv = _Rpcrv.u- (3.110)
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Of course, if (3.109) is taken as a definition of the Riemann tensor, a convention
needs to be chosen for the ordering of the indices. There is no agreement at all on
what this convention should be, so be careful.

Knowing what we do about parallel transport, we could very carefully perform
the necessary manipulations to see what happens to the vector under this opera-
tion, and the result would be a formula for the curvature tensor in terms of the
connection coefficients. It is much quicker, however, to consider a related opera-
tion, the commutator of two covariant derivatives. The relationship between this
and parallel transport around a loop should be evident; the covariant derivative
of a tensor in a certain direction measures how much the tensor changes relative
to what it would have been if it had been parallel transported, since the covariant
derivative of a tensor in a direction along which it is parallel transported is zero.
The commutator of two covariant derivatives, then, measures the difference be-
tween parallel transporting the tensor first one way and then the other, versus the
opposite ordering, as shown in Figure 3.6.

The actual computation is very straightforward. Considering a vector field V#,
we take

[V, VuIV? =V, V, VP =V, V,V°
= du(VyVP) =T, Va VP + TE VuV7 — (1 < v)
= B8, VP + (@ [V + T8, VT — T}, VP — ) T, V7
+ 68,V +TE TOLV — (n o v)
= (0I5, — 0Tl + T8,y — T Th, )V — 2T, Vi V2.
(3.111)

In the last step we have relabeled some dummy indices and eliminated some terms
that cancel when antisymmetrized. We recognize that the antisymmetrized con-
nection coefficients in the last term are simply one-half times the torsion tensor,
and that the left hand side is manifestly a tensor; therefore the expression in paren-
theses must be a tensor itself. We write

[V, VulV? = RP 4,V = T, Vo VP, (3.112)

where the Riemann tensor is identified as

Rpo,uu = d,urf,n. - Hur::g + rﬁ}\riu' . o (3.113)

vil pe

Notice a number of things about the derivation of this expression:

s Of course we have not demonstrated that (3.113) is actually the same tensor
that appeared in (3.109), but in fact it’s true. You are asked to show this in
the Exercises.

e It is perhaps surprising that the commutator [V, V. ]. which appears to be
a differential operator, has an action on vector fields that (in the absence of
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torsion, at any rate) is a simple multiplicative transformation. The Riemann
lensor measures that part of the commutator of covariant derivatives that is
proportional to the vector field, while the wrsion tensor measures the part
that is proportional to the covariant derivative of the vector field; the second
derivative doesn’t enter at all.

s Notice that the expression (3,113} is constructed from nontensorial ele-
ments; vou can check that the transformation laws all work out 10 make
this particular combination a legitimate tensor.

e The antisymmetry of R”; . in its last two indices is immediate from this
formula and its derivation,

o We constructed the curvature tensor completely from the connection (no
mention of the metric was made). We were sufficiently careful that the
above expression is true for any connection, whether or not it is metric
compatible or torsion free.

e Using what are by now our usual methods, the action of [V, V] can be
computed on a tensor of arbitrary rank. The answer is

[V, Vo JXFITEE, Ly
= —T* e HXPI,
% ke J-PHXL'H:“ mw---w + R“?}.pnxﬂ I""'Hm...::r y
- -lekl.'u'-"-'l‘X"“:I I“ijkl'z---l,'.l S== R"‘uzpa X“I"'.Htplkmw =l {3,i |4]
Both the torsion tensor and the Riemann tensor, thought of as multilinear maps,

have elegant expressions in terms of the vector-field commutator, Thinking of the
torsion as a map from two vector fields to a third vector field, we have

T(X,Y) = Vx¥ — VyX — X, Y]. (3.115)

and thinking of the Riemann tensor as a map from three vector fields to a fourth
one, we have (in funny-looking but standard notation)

R{X1J")Z=Vx'\?y2—?y?xz—?!x_r|z, (3.116)

In these expressions, the notation Vy refers 1o the covariant derivative along the
vector field X in components, Vy = X"V, So, for example, (3.116) is equiva-
lent 1o

RP o v XPYYZ7 = XAV (Y"VQp ZP) — PPV, (X"V, Z7)
— (XY = Y* 8, XMV, 2", (3.117)

which you can check is equivalent to (3.113). Note that the two vectors X and Y in
{3.116) correspond to the last two indices in the component form of the Riemann
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tensor. The last term in (3.116), involving the commutator [ X, Y], vanishes when
X and ¥ are taken to be the coordinate basis vector fields (since |8, 8,] = 0),
which is why this term did not arise when we originally took the commutator of
two covariant derivatives. We will not use this notation extensively, but you might
see it in the literature, so you should be able to decode it

Having defined the curvature tensor as something that characterizes the con-
nection, let us now admit that in GR we are most concerned with the Christoffel
connection. In this case the connection 1s derived from the metric, and the asso-
ciated curvature may be thought of as that of the metric itself. This identification
allows us to finally make sense of our informal notion that spaces for which the
metric looks Euclidean or Minkowskian are flat, In fact it works both ways:

e I a coordinate system exists in which the components of the metric are
constant, the Riemann tensor will vanish.

s [If the Riemann tensor vanishes, we can always construct a coordinate sys-
tem in which the metric components are constant.

Technically, these statements should be restricted to a region of the manifold that
is simply-connected (all loops in the region can be smoothly deformed to a point
without leaving the region); we will implicitly assume this condition below.

The first of these is easy to show. If we are in some coordinate system such
that d, g,y = 0 everywhere, not just at a point, then I';, = 0 and BTy =
0: thus R, = 0 by (3.113). But this is a tensor equation, and if it is true
in one coordinate system it must be true in any coordinate system. Therefore,
the statement that the Riemann tensor vanishes is a necessary condition for it
to be possible to find coordinates in which the components of g,, are constant
everywhere.

The second claim, that R‘“..,r., v = O everywhere implies we can find a coordi-
nate system in which the metric components are constant everywhere, 1s harder to
prove (but not very hard). Consider as a warm-up a one-form w = wy,dx*, defined
at some point p. For any path x#({4) that includes p, we can construct a unigue
one-form field along the path by demanding that w,, be parallel-transported:

dxt

A

Vyw, = 0. {(3.118)

In general, if we performed this procedure for distinct paths that staried at p and
passed through some other point g, the value of wy, at g would depend on the
path. However, if the Riemann tensor vanishes everywhere, the parallel-transport
will be path-independent, and we can define a unique one-form field throughout
the manifold. Therefore (3.118) must be true for arbitrary dx* /d 4 this can only
be true if wy, is covariantly constant:

Vi, = 0., {(3.119)

On an arbitrary manifold there will be no solutions to this equation; it is only
possible here because we are assuming that the curvature vanishes. We can take
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the antisymmetric part of (3.119), and from (3.36) we know that this is just the
exterior derivative:

";"[_u Wy = Huwy) = 0, (3,120
or, in index-free notation,
dew = Q. (3.12D

In other words, s closed, It s also exact (there exists a scalar function & such
that e = der ), since we have restricted the topology of the region in which we are
working. In components we have

Wy = 0. (3.122)

There is nothing special about the one-form w, so we can repeat this procedure
with a set of one-forms 8@, where a {1...n} on an n-dimensional manifold.
We may choose our one-forms to comprise a normalized basis for the dual space
T, such that the components of the metric with respect to this basis are those of
the canonical form; in other words,

ds?(p) = nes 69 @ 6, (3.123)

Here we use ngp in a gencralized sense, as a matrix with either 41 or —1 for
each diagonal element and zeroes elsewhere. The actual arrangement of the +17s
and —1's depends on the canonical form of the metric, but is irrelevant for the
present argument. Now let us parallel transport the entire set of basis forms all
over the manifold; the vanishing of the Riemann tensor ensures that the result
will be independent of the path taken. Since the metric is always automatically
parallel-transported with respect to a metric-compatible connection, the metric
components will remain unchanged,

d&zimywheﬁ:) = nap 6@ @ 6V, (3.124)

We therefore have specified a set of one-form fields, which everywhere define a
basis in which the metric components are constant. This is completely unimpres-
sive; it can be done on any manifold, regardless of what the curvature is. What we
would like 1o show is that this is a coordinare basis (which will only be possiblie if
the curvature vanishes). However, by the same arguments that led to (3.122), we
know that all of the 6'%)°s are exact forms, so that there exists a set of functions
¥ such that the one-lform fields are their gradients,

69 = dy?, (3.125)

These n functions are precisely the sought-after coordinates; all over the manifold
the metric takes the form

ds® = nap dy%dy?. (3.126)
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At this point you are welcome to switch from using a, b as indices o g, v il you
prefer.

We have thus verified that the Riemann tensor provides us with an answer to the
guestion of whether some horrible-looking metric 1s secretly that of flat space in
a perverse coordinate svstem. I we calculate the Riemann tensor of such a metric
and find that it vanishes, we know that the metric is flat; if it doesn’t vanish, there
is curvature.

PROPERTIES OF THE RIEMANN TENSOR

The Riemann tensor, with four indices, naively has n* independent components
in an n-dimensional space. In fact the antisymmetry property (3.11{0) means that
there are only nin — 1)/2 independent values these last two indices can take on,
leaving us with n°(n — 1)/2 independent components. When we consider the
Christoffel connection, however, a number of other symmetries reduce the number
of independent compaonents further. Let’s consider these now.

The simplest way to derive these additional symmetries is to examine the Rie-
mann tensor with all lower indices,

Ko = Epnlt wmvs (3.127)

Let us further consider the components of this tensor in locally inertial coerdinates
x# established at a point p. Then the Christoffel symbols themselves will vanish,
although their derivatives will not. We therefore have

Risii(P) = 853 (3:T5s — %Th5)
= 38 ﬁixlr{agld-{-E&f + 8305 8¢5 — 030: 806 — %0385+
= By gip + i ghs)
= (095 850 — 9195856 — D585 + B0pgis).  (3.128)

In the first line we have used FE:_(;;J = 0, in the second line we have used
g g;‘f = 0 in Riemann normal coordinates, and the fact that partials commute
in the third line. From this expression we can notice immediately three properties
of Ry it is antisymmetric in its first two indices,

! Rﬂn,uu =_Ecrp;n- | (3.129)

I
—

it 1s antisymmetric in its last two indices [which we already knew from (3.110}],

Rprnu' = —quu_“, : {3];0}
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and it is invariant under interchange of the first pair of indices with the second:

! :
: Rm;n- = Rjil'pr’!- ‘ (3.131)
With a little more work, which is left to your imagination, we can see that the sum
of ¢cyelic permutations of the last three indices vanishes:

| R,rw‘:n-' + Rppn':: -+ R.ﬂvnje = 0. “ {EHZJ

Given (31307, 1Us easy to see that this last property is equivalent to the vanishing
of the antisymmetric part of the last three indices:

| Rpjouvy = 0. l (3.133)

All of these properties have been derived in a special coordinate system, but
they are all tensor equations; therefore they will be true in any coordinates (so
we haven’t bothered with hats on the indices). Not all of them are independent;
with some effort, vou can show that (3.129), (3.130), and (3.133) together imply
(3.131). The logical interdependence of the equations is usually less important
than the fact that they are true.

Given these relationships between the different components of the Riemann
tensor, how many independent quantities remain? Let’s begin with the facts that
Rpo o 18 antisymmetric in the first two indices, antisymmetric in the last two
indices, and symmetric under interchange of these two pairs. This means that we
can think of it as a symmetric matrix Rjpeo | where the pairs po and pv are
thought of as individual indices. An m = m symmetric mairix has m(m + 1)/2
independent components, while an n = n antisymmetric matrix has n(n — 1)/2
independent components. We therefore have

] [%nl{n - 1}] [Eln{n “u e, I] = 1(n® = 2n% 4+ 3n2 = 2n) (3.134)

independent components. We still have to deal with the additional symmetry
(3.133). An immediate consequence of (3.133) is that the totally antisymmetric
part of the Riemann tensor vanishes,

Ripouv) = 0. (3.135)

In fact, this equation plus the other symmetries (3.129), (3.130), and (3.131), are
enough to imply (3.133), as can be easily shown by expanding (3.135) and ma-
nipulating the resulting terms, Therefore imposing the additional constraint of
(3.135) is equivalent 10 imposing (3.133), once the other symmetries have been
accounted for. How many independent restrictions does this represent? Let us
imaging decomposing

Rﬂmw = Xw;u' + Riﬂrﬂwl- (3.136)
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It is easy to see that any totally antisymmetric 4-index tensor is automatically
antisymmetric in its first and last indices, and symmetric under interchange of
the two pairs. Therefore these properties are independent restrictions on X pa v,
unrelated to the requirement (3.135). Now a totally antisymmetric 4-index tensor
has ni(n — 13{n — 2}(n — 3)/4! terms, and therefore (3.135) reduces the number
of independent components by this amount. We are left with

é{n"‘ —2n% +3n% —2n) - jlzn{u —Din—-2)n-3)= %”2{”2 - 1)
(3.137)

independent components of the Riemann tensor,

In four dimensions, therefore, the Riemann tensor has 20 independent compo-
nents. (In one dimension it has none.) These twenty functions are precisely the 20
degrees of freedom in the sccond derivatives of the metric that we could not set
to zero by a clever choice of coordinates when we first discussed locally inertial
coordinates in Chapter 2. This should reinforee your confidence that the Riemann
tensor is an appropriate measure of curvature.

In addition to the algebraic symmetries of the Riemann tensor (which constrain
the number of independent components at any point), it obeys a differential den-
tity, which constrains its relative values at different points. Consider the covariant
derivative of the Riemann tensor, evaluated in locally inertial coordinates:

ViRpans = 05 Rja i
= 3909305850 — 905855 — %5855 + %95855)-  (3.138)
It may seem illegitimate o 1ake the derivative of an expression that is only true at a

point, but the terms we are neglecting are all proportional (o d; g;;, and therefore

vanish. We would like to consider the sum of cyclic permutations of the first three
indices:
ViRssa0 + VR + V3 R;

X EyT AGT

Il

(850,05 850 — 05 ;05805 — 350500855 + 00505814

+ d58:0; 855 — 050,05 8,5 — 059505 855 + Uﬁﬁ;.ﬂagﬁj_

+ D5 805855 — 058303805 — 9 050585, + D509 8715)

=0. (3.139)

Once again, since this is an equation between tensors it is true in any coordinate
sysiem, even though we derived 1t in a particular one. We recognize by now that
the antisymmetry R o0 = — Roppo allows us to write this result as

v!j‘R'{,ﬁh[L' ={:]- f3.14{}]

This is known as the Bianchi identity. For a general connection there would be
additional terms involving the torsion tensor. It is closely related to the Jacobi
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identity, since (recalling the definition of the Riemann tensor in terms ol the com-
mutator of covariant derivatives) it expresses

[([¥x. Vo), Vo] + [[Vp, Vo], Vi] + [[Ve, Vi], V] = 0. (3.141)

The Riemann tensor has four indices. At times it is useful to express a ensor
as a sum of varicus pieces that are individually easier to handle and may have di-
rect physical interpretations. The trick 15 to do this in a coordinate-invariant way.
For example, we could decompose the Riemann tensor into RV, and R4,
from which we could reconstruct the entire tensor (since R°,00 vanishes), But
clearly this decomposition is not invariant under change of basis; we want 1o
find a decomposition that is preserved when we change coordinates, What we
are really doing is considering representations of the Lorentz group. We have
two fundamental tricks at our disposal: taking contractions, and taking symmet-
ric/antisymmetric parts. For example, given an arbitrary (0, 2) tensor X ,,,, we can
decompose il into its symmetric and antisymmetric pieces,

Xj!l' = X{;u'] + X[,:n']- {31‘423

and the symmetric part can be further decomposed into its trace X = g"" X,
and a trace-free part X, = X — #Xg,, v, 50 that

1 -
x;ul =;Xg;u.-+xpu""xl,ul']- 1314'”

(Note that X, is automatically traceless.) When we change coordinates, the
different pieces Xgq, f;. v, and Xy, are rotated into themselves, not into each
other, we say that they define “invariant subspaces™ of the space of ({0, 2) ten-
sors. For more complicated tensors the equivalent decomposition might not be so
simple.

For the Riemann tensor, our first step is to take a contraction o form the Ricei
tensor:

R;ul = R';‘Jn'.-i_l" {11|44]l

For the curvature tensor formed from an arbitrary (not necessarily Christoffel)

connection, there are a number of independent contractions 1o take. Our primary

concern 15 with the Christoffel connection, for which (3,144 is the only inde-

pendent contraction; all others either vanish. or are related to this one. The Ricei

tensor associated with the Christoffel connection is automatically symmetric,
S

R“'L- = -R'l-“, {3."45]

as a consequence of the symmetries of the Riemann tensor. The trace of the Ricei
tensor is the Ricei scalar (or curvature scalar):
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R = R*, = g*'R,,. (3.146)

We could also form the trace-free part ﬁ,“. = Ryy — ,‘LRHM v, but this turns ouwt
not to be especially useful; it is more common to express things in terms of R,
and K.

The Ricci tensor and scalar contain all of the information about races of the
Riemann tensor, leaving us the trace-free parts. These are captured by the Weyl
tensor, which is basically the Riemann tensor with all of its contractions removed.
It is given in n dimensions by

2
= (&eluRvio = gatuRuip)
2

L in—1n-2)

'f--‘pcruv - R,r.l-:'.rpn-' -

Eplulvje R (3.147)

This messy formula is designed so that all possible contractions of C por g vamish,
while 1t retains the symmetries of the Riemann tensor:

Coapv = Clpo(uv)s
Cl.;);r_;u- = (-\-J[upo‘.

Cplouw) = 0. (3.148)

The Weyl wnsor is only defined in three or more dimensions, and in three di-
mensions it vanishes identically. One of the most important properties of the
Weyl tensor is that it is invariant under conlormal transformations (discussed in
Appendix G). This means that if you compute C”;,, (note that the first index
is upstairs) for some metric gy, and then compute it again for a metric given
by wzl[,rjg;m-‘ where wix) is an arbitrary nonvanishing function of spacetime,
you gel the same answer. For this reason it is often known as the conformal
teRsor.

Anespecially useful form of the Bianchi identity comes from contracting twice
on (3.139):

U=gllagi‘j‘tviﬁ,rmuv T VpRﬂ;LJ:L' t v-:rR?.p;u'}'
= V*Rpu — VR + V' R,y (3.149)

ar
VERpy = 2V, R. (3.150)

Notice that, unlike the partial derivative, it makes sense to raise an index on the
covariant derivative, due to metric compatibility, We define the Einstein tensor
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as

Guv = Ruv — 4 Rgpy. (3.151)

In four dimensions the Einstein tensor can be thought of as a trace-reversed ver-
sion of the Riccl tensor. We then see that the twice-contracted Bianchi identity
(3.150) is equivalent 1o

VEG uy = 0. (3.152)

The Einstein tensor, which is symmetric due to the symmetry of the Ricci tensor
and the metric, will be of great importance in general relativity.

We should pause at this point to contrast the formalism we have developed with
our intuitive notion of curvature, Our intuition is unfortunately contaminated by
the fact that we are used to thinking about one- and two-dimensional spaces em-
bedded in the (almost) Euclidean space in which we live. We think, for example,
of a straight line as having no curvature, while a circle (§') is curved. However,
according to (3.137), in one, two, three, and four dimensions there are (3, 1, 6 and
20 independent components of the Riemann tensor, respectively. (Everything we
say about the curvalure in these examples refers to the curvature associated with
the Christoffel connection, and therefore the metric.) Therefore it is impossible
for a one-dimensional space such as §' to have any curvature as we have defined
i, The apparent contradiction stems from the fact that our intuitive notion of cur-
vature depends on the extrinsic geometry of the manifold, which characterizes
how a space is embedded in some larger space, while the Riemann curvature is
a property of the intrinsic geometry of a space, which could be measured by ob-
servers confined to the manifold. Beings that lived on a circle and had no access
to the larger world would necessarily think that they lived in a flat geometry—
for example, there 15 no possibility of a nondegenerate infinitesimal loop around
which we could parallel-transport a vector and have it come back rotated from its
original position. Extrinsic curvature, discussed in Appendix D, is occasionally
useful in GR when we wish 1o describe submanifolds of spacetime; but most of-
ten we are interested in the intrinsic geometry of spacetime itself, which does not
rely on any embeddings,

We can illustrate the intrinsic/extrinsic difference further with an example from
two dimensions, where the curvalure has one independent component. In fact, all
of the information about the curvature is contained in the single component of the
Ricci scalar. Consider a torus, portrayed in Figure 3.7, which can be thought of as
a square region of the plane with opposite sides identified (topologically, ' x §').
Although a torus embedded in three dimensions looks curved from our peint of
view, it should be clear that we can put a metric on the torus whose components
arg constant in an appropriate coordinate system—simply unroll it and use the
Euclidean metric of the plane, ds® = dx? < dy?. In this metric, the torus is flat.
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FIGURE 3.7 A torus thought of as a square in flat space with opposite sides identified.

There is also nothing to stop us from introducing a different metric in which the
torus is not flat, but the point we are trying to emphasize is that it can be made flat
in some metric. Every time we embed a manifold in a larger space, the manifold
inherits an “induced metric” from the background in which it is embedded, as
discussed in the Appendix A. Our point here is that a torus embedded in a flat
three-dimensional Euclidean space will have an induced metric that is curved, but
we can nevertheless choose to put a different metric on it so that the intrinsic
geomelry is flal.

Let’s turn to a simple example where the curvature does not vanish. We have
already talked about the two-sphere 5, with metric

ds® = a*(df® + sin® 6 dg?), (3.153)

where a is the radius of the sphere. It will actually be the radius if our sphere is
embedded in R?, but we can call it the radius even in the absence of any embed-
ding. Two-dimensional people living on the sphere could calculate a by measuring
the area of the sphere, dividing by 4, and taking the square root; using the word
“radius” to refer to this quantity is merely a convenience. We should also point
out that the notion of a sphere is sometimes used in the weaker topological sense,
without any particular metric being assumed; the metric we are using is called the
round metric. Without going through the details, the nonzero connection coeffi-
cients for (3.153) are

[‘3@ = —sinf cosd
[§y =[5 = cotd. (3.154)
Let’s compute a promising component of the Riemann tensor:
R g6 = 35T 4y — 9TGs + T52Tgs — TgiTog
= (sin’ @ — cos® 8) — (0) + (0) — (—sin# cos #)(cot§)
= sin’ 6. (3.155)



is m

3.8 Symmetries and Killing Vectors 133

The notation is obviously imperfect, since the Greek letter & is a dummy index that
15 sumnmed over, while the Greek letiers & and ¢ represent specific coordinates,
Lowering an index, we have

Roges = gowR" g6
= .’{sHRHpﬁ-@
= a’sin’ 6. (3.156)

It is easy to check that all of the components of the Riemann tensor either vanish
or are related to this one by symmetry. We can go on to compute the Ricei tensor
via Ry = 2% Ry 0. We obtain

R.c,.r-; = g{r@ R¢5¢|g = |
Rog = Rgs =0
R.;;('ﬂ = gﬂaR_s@{g.;. = S'III]]{?. (315?}

The Ricci scalar is similarly straightforward:

R

I
]
&
s
g
L3
=z
-
[

(3.158)

Therefore the Ricei scalar, which for a two-dimensional manifold completely
characterizes the curvature, is a constant over the two-sphere. If we had per-
turbed the metric {(corresponding physically 1o bumps en the sphere), this would
no longer have been the case. Note that the scalar curvature decreases as the radius
of the sphere increases. Even in more general contexts, we will sometimes refer
to the “radius of curvature™ of a manifold as providing a length scale over which
the curvature varies; the larger the radius of curvature, the smaller the curvature
itself.

SYMMETRIES AND KILLING VECTORS

The real world is a messy place, and we have no hope of finding a metric that de-
scribes our actual universe, or even any small part thereof, with perfect precision.
Instead, we moedel spacetime via various approximations appropriate o the phys-
ical sitwation being studied. For example, the geometry outside a star or planet
may be approximated, to some order of precision, as being spherically symmet-
ric, even if the real situation includes small deviations from this symmetry—these
may be added in later as perturbations.

General relativity is no different from other fields of physics, then, in being
especially interested in solutions with symmetry. In fact, such properties may be
even more crucial in GR than in, say, electromagnetism, since the nonlinear nature
of Einstein’s equation (discussed in the next chapter) makes it hard 1o find any
exact solutions at all. In the context of curved spacetime, however, we need to be
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more careful than usual aboul what exactly is meant by “symmetry.” In this section
we develop some useful tools for studying symmetry; a deeper investigation can
be found in Appendix B.

We think of a manifold M as pessessing a symmetry if the geometry is invari-
ant under a certain transformation that maps M to itself; that is, if the metric 15
the same, in some sense, from one point to another. In fact different tensor fields
may possess different symmetries; symmetries of the metric are called isome-
tries. Sometimes the existence of isometries is obvious; consider, for example,
four-dimensional Minkowski space,

ds® = nuydeidx’ = —dr® +dx? + dy? + d2%. (3.159)

We know of several isometries of this space; these include translations (x S
x# 4 a¥ with a” fixed) and Lorentz transformations (x* — A# x", with A¥ a
Lorentz-transformation matrix). The fact that the metric is invariant under transla-
tions is made immediately apparent by the simple fact that the metric coefficients
e are independent ol the individual coordinate functions x*. Indeed, whenever
tr,£pv = 0 for some fixed o. (but for all & and v), there will be a symmetry
under translations along x™:

Ao, guv =0 = x7 = x™ + 4" is a symmetry. (3.160)

The careful reader will have noticed that we still haven’t precisely defined what
we mean by symmetry; roughly we imagine that the metric is invariant under
some transformation, but the precise meaning is only developed in Appendix B,
Also, the implication arrow in (3.160) only goes one way, and it would be nice
to have a clean criterion for deciding when a given transformation counts as a
symmetry; this will come soon,

Isometries of the form (3.160) have immediate consequences for the motion of
test particles as described by the geodesic equation. Recall from (3.61) that the
geodesic equation can be written in terms of the four-momentum p* = mU*
{valid for timelike paths, at least) as

PV pt =0. (3.161)

By metric compatibility we are free to lower the index g, and then we may expand
the covariant derivative to obtain

PA“;\P,: = p*ps = 0. (3.162)

The first term tells us how the momentum components change along the path,

ks

. dx™ dp
p"‘f.i;._gl“_ = H‘I—{'En:i‘;__lf)“ =m .-f-f_;“ . (3. ”:l?l}



3.8  Symmetries and Killing Vectors 135

while the second term is

Mf.0"Pe = 387" (Baguv + Bugur — Bugap) P Pa (3.164)
= % (H-.'-Hu\.- + 51'1121 A == UrH}.J: J'IJ';\ Pll [::I' ] 65}
= 3(.8)P" P, (3.166)

where we have used the symmetry of p* p" 10 go from the second line to the
third. So, without yet making any assumptions about symmetry, we see that the
geodesic equalion can be writlen as
dp 1 3
| : AW
m—— = =(d gz )p p". (3.167)
AT i
Therefore, il all of the metric coefficients are independent of the coordinate x7,
we find that this isometry implies that the momentum component p,, is a con-
served quantity of the motion:
d s,

g, 8y =0 = o =0, (3.168)

This will hold along any geodesic, even though we only derived it for timelike
ones. The conserved quantities implied by isometries are extremely useful in
studying the motion of test particles in curved backgrounds,

Of course, even though independence of the metric components on one or more
coordinates implies the existence of isometries, the converse does not necessarily
hold. Symmetry under Lorentz transformations, for example, is nol manifest as
independence of 5, on any coordinates; indeed, in four dimensions, there are
four types of translations and six types of Lorentz transformations, for a total
of ten, which is obviously larger than the number of dimensions the metric could
possibly be independent of. What is more, it would be simple enough to transform
to a complicated coordinate sysiem where not even the translational symmetries
were obvious. Such a coordinate ransformation would change the metric com-
ponents, but not the underlying geometry, which 1s what the symmetry is really
characterizing. Clearly a more systematic procedure is called for,

We can develop such a procedure by casting the right-hand equation of (3.168),
expressing constancy of one of the components of the momentum, in a more man-
ifestly covariant form. If x” is the coordinate which g, is independent of, let us
consider the vector d,,, which we label as K:

K =3, (3.169)
which is equivalent in component notation to

Kt = (3, )" =8¢ (3.170)

[+

We say that the vector K# generates the isometry; this means that the transforma-
tion under which the geometry is invariant is expressed infinitesimally as a motion



136

Chapter 3 Curvature

in the direction of K%, Again, the notion is developed more fully in Appendix B.
In terms of this vector, the noncovariant-looking quantity p,_ is simply

Po. = K'py, =K, p". (3.171)

Meanwhile, the constancy of this (scalar) quantity along the path is equivalent 1o
the statement that its directional derivative along the geodesic vanishes:

d :
j.‘%*- =0 o pHFVUK,pY)=0. (3.172)
aT

Expanding the expression on the right, we obtain

PV (K,p¥) = p* K,V p* + p* p'V K,
= P#Pllvu Ky
= p*p"Viu Ky, (3.173)

where in the second line we have invoked the geodesic equation (pHWV,p¥ =
0). In the third line we have used the fact that p* p* is automatically symmetric
in y and v, so only the symmetric part of ¥V, K, could possibly contribute. We
therefore conclude that any vector K, that satisfies ¥V, K,y = 0 implies that
Ky p" is conserved along a geodesic trajectory:

— . .
| Vuky=0 = p'VuK,p")=0. (3.174)

The equation on the left is known as Killing’s equation, and vector fields that
satisty it are known as Killing vector fields (or simply Killing vectors). You can
verily Tor yoursel that, if the metric is independent of some coordinate £, the
vector dy, will satisfy Killing's equation. In fact, if a vector &% satishies Killing's
equation, it will always be possible to find a coordinate system in which K = i,,;
but in general we cannot find coordinates in which all the Killing vectors are
simultaneously of this form, nor is this form necessary for the vector 1o satisfy
Killing's equation.

As we investigate in Appendix B, Killing vector fields on a manifold are in one-
to-one correspondence with continuous symmetries of the metric on that mani-
fold. Every Killing vector implies the existence of conserved quantities associated
with geodesic motion. This can be understood physically: by definition the metric
is unchanging along the direction of the Killing vector. Loosely speaking, there-
fore, a free particle will not feel any forces in this direction, and the component of
its momentum in that direction will consequently be conserved. In fact, the same
kind of logic by which we showed that K, p¥ is conserved along a geodesic if
Vi Ky = 0 generalizes o additional indices: a Killing tensor is a symmetric /-
index tensor K ..., that satisfies the obvious generalization of Killing's equation,
and correspondingly leads 1o conserved quantities by contracting with [ copies of
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the momentum:
v[“ K"l""“-'] =0 = Pg‘v;([KM'mr'lpll Rk Pw_} = {3.1?5‘]

Simple examples of Killing tensors are the metric itself, and symmetrized tensor
products of Killing vectors, Killing tensors are not related in a simple way to
symmetries of the spacetime, but they will simplify our analysis of rotating black
holes and expanding universes.

Drerivatives of Killing vectors can be related to the Riemann tensor by

VuVaK? = R 5,0 K", (3.176)
as you are asked to prove in the exercises. Contracting this expression yields
VuVo K# = Ry K. (3.177)

These relations, along with the Bianchi identity and Killing's equation, suffice to
show that the directional derivative of the Ricei sealar along a Killing vector field
will vanish,

K*. R =0. (3.178)

This last fact is another reflection of the idea that the geometry is not changing
along a Killing vector field.

Besides leading to conserved quantities for the motion of individual particles,
the existence of a tmelike Killing vector allows us to define a conserved en-
ergy for the entire spacetime. Given a Killing vector K, and a conserved energy-
mormentum lensor 7, we can construct a current

J¥ = K, 7™ (3.179)
that is automaticaily conserved,

Vo J¥ = (VK)T* + K, (V,TH)
=0. (3.180)

The first term vanishes by virtue of Killing's equation (since the symmetry of
the upper indices serves to automatically symmetrize the lower indices), and the
second term vanishes by conservation of T, If K, is timelike, we can integrate
over a spacelike hypersurface £ 1o define the wotal energy,

Ey :f .-’jffn”.‘,a’}fdgx. (3.181)
E

where 345 1s the induced metric on X and n, 15 the normal vector 1o Z. In Ap-
pendix E we discuss integration over hypersurfaces, and in particular Stokes’s the-
orem; as explained there, E¢ will be the same when integrated over any spacelike
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hypersurface, and is therefore conserved. This result fits nicely with our discus-
sion in Section 3.5, where we found that the total energy is not typically conserved
in an expanding universe; expansion means that the metric is changing with time,
50 there is no 1sometry in this direction, When there 15 a imelike Killing vector, we
can write the metric in a form where it is independent of the umelike coordinate,
and Noether's theorem implies a conserved energy. Similarly, spacelike Killing
vectors may be used to construct conserved momenta (or angular momenta).

Although it may or may not be simple to actually solve Killing's equation in
any given spacetime, it is frequently possible to write down some Killing vectors
by inspection. (Of course a generic metric has no Killing vectors at all, but to
keep things simple we often deal with metrics with high degrees of symmetry.)
For example, in R? with metric ds® = dx? + dy? + dz°, independence of the
metric components with respect to x, v, and z immediately vields three Killing
VELTOrs:

X* =(1,0,0)
¥¥ =(0,1,0)
ZE =(0,0,1). (3.182)

These clearly represent the three translations. There are also three rotational sym-
metries in R®, which are not quite as simple. To find them, imagine first going to
polar coordinates,

Fsinf cos g

et

v = rsinf sing
z=rcosh, (3.183)
where the metric takes the form
ds® = dr? + r?d6” + r¥sin® 6 dg?. (3.184)

Now the metric {the same metric, just in a different coordinate system) is man-
ifestly independent of ¢. We therefore know that B = 83 is a Killing vector,
Transforming back to Cartesian coordinates, this becomes

R ==y +xdy. (3.185)

The Cartesian components R* are therefore (—y, x. (). Since this represents a
rotation about the z-axis, it is straightforward to guess the components of all three
rotational Killing vectors:

TF =(0, -z . (3.186)
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representing rotations about the z, v, and x-axes, respectively. You can check for
yourself that these actually do solve Killing's equation. The overall signs don’t
matter, since minus a Killing vector is still a Killing vector.

This exercise leads directly to the Killing vectors for the two-sphere §% with
metric

ds® = d6? + sin® 8 de”. (3.187)

Since this sphere can be thought of as the locus of points at unit distance from the
origin in R, and the rotational Killing vectors all rotate such a sphere into itself,
they also represent symmetries of S2. To get explicit coordinate-basis representa-
tions for these vectors, we first ransform the three-dimensional vectors (3.186) to
polar coordinates x* = (r, 6, ¢). A straightforward calculation reveals

S =cosgdy — cotd sing dg

T = —sing iy — cotf cos g dy. (3.188)

Notice that there are no components along d,, which makes sense for a rotational
isometry. Therefore the expressions (3.188) for the three rotational Killing vectors
in R? are exactly the same as those of $%in spherical polar coordinates.

Inn = 2 dimensions, there can be more Killing vectors than dimensions. This
15 because a set of Killing vector fields can be linearly independent, even though
at any one point on the manifold the vectors at that point are linearly dependent.
It is trivial to show {50 you should do it yourself) that a linear combination of
Killing vectors with constanr coefficients is still a Killing vector (in which case
the linear combination does not count as an independent Killing vector), but this is
not generally true with coefficients that vary over the manifold. You can also show
that the commutator of two Killing vector fields is a Killing vector field: this is
very useful 1o know, but it may be the case that the commutator gives you a vector
field that is not linearly independent (or it may simply vanish). The problem of
finding all of the Killing vectors of a metric is therefore somewhat tricky, as it is
not always clear when 1o stop looking.

MAXIMALLY SYMMETRIC SPACES

How symmetric can a space possibly be? An example ol a space with the highest
possible degree of symmetry is R® with the flat Euclidean metric. Consider the
isometries of this space, which we know to be translations and rotations in » di-
mensions, from the perspective of what they do in the neighborhood of some fixed
point p. The translations are those transformations that move the point; there are
n independent axes along which it can be moved, and hence n total translations.
The rotations, centered al p, are those transformations that leave p invanant; they
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can he thought of as moving one of the axes through p into one of the others,
There are n axes, and for each axis there are n — 1 other axes into which it can be
rotated, but we shouldn’t count a rotation of v into x as separate from a rotation of
xinto v, so the total number of independent rotations is -én[n — 1). We therefore
have

1" -+ :ﬁ"{" -1} = %!tl:n + 1) (3.189)

independent symmetries of R". But our counting argument only referred to the
behavior of the symmetry in a neighborhood of p, not globally all over the mani-
fold; so even in the presence of curvature the counting should be the same. If the
metric signature is not Euclidean, some of the rotations will actually be boosts,
but again the counting will be the same. The number of isometries is, of course,
the number of linearly independent Killing vector fields. We therefore refer to
an n-dimensional manifold with %u{n + 1} Killing vectors as a maximally sym-
metric space. The most familiar examples of maximally symmerric spaces are
n-dimensional Euclidean spaces R" and the n-dimensional spheres 8", For an n-
dimensional sphere we usually think of the isometries as consisting of %n (n+1)
independent retations, rather than as some collection of both rotations and trans-
lations. However, if we consider the action of these rotations on some fixed point
g, a moment’s thought convinces us that the entire set can be decomposed into
'5” {n — 1) rotations around the point (keeping p fixed), and another n that move
p along each direction, just as in R",

If a manifold is maximally symmetric, the curvature is the same everywhere
(as expressed by translation-like 1sometries) and the same in every direction (as
expressed by rotation-like isometries). Hence, if we know the curvature of a max-
imally symmetric space at one point, we know it everywhere. Indeed, there are
only a small number of possible maximally symmetric spaces; they are classified
by the curvature scalar & (which will be constant everywhere), the dimensionality
a1, the metric signature, and perhaps some discrete pieces of information relating
to the global topology (distinguishing, for example, an n-torus from R", and tori
of different sizes from each other). It follows that we should be able 10 reconstruct
the entire Riemann tensor of such a space from the Ricci scalar £ let’s see how
this works.

The basic idea is simply that, since the geometry looks the same in all direc-
tions, the curvature tensor should look the same in all directions, What might this
mean? First choose locally inertial coordinates at some point p, so that g;; =
Nio- Of course, locally inertial coordinates are not unique; for example, we can
perform a Lorentz transformation at p and the metric components will remain
those of ng;. (By “doing a Lorentz transformation™ we really are referring to a
change of basis vectors in Ty,: in a curved spacetime, this only makes sense at a
single point, not over a region.) Since the geometry is maximally symmetric, we
want the same 1o be true of the Riemann tensor; that is, the components of R;s .
should not change under a Lorentz transformation either, since there is no pre-
ferred direction in spacetime, But there are unique tensors that do not change their
components under Lorentz transformations—the metric, the Kronecker delta, and
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the Levi—Civita tensor. This means that, in these coordinates and at this point,
the components of R ;555 will be proportional to a tensor constructed from these
invariant tensors. Attempting to maich the symmetries of the Riemann tensor re-
veals that there is a unique possibility:

Rpsio € Bsa8st — BpoBen- (3.190)

But this is a completely tensorial relation, so it must be true in any coordinate
systermn, We have argued in favor of this relation at a single point g, but in a
maximally symmetric space all points are ¢reated equal, so it must also be true at
any other point as well. The proportionality constant is easily fixed by contracting
both sides twice [the left-hand side becomes R, and the right-hand side is n(n —
1)]. We end up with an equation true in any maximally symmetric space, at any
point, in any coordinate system:

R
H;Ja,uu = ”' o — I}{gp,[t.gar = K,m'.,‘\’a,u}- i3 ['1;‘”

Likewise, if the Riemann tensor satisfies this condition {(with R a constant over
the manifold), the metric will be maximally symmetric. In two dimensions, find-
ing that R is a constant is sufficient to prove that a space is maximally symmetric,
since there is only one independent component of the curvature. In higher dimen-
sions vou have 10 work harder.

Locally, then (ignoring questions of global topology), a maximally symmetric
space of given dimension and signature is fully specified by R. The basic clas-
sification of such spaces is simply whether R is positive, zero, or negative, since
the magnitude of R represents an overall scaling of the size of the space. For Eu-
clidean signatures, the flat maximally symmetnc spaces are planes or appropriate
higher-dimensional generalizations, while the positively curved ones are spheres.
Maximally svmmetric Euclidean spaces of negative curvature are hyperboloids,
denoted H”. These are less familiar because even a two-dimensional hyperboloid
cannot be isometrically embedded in R*. Let's examine this two-dimensional hy-
perboloid briefly.

There are a number of ways of representing /7, which has the same topology
as R%. One simple way is as the Poincaré half-plane, which is the region v = 0
of a two-dimensional region with coordinates {x, v} and metric

2 ﬂ'j 3 5
ds® = — (dx“ + dy“). (3.192)
v

The geometry of the Foincaré half-plane is of course different from that of the
upper half of R?, despite the use of similar coordinates. For example, we can
compute the length of a line segment stretching vertically (x = constant) from y;
to ya:
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[-": [ dx#dxv
L = Euy————dy
By V" dy dy

¥2 (-f"'t
= { —
n ¥

=aln (2) (3.193)
i

This is not at all the result As = v — v; we would expect in Euclidean space. In
particular, notice that the path length becomes infinite for paths that approach the
boundary v = 0. In other words, it’s not really a boundary at all; it’s infinitely far
away, as far as anyone living on the hyperboloid is concerned.

The nonvanishing Christoffel symbols for (3.192) are

ol |
]_'.',:}. =0, ==y
=y
]":.'). =—y~ 1 (3.194)

From these it is straightforward to show that geodesics satisfy
2

(x —xp)* +y* =12, (3.195)

for some constants xg and /. Curves of this form are semicircles with centers
located on the y-axis, as shown in Figure 3.8, In the limit as xy — o< and! — 2¢
with [ — xq fixed, we get a straight vertical line. Following our discussion of §% at
the end of Section 3.7, we calculate a representative component of the Riemann
tensor 1o be

&

R* yry = =y~ 2. (3.196)

As with the two-sphere, all other components are either vanishing or related to
this by symmetries. This is simply a reflection of the fact that we are in two di-

X

FIGURE 3.8 The upper half plane with a negatively curved metric. Geodesics are semi-
circles and straight lines that intersect the x-axis vertically.
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mensions, with only one independent component of curvature, Turning the crank
vields the Ricci tensor,

Ryz =~y
Ry, =0
Ryy = —y~2, (3.197)
and the curvature scalar,
2
R=——. (3.198)
=

We see that it matches that of §% with the opposite sign, and in particular that it
is a constant. Since we are in two dimensions, this is enough to ensure that our
metric really is maximally symmetric. Of course there are coordinates in which
H? looks very different; one is introduced in the Exercises.

Locally, then, a maximally symmetric space of Euclidean signature is either
a plane, a sphere, or a hyperboloid, depending on the sign of R. Globally, any
maximaily symmetric space {of Euclidean signature) can be constructed by tak-
ing a carefully chosen region of one of these three spaces and identifying differ-
ent sides, as the flat torus can be constructed from R?. As an aside, let’s briefly
mention a connection between local geometry and global wpology, encompassed
by the Gauss—Bonnet theorem. For a two-dimensional compact boundaryless ori-
entable manifold, this reads

1 -
(M) = —f Rylgld"x, (3.199)
4?? M

where x (M) is a topological invariant of the space, known as the Euler charac-
teristic. In general it can be calculated from the cohomology spaces mentioned in
Chapter 2; in two dimensions, however, it is simply given by

x(M) =2(1 —g), (3.200)

where g is the genus of the surface (zero for a sphere, and equal to the number of
handles of a torus or Riemann surface). The Gauss—Bonnet theorem holds whether
or not the curvature K is a constant; when it is, however, we see that all Riemann
surfaces of genus g = 2 must have negative curvature, just as a sphere must be
positively curved and a torus must be flat.

Continuing our aside, think for the moment about string theory, which claims
that the fundamental objects comprsing the universe are small one-dimensional
loops of string. Such strings have two-dimensional “world-sheets” rather than
one-dimensional worldlines. Doing perturbation theory in string theory (the
equivalent of calculating Feynman diagrams in quantum field theory) invelves
summing over all world-sheet geometries (generally, for technical reasons, Eu-
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clidean geometries). This sounds like a lot of geometries, but in two dimensions
any metric can be written as some fiducial metric times a conformal factor. This
should be plausible, since there is only one curvature component; you are asked
to prove it in the Exercises. The fiducial metric can be chosen differently for
each world-sheet opology, and we can make our lives easier by choosing it 1o
be (locally) a metric of maximal symmetry—the round sphere for genus zero,
the plane for genus one, and the hyperboleid for higher genera. Even more for-
tunately, the string theories of greatest physical interest are the so-called critical
string theories, for which the conformal factor itselt doesn’t matter. This is one
of the things that makes doing calculations in perturbative string theory possible;
we only have to sum over a discrete set of topologies, with a finite number of
modular parameters for cach topology (such as the parameters telling us the sizes
of the different directions in a torus).

We close this section with one last point. We have explored the maximally
symmetric spaces of Euclidean signatures; there are, of course, corresponding
spacetimes with Lorentzian signatures. We know that the maximally symmetric
spacetime with R = 0 is simply Minkowski space. The positively curved max-
imally symmetric spacetime is called de Sitter space, while that with negative
curvature is imaginatively labeled anti-de Sitter space. These spacetimes will be
more thoroughly discussed in Chapter 8,

It should be clear by now that the Appendices flesh out these ideas in important
ways. Impatient readers may skip over them, but it would be a shame 1o do so.

GEODESIC DEVIATION

The Riemann tensor shows up as a consequence of curvature in one more way:
geodesic deviation. You have undoubtedly heard that the defining property of Eu-
clidean (flat) geometry is the parallel postulate: initially parallel lines remain par-
allel forever. Of course in a curved space this is not true; on a sphere, certainly,
initially parallel geodesics will eventually cross. We would like to quantify this
behavior for an arbitrary curved space.

The problem is that the notion of “parallel” does not extend naturally from flat
to curved spaces. The best we can do is to consider geodesic curves that might
be initially parallel, and see how they behave as we travel down the geodesics. To
this end we consider a one-parameter family of geodesics, v (r). That is, for each
s € R, ¥, is a geodesic parameterized by the affine parameter 1. The collection of
these curves defines a smooth two-dimensional surface (embedded in a manifold
M of arbitrary dimensionality). The coordinates on this surface may be chosen to
be s and ¢, provided we have chosen a family of geodesics that do not cross. The
entire surface is the set of points x* (5, 1) € M. We have two natural vector fields:
the tangent vectors to the geodesics,

Dxk

i (3.201)
dat
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FIGURE 3.9 A set of geodesics y;(r), with tangent vectors T#. The vector field §#
measures the deviation between nearby geodesics,

and the deviation vectors

{
5H = i"-c-j- (3.202)
ds
This name derives from the informal notion that 5* points from one geodesic
toward the neighboring ones.
The idea that §* points from one geodesic to the next inspires us to define the
“relative velocity of geodesics,”

VH = (VS =T7V, 8, (3.203)
and the “relative acceleration of geodesics,”
AP = (Vp V¥ =TPV, V¥, (3.204)

You should take the names with a grain of salt, but these vectors are certainly
well-defined. This notion of relarive acceleration between geodesics should be
distinguished from the acceleration of a path away from being a geodesic, which
would be given (when r is the proper time) by a* = T7V, T#.

Since § and T are basis vectors adapted to a coordinate system, their commu-
tator vanishes:

[§.T]=0. (3.205)
From (3.37) we then have

SPV,TH = TPV, 8-, (3.206)
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With this in mind, let's compute the acceleration:
AM = TPV (T7 Vo S*)

= TPV, (S°V, TH)

= (TPV,S° W VoT") + T8V, Vo TH

= (SPVT M T+ TPECIN NI ™ + RE s T

= (SPV, TNV TH) + STVa (TPV,TH) — (§° Vs TP)V,TH

+ R” el g ?11'?1,05‘{[

= RV e T'T?S5, (3.207)
Let’s think about this line by line, The first line is the definition of A*, and the
second line comes directly from (3,206}, The third line is simply the Leibniz rule.
The fourth line replaces a double covariant derivative by the derivatives in the
oppostie order plus the Riemann tensor. In the fifth line we vuse Leibniz again (in
the opposite order from usual), and then we cancel two identical terms and notice
that the term involving 77V, T vanishes because T# 1s the tangent vector to a
geodesic, The resul,

D? iy
AH = -3 5 =R T TPE, (3.208)

1$ the geodesic deviation equation. It expresses something that we might have
expected: the relative acceleration between two neighboring geodesics is propor-
tional to the curvature.

The geodesic deviation equation characterizes the behavior of a one-parameter
family of neighboring geodesics. We will sometimes be interesied in keeping
track of the behavior of a multi-dimensional set of neighboring geodesics, per-
haps representing a bundle of photons or a distribution of massive test particles.
Such a set of geodesics forms a congruence: in Appendix F we derive equations
that describe the evolution of such congruences.

Physically, of course, the acceleration of neighboring geodesics is interpreted
as a manifestation of gravitational tdal forces. In the next chapter we explore
in more detail how properties of curved spacetime are reflected by physics in a
gravitational field.

3.11 B EXERCISES

1. Verify these consequences of metric compatibility (Ve g, = 0):
?-I'.I' g“ v —3 U
v;_ﬂr vpr — 0. (3.209



311 Exercises 147

2. You are familiar with the operations of gradient (Vg), divergence (V - V) and curl
(V x V) in ordinary vector analysis in three-dimensional Euclidean space. Using co-
variant derivatives, denve formulae for these cperations in spherical polar coordinates
{r. &, ¢} defined by

X = rsinfcosd (3.210)
v = rsinf sing (3.211)
1 =rcosf. (3.212)

Compare your results to those in Jackson (1999) or an equivalent text. Are they iden-
tical? Should they be?

3. Imagine we have a dingonal metric gy, Show that the Christoffel symbols are given
by

My =0 (3.213)
r_flu = —é'[.i;‘}.a.} l"i.’:pl.u (3.214)
Tl = 9 (111 V’ET) (3.215)
My =3 ('ﬂ J’M) (3.216)

In these expressions, g # v # A, and repeated indices are net summed over.

4. In Euclidean three-space, we can define paraboloidal coordinates (#, v, &) via

I =nveosg vy =uvsing z:é[uz—uzj.

{a) Find the coordinate transformation matrix between paraboloidal and Cartesian ¢o-
ordinates ix“ /ax® and the inverse transformation. Are there any singular points
in the map?

(b) Find the basis vectors and basis ene-forms in terms of Cartesian basis vectors and
forms.

{¢) Find the metric and inverse metric in paraboloidal coordinates.

id) Calculate the Christoffel symbols.

(e) Calculate the divergence ¥, V# and Laplacian V, V¥ f.

5. Consider a 2-sphere with coordinates (8, ¢) and metric
ds® = d6® + sin® 6 dg°. (3.217)

(a) Show that lines of constant longitude (¢ = constant} are geodesics, and that the
only line of constant latitude (9 = constant) that is a geodesic is the equator (f =
7t /2).

(b) Take a vector with components V¥ = (1, 0) and parallel-transport it once around
acircle of constant latitude. What are the components of the resulting vector, as a
function of 87

6. A good approximation to the metric outside the surface of the Earth is provided by

ds? = =(1 +2®)dr? + (1 = 20)dr? + r2(d6* + sin? 6 dg*), (3.218)
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b

where

b= --GE (3.219)
r

may be thought of as the familiar Newtonian gravitational potential. Here G is New-

ton's constant and M is the mass of the earth. For this problem & may be assumed to

be small.

(a) Imagine a clock on the surface of the Earth at distance K| from the Earth’s center,
and another clock on a tall building at distance R, from the Earth’s center. Calcu-
late the time elapsed on each clock as a function of the coordinate time /. Which
clock moves faster?

(b} Solve for a geodesic corresponding to a circular orbit around the equator of the
Earth (f = m/2). What is d¢/dt?

(c) How much proper time elapses while a satellite at radius £ (skimming along the
surface of the earth, neglecting air resistance) completes one orbit? You can work
to first order in & if you like. Plug in the actual numbers for the radius of the Earth
and so on (don't forget to restore the speed of light) 1o get an answer in seconds.
How does this number compare to the proper time elapsed on the clock stationary
on the surface?

For this problem vou will use the parallel propagator introduced in Appendix [ to see
how the Riemann tensor arises from parallel transport around an infinitesimal loop.
Consider the following loop:

Using the infinite series expression for the paralle]l propagator, compute to lowest
nontrivial order in da and &b the transformation induced on a vector that is parallel
transported around this loop from A to B to C to D and back to A, and show it is
proportional to the appropriate components of the Riemann tensor. To make things

easy, you can use x| and x* as parameters on the appropriate legs of the journey.

The metric for the three-sphere in coordinates x# = (y, 8, ¢) can be written

ds? = dy? + sin® y(d6? + sin? 6 dg?). (3.220)
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(a) Calculate the Christoffel connection coefficients. Use whatever method you like,
but it is good practice to get the conneciion coefficienis by varying the integral
(3.49).

(b} Calculate the Riemann wensor, Ricei tensor, and Ricei scalar.

ic) Show that (3.191) is obeyed by this metric, confirming that the three-sphere is a
maximally symmetric space (as you would expect).

. Show that the Weyl tensor CF 5 is left invariant by a conformal transformation.

Show that, for n = 4, the Weyl tensor satisfies a version of the Bianchi identity,

(n—3) 1
?pc-"a“l, = zm (vh‘ Rv]cr + -2_{.:—_[‘:]"‘:”[‘“ 'G’PIR) . {3.221)

Since the Poincare half-plane with metric (3.192) is maximally symmetric, we might
expect that it is rotationally symmetric around any point, although this certainly isn't
evident in the {x, v} coordinates. If that 15 so, it should be possible 1o put the metric in
a form where the rotational symmetry is manifest, such as

ds? = fA(r)[dr? + r2d6?). (3.222)

To show that this works, calculate the curvature scalar for this metric and solve for the
function f(r) subject to the condition R = ~2/a® everywhere. What is the range of
the coordinate r?

Show that any Killing vector £ satisfies the relations mentioned in the text:
\.-’F"J-’a Kﬂ — HPGHUKV
K*V; R =0. (3.223)

Find explicit expressions for a complete set of Killing vector fields for the following
spaces.
(a) Minkowski space, with metric ds? = —dr? +de? +dy? +dz2,
(b) A spacetime with coordinates {u. v, x, v} and metric
ds® = —(dudv + dvdu) + a*(u)dx? + b (u)dy?, (3.224)

where ¢ and b are unspecified functions of w. This represents a gravitational wave
spacetime. {Hints, which you need not show: there are five Killing vectors in all,
and all of them have a vanishing » component K¥.)

Be careful, in all of these cases, about the distinction between upper and lower indices.

Consider the three Killing vectors of the the two-sphere, (3.188). Show that their com-
mutators satisfy the following algebra:

R, Sl=T
[5.T]=R
[T, R] = 5. (3.225)

. Use Raychaudhuri's equation, discussed in Appendix F, to show that, if a fluid is flow-

ing on geodesics through spacetime with zero shear and expansion, then spacetime
must have a timelike Killing vector.
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16. Consider again the metric on a three-sphere,
ds® = dy? + sin® ¥ (d6? + sin® 6 dp?). (3.226)

In this problem we make use of noncoordinate bases, discussed in Appendix J. In an
orthonormal frame of one-forms @@’ the metric would hecome

ds? = 60 g d) 1 4 242 4 GO g g3 (3.227)

{a) Find such an orthonormal frame of one-forms, such that the matrix e is diagonal.
Don’t worry about covering the entire manifold.

(b} Compute the components of the spin connection by solving de® + w®p e =0.

(¢} Compute the components of the Riemann tensor B 5 in the coordinate basis
adapted to x# by computing the components of the curvature two-form R,
and then converting.



CHAPTER

Gravitation

4.1 M PHYSICS IN CURVED SPACETIME

Having paid our mathematical dues, we are now prepared 10 examineg the physics
of gravitation as described by general relativity. This subject falls nawrally into
two pieces: how the gravitational field influences the behavior of matter, and how
matter determines the gravitational field. In Newtonian gravity, these two ele-
ments consist of the expression for the acceleration of a body in a gravitational
potential 4,

a=-Vo, i4.1)

and Poisson’s differential equation for the potential in terms of the matter density
£ and Newton's gravitational constant G

Vi = 47 Gp. (4.2)

In general relativity, the analogous statements will deseribe how the curvature
of spacetime acts on matter to manifest itselt as gravity, and how cnergy and
momentum influgnce spacetime to create curvature. In either case it would be
legitimate to start at the top, by stating outright the laws governing physics in
curved spacetime and working out their consequences. Instead, we will try 10 be
a little more motivational, starting with basic physical principles and attempting
to argue that these lead naturally 1o an almost unigue physical theory.

In Chapter 2 we motivated our discussion of manifolds by introducing the Ein-
stein Equivalence Principle, or EEP: “In small enough regions of spacetime, the
laws of physics reduce to those of special relativity; it is impossible to detect the
existence of a gravitational field by means of local experiments.” The EEP arises
from the idea that gravity is universal; it affects all particles (and indeed all forms
of energy-momentum) in the same way. This feature of universality led Einstein
to propose that what we experience as gravity is a manifestation of the curvature
of spacetime. The idea is simply that something so universal as gravitation could
be most easily described as a fundamental feature of the background on which
matter fields propagate, as opposed 10 as a conventional force. At the same time,
the identification of spacetime as a curved manifold is supported by the similar-
ity between the undeteciability of gravity in local regions and our ability to find
locally inertial coordinates (g:; = nii. 458, = 0 ata point p) on a manifold.

151
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Best of all, this abstract philosophizing translates directly into a simple recipe
for generalizing laws of physics to the curved-spacetime context, known as the
minimal-coupling principle. In its baldest form, this recipe may be stated as
follows:

1. Take a law of physics, valid in inertial coordinates in flat spacetime,
2. Write it in a coordinate-invariant {tensorial) form,
3. Assert that the resulting law remains true in curved spacetime.

It may seem somewhat melodramatic to take such a simple idea and spread it
out into a three-part procedure. We hope only to make clear that there is nothing
very complicated going on. Operationally, this recipe usually amounts to taking
an agreed-upon law in flat space and replacing the Minkowski metric 5., by
the more general metric g,,. and replacing partial derivatives d, by covariant
derivatives V. For this reason, this recipe is sometimes known as the “Comma-
Goes-to-Semicolon Rule,” by those who use commas and semicolons (o denote
partial and covariant derivatives.

As a straightforward example, we can consider the motion of freely-falling
{unaccelerated) particles, In flat space such particles move in straight lines; in
equations, this 1s expressed as the vanishing of the second derivative of the pa-
rameterized path x# (A):

dzxp

— =0, 4.3
iz (4.3)

This is not, in general coordinates, a tensorial equation; although dx* /dA are
the components of a well-defined vector, the sccond derivative components
d?x" [dx* are not. You might really think that this is a tensorial-looking equation;
however, you can readily check that it's not even true in polar coordinates, unless
you expect free particles to move in circles. We can use the chain rule to write

2 '
dext dx¥ | dx#

iy afl "

da — da

i4.4)

Now it is clear how 1o generalize this o curved space—simply replace the partial
derivative by a covariant one,
dx¥  dx¥ dx¥ _ dx*  dix* dx? dx®

. y— = FIY o el 4.5
d% " drn " da di? P%di dh Kt

We recognize, then, that the appropriate general-relativistic version of the Newto-
nian relation (4.3) is simply the geodesic equation,
d2xH L dx? dx°®
di? T dy dh

=0 (4.6}

In general relativity, therefore, free particles move along geodesics; we have men-
tioned this before, but now you have a slightly beuer idea why it is true,
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As an even more straightforward example, and one that we have referred 10
already, we have the law of energy-momentum conservation in flat spacetime:

3, TH" = 0. (4.7)

Plugging into our recipe reveals the appropriate generalization o curved space-
time:

Vﬂ THY — (). (4.8)

It really is just that simple—sufficiently so that we felt guite comfortable using
this equation in Chapter 3, without any detailed justification. Of course, this sim-
plicity should not detract from the profound consequences of the generalization
o curved spacetime, as illustrated in the example of the expanding universe.

It is one thing to generalize an equation from flat 1o curved spacetime; it is
something altogether different o argue that the result describes gravity. To do so,
we can show how the usual results of Newlonian gravity fit into the picture. We
define the Newtonian limit by three requirements: the particles are moving slowly
{with respect to the speed of light), the gravitational ficld is weak (so that it can be
considered as a perturbation of Nlat space), and the field is also static (unchanging
with time). Let us see what these assumptions do to the geodesic equation, taking
the proper time t as an affine parameter. “Moving slowly” means that

fx! it
L (4.9)
dr dr
so the geodesic equation becomes
d*x* i \*
—— 4+l —] =0 4.10
drz T ® (dr) st

Since the field is static (dpg,,, = 0), the relevant Christoffel symbols F;;u simplify:

oo = 38" (Bogso + dogos — 0:.800)

= —38"*d;.g00. @.11)

Finally, the weakness of the gravitational field allows us to decompose the metric
into the Minkowski form plus a small perturbation:

,51’;{1': r}pl:r"'hyl.'n ”iga‘l'! {'C |-- {4-|2}
We are working in inertial coordinates, so 1, is the canonical form of the metric.

The “smallness condition™ on the metric perturbation /., doesn’t really make
§Tiy

sense in arbitrary coordinates, From the definition of the inverse metric, g g0 =
8% we find that 1o first order in &,
g = gt — hHY, (4.13)
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where h*Y = 57" h 5. In Tact, we can use the Minkowski metric (o raise and

lower indices on an object of any definite order in A, since the corrections would

only contribute at higher orders. If you like, think of /. as a symmetric ({}, 2)

tensor field propagating in Minkowski space and interacting with other fields.
Putting it all together, to first order in Ay, we find

Tho = — 30" dxhop. (4.14)

The geodesic equation (4.10) is therefore
7

R [ dr\*
% = Er]"“"t']g_hm (E) ; (4.15)

Using dphipy = 0, the g = 0 component of this is just

d*t
- =1{. 4.16
= ( )
That 15, dr /dt is constant. To examine the spacelike components of (4.15), recall
that the spacelike components of 7" are just those of a 3 = 3 identity matrix. We

therefore have
dix' 1 fdi\*

Dividing both sides by (dt /dt)? has the effect of converting the derivative on the
left-hand side from 7 to r, leaving us with

d*x 1

—F —— Erhhuﬂ. (4.18)
This begins to look a great deal like Newton's theory of gravitation. In fact, if we
compare this equation 1o (4.1), we find that they are the same once we identify

hgg = =29, (4.19)
or in other words
goo = —(1 4 2d). (4.20)

Therefore, we have shown that the curvature of spacetime is indeed sufficient
to describe gravity in the Newtonian limit, as long as the metric takes the form
(4.20). It remains, of course, to find field equations for the metric that imply this
15 the form taken, and that for a single gravitating body we recover the Newtonian
formula

¢=—%£, (4.21)

but that will come soon enough.
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The straightforward procedure we have outlined for generalizing laws of
physics to curved spacetime does have some subiletics, which we address in
Section 4.7. But it's more than good enough for our present purposes, so let’s not
delay our pursuit of the second half of our task, oblaining the field equation for
the metric in general relativity,

EINSTEIN’'S EQUATION

Just as Maxwell's equations govern how the electric and magnetic fields respond
to charges and currents, Einstein’s field equation governs how the metric responds
to energy and momentum. Ultimately the field equation must be postulated and
tested against experiment, not derived from any bedrock principles; however, we
can motivate it on the basis of plausibility arguments. We will actually do this in
two ways; first by some informal reasoning by analogy, close to what Einstein
himself was thinking, and then by starting with an action and deriving the corre-
sponding equations of motion.

The informal argument begins with the realization that we would like to find
an equation that supersedes the Peisson equation for the Newtonian potential:

Vid =4 Gp, (4.22)

where V2 = §73;3; is the Laplacian in space and p is the mass density. [The ex-
plicit form of @ given in (4.21) is one solution of (£.22), for the case of a pointlike
mass distribution.] What characteristics should our sought-after equation possess?
On the left-hand side of {4.22) we have a second-order differential operator acting
on the gravitational potential, and on the right-hand side a measure of the mass
distribution. A relativistic gencralization should 1ake the form of an equation be-
tween tensors. We know what the tensor generalization of the mass density is; it's
the energy-momentum tensor Ty, The gravitational potential, meanwhile, should
get replaced by the metric tensor, because in (4.20) we had tw relate a perturba-
tion of the metric to the Newtonian potential to successfully reproduce gravity.
We might therefore guess that our new equation will have T, set proportional to
some tensor, which is second-order in derivatives of the metric; something along
the lines of

[V2g]uw = Tyo, (4.23)

but of course we want it to be completely tensorial.

The lefi-hand side of (4.23) is not a sensible tensor; it’s just a suggestive nota-
tion 1o indicate that we would like a symmetric {0, 2) tensor that is second-order
in derivatives of the metric. The first choice might be w0 act the d'Alembertian

. = V¥V, onthe metric g, but this is automatically zero by metric compatibil-
ity. Fortunately, there is an obvious quantity which is not zere and is constructed
from second derivatives (and first derivatives) of the metric: the Riemann tensor
R¥ ;0. Recall that the Riemann tensor is constructed from the Christoffel sym-
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bols and their first derivatives, and the Christoffel symbols are constructed from
the metric and its first derivatives, so R”; ., contains second derivatives of g,,.,.
It doesn't have the right number of indices, but we can contract it to form the
Ricei tensor R, which does (and is symmetric to boot). It is therefore tempting
1o guess that the gravitational field equations are

Ry = kT, (4.24)

for some constant &. In fact, Einstein did suggest this equation at one point. There
is a problem, unfortunately, with conservation of energy. If we want (o preserve

VT =0, (4.25)
by (4.24) we would have
VER =0 (4.26)

This is certainly not true in an arbitrary geometry; we have seen from the Bianchi
identity (3.150) that

V4 Ruy = 1V, R. 4.27

But our proposed field equation implies that £ = xg"" T, = T, so taking these
together we have

VT =0, (4.28)

The covariant derivative of a scalar is just the partial derivative, so (4.28) is telling
us that 1" is constant throughout spacetime. This is highly implausible, since T =
(0 in vacuum while T = 0 in matter. We have to try harder.

Of course we don’t have 1o try much harder, since we already know of a sym-
metric ({0, 2) tensor, constructed from the Ricei tensor, which is automatically
conserved: the Einstein tensor

G;g'.! = RJJI.' - ?I..RKFU" {4,29}
which always obeys VH G, = 1), We are therefore led to propose
Gp v = kT {4.300

as a field equation for the metric. (Actually it is probably more commeon to write
out Ry, — ;Rgm., rather than use the abbreviation (7 ;v.) This equation satis-
fies all of the obvious requirements: the right-hand side is a covariant expression
of the energy and momentum density in the form of a symmetric and conserved
{0, 2) tensor, while the left-hand side is a symmetric and conserved (0, 2} tensor
constructed from the metric and its first and second derivatives. It only remains
to fix the proportionality constant &, and to see whether the result actually repro-
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duces gravity as we know it. In other words, does this equation predict the Poisson
equation for the gravitational potential in the Newtonian limit?

To answer this, note that contracting both sides of (4.30) yields (in four dimen-
51005 )

R = —«T, (4.31)
and using this we can rewrite (4.30) as
R,'n' = K{Tﬂl' — %T.&’uu]. {4.32}

This is the same equation, just written slightly differently. We would like w0
see if it predicts Newtonian gravity in the weak-field, time-independent, slowly-
moving-particles limit. We consider a perfect-fluid source of energy-momentum,
for which

T,:n - [.U + P:IUJJ Ul' + Pg.l:“-" {433}

where [7# is the fluid four-velocity and p and p are the rest-frame energy and
momentum densities, In fact for the Newtonian limit we may neglect the pressure;
roughly speaking, the pressure of a body becomes important when its constituent
particles are traveling at speeds close 1o that of hght, which we exclude from
the Newtonian limit by hypothesis. S50 we are actually considering the energy-
momentum tensor of dust:

Tul' = .‘:'Uu UL" (‘413‘4}

The “fluid™ we are considering is some massive body, such as the Earth or the
Sun, We will work in the fluid rest frame, in which

U* = (U°0,0,0). (4.35)
The timelike component can be fixed by appealing to the normalization condition
g UMUY = =1 In the weak-field limit we write, in accordance with (4,12} and
(4.13),
Bog = —|, + lrf[)[h
gm = —1 — hpp. (4.36)

Then to first order in Ay, we get
U% =1+ heo. (4.37)

In fact, however, this is needlessly carcful, as we are going to plug the four-
velocity into (4.34), and the energy density g 1s already considered smail (space-
time will be flat as p is taken to zero). 5o to our level of approximation, we can
simply take U9 = 1, and correspondingly Uy = —1. Then

Too = p, (4.38)
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and all other components vanish. In this limit the rest energy p = Too will be
much larger than the other terms in Ty, 50 we want to focusonthe g =0, v =10
component of (4.32). The trace, o lowest nontrivial order, is

T = EmTDD = =T = —p. (4.39}

We plug this into the 00 compenent of our proposed gravitational field equation
(4.32), to get
Roo = %kp. (4.40)

This is an equation relating derivatives of the metric to the energy density. To find
the explicit expression in terms of the metric, we need to evaluate Rgo = R* 0.
In fact we only need R'giq, since RUWD = ). We have

i ool s i s +h =i ] A

The second term here is a time derivative, which vanishes for static fields. The
third and fourth terms are of the form (I")?, and since I is first-order in the metric
perturbation these contribute only at second order, and can be neglected. We are
left with R'gjp = 8;},. From this we get

Roo = R'oio

d; [%gufﬁogm + dogoi — 1&.’00J]

1l

I

~ 36" 9;8hoo
= —3V2ho. (4.42)
Comparing 1o (4.40), we see that the 00 component of (4.3(0) in the Newtonian
limit predicts
Vihgy = —xp. (4.43)
Since (4.19) sets hgg = —2@, this is precisely the Poisson equation (4.22), if we
setk = 8n G,
Soour guess, (4.30), seems to have worked out. With the normalization chosen

50 as 1o correctly recover the Newtonian limit, we can present Einstein’s equation
for general relativity:

— S q

|
i R;u' = %Rg;u' = HHU?}:[" (4.44)
This tells us how the curvature of spacetime reacts to the presence of energy-
momentum. G is of course Newton's constant of gravitation; it has nothing 1o
do with the trace of (.. Einstein, you may have heard, thought that the left-
hand side was nice and geometrical, while the right-hand side was somewhat less
compelling.
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It is sometimes useful 1o rewrite Einstein’s equation in a slightly different form,
Following (4.31) and (4.32), we can take the trace of (4.44) 1o find that R =
—8x GT. Plugging this in and moving the trace term to the right-hand side, we
abtain

Ruy =87G (TM - 2l?"g“.,.) _ | (4.45)

The difference between this and (4.44) is purely cosmetic; in substance they are
precisely the same. We will often be interested in the Einstein’s eguation in vac-
wum, where T, = 0 {for example, outside a star or planet). Then of course
the right-hand side of (4.45) vanishes. Therefore the vacuum Einstein equation is
simply

I Ruv = 0. (4.46)

This is both slightly less formidable, and of considerable physical usefulness.

LAGRANGIAN FORMULATION

An alternative route 1o Einstein’s cquation is through the principle of least action,
as we discussed for classical field theories in flat spacetime at the end of Chapter 1.
Let's spend a moment to generalize those results to curved spacetime, and then
see what kind of Lagrangian is appropriate for general relativity. We'll work in
n dimensions, since our results will not depend on the dimensionality; we will,
however, assumne that our meiric has Lorentzian signature.

Consider a field theory in which the dynamical variables are a set of fields
&' (x). The classical solutions to such a theory will be those that are critical points
of an action 5. generally expressed as an integral over space of a Lagrange den-
sity L,

S = f£[¢'.v,,¢’}d".r. (4.47)

Mote that we are now imagining that the Lagrangian is a function of the ficlds and
their covariant (rather than partial) derivatives, as 1s appropriate in curved space,
Note also that, since % x is a density rather than a tensor, £ is also a density (since
their product must be a well-defined tensor); we typically write

L=+=%gL, (4.48)

where £ is indeed a scalar. You might think it would be sensible to forget about
what we are calling £ and just focus on L. but in fact both quantities are useful
in different circumstances: it is £ that will matter whenever we are varying with
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respect (o the metric itself. The associated Euler-Lagrange equations make use of
the scalar £, and are otherwise like those in flat space, but with covariant instead
of partial derivatives:

4L oL
— -V |{——]=0 (4.49)
i (lJ- {i' (v,u ':I].:'

In deriving these equations, we make use of Siokes’s theorem (3.33),

f Ve V4 lgld"x = f nuV*/lyld"'x, (4.50)
Z B

and set the variation equal to zero at infinity (the boundary). Integration by parts
therefore takes the form

f;\“(?ﬂﬁ}xf—g d"y = — f['\?ﬂ AMYB =g d"x + boundary terms.  (4.51)

For example, the curved-spacetime generalization of the action for a single scalar
field ¢ considered in Chapter 1 would be

[
o= [ [ Cms -vo) Eex. e
which would lead to an equation of motion
dv
O¢ — — =10, (4.53
P o )
where the covariant d” Alembertian is
0= V¢V, =PV, V. (4.54)

Just as in flat spacetime, the combination g#"(V,¢)(V.g) is often abbreviated
as (T"q{:)z, Of course, the covariant derivatives are equivalent to partial derivatives
when acting on scalars, but it 1s wise to use the \7'“ notation still; you never know
when you might integrate by parts and suddenly be acting on a vector.

With that as a warm-up, we turn to the construction of an action for general
relativity. Our dynamical variable is now the metric g,,; what scalars can we
make out of the metric 1o serve as a Lagrangian? Since we know that the metric
can be set equal 1o its canonical form and its first derivatives set to zero at any one
puint, any nontrivial scalar must involve at least second derivatives of the meitric.
The Riemann tensor is of course made from second derivatives of the metric, and
we argued ecarlier that the only independent scalar we could construct from the
Riemann tensor was the Ricet scalar R, What we did not show, but is nevertheless
true, is that any nontrivial tensor made from products of the metric and its first
and second derivatives can be expressed in terms of the metric and the Riemann
tensor. Therefore, the only independent scalar constructed from the metric, which
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iz ne higher than second order in its derivatives, 1s the Ricei scalar, Hilbert figured
that this was therefore the simplest possible choice for a Lagrangian, and proposed

SH =fJ-—ng“_r. (4.55)

known as the Hilbert action (or sometimes the Einstein=Hilbert action). As we
shall see, he was right.

The equation of motion should come from varying the action with respect
the metric. Unfortunately the action isn't quite in the form {4.47), since it can’t
be written in terms of covariant derivatives of g, (which would simply vanish).
Therefore, instead of simply plugging into the Euler-Lagrange equations, we will
consider directly the behavior of Sy under small variations of the metric. In fact it
is more convenient to vary with respect to the inverse metric g, Since g"*g;, =
8., and the Kronecker delta is unchanged under any variation, it is straightforward
to express variations of the metric and inverse metric in terms of each other:

8guv = —8upBradg™, (4.56)

so stationary points with respect to variations in g”" are equivalent to those with
respect to variations in g, . Using R = g"" R, we have

38y = (85)) + (88)2 + (85)3, (4.57)

where
3S), = f P Smgs iR
(88) = fd".r J?Rﬂl.ﬁg‘“"

(r‘]"-s']} = fﬂ”rl Ri. -, |:_453]

The second term (45} is already in the form of some expression multiplied by
dghv; let’s examine the others more closely.

Recall that the Ricci tensor is the contraction of the Riemann tensor, which is
given by

: o . :

Rﬂ_rgl'l.- —_ r}';‘]—‘{.:, + l_';m r:“ = {J\. “ V). [_-1.59_]

The variation of the Riemann tensor with respect to the metric can be found by

first varyving the connection with respect 1o the metric, and then substituting into

this expression, However, let us consider arbitrary variations of the connection by
replacing

ré, = g, +4T5,. (4.60)
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The variation ar;’.‘,, is the difference of two connections, and therefore is itself a
tensor. We can thus take its covariant derivative,
= 3 (ETF @ grC O erp P grp
Vi8I, = 88T ,) + T}, 800, — [y, 615, — 5800, (4.61)
Here and elsewhere, the covariant derivatives are taken with respect to gy, not
Buv + 88 Given this expression and a small amount of labor, 1t is easy (o show
that, to first order in the variation,
SRP v = Va(8T2,) - ?,.[ﬁ]"fﬂj_ (4.62)

(T

You are encouraged check this yourself. Therefore, the contribution of the first
term in (4.58) to &5 can be written

65 = [ d'xv=g g [waTh - R0
= fd".rvfi.'g Vs [g‘“"{&l‘:’:l,} - g"“[a‘-l'i“}] . (4.63)

where we have used metric compatibility and relabeled some dummy indices. We
can now plug in the expression for 817, in terms of 8g"", which works out 1o be

'Er:-,, = _% [Kﬁ;:vvrxa.ﬁ'ln} + E.".l'vjl [EE:MTJ r= g;gugrﬁv”'[ﬁ.ﬁ’uﬁ]} ' {4'54]

leading to

(65h = fﬂ"ixw-'.ﬁ Vo lguw V7 (6g*") — Vi (8g°M)], {4.65)

as you are also welcome to check. But (4.63) [or (4.65)] is an integral with re-
spect to the natural volume element of the covariant divergence of a vector; by
Stokes's theorem, this is equal to a boundary contribution at infinity, which we
can sel to zero by making the variation vanish at infinity. Therefore this term con-
tributes nothing to the total vanation. Although to be honest, we have cheated. The
boundary term will include not only the metric variation, but also its first deriva-
tive, which is not traditionally set to zero. For our present purposes it doesn’l
maiter, but in principle we might care about what happens at the boundary, and
would have to include an additional term in the action o take care of this subtlety.

To make sense of the (8513 term we need to use the following fact, true for any
square matrix M with nonvanishing determinant:

In{det M) = Tr{ln M). (4.606)

Here, In M is defined by exp(ln M) = M. For numbers this is obvious, for matri-
ces it's a little less straightforward. The variation of this identity vields

| -1
Sor gt et M) = Tr(M 16 M). (4.67)
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We have used the cyclic property of the race to allow us to ignore the fact that
M=! and M may not commute. Taking the matrix M to be the metric g,,. so
that det M = det g, = g, we get

3g = g(g""dguv)
= —glguude"’). (d.68)

In the last step we converted from g, 10 dg" using (4.56). Now we can just
plug in to get

8v/—g

g (=
Eﬁf—g&g
I g
== . u
2=

e .
= —5+/—88unig"". (4.69)

Hearkening back to (4.58), and remembering that (45}, does not contribute,
we find

|
38y = fd‘“,m'-'—'g [R, - ERgJ“.} gt (4.70)

Recall that the functional derivative of the action satisfies
55 .
i85 = -5 ) d"x, 4.71

where {P'} is a complete set of fields being varied (in our case, it's just g#").
Stationary points are those for which each 85 /49" = 0, so we recover Einstein’s
equation in vacuum:

1 &5y
75 g

I
= Ryy — > Rgyy =0. (4.72)

The advantage of the Lagrangian approach is manifested by the fact that our very
first guess (which was pracuically unique) gave the right answer, 1n contrast with
our previous trial-and-error method. This is a reflection of two elegant features of
this technigue: First, the Lagrangian is a scalar, rather than a tensor, and therefore
more restricted; second, the symmetries of the theory are straightforwardly 1m-
posed (in this case, we automatically derived a tensor with vanishing divergence,
which is related to diffeomorphism invariance, as discussed in Appendix B).

We dertved Einstein's equation “in vacuum”™ because we only included the
gravitational part of the action, not additional terms for matter fields. What we
would really like, however, 15 to get the nonvacuum field equation as well. That
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means we consider an action of the form

§=

S+ Sm. 4.73
T Thk M i )

where Sy is the action for matter, and we have presciently normalized the grav-
itational action so that we get the right answer. Following through the same pro-
cedure as above leads to

I
: 22 = : (Rm- o dR:’S’;u-) + o = (). (4.74)

J—gégh” 161G =g dghe
We now boldly define the energy-momentum tensor (o be
1 65y
TJ“' = _Zﬁ rSQT {4.75)

This allows us to recover the complete Einstein's egquation,
Ruv — 3Rguy = BTGy, (4.76)

or equivalently, G, = 87 G T}y

Why should we think that (4.75) is really the energy-momenium tensor? In
some sense it 15 only becawse it is a symmetric, conserved, (0, 2) tensor with
dimensions of energy density; if you prefer to call it by some other name, go
ahead. But it also accords with our preconceived expectations. Consider again the
action for a scalar field, (4.52). Now vary this action with respect, not to ¢, but to
the inverse metric:

Ay I i
85y = fd"-r [v’—g (—553‘“ V’;a-:wr-:h) +4/-g (—Ex"‘ ViV — vum)

(4.77)
= fdn-"ﬁqégu‘-[_ % V@V + (—;ﬁu l') (_ ;—HW Va@Vag — V{‘-'P})- -
I[d.'.-'é]l
We therefore have
Fldl __3; 834
i V=g sgn
= V.oV - %Hﬁug‘m‘\?pfb‘?«qb - 8w V(). (4.79)

In flat spacetime this reduces to what we had asserted, in Chapter 1, was the
correct energy-momentum tensor for a scalar field.

On the other hand, in Minkowski space there is an alternative definition for
the energy-momentum tensor, which is sometimes given in books on electro-
magnetism or field theory. In this context energy-momentum conservation arises
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as a consequence of symmetry of the Lagrangian under spacetime translations.
Noether’s theorem states that every symmetry of a Lagrangian implies the exis-
tence of a conservation law; invariance under the four spacetime translations leads
to a tensor $Y, which obeys 4, " = 0 (four relations, one for each value of v).
The details can be found in Wald (1984) or Peskin and Schroeder (1995). Apply-
ing Noether's procedure to a Lagrangian that depends on some fields &' and their
first derivatives 8, ' (in flat spacetime), we obtain

SE Ly i LY e
= _gvgt _ pevp (4.80)

Y _

T 8(0, D)

where a sum over § is implied. You can check that this tensor is conserved by
virtue of the equations of motion of the matter fields. $# often goes by the name
“canonical energy-momentum tensor’”; however, there are a number of reasons
why it is more convenient for us to use (4.75). First, (4.75) is in fact what appears
on the right hand side of Einstein’s equation when it is derived from an action, and
it is not always possible to generalize (4.80) to curved spacetime. But even in flat
space (4.75) has its advantages: it is manifestly symmetric, and also guaranteed
1o be gauge invariant, neither of which is true for (4.80). We will therefore stick
with (4.73) as the definition of the energy-momentum tensor,

Now that Einstein’s equation has been derived, the rest of this chapter is de-
voted 1o exploring some of its properties. These discussions are fascinating but not
strictly necessary; if you like, vou can jumnp right 1o the applications discussed in
subsequent chaplers.

PROPERTIES OF EINSTEIN'S EQUATION

Einstein’s equation may be thought of as a set of second-order differential equa-
tions for the meitric tensor field g,.. There are really ten independent equations
isince both sides are symmetric twe-index tensors), which seems o be exactly
right for the ten unknown functions of the metric components. However, the
Bianchi identity V# G ., = 0 represents four constraints on the functions Ry, (x),
so there are only six truly independent equations in (4.44). In fact this is appropri-
ate, since i’ a metric 15 a solution to Einstein’s equation in one coordinate system
x# it should also be a solution in any other coordinate system x* . This means
that there are four unphysical degrees of freedom in g, represented by the four
functions x* (x*}, and we should expect that Einstein's equation only constrains
the six coordinate-independent degrees of freedom.

As differential equations, these are extremely complicated; the Riccr scalar
and tensor are contractions of the Riemann tensor, which involves derivatives
and products of the Christoffel symbols, which in turn involve the inverse mel-
ric and derivatives of the metric. Furthermore, the energy-momenium tensor T,
will generally involve the metric as well. The equations are also nonlinear, so
that two known solutions cannot be superposed to find a third. It is therefore very
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difficult to solve Einstein’s equation in any sort of generality, and it is usually nec-
essary 10 make some simplifying assumptions. Even in vacuum, where we set the
energy-momentum tensor to zero, the resulting equation (4.46) can be very diffi-
cult to solve. The most popular sort of simplifying assumption is that the metric
has a significant degree of symmetry, and we will see later how isometries make
life easier.

The nonlinearity of general relativity is worth a remark. In Newtonian gravity
the potential due 1o two point masses is simply the sum of the potentials for each
mass, but clearly this does not carry over to general relativity owside the weak-
field limit. There is a physical reason for this, namely that in GR the gravitational
field couples to itself. This can be thought of as a consequence of the equiva-
lence principle—if gravitation did not couple o itself, a gravitational atom {two
particles bound by their mutual -gravitational attraction) would have a different
inertial mass than gravitational mass {due to the negative binding energy). The
nonlingarity of Einstein’s equation is a reflection of the back-reaction of gravity
on itself.

A nice way 1o think about this is provided by Feynman diagrams. These are
used in quantum field theory 1o calculate the amplitudes for scattering processes,
which can be obtained by summing the various contributions from different in-
teractions, each represented by its own diagram. Even if we don’t go so far as o
guantize gravity and calculate scattering cross-sections (see the end of this sec-
tion), we can still draw Feynman diagrams as a simple way of keeping track of
which interactions exist and which do not. A simple example is provided by the
electromagnetic interaction hetween two electrons; this can be thought of as due
to exchange of a virtual photon, as shown in Figure 4.1.

In contrast, there is no diagram in which two photons exchange another pho-
ton between themselves, because electromagnetism 15 linear (there is no back-
reaction). The gravitational interaction, meanwhile, can be thought ol as deriving
from the exchange ol a virtual graviton (a quantized perturbation of the met-
ric). The nonlinearity manifests itself as the fact that both electrons and gravi-
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FIGURE 4.1 A Feynman diagram for electromagnetism. In quantum field theory, such
diagrams are used to calculate amplitudes for scattering processes; here, just think of it as
a canoon representing a certain interaction. The point of this particular diagram is that the
coupling of photons to electrons is what causes the electromagnetic interaction between
them. In contrast, there is no coupling of photons to other photons, and no analogous
diagram in which photons interact.
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FIGURE4.2 Feynman diagrams for gravity. Upon quantization, Einstein’s equation pre-
dicts spin-two particles called gravitons. We don't know how to carry out such a quanti-
zation consistently, but the existence of gravitons 1s sufficiently robust that it is expected
1o be a feature of any well-defined scheme. Since gravity couples to energy-momentum,
gravitons interact with every kind of particle, including other gravitons. This provides a
way of thinking about the nonlineanty of Einstein's theory.

tons can exchange virtual gravitons, and therefore exert a gravitational force, as
shown in Figure 4.2, There is nothing unique about this feature of gravity; it is
shared by most gauge theories, such as quantum chromodynamics, the theory of
the strong interactions. Electromagnetism is actually the exception; the linearity
can be traced io the fact that the relevant gauge group, U(1), is abelian. But non-
linearity does represent a departure from the Newtonian theory, This difference is
experimentally deteciable; the reason why (as we shall sec) the orbit of Mercury is
different in GR versus Newtenian gravity is that the gravitational field influences
itself, and the closer we get to the Sun, the more noticeable that influence 1s.
Beyond the fact that it is complicated and nonlinear, it is worth thinking a bit
about what Einstein's equation is actually telling us. Clearly it relates the energy-
momentum distribution to components of the curvature tensor; but from a physi-
cal point of view, precisely what kind of gravitational field is generated by a given
kind of source? One way to answer this question is to consider the evolution of the
expansion & of a family of neighboring timelike geodesics. We imagine a small
ball of free test particles moving along geodesics with four-velocities U*, and fol-
low their evolution; the expansion 8 = ¥V, U# tells us how the volume of the ball
is growing (or shrinking, if & < 0) at any one moment of time. Clearly the value
of the expansion will depend on the initial conditions for our test particles. The
effects of gravity, on the other hand, are encoded in the evalurion of the expan-
sion, which is governed by Raychaudhuri’s equation. This equation, discussed in
Appendix F, tells us that the derivative of the expansion with respect to the proper
time 7 along the geodesics is given by the following expression:
. . S 1(13 - R, URU". (4.81)
dr 3
The terms on the right-hand side are explained carefully in Appendix F; w en-
codes the rotation of the geodesics, o encodes the shear, and R, is of course the
Ricci tensor. Raychaudhuri’s equation is a purely geometric relation, making no
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reference (o Emstein’s equation. The combination of the two equations, however,
can be used to describe how energy-momentum influences the motion of test par-
ticles, since Einstein’s equation relates T, to R, and Raychaudhuri’s equation
relates Ry, to défdr.

Let us consider the simplest possible situation, where we start with all of the
nearby particles at rest with respect 1o each other in a small region of spacetime,
Then the expansion, rotation, and shear will all vanish at this initial moment. Let
us further construct locally inertial coordinates x . in which U# is in its rest
frame, so that U* = (1,0,0,0) and R‘-,;-U‘:UV = Rj;. We therefore have (in
these coordinates, at this point)

dd

dr

= —Rg;. (4.82)

Now we can turn 1o Einstein's equation, in the form

R, = 871G (r;“: i ._l}Tgm.) . (4.83)

Since we are in locally inertial coordinates, we have
Bap = Nai (4.84)
T =g Ty = —p + pa + Py + Pu. (4.85)

where p = T is the rest-frame energy density and py = T;; is the pressure in

the x* direction. Thus, (4.22) becomes

g =—=4nG(p+ px + py + ). (4.86)
This equation is telling us that energy and pressure create a gravitational field that
works to decrease the volume of our initially stationary ball of test particles (if p
and the p;’s are all positive). In other words, gravity is attractive,

Of course, from (4.86) we see that gravily is nol necessarily altractive; we
could imagine sources for which p+ p+p, + p; were a negative number. Clearly,
the role of pressure bears noting. For one thing, it represents an unambiguous de-
parture from Mewlonian theory, in which the pressure does not influence gravity
(it doesn’t appear in Poisson’s equation, V2@ = 4x Gp). The difference is hard to
notice in our Solar System, since the pressure in the Sun and planets is much less
than the energy density, which is dominated by the rest masses of the constituent
particles. For another thing, notice that the gravirational effect of the pressure
is opposite to that of the direcr effect with which we are more familiar, namely
that positive pressure works 1o push things apart. In most circumstances the di-
rect effect of pressure is much more noticeable. However, the pressure can only
act directly when there is a pressure gradient (for example, a change in pressure
between the interier and exterior of a piston), whereas the gravitational effect de-
pends only on the value of the pressure locally. If there were a perfectly smooth
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pressure, it would only be detectable through its gravitational effect; an example
is provided by vacuum energy, discussed in Section 4.5.

As a final comment on (4.86), let's point out that it is completely equivalent
1o Einstein's equation—they convey identical information. This very specific re-
lation will hold for any set of initially motionless test particles: the only way this
can happen is if all of the components of Einsiein’s equation are true. 1f we like,
then, we can state Einstein's equation in words' as follows: “The expansion of the
volume of any set of particles initially at rest is proportional to (minus) the sum
of the energy density and the three components of pressure.”

50 Einstein’s equation tells us that energy density and pressure affect the Ricei
tensor in such a way as to attract particles together when p and p are positive.
What about the components of the Riemann tensor that are not included in the
Ricei tensor? In Chapter 3 we found that these components were described by the
Weyl tensor (expressed here in four dimensions),

Cpopy = Rpapy + :ln?ﬂlﬂgvta R = go1uRvje + BoluRujp- (4.87)

The Ricci tensor is the trace of the Riemann tensor, while the Weyl tensor de-
scribes the trace-free part; together they provide a complete characterization of
the curvature. Clearly, given some specified energy-momentum distribution, there
is still some freedom in the choice of Weyl curvature, since there is no analogue
of Einstein’s equation to relate €4, algebraically 1o Ty,. This is exactly as it
should be. Imagine for example a spacetime that is vacuum everywhere, R, = (.
Flat Minkowski space is a possible solution in such a case, but so is a gravitational
wave propagating through empty spacetime (as we will discuss in Chapter 7).

Since only R, enters Einstein’s equation, it might appear that the components
of Cpopy are completely unconstrained. But recall that we are not permitied to
arbitrarily specify the components of the curvature tensor throughout a manifold;
they are related by the Bianchi identity,

v”& Jl:"i-"||:?r| e = (. I:"-i_ﬂg}

As you showed in Exercise 10 of Chapter 3, this identity implies a differential
relation for the Weyl tensor of the form

?Pcpnm-‘ = ViR + %Enlu?l'l‘“- (4.89)

On the right-hand side, the Riemann tensor only appears via its contractions the
Ricci scalar and tensor, which can be related to Ty, by Einstein’s equation; we
therefore have

VPCpapy = 871G (v],, B %Is;a[”?u.ﬂ") : (4.90)

So, while Ry, and Ty, are related algebraically through Einstein’s equation,
Cpopw and T, are related by this first-order differential equation. There will be

17.C Baez. “The Meaning of Einstein's Equation,” hitp:#farXiv.org/abs/gr-qci0 103044,
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a number of possible solutions for a given encrgy-momentum distribution, each
specified by certain boundary conditions. This eguation can be thought of as a
propagation equation for gravitational waves, in close analogy with Maxwell's
equations ¥V, F'# = JV.

Having listed all of these lovely properties of Einstein’s equation, it seems only
fair that we should mention one distressing feature: the well-known difficulty of
reconciling general relativity with guantum mechanics, GR 1s a classical field
theory: the dynamical variable is a field (the metric) defined on spacetime, and
coordinate-invariant quantities constructed from this field (such as the curvature
scalar) can in principle be specified and measured to arbitrary accuracy. In the
case of other field theories, such as electromagnetism, there are well-understood
procedures for beginning with the classical theory and quantizing it, 1o obtain
the dynamics of operators acting on wave functions living in a Hilbert space. For
GR. the usual procedures run into both technical and conceptual difficulties, a de-
scription of which is beyond the scope of this book. One aspect of the technical
difficulties is that GR 1s not “renormalizable” in the way that the Standard Model
of particle physics is; when considering higher-order quantum effects, infinities
appear that cannot be absorbed in any finite number of parameters. Nonrenor-
malizability does not mean that theory is fundamentally incorrect, but is a strong
suggestion that it should only be taken seriously up 1o a certain energy scale.

Fortunately, the regime in which observable effects of quantum gravity are
expected to become important is far from our everyday experience (or, for that
matter, any conditions we can produce in the lab). Way back in 1899 Planck
noticed that his constant A, for which nowadays we more ofien substitute £ =
h/2m = 1.05 x 10?7 em? g/sec, could be combined with Newton's constant
G =667 x 10~%cm’ g~! sec™2 and the speed of light ¢ = 3.00 x 10'em sec™!
to form a basic set of dimensionful quantities: the Planck mass,

h 1/2
mp = (EE) =218x1077g, (4.91)

the Planck length,

f (i—{;’) " =162 x 10 % em, 4.92)
the Planck time,
tp = (’i—f—) P 539 x 107 sec, (4.93)
and the Planck energy,
1/2
Ep = %{q : =1.95 % 10" erg (4.94)

=1.22 % 10"° GeV. (4.95)
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A GeV is 107 electron volts, a common unit in particle physics, as it is ap-

proximately the mass of a proton. We usually set i = ¢ = |, s0 that these
quantities are all indistinguishable in the sense that mp = IFT' — {FT' = Fp.

You will hear people say things like “the Planck mass is 10'? GeV"; or sim-
ply refer to “the Planck scale.” Another commoenly used quantty is the reduced
Planck scale, riip = mp/~8a = 2.43 x 10'8 GeV, which is often more conve-
nient in equations—note that the coefficient of the curvature scalar in (4.73) is
r}'zg,r'l Most likely, quantum gravity does not become important until we consider
particle masses greater than mp, or times shorter than ¢p, or lengths smaller than
Ip, or energies higher than Ep; at lower scales, classical GR should suffice. Since
these are all far removed from observable phenomena, constructing a consistent
theory of quantum gravity is more an issue of principle than of practice. On the
other hand. quantum effects in curved spacetime might be important in the real
world; as we will discuss in Chapter 8, they might lead to density Auctuations
in the carly universe, which grow into the galaxies and large-scale structure we
observe today.

There is a leading contender for a fully quantum theory that would encompass
GR in the appropriate limit: string theory. In string theory we imagine that the
fundamental objects are not point particles like electrons or photons, but rather
small one-dimensional objects called strings, which can be either closed loops or
open segments, String theory was originally proposed as a model of the strong
nuclear force, but it was soon realized that the theory inevitably predicted a mass-
less spin-two particle: exactly what a quantum theory of gravity would require.
String theory seems 10 be & consistent quantum theory, and it predicts gravity, but
there is still a great deal about it that we don't understand. In particular, the way
in which a classical spacetime arises out of fundamental sirings is somewhat mys-
terious, and the connection 1o direct experiments is tenuous at best. Nevertheless,
siring theory is remarkably rich and robust, and promises to be an important part
of theoretical physics tor the foreseeable future.

THE COSMOLOGICAL CONSTANT

A characteristic feature of general relativity is that the source for the gravita-
tional field is the entire energy-momentum tensor. In nongravitational physics,
only changes in energy from one stale 1o another are measurable; the normahiza-
tion of the energy is arbitrary. For example, the motion of a particle with potential
energy V(x) 1s precisely the same as that with a potential energy V{x) + V., for
any constant Vy. In gravitation, however, the actual value of the energy matters,
not just the differences between states,

This behavior opens up the possibility of vacuum energy: an energy density
characteristic of empty space. One feature that we might want the vacuum o ex-
hibit is that it not pick out a preferred direction; it will still be possible to have
a nonzero energy density if the associated energy-momentum tensor is Lorentz
invariant in locally inertial coordinates. Lorentz invariance implies that the corre-
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spending energy-moementum tensor should be proportional to the metric,

{vach
j:-“-:d = = Pvacii. (4.96)
since 155 18 the only Lorentz invariant (0, 2) tensor. This generalizes straightfor-
wardly from inertial coordinales to arbitrary coordinates as

?:_I‘::-W:J - —Pvau.ﬂ"'pv- {4-9?}
Comparing to the perfect-fluid energy-momentum tensor 7, = (p+ p)l, U, +
P v, we find that the vacuum looks like a perfect fluid with an isotropic pressure
opposite in sign to the energy density,

Pvac = — Bvac. {498}

The energy density should be constant throughout spacetime, since a gradient
would not be Lorentz invariant, -
If we decompose the energy-momentum tensor into a matler piece .fﬁE v and a

. {vac) - =y . .
Vacuum plece Tgn‘ - = MvacBrevs Einstein's equalion is

Ruv ~ §Reus = 87G (TAY ~ puacgun ). (4.99)

Seon after inventing GR, Einstein tried to find a static cosmological model, since
that was what astronomical observations of the time seemed to imply. The resuli
was the Einstein static universe, which will be discussed in Chapter 8. In order for
this static cosmology o solve the field equation with an ordinary matter source,
it was necessary to add a new term called the cosmological constant, A, which
enters as

Ruv — YRguy + Aguy = 81 G Tyy. (4.100)

From comparison with (4.99), we see that the cosmological constant is precisely
equivalent to introducing a vacuum energy density

& (4.101)
]r_',l ‘ac I — 4
8 G
The terms “cosmological constant™ and “vacuoum energy” are essentially inter-
changeable.

Is a nonzero vacuum energy something we should expect? We arrived at the
Hilbert Lagrangian Ly = R by looking for the simplest possible scalar we could
construct from the metric. Of course there is an even simpler one, namely a con-
stant. Using (4.69), it is straightforward to check that

| s
S= | d*x/=g| ——(R=2A) + 4.102
ff X R[IMG( ) L‘M} ( )
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leads to the modified equation (4.100); alternatively, the vacuum Lagrangian is
simply

=i (4.103)

So it is certainly easy to intreduce vacuum energy; however, we have no insight
into its expected value, since it enters as an arbitrary constant.

The vacuum energy ultimately is a constant of nature in its own right. (An
exception oceurs in certain theories where a spacetime symmetry such as super-
symmeltry or conformal invariance governs the value of the vacuum energy; here
we are considering a more generic field theory.) Nevertheless, there are various
distinct contributions to the vacuum energy, and it would be strange if the total
value were much smaller than the individual contributions. One such contribu-
tion comes from zero-point Nuctuations—the energies of gquantum fields in their
vacuum state.

Consider a simple harmonic oscillator, a particle moving in a one-dimensional
potential Vix) = %:’uz.t'z. Classically, the vacuum for this system is the state
in which the particle is motionless and at the minimum of the potential (x =
(), for which the energy in this case vanishes. Quantum-mechanically, however,
the uncertainty principle forbids us from isolating the particle both in position
and momentum, and we find that the lowest energy state has an energy £y =
lzhm (where we have temporarily reintroduced explicit factors of A for clarity).
Of course, in the absence of gravity, either sysiem actually has a vacuum cnergy
that is completely arbitrary; we could add anv constant to the potential without
changing the theory. But quantum {luctuations have changed the zero-point energy
from our classical expectation.

A precisely analogous situation holds in field theory. If we take the Fourier
transform of a free quantum field (one where we ignore interactions for simplic-
ity), we find that it becomes an infinite number of harmonic oscillators in mo-
mentum space, as we discuss in Chapter 9. The frequency @ of each oscillator is
@ = ~/m? + k%, where m is the mass of the field and k is the magnitude of the
wave vector of the mode. If we set the classical vacuum energy to zero, cach of
these modes contributes a quantum zero-point energy of fiw/2. Formally, adding
all of these contributions together yields an infinite result, If, however, we discard
the very high-momentum modes on the grounds that we trust our theory only up
to a certain ultravielet momentum cutef! Ky, we find that the resulting energy
density is of the form

Puac ~ hic (4.104)

max "
This answer could have been guessed by dimensional analysis; the numerical con-
stants that have been neglected will depend on the precise theory under consid-
eration. If we are confident that we can use ordinary guantum field theory all the
way up to the reduced Planck scale /iip = (87G) /2 ~ 10'® GeV, we expect a
contribution of order

pvac ~ (10'8 Gev)* ~ 10M? ergfem’. (4.105)
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Field theory may fail earlier, although quantum gravity is the best reason we have
to believe it will fail at any specific scale,
As we will discuss in Chapter 8, cosmological observations imply

o™ < (1072 Gev)* ~ 1078 erg/em’, (4.106)

much smaller than the naive expectation just derived. The ratio of (4.103) to
{4.106) is the origin of the famous discrepancy of 120 orders of magnitude be-
tween the theoretical and observational values of the cosmological constant. We
are free 1o imagine that the bare vacuum energy is adjusied so that the net cos-
mological conslant is consistent with the limit (4.106), except for one problem:
we know of no special symmetry that could enforce a vanishing vacuum cnergy
while remaining consistent with the known laws of physics; this conundrum is
the “cosmological constant problem.” We will discuss the cosmological effects of
vacuum energy more in Chapter 8.

ENERGY CONDITIONS

Sometimes it is useful o think about Einstein’s equation without specifying the
theory of matter from which T, is derived. This leaves us with a great deal of
arbitrariness; consider for example the guestion, What metrics obey Einstein’s
equation? In the absence of some constraints on T, the answer is any metric
at all; simply take the metric of your choice, compute the Einstein tensor (G,
for this metric, and then demand that T, be equal to G, . It will automatically
be conserved, by the Bianchi identity. Our real concern is with the existence of
solutions to Einstein’s equation in the presence of “realistic” sources of energy
and momentum, whatever that means. One strategy is to consider specific kinds
of sources, such as scalar fields, dust, or electromagnetic fields. However, we
occasionally wish to understand properties of Einstein’s equations that hold for a
variety of different sources. In this circumstance it is convenient to impose energy
conditions that limit the arbitrariness of Ty,

Energy conditions are coordinate-invariant restrictions on the energy-momen-
tum tensor. We must therefore construct scalars from 7, which is typically ac-
complished by contracting with arbitrary timelike vectors r* or null vectors £*.
For example, the weak energy condition (WEC) states that T, 0%t" = 0 for all
tmelike vectors r*. For purposes of physical intuition, it is useful 1o consider the
special case where the source is a perfect Nuid, so that the energy-momentum
tensor takes the form

Ty ={.U+F]|UpU1'+P£;u-- (4.107)

where U is the fluid four-velocity. Let’s use this form to translate the WEC into
physical terms. Because the pressure is isotropic, Typr™" will be nonnegative

For more on the physics and cosmology of vacuum energy, see 3.M. Carroll, Liv. Rev. Rel. 4, |
(2001), htep: //arxiv. org/astro-ph/ 0004075,
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for all timelike vectors t# if both T, U*UY = 0 and T, £"¢Y = 0 for some
null vector £# (convince yourself of this: it’s just adding vectors). We therefore
evaluate

T URUY = p, Tl e = (p + pIU,E"). (4.108)

The WEC therefore implies p = 0 and p + p = 0. These are simply the
reasonable-sounding requirements that the energy density be nonnegative and the
pressure not be too large compared to the energy density. Of course we need not
restrict ourselves to perfect fluids, we merely use them 0 gain insight into the
requirements the energy conditions impose.

There are a number of different energy conditions, appropriate to different cir-
cumstances. Some of the most popular are the following:

e The Weak Energy Condition or WEC, as just discussed, states that
Tept® Y = 0 for all umelike vectors ¥, or equivalently that p = 0 and
e+ p=10

s The Null Energy Condition or NEC states that T, ##£" = 0 for all null
vectors £ or equivalently that p 4+ p = 0. [t is a special case of the WEC,
with the timelike vector replaced by a null vector. The energy density may
now be negative, so long as there is a compensating positive pressure.

e The Dominant Energy Condition or DEC includes the WEC (7,07 =
0 for all umelike vectors ), as well as the additional requirement that
T#¥r, is a nonspacelike vector (namely, that T, T v, 1#t* < 0). For a per-
fect fluid, these conditions together are equivalent 1o the simple requirement
that @ = |p|: the energy density must be nonnegative, and greater than or
equal the magnitude of the pressure.

s The Null Dominant Energy Condition or NDEC is the DEC condition
for null vectors only: for any null vector £¢, T, £# €Y = 0 and THYE, isa
nonspacelike vector. The allowed density and pressure are the same as for
the DEC, except that negative densities are allowed so long as p = —p. In
other words, the NDEC excludes all sources excluded by the DEC, except
for a negative vacuum energy.

o The Strong Energy Condition or SEC states that T, 0" 1" = %T*,J“r,,
for all timelike vectors ¢#, or equivalently that p + p = Oand p 4 3p = 0.
MNote that the SEC does not imply the WEC, It implies the NEC, along with
eacluding excessively large negative pressures. From (4.86) we see that it
is the SEC that implies gravitation is attractive.

These conditions are illustrated in Figure 4.3, In addition we have plotted the
constraint w = —1, where w = p/p is called the equation-of-state parameter.
This 1s a usetul concept in cosmology, where sources often have equations of state
p = wp with w being a constant (of course, w is defined whether it is constant



Chapter 4 Gravitation

(d) NDEC

FIGURE 4.3 Energy conditions as applied 1o perfect fluids, expressed as allowed regions of energy density p and pressure
p. Mustrated are the Weak Energy Condition (WEC), Null Energy Condition (NEC), Dominant Energy Condition (DEC),
Null Dominant Energy Condition (NDEC), and the Strong Energy Condition (SEC). For comparison, we also have illustrated

(e) SEC

-1

the condition w = —1, where w = p/p is the equation-of-state parameter.

or not). If we restrict ourselves to sources with g = 0, then any of the energy
conditions mentioned above will imply w > —1.

Most ordinary classical forms of matter, including scalar fields and electro-
magnetic fields, obey the DEC (see Exercises), and hence the less restrictive con-
ditions (WEC, NEC, NDEC). The SEC is useful in the proof of some singularity
theorems, but can be violated by certain forms of matter, such as a massive scalar
field. It turns out that quantum fields can generically violate any of the energy
conditions we have listed; there may, however, be inequalities involving integrals
over regions of spacetime that are satisfied even by quantum fields. This is an area

of current investigation.

The energy conditions are not, strictly speaking, related to energy conserva-
tion; the Bianchi identity guarantees that ¥V, THV

(Hw=-—1

o™

0 regardless of whether we
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impose any additional constraints on T#*. Rather, they serve to prevent other
properties that we think of as “unphysical,” such as energy propagating faster than
the speed of light, or empty space spontaneously decaying into compensating re-
gions of positive and negative energy. In particular, Hawking and Ellis (1973)
prove a canservation theorem: Essentially, if the energy-momentum tensor obeys
the DEC and vanishes in some spacelike region, then it will necessarily vanish
everywhere in the future domain of dependence of that region (see Section 2.7 for
the definition of the future domain of dependence). Thus, energy cannol sponta-
neously appear from nothing, nor can it sneak outside the light cone. The theorem
does not include the converse statement (that sources violating the DEC are nec-
essarily acausal), so it pays to be careful.

THE EQUIVALENCE PRINCIPLE REVISITED

In this section we will examine more carefully the underpinnings and conse-
quences of the Principle of Equivalence, which we used in Section 4.1 to motivate
the minimal-coupling procedure for generalizing physics 1o curved spacetime. We
will see that the Principle of Equivalence is not a sacred physical law, nor is it even
a mathematically rigorous statement: at a more fundamental level, it arises as a
consequence of the nature of general relativity as an effective field theory valid
at macrescopic distances, and our job is to determine which kinds of couplings
between matter and the metric we would expect in such a theory.

In practice, it is common to invoke the Equivalence Principle 1o justify any of
the following four ideas:

1. Laws of physics should be expressed (or at least be expressible) in generally
covariant form.

2. There exists a metric on spacetime, the curvature of which we interpret as
gravity.

3. There do not exist any other fields that resemble gravity,

4. The interacticns of matter fields to curvature are minimal: they do not in-
volve direct couplings 10 the Riemann tensor or its contractions,

These very different statements each have a very different status: the first is vacu-
ous, the second is both profound and almost certainly true, the third is interesting
and testable, and the fourth is just a useful approximation. Let’s examine each of
them in turn.

The first statement is sometimes ¢alled the Principle of Covariance. [t is more
or less content-free. “Generally covariant” simply means that all of the terms in
an equation transform in the same way under a change of coordinates, so that
the form of the equation is coordinate-invariant. Due to the universal nature of
the tensor transformation law, the most straightforward way of achieving this aim
is 10 make the equation manifestly tensorial. Certainly there is nothing wrong
if a law is expressed in a form that is not generally covariant, as long as we
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know that it is possible to rewrite it in a coordinate-independent way. On the
other hand, it is alwayvs possible o write laws in a coordinate-independent way,
if the laws are well-defined to begin with. A physical system acting in a certain
way doesn’t know which coordinate system you are using to describe 11; conse-
quently, anything deserving of the name “law of physics™ (as opposed to some
particular statement of that law) must be independent of coordinates. An insis-
tence on explicit coordinate-independence says nothing about the adaptation of
laws to curved spacetime; as we have seen, manifestly tensorial equations take on
the same form regardless of the geometry.

Consider Maxwell's eguations in fat spacetime, as we wrote them in Chap-
ter 1:

8, FU* = JY. (4. 104}

The right-hand side is a well-defined tensor, while the left-hand side is not, due
to the appearance of the partial derivative. That's okay, since we know that this
equation is valid only in inertial coordinates in Minkowski space. A coordinarte-
invariant way of expressing the same law is

V. F' = J%, (4110

No physical principle needs to be invoked to conclude that this is the correct
formulation in Minkowski space; it is the wnigue tensorial equation, which is
equivalent to (4.109) in ipertial coordinates. It is not the unique generalization
to curved spacetime, since we could imagine new terms involving preducts of
£ and RP 4, the status of such additional terms is directly addressed by the
minimal-coupling assumption, point four in the above lisi. By itself, however,
making things “tensorial” or “generally covariant” is a simple matter of logical
necessity, not a physical principle that one could imagine disproving by experi-
ment. {Another spin on the same idea is “diffeomorphism invariance,” discussed
in the Appendix B.)

The second purported consequence of the Equivalence Principle from our list
above is much deeper, and by no means obvious. Although he was inspired by the
EP, this geometric insight was Einstein’s great breakthrough. At the beginning of
Chapter 2 we discussed why such an insight was warranted: the EP implies that
gravity is universal, which implies in turn that gravitatonal fields become impos-
sible to measure in small regions of spacetime, a feature which in turn is most
directly implemented by identifying gravitation with the effects of spacetime ge-
ometry. These steps are well-motivated suggestions, not rigorously derived con-
sequences; once we have the idea that there is a metric whose curvature gives rise
to gravity, we can check its usefulness by comparing with experiment. As we've
mentioned, it passes with flying colors. An accumulation of evidence (such as the
gravitational redshift discussed in Chapter 2) is consistent with the idea that ide-
alized rods and clocks behave as they should if the geometry of spacetime were
curved. Still, one should not imagine proving that there really is a metric with the
desired properties; we make the hypothesis, test it against ever-more precise ex-
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periments, and deduce its range of usefulness. Indeed, the demands of eventually
reconciling general relativity with quantum mechanics suggest to many that the
metric will ultimately be revealed as a concept derived from a more fundamental
collection of degrees of freedom. For our present purposes this ultimate resolu-
tion doesn’t matter; the idea of a curved metric has proven its usefulness beyond
a reasonable doubt, and we work to extend our understanding of its properties
until they run up against insurmountable obstacles (either theoretical or empiri-
cal).

Given our conviction that the effects ol gravitation are best ascribed to the cur-
vature of a metric on spacetime, what would we conclude if experiments were to
detect an apparent viclation of the Equivalence Principle? For example, we might
imagine an experiment that revealed that the acceleration of test bodies in the
direction of the Earth or Sun actually did depend, ever so slightly, on the compo-
sition of the test body. (The best current limits on such anomalous accelerations
constrain them to be less than 10™'2 times that due to gravjty.}ﬁ In such a cir-
cumstance, nobody would really be tempted to declare that general relativity had
been completely undermined and it was necessary to start over. Rather, we would
return 1o the definition of “test body,” which includes the proviso that the body
be uncharged. An electron, for example, would not make a good test body, as it
would be buffeted about by ambient electromagnetic fields as well as by gravity.
Similarly, by far the most straightforward explanation of any hypothetical anoma-
lous acceleration on purportedly neutral test bodies would be to imagine that we
had discovered the existence of a new long-range field, under which our test bod-
ies were actually charged. To have remain undetected thus far, such a field must
be either very weakly coupled, or must couple almost universally, so as 0 mimic
the elfects of gravity. We could imagine, for example, scalar fields that couple to
the trace of the energy-momentum tensor, or vector fields that couple to baryon
number. The mass of ordinary test bodies 1s almost propoertional to their baryon
number, which counts the number of pretons and neutrons in the body. [ts there-
fore sometimes convenient to think of “tests of the Equivalence Principle” as tests
of the third of our statements above—that there do not exist any other fields that
resemble gravity {where a field resembles gravity if it is long-range and couples
almost universally to mass). Again, detecting a violation of this hypothesis would
be most directly interpreted as discovery of a new “fifth force™ rather than as a
repudiation of Einstein's ideas. As to whether we should expect to discover such
a new held if we improve upon current experiments, it is hard to say; on the one
hand, it is easy to concoct models with new long-range forces, but on the other
hand, they would typically be strong enough to already have been detected. At
this stage it is still worthwhile to keep an open mind.

Bevond the very existence of the metric, the heart of the Equivalence Principle
lies in the fourth of our formulations, that the interactions of matter fields to cur-
vature are minimal: they do not involve direct couplings to the Riemann tensor or
its contractions. For example, we could consider the following possible alternative

3y Suetal., Phys. Rev. D 50, 3614 (1994).
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to the conventional geodesic equation:

o gl R 4111

T O A e e
where R is the Ricci scalar and o is a coupling constant. This equation also re-
duces to straighi-line motion in flat spacetime, but would allow for direct detec-
tion of spacetime curvature in small regions by measurement of the coupling o
Vi £. Why, then, does nature choose the simple geodesic equation? As a first siep
toward an answer, consider the dimensions of the coupling @. Since ¢ = 1 and
space and time have the same units, we can use length as our basic dimension.
The metric, the inverse metric, and dx* /da are then dimensionless. The partial
derivative operator has units of inverse length, as does the covariant derivative.
The Christoffel symbols involve first derivatives of the metric, and thus have di-
mensions of inverse length; similarly, the Riemann tensor, Ricci tensor, and Ricci
scalar have dimensions of inverse length squared:

dx# = B
{ }=Egm.|=[gf“|=1,”. [Vel=[M%)1=L"", [R)=L"%

di o
(4.112)
To be consistent, the coupling ¢ must have dimensions of length squared:
le] = L2, (4.113)

The square root of & therefore defines a length scale; what should the length scale
be? We don’t know for sure, but there is every reason to believe it should be
extremely small. There are two arguments for this. One is that, since the coupling
represented by e is of gravitational erigin, the only reasonable expectation for the
relevant length scale is

a ~ I3, (4.114)

where /p 1s the Planck length. Another reason is simply a more sophisticated ver-
sion of this “what else could it be?" rationale. Although general relativity is a clas-
sical theory, at a deeper level we expect that it is merely an effective field theory
describing an underlying quantum-mechanical structure, Even without knowing
what this structure may be, a generic expectation (derived from our experience
with quantum field theories we do understand) is that the effective classical limit
should contain all possible interactions, but with dimensionful length parameters
representing scales at which new degrees of freedom become important (recall
our discussion of effective field theory at the end of Chapter 1). Thus, the Fermi
theory of the weak interactions contains a length scale, which we now know 1o
correspond o the scale of electroweak symmetry breaking where W and # bosons
become relevant. Since we do not expect new gravitational physics to arise before
the Planck scale, the higher-order interactions associated with gravity should be
suppressed by appropriate powers of the Planck length,
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How much suppression does this represent? One measure would be to compare
Ip {and thus the likely value of the parameter «) to a typical gravitational length
scale near the vicinity of the Earth. The strength of gravity on Earth is characier-
ized by the acceleration due to gravity, @, = 980 cm/sec®. To construct a quantity
with dimensions of length, we define

lg = c/ag ~ 10" cm, (4.115)

where the symbol & in this context stands for the Earth (not a direct sum). So the
relative strength of higher-order gravitational effects is measured by

=~ 1073, {(4.116)

In fact, since we expect o ~ 1’5. the suppression will be of order 10~'%, Con-
sequently, there seems to be little need o worry about the possible role of such
couplings. But dramatic departures should be kept in mind; recent ideas about
large extra dimensions have opened up the possibility of observing direct gravita-
tional interactions at particle accelerators. Ultimately, there is no way o resolve
these problems by pure thought alone; only experiment can decide among the
alternatives.

ALTERNATIVE THEORIES

General relativity has passed a wide variety of experimental tests. Nevertheless,
it is always possible that the next experiment we do will reveal a deviation from
Einstein's original formulation. Let us therefore briefly consider ways in which
general relativity could be modified. There are an uncountable number of such
ways, but we will consider four different possibilities:

e gravitational scalar fields

e ¢xira spatial dimensions

e higher-order terms in the action

o nonChristoffel connections

A popular set of alternative models are known as sealar-tensor theories of
gravity, since they involve both the metric tensor, gy, and a scalar field, A. In
particular, the scalar field couples directly to the curvature scalar, not simply to
the metric (as the Equivalence Principle would seem te imply). The action can be

writlen as a sum of a gravitational piece, a pure-scalar piece, and a matter piece:

S=8r+ 54+ 5m, (4.117)



182

Chapter 4 Gravitation

where

sm=f¢r x/=g (MR, (4.118)
S fd“w*’_[ ~h(A)g"Y (9, M) (B,A) — Um]} (4.119)

and
i f &% /=8 Ertlgyon ¥1). (4.120)

Here, f(A), hi(A) and U/ (A) are functions that define the theory, and the matter
Lagrangian Cm depends on the metric and a set of matter fields i, but not on
4. By change of variables we can always set h(A) = 1, but we leave it here to
facilitate comparison with models found in the Jiterature,

The equations of motion for this theory include the gravitational equation
(from varying with respect to the metric), and the scalar equation (from vary-
ing with respect to ), as well as the appropriate matter equations. Let’s start with
the gravitational equation, which we can derive by following the same steps as for
the ordinary Hilbert action (4.55). We consider perturbations of the metric,

g’ — g 4 5™, {(4.121)
Following the procedure from Section 4.3, the variation of the gravitational part
of the action is

— ] U r
55};@ = fd‘*xv'—g f{}.}[(RJ“. - ,—}Rgm:)gglﬂ + T 'F”fg;u.-ﬁg‘“J
- ?,i?._-(:‘ig“”]} (4.122)

For the Hilbert action, f is a constant, so the last two terms are total derivatives,
which can be converted to surface terms through integration by parts and therefore
ignored. Now integration by parts (twice) picks up derivatives of f, and we obtain

‘SS_F'R = '/-d -r\- [f(;‘-JGjJ v "‘K:u . f = v;-: I'F1,|FJ 'S.E'rw. (4.123)

where G,y is the Einstein tensor. We have discarded surface terms as usual, al-
though there are subtleties concerning boundary contributions in this case; sce
Wald (1984) for a discussion. The gravitational equation of motion, including
contributions from S; and Sy, is thus

G = £ 00 (3T + 470 + MV f - g0 OF), (4.124)

iy
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where the energy-momentum tensors are 'Iﬁi." = —2(—g)"1/245,; /6g""; in partic-
ular,
TH = hA)VAVA — gy [éh{h}g‘”" VoA Vak 4 U{M] , (4.125)

From looking at the coefficient of T_,E':'.“ in (4.124), we see that when the scalar

field is constanr (or practically so), we may wdentify f(4) = 1/({16m G ), as makes
sense from the original action (4.118). Meanwhile, if & varies slightly from point
to point in spacetime, it would be interpreted as a spacetime-dependent Newton's
constant. The dynamics that control this variation are determined by the equation
of motion for 4, which is straightforward (o derive as

hOA+ SH' gV AVd — U’ + f'R=0, (4.126)

where primes denote differentiation with respect to A, Notice that if we set ild) =
I to get a conventional Kinetic term for the scalar, 4 obeys a conventional scalar-
field equation of motion, with an additional coupling 1o the curvature scalar, In
the real world, we don’t want f(A) to vary too much, as it would have observ-
able consequences in the classic experimental tests of GR in the solar system,
and also in cosmological tests such as primordial nucleosynthesis, This can be
ensured either by choosing U/ () so that there is a minimum to the potential and
4 cannot deviate too far without a large input of energy—in other words, A has a
large mass—or by choosing f(4) and () so that large changes in A give rise 10
relatively small changes in the effective value of Newton's constant.

One of the earliest scalar-tensor models is known as Brans—Dicke theory, and
corresponds in our notation to the choices

A 1)
A==, h\)=-—, UR)=0. 4.127
fid) T hii) et Uiky=10 (4.127)

where e is a coupling censtant. The scalar-tenser action takes the form

A 3uA)(ByA
%)) ]} . (4.128)

Sp = fdd.xvf—_g |:--—~—-R I -

167 16m il

In the Brans—Dicke theory, the scalar lield 15 massless, but in the w — o¢ limil

the field becomes nondynamical and ordinary GR is recovered. Current bounds

from Solar System tests imply w = 300, so if there is such a scalar field it must
couple only weakly to the Ricei scalar.

A popular approach to dealing with scalar-tensor theories is to perform a con-

formal transformation to bring the theory in w a form that looks like conventional

GR. We define a conformal metric

Buv = 167G £ (L)@, (4.129)

where G will become Newton's constant in the conformal frame, Using formulae
for conformal transformations from the Appendix G, the action 5 g from (4.118)
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becomes
Sfr = fdﬂ-,f- 2 f(MR

i 5 =9 . SiEiE S
=fa"i_n,f—§{lﬁmf}}*] [:R- sgﬁ"’f‘*(j—‘f) l{vﬁmvau}
.

(4.130)

where as usual we have integrated by parts and discarded surface terms. In the
conformal frame, therefore, the curvature scalar appears by itself, not multiplied
by any function of &, This frame 1s sometimes called the Einstein frame, since
Einstein's equations for the conformal metric £, take on their conventional form.,
The original frame with metric g, is called the Jordan frame. or sometimes the
string frame. (String theory typically predicts a scalar-tensor theory rather than
ordinary GR, and the string worldsheet responds to the metric g,,,.)

Before going on with our analysis of the conformally-transformed theory, con-
sider what happens if we choose

fR) =3 ho)=0, UM =0, (4.131)

a specific choice for f(4), but turning off the pure scalar terms in §;. Then we
notice that the Einstein frame action (4.130) actually includes a conventional ki-
netic term for the scalar, even though it wasn't present in the Jordan frame action
(4.118). Even without an explicit kinetic term for &, the degrees of freedom of this
theory include a propagating scalar as well as the metric. This should hopefully
become more clear after we examine the degrees of freedom of the gravitational
field in Chapter 7. There we will find that the metric g, actually includes scalar
{spin-0) and vector {(spin-1) degrees of freedom as well as the expected tensor
(spin-2) degrees of freedom; however, with the standard Hilbert action, these de-
grees of Ireedom are constrained rather than freely propagating. What we have
just found is that multiplying R by a scalar in the action serves to bring the scalar
degree of freedom to life, which is revealed explicitly in the Einstein frame.
If we do choose 1o include the pure-scalar action 5;, we obtain

R 1 i U(A
Sir+ S, = fd“.wcﬁ[—.: — S KE” (V) (Vod) - *—n{il-—]

167 G (16mG)2 f2(1)
(4.132)
where
() e [rh+30677). (4.133)
I«ﬁm:?f3
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We can make our action look uuerly conventional by defining a new scalar field
¢ via

) =ffc"fzda, (4.134)

in terms of which the action becomes

el s ool
Syp+ S = fffd-l'v'“—é? ‘: == 587 (Vo) (Vo) — foi?]li| . (4.135)

lom &
where
Vig) = {.{{};m} : (4.136)
(16mG)2 f2(A(d))

Amazingly, in the Einstein frame we have a completely ordinary theory of a scalar
field in curved spacetime. So long as (4] is well-behaved, the variables (g,,, ¢)
can be used instead of (g, &), in the sense that varying with respect to the new
variables is equivalent to starting with the original equations of motion (4.124)
and (4.126) and then doing the transformations (4.129) and (4.134).

Finally, we add in the matter action (4.120). Varying with respect to gy, will
yield an energy-momentum tensor in the Einstein frame. In the original variables
(£, A). we Knew that Sy was independent of A, but now 1t will depend on both
of the new variables (2., ¢); we can use the chain rule to characterize this depen-
dence. Let us also assume that Sy depends on g, only algebraically, not through
derivatives. This will hold for ordinary scalar-field or gauge-field matter; things
become more complicated for fermions, which we won't discuss here. We obtain

~ 5 1 88m
v B T
v —§ 88"

1 3g“? 55m

vf @ dgHv ﬁg-‘-'ﬁ
1 55 a5m

V.-"'_- WV ggap

= (167G ) Ty (4.137)

= -2(167G f)”!

A similar trick works for the coupling of matter to ¢, which comes from varying
Sm with respect to ¢, using g** = 167 G fgr:

S 92 385w
Seb o i ﬁg“:"

() 342

= —— —./—.;ETM. {4.138)




186

Chapter 4 Cravitation
where

— P |
(M) __ =af M) _ Jarfi (M)
T =8 e = e e (@.139)

is the trace of the energy-momentum tensor in the conformal frame.

Varying (4.135) with respect to g, and ¢ returns equations of motion equiv-
alent to Einstein’s equations and an equation for ¢, The gravitational equation
is

Guv = 8nG (700 + TP), (4.140)
where
:FJT = VoV - Buv [%.‘Eﬁﬂ i—".rﬂ;ﬁ%aqf? 4 V{t:b}] - (4.141)
and the scalar field equation is

=, AV _ 1 df x
- dp ~ 2f de '

Given that (4.140) looks just like Einstein’s equation with both matter and
scalar-field sources, why should we even bother 1o call this scalar-tensor theory
an alternative to GR? Isn't it the same theory, just in different variables? In fact
it is not the same, because of the dependence of Sy on ¢ in the Einstein frame.
In particular, physical test particles will move along geodesics of g, which will
not generally coincide with those of g,,. The original metric is the one that test
particles “see.” So either we work in the original variables (g, 4), where the
aravitational field equation is altered, or we use the new variables (g,,, ¢), in
which the equations of motion for matter are altered; either way, there will be
unambiguously measurable departures (in principle) from ordinary GR.

Another way to modify general relativity is to allow for the existence of extra
spatial dimensions; in fact the physical consequences of extra dimensions turn
out 1o be closely related to those of scalar-tensor theories, By exira dimensions
we don’t simply mean considering GR in higher-dimensional spaces, but rather
considering models in which the spacetime appears four-dimensional on large
scales even though there are really 4 + 4 total dimensions. The simplest way for
this to happen is if the extra & dimensions are “compactified” on some manifold;
it is this possibility we consider here.* Models of this kind are known as Kaluza-
Klein theories,

Let G 4p be the metric for a (4 + d)-dimensional spacetime with coordinates
X, where indices a. b run from O to d + 3.

(4.142)

e follow the analysis of S.M. Carroll, ). Geddes, M. Hoffman, and B.M. Wald, Phys. Rev. D 66,
024036 (2002); betp: //arxiv. org/hep-th/0211014%. The original papers on extra dimensions are
those by Kaleza and Klein: T. Kaluza, Sitzungsber. Prewss. Akad. Wiss. Berlin (Marh. Phys.) K1, 966
(1921); O. Klein, Z Phys, 37, 895 (1926) [Surveys High Ererg, Phys, 5, 241 (1926)]; Q. Klein, Naiure
118, 516 (1926).
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ds® = GapdXdX® = g, (x)da*dx” + b2 (x)y; ()dy' dy/, (4.143)

where the x* are coordinates in the four-dimensional spacetime and the ¥ are co-
ordinates on the extra-dimensional manifold, aken to be a maximally symmetric
space with metric ;. Of course the geometry of the extra dimensions is actu-
ally something dynamical that should be determined by solving the full equations
of motion, but we are going to take {4.143) as a simplifying ansatz. (In a more
complete treatment, we would expand the dynamical modes of the compactified
geometry as a Fourier series, and show that the modes we are presently neglecting
have larger masses than the overall-size mode we are choosing to examine. ) The
action is the (4 + 4 }-dimensional Hilbert action plus a matter term:

S = [44 ¥/ =G ( R[Gas] + EM) ) (4.144)

i'ﬁﬂGJ-l-d

where +/—G is the square root of minus the determinant of Ggp, R{Gapl is the
Ricei scalar of g, and Ly 1s the matter Lagrange density with the metric deter-
minant factored out.

The first step is to dimensionally reduce the action (4.144). By this we mean to
actually perform the integral over the extra dimensions, which is possible because
we have assumed that the extra-dimensional scale factor b is independent of y'.
Therefore we can express everything in terms of gy, vy, and b(x), integrate over
the extra dimensions, and arrive at an effective four-dimensional theory. From the
metric (4.143) we have

V=G = b =g /7. (4.145)
and we can evaluate the curvature scalar or this metric to obtain
R[Gapl = Rl},’gn'l'i'b 'ERhﬁj] - Za'b_'g“”'ﬁ,ivab
—d(d — Db 2" (V,b)(Vab). {4.146)

where ¥V, is the covariant derivative associated with the four-dimensional metric
2. We denote by V the volume of the exira dimensions when & = 1: 1t 1s given

by

V= f:.r*‘y.ﬁ_ (4.147)

The four-dimensional Newton's constant Gy is determined by evaluating the co-
efficient of the curvature scalar in the action; we find that G4 is related to its
higher-dimensional analogue by
1 vV
167Gy 167 Gasy

(4.14%)

We are thus left with
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5=[r!4,t —g

b:fR = +d !—1};"“2 ’“"i"b V.b
|f}?TG.1[ [guv] +dia } 2" (VL bWV.ub)

+d(d — nxb"‘z] + Vb4 Lm } (4.149)

where we have integrated by paris for convenience, and introduced the curvature
pa_mmﬂtcr K of ¥ijs g:ivcn hy‘

R[VJ',JI )

- i 4.150
did = 1) ( J

Comparing to (4.117)-(4.120), we see that the dimensionally-reduced action
is precisely that of a scalar-tensor theory; the size of the extra dimensions plays
the role of the scalar field. We can therefore make it look more conventional by
performing a change of variables and a conformal transformation,

Fix)=Inb,
By = fdﬁgm ' (4.151)

which turns the reduced action into that of a scalar field coupled to gravity in the
Einstein frame. Following the same procedure as outlined in our discussion of
scalar-lensor theories yields

i i L. N (T B\
s_fdw e -:" [mg,ﬂ. 5d(d + 28 @up) @)

+d(d - nme‘“"*”ﬁ] + Ve f‘f‘EM]. (4.152)

where we have dropped terms that are total derivatives.
To turn f# into a canonically normalized scalar field, we make one final change
of variables, to

1d+2
¢=¥’¥rﬁpﬁ (4.153)

where the reduced Planck mass is mp = (87 G4)~ /. We are then left with
. 4. [ = l =g
§= d xy/—¢ FG ng;u] o _Ei' fv;af?:’}l?»‘?’]'
Ekd(ﬂl 5L I-,“ E -— f:{a'!'z:'fi]ﬂf'.’.'ﬁl‘ + l;e—\f—iiif{a+j _."-"J?PEM

(4.154)
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The scalar ¢ is known as the dilaton or radion, and characterizes the size of the
extra-dimensional manifold.

The last two terms in (4.154) represent {(minus) the potential V{g). Il we ignore
the matter term Cpg. the behavior of the dilaton will depend only on the sign of &,
If the extra-dimensional manifold is flat (« = (1), the potential vamshes and we
simply have a massless scalar field; this possibility runs afoul of the experimental
constraints on scalar-tensor theories mentioned above, If there is curvature (x #
(), the potential has no minimum; for & = 0 the field will roll to —oc, while for
k = 0 the field will roll o 4+occ. But ¢ o Inb, so this means the scale factor
b(x) of the extra dimensions either shrinks to zero or becomes arbitrarily large, in
either case ruining the hope for stable extra dimensions. Stability can be achieved,
however, by choosing an appropriate matler Lagrangian, and an appropriate field
configuration in the extra dimensions.

Let us now move on to a different kind of alternative theory, those that feature
Lagrangians of more than second order in derivatives of the metric. We could
imagine an action of the form

3‘=fd”.t.,f—ﬁ[ﬁ-i—a:ﬁz+a'gR,,L.R“"+mg*“"~?,,.‘??l.R+---). (4.155)

where the a's are coupling constants and the dots represent every other scalar
we can make from the curvature tensor, its contractions, and its derivatives. Tra-
ditienally, such terms have been neglected on the reasonable grounds that they
merely complicate a theory that is already both aesthetically pleasing and empiri-
cally successful. There is also, classically speaking, a more substantive objection.
In conventional form, Einstein’s equation leads o a well-posed initial value prob-
lem for the metric, in which coordinates and momenta specified at an initial time
can be used to predict future evolution. With higher-derivative terms, we would
require not only those data, but also some number of derivatives of the momenta;
the character of the theory is dramatically altered.

However, there are also good reasons to consider such additional terms. As
mentioned in our brief discussion of quantum gravity, one of the technical ob-
stacles to consistent quantization of general relativity i1s that the theory 1s non-
rencrmalizable: Inclusion of higher-order quantum effects leads to infinite an-
swers. With the appropriate combination of higher-order Lagrangian terms, it
turns out that yoeu can actually render the theory renormalizable, which gives some
hope of constructing a consistent quantum theory.” Unfortunately, it turns out
that renormalizability comes at oo high a price; these models generally feature
negative-energy field excitations (ghosts). Consequently, the purported vacuum
state {empty space) would be unstable 1o decay into positive- and negative-energy
maodes, which is inconsistent with both empirical experience and theoretical prej-
udice.

Nevertheless, the prevailing current view is that GR is an effective theory valid
at energies below the Planck scale, and we should actually include all of the pos-

3See, for example, K.5. Stelle, Phvs. Rev. D16, 953 (1977).
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sible higher-order terms: but they will be suppressed by appropriate powers of
the Planck scale, just as we argued in our discussion of the Equivalence Principle
in Section 4,7, They will therefore only become important when the length scale
characteristic of the curvature approaches the Planck scale, which is far from any
plausible experiment. Higher-order terms are therefore interesting in principle,
but not in practice. On the other hand, similar reasoning would lead us to expect
a huge vacuum energy term, since it is lower-order than the Hilbert action, which
we know not 1o be true; so we should keep an open mind.

As a final alternative to general relativity, we should mention the possibility
that the connection really is not derived from the metric, but in fact has an inde-
pendent existence as a fundamental field. As one of the exercises you are asked (o
show that it is possible to consider the conventional action for general relativity
but treat it as a function of both the metric g, and a torsion-free connection ]"L‘a,
and the equations of motion derived from varying such an action with respect
to the connection imply that F;’:;a is actually the Christoffel connection associ-
ated with g,,. We could drop the demand that the connection be torsion-free,
in which case the torsion tensor could lead to additional propagating degrees of
freedom. The basic reason why such theories do not receive much attention is
simply because the torsion is itself a tensor; there is nothing to distinguish it from
other, nongravitational tensor fields. Thus, we do not really lose any generality
by considering theories of wrsion-free connections (which lead to GR) plus any
number of tensor fields, which we can name what we like. Similar considerations
apply when we consider dropping the requirement of metric compatibility—any
connection can be written as a metric-compatible connection plus a tensonal cor-
rection, so any such theory is equivalent 1o GR plus extra tensor fields, which
wouldn't really deserve to be called an “alternative to general relativity™.

EXERCISES
1. The Lagrange density for electromagnetism in curved space is
£ =v=g (=} F* Fav + Au*), (4.156)

where JH* is the conserved current.

(a) Derive the energy-momentum tensor by functional differentiation with respect to
the metric. You can assume that the Ay, 7¥ term dees not contribute 1o the energy-
momentum tensor.

(b} Consider adding a new term to the Lagrangian,
L'= R PP . Fys.

How are Maxwell’s equations altered in the presence of this term? Einstein's equa-
tion? 1s the current sull conserved?

2. We showed how to derive Einstein’s equation by varving the Hilberl action with respect
to the metric. They can also be derived by treating the metric and connection as inde-
pendent degrees of freedom and varying separately with respect to them; this is known
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as the Palatini formalism. That is, we consider the action
5= qulxv —£ .ﬁ'“vﬂ;w“‘ju

where the Ricci tensor is thought of as constructed purely from the connection, not us-
ing the metric, Vanation with respect to the metric gives the usual Einstein’s equations,
but for a Ricei ensor constructed from a connection that has no a priori relationship
to the metric. Imagining from the start that the connection is symmetric (lorsion free),
show that variation of this action with respect to the connection coefficients leads 1o the
requirement that the connection be metric compatible, that is, the Christoffel connec-
tion. Remember that Stokes’s theorem, relating the integral of the covariant divergence
of a vector to an integral of the vector over the boundary, does not work for a general
covariant derivative, The best strategy is 1o write the connection coefficients as a sum
of the Christoffel symbaols Ff“n. and a tensor C* ;,
k=l 4+ €,
and then show that C* ;,, must vanish.

3. The four-dimensional 8-function on a manifold M is defined by

5{-lj[xa e ,r.cr:] 4
f F(xt) [— - | =g d*x = F(y°), (4.157)
M =K

for an arbitrary function F(x#). Meanwhile, the energy-momentum tensor for a pres-
sureless perfect fluid (dust) is

THY = pl*u”, (4.158)

where p is the encrgy density and U'* is the four-velocity, Consider such a fluid that
consists of a single particle traveling on a world line x* (1), with t the proper lime. The
energy-momentum tensor for this fAuid is then given by

E_SH] . . | dx? dx”
HY(40) = m f |20 —x Gy dv dv o (4.159)
M| —& dr dr

where m is the rest mass of the particle. Show that covariant conservation of the energy-
momentum tensor, ¥V, T#Y = (), implies that x* (r) satisfies the geodesic equation,

4, Show that the energy-momentum tensors [or ¢lectromagnetism and for scalar field the-
ory satisfy the dominant energy condition, and thus also the weak, null, and null domi-
nant conditions. Show that they also satisfy w = —1.

5. A spacetime is static if there is a timelike Killing vector that is orthogonal to spacelike
hypersurfaces. (See Appendices D and F for more discussion, including a definition of
Raychaudhuri’s equation.)

(a) Generally speaking, if a vecior field v* is orthogonal to a set of hypersurfaces
defined by f = constant, then we can write the vector as v, = AV, f (here both f
and k are functions). Show that this implies

Vo Vuty) =0
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(b) Imagine we have a perfect Auid with zero pressure (dust), which generates a so-
lution to Einstein's equations, Show that the metric can be static only if the fluid
four-velogity is parallel to the timelike (and hypersurface-orthogeonal) Killing vec-
tor.

{e) Use Raychaudhuri's equation to prove that there is no static solution to Einstein’s
equations if the pressure is zero and the energy density 1s greater than zero,

6. Let K be a Killing vector field. Show that an electromagnetic field with potential
A=K, solves Maxwell's equations if the metric is a vacuum solution 1o Einstein's
equations. This is a slight cheat, since you won't be in vacuum if there is a nonzero
electromagnetic field strength, but we assume the field strength is small encugh not to
dramatically affect the geometry.
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The Schwarzschild Solution

5.1 B THE SCHWARZSCHILD METRIC

The most obvious application of a theory of gravity is to a spherically symmetric
gravitational field. This would be the relevant situation to describe, for example,
the field created by the Earth or the Sun (1o a good approximation), in which ap-
ples fall or planets move. Furthermaore, our first concern 1s with exterior solutions
{empty space surrounding a gravitating body), since understanding the motion of
test particles outside an object is both easier and more immediately useful than
considering the relatively inaccessible interior. In addition to its practical useful-
ness, the answer to this problem in general relativity will lead us 1o remarkable so-
lutions describing new phenomena of great interest to physicists and astronomers:
black holes. In this chapter we examine the simple case of vacuum solutions with
perfect spherical symmetry; in the next chapter we consider features of black
holes in more general contexts.

In GR, the unigue spherically symmetric vacuum solution is the Schwarz-
schild metric; it is second only (o Minkowski space in the list of important space-
times, In spherical coordinates {f, r, 8, ¢}, the metric is given by

2 2 11 3 ﬂr‘f 3 3 % ) |
! ds° = — (I - —(Jw) dre + (l - i - ) dr® 4+ r= dil”, I (5.1)

r

where @27 is the metric on a unit two-sphere,
d? = do? + sin? @ dgp?. (5.2)

The constant M 1s interpreted as the mass of the gravitating object (although some
care is required in making this identification). In this section we will derive the
Schwarzschild metric by trial and error; in the next section we will be more sys-
tematic in both the derivation of the solution and its consequences.

Since we are interested in the solution curside a spherical body, we care about
Einstein's equation in vacuum,

Ry, =0. (5.3)

193
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Our hypothesized source is static (unevolving) and spherically symmetric, so we
will look for solutions that also have these properties. Rigorous definitions of both
“static™ and “spherically symmetric” require some care, due 10 subtleties of co-
ordinate independence. For now we will interpret static to imply two conditions:
that all metric components are independent of the time coordinate, and that there
are no time-space cross terms (drdx’ + dx’ dr) in the metric. The latter condition
makes sense if we imagine performing a time inversion 1 — —1; the dr” term
remains invariant, as do any dx'dx’ terms, while cross terms would not. Since
we hope to find a solution that is independent of time, it should be invariant under
time reversal, and we therefore leave cross terms out. To impose spherical symme-
try, we begin by writing the metric of Minkowski space (a spherically symmetric
spacetime we know something about} in polar coordinates v = (1, r, 8, )

d“fi‘]ink{m'sh = —dr® + dr? + rtdQt. (5.4)

One requirement to preserve spherical symmetry is that we maintain the form
of d€2%; that is, if we want our spheres to be perfectly round, the coefficient of
the d:;'.':: term should be sin® & times that of the d82 term. But we are otherwise
free to multiply all of the terms by separate coefficients, so long as they are only
functions of the radial coordinate r:

ds? = - ar? + 2P0 ar? 1 72 a2, (5.5)
We've expressed our functions as exponentials so that the signature of the metric
doesn’t change. In a full treatment, we would allow for complete freedom and see
what happens.

We can use our ability to change coordinates to make a slight simplification to
the static, spherically-symmetric metric (5.5), even before imposing Einstein’s
equation. Unlike other theories of physics, in general relativity we simultane-
ously define coordinates and the metric as a function of those coordinates. In
other words, we don’t know ahead of time what, for example, the radial coordi-
nate r really is; we can only interpret it once the solution is in our hands. Let us
therefore imagine defining a new coordinate r via

F=et\rlp (3.6)
with an associated basis one-form

: d
df = e dr + e¥rdy = (lTrd—y)yydf'_ {5.7)

R
In terms of this new variable, the metric (5.5) becomes
: YN gty s o
ds? = —e2 0 g2 4 (1 + fa_::) B-wG2 L Q2 (5.8)

where each function of r is a function of 7 in the obvious way. But now let us
make the following relabelings:
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F=r (5.9)
-2

(1 - r‘{,f-) e2PrI=2r(e) o 2, (5.10)
ar

There is nothing to stop us from doing this, as they are simply labels, with no
independent external definition. If you wish you can continue 1o use 7, and set
{5.10) equal to ¢2f but we won't bother. Our metric (5.8) becomes

ds? = —e2") 42 L 2800 4,2 4 L2 a0 (5.11)

This looks exactly like (5.5), except that the e2¥ factor has disappeared. We have
not set e** equal to one, which would be a statement about the geomelry; we
have simply chosen our radial coordinate such that this factor doesn’t exist. Thus,
(5.11) is precisely as general as (5.5).

Let's now take this metric and use Einstein’s equation to solve for the functions
eir) and B{r). We begin by evaluating the Christoffel symbols. If we use labels
(t,r, 8, ¢) for (0, 1, 2, 3) in the usual way, the Christoffel symbols are given by

rl, = dra O = Pya T, =4
1 l
rel L T J_zﬂ ~ ]
Irﬂ"r gg = —TE Irqs—; (5.12)
_ _ . cost
G = —re=Fgin?p ]"';@ = —sinfcosf [ 5":, e

Anything not written down explicitly is meant to be zero, or related to what is
written by symmetries. From these we get the following nonvanishing compo-
nents of the Riemann tensor:

Ry = drady B — 82a — (Bra)®
Rlus =—re ¥y a
Rlge = —re #sin’ 9 d,a

R oro = re”F3,p
R grp =re P sin @ 8, 8
R%0p = (1 — e~ *P)sin® 6. (5.13)

Taking the contraction as usual yields the Ricci tensor:

R = €« [02a + (3)* = d,ad, f + 20,

]

Ry = —=8%e — (,0)* + d,ad, B + 20,8
Rog = e [r(a,8 - d0)— 1]+ 1

= sin* 6 Rgg., (5.14)

&
4
I
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and for future reference we calculate the curvature scalar,

) |
R= -2 [:ifa + (Bre)® — B, B+ (e = 0:8) + (1 - e*F)

(5.15)
With the Ricci tensor calculated, we would like 1o set it equal to zero, Since
Ry and Ry, vanish independently, we can write

0=ePR, + R, = %{u,a +3:8), (5.16)
which implies @ = —# + ¢, where ¢ is some constant. We can set this constant
equal to zero by rescaling our time coordinate by ¢ — e™t, after which we have

a=—p. (5.17)
MNext let us turn to Rge = (0, which now reads
X 2rdpa+1) = 1. (5.18)
This is equivalent to
dr (re®®) = 1. (5.19)
We can solve this 1o oblain
e =1- % (5.20)

where Kg is some undetermined constant. With (5.17) and (5.20), our metric be-

COmes
i R Re\"!
e (| i _‘) di? s (1 . —":) dr? +rtdQ?. (5.21)

r F
We now have no freedom left except for the single constant R, so this form had
better solve the remaining equations Ry, = 0 and R, = 0; it is straightforward to
check that it does, for any value of Rs.

The only thing lefl to do is to interpret the constant R, called the Schwarz-
schild radius, in terms of some physical parameter. Nothing could be simpler. In
Chapter 4 we found that, in the weak-ficld limit, the 1+ component of the metric
around a point mass satisfies

2GM
g = = (] - -—) . (5.22)

The Schwarzschild metric should reduce to the weak-field case when r % 20 M,
but for the r+ component the forms are already exactly the same; we need only
identify

Rs =2CM., (5.23)

This can be thought of as the definition of the parameter M.
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Our final result is the Schwarzschild metric, (5.1). We have shown that it is a
static, spherically symmetric vacuum solution to Einstein's equation; M lunctions
as a parameier, which we happen to know can be interpreted as the conventional
Mewtonian mass that we would measure by studying orbits at large distances from
the gravitating source. [t wen't simply be the sum of the masses of the constituents
of whatever body is curving spacetime, since there will be a contribution from
what we might think of as the gravitational binding energy: however, in the weak
ficld limit, the quantities will agree. Note that as M — 0 we recover Minkowski
space, which is 10 be expected, Note also that the metric becomes progressively
Minkowskian as r — 20; this property is known as asymptotic flatness. A more
technical definition involves matching regions at infinity in a conformal diagram,
as discussed in the next chapter.

BIRKHOFF'S THEOREM

Birkhoff's theorem is the statement that the Schwarzschild metric 15 the unigue
vacuum solution with spherical symmeiry (and in particular, that there are no
time-dependent solutions of this form); proving it is an instructive exercise, which
consists of three major steps. First, we argue that a spherically symmetric space-
time can be foliated by two-spheres—in other words, that (almost) every point lies
on a unigue sphere that is left invariant by the generators of spherical symmetry,
Second, we show on purely geometric grounds that the metric on such a space can
always (at least in a local region) be put in the form

ds® = dr¥(a, b) + ri(a. b) dQP (8, ), (5.24)

where (g, b) are coordinates transverse to the spheres, and r is a function of these
coordinates. Third, we plug this metric into Einsiein’s equation in vacuum to show
that Schwarzschild is the unigue solution. We will argue in favor of the first two
points at a level of rigor that is likely to be convincing 1o mosi physicisis, although
mathematicians will be uneasy: the third point is straightforward calculation. For a
more careful treatment see Hawking and Ellis (1973). We will use a few concepts
from Appendix C, which may be vseful 1o read at this point. Of course, if you
are more interested in exploring properties of the Schwarzschild solution than in
proving its uniqueness, vou are welcome to skip right 1o the next section.

We begin with the concept of a four-dimensional spherically symmetric space-
time M. Spherically symmetric means having the same symmetries as a sphere.
{In this chapter the word sphere refers specifically to 57, not spheres of other di-
mension.) The symmetries of a sphere are precisely those of ordinary rotations
in three-dimensional Euclidean space; in the language of group theory, they com-
prise the special orthogonal group SO(3). (Recall the discussion of the Lorentz
and rotation groups in Chapter 1.) In the case of a metric on a manifeld, symme-
tries are characterized by the existence of Killing vectors. In Section 3.8 we found
the three Killing vectors of 52, labeled (R, S, T); in (¢, ¢) coordinates they take
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FIGURE 5.1 Foliating R®
(minus the origin) by two-
spheres.
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the form

R =iy
S=cos¢dy —cotfsing dy
= —sing ds — cot & cos¢h dy. (3.25)

A spherically symmetric manifold is one that has three Killing vector fields that
are the same as those on 5°. But how do we know, in a coordinate-independent
way, that a set of Killing vectors on one manifold is the same as that on some other
manifold? The structure of a set of symmeiry transformations is given by the com-
mutation relations of the transformations, which express the difference between
performing two infinitesimal transformations in one order versus the reversed or-
der. In group theory these are expressed by the Lie algebra of the symmetry gen-
erators, while in differential geometry they are expressed by the commutators of
the Killing vector fields. There is a deep connection here, which we don’t have
time to pursue; see Schutz (1980). In the Exercises for Chapter 3 you verified that
the commutators of the rotational Killing vectors (R, 8, T') satisfied

[R.S]=T
[§,T]=R
[T, Rl= 5. (5.26)

This algebra of Killing vectors fully characterizes the kind of symmetry we have.
A manifold will be said to possess spherical symmetry if and only if there are
three Killing fields satsfying (5.26).

In Appendix C we discuss Frobenius’s theorem, which states that if you have a
set of vector fields whose commutator closes—the commutator of any two fields
in the set is a linear combination of other fields in the set—then the integral curves
of these vector fields fit together to describe submanifolds of the manifold on
which they are all defined. The dimensionality of the submanifold may be smaller
than the number of vectors, or it could be equal, but obviously not larger. Vec-
tor fields that obey (5.26) will of course form 2-spheres. Since the vector fields
stretch throughout the space, every point will be on exacily one of these spheres.
(Actually, it’s almost every point—we will show below how it can fail to be ab-
solutely every point.) Thus, we say that a spherically symmetric manifold can be
foliated into spheres.

Let’s consider some examples to bring this down to earth. The simplest ex-
ample is flat three-dimensional Euclidean space. If we pick an origin, then R is
clearly spherically symmetric with respect to rotations around this origin. Under
such rotations (that is, under the flow of the Killing vector fields), points move
into each other, but each point stays on an 52 at a fixed distance from the ori-
gin.

These spheres foliate R?, as depicted in Figure 5.1. Of course, they don’t really
foliate all of the space, since the origin itself just stays put under rotations—it
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doesn’t move around on some two-sphere. But it should be clear that almost all
of the space is properly foliated, and this will turn out to be enough for us,

We can also have spherical symmetry without an origin to rotate things around.,
An example is provided by a wormhole, with topology R x 52, If we suppress
a dimension and draw our two-spheres as circles, such a space might look like
Figure 5.2. In this case the entire manifold can be foliated by two-spheres.

Given that manifolds with SO(3) symmetry may be foliated by spheres, our
second step 1s to show that the metric on M can be put into the form (5.24). The
set of all the spheres forms a two-dimensional space (since a four-dimensional
spacetime is being foliated with two-dimensional spheres). You might hope we
could simply put coordinates (¢, ¢) on each sphere, and coordinates (a, b) on the
set of all spheres, for a complete set of coordinates (a, b, 8, ¢) on M. Then each
sphere is specified by a = constant, b = constant. We know that the metric on
a round sphere is 2%, so this strategy would be sufficient to guarantee that the
metric restricted to any fixed values a = ag and b = by (so thatda = db = 0)
takes the form

ds*(ao, by, 0, @) = f(ag, bo) dQ2°. (5.27)

In particular, the function f must be independent of & and ¢, or the sphere would
be lumpy rather than round. Furthermore, it's equally clear that the metric re-
stricted to any fixed values & = fy and ¢ = ¢y (s0 that df = d¢p = 0) takes the
form

ds’(a, b, By, o) = drla, b). (5.28)

Again, any dependence on £ or ¢ would destroy the symmetry; it would mean
that the geometry transverse to the spheres depended on where you were on the
sphere.,

However, we have been too reckless by slapping down these coordinates, since
we cannot rule out cross terms of the form dadf 4-dfda and so on. In other words,
we must be careful to line up our spheres appropriately, so that travel along a
curve that is perpendicular to one of the spheres keeps us at constant & and ¢. To
guarantee this we need to be more careful in setting up our coordinates. Begin
by considering a single point ¢ lying on a sphere 5; (note that g must not be a
degenerate point at which all of the Killing vectors vanish). Put coordinates (6, ¢)
on this particular sphere only, not yet through the manifold. At each point p on
$,. there will be a two-dimensional orthogonal subspace O, consisting of points
along geodesics emanating from p whose tangent vectors at p are orthogonal to
§,- Note that there will be a one-dimensional subgroup R of rotations that leave
p fixed; indeed, these rotations keep fixed any direction perpendicular to 5; at p,
and hence the entire two-surface O is left invariant by R .

Consider a point r that is not on Sy, but on some other sphere 5; in the foliation,
and that lies in the two-surface O, orthogonal to §; at p. Since p is arbitrary,
this includes any possible point r in a neighborhood of §;. Note that O, will be
orthogonal to §, as well as to S;. To see this, consider the two-dimensional plane
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Ve of vectors in the tangent space T, M that are orthogonal to the two-surface O,
Singe O is left invariant by the rotations K, these rotations must take V, into
itself, because they are an isometry, and hence preserve orthogonality, But R,
also takes the set of vectors tangent to 5, into itself, since these rotations leave
the spheres invariant. In four dimensions, two planes that are both erthogonal to a
given plane at the same point must be the same plane; hence, the vectors tangent
to S, must be orthogonal to 0.

There will be a unique geodesic that is orthogonal to S, and connects p to r.
Traveling down such geodesics provides amap f : §; — §,, which is both one-
to-one and onto (at least in a neighborhood of the original sphere). We use this
map 10 define coordinates on S, (and, similarly, on any other sphere) by assign-
ing the same values of (8, ¢) to r € §; that were the coordinates at p € §5,. We
have therefore defined (&, ¢) throughout the manifold. Now to define coordinates
(@, b), choose two basis vectors S, T for the subspace of T, M that generates the
orthogonal space 0. Any other sphere will be connected to g by a unique orthog-
onal geodesic, with tangent vector a§ + bT € T, M. Assign those components
(2, b) as coordinates everywhere on that sphere. This defines the full set of coor-
dinates (a, b, 8, ¢) throughout the manifold.

The metric in these coordinates satisfies (5.27) and (5.28); it remains 0 be
shown that there are no cross terms between directions along the spheres and those
transverse. This means, for example, that the vector field 8, should be orthogonal
to dg, and so on; it is straightforward to verify that this is so. First, consider dg
at some point r € S, ; this vector is the directional derivative along a curve of
the form x*(#) = (a,, be. &, ¢ ). Since a and b are constant along the curve,
the entire curve remains in the sphere Se. so that dg is tangent to the sphere.
Meanwhile, d; is a derivative along x*(a) = (a. b,, 6, ¢ ). Since this curve
remains in the orthogonal subspace O,, o, will be orthogonal to §,, and hence 1o
dg. Similar arguments guarantee that there will be no cross terms between (a, F)
and (&, ¢).

We have thus succeeded in putting the metric on a spherically symmetric
spacetime in the form

ds® = gaala, b)da® + gap(a, b)(dadb + dbda) + gpsla, b) db® + r(a, b) d$2°.

(5.29)
Here ria, b) 18 some as-yet-undetermined function, to which we have merely
given a suggestive label. There is nothing to stop us, however, from changing
coordinates from (a, b) o (@, r) by inverting r(a, b), unless r were a function
of a alone; in this case we could just as easily switch to (b, r), so we will not
consider this situation separately. The metric is then

ds? = Laala,r) da’ + garla, ri{dadr+drda)+gr(a.r) dri +rf dQe. (5.30)

Our next step is to find a function ¢ {a, r) such that, in the (¢, ) coordinate system,
there are no ¢ross terms drdr + dedr in the metric. Notice that

!
ar, (5.31)

ar i
ir

dif = — da 4+
da ‘
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P 2 P P : 2
It ai i1 ir
dr? = (;:) d:r2+(a) (:;T) dudr+£lrda}+(:—}-r—) dre.  (5.32)

We would like to replace the first three terms in the metric (5.30) by
mde? + ndr?, (5.33)

for some functions m and n. This is equivalent to the requirements

A
m( ) = 2sa: (5.34)

da
L 5.35
ntm( o) =g (5.35)

and

ar ir
et — | = g.,. 5.3
i (é}a) (:Jr) ba (3-36)

We therefore have three equations for the three unknowns ria, r), mia, r), and
n(a, r), just enough to determine them precisely, up to inital conditions for ¢, (OF
course, they are “determined” in terms of the unknown functions gg,, g4, and
Err, S0 00 this sense they are stll undetermined. ) We can therefore put our metric
in the form

ds? = m(t, r)ydi® + n(t, rydr® + rtdQ?. (5.37)

To this point the only difference between the two coordinates ¢ and r is that
we have chosen r 1o be the one that multiplies the metric for the two-sphere. This
choice was motivaled by what we know about the metric for flat Minkowski space,
which can be written ds® = —dt® + dr? + r?2dQ?. We know that the spacetime
under consideration is Lorentzian, so either m or n will have 10 be negative. Let
us choose m, the coefficient of dr?, 1o be negative. This is not a choice we are
simply allowed to make, and in fact we will see later that it can go wrong; but we
will assume it for now. The assumption is not completely unreasonable, since we
know that Minkowski space is itsell spherically symmetric, and will therefore be
described by (5.37). With this choice we can trade in the functions m and n for
new functions o and #, such that

a’r’ == _f,Z:rlr.rj drl " e?r‘i[r,rldri i r! dﬂz. (5.38)

This is the best we can do using only geometry; spherical symmetry is certainly
not enough to say anything substantive about the functions e (s, r) and #(r, r). Our
next step is therefore to actually solve Einstein's equation; the steps follow closely
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along those of Section 5.1, in which we considered a metric similar to (5.38) but
with the additional assumption of tme-independence. Here we will see that this
assumplion was unnecessary, as the solution will necessarily be static,

The nonvanishing Christoffel symbels for (5.38) are

I, = da It =8 I, =e*P-2l3 8
M= ete=Ply o rr.=4&g rr,.=op8
: 1 _3 ¢ |l 5.39
e =c I, = —re~%# rfy=- 2
cos g
[‘rw = —re—2Pcinleg T'glp = —siné cos @ Ff@ = T

the nonvanishing components of the Riemann tensor are

R vip = 2B~D[028 4 (3,8 — 800, 8] + [B,ad B — 82a — (Bra)?)
Rlgw = —re‘”a,u

RI,;,M. = —re— P sin? 9 fecr

Rigrg = —re 2*,p

R'4rp = —re *sin* 8 3,8

Rigrs =re Eﬂa,ﬁ

R grp = re ¥ sin’6 4,8

R 469 = (1 — e~ F)sin® 9, (5.40)

and the Ricel tensor 15

;)
Ry = [afﬁ + (38) — H,m’i‘,ﬁ] + e2e=h [afa + (Be)® — Brad, B + —a,a}
r
2 i s o oenens 2.
Bep = — | 07a + (dya)® — dead § — ;d,ﬁ
+ 260 [92p + (3B)* = daduf|
2
Rl.r = 'E}:ﬁ
r

Rog = e P [r(0,8 — Bpa) — 1] + 1
Rpp = Rggsin’#. (5.41)

Our job is to solve Einstein’s equation in vacuum, R, = 0. From R,, = ( we get

3,8 = 0. (5.42)
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If we consider taking the time derivative of Rgg = 0 and using 8,4 = 0, we get

& e = 0. (5.43)
We can therefore write
fi = pir)
= f(r)+ gl1). (5.44)

The first term in the metric (5.38) is thus —e?/ "¢ 42, But we can always
simply redefine our time coordinate by replacing dr — e ¥/ dr; in other words,
we are free to choose ¢ such that g(r) = 0, whence e(r, r) = f(r). We therefore
have

ds? = —e¥) g2 4 2P0 g2 4 P2 402, (5.45)

All of the metric components are independent of the coordinate t. We have there-
fore proven a crucial result: any spherically symmetric vacuum metric possesses
a timelike Killing vecior

This property is so interesting that it gets its own name: a metric that possesses
a Killing vector that is timelike near infinity is called stationary. (Often, includ-
ing in Schwarzschild, the Killing vector that is timelike at infinity will become
spacelike somewhere in the interior.) In a stationary metric we can choose coor-
dinates (r, x', x%, x*) in which the Killing vector is 9, and the metric components
are independent of 1; the general form of a stationary metric in these coordinates
is thus

ds® = goo(%) dr® + goi (F)(drdx’ + dx’ dr) + gij(¥)dx'dx/, (5.46)

There is also a more restrictive property: a metric is called static if it possesses a
timelike Killing vector that is orthogonal to a family of hypersurfaces. (For more
details on hypersurfaces, see Appendix D.) In the Exercises for Chapter 4 vou
showed that a hypersurface-orthogonal vector field v* obeys

Vi Veig) = 0. (3.47)

But there is a simpler diagnostic: if we have adapted coordinates so that the com-
ponents g, are all independent of ¢, the surfaces 1o which the Killing vector will
be orthogonal are defined by the condition 1 = constant. Operationally, this means
that the time-space cross terms in (5.46) will be absent; the general static metric
can be wrilten

ds? = goo(¥)dr® + g;j(F) dx'dx’ . (3.48)

We notice that only even powers of the time coordinate ¢ appear in this form; thus,
an alternative definition of “static” is “‘stationary, and invariant under time rever-
sal (+ — —1)" The metric (5.45) 1s clearly static. You should think of stationary
as meaning “doing exactly the same thing at every time,” while static means “not



204

53 8

Chapter 5 The Schwarzschild Solution

doing anything at all.” For example, the static spherically symmetric metric (5.45)
will describe nonrotating siars or black holes, while rotating systems that keep ro-
tating in the same way at ail times will be described by metrics that are stationary
but not static.

Naotice that (5.45) is precisely the same as (5.11), the metric we originally used
to derive the Schwarzschild solution in Section 5.1. We have therefore proven
BirkhofT’s theorem, that the unigue spherically symmetric vacuum solution is the
Schwarzschild metric,

2GM 2GM\ ! "
ds? = — (1 = ) de? + (I = ) dr? +rtaQ?, (5.49)

r r

as promised.

We did not say anything about the source of the Schwarzschild metric, except
that it be spherically symmetric. Specifically, we did not demand that the source
itself be static; it could be a collapsing star, as long as the collapse is symmetric.
Therefore a process such as a supernova explosion would generate very little grav-
itational radiation {in comparison te the amount of energy released through other
channels) it it were close to spherically symmetric, which a realistic supernova
may or may not be depending on its origin. This is the same result we would have
obtained in ¢lectromagnetism, where the electromagnetic fields around a spherical
charge distribution do not depend on the radial distribution of the charges.

SINGULARITIES

Before exploring the behavior of test particles in the Schwarzschild geometry,
we should say something about singularities. From the form of (5.1). the metric
coefficients become infinite at r = 0 and r = 2G M-—an apparent sign that some-
thing is going wrong. The metric coefficients, of course, are coordinate-dependent
quantities, and as such we should not make too much of their values; it is certainly
possible to have a coordinate singularity that results from a breakdown of a spe-
cific coordinate system rather than the underlying manifold. An example occurs at
the origin of polar coordinates in the plane, where the metric ds* = dr? + r2dg*®
becomes degenerate and the component " = r~? of the inverse metric blows
up, even though that point of the manifold is no different from any other,

What kind of coordinate-independent signal should we look for as a warn-
ing that something about the geometry is out of control? This turns out o he
a difficult question to answer, and entire books have been written about the na-
ture of singularities in general relativity. We won't go into this issue in detail,
but rather turn to one simple criterion for when something has gone wrong—
when the curvature becomes infinite. The curvature is measured by the Riemann
tensor, and it is hard to say when a tensor becomes infinite, since its compo-
nents are coordinate-dependent. But from the curvature we can construct vari-
ous scalar quantities, and since scalars are coordinate-independent it is meaning-
ful to say that they become infinite. The simplest such scalar is the Ricci scalar
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R = g"" Ry, but we can also construct higher-order scalars such as R*V R,
REVPT R ivaes Ruvac RP@* R, 4% and so on. If any of these scalars (but not nec-
essarily all of them) goes to infinity as we approach some point, we regard that
point as a singularity of the curvature. We should also check that the point 15 not
infinitely far away. that is, that it can be reached by traveling a finite distance
along a curve.

We therefore have a sufficient condition for a point to be considered a singu-
larity. It is not a necessary condition, however, and it is generally harder to show
that a given point is nonsingular; for our purposes we will simply test (o see if
geodesics are well-behaved at the point in question, and if so then we will con-
sider the point nonsingular. In the case of the Schwarzschild metric (5.1), direct
calculation reveals that

438G M*?

RHVPT R;u',{m = pr: (5.50)

This is enough to convince us that r = 0 represents an honest singularity.

The other trouble spot is ¥ = 2G M, the Schwarzschild radius. You could
check that none of the curvature invariants blows up there. We therefore begin to
think that it is actually not singular, and we have simply chosen a bad coordinate
system. The best thing to do is to transform to more appropriate coordinates if
possible. We will soon see that in this case it is in fact possible, and the surface r =
2G M is very well-bebaved (although interesting) in the Schwarzschild metric—it
demarcates the event horizon of a black hole.

Having worried a little about singularities, we should point out that the be-
havior of the Schwarzschild metric inside the Schwarzschild radius is ol liule
day-to-day consequence. The solution we derived is valid only in vacuum, and
we expect it to hold outside a spherical body such as a star. However, in the case
of the Sun we are dealing with a body that exiends to a radius of

Re = 106G M. (5.51)

Thus, r = 2G Mg is far inside the solar interior, where we do not expect the
Schwarzschild metric to apply. In fact, realistic stellar interior selutions consist of
matching the exterior Schwarzschild metric o an interior metric that is perfectly
smooth at the erigin. Nevertheless, there are objects for which the full Schware-
schild metric is required—black holes—and therefore we will let our imaginations
roam far outside the solar system in this chapter,

GEODESICS OF SCHWARZSCHILD
The first step we will take o understand the Schwarzschild metric more fully is

to consider the behavior of geodesics. We need the nonzero Christoffel symbols
for Schwarzschild:
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GM GM i
[ —-2GM M = == T, [
i 1"1‘ [’r } F¥ r{r—QGM} ir J"'[.F' —EGM:)
9 1 " , I
Trg = = Mfe = —(r —2GM) If;‘:;
MM = 2GMysin? 6 ¢ = in 8 cos & e - cosé
op = —(r —2G M) sin ¢p = —sind cos =g
(5.52)

The geodesic equation therefore turns into the following four equations, where A
is an affine parameter:

@ 2o drde_
dx? = r(r-2GM)didir

dir GM di oM dr

dA? +_“ el (d’ﬂ.) rir —2GM) ( )

b

4oy’ 2, fdd\?
—{r—20M — | +sin“d| — =10,
(r—2G J|:(dl) sin (d}.) :|

)

dlﬁ-ﬁ-jdﬂ;d* siné cosf d¢ ‘—ﬂ
i rdadi ! ‘ fl‘lf. o

d*¢ | 2d¢dr zme.r; dodg _ (5.53)
2T rdndr " “sing di di '
There does not seem (o be much hope for simply solving this set of coupled
equations by inspection. Fortunately our task is greatly simplified by the high
degree of symmetry of the Schwargschild metric. We know that there are four
Killing vectors: three for the spherical symmetry, and one for time translations,
Each of these will lead 1o a constant of the motion for a free particle. If K% is a
Killing vector, we know that

dx*
i = constant. (5.54)

In addition, we always have another constant of the motion for geodesics: the
geodesic equation (together with metric compatibility) implies that the quantity

dxt dx®
T aill i (5.55)
d i

dh
is constant along the path. (For any trajectory we can choose the parameter 2
such that € is a constant; we are simply noting that this is compatible with affine
parameterization along a geodesic,) Of course, for a massive particle we typically
choose 4 = 1, and this relation simply becomes ¢ = —g, ,U*U" = +1. For
massless particles, which move along null rajectories, we always have ¢ = (),
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and this equation does not fix the parameter A. As discussed in Section 3.4, it
is convenient to normalize A along null geodesics such that the four-momentum
and four-velocity are equal, p* = dx®/di. We might also be concerned with
spacelike geodesics (even though they do not correspond to paths of particles),
for which we will choose ¢ = —1.,

Rather than immediately writing out explicit expressions for the four conserved
guantities associated with Killing vectors, let’s think about what they are telling
us. Notice that the symmetries they represent are also present in flat spacetime,
where the conserved quantities they lead to are very familiar, Invariance under
time translations leads to conservation of energy, while invariance under spatial
rotations leads o conservation of the three components of angular momentum,
Essentially the same applies 1o the Schwarzschild metric. We can think of the
angular momentum as a three-vector with a magnitude (one component) and di-
rection (two components). Conservation of the direction of angular momentum
means that the particle will move in a plane. We can choose this to be the equa-
torial plane of our coordinate system; if the particle is not in this plane, we can
rotate coordinates until it 1s. Thus, the two Killing vectors that lead to conserva-
tion of the direction of angular momentum imply that, for a single particle, we
can choose

fi= % (5.56)

The two remaining Killing vectors correspond to energy and the magnitude of
angular momentum. The energy arises from the timelike Killing vector

K* = (§)* = (1,0,0,0). (5.57)

The Killing vecter whose conserved quantity is the magnitude of the angular mo-
mentum 1§

RM = (85)" = (0,0,0,1). (5.58)

In both cases it 1s convenient to lower the index to obtain

2GM
K, = (— (1 - T).D.ﬂ. 0) (5.59)

and
R, = (0.0.0,r2 s.in3a) . (5.60)

Since (5.56) implies that sind = | along the geodesics of interest to us, the two
conserved gquantities are

=K, — = ' 5]
E Hdl da (f!:'

dxt (I B ?GM) dr

F
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and

dxk d
o X _rz_{P-

— = 5.62
dh da. H08)

L =R,

For massless particles, these can be thought of as the conserved energy and an-
gular momentum, while for massive particles they are the conserved energy and
angular momentum per unit mass of the particle. In the discussion of rotating
black holes in the next chapter, we will use £ and [ to refer to the actual energy
and angular momentum, not “per unit mass™; the meaning should be clear from
context. Note that the constancy of (5.62) is the GR equivalent of Kepler's second
law-—equal arcas are swept out in equal times.

Recall that in Section 3.4 we claimed that the energy of a particle with [our-
momentum p*, as measured by an observer with four-velocity U, would be
= pu U™, This is not equal, or even proportional, to (5.61), even if the observer is
taken to be stationary (/' = ()). Mathematically, this is because the four-velocity
is normalized to U, /* = —1, which the Killing vector K# is not; If we tried to
normalize it in that way, it would no longer solve Killing's equation. At a slightly
deeper level, — p, U may be thought of as the inertial/kinetic energy of the par-
ticle, while —p, K% is the total conserved energy. including the potential energy
due to the gravitational field. The notion of gravitational potential energy 15 not
always well-defined, but the total energy is well-defined in the presence of a time-
like Killing vector. We will presently use £ to help characterize geodesics of
Schwarzschild; later we will also use —p, U* for massless particles, where it can
be thought of as the observed frequency of a photon, to describe gravitational
redshift,

Together the conserved quantities £ and L provide a convenient way to un-
derstand the orbits of particles in the Schwarzschild geometry. Let us expand the
expression (5.55) for € 1o obtain

) > - 2 2
20 M { 20M - i
i ) i) -f-(l- 2 ) Z) +2(%2) =< 63
r di r e dh

If we multiply this by (1 — 2G M /r) and use our expressions for £ and L, we

obtain
_E2+(d_{")_+(! = EGJW) (L—_?-{-{-) =1{. (5.64)
da r re

This is certainly progress, since we have taken a messy system ol coupled equa-
tions and obtained a single equation for r(A). It looks even nicer if we rewrite it
as

1 {dr\? .
Sil ol S Win)e=c, (5.65)

d i
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FIGURE 5.3 Orbits around a star are characterized by giving the radius r as a function
of a parameter A.

where

GM L* GML?
55T A (5.66)

Vir) = :—l!e — €

and

£=1p2 (5.67)
2
In (5.65) we have precisely the equation for a classical particle of unit mass and
“energy” £ moving in a one-dimensional potential given by V(r). It's a little con-
fusing, but not too bad: the conserved energy per unit mass is £, but the effective
potential for the coordinate r responds to £ = E2/2.

Of course, our physical situation is quite different from a classical particle
moving in one dimension; the trajectories under consideration are orbits around
a star or other object, as shown in Figure 5.3. The quantities of interest (o us are
not only r (A}, but also r(A) and ¢ (). Nevertheless, we can go a long way toward
understanding all of the orbits by understanding their radial behavior, and it is a
great help to reduce this behavior to a problem we know how to solve.

A similar analysis of orbits in Newtonian gravity would have produced a simi-
lar result; the general equation (5.63) would have been the same, but the effective
potential (5.66) would not have had the last term. (Note that this equation is not
a power series in 1/r, it is exact.) In the potential (5.66) the first term is just a
constant, the second term corresponds exactly to the Newtonian gravitational po-
tential, and the third term is a contribution from angular momentum that takes
the same form in Newtonian gravity and general relativity. The last term, the GR
contribution, will turn out to make a great deal of difference, especially at small r.

Let us examine the effective potentials for different kinds of possible orbits,
as illustrated in Figures 5.4 and 5.5. There are different curves V(r) for different
values of L; for any one of these curves, the behavior of the orbit can be judged
by comparing £ to V (r). The general behavior of the particle will be to move in
the potential until it reaches a “turning point” where V(r) = £, when it will begin
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FIGURE 54 Effective potentials in Newtonian gravity. Five curves are shown, corresponding to the listed values of the
angular momentum (per unit mass) L, and we have chosen GM = 1. Note that, for large enough energy, every orbit reaches
a turning point and returns to infinity.

moving in the other direction. Sometimes there may be no turning point to hit, in
which case the particle just keeps going. In other cases the particle may simply
move in a circular orbit at radius r. = constant; this can happen at points where
the potential is flat, 4V /dr = 0. Differentiating (5.66), we find that the circular
orbits occur when

eGMr? — Lr. +3GML*y =0, (5.68)

where y = 0 in Newtonian gravity and y = 1 in general relativity. Circular orbits
will be stable if they correspond to a minimum of the potential, and unstable if
they correspond to a maximum. Bound orbits that are not circular will oscillate
around the radius of the stable circular orbit.

Turning to Newtonian gravity, we find that circular orbits appear at

Lz
'e=om
For massless particles, ¢ = 0, and there are no circular orbits; this is consistent
with the first plot in Figure 5.4, which illustrates that there are no bound orbits
of any sort. Although it is somewhat obscured in polar coordinates, massless par-
ticles actually move in a straight line, since the Newtonian gravitational force on
a massless particle is zero. Of course the standing of massless particles in Newto-
nian theory is somewhit problematic, so you can get different answers depending
on what assumptions you make. In terms of the effective potential, a photon with
a given energy E will come in from r = oc and gradually slow down (actually
dr/di will decrease, but the speed of light isn’t changing) until it reaches the

(5.69)
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FIGURE 5.5 Effective potentials in gencral relativity. Again, five curves are shown, corresponding to the listed values of

the angular momentum (per unit mass) L, and we have chosen GM = 1. In GR there is an innermost circular orbit greater
than or equal to 3G M, and any orbit that falls inside this radius continues to r = 0 (for particles on geodesics).

trning point, when it will start moving away back 1o r = oc. The lower values of
L, for which the photon will come closer before it starts moving away, are sim-
ply those trajectories that are initially aimed closer to the gravitating body. For
massive particles there will be stable circular orbits at the radius (5.69), as well
as bound orbits that oscillate around this radius. If the energy is greater than the
asymptotic value £ = 1, the orbits will be unbound, describing a particle that
approaches the star and then recedes. We know that the orbits in Newton’s theory
are conic sections—bound orbits are either circles or ellipses, while unbound ones
are either parabolas or hyperbolas—although we won't show that here,

In general relativity the sitwation is different, but only for r sufficiently small.
Since the difference resides in the term —GML?/r®, as r — oo the behaviors
are identical in the two theories. But as r — () the potential goes to —oo rather
than +o¢ as in the Newtonian case. At r = 20 M the potential is always zero;
inside this radius is the black hole, which we will discuss more thoroughly later.
For massless particles there is always a barrier (except for L = (), for which the
potential vanishes identically), but a sufficiently energetic photon will neverthe-
less go over the barrier and be dragged inexorably down to the center. Note that
“sufficiently energetic” means “in comparison to its angular momentum™—in fact
the frequency of the photon is immaterial, only the direction in which it is point-
ing. At the top of the barrier are unstable circular orbits. Fore = 0, y = 1, we
can easily solve (5.68) to obtain

re =3GM. (5.70)
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This is borne out by the first part of Figure 5.5, which shows a maximum of V(r)
at r = 3G M for every L. This means that a photon can orbit forever in a circle at
this radius, but any perturbation will cause it to fly away eithertor = Qorr = o<,

For massive particles there are once again different regimes depending on the
angular momentum. The circular orbits are at

L+ VL —12G?M?L2

. (5.71
2GM !

Fe

For large [ there will be two circular orbits, one stable and one unstable. In the
L —» o¢ limit their radii are given by

L*+ L3(1 — 6G*M2/L2 L?
ro = [— . =|—, 3GM]. (5.72)
2GM GM

In this limit the stable circular orbit hecomes farther away, while the unstable one
approaches 3G M, behavior that parallels the massless case. As we decrease L,
the two circular orbits come closer wgether; they coincide when the discriminant
in {5.71) vanishes, which 15 at

L = V126G M, (5.73)
for which
re =6GM, (5.74)

and they disappear entirely for smaller L. Thus 6G M is the smallest possible ra-
dius of a stable circular orbit in the Schwarzschild metric. There are also unbound
orbits, which come in from infinity and turn around, and bound but noncircular
orbits, which oscillate around the stable circular radius. Note that such orbits,
which would describe exact conic sections in Newtonian gravity, will not do so
in GR, although we would have to solve the equation for de /d A 1o demonstrate
it. Finally, there are orbits that come in from infinity and continue all the way in
to r = 0 this can happen either if the energy is higher than the barrier, or for
L = +/12G M, when the barrier goes away enlirely,

We have therefore found that the Schwarzschild solution possesses stable cir-
cular orbits for r = 66 M and unstable circular orbits for 3G M = r = 6GM. I1's
important to remember that these are only the geodesics; there is nothing to stop
an accelerating particle from dipping below r = 3G M and emerging, as long as
it stays beyond r = 2G M.

EXPERIMENTAL TESTS

Muost experimental tests of general relativity involve the motion of test particles
in the solar system, and hence geodesics of the Schwarzschild metric. Einstein
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FIGURE 5.6 Orbits in general relativity describe precessing ellipses.

suggested three tests: the deflection of light, the precession of perihelia, and grav-
itational redshift. The deflection of light is observable in the weak-field limit, and
1s therefore discussed in Chapter 7. In this section we will discuss the precession
of perihelia and the gravitational redshift. (The perihelion of an elliptical orbit is
its point of closest approach to the Sun; orbits around the Earth or a star would
have perigee or periastron, respectively.)

The precession of perihelia reflects the fact that noncircular orbits in GR are
not perfect closed ellipses; to a good approximation they are ellipses that precess,
describing a flower pattern as shown in Figure 5.6. Despite its conceptual simplic-
ity. the rate of perihelion precession is somewhat cumbersome to calculate; here
we follow d’Inverno (1992). The strategy is to describe the evolution of the radial
coordinate r as a function of the angular coordinate ¢; for a perfect ellipse, r(¢)
would be periodic with period 27, reflecting the fact that perihelion occurred at
the same angular position each orbit. Using perturbation theory we can show how
GR introduces a slight alteration of the period, giving rise to precession.

We start with our radial equation of motion of a massive particle in a Schwarz-
schild metric (5.63). To get an equation for dr/d¢ we multiply by

dé\ 2 4
(d_:i) - % (5.75)
which yields
ar\*> 1 , 26M 5 26
(Ea) +-ﬁr - 2 4 rc=26Mr = E'if . (5.76)

Two tricks are useful in solving this equation. The first trick is (o define a new
variable
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LE
x= : 5.77
GMr ( :.
From (5.69) we see that x = 1 at a Newtonian circular orbit. Our equation of
motion (5.76) becomes
‘ 2 2 242 r 2
dx L s  2G°M° 28L
— ] =+ x - — X = o 5.78
(a‘q&) Gim:? L? GiM? i

The second trick is to differentiate this with respect to ¢, obtaining a second-order
equation for x{¢g):

i2x 3GIM?
;&}-1 —l+x= _{Lf &% (5.79)

In a Newtonian calculation, the last term would be absent, and we could solve for
x exactly; here, we can treat it as a perturbation.
We expand x into a Newtonian splution plus a small deviation,

X =xg+ x. (5.80)

The zeroth-order part of (5.79) is then

dx
-'___da;ﬁ;' —1+x=0 (5.81)
and the first-order part is
d? 3GIM?
H;‘J +x = [ .TE. (5.82)

The solution for the zeroth-order equation can be writien
xo=1+ecosg. (5.83)

This is the standard result of Newton or Kepler; it describes a perfect ellipse, with
e the eccentricity. An ellipse is specified by the semi-major axis a, the distance
from the center to the farthest point on the cllipse, and the semi-minor axis b,
the distance from the center to the closest peint. The eccentricity satisfies el =
1- /a2
Plugging the Newtonian solution into the first-order equation (3.82), we obtain
dix, 3G2IM?

182 4+ X = 73 (1 +£c0s;}.’:}2

3G*M? ) 3 1
i |:<l + 7€ ) + 2ecos¢ + i cos 2¢r]. (5.84)

I
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To solve this equation, notice that

2
%{cpﬁinqﬁ]%wﬁsln{;::?ms@ (5.85)
and
J;;:’{‘:m 2) + cos2¢p = —3cos 2. (5.86)
ddl

Comparing these to (5.84), we see that a solutien is provided by

3GIM?2 & 1
X = = [(l +§E")+E’¢i'§jﬂ¢— EFZCOSEI;LF’]. ESS'?}

L4

as you are welcome to check. The three terms here have different characters, The
first is simply a constant displacement, while the third oscillates around zero. The
important effect is thus contained in the second term, which accumulates over
successive orbits. We therefore combine this term with the zeroth-order solution
o write

3G?Me
x=14ecosg + %qﬁ: sin . (5.88)

This is not a full selution, even to the perturbed equation, but it encapsulates the
part that we care about. In particular, this expression for x can be conveniently
rewritlen as the equation for an ellipse with an angular period that is not quite 2

rx=14+ecos[(l —alp], (5.89)
where we have introduced
3GEM?

The equivalence of (5.88) and (5.89) can be seen by expanding cos[(] — a)¢] as
a power series in the small parameter o

cos [(1 — )] = cosgp + ai cos[(l —a)¢l,—q
dor
= cos ¢ 4 ergh sin g, (5.91)

We have therefore found that, during each orbit of the planet, perihelion ad-
vances by an angle

(5.92)

Te convert from the angular momentum L to mere conventional quamities, we
may use expressions valid for Newtonian orbits, since the quantity we're looking
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at 15 already a small perturbation, An ordinary ellipse satisfies

(1= eMa

B 93
4 1 +ecosg il

where « is the semi-major axis, Comparing to our zeroth-order solution (5.83)
and the definition (5.77) of x, we scc that

LY = GM(1 - eMa. (5.94)

This is an approximation, valid if the orbit were a perfect closed ellipse. Plugging
this into (5.92) and restoring explicit factors of the speed of light, we obtain

b GM

= a— 5.95
Al — eda ( )

A
Historically, the precession of Mercury was the first test of GR. In fact it was
known before Einstein invented GR that there was an apparent discrepancy in
Mercury’s arbit, and a number of solutions had been proposed (including “dark
matter” in the inner Solar System). Einstein knew of the discrepancy, and one of
his first tasks after formulating GR was 10 show that it correctly accounted for
Mercury's perihelion precession. For the motion of Mercury around the Sun, the
relevant orbital parameters are
Mo

e ]
o=

a=579%10"%cm
¢ = 0.2056, (5.96)

1.48 x 10° cm,

I

and of course ¢ = 3.00 x 10'? cm/sec. This gives
Auereury = 5.01 x 1077 radians/orbit = 0.103"/orbit, (5.97)

where " stands lor arcseconds, It is more conventional to express this in erms of
precession per century: Mercury orbits once every 88 days, yielding

APMercury = 43.0"/century. (5.98)

So the major axis of Mercury’s orbit precesses at a rate of 43.0 arcsecs every 100
years. The observed value is 3601 arcsecs/100 years. However, much of that is
due to the precession of equinoxes in our geocentric coordinate system; 5023 arc-
secs/100 years, 1o be precise. The gravitational perturbations of the other planets
contribute an additional 532 arcsecs/100 years, leaving 43 arcsecs/100 years (o be
explained by GR, which it does quite well. You can imagine that Einstein must
have been very pleased when he first figured this out.

In Chapter 2 we discussed the gravitational redshift of photons as a conse-
quence of the Principle of Equivalence. The Schwarzschild metric is an exact
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solution of GR, and should therefore predict a redshift that reduces 1o the EP
prediction in small regions of spacetime. Let’s see how that works,

Consider an observer with four-velocity % who is stationary in the Schwarz-
schild coordinates (U7 = 0). We could allow the observer to be moving, but that
would merely superimpose a conventional Doppler shift over the gravitational ef-
fect. The four-velocity satisfies U, U* = —1, which for a stationary observer in
Schwarzschild implies

=1/2

U0 = (1 - K’M) . (5.99)

r

Any such observer measures the frequency of a photon following along a null
geodesic x# (1) 1o be

r.’.l'.!.'t'
w= =gyl —o. (5.100)
dh
Indeed. this relation defines the normalization of . We therefore have
26MN\'? dr
m=(;_ ) o (5.101)
r e i
2GM N2
= (I — _...) K, (5.102)
i

where E is defined by (5.61), applied to the photon trajectory. £ is conserved, so
e will clearly take on different values when measured at different radial distances.
For a photon emitied at rq and observed at ry, the observed frequencies will be
related by

(3.103)

ay

wy 1 —2GM/r Lf2
| —2GM/r ’

This is an exact result for the frequency shift; in the limit r = 2G M we have

oM GM
Lol — 4=
{d) ry ra
= 1+ & — Dy, (5.104)
where @ = —GM/r is the Newtonian potential, This tells us that the frequency

goes down as @ increases, which happens as we climb out of a gravitational field:
thus, a redshift. (Photons that fall toward a gravitating body are blueshifted.) We
see that the r 2 2G M result agrees with the calculation based on the Equivalence
Principle.

The gravitational redshift was first detected in 1960 by Pound and Rebka, using
gamma rays traveling upward a distance of only 72 feet (the height of the physics
building at Harvard). Subsequent tests have become increasingly precise, often
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making use of artificial spacecraft or atomic clocks carried aboard airplanes. The
agreement with Einstein’s predictions has been excellent in all cases,

Since Einstein's proposal of the three classic tests, further tests of GR have
been proposed. The most famous is of course the binary pulsar, to be discussed
in Chapter 7. Another is the gravitational time delay, discovered and observed
by Shapiro, also discussed in Chapter 7. In a very different context, Big-Bang
nucleosynthesis provides a cosmological test of GR at an epoch when the eniverse
was only seconds old, as discussed in Chapter 8. Modern advances have also
introduced a host of new tests; for a comprehensive introduction see Will (1981).

SCHWARZSCHILD BLACK HOLES

We now know something about the behavior of geodesics outside the trouble-
some radius r = 2G M, which is the regime of interest for the solar system and
most other astrophysical situations. We next turn to the study of objects that are
described by the Schwarzschild solution even at radii smaller than 26 M—black
holes. (We'll use the term “black hole” for the moment, even though we haven't
introduced a precise meaning for such an object.)

One way o understand the geometry of a spacetime is to explore its causal
structure, as defined by the light cones. We therefore consider radial null curves,
those for which 6 and ¢ are constant and ds” = 0

26M PEMR T
dit =0 = —(1— ) dfz-—(!— ) dre, (5.105)
r r
from which we sec that
P |
dr _ .(I_"C’M) _ (5.106)
dr r

This of course measures the slope of the light cones on a spacetime diagram of
the r-r plane. For large r the slope is £1, as it would be in flat space, while as
we approach r = 2G M we get dt /dr — +00, and the light cones “close up,” as
shown in Figure 5.7. Thus a light ray that approaches r = 26'M never seems (o
get there, at least in this coordinate system; instead it seems to asymptote 1o this
radius,

As we will see, the apparent inability to get to r = 2GM is an illusion, and
the light ray (or a massive particle) actually has no trouble reaching this radius.
But an observer far away would never be able to well. If we stayed outside while
an intrepid observational general relativist dove into the black hole, sending back
signals all the time, we would simply see the signals reach us more and more
slowly, as portrayed in Figure 5.8. In the Exercises you are asked to look at this
phenomenon more carefully. As an infalling observer approaches r = 2GM,
any fixed interval Az, of their proper time corresponds to a longer and longer
interval Aty from our point of view. This continues forever; we would never see
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A

2GM r

FIGURE 5.7 In Schwarzschild coordinates, light cones appear to close up as we ap-
proach r = 2G M.

the observer cross r = 2GM, we would just see them move more and more
slowly (and become redder and redder, as if embarrassed 1o have done something
as stupid as diving into a black hole).

The fact that we never see the infalling observer reach r = 2G M is a mean-
ingful statement, but the fact that their trajectory in the r-r plane never reaches
there is not. It is highly dependent on our coordinate system, and we would like
to ask a more coordinate-i ndependent queslion {such as, “Does the observer reach
this radius in a finite amount of their proper time?”). The best way to do this is
to change coordinates to a system that is better behaved at » = 2GM. We now
set out to find an appropriate set of such coordinates. There is no way to “derive”
a coordinate transformation, of course, we just say what the new coordinates are
and plug in the formulas. But we will develop these coordinates in several steps,
in hopes of making the choices seem somewhat motivated.

Arh = Ary

ﬂ‘.l'z

2GM ™ r

FIGURE 5.8 A beacon falling freely into a black hole emits signals at intervals of con-
stant proper time At). An observer at fixed r receives the signals at successively longer
time intervals Ats.
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The problem with our current coordinates is that dt /dr — o< along radial null
geodesics that approach r = 2G M; progress in the r direction becomes slower
and slower with respect to the coordinate time 7. We can try to fix this problem by
replacing ¢ with a coordinate that moves more slowly along null geodesics. First
notice that we can explicitly solve the condition (5.106) characterizing radial null
curves to obtain

t = £r* 4+ constant, (5.107)

where the tortoise coordinate r* is defined by

r*=r+2GM ln( (5.108)

r 1)
2GM )
{The tortoise coordinate is only sensibly related to r when r > 2G M, but beyond
there our coordinates aren’t very good anyway.) In terms of the tortoise coordinate
the Schwarzschild metric becomes

26M
ds? = (1 - fw) (—dﬁ +dr") +r2d9?, (5.109)
r

where r is thought of as a function of r*. This represents some progress, since
the light cones now don’t seem to close up, as shown in Figure 5.9; furthermore,
none of the metric coefficients becomes infinite at r = 2G M (although both g,
and g,+,- become zero). The price we pay, however, is that the surface of interest
at r = 2G M has just been pushed to infinity.

Our next move is to define coordinates that are naturally adapted to the null
geodesics. If we let

v=t+r"*

u=t-—r* (5.1100

N N
P N «

r*

r=2GM

r¥=-x

FIGURE 5.9 Schwarzschild light cones in tortoise coordinates, equation (5.109). Light
cones remain nondegenerate, but the surface r = 2G M has been pushed to infinity.
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then infalling radial null geodesics are characterized by v = constant, while the
outgoing ones satisty 4 = constant. Now consider going back to the original ra-
dial coordinate r, but replacing the timelike coordinate t with the new coordinate
. These are known as Eddington—Finkelstein coordinates. In terms of these
coordinates the metric is

20M
ds? = — (1 — G—) dv? + (dvdr + drdv) + r2d Q2. (5.111)
r

Here we see our first sign of real progress. Even though the metric coefficient gy,
vanishes at r = 2G M, there is no real degeneracy; the determinant of the meltric
is

g = —rtsin?8, (5.112)

which is perfectly regular at r = 2G M. Therefore the metric is invertible, and we
see once and for all that r = 2G M is simply a coordinate singularity in our origi-
nal (¢, r, &, ¢) system. In the Eddington—Finkelstein coordinates the condition for
radial null curves is solved by

du 0, (infalling)
— 26MN\ !
dr 2 (] - ¢ ) . (outgoing) (5.113)

r

We can therefore see what has happened: In this coordinate system the light cones
remain well-behaved at r = 2G M, and this surface is at a finite coordinate value,
There is no problem in tracing the paths of null or timelike particles past the
surface. On the other hand, something interesting is certainly going on. Although
the light cones don't close up, they do tilt over, such that for r < 2G M all future-
directed paths are in the direction of decreasing r, as shown in Figure 5.10,

—- . —— y = gonstant

A ] y

r=10 F=20M

FIGURE 5.10 Schwarzschild light cones in the (v, r) coordinates of (5.111). In these
coordinates we can follow future-directed timelike paths past r = 2GM.
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The surface r = 26 M, while being locally perfectly regular, globally func-
tions as a point of no return—once a test particle dips below it, it can never come
back, We define an event horizon to be a surface past which particles can never
escape to infinity; in Schwarzschild the event horizon is located at r = 2G M.
(This is a rough definition; we will be somewhat more precise in the next chap-
ter.) Despite being located at fixed radial coordinate, the event horizon is a null
surface rather than a timelike one, so it 1s really the causal structure of spacetime
itself that makes it impossible to cross the horizon in an outward-going direction.
Since nothing can escape the event horizon, it is impossible for us to see inside—
thus the name black hole. A black hole is simply a region of spacetime separated
from infinity by an event horizon. The notion of an event horizon is a global one;
the lecation of the horizon is a statement about the spacetime as a whole, not
something you could determine just by knowing the geometry at that location.
This will continue to be true in more general spacetimes,

We should mention a couple of features of black holes that sometimes get
confused in the popular imagination. First, the external geometry of a black hole
is the same Schwarzschild solution that we would have outside a star or planet.
In particular, a black hole does not suck in everything around it any more than
the Sun does: a particle well outside » = 2G M behaves in exactly the same way
regardless of whether the gravitating source is a black hole or not. Second, there is
a misleading Newtonian analogy for black holes. The Newtonian escape velocity
of a particle at distance r from a gravitating body of mass M is

[2G M
==

(5.114)

Uesp = V

If we naively ask where the Newtonian escape velocity equals the velocity of
light, we find exactly r = 2G M. Despite the fact that the speed of light plays
no fundamental role in Newtonian theory, it might seem provocative that light,
thought of as inertial particles moving at a velocity ¢, is seemingly not able to
escape from a body with mass M and radius less than 2G M. But there is a pro-
tound difference between this case and what we see in GR. The escape velocity
is the velocity that a particle would initially need to have in order 1o escape from
a gravitating source on a free trajectory. But nothing stops us from considering
aceelerated trajectories; for example, one could imagine an acceleration chosen
such that the particle moved steadily away from the massive body at some con-
stant velocity, Therefore, a purported MNewtonian black hole would not have the
crucial property that nothing can escape; whereas in GR, arbitrary timelike paths
must stay inside their light cones, and hence never escape the event horizon,

THE MAXIMALLY EXTENDED S5SCHWARZSCHILD SOLUTION

Let's review what we have done. Acting under the suspicion that our coordinates
may not have been goed for the entire manifold, we have changed from our origi-
nal coordinate  to the new one v, which has the nice property that if we decrease
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r along a radial null curve v = constant, we go right through the event horizon
without any problems. Indeed, a local observer actually making the trip would
not necessarily know when the event horizon had been crossed—the local geom-
etry is no different from anywhere else. We therefore conclude that our suspicion
was correct and our initial coordinate system didn’t do a good job of covering the
entire manifold. The region r < 2G M should certainly be included in our space-
time, since physical particles can easily reach there and pass through. However,
there is no guarantee that we are finished; perhaps we can extend our manifold in
other directions.

In fact there are other directions. In the (v, r) coordinate system we can cross
the event horizon on future-directed paths, but not on past-directed ones. This
seems unreasonable, since we started with a time-independent solution. But we
could have chosen i instead of v, in which case the metric would have been

ds? = - (1 ~ 2':;"") du? — (dudr + drdu) + r?dQ?. (5.115)
Now we can once again pass through the event horizon, but this time only along
past-directed curves, as shown in Figure 5.11.

This is perhaps a surprise: we can consistently follow either future-directed or
past-directed curves through r = 2G M, but we arrive at different places. It was
actually to be expected, since from the definitions (5.110), if we keep v constant
and decrease r we must have t — 400, while if we keep u constant and decrease
r we must have 1 — —oc. (The tortoise coordinate r* goesto —ocasr — 2GM.)
So we have extended spacetime in two different directions, one to the future and
one to the past.

The next step would be to follow spacelike geodesics to see if we would un-
cover still more regions. The answer is yes, we would reach yet another piece of
the spacetime, but let's shortcut the process by defining coordinates that are good
all over. A first guess might be to use both u and v at once (in place of r and r),

r=10 r=2GM

FIGURE 5.11 Schwarzschild light cones in the (i, r) coordinates of (5.115). In these
coordinates we can follow pasi-directed timelike paths past r = 2G M.
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which leads o

I 20M A
ds?® = ~5 (I . G— - ) (dvdu + dudv) + r* d?, (5.116)
r

with r defined implicitly in terms of v and & by

(u—u}=r+2c;M1n( —1)_ (5.117)

B | o

26M

We have actually reintroduced the degeneracy with which we started out; in these
coordinates r = 2G M is “infinitely far away” (at either v = —o0 or u = 400).
The thing to do is to change to coordinates that pull these points into finite coor-
dinate values; a good choice is

i,"' — ﬂl'_."-‘-{,l-'."’f
W = —e H/AGM (5.118)

which in terms of our original (¢, r) system 15

r 4 12 o
U‘J —_ _ I. e,{.l"!'!]_-4(n‘“f
(ZGM )
. |_."3 L
H‘l = — (2(:M —_ ‘I) eff—r},'-trl.-'rf_ I:S] |9:I
¥

Inthe (v', &', #, ¢} system the Schwarzschild metric is

. 166G M7
——

ds® = —r2OM (qu'du’ + du'dv’) + r* dS2E (5.120)

r

Finally the nonsingular nature of r = 2GM becomes completely manifest; in
this form none of the metric coefficients behaves in any special way at the event
horizon.

Both v and & are null coordinates, in the sense that their partial derivatives
d/iv" and 8/8n" are null vectors. There is nothing wrong with this, since the
collection of four partial derivative vectors (two null and two spacelike) in this
system serve as a perfectly good basis for the tangent space. Nevertheless, we
are somewhat more comfortable working in a system where one coordinate is
timelike and the rest are spacelike. We therefore define

N , r 12 FAGM ]
= - = - gt . o]
T 2{u +u') (ZGM 1) ¢ sinh —) (5.121)

and

1 F 12 . !
R==(v=-u")= (— - 1) e MM coch | —— |, 5.122
Al bt 77 4GM (2:020)
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in terms of which the metric becomes

32G3Mm3 . 5 S
ds? = 22T o7 GM (g7 1 4R?) + 17 d©?, (5.123)

r

where r is defined implicitly from

T2 _R? = )e’f’w-’”. (5.124)

e

The coordinates (1, B, &, ¢) are known as Kruskal coordinates, or sometimes
Kruskal-Szekeres coordinates.

The Kruskal coordinates have a number of miraculous properties. Like the
(z.r") coordinates, the radial null curves look like they do in flat space:

T = £+ R + constant. (5.125)

Unlike the (t, r*) coordinates, however, the event horizon r = 2G M is not in-
finitely far away;: in fact it is defined by

T ==xR, (5.126)

consistent with it being a null surface. More generally, we can consider the sur-
faces r = constant. From (5.124) these satisfy

T?! — R? = constant. (5.127)

Thus, they appear as hyperbolae in the R-T plane. Furthermore, the surlaces of
constant ¢ are given by

T I _
— = tanh - . (5.128)
R 4GM

which defines straight lines through the origin with slope tanh{z /4G M ). Note that
as 1 — %00 (5.128) becomes the same as (5.126); therefore 1 = +oc represents
the same surface as r = 2G M.

Our coordinates (T, R) should be allowed to range over every value they can
take without hitting the real singularity at v = (: the allowed region is therefore

-0 = R =0

T2 <« R4+ 1. (5.129)

From (5.121)and (5.122), T and R seem to become imaginary for r < 2G M, bui
this 15 an illusion; in that region the (r, 1) coordinates are no good (specifically,
[f] = o0). We can now draw a spacetime diagram in the T-R plane {with ¢ and
ifr suppressed), known as a Kruskal diagram, shown in Figure 5.12. Each point
on the diagram is a two-sphere. This diagram represents the maximal exiension
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I = constant

r = ¢constant

FIGURE 5.12 The Kruskal diagram—the Schwarzschild solution in Kruskal coordi-
nates, where all light cones are at £45°.

of the Schwarzschild geometry; the coordinates cover what we should think of as
the entire manifold described by this solution.

The original Schwarzschild coordinates (r, r) were good for r > 2G M, which
is only a part of the manifold portrayed on the Kruskal diagram. It is conve-
nient to divide the diagram into four regions, as shown in Figure 5.13. Region
I corresponds to r > 2G M, the patch in which our original coordinates were
well-defined. By following future-directed null rays we reach region II, and by
following past-directed null rays'we reach region III. If we had explored space-
like geodesics, we would have been led to region IV. The definitions (5.121) and
(5.122), which relate (T, R) to (¢, r), are really only good in region I; in the other
regions it is necessary o introduce appropriate minus signs to prevent the coordi-
nates from becoming imaginary.

FIGURE 5.13 Regions of the Kruskal diagram.
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Having extended the Schwarzschild geometry as far as it will go, we have de-
scribed a remarkable spacetime. Region 11, of course, is what we think of as the
black hole. Once anything travels from region Linto I, it can never return. In fact,
every future-directed path in region I1 ends up hitting the singularity at r = 0;
once you enter the event horizon, you are utterly doomed. This is worth stressing;
not only can you not ¢scape back to region 1, you cannot even stop yourself from
moving in the direction of decreasing r, since this is simply the timelike direc-
tion. This could have been seen in our original coordinate system; for r < 2G M,
r becomes spacelike and r becomes timelike. Thus you can no more stop mov-
ing toward the singularity than you can stop getting older. Since proper time is
maximized along a geodesic, you will live the longest if vou don’t struggle, but
just relax as you approach the singularity. Not that you will have long o relax,
nor will the voyage be very relaxing; as you approach the singularity the tidal
forces become infinite. As you fall toward the singularity your feet and head will
be pulled apart from cach other, while your torso is squeczed to infinitesimal thin-
ness. The grisly demise of an astrophysicist falling into a black hole is detailed in
Misner, Thorne, and Wheeler (1973), Section 32.6. Note that they use orthonor-
mal {rames, as we discuss in Appendix I (not that it makes the trip any more
enjoyable).

Regions I and IV might be somewhat unexpected. Region III is simply the
time-reverse of region 11, a part of spacetime from which things can escape 10 us,
while we can never get there. It can be thought of as a white hole. There is a
singularity in the past, out of which the universe appears to spring. The boundary
of region 11T is the past event horizon, while the boundary of region II is the
future event horizon. Region 1V, meanwhile, cannot be reached from our region
I either forward or backward in time, nor can anybody from over there reach us.
It is another asymptotically flat region of spacctime, a mirror image of ours. It
can be thought of as being connected to region [ by a wormhole (or Einstein—
Rosen bridge). a neck-like configuration joining two distinct regions. Consider
slicing up the Kruskal diagram into spacelike surfaces of constant T, as shown in
Figure 5.14. Now we can draw pictures of each slice, restoring one of the angular
coordinates for clarity, as in Figure 5.15. In this way of slicing, the Schwarzschild
geometry describes two asymptotically flat regions that reach toward each other,
join together via a wormhole for a while, and then disconnect. But the wormhole
closes up oo guickly for any timelike observer to cross it from one region into
the next.

As pleasing as the Kruskal diagram is, it is often even more useful to collapse
the Schwarzschild solution inte a finite region by constructing its conformal dia-
gram. The idea of a conformal diagram is discussed in Appendix H; itis a crucial
ool for analyzing spacetimes in general relativity, and you are encouraged 1o re-
view that discussion now, We will not go through the manipulations necessary 1o
construct the conformal diagram of Schwarzschild in full detail, since they par-
allel the Minkowski case with considerable additional algebraic complexity. We
would start with the null version of the Kruskal coordinates, in which the metric
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FIGURE 5.14 Spacelike slices in Kruskal coordinates,

takes the form

ds? =

16G> M3
r

e~ "0M (' du’ + di’dv’) + r? dQP,

where r is defined implicitly via

v = — (2(;M - 1)&”26'"‘.

(5.130})

(5.131)

Then essentially the same transformation used in the flat spacetime case suffices
to bring infinity into finite coordinate values:

" v’
= arclan
‘ ( V2GM )

Fi u-r
N = arctan \
(«.-"EGM)

B C D
i v i
= r=20M
v
FIGURE 5.15 Geometry of the spacelike slices in Figure 5.14.

(5.132)
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FIGURE 5.16 Conformal diagram for Schwarzschild spacetime.
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The (v,” 1"} part of the metric (that is, at constant angular coordinates) is now
conformally related 10 Minkowski space. In the new coordinates the singularities
at r = (} are straight lines that stretch from timelike infinity in one asymptotic
region 1o timelike infinity in the other.

The conformal diagram for the maximally extended Schwarzschild solution
thus looks like Figure 5.16. The only real subtlety about this diagram is the ne-
cessity 1o understand that i* and i~ (future and past infinity) are distinct from
r = (—there are plenty of timelike paths that do not hit the singularity. As in
the Kruskal diagram, light cones in the conformal diagram are at 457; the ma-
jor difference is that the entire spacetime is represented in a finite region, Notice
also that the structure of conformal infinity is just like that of Minkowski space,
consistent with the claim that Schwarzschild is asymptotically flat.

5.6 M STARS AND BLACK HOLES

The maximally exiended Schwarzschild solution we have just constructed tells a
remarkable story, including not only the sought-afiter black hole, but also a white
hole and an additional asymptotically flat region, connected o our universe by
a wormhole. It would be premature, however, to imagine that such features arc
common in the real world. The Schwarzschild solution represents a highly ide-
alized situation: not only spherically symmetric, but completely free of energy-
momenium throughout spacetime. Birkhoff's theorem implies that any vacuum
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region of a spherically symmetric spacetime will be described by part of the
Schwarzschild metric, but the existence of matter somewhere in the universe may
dramatically alter the global picture.

A static spherical object—Iet’s call it a star for definiteness—with radius larger
than 2G M will be Schwarzschild in the exterior, but there won't be any singulari-
ties or horizons, and the global structure will actually be very similar to Minkow-
ski spacetime. Of course, real stars evolve, and it may happen that a star eventually
collapses under its own gravitational pull, shrinking down to below r = 2G M and
further into a singularity, resulting in a black hole. There is no need for a whiie
hole, however, because the past of such a spacetime looks nothing like that of
the full Schwarzschild solution. A conformal diagram describing stellar collapse
would lock like Figure 5.17. The interior shaded region is nonvacuum, so is not
described by Schwarzschild; in particular, there is no wormhole connecting to an-
other universe. It is asymptotically Minkowskian, except for a future region giving
rise to an event horizon, We see that a realistic black hole may share the singu-
larity and future horizon with the maximally extended Schwarzschild solution,
without any white hole, past horizon, or separate asymptotic region.

We believe that gravitational collapse of this kind is by no means a necessary
endpoint of stellar evolution, but will occur under certain conditions. General rel-
ativity places rigorous limits on the kind of stars that can resist gravitational col-
lapse; for any given sort of matter, enough mass will always lead to the collapse
to a black hole. Furthermore, from astrophysical observations we have excellent
evidence that black holes exist in our universe.

To understand gravitational collapse to a black hole. we should first understand
static configurations describing the interiors of spherically symmetric stars. We
won't delve into this subject in detail, only enough to get a feeling for the basic
features of interior solutions. Consider the general static, spherically symmetric

FIGURE 5.17 Conformal diagram for a black hole formed from a collapsing star, The
shaded region contains matter, and will be described by an appropriate dynamical interior
solution; the exterior region is Schwarzschild.
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metric from (5.11%
ds? = 2" 42 4 2800 4 4 P2 4Q2, (5.133)

We are now looking for nonvacuum selutions, so we turn to the full Einstein
equation,

Guv = Ryy — 3Rguy = 87 G Ty (5.134)

The Einstein tensor follows from the Ricci tensor (5.14) and curvature scalar

{5.15);

iflta—ﬂ} (21‘&],,8 -1+ ez'ﬁ)

G
i"‘j'

il

1
G = = (2;-.'3,:1 +1- r”‘)

,
Gog =rie™ P [afa + (3,0)® - B0, B+ %{Ei,a - a,fn]
Geg = sin* 6 Gag. (5.135)
We model the star itself as a perfect fluid, with energy-momentum tensor
Ty = (p+ pYUL U, + pguv- (5.136)

The energy density p and pressure p will be functions of r alone. Since we seek
static solutions, we can take the four-velocity to be pointing in the timelike direc-
tion. Normalized 1o UM U, = —1, it becomes

U, = (“,0,0,0), (5.137)

so that the components of the energy-momentum tensor are

ehp
fz'ﬁp‘
Ty = s : (5.138)
rzisinzﬂ}p

We therefore have three independent components of Einstein’s equation: the ¢t
component,

I

—e 2P (Er-':i',,ﬁ il s eff‘) = 87 Gp, (5.139)

P2
[]’lﬁ rr cmnp(manl,

l
ﬁe'”‘ (Eréi,a' wiys gzﬁ) = 87Gp, (5.140)
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and the #6 component,
—28 | o2 2 v A 1 A F N
e Pl + (o) — dead,f+ —(da —d,8)| =8rGp. (5.141)
r

The ¢ cquation is proportional to the 86 equation, so there is no need to consider
it separately.

We notice that the rr equation (5.139) involves only 8 and p. It is convenient
1o replace f(r) with a new function mir), given by

1 5
mr) = 5= (r - re=%P), (5.142)
or equivalently
- -1
ghig [] i Ebrn{r}} | (5.143)
r
50 that
ds? = —e2 ) 442 4 [J = ‘m’"m} dr? + r2dQ2. (5.144)
r

The metric component g, is an obvious generalization of the Schwarzschild case,

but this will not be true for gy, The rr equation (5.139) becomes

dm

o = 4.11'-”2,[). {5.145)
which can be integrated to obtain
i
mir) =4:lr[ ol(r'yrdr'. (5.146)
0

Let’s imagine that our star extends 1o a radius R, afier which we are in vacuum
and described by Schwarzschild. In order that the metrics match at this radius, the
Schwarzschild mass M must be given by

B
M = m(R) =4:rf plriridr. (5.147)
1]

It looks like m(r) is simply the integral of the energy density over the stellar
interior, and can be interpreted as the mass within a radius r.

There is one subtlety with interpreting m(r) as the integrated energy density;
in a proper spatial integral, the volume element should be

¥ d’x = ePr? sin® drdfda, (5.148)
where

yijdxtdx! = e dr® 4 r2do* + r®sin 0 d¢? (5.149)
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is the spatial metric. The true integrated energy density is therefore

"
M =4rrf plrirte® ™ dr
0

R 2
4”] _ﬂﬂﬂL_ﬁdn (5.150)
0 [] ~ 3r;mr_r:] i

The difference, of course, arises because there is a binding energy due to the
mutual gravitational attraction of the fluid elements in the star, which is given by

il

Eg=M-M =0. (5.151)

The binding energy is the amount of energy that would be required to disperse
the matter in the star to infinity. It is not always a well-defined notion in general
relativity, but makes sense for spherical stars,

In terms of m{r), the rr equation (5,140} can be written

da  Gm(r) + 4nGrip
dr rlr —=2Gmir)

(5.152)

It is convenient not 1o use the #8 equation directly, but instead appeal 1o energy-
momentum conservation, ¥, I'" ¥ = 0. For our metric {5.144), it is straightfor-
ward to derive that v = r is the only nontrivial component, and it gives

da dp

0+ pl— = ——, 5.153
£ 'IJdr dr : )

Combining this with {(5.152) allows us 1o climinate ¢(r) to obtain

dp _ (o + pIGm(r) +4xGrip]

= A5 5.154
dr rlr = 2Gmir)) ( )

This is the Tolman—Oppenheimer—Volkoff equation, or simply the equation of
hydrostatic equilibrium. Since m(r) is related to p(r) via (5.146), this equation
relates p(r) to p(r). To get a closed system of equations, we need one more
relation: the equation of state. In general this will give the pressure in terms of the
energy density and specific entropy, p = p(p, §). Oflen we care aboul situations
in which the entropy is very small, and can be neglecied; the equation of state
then takes the form

p=pip). (5.155)

Astrophysical systems often obey a polytropic equation of state, p = Kp? for
some constants K and y.

A simple and semi-realistic model of a star comes from assuming that the fluid
is incompressible: the density is a constant p. out to the surface of the star, after
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which 1t vanishes,

| pe, r=<R
olr)= {U. o e (5.156)

Specifying p(r) explicitly takes the place of an equation of state, since p(r) can
be determined from hydrostatic equilibrium. It is then straightforward to integrate
(5.146) 1o get

%Hr"p.. ro= R
mir) = ¢ (5.15T
;-.'rR'qp, =M, r=R.
Integrating the equation of hydrostatic equilibrium yields
RVR-2CM — vV R> - 2GMr?
PIrY = 0r | o - : (5.158)
VR —-2GMr¢ —3RJ/R -2GM
Finally we can get the metric component g, = —e2lr} from (5. 152); we find that
e 2GM\'2 ] 2GMr?
e =21 == - | = ., r<R. (5.159})
2 R 2 R

The pressure increases near the core of the star, as one weuld expect. Indeed,
for a star of fixed radius R, the central pressure p(0) will need 10 be greater than
infinity if the mass exceeds

4
R -

Mmax = 9G R. (5.160)
Thus, if we try 10 squeeze a greater mass than this inside a radius R, general rela-
tivity admits no static selutions; a star that shrinks to such a size must inevitably
keep shrinking, eventuaily forming a black hole. We derived this result from the
rather strong assumption that the density is constant, but it continues to hold
when that assumption considerably weakened: Buchdahl’s theorem states that
any reasonable static, spherically symmelric interior solution has M = 4R /90,
Although a careful proof requires more work, this result makes sense; if we imag-
ine that there is some maximum sustainable density in nature, the most massive
object we could in principle make would have that density everywhere, which is
the specific case we considered.

Of course, this still doesn’t mean that realistic astrophysical objects will al-
ways ultimately collapse to black holes. An ordinary planet, supported by material
pressures, will persist essentially forever (apart from some fantastically unlikely
guantum tunneling from a planet to something very different, or the possibility
of eventual proion decay). Bul massive stars are a different story. The pressure
supporting a star comes from the heat produced by fusion of light nuclei into
heavier ones, When the nuclear fuel is used up, the temperature declines and the
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star begins 1o shrink under the influence of gravity. The collapse may eventually
be halted by Fermi degeneracy pressure: Electrons are pushed so close together
that they resist further compression simply on the basis of the Pauli exclusion
principle (no two fermions can be in the same state), A stellar remnant supported
by electron degeneracy pressure is called a white dwarf, a typical white dwarf
15 comparable in size to the Earth. Lower-mass particles become degenerate at
lower number densities than high-mass particles, so nucleons do not contribute
appreciably to the pressure in a white dwarf, White dwarfs are the end state for
most stars, and are extremely common throughout the universe,

If the total mass is sufficiently high, however, the star will reach the Chan-
drasekhar limit, where even the electron degeneracy pressure is not enough
to resist the pull of gravity. Calculations put the Chandrasekhar limit at about
1.4 Mg, where Mg, = 2 x 10°? g is the mass of the Sun. When it is reached, the
star is forced to collapse 1o an even smaller radius. At this point electrons com-
bine with protons to make neutrons and neutrinos (inverse beta decay), and the
neutrines simply fly away. The result is a neutron star, with a typical radius of
about 10 km. Neutron stars have a low total luminosity, but often are rapidly spin-
ning and possess strong magnetic fields. This combination gives rise o pulsars,
which accelerate particles in jets emanating from the magnetic poles, appearing
to rapidly flash as the neutron star spins. Pulsars were discovered by Bell in 1967
after a brief speculation that they might represent signals from an extraterrestrial
civilization, the more prosaic astrophysical explanation was settled on,

Since the conditions at the center of a neutron star are very different from those
on Earth, we do not have a perfect understanding of the equation of state. Nev-
ertheless, we believe that a sufficiently massive neutron star will itseif be unable
1o resist the pull of gravity, and will continue to collapse; current estimates of
the maximum possible neutron-star mass are around 3-4 M, the Oppenheimer-
Volkoff limit. Since a fluid of neutrons is the densest material we know about
{apart from some very speculative suggestions), it is believed that the outcome of
such a collapse is a black hole.

How would we know if there were a black hole? The fundamental obstacle
to direct detection is, of course, blackness: a black hole will not iiself give off
any radiation (neglecting Hawking radiation, which is a very small effect to be
discussed in Chapter 9). But black holes will feature extremely strong gravita-
tional fields, so we can hope to detect them indirectly by observing matter being
influenced by these fields. As matter falls into a black hele, it will heat up and
emit X-rays, which we can detect with satellite observatories. A large number of
black-hole candidates have been detected by this method, and the case for real
black holes in our universe is extremely strong.’ The large majority of candidates
fall into one of two classes. There are black holes with masses of order a solar
mass or somewhat higher; these are thought to be the endpoints of evolution for
very massive stars, The other category describes supermassive black holes, be-

VFor a review on wstrophysical evidence for black holes, see AL Celowi, 1.C. Miller, and DWW, Sciama
(1999}, Class, Quant. Grav. 16, A3 http://arxiv.org/abs/astro-ph/9912186.



236

59 W

Chapter 5 The Schwarzschild Solution

tween 10° and 107 solar masses. These are found at the centers of galaxies, and
are thought to be the engines that powered quasars in the early era of galaxy for-
mation. Our own Milky Way galaxy contains an object (Sgr A®) that is believed
to be a black hole of at least 2 x 10°M. The precise history of the formation of
these supermassive holes 1s not well understood. Other possibilities include very
small primordial black holes produced in the very early universe, and so-called
“middleweight” black holes of order a thousand solar masses.

As matter falls into a black hole, it tends (o settle into a rotating aceretion
disk, and both energy and angular momentum are gradually fed into the hole.
As a result, the black holes we expect to see in astrophysical situations should
be spinning, and indeed observations are consistent with very high spin rates lor
observed black holes. In this chapter we have excluded the possibility of black
hole spin by focusing on the spherically symmetric Schwarzschild solution; in
the next chapter we turn to more general types of black holes.

EXERCISES

1. A space monkey is happily orbiting a Schwarzschild black hole in a circular geodesic
orbit. Anevil baboon, far from the black hole, tries to send the monkey 1o its death inside
the black hole by dropping a carefully timed coconut radially toward the black hole,
knowing that the monkey can’t resist catching the falling coconut. Given the monkey’s
mass and initial orbital radius and the mass of the coconut, explain how you would go
about solving the problem (but do not do the calculation). What are the possible fates
for our intrepid space monkey?

2. Consider a perfect fluid in a static, circularly symmetric (2 + 1)-dimensional spacetime,
equivalently, a cylindncal configuration in (3 + 1) dimensions with perfect rotational
symmelry.

(a) Derive the analogue of the Telman-Oppenhiemer—Volkov (TOV) equation for
{2 + 1) dimensions.
(b) Show that the vacuum solution can be written as

] el el
ﬂ'.‘i'j' = —i’i‘.f3 + mdrz + redf”

Here M is a constant.
{c) Show that another way to write the same solution is

ds? = —dr? + d&? + £2d¢?

where ¢ € [0, 2 (1 — BGM)1/2).
(d) Solvethe (2 4 1) TOV equation for a constant density star. Find p(r) and solve for
the metric.
Solve the (2 + 1) TOV equation for a star with equation of state p = ,;ﬂ-?fl’_ Find
pir) and solve for the metric.
(f) Find the mass M(R) = _.1';32” J';JE pdrd9 and the proper mass M(R) = j;f” j}j’e
pa—g dr dé for the solu