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Preface

The de Sitter Invariant Special Relativity is a Special Relativity in space-

time with non-zero Einstein cosmological constant Λ. However, even though

the possibility of existence of such an universal parameter Λ has been widely

accepted or conjectured for studying new physics, the corresponding de

Sitter invariant special relativity achieved 40 years ago seems still unfortu-

nately less known in the physics community as of recent years. In this case,

a textbook-type publication (or Lecture Notes) as introduction of the the-

ory of de Sitter invariant Special relatively is needed. This is the motivation

for writing this book.

Usually, the main contents of a physics textbook should be descriptions

of the well-established theories and facts. This book satisfies this require-

ment due to the following two facts discussed throughout the book:

(1) The theory of de Sitter invariant special relativity has already been

complete and self-consistent mathematically. To see this point, we could

briefly recall the history. In 1917, A. Einstein suggested introducing a

cosmological constant Λ into his gravitational field equation from his view

of cosmology at that time. In 1935 P.A.M. Dirac reconsidered the spacetime

with Λ (called the de Sitter space) from space symmetry group viewpoint1.

He wrote that1:

“· · · the de Sitter space (with no local gravitational fields) is associated

with a very interesting group, and so the study of the equations of

atomic physics in this space is of special interest, from a mathematical

point of view.”

1P.A.M. Dirac, The electron wave equation in de-Sitter space, Annals of Mathematics,

35, 657 (1935)

vii

 



viii De Sitter Invariant Special Relativity

The meaning of the phrase “equations of atomic physics” he interpreted is

that:1

“The equations of atomic physics are usually formulated in terms of

the space-time of the special theory of relativity.”

This indicates that Dirac noticed at that time that when Λ �= 0, the usual

Einstein’s special relativity based on Poincaré group would become a special

relativity based on de Sitter group. Thus, how to realize such a special

relativity was a great challenge. In 1974, Q.K. Lu (K.H. Look), Z.L. Zou

(C.L. Tsou), H.Y. Guo (H.Y. Kuo)2 successfully achieved the de Sitter

invariant special relativity by means of the classical domain method. The

success is that the principle of relativity is well realized in the de Sitter

constant curved spacetime in their work.2 They found out that the basic

metric of the spacetime of de Sitter invariant special relativity is Beltrami

metric rather than the Minkowski-Lorentz metric of usual Einstein’s special

relativity. This marked the establishment of the de Sitter invariant special

relativity.

(2) The most important achievement in astrophysics and cosmology during

past two decades is the certainty of that the present Universe expansion is

accelerative.3 This observational result can be straightforwardly attributed

to the existence of a non-zero cosmological constant Λeff which is the sum

of Einstein’s cosmology constant Λ and a vacuum energy (or dark energy)

density term 8πGρvac. This discovery naturally revived the necessity for

Λ �= 0, which serves as a precondition of de Sitter special relativity.

Using de Sitter special relativity to study the atomic physics was firstly

called for by P.A.M. Dirac about 80 years ago.1 After the de Sitter invariant

special relativity was established, one could respond to such a call. In this

book we describe how to use this theory to study Hydrogen atom. We

show in the book that the results are very non-trivial and meaningful.

2K.H. Look (Q.K. Lu), C.L. Tsou (Z.L. Zou) and H.Y. Kuo, (H.Y. Guo), 1974,

“Motion effects and cosmological red-shift phenomena in classical domain space-time”,

Acta Physica Sinica, 23 (1974) 225 (in Chinese). (The interpreting papers in English

to that work: see, e.g., H.Y Guo, et al., Phys. Lett., A331, 1 (2004); M.L. Yan, et al.

Commun Theor Phys., 48, 27 (2007).)
3A.G. Riess, et al., “Observational evidence from supernovae for an accelerating uni-

verse and a cosmological constant”, Astro. J. 116, 1009(1998). S. Perlmutter et al.,

“Measurements of Omega and Lambda from 42 high redshift supernovae”, Astrophys.

J. 517, 565 (1999) [astro-ph/9812133].

 



Preface ix

These results are useful for answering the puzzles about changes of some

universal physics constants in spacetime during the cosmological evolution.

Especially, since the variation of fine-construct constant α ≡ e2/(�c) has

been observed and measured in Keck- and VLT-telescopes for a long time,

the theoretic predictions could compared with the data. One of the most

surprising findings is that the combinations of Keck- and VLT-data for

α-variations support the de Sitter invariant special relativistic predictions

within error bar. This agreement could help shed light on searching new

physics.

Special Relativity is one of the foundations of physics and has impact on

a number branches of physics. Undoubtedly, the de Sitter Invariant Special

Relativity is one of the candidates for the new physics beyond the Standard

Model (SM) of physics, but it still respects the Einstein’s philosophy on

relativity and connects to relevant branches of physics. Perhaps the best

way to describe new conceptions in this new special relativity is to start

from some review or recall of the existing descriptions in various branches

of the SM of physics, and then compare them with those in the new theory.

Many excellent works and textbooks in relevant fields of physics are cited

in this book. The corresponding contents are selected as self-contained as

possible in order to be reader-friendly.

As an Introduction to the de Sitter invariant special relativity, this book

mainly focuses on the foundations and some applications of it, but does not

cover every aspects of developments of the theory. The list of references

in the field of de Sitter special relativity cited in the book is by no means

complete.

Besides writing Chapter 9, Dr. Sze-Shiang Feng spent lots of time check-

ing and revising the typescript of this book. The author is indebted to him

for his great help without which the book cannot be accomplished on time.

Mu-Lin Yan4

4Supported in part by National Natural Science Foundation of China under Grant No.

11375169.
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Chapter 1

General Introduction

Einstein’s Special Relativity is one of the cornerstones of modern physics.

There is one universal parameter c (i.e., speed of light) in the Einstein’s

Special Relativity (E-SR), which serves as the maximal velocity of physics.

One might be curious about whether there is another universal parameter R

that serves as the maximal length in physics besides the universal maximal

velocity limit c. The answer is yes. This book intends to describe a special

theory of relativity with two universal parameters c and R. Such a theory

is called the de Sitter Invariant Special Relativity, or the Special Relativity

with Cosmology Constant.

Einstein’s Special Relativity is based on the principle of relativity and

has global Poincaré-Minkowski space-time symmetry. This theory assumes

that the space-time metric is ημν = diag{+,−,−,−}, which will be called

the basic metric of the Einstein’s special relativity. The most general space-

time transformation to preserve metric ημν is Poincaré group (or inhomoge-

neous Lorentz group ISO(3, 1)). It is well known that the Poincaré group

is the limit of the de Sitter group with the pseudo-sphere radius |R| → ∞.

And the de Sitter spacetime is the maximally symmetric spacetime. It is

quite natural to extend Einstein’s theory of special relativity to a theory

that physics is covariant under de Sitter transformation.

The 4-dimensional de Sitter spacetime continuum is a 4-dimensional

pseudo-sphere (or hyperboloid) SΛ embedded in a 5-dimensional Minkowski

spacetime with metric ηAB = diag(1,−1,−1,−1,−1) (or ηAB =

diag(1,−1,−1,−1,+1) for anti de Sitter continuum) (see, e.g., [Roberson

(1928)]). The spacetime symmetry is SO(4, 1) (or SO(3, 2)). Since SΛ is

a 4-dimensional hypersphere, it always be possible to use some geodesic

1

 



2 De Sitter Invariant Special Relativity

projection calculations to induce a following de Sitter spacetime metric:

ds2 = gμν(x)dx
μdxν , (1.1)

where μ = {0, 1, 2, 3} and the fifth coordinate disappears. According to

the principle of relativistic mechanics, once the spacetime metric fixed, the

action describing the motion of free particle (i.e., a moving body which

is not acted upon by external forces) in the spacetime is determined by

Landau-Lifshitz action [Landau, Lifshitz (1987)] (this statement coincides

with the geodesic principle for free particle’s motion in the gravitational

fields in the general relativity). As a deduction, the moving of free particle

will be linear and uniform in the inertial reference systems. Instead, this

claim provides basis for defining the inertial reference systems, which is

called inertial moving law for free particles and serves a key step and a

starting point to build a special relativity theory. A well-known example is

the mechanics of Einstein’s special relativity. Its basic metric is ημν . The

corresponding Landau-Lifshitz action is:

S = −mc

∫ √
ημνdxμdxν = −mc2

∫
dt
√

1− ẋ2/c2 ≡
∫

dtL. (1.2)

The least action principle gives

d

dt

∂L

∂ẋi
=

∂L

∂xi
, (1.3)

and the solution of (1.2) and (1.3) is

ẍ = 0, ⇒ ẋ = constant, (1.4)

which indicates that the inertial moving law for free particle holds. This

fact is the basis of the Einstein’s Special Relativity.

We want to discuss what is the basic metric for de Sitter invariant special

relativity. Equation (1.1) is of SO(4, 1) (or SO(3, 2)) reduced de Sitter

spacetime metric. However, it is geodesic projection calculation process

dependent. It is crucial and highly non-trivial to find suitable explicit

expression of that gμν , which also leads to the inertial motion law for free

particles (1.4). In 1970s Lu, Zou and Guo [Lu (1970)][Lu, Zou and Guo

(1974)] solved this problem, and such a metric were successfully determined.

Namely, under requirement that the inertial moving law for free particle in

the de Sitter spacetime holds, it is found that the reduced metric gμν of

(1.1) is so called Beltrami metric Bμν(x):

gμν(x) = Bμν(x). (1.5)

 



General Introduction 3

(see Eq.(3.6) for the expression of Bμν(x)). Bμν(x) serves as the basic met-

ric of the de Sitter invariant special relativity. In this way, distinguishing

from Einstein’s special relativity, a new special relativity theory based on

considering the extension from Poincaré to de Sitter symmetry is formu-

lated. The special relativity principle in the de Sitter (and anti de Sitter)

spacetime is realized. This is an important discovery. In 2005, the La-

grangian-Hamiltonian formalism for the mechanics of de Sitter invariant

special relativity were suggested [Yan, Xiao, Huang and Li (2005)].

In history, in 1935, P.A.M. Dirac called to study the electron wave

equation in de Sitter (and Anti-de Sitter) spacetime and to study the atomic

physics in that spacetime [Dirac (1935)]. This could be considered the first

effort to try to explore an effect of relativistic theory with the de Sitter

spacetime symmetry based on the group viewpoint. However, it was not

known how to realize the special relativity principle in the constant curved

de Sitter (and anti de Sitter) spacetime at that time. This hindered the

discovery of such a special relativity with de Sitter spacetime symmetry for

long time.

Several remarks on Lu-Zou-Guo’s de Sitter invariant special

relativity [Lu (1970)][Lu, Zou and Guo (1974)] (and [Yan, Xiao, Huang

and Li (2005)]) are as follows:

(1) Since the Einstein’s special relativity is well-known, a comparison be-

tween the quantities of E-SR and their counterpart in de Sitter invari-

ant special relativity would be beneficial. The following Table 1.1 is a

dictionary for the comparison.

(2) To the de Sitter invariant special relativity, the Lagrangian of mechan-

ics for free particle is LdS = −mc
√
Bμν(x)ẋμẋν (see Table 1.1). As

is well know that various laws of conservation (of momentum, angular

momentum, etc) are particular cases of one general theorem: to every

one-parameter group of diffeomorphisms of the configuration manifold

of a Lagrangian system which preserves the Lagrangian function, there

corresponds a first integral of the equations of motion. That theorem

is called Noether’s theorem. This theorem is valid for both Lagrangian

LEins = −mc
√

ημν ẋμẋν and Lagrangian LdS = −mc
√

Bμν(x)ẋμẋν .

Differentiating from LEins, LdS is time dependent and coordinate de-

pendent (i.e., there is no cyclic coordinates in LdS). At first sight, the
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Table 1.1 Comparison of quantities in Einstein’s special relativity (E-SR) and their

counterpart in de Sitter invariant special relativity (dS-SR).

Quantities E-SR dS-SR

Symmetry Poincaré group de Sitter group

Universal c c and R (or Λ ≡ 3/R2)

parameter

Basic metric Lorentz metric ημν Beltrami metric Bμν (see Eq.(3.6))

Action SEins = −mc SdS = −mc
∫ √

Bμνdxμdxν

× ∫ √ημνdxμdxν

≡ ∫
dtLEins , ≡ ∫

dtLdS ,

Lagrangian LEins = −mc2 LdS = −mc2

×
√

1− ẋ2/c2 ×
√

R2(c2−ẋ2)−x2ẋ2+(x·ẋ)2+c2(x−ẋt)2

R−2c2(R2+x2−c2t2)2

(see Eq.(2.24)) (see Eq.(3.32))

Inertial δSEins = 0,⇒ ẍi = 0 δSdS = 0,⇒ ẍi = 0

motion law

Spacetime xμ −−−−−→Lorentz x′μ xμ −−−−→LZG x′μ = ±σ(a)1/2

σ(a,x)
(xν − aν)Dμ

ν ,

transformation = Mμ
ν xν + aμ Dμ

ν = Lμ
ν +

ηνρa
ρaλ

R2(σ(a)+σ1/2(a))
Lμ
λ,

between M := L := (Lμ
ν )

inertial (Mμ
ν ) ∈ SO(1, 3), σ(x) = 1− 1

R2 ημνx
μxν ,

systems (see Eq.(2.4)) σ(a, x) = 1− ημν

R2 aμxν .(see Eq.(3.70))

energy-momentum conservation laws will be spoiled by such a time and

coordinate-dependent Lagrangian. However, these fundamental conser-

vation laws in physics are protected by the de Sitter spacetime sym-

metry. This point is rather subtle. In Chapter 3, all Noether charges

(including energy E, momentums p, boost charges K, and angler mo-

mentums L) for de Sitter invariant special relativity are determined.

(3) As an essential advantage of the Lagrangian-Hamiltonian formulation

over other formalisms, both canonical momentum πi ≡ ∂L/∂ẋi con-

jugating to the coordinate xi and canonical energy H ≡ πiẋ
i − L

(or Hamilton) conjugating to the time t for free particles in the

inertial reference frame can be determined rationally by the mechanical
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principle. We address that the canonical quantities are different from

the the corresponding conserved Noether charges in principle. In other

words, the conservation of Noether chargers is irrelevant to whether

or not the corresponding canonical quantities are conservative. In

the de Sitter invariant special relativistic mechanics, the Lagrangian

LdS = −mc
√
Bμν(x)ẋμẋν is both time and coordinate dependent, and

hence its canonical energy and canonical momentums are not conser-

vative. But this issue does not affect the conservation of its Noether

chargers. Namely, in de Sitter invariant special relativity, though Ḣ �= 0

and π̇i �= 0, but Ė = ṗi = K̇i = L̇i = 0 still hold true.

(4) The canonical energy (i.e., Hamiltonian) and the canonical momenta

are members of frame of the canonical formulation of mechanics. This

is the foundation of the quantization of the dynamics. In this way, the

relativistic quantum mechanics of de Sitter invariant special relativity

is arrived. In the chapter 6, such a quantum mechanics is described.

(5) According to the gauge principle, the ordinary general relativity (or

Einstein general relativity) can be constructed by means of localizing

the spacetime symmetry group ISO(3, 1) of the Einstein’s special rel-

ativity. This mechanism provides a bridge from special relativity to

general relativity. It works also for the de Sitter invariant special rela-

tivity which has global spacetime symmetry SO(4, 1) (or SO(3, 2)). In

Chapters 4 and 5, we show how to employ this mechanism to construct

a general relativity and its characteristics. Namely we will achieve the

de Sitter invariant general relativity by localizing the de Sitter invariant

special relativity.

(6) A significant feature of the de Sitter invariant general relativity (i.e.,

GR with Λ) is that the local inertial coordinate system of this theory is

an inertial frame in the Beltrami spacetime instead of one in the flat

Minkowski spacetime as usual. Existence of local inertial coordinate

system is required by the Equivalence Principle. The principle states

that experiments in a sufficiently small falling laboratory, over a suf-

ficiently short time, give results that are indistinguishable from those

of the same experiments in an inertial frame in empty space of spe-

cial relativity (see, e.g., pp.119 of [Hartle (2003)]). Such a sufficiently

small falling laboratory, over a sufficiently short time represents a
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local inertial coordinates system. This principle suggests that the local

properties of curved spacetime should be indistinguishable from those

of the spacetime with inertial metric of special relativity. A concrete

expression of this ideal is the requirement that, given a metric gαβ in

one system of coordinates xα, at each point P of spacetime it is possible

to introduce new coordinates x′α such that

g′αβ(x
′
P ) = inertial metric of Special Relativity (SR) at x′

P , (1.6)

and the connection at x′
P is the Christoffel symbols deduced from

g′αβ(x
′
P ).

In usual Einstein’s general relativity (without Λ), the above expression

is

g′αβ(x
′
P ) = ηαβ , and Γλ

αβ = 0, (1.7)

which satisfies the Einstein equation of Einstein General Relativity (E-

GR) in empty space: Gμν ≡ Rμν − 1
2gμνR = 0, where definitions of

Rμν,R are given in Eqs. (2.182)–(2.191).

In de Sitter invariant General Relativity (dS-GR) (or GR with a Λ),

the local inertial coordinate system at x′α
P is characterized by

g′αβ(x
′
P ) = Bαβ(x

′
P ), (1.8)

Γλ
αβ =

1

2
Bλρ(∂αBρβ + ∂βBρα − ∂ρBαβ). (1.9)

which satisfies the Einstein equation of dS-GR in empty spacetime:

Gμν + Λgμν = 0 with Λ = 3/R2. (Note ημν does not satisfy that

equation, i.e., Gμν(η) + Λημν �= 0. So it cannot be the metric of the

local inertial system in dS-GR with Λ.)

(7) From cosmological view, particle physical studies on all ordinary atom,

nucleus etc in laboratories are accomplished in a local inertial systems

of a specific point in the Universe continuum which is governed by

gravities described by general relativity. Thus, it is natural to ask

whether the local inertial system is described in the Minkowski metric

ημν or in the Beltrami metric Bμν . It is meaningful and important to

pursue answer to this question. As is well known that the Hydrogen

atom’s fine structure is a solvable problem in the standard relativis-

tic quantum mechanics, and it has already been extensively studied

in terms of ordinary Einstein’s special relativistic quantum mechanics

 



General Introduction 7

(see, e.g., reference of [Strange (2008)]). Therefore, a further calculation

to one-electron atom’s levels in terms of the de Sitter invariant special

relativistic quantum mechanics would be interesting and helpful [Yan

(2012)]. Actually, in principle, comparison between the predictions and

the observation data would help determine the metric of the local iner-

tial coordinate system in the Universe of the real world. Chapters 7 and

8 devote to solution to the Hydrogen atom by the relativistic quantum

mechanics with de Sitter spacetime symmetry.

(8) When R → ∞, the de Sitter invariant special relativity will be reduced

to ordinary special relativity. Therefore, the de Sitter invariant SR

is full special relativity with maximum spacetime symmetry, and the

ordinary SR is a specific limit of it. However, comparing the predictions

of the ordinary E-SR with the experimental data (in laboratories), the

theory is correct with extremely high accuracy [Zhang (1997)]. This

fact indicates the value of |R| must be a very huge length scale. The

corrections coming from the de Sitter invariant special relativity should

only be visible in some observation experiments with cosmologically

large distances, which are compatible with ∼ |R|. Such effects may

emerge in a a couple of situations, such as in the analysis of evidence

for dark energy found by the Supernova Cosmology Project[Perlmutter,

S (1999)] [Yan, Hu, Huang (2012)], in dealing with the observation of

atomic absorbed spectra from the distant galaxy, and the quasi-stellar

object (typically at cosmic distance scale) [Webb et al. (1999)] [Murphy

(2007)] [van Weerdenburg, et al. (2011)] [Yan (2012)] etc.

Special relativity is a theory on the basic spacetime symmetry in physics.

It is directly related to many fundamental concepts of physics, such as the

definitions of energy-momentum, motion integrals, the procedure of quan-

tization leading to the quantum mechanics, and to extend beyond itself to

general relativity etc. Therefore any correction to the ordinary E-SR will in-

fluence many aspects in physics. In this book, we describe the dS-SR which

distinguishes itself from the ordinary E-SR. Several relevant aspects are de-

scribed from new point of view. They are: Mechanics; QuantumMechanics;

General Relativity; Cosmology; Hydrogen Atom Solutions; Maximal Sym-

metric Spacetime and so on. All of the corresponding contents are selected

as self-contained as possible in order to be reader friendly. Some exercises
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for readers are presented in Chapter-sections: 3.1; 3.2; 3.4; 3.6; 5.2; 6.2;

7.4; 8.3 and 8.6. The solutions of the exercises are given in Appendix G.

Besides the works mentioned above, there are a number of discussions

on various topics related to the de Sitter special relativity in literatures

such as [Guo, Huang, Wu, Zhou (2010)], [Guo, Huang, Wu (2008)], [Guo,

Huang, Wu (2008)], [Guo, Huang, Tian, Wu, Zhou (2007)], [Chang, Chen,

Guan, Huang (2005)],[Huang, Tian, Wu, Xu, Zhou (2012)], [Tian, Guo,

Huang, Xu, Zhou (2005)], and so on.

 



Chapter 2

Overview of Einstein’s Special

Relativity (E-SR)

We start with a brief description of ordinary Einstein’s Special Relativity

(to denote it E-SR for short hereafter).

2.1 Inertial system of reference and relativity principle

For the description of processes taking place in nature, one must have a

system of reference. By a system of reference we mean a system of coordi-

nates serving to indicate the position of a particle in space, as well as clocks

fixed in this system serving to indicate the time.

There exist systems of reference in which a freely moving body, i.e., a

moving body which is not acted upon by external forces, proceeds with

constant velocity. Such reference systems are defined to be inertial.

If two reference systems move uniformly relative to each other, and if

one of them is an inertial system, then clearly the other is also inertial

(in this system the every free motion will be linear and uniform). In this

way one can obtain arbitrarily many inertial systems of reference, moving

uniformly to one another.

Experiments, e.g., the observations in the Galileo-boat which moves

uniformly, show that the so-called principle of relativity is valid. According

to this principle all the laws of nature are identical in all inertial systems of

reference. In other words, the equations expressing the laws of nature are

invariant with respect to transformations of coordinates and time from one

inertial system to another. This means that the equation describing any

law of nature, when written in terms of coordinates and time in different

inertial reference systems, has the same form.

9
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2.2 Lorentz transformation and Minkowski spacetime

The null result of Michelson-Morley experiment (1881) indicates that the

propagating velocity of light c is the same in different inertial systems.

The propagating equation of light waves in an inertial system of {x0 ≡
ct, x1, x2, x3} is as follows

1

c2
∂2φ(x)

∂t2
−∇2φ(x) = 0,

or

(
∂2

∂(ix0)2
+

∂2

∂(x1)2
+

∂2

∂(x2)2
+

∂2

∂(x3)2

)
φ(x) = 0,

or ημν
∂

∂xμ

∂

∂xν
φ(x) = 0, (2.1)

where the superscript {μ, ν} = {0, 1, 2, 3}, the repeated index means

summation from 0 to 3 (Einstein convenience), ημν is the contravariant

tensor of metric as follows

{ημν} =

⎛⎜⎜⎜⎝
1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

⎞⎟⎟⎟⎠ , (2.2)

and the covariant metric tensor corresponding to ημν is ημν =

diag{1,−1,−1,−1, }. The principle of relativity requires that the Eq.(2.1)

must be invariant under the spacetime transformations from initial inertial

system K := {x0 ≡ ct, x1, x2, x3} into another new inertial system

K ′ := {x′0 ≡ ct′, x′1, x′2, x′3}. Namely, in the new system, the wave

equation reads

ημν
∂

∂x′μ
∂

∂x′ν φ
′(x′) = 0, (2.3)

where φ′(x′) = φ(x) is a scalar wave function. The ISO(3, 1)-

transformations of xμ → x′μ are

xμ → x′μ = Mμ
νx

ν + aμ = ημνMνλx
λ + aμ, (2.4)

and hence

∂

∂xμ
=
∂x′λ

∂xμ

∂

∂x′λ = Mλ
μ

∂

∂x′λ , and
∂

∂xν
=

∂x′ρ

∂xν

∂

∂x′ρ = Mρ
ν

∂

∂x′ρ , (2.5)
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where Mμ
ν are constant (4×4)−tensor elements, aμ is a constant 4-vector,

and the Greek indices are raised up (lowered down ) by ημν ( ημν ). Sub-

stituting Eq.(2.5) into Eq.(2.1), we have

ημνMλ
μM

ρ
ν

∂

∂x′λ
∂

∂x′ρφ
′(x′) = 0. (2.6)

Comparing Eq.(2.6) with Eq.(2.3), we obtain

ημνMλ
μM

ρ
ν = ηλρ, or Mλ

μM
T μρ = ηλρ, or Mλ

μM
T μ

ρ = δλρ , (2.7)

where the notation MT is the transpose of matrix M . Eq.(2.7) indicates

M ∈ SO(3, 1) called Lorentz group. The Eq.(2.4) is called inhomogeneous

ISO(3, 1) (or Poincaré) transformation of coordinates of space and time.

When aμ = 0, that is called Lorentz transformation. Suppose M0
0 =

M1
1 = coshψ, M0

1 = M1
0 = sinhψ, M2

2 = M3
3 = 1 and others=0,

it is easy to check that Eq.(2.7) is satisfied for such M -matrix elements.

Substituting them into Eq.(2.4), the Lorentz transformation reads

x′1 = x1 coshψ + ct sinhψ, ct′ = x1 sinhψ + ct coshψ. (2.8)

Let us consider the motion of the origin ofK−system in the K ′−system.

Then x1 = 0 and the formulas (2.8) take the form:

x′1 = ct sinhψ, ct′ = ct coshψ, (2.9)

or dividing one by the other,

x′1

ct′
= tanhψ. (2.10)

But x′1/t′ is clearly the velocity −u of the K−system relative to K ′. So

tanhψ = −u

c
. (2.11)

From this we have

sinhψ =
−v/c√
1− u2

c2

, coshψ =
1√

1− u2

c2

. (2.12)

Substituting these relations into Eq.(2.8), we find an explicit expression of

the Lorentz transformation:

x′1 =
x1 − vt√
1− u2

c2

, x′2 = x2, x′3 = x3, t′ =
t− ux1/c2√

1− u2

c2

, (2.13)

or

x′0 = γ(x0 − βx1), x′1 = γ(x1 − βx0), x′2 = x2, x′3 = x3, (2.14)
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where Lorentz factors: γ = 1/
√
1− u2/c2, β = u/c.

The 4-D spacetime with metric ημν is the Minkowski spacetime. Under

the spacetime transformation xμ → x′μ, the tensor of ημν transforms to η′μν
according to:

η′μν =
∂xλ

∂x′μ
∂xρ

∂x′ν ηλρ. (2.15)

When the transformation is the Lorentz transformation in the Minkowski

space, we have

xλ = Mλ
μx

′μ, and
∂xλ

∂x′μ = Mλ
μ,

∂xρ

∂x′ν = Mρ
ν . (2.16)

Therefore

η′μν = Mλ
μM

ρ
νηλρ = ημν . (2.17)

This indicates that the Lorentz transformation preserves Lorentz metric

ημν .

When two events in Minkowski space are infinitely close to each other,

then the interval ds between them is

ds2 = cdt2 − (dx1)2 − (dx2)2 − (dx3)2 = ημνdx
μdxν . (2.18)

Under ISO(3, 1)−transformation (2.4), ds → ds′. Then we have

ds′2 = ημνdx
′μdx′ν = ημνM

μ
λM

ν
ρdx

λdxρ = ηλρdx
λdxρ = ds2, (2.19)

where Eq.(2.17) has been used. Equation (2.19) shows the invariance of

interval in Minkowski space under the Poincaré transformation (2.4).

2.3 Landau-Lifshitz action and relativistic mechanics

The outstanding prerequisite of above discussions is the existence of iner-

tial reference system. Hence, it is necessary to look into the Relativistic

Mechanics for free particles, which should meet the inertial motion law and

be invariant under Lorentz transformations.

As is well known, the dynamics of each mechanical system is determined

by the principle of least action, which states that there exists a certain

integral S called the action which takes a minimum value for actual motion

so that its variation δS is zero. By symmetry considerations, Landau and
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Lifshitz in their famous book “The Classical Theory of Fields” suggested

that the Action for a free particle should have the form

S = −α

∫
ds = −α

∫ √
ημνdxμdxν , (2.20)

where α is a constant which will be determined by the classical mechanics

under low velocity limit. Hereafter, we call S of (2.20) L-L action. Noting

ds =
√
c2dt2 −∑3

i=1(dx
i)2 = cdt

√
1− v2/c2 (where v2 = (ẋ1)2 + (ẋ2)2 +

(ẋ3)2), we have

S = −αc

∫ √
1− v2

c2
dt. (2.21)

The Lagrangian function L = L(t, xi, ẋi) can be defined via the action

integral with respect to the time:

S =

∫
Ldt. (2.22)

Comparing Eq.(2.21) with Eq.(2.22), we obtain

L = −αc

√
1− v2

c2
. (2.23)

When v2 << c2, we approximately have L 
 −αc + αv2/(2c). Neglecting

the constant term and comparing the expression of that L with the usual

classical mechanics L = mv2/2, we find that α = mc. Then

L = −mc2
√
1− v2

c2
= −mc2

√
1 +

ηij ẋiẋj

c2
, (2.24)

where Latin index i = 1, 2, 3, vi = ẋi, and {ηij} = diag{−1, −1, −1}.
Equation (2.24) is the Lagrangian function for free particle in E-SR.

From δS = δ
∫
Ldt = 0, we get the equation of motion (i.e., the Euler-

Lagrange equation):

d

dt

∂L

∂ẋi
− ∂L

∂xi
= 0. (2.25)

To the free particle in E-SR, substituting Eq.(2.24) into Eq.(2.25), the

equation of motion is:

ẍi = 0, (2.26)

and the solution is

xi = vit+ constant, with vi = constant. (2.27)

We conclude that the inertial motion law holds for free particle in E-SR

mechanics.
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2.4 Canonical formulism of E-SR mechanics

When the Lagrangian function L is known, both canonical momenta πi

conjugating to xi and canonical energy (i.e., Hamilton) conjugating to t

are well defined as follows

πi =
∂L

∂ẋi
=

∂L

∂vi
=

−mηijv
j√

1− v2

c2

=
−m√
1− v2

c2

(ηiν ẋ
ν), (2.28)

H =
3∑

i=1

∂L

∂ẋi
ẋi − L =

mc2√
1− v2

c2

=
−m√
1− v2

c2

(−cη0ν ẋ
ν)

=
√
−c2ηijπiπj +m2c4, (2.29)

where Eq.(2.24) has been used. And then the equation of motion (2.24)

becomes two canonical equations

ẋi =
∂H

∂πi
= {xi, H}PB, (2.30)

π̇i = −∂H

∂xi
= {πi, H}PB, (2.31)

where the definition of the Poisson Bracket is {f, g}PB :=∑3
i=1

(
∂f
∂xi

∂g
∂πi

− ∂f
∂πi

∂g
∂xi

)
, and therefore

{xi, πj}PB = δij , {xi, xj}PB = 0, {πi, πj}PB = 0. (2.32)

Combining Eq.(2.28) with Eq.(2.29), the covariant canonic four-

momentum is

πμ ≡ (π0, πi) =

(
−H

c
, πi

)
=

−m√
1− v2

c2

ημν ẋ
ν

= −mcημν
dxν

ds
, (2.33)

where ds =
√

ημνdxμdxν = cdt
√
1− v2/c2 were used. Equation (2.33)

means that

ημνπμπν = m2c2, (2.34)

which is called dispersion relation of E-SR.

Generally, for arbitrary function J (t, x, π), one has

J̇ (t, x, π) ≡ dJ
dt

=
∂J
∂t

+ {H, J }PB, (2.35)

where the canonical equations (2.30) and (2.31) were used.
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2.5 Noether’s theorem and the motion integrals

Various laws of conservation (of momentum, angular momentum, etc.) are

particular cases of one general theorem: to every one-parameter group of

Lagrangian-preserving diffeomorphisms of the configuration manifold of a

Lagrangian system, there corresponds a first integral of the equations of

motion. That theorem is called Noether’s theorem . For the sake of gen-

erality, we use notation q ≡ {q1, q2, · · · qf} to denotes various generalized

coordinates (including Cartesian coordinates xi, i = 1, 2, 3 in SR) q̇ is the

generalized velocities in this section.

Noether’s theorem: Consider a system whose dynamics at a given instant

of time t is described by a Lagrangian function L(t,q, q̇). The dynamical

behavior of the system is determined by the Lagrangian equation of motion.

Suppose there is a symmetry group of transformations

t → T, (2.36)

q → Q, (2.37)

which leave the action S ≡ ∫
L(t,q, q̇)dt invariant. Namely,∫

L(t,q, q̇)dt =

∫
L(T,Q, Q́)dT. (2.38)

The theorem states that this invariance will lead to a constant of motion,

which is called also the Noether Charge.

More precisely, under transformation

T = T (t,q, q̇, ε), (2.39)

Q = Q(t,q, q̇, ε), (2.40)

where ε is a time-independent infinitesimal parameter, and

(T )ε=0 = t, (2.41)

(Q)ε=0 = q, (2.42)

then function Q́ in Eq.(2.38) is:

Q́(t,q, q̇, q̈, ε) ≡ dQ

dT
=

dQ/dt

dT/dt
=

Q̇

Ṫ
=

Q̇(t,q, q̇, q̈, ε)

Ṫ (t,q, q̇, q̈, ε)
. (2.43)

Rewriting Eq.(2.38) as follows∫
[L(T,Q, Q́)Ṫ − L(t,q, q̇)]dt = 0, (2.44)
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and noting

L(T,Q, Q́)Ṫ − L(t,q, q̇) =

[
L(t,q, q̇)ṫ+ ε

(
∂L(T,Q, Q́)Ṫ

∂ε

)
ε=0

]

−L(t,q, q̇)− ε
dF

dt
= 0, (2.45)

we obtain the following Noether theorem condition[
∂

∂ε

{
L
(
T (t,q, q̇, ε),Q(t,q, q̇, ε), Q́(t,q, q̇, q̈, ε)

)
Ṫ (t,q, q̇, q̈, ε)

}]
ε=0

= Ḟ ,

(2.46)

where Ḟ is the total time derivative of some function F (t,q, q̇). Therefore

the quantity

Lξ +
∑
i

∂L(t,q, q̇)

∂q̇i
(ηi − q̇iξ)− F (2.47)

where

ξ =

[
∂T = T (t,q, q̇, ε)

∂ε

]
ε=0

, (2.48)

ηi =

[
∂Qi(t,q, q̇, ε)

∂ε

]
ε=0

, (2.49)

is a constant of the motion.

Proof: Carrying out the derivative in Eq.(2.46) we obtain{[∑
i

∂L(T,Q, Q́)

∂Qi

∂Qi(t,q, q̇, ε)

∂ε
+
∑
i

∂L(T,Q, Q́)

∂Q́i

∂Q́i(t,q, q̇, q̈, ε)

∂ε

+
∂L(T,Q, Q́)

∂T

∂T (t,q, q̇, ε)

∂ε

]
Ṫ + L(T,Q, Q́)

∂T (t,q, q̇, q̈, ε)

∂ε

}
ε=0

= Ḟ .

(2.50)

To evaluate the terms in Eq.(2.50), we first expand T and Qi in powers of

ε, obtaining

T = (T )ε=0 +

[
∂T (t,q, q̇, ε)

∂ε

]
ε=0

ε+ · · · , (2.51)

Qi = (Qi)ε=0 +

[
∂Qi(t,q, q̇, ε)

∂ε

]
ε=0

ε+ · · · , (2.52)
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Substituting Eqs.(2.41), (2.42), (2.48) and (2.49) in Eqs.(2.40) and (2.41)

we obtain

T = t+ ξε+ · · · , (2.53)

Qi = qi + ηiε+ · · · . (2.54)

From Eq.(2.53) and Eq.(2.54) we obtain

Ṫ = 1 + ξ̇ε+ · · · , (2.55)

Q̇i = q̇i + η̇iε+ · · · . (2.56)

From Eqs.(2.55) and (2.56) it follows that

(Ṫ )ε=0 = 1, (Q̇i)ε=0 = q̇, (Q́i) =

(
Q̇i

Ṫ

)
ε=0

= q̇i,[
∂T (t,q, q̇, ε)

∂ε

]
ε=0

= ξ,[
∂Qi(t,q, q̇, ε)

∂ε

]
ε=0

= ηi,

[
∂Ṫ (t,q, q̇, ε)

∂ε

]
ε=0

= ξ̇,[
∂Q̇i(t,q, q̇, ε)

∂ε

]
ε=0

= η̇i,[
∂Q́i(t,q, q̇, q̈, ε)

∂ε

]
ε=0

=

{
∂

∂ε

[
Q̇i(t,q, q̇, q̈, ε)

Ṫ (t,q, q̇, q̈, ε)

]}
ε=0

=

[
1

Ṫ

∂Q̇i(t,q, q̇, ε)

∂ε
− Q̇i

Ṫ 2

∂Ṫ (t,q, q̇, ε)

∂ε

]
ε=0

= η̇i − q̇iξ̇ . (2.57)

Using Eqs.(2.42), (2.43), (2.57) in Eq.(2.50) and noting also that[
∂L(T,Q, Q́)

∂Qi

]
ε=0

=
∂L(t,q, q̇)

∂qi
(2.58)[

∂L(T,Q, Q́)

∂T

]
ε=0

=
∂L(t,q, q̇)

∂t
(2.59)[

L(T,Q, Q́)
]
ε=0

= L(t,q, q̇), (2.60)

we obtain
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∑
i

∂L(t,q, q̇)

∂qi
ηi+

∑
i

∂L(t,q, q̇)

∂q̇i
(η̇i − q̇iξ̇)+

∂L(t,q, q̇)

∂t
ξ+L(t,q, q̇)ξ̇=Ḟ .

(2.61)

In the remainder of the proof we suppress the argument of functions ap-

pearing in a partial derivative, since in all cases the argument would be

(t,q, q̇) and there is very little chance of confusion. We now note

∂L

∂t
= L̇−

∑
i

∂L

∂qi
q̇i −

∑
i

∂L

∂q̇i
q̈i (2.62)

∂L

∂q̇i
η̇i =

d

dt

(
∂L

∂qi
ηi

)
− d

dt

(
∂L

∂qi

)
ηi (2.63)

∂L

∂q̇i
q̇iξ̇ =

d

dt

(
∂L

∂q̇i
q̇iξ

)
− d

dt

(
∂L

∂q̇i

)
q̇iξ − ∂L

∂q̇i
q̈iξ (2.64)

Substituting Eqs.(2.62)−(2.64) in Eq.(2.61) we obtain∑
i

∂L

∂qi
ηi +

∑
i

[
d

dt

(
∂L

∂qi
ηi

)
− d

dt

(
∂L

∂qi

)
ηi

]
−
∑
i

[
d

dt

(
∂L

∂q̇i
q̇iξ

)
− d

dt

(
∂L

∂q̇i

)
q̇iξ − ∂L

∂q̇i
q̈iξ

]

+

[
L−

∑
i

(
∂L

∂qi
q̇i − ∂L

∂q̇i
q̈i

)]
ξ + Lξ̇ = Ḟ (2.65)

which can be simplified to∑
i

[
∂L

∂qi
− d

dt

(
∂L

∂q̇i

)]
[ηi − q̇iξ] +

d

dt

[
Lξ +

∑
i

∂L

∂q̇i
(ηi − q̇iξ)− F

]
= 0.

(2.66)

From Lagrangian equations

∂L

∂qi
− d

dt

(
∂L

∂q̇i

)
= 0. (2.67)

we obtain from Eq.(2.66)

d

dt

[
Lξ +

∑
i

∂L

∂q̇i
(ηi − q̇iξ)− F

]
= 0. (2.68)

It follows that the quantity in square brackets in Eq.(2.68) is a constant of

the motion, which is what we seek.
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2.6 Noether charges of E-SR mechanics

Now let’s come back to E-SR with Lagrangian function of Eq.(2.24):

L = −mc2
√
1 +

ηij ẋiẋj

c2
. (2.69)

In the E-SR formulation within an inertial system K, the generalized co-

ordinates are {q1, q2, q3} = {x1, x2, x3} and time is t. In another inertial

system K ′, coordinates and time are {Q1, Q2, Q3} = {x′1, x′2, x′3} and

time T = t′. the transformations (2.36) (2.37) preserving the action are

replaced by Poincaré group transformations (see Eqs.(2.4) and (2.14)):

xμ → x′μ = Mμ
νx

ν + aμ, (2.70)

Or more explicitly in the case without rotations in space:

t → t′ = γ(t− βx1/c) + a0/c, (2.71)

x1 → x′1 = γ(x1 − βct) + a1, (2.72)

x2 → x′2 = x2 + a2, (2.73)

x3 → x′3 = x3 + a3. (2.74)

The Noether theorem condition Eq.(2.46) becomes[
∂

∂ε

{
L (t′(t,x, ẋ, ε),x′(t,x, ẋ, ε), x́′(t,x, ẋ, ẍ, ε)) ṫ′(t,x, ẋ, ẍ, ε)

}]
ε=0

= Ḟ ,

(2.75)

and the corresponding Noether charge Eq.(2.47) becomes:

G ≡ −Lξ −
∑
i

∂L(t,x, ẋ)

∂ẋi
(ηi − ẋiξ) + F (2.76)

where

ξ =

[
∂t′(t,x, ẋ, ε)

∂ε

]
ε=0

, (2.77)

ηi =

[
∂x′i(t,x, ẋ, ε)

∂ε

]
ε=0

. (2.78)

When [ ∂
∂εL(ε)ṫ

′(ε)]ε=0 = 0, from Eq.(2.75) we have Ḟ = 0. In this case, we

take the specific solution F = 0 to be available for all Noether charges of

mechanics (2.76) in order to obtain an uniform Noether charge’s expression.

Namely,

Ḟ = 0,⇒ F = 0. (2.79)
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This is an additional convention for the uniform and the simplest expres-

sions of Noether charges (2.76).

All Noether charges for E-SR are enumerated as follows:

(1) Energy: The Lagrangian function (2.69) is time-independent. Choosing

β = a1 = a2 = a3 = 0, a0 = εc in Eqs.(2.71)−(2.74), we have

t′ = t+ ε, x′ = x, and then
∂

∂ε

{
L (t′,x′, x́′) ṫ′

}
= 0, F = 0,

(2.80)

where Noether’s theorem (the condition Eq.(2.75) is satisfied) and con-

vention (2.79) were used. For this choice of t′ and x′, Eqs.(2.77)−(2.78)

imply

ξ = 1, ηi = 0, (2.81)

Hence, from Eq.(2.76), we obtain the energy as a Noether charge of

E-SR:

Ga0 = −L+
∑
i

∂L

∂ẋi
ẋi ≡ E = constant. (2.82)

Substituting Eq.(2.69) (or (2.24)) into (2.82), we get the energy:

E =
mc2√
1− v2

c2

. (2.83)

Comparing Eq.(2.83) with Eq.(2.29), we have

E = H. (2.84)

This means that the energy Noether charge is equal to the canonic

energy (or Hamiltonian) in E-SR.

(2) Momentum: We let β = a0 = a2 = a3 = 0, a1 = ε in

Eqs.(2.71)−(2.74). Then we have

t′ = t, x′1 = x1 + ε, x′2 = x2, x′3 = x3, F = 0 (2.85)

in Noether’s theorem. The condition Eq.(2.75) is satisfied. For this

choice of t′ and x′, Eqs.(2.77) and (2.78) indicate

ξ = 0, ηi = δi1, (2.86)

Hence, from Eq.(2.76), we obtain the momentum Noether charge of

E-SR:

Ga1 =
∂L

∂ẋ1
≡ p1 = constant. (2.87)
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Similarly, Gai ≡ pi =constant to i = 2, 3. Therefore, we have

pi =
mẋi√
1− v2

c2

= πi = constant. (2.88)

(3) Lorentz boost: Taking β = ε, a0 = a1 = a2 = a3 = 0 in

Eqs.(2.71)−(2.74), then we have

t′ = t− εx1

c
, (note : γ ≡ 1/

√
1− β2 
 1 +O(ε2))

x′1 = x1 − εct, x′2 = x2, x′3 = x3, (2.89)

Firstly we check the condition Eq.(2.75) and determine the function F .

From Eq.(2.89) we have

x́′i ≡ dẋ′i/dt
dt′/dt

=
ẋi − cεδi1
1− ε

c ẋ
1
,

and L(t′,x′, x́′) = −mc2
√
1 +

ηij x́′ix́′j

c2


 −mc2
√

1− ẋ2

c2

(
1 +

ẋ1

c
ε+O(ε2)

)
. (2.90)

Noting ṫ′ = 1− ẋ1

c ε, we have

L(t′,x′, x́′)ṫ′ = −mc2
√
1− ẋ2

c2

(
1 +

ẋ1

c
ε

)(
1− ẋ1

c
ε

)
+O(ε2)

= −mc2
√
1− ẋ2

c2
+O(ε2),

and then

[
∂

∂ε

{
L (t′,x′, x́′) ṫ′

}]
ε=0

=

[
∂

∂ε

{O(ε2)
}]

ε=0

= 0.

(2.91)

Hence, when F = 0, the condition of Eq.(2.75) is satisfied. Next, from

the choice of Eq.(2.89), we have

ξ =
∂t′

∂ε
= −x1

c
, η1 =

∂x′1

∂ε
= −ct, η2 = η3 = ẋ2 = ẋ3 = 0.

(2.92)

And from Eqs.(2.76) and (2.69), we obtain the boost charge:

Gβ1 ≡ K1 = −Lξ −
∑
i

∂L(t,x, ẋ)

∂ẋi
(ηi − ẋiξ) + F

= − mc√
1− β2

(x1 − tẋ1), (2.93)
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where β2 = (β(1))2 = (ẋ1)2. Similarly, one can repeat above calcula-

tions for the cases of {β(2) �= 0, β(1) = β(3) = 0} (or {β(3) �= 0, β(1) =

β(2) = 0}) and obtains the generic expression for the Lorentz boost

Noether charge:

Ki = − mc√
1− β2

(xi − tẋi), with i = 1, 2, 3. (2.94)

(4) Angular momentum: Going back to transformation Eq.(2.70), we see

that the Lagrangian (2.69) is invariant under an arbitrary rotation

about some axis, which for convenience we choose to be x3 axis. Then

condition (2.75) in Noether theorem will be satisfied if we replace xi, ẋi

and t in the Lagrangian by

t′ = t (2.95)

x′1 = x1 cos ε− x2 sin ε (2.96)

x′2 = x1 sin ε+ x2 cos ε (2.97)

x′3 = x3 (2.98)

and let F = 0 (see convention (2.79)). For this choice

ξ = 0 (2.99)

η1 = −x2 (2.100)

η2 = x1 (2.101)

η3 = 0. (2.102)

Hence, from Eqs.(2.76) and (2.69), we obtain the third component of

angular momentum charge:

G3 ≡ L3 = −Lξ −
∑
i

∂L(t,x, ẋ)

∂ẋi
(ηi − ẋiξ) + F

=
m√
1− β2

(x1ẋ2 − x2ẋ1). (2.103)

Similarly, one can repeat above calculations for x1-axis case and x2-axis

case respectively, and obtains the generic expression for Li:

Li =
m√
1− β2

εijkx
j ẋk, with i = 1, 2, 3, and ε123 = +1.

(2.104)
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2.7 Quantization of E-SR mechanics

In this section, we discuss the procedure of passing from classical E-SR

mechanics to quantum E-SR mechanics. This is called “quantization” of

E-SR theory.

Lagrangian-Hamiltonian formulation of mechanics (see Section 2.4) is

the foundation of quantization. When the classical Poisson Brackets in

canonical equations for canonical coordinates and canonical momentum be-

come operator’s commutators:

{x, π}PB ⇒ 1

i�
[x, π̂], (2.105)

the classical mechanics will be quantized. Under (2.105), the Poisson

Bracket relations of Eq.(2.32) are passed to the canonical commutation

relations:

[π̂i, x
j ] = −i�δji , [xi, xj ] = [π̂i, π̂j ] = 0, (2.106)

where xi, π̂i with i = 1, 2, 3 are canonically conjugate operators. From

Eqs.(2.30), (2.31) and (2.105), we get Heisenberg equations with quantum

Hamilton operator Ĥ :

ẋi =
i

�
[Ĥ, xi], ˙̂πi =

i

�
[Ĥ, π̂i] (2.107)

which describe the dynamics of the quantum system. From the dispersion

relation Eq.(2.34), we have E-SR wave equation in the Schrödinger picture

for spinless particle as follows

ημν π̂μπ̂νφ(x) = m2c2φ(x), (2.108)

where π̂0 = − Ĥ
c , and φ(x) is wave function. The Hamiltonian operator

Ĥ ≡ −cπ̂0 represents the generator of time evolution, i.e.,

[t, Ĥ ] = −i� , or [x0, π̂0] = i� . (2.109)

It is straightforward by using Eqs.(2.29) and (2.106) to check that

[Ĥ, π̂i] = −c[π̂0, π̂i] = 0 , or [π̂0, π̂i] = 0 . (2.110)

Combining Eqs.(2.106), (2.109) and (2.110), we have the 4-dimensional

invariant commutation relations for xμ and π̂ν :

[xμ, π̂ν ] = i�δμν , [xμ, xν ] = 0, [π̂μ, π̂ν ] = 0. (2.111)
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The simplest solution of Eq.(2.111) is

π̂μ = −i�∂μ. (2.112)

Substituting Eq.(2.112) to Eq.(2.108), we obtain(
�+

m2c2

�2

)
φ(x) ≡

(
1

c2
∂2

∂t2
−∇2 +

m2c2

�2

)
φ(x) = 0, (2.113)

which is called the Klein-Gordon equation in Minkowski spacetime.

In the following, we consider wave equation of particles with spin 1/2,

which is called Dirac equation. The Lorentz transformations unite time and

space into a single four-dimensional entity. The basic equation underlying

relativistic quantum theory must reflect this unity, implying that there must

be complete symmetry between the time and space parts of the equation.

Clearly the Klein-Gordon equation (2.113) satisfies this constraint, but the

Schrödinger equation does not because it is first order in the time and

second order in the space derivatives. Let us assume that, like Schrödinger

equation, the Dirac equation will be linear in the time derivatives. Therefore

it must also be linear in space derivatives. We know from the dispersion

relation Eq.(2.34) of classical E-SR that the canonical energy of a free

particle H = −cπ0 is given by

H2 ≡ c2π2
0 = �π2c2 +m2c4. (2.114)

To obtain a linear equation we write the square root of it in a following

way:

H =
√
�π2c2 +m2c4 = �α · �πc+ βmc2. (2.115)

Here, �α and β have to be such that when we square Eq.(2.115) we arrive

back at Eq.(2.114). Clearly, β has to be a scalar and �α has to be a vector

so that both terms on right hand side of this equation are scalars. Let’s

square this explicitly:

H2 = (�α · �πc+ βmc2)(�α · �πc+ βmc2)

= α2
1π

2
1c

2 + α2
2π

2
2c

2 + α2
3π

2
3c

2 + �α · �πβmc3 + β�α · �πmc3 + β2m2c4

+c2((α1α2 + α2α1)π1π2 + (α2α3 + α3α2)π2π3 + (α3α1 + α1α3)π3π1).

(2.116)
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For this to be consistent with Eq.(2.114) we require that

α2
1 = α2

2 = α2
3 = β2 = I (2.117)

�αβ + β�α ≡ {�α, β} = 0 (2.118)

{α1, α2} = {α2, α3} = {α3, α1} = 0 (2.119)

where {α1, α2} = α1α2 + α2α1, and etc. No existing numbers can satisfy

Eqs.(2.117), (2.118) and (2.119) simultaneously. However, it turns out that

there are matrices that do so. Combining such matrices solutions of {�α, β}
and the operator expressions of πμ Eq.(2.112) and substituting them to

(2.115), we obtain the Dirac equation as follows

i�
∂

∂t
ψ(r, t) = c(−i�α · ∇+ βmc)ψ(r, t) (2.120)

where �α, β are 4 × 4-matrices and ψ(r, t) is spinor wave function with 4

components. Redefining Dirac matrices as follows

γi = βαi =

(
0 σi

−σi 0

)
(2.121)

γ0 = β =

(
0 1

1 0

)
(2.122)

where

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0

0 −1

)
,

we have explicit Lorentz invariant expression of Dirac equation (2.120):

(i�γμ∂μ −mc)ψ(r, t) = 0. (2.123)

2.8 Localization of E-SR spacetime symmetry and

Einstein’s General Relativity (I)

In this section and next, we turn to discuss the localization of E-SR space-

time symmetry, and to show that Einstein’s General Relativity can be

achieved in this way. For this aim, conceptions of gauge fields, gauge

ISO(3, 1) symmetry and Riemann geometry technique will be employed.

We hence interpret them firstly in this section.
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Conceptions of gauge fields: To interpret the main idea of gauge theory, we

consider the U(1)-gauge field theory in Minkowski spacetime, in which the

electromagnetic fields are the U(1)-gauge fields. To see this point, let us

consider the charged scalar fields described by following Lagrange density

of complex scalar fields:

L0(x) = ημν�2∂μφ
∗(x)∂νφ(x) −m2c2φ∗(x)φ(x). (2.124)

The action is

S0 ≡
∫

d4xL0(x) =

∫
d4xL0(φ, ∂μφ, φ

∗, ∂μφ∗)(x). (2.125)

From variations of this action with respect to φ(x) and φ∗(x) respectively,
the equations of motion can be derived:

∂μ
∂L0

∂(∂μφ(x))
− ∂L0

∂φ(x)
= 0, ⇒

(
∂2 − m2c2

�2

)
φ∗(x) = 0, (2.126)

∂μ
∂L0

∂(∂μφ∗(x))
− ∂L0

∂φ∗(x)
= 0, ⇒

(
∂2 − m2c2

�2

)
φ(x) = 0. (2.127)

Clearly, L0(x) is invariant under phase transformation

φ(x) → eiλφ(x)|λ→ε = φ(x) + iλφ(x), (2.128)

φ∗(x) → e−iλφ∗(x)|λ→ε = φ∗(x)− iλφ∗(x), (2.129)

where λ is a spacetime independent constant. Therefore we have

0 =
∂L0

∂λ
=

(
∂L0

∂φ(x)
iφ+

∂L0

∂(∂μφ(x))
i∂μφ

)
−
(

∂L0

∂φ∗(x)
iφ∗ +

∂L0

∂(∂μφ∗(x))
i∂μφ

∗
)

=

[(
∂μ

∂L0

∂(∂μφ(x))

)
iφ+

∂L0

∂(∂μφ(x))
i∂μφ

]
−
[(

∂μ
∂L0

∂(∂μφ∗(x))

)
iφ∗ +

∂L0

∂(∂μφ∗(x))
i∂μφ

∗
]

= ∂μJ
μ(x), (2.130)

where the equations of motion, Eqs.(2.128) and (2.129), have been used,

and

Jμ(x) = i�2((∂μφ∗)φ − (∂μφ)φ∗). (2.131)

Physically, conserved current Jμ(x) is the electric current density of φ-

field, and ∂μJ
μ(x) = 0 (Eq.(2.130)) means the electric charge of φ-particle
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is conserved. This result can also be thought the consequence of Noether

theorem in fields theory due to the global phase symmetry of φ-fields in L0

(2.124). The Noether charge is

Q =

∫
d3J0 ≡ e. (2.132)

A further interesting question arises here is what fields are excited by this

charge? In other words, besides conserved Noether charges due to the

symmetry, could one further construct a field-theoretic dynamics related

to invariant properties of L0? Actually, it has long been realized that

the existence of the electromagnetic fields can be related to such invariant

properties of the Lagrangian. Namely, the electromagnetic fields are U(1)-

gauge fields.

To understand this point, let us consider the more general gauge trans-

formations of the forms Eqs.(2.128) and (2.129), but in which the parameter

λ becomes arbitrary functions of position, i.e., λ is localized to be λ(x). In

this case, we have

∂μφ(x) → ∂μφ
′(x) = ∂μ

(
eiλ(x)φ(x)

)
|λ→ε

= (1 + iλ(x))∂μφ(x) + iφ(x)∂μλ(x), (2.133)

∂μφ
∗(x) → ∂μφ

′∗(x) = ∂μ

(
e−iλ(x)φ∗(x)

)
|λ→ε

= (1− iλ(x))∂μφ
∗(x) − iφ∗(x)∂μλ(x), (2.134)

and the first term of L0(x) (see Eq.(2.124)) is no longer invariant, because

ημν�2∂μφ
∗(x)∂νφ(x)

→ ημν�2∂μφ
∗(x)∂νφ(x) + iημν�2[(∂μφ

∗(x))φ(x)(∂νλ(x))

−φ∗(x)(∂νφ(x))(∂μλ(x))]. (2.135)

Thus, we find out that under localized phase transformations L(x) is no

longer invariant. Namely, when the phase λ → λ(x), we find δL0(x) =

δL0(φ, ∂φ;φ
∗, ∂φ∗) �= 0. We wish to make the Lagrange invariant under

the general gauge transformations for which λ is a function of x, then it

is necessary to introduce a new field Aμ (we shall call it U(1)-gauge field)

which transforms according to

Aμ → Aμ +
1

ẽ
∂μλ, (2.136)
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where ẽ (note, ẽ = e/(�c) in Gaussian system of units) is a constant, and

to replace ∂μφ, ∂μφ
∗ by “covariant derivatives”

Dμφ ≡ (∂μ − iẽAμ)φ, Dμφ
∗ ≡ (∂μ + iẽAμ)φ

∗. (2.137)

Using Eq.(2.136) and φ(x) → φ′(x) = exp(iλ(x))φ(x) we can check that

Dμφ → D′
μφ

′ = eiλ(x)φ, (2.138)

Dμφ
∗ → D′

μφ
′∗ = e−iλ(x)φ∗. (2.139)

Thus, when L0(x) = L0(φ, ∂φ;φ
∗, ∂φ∗) → LD(x) = LD(φ,Dφ;φ∗, Dφ∗),

we have

LD(x) = ημν�2Dμφ
∗(x)Dνφ(x) −m2c2φ∗(x)φ(x), (2.140)

which is invariant under gauge phase transformation (2.136) and φ(x) →
φ′(x) = exp(iλ(x))φ(x).

Furthermore, from Eq.(2.137) one finds

(DμDν −DνDμ)φ = −iẽFμνφ,

where

Fμν = ∂μAν − ∂νAμ. (2.141)

Unlike Aμ, the expression Fμν is a invariant quantity under gauge transfor-

mation (2.136). It satisfies the cyclic identity (i.e., Bianchi identity)

∂λFμν + ∂μFνλ + ∂νFλμ = 0. (2.142)

It remains to find a free Lagrangian density LG for the new gauge field

Aμ. Clearly LG must be separately invariant, and it is easy to see that this

implies it must contain Aμ only through the invariant combination Fμν .

The simplest such Lagrangian density is

LG = −1

4
FμνF

μν , (2.143)

where the tensor indices are raised with the Lorentz metric in Minkowski

spacetime ημν with diagonal elements (1, −1, −1, −1). From Eqs.(2.140)

and (2.143), the total Lagrangian density is

Ltot(φ,A) = LD(φ,A) + LG(A). (2.144)

By means of variation (δ/δAμ(x))
∫
d4xLtot(φ,A), we obtain

∂νF
μν ≡ Fμν

,ν = −Jμ, (2.145)
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where Jμ = (δ/δAμ(x))
∫
d4xLD(φ,A). Because of the antisymmetry of

Fμν , then we find Jμ is of conserved current:

∂μJ
μ = 0. (2.146)

Thus the consequence of Noether theorem Eq.(2.130) is proved in the gauge

theory. In 1954, Yang and Mills extend U(1) gauge theory to non-Abelian

gauge theory [Yang, C.N. (1954)]. Since then, it is realized that the Gauge

Field Theory is one of the fundamental principles of modern physics. The

modern particle physics build upon non-Abelian gauge field theory (i.e.,

Yang-Mills field theory) for appropriate internal symmetries. The unifi-

cation of interactions between the particles can be realized by the gauge

theory based on localization of internal symmetries . The resulting gauge

dynamics is unique.

localization of ISO(3, 1): The spacetime symmetry of Einstein’s Special

Relativity (E-SR) is the global inhomogeneous Lorentz group (or Poincaré

group) ISO(3, 1) in the Minkowski spacetime with Lorentz metric ημν (see

Eq.(8.26)). The infinitesimal version of the transformation (8.26) is:

xμ → x′μ = xμ + δxμ

δxμ = εμνx
ν + εμ (2.147)

where the group parameters εμν and εμ are space-time independent con-

stants. The corresponding ten Noethers have calculated in section §(2.6).
They are E (see Eq.(2.83)), pi (see Eq.(2.88)), Ki (see Eq.(2.94)) and Li

(see Eq.(2.104)).

The procedures of localization of global ISO(3, 1) are as follows

εμν → εμν(x), εμ → εμ(x), (2.148)

where εμν(x), and εμ(x) are arbitrary tensor function and vector function of

x respectively. Under such localization transformations (2.148), the global

transformation (2.147) becomes

xμ → x′μ = xμ + εμν(x)x
ν + εμ(x) ≡ x′μ(xν) = xμ + δxμ(x), (2.149)

where

δxμ(x) = εμν(x)x
ν + εμ(x), (2.150)
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or

δxμ(x) = fμ(x), (2.151)

where fμ(x) ≡ εμν(x)x
ν + εμ(x) are four arbitrary functions of x. Hence,

Eqs.(2.149) with (2.151) represents a general spacetime coordinates trans-

formation, or curvilinear coordinates transformation. Remembering the

group parameter number of the global spacetime ISO(3, 1) is 10 (i.e., εμν
and εμ), however, it becomes 4 for localized spacetime ISO(3, 1) transfor-

mations (2.151), which is less than the global ISO(3, 1)’s. This situation

indicates that such gauge theory due to Eq.(2.151) seems to be not a full

gauge theory of whole external ISO(3, 1) symmetry, but it should be a min-

imal version of that gauge theory arising from the symmetry localization.

In the below, we mainly describe such minimal version theory, and assume

the spacetime is torsion-free just like Einstein did in GR.

Expression of (2.148) means that the global ISO(3, 1) symmetry of E-

SR turns into local ISO(3, 1) symmetry, or gauge ISO(3, 1) symmetry.

Equation (2.149) plays a role of gauge transformation in the gauge theory.

According to the principle of gauge theory, the forms of physics laws should

be invariant under the gauge transformation (2.149). Thus, starting with

the symmetry localization procedure of gauge theory one arrives at one

of the hypotheses of GR: the principle of general relativity, that states

that the forms of physics laws should be the same in all reference systems

including both inertial and non-inertial systems. Namely, under the general

coordinates transformations Eq.(2.149) the transformation properties of the

expressions of physics laws have to be the same.

Riemann geometry : To analyze this issue further, it is necessary to describe

the main points of Riemann geometry calculations. A brief (but enough for

this book) description on them is as follows (about more detailed illustra-

tions to the calculations, please, e.g., see [Landau, Lifshitz (1987)]):

(1) Tensors in curvilinear coordinates frame: From Eq.(2.148), we

have

dx′μ =
∂x′μ

∂xν
dxν , when det |∂x

′μ

∂xν
| �= 0, or ∞, dxμ =

∂xμ

∂x′ν dx
′ν ,

(2.152)
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and hence dxμ is a contravariant 4-vector. Generally, the contravariant

tensor Aμν··· are defined via following transforming properties:

A′μν··· =
∂x′μ

∂xα

∂x′ν

∂xβ
· · ·Aαβ···, (2.153)

and the covariant tensor Aμν···’s transforming property is as follows:

A′
μν··· =

∂xα

∂x′μ
∂xβ

∂x′ν · · ·Aαβ···. (2.154)

(2) Metric tensor: The square of the line element in curvilinear coordi-

nates is a quadratic form in the differentials dxμ:

ds2 = gμνdx
μdxν , (2.155)

where the gμν are functions of the coordinates; gμν is symmetric in

the indices μ and ν, i.e., gμν = gνμ. Since the (contracted) product

of gμν and the contravariant tensor dxμdxν is a scalar, the gμν form a

covariant tensor; it called the metric tensor. The contravariant metric

tensor is tensor gνλ reciprocal to tensor gμν , that is

gμνg
νλ = δλμ. (2.156)

The connection between covariant tensor and contravariant is as follows

Aμ = gμνAν , Aμ = gμνA
ν . (2.157)

(Note, notation Aμ we used hereafter in this section represents a generic

covariant vector in curvilinear coordinates systems, rather than a spe-

cific electromagnetic potential vector in gauge theory.)

(3) Completely antisymmetric unit pseudo-tensor εμνλρ in curvi-

linear coordinates frame and the element of 4-dimensional in-

tegral: In 4-dimensional Minkowski coordinates frame xμ
M , we use

ε̃ μνλρ to denote the completely antisymmetric unit tensor of fourth

rank. This is the tensor whose components change sign under inter-

change of any pair of indices, and whose nonzero components are ±1.

From the antisymmetry it follows that the only nonvanishing compo-

nents are those for which all four indices are different. We set

ε̃ 0123 = 1 (2.158)

(hence ε̃ 0123 = −1). Then all the other nonvanishing components ε̃ μνλρ

are equal to+1 or −1, according as the number μ′ ν, λ, ρ can be
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brought to the arrangement 0, 1, 2, 3 by an even or odd number of

permutations. The number of such components is 4! = 24. Thus

ε̃ μνλρ ε̃ μνλρ = −24. (2.159)

Now let’s consider the transformation from the Minkowski coordinates

frame to the curvilinear coordinates frame. Explicitly the components

transformations are as follows

xμ
M → xμ = xμ(xν

M ), (2.160)

and hence

ε̃ μνλρ → εμνλρ =
∂xμ

∂xα
M

∂xν

∂xβ
M

∂xλ

∂xγ
M

∂xρ

∂xδ
M

ε̃ αβγδ, (2.161)

or

εμνλρ = Jε̃ μνλρ, (2.162)

where J is the determinant formed from the ∂xμ/∂xα
M , i.e., it is just

the Jacobian of the transformation from the Minkowski coordinates to

the curvilinear coordinates:

J =
∂(x0, x1, x2, x3)

∂(x0
M , x1

M , x2
M , x3

M )
. (2.163)

This Jacobian can be expressed in terms of the determinant of the

metric tensor gμν in the system xμ. The notation of g ≡ det(gμν) =

|gμν | or g−1 ≡ det(gμν) = |gμν | will be used below. To do this we write

the transformation expression of the metric tensor:

gμν =
∂xμ

∂xα
M

∂xν

∂xβ
M

ηαβ , (2.164)

and equate the determinants of the two sides of this equation. Noting

|gμν | = 1/g, | ∂xμ

∂xα
M
| · | ∂xν

∂xβ
M

| = J2, |ηαβ | = −1, we have 1/g = −J2, and

so J = 1/
√−g. Thus, in the curvilinear coordinates the antisymmetric

unit tensor of rank four must be define as

εμνλρ =
1√−g

ε̃ μνλρ. (2.165)

Noting the formula ε̃ μνλρgμαgνβgλγgρδ = −gε̃αβγδ, the covariant com-

ponents of Eq.(2.165) is :

εμνλρ =
√−gε̃ μνλρ. (2.166)
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In a Minkowski coordinate system xμ
M the integral of a scalar with

respect to d4xM = dx0 dx1 dx2 dx3 is also a scalar, i.e., the element

d4xM behaves like a scalar in the integration. On transforming to

curvilinear coordinates xμ, the element of integration goes over into

d4xM → 1

J
d4x =

√−gd4x. (2.167)

Thus, in curvilinear coordinates, when integrating over a four-volume

the quantity
√−gd4x behaves like an invariant.

(4) Covariant differentiation: In curvilinear coordinates the differen-

tials dAμ of a vector Aμ is not a vector, and ∂Aμ/∂x
ν is not a tensor.

It is easy to verify these statements directly. To do this we determine

the transformation formulas for the differentials dAμ in curvilinear co-

ordinates. A covariant vector is transformed according to the formula

(see Eq.(2.154))

Aμ =
∂x′ν

∂xμ
A′

ν ; (2.168)

therefore

dAμ =
∂x′ν

∂xμ
dA′

ν +Aνd
∂x′ν

∂xμ
=

∂x′ν

∂xμ
A′

ν +A′
ν

∂2x′ν

∂xμ∂xλ
dxλ. (2.169)

Thus dAμ does not transform like a vector (the same also applies, of

course, to the differential of a contravariant vector). This result is

understandable. It is learned from Eq.(2.168) that since the coefficients

in the transformation formula (2.168) are functions of the coordinates,

and at different points in spacetime vectors transform differently, the

transformation of dAμ which represents the difference of vectors located

at different (infinitesimally separated) points of spacetime, of course,

cannot behaves like a vector described by Eq.(2.168) at an exact one

point of spacetime. Thus, in curvilinear coordinates, in order to obtain

a differential of a vector which behaves like a vector, it is necessary

that the two vectors to be subtracted from each other be located at the

same point in spacetime. In other words, we must somehow “translate”

one of the vectors (which are separated infinitesimally from each other)

to the point where the second is located, after which we determine the

difference of two vectors which now refer to one and the same point

in spacetime. By means of this consideration, we define the difference

DAμ between two vectors which are now located at the same point is

DAμ = dAμ − δAμ, (2.170)
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where additional change δAμ is determined by following considerations:

δAμ comes from an infinitesimal displacement and depends on the

values of the A-components themselves, where the dependence must

clearly be linear. Thus δAμ has the form

δAμ = Γλ
μνAλdx

ν , (2.171)

where the Γλ
μν are certain functions of the coordinates. Suppose the

transformation formula for Γλ
μν under the curvilinear coordinates trans-

formation is:

Γλ
μν = Γ′ρ

αβ

∂xλ

∂x′ρ
∂x′α

∂xμ

∂x′β

∂xν
+

∂2x′ρ

∂xμ∂xν

∂xλ

∂x′ρ , (2.172)

then the formula for DAμ’s transformation takes the form

DAμ = dAμ − δAμ = dAμ − Γλ
μνAλdx

ν

=
∂x′ν

∂xμ
A′

ν +A′
ν

∂2x′ν

∂xμ∂xλ
dxλ

−
(
Γ′ρ
αβ

∂xλ

∂x′ρ
∂x′α

∂xμ

∂x′β

∂xν
+

∂2x′ρ

∂xμ∂xν

∂xλ

∂x′ρ

)
Aλdx

ν

=
∂x′ν

∂xμ

(
A′

ν − Γ′ρ
νβA

′
ρdx

′β
)

=
∂x′ν

∂xμ
D′A′

ν . (2.173)

Comparing Eq.(2.173) with Eq.(2.168), we conclude that when the

transformation of Γλ
μν follows formula of (2.172), the corresponding

covariant differential DAμ of vector Aμ behaves like a vector in curvi-

linear coordinates. This covariant vector can also be written as

DAμ = dAμ − Γλ
μνAλdx

ν =

(
∂Aμ

∂xν
− Γλ

μνAλ

)
dxν . (2.174)

Similarly, we find for a contravariant vector,

DAμ = dAμ + Γμ
λνA

λdxν =

(
∂Aμ

∂xν
+ Γμ

λνA
λ

)
dxν . (2.175)

The expressions in parentheses in Eqs.(2.174) and (2.175) are tensors,

since when multiplied by the vector dxν they give a vector. Clearly,

these are the tensors which give the desired generalization of the con-

cept of a derivative to curvilinear coordinates. These tensors are called

the covariant derivatives of the vectors Aμ and Aμ respectively. We

shall denote them by Aμ ;ν and Aμ
;ν . Thus

DAμ = Aμ ;νdx
ν , DAμ = Aμ

;ν , (2.176)
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while the covariant derivatives themselves are:

Aμ ;ν =
∂Aμ

∂xν
− Γλ

μνAλ , (2.177)

Aμ
;ν =

∂Aμ

∂xν
+ Γμ

λνA
λ . (2.178)

Symbol Γλ
μν is not a tensor, and is called affine connection of the

spacetime with curvilinear coordinates, which transforms according to

Eq.(2.172). Generally, Γλ
μν �= Γλ

νμ. But when the spacetime is tor-

sionless, we have Γλ
μν = Γλ

νμ, and such affine connections are called

Christoffel symbols at sometimes. In this book we do not consider the

spacetime torsion.

Let us show that the covariant derivative of the metric tensor gμν

is zero. To do this we note that the relation

DAμ = gμνDAν

is valid for the vector DAμ, as for any vector. On the other hand,

Aμ = gμνA
ν , so that

DAμ = D(gμνA
ν) = gμνDAν +AνDgμν .

Comparing with DAμ = gμνA
ν , and remembering that the vector Aν

is arbitrary,

Dgμν = 0.

Therefore the covariant derivative

gμν; λ = 0. (2.179)

Equation (2.179) can be used to express the Christoffel symbols Γλ
μν in

terms of the metric tensor gμν . To do this we write in accordance with

the general definition (2.177):

gμν; λ =
∂gμν
∂xλ

− Γρ
μλgρν − Γρ

νλgμρ =
∂gμν
∂xλ

− Γν, μλ − Γμ, νλ = 0,

where Γμ, νλ = gμρΓ
ρ
νλ, and etc. Permuting the indices μ, ν, λ, we

have
∂gμν
∂xλ

= Γν, μλ + Γμ, νλ ,

∂gλμ
∂xν

= Γμ, νλ + Γν, μλ ,

−∂gνλ
∂xμ

= −Γλ, νμ − Γν, λμ .
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Taking half the sum of these equations, we find (noting that Γμ, νλ =

Γμ, λν)

Γμ, νλ =
1

2

(
∂gμν
∂xλ

+
∂gμλ
∂xν

− ∂gνλ
∂xμ

)
. (2.180)

From this we have the Christoffel symbols

Γμ
νλ =

1

2
gμρ

(
∂gρν
∂xλ

+
∂gρλ
∂xν

− ∂gνλ
∂xρ

)
. (2.181)

(5) The curvature tensor: If we twice differentiate a vector Aρ with

respect to xμ and xν , then the result generally depends on the order

of differentiation, contrary to the situation for ordinary differentiation.

It turns out that the difference Aρ ;μ ;ν − Aρ ;ν ;μ results a new tensor.

The straightforward calculations give following result

Aρ ;μ ;ν −Aρ ;ν ;μ = AλRλ
ρμν , (2.182)

where

Rλ
ρμν =

∂Γλ
ρν

∂xμ
− ∂Γλ

ρμ

∂xν
+ Γλ

αμΓ
α
ρν − Γλ

ανΓ
α
ρμ. (2.183)

Rλ
ρμν is called the curvature tensor, or Riemann tensor. Similarly, for

a contravariant vector,

Aλ
;μ ;ν −Aλ

;ν ;μ = −AρRλ
ρμν . (2.184)

The curvature tensor has symmetry properties which can be made com-

pletely apparent by changing from mixed components Rα
ρμν to covari-

ant ones:

Rλρμν = gλαRα
ρμν .

From the explicit expression of Rλρμν , one can see the following sym-

metry properties:

Rλρμν = −Rρλμν = −Rλρνμ = Rμνλρ , (2.185)

i.e., the tensor is antisymmetric in each of the index pairs λ, ρ and

μ, ν, and is symmetric under the interchange of the two pairs with

one another. One can also verify that the cyclic sum of components of

Rλρμν , formed by permutation of any three indices, is equal to zero;

e.g.,

Rλρμν +Rλνρμ +Rλμνρ = 0. (2.186)
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Now, we prove the Bianchi identity:

Rλ
ρμν ;α +Rλ

ραμ ;ν +Rλ
ρνα ;μ = 0. (2.187)

It is conveniently verified by using a locally-geodesic coordinate system.

Because of its tensor character, the relation (2.187) will then be valid

in any other system. Differentiating Eq.(2.183) and then substituting

in it Γλ
ρμ = 0, we find for the point under consideration

Rλ
ρμν ;α =

∂Rλ
ρμν

∂xα
=

∂2Γλ
ρν

∂xμ∂xα
− ∂2Γλ

ρμ

∂xν∂xα
.

With the aid of this expression it is easy to verify that the Bianchi

identity (2.187) actually holds.

Finally, from the curvature tensor we can, by contraction, construct

a tensor of the second rank. This contraction can be carried out in only

one way: contraction of the tensor Rλρμν on the indices λ and ρ or μ

and ν gives zero because of the antisymmetry in this indices, while

contraction on any other pair always gives the same result, except for

sign. We define the tensor Rρν (the Ricci tensor) as

Rρμ = gλνRλρμν = Rλ
ρμλ . (2.188)

According to Eq.(2.183), we have

Rρν =
∂Γλ

ρλ

∂xν
− ∂Γλ

ρν

∂xλ
+ Γλ

ανΓ
α
ρλ − Γλ

αλΓ
α
ρν . (2.189)

This tensor is clearly symmetric:

Rρν = Rνρ . (2.190)

Furthermore, contracting Rρν , we obtain the invariant

R = gρνRρν = gρνgλμRλρνμ , (2.191)

which is called the scalar curvature of the spacetime.

2.9 Localization of E-SR spacetime symmetry and

Einstein’s General Relativity (II)

After introducing the gauge theory, gauge transformation arising from lo-

calization of ISO(3, 1), and mathematical tool to deal with curvilinear co-

ordinates systems of the spacetime in the previous section, we continue to

pursue the theory of localization of E-SR spacetime symmetry.
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In Section 2.6, we have proved the energy of particle is one of the Noether

charges corresponding to the ISO(3, 1) symmetry of E-SR mechanics (see

Eq.(2.83)). Due to Newtonian gravity law, the force arising from the par-

ticle’s mass (or energy in E-SR) is gravitational, and hence we realize that

the ISO(3, 1)-gauge field theory must be a gravitational field theory. So we

could call it also gauge theory of gravity. Many efforts (e.g., see [Utiyama,

R. (1956); Kibble, B.W.T. (1961)]) have been made to construct a full

satisfactory gauge theory of gravity. Although there is no established for-

mulation for that as yet, it is clear conceptually that the Einstein’s General

Relativity (E-GR) relates to some gauge theory of localized external sym-

metry. In this section, in order to show E-SR is the foundation of E-GR,

we describe a minimal version (or simplest version) of gauge gravity theory

by means of the concepts of localization of E-SR spacetime symmetry. This

description should be helpful pedagogically.

We showed in the last section that the internal U(1)-gauge transfor-

mations of matter fields φ(x), φ∗(x) and gauge fields Aμ(x) all arose

from the gauge symmetry in the Hilbert function space, and the func-

tions of φ(x), φ∗(x), Aμ(x) represent “coordinates components” in that

abstract function space. However, the situation for the external space-

time gauge theory is very different. The ISO(3, 1)-gauge transformation

xμ → x′μ = fμ(x) (see Eq.(2.151)) is ordinary coordinates transformation

in 4-dim real world spacetime described in curvilinear coordinates system.

Therefore, the gauge theory of gravity should be a geometry theory of

spacetime, and gravitational fields as gauge fields should be characterized

by geometric quantity. In the following, the gravity fields will be described

by the spacetime metric gμν(x) in gauge theory of gravity or GR, because

it is basic quantity in Riemann geometry.

Under the localization transformation Eq.(2.148) the global ISO(3, 1)

symmetry of E-SR becomes local ISO(3, 1) symmetry, or gauge ISO(3, 1)

symmetry Eq.(2.149). According to the principle of gauge theory, the forms

of physics laws should be invariant under the gauge transformation (or

general coordinates transformations) Eq.(2.149). Namely, under the gen-

eral coordinates transformations Eqs.(2.149) and (2.151) the transformed

expressions of physics laws have to be of the same functional form as before.

Now let us determine the action of gravity fields SG. Just as for the
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expression of action of complex scalar field (2.125), the action SG must be

expressed in terms of a scalar integral
∫ G√−gd4x (see Eq.(2.167)). To

determine scalar G we should also consider the fact that the equation of the

gravitational field must contain derivatives of the “potentials” (i.e., gμν(x))

no higher than the second order (just as is the case for the electromagnetic

field). From Eqs.(2.191), (2.189), (2.183) and (2.181), it is found that only

R and trivial constant Λ ≡ constant satisfies all requirements. Therefore,

G = a(R − 2Λ) where a is also a constant. In Gaussian system of units,

a = −c3/(16πG) where G = 6.67× 10−8cm3 · gm−1 · sec−2 is the universal

gravitational constant. Thus we obtain the action of gauge gravity:

SG = − c3

16πG

∫
d4x

√−g(R− 2Λ). (2.192)

Denoting the matter action in gravity fields by:

SM =

∫
d4x

√−gLmatter(gμν , φmatter(x)),

one has the total action:

Stot = SG + SM = SG[g] + SM [g, φ] (2.193)

where S·[·] denotes a functional.

Now, we derive the equations of motion of the gravitational field. These

equations are obtained from the principle of least action

δStot = δ(SG + SM ) = 0. (2.194)

We now let the gravitational field, that is, the quantities gμν , to undergo

variation.

Calculating the variation δSG, we have

δ

∫
R√−gd4x = δ

∫
gμνRμν

√−gd4x

=

∫
{Rμν

√−gδgμν +Rμνg
μνδ

√−g + gμν
√−gδRμν}d4x.

From formula dg = ggμνdgμν = −ggμνdg
μν , we have

δ
√−g = − 1

2
√−g

δg = −1

2

√−ggμνdg
μν ; (2.195)

and

δ

∫
R√−gd4x =

∫ (
Rμν − 1

2
gμνR

)
δgμν

√−gd4x+

∫
gμνδRμν

√−gd4x.

(2.196)
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For the calculation of δRμν we note that although the quantities

Γλ
μν do not constitute a tensor, their variations δΓλ

μν do form a tensor,

for Γλ
μνAλdx

ν is the change in a vector under parallel displacement (see

Eq.(2.171)) from some point P to an infinitesimally separated point P ′.
Therefore δΓλ

μνAλdx
ν is the difference between the two vectors, obtained

as result of two parallel displacements (one with the unvaried, the other

with the varied Γλ
μν) from P to one and the same point P ′. The difference

between two vectors at the same point is a vector, and therefore δΓλ
μν is a

tensor.

From the Ricci tensor’s definition (2.188), we have

−δRμν = δRλ
μλν

= δΓλ
μλ ,ν − δΓλ

μν ,λ + δ(Γσ
μλΓ

λ
νσ − Γσ

μνΓ
λ
λσ)

=
{
(δΓλ

μλ),ν − Γσ
νμδΓ

λ
σλ

}− {
(δΓλ

μν),λ + Γλ
λσδΓ

σ
μν − Γσ

λμδΓ
λ
σν − Γσ

λνδΓ
λ
σμ

}
= (δΓλ

μλ) ;ν − (δΓλ
μν) ;λ. (2.197)

Thus we find that the integrand of the last term of Eq.(2.196) becomes

−√−ggμνδRμν =
√−g

{
(gμνδΓλ

μλ) ;ν − (gμνδΓλ
μν) ;λ

}
= ∂λW

λ, (2.198)

where a formula T λ
;λ = (

√−g)−1∂λ(
√−gT λ) has been used, and

Wλ =
√−g

{
gλμδΓσ

μσ − gμνδΓλ
μν

}
.

Consequently the second integral on the right side of (2.196) is equal to∫
gμνδRμν

√−gd4x = −
∫

∂Wλ

∂xλ
d4x, (2.199)

and by Gauss’s theorem can be transformed into an integral of Wλ over

the hypersurface surrounding the whole four-volume. Since the variation of

the field are zero at the integration limits, this term drops out. Thus, the

variation of the first term in right side of SG (see (2.192)) is equal to

δ

(
− c3

16πG

∫
d4x

√−gR
)

= − c3

16πG

∫ (
Rμν − 1

2
gμνR

)
δgμν

√−gd4x.

(2.200)

From Eq.(2.195), the variation of the secod term on the right side of SG

(see (2.192)) is equal to

δ

(
− c3

16πG

∫
d4x

√−g(−2Λ)

)
= − c3

16πG

∫
Λgμνδg

μν√−gd4x. (2.201)

 



Overview of Einstein’s Special Relativity (E-SR) 41

Combining Eqs.(2.199) and (2.201) and noting Eq.(2.192), we have

δSG = − c3

16πG

∫ (
Rμν − 1

2
gμνR+ Λgμν

)
δgμν

√−gd4x. (2.202)

The energy-momentum tensor of matter fields is defined by

Tμν =
−2c√−g

δ

δgμν
SM [g, φ], (2.203)

where δ/δgμν means the functional derivative. Thus, the variation of

SM [g, φ] due to δgμν is:

δSM =
1

2c

∫
Tμνδg

μν√−gd4x. (2.204)

From Eqs.(2.202), (2.204) and δStot = δ(SG + SM ) = 0 (see (2.194)), we

have

δStot = δ(SG + SM )

= − c3

16πG

∫ (
Rμν − 1

2
gμνR+ Λgμν +

8πG

c4
Tμν

)
δgμν

√−gd4x

= 0, (2.205)

from which we have in view of the arbitrariness of the δgμν :

Rμν − 1

2
gμνR+ Λgμν = −8πG

c4
Tμν . (2.206)

This is the required equation of the gravitational field.

E-SR tells us that in empty spacetime the metric must be Lorentz-

Minkowski spacetime metric ημν = diag{1, −1, −1, −1}. Namely, when

Tμν = 0, the solution of (2.206) is required to be gμν = ημν . Then the value

of constant Λ is determined to be

Λ = 0, (2.207)

and Eq.(2.206) becomes

Rμν − 1

2
gμνR = −8πG

c4
Tμν . (2.208)

This is the basic equation of the Einstein’s General Relativity (E-GR) and

also the equation of gauge gravity theory based on the localization of E-SR

spacetime symmetry ISO(3, 1). It is called Einstein equation. Thus, we

have achieved the theory of E-GR via localizing the spacetime symmetry

of E-SR.
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E-GR is based on two principles: (I) General relativity principle, and

(II) The Equivalence Principle. Since the general coordinates transfor-

mations can well be viewed as the gauge transformations of gauge theory

with external localized symmetries, the principle (I) is well consistent with

the gauge principle. Now we discuss the principle (II). The Equivalence

Principle states that experiments in a sufficiently small freely falling lab-

oratory, over sufficiently short time, give results that are indistinguishable

from those of the same experiments in an inertial frame in empty space.

This principle suggests that the local properties of curved spacetime should

be indistinguishable from those of the flat spacetime of E-SR. A concrete

expression of this physical idea is the requirement that, given a metric gμν

in one system of coordinates, at each point P of spacetime it is possible to

introduce new coordinates x′μ such that

g′μν(x
′
P ) = ημν , (2.209)

where ημν = diag{1, −1, −1, −1} is Minkowski metric of flat spacetime

and x′μ
P are the coordinates locating the point P . It is called Local Inertial

Frame (LIF). From Eq.(2.17), we have learnt that the spacetime group to

preserve ημν is ISO(3, 1) (see Eq.(8.26)). Therefore, the external symmetry

group to preserve ημν at the point P with coordinates x′μ is just localized

ISO(3, 1) at x′μ, or gauge ISO(3, 1) (see Eq.(2.149)). In other wards, the

requirement of existing LIF in curved spacetime corresponds to existence

of the gauge group in the gauge theory of gravity. LIF is an important

conception in both GR and the gauge theory of gravity, because it indicates

that E-SR is the foundation of E-GR.

 



Chapter 3

De Sitter Invariant Special Relativity

3.1 Beltrami metrics

We consider a 4-dimensional pseudo-sphere (or hyperboloid) SΛ em-

bedded in a 5-dimensional Minkowski spacetime with metric ηAB =

diag(1,−1,−1,−1,−1):

SΛ : ηABξ
AξB = −R2,

ds2 = ηABdξ
AdξB , (3.1)

where index A, B = {0, 1, 2, 3, 5}, R2 := 3Λ−1 and Λ is the cosmological

constant. SΛ is also called de Sitter pseudo-spherical surface with radii R.

We define

xμ := R
ξμ

ξ5
, with ξ5 �= 0, and μ = {0, 1, 2, 3}. (3.2)

Treating xμ are Cartesian-type coordinates of a 4-dimensional spacetime

with metric gμν(x) ≡ Bμν(x), we denote this 4-dimensional spacetime as

BΛ and call it Beltrami spacetime.

Now we derive Bμν(x) by means of the geodesic projection of {SΛ �→
BΛ} (see Fig.1). From the definition (3.1), we have

ds2 = ηABdξ
AdξB |ξA,B∈SΛ

= ημνdξ
μdξν − (dξ5)2

:= Bμν(x)dx
μdxν . (3.3)

Since ξA,B ∈ SΛ, and from Eqs.(3.2) and (3.1), it is easy to obtain:

ξμ =
xμ

R
ξ5, dξμ =

1

R
(ξ5dxμ + xμdξ5), (ξ5)2 =

R2

σ(x)
,

dξ5 = ημν
ξμ

ξ5
dξν =

1

R
ημνx

μdξν =
ημνx

μdxν

ξ5σ(x)2
, (3.4)

43
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Fig. 3.1 Sketch of the geodesic projection from de Sitter pseudo-spherical surface

SΛ to the Beltrami spacetime BΛ via Eq.(3.2).

where

σ(x) = 1− ημνx
μxν

R2
. (3.5)

Substituting the above into Eq.(3.3), we have

ds2 =
ημνdx

μdxν

σ(x)
+

(ημνx
μdxν)2

R2σ(x)2
:= Bμν(x)dx

μdxν .

Then, we obtain the Beltrami metric as follows

Bμν(x) =
ημν
σ(x)

+
ημλx

ληνρx
ρ

R2σ(x)2
. (3.6)

According to Riemann geometry, the following expressions can be proved

by means of straightforward calculations from Eq.(3.6):

Bμν(x) = σ(x)(ημν −R−2xμxν), (3.7)

Γρ
μν(x) =

1

R2σ(x)
(δρμηνλx

λ + δρνημλx
λ), (3.8)

Rρ
λμν(x) = R−2(Bλμ(x)δ

ρ
ν −Bλν(x)δ

ρ
μ), (3.9)

Rμν(x) =
3

R2
Bμν(x), (3.10)

R =
12

R2
= constant. (3.11)

 



De Sitter Invariant Special Relativity 45

———————–

Exercise

(1) Problem 1, To (1 + 1)-dimension case (i.e., ημν = diag{1,−1}), please write out

expressions of B00(x), B01(x), B11(x) in terms of x0 ≡ ct, x1.

(2) Problem 2, Derive expression of the interval ds2Bel = Bμν(x)dxμdxν in the polar

coordinates of the Beltrami spacetime, where x0 = ct, x1 = r sin θ cos φ, x2 =

r sin θ sinφ, x3 = r cos θ.

3.2 Motion of a particle in the Beltrami spacetime

The motion of a free massive particle is determined in the special theory of

relativity from the principle of least action,

δS = −mc δ

∫
ds = 0 (3.12)

according to which the particle moves so that its world line is an extremal

between a given pair of world points. We have shown in previous chapter

(see Eq.(2.20)) that ds =
√

ημνdxμdxν in usual Einstein’s Special Relativity

(E-SR), and the inertial motion law holds for free particle. Namely, the

world line is a straight line, and the motion is uniform rectilinear.

The motion of a particle in the Beltrami spacetime BΛ is determined by

the principle of least action in the same form (3.12) with Beltrami metric

Bμν in place of the Minkowski metric ημν manifested in the world-line

interval as follows

ds =
√

Bμν(x)dxμdxν . (3.13)

Thus, in BΛ with xμ-dependent metric Bμν(x) the particle moves so

that its world point moves along an extremal or, as it is called, a geodesic

line in the four-space {x0, x1, x2, x3} of BΛ. A geodesic line could be

thought as an generalization of usual “straight line” in Euclidean space

mathematically.

Now we derive the equation of motion of particles in BΛ based on the

principle of least action (3.12). We have

δ ds2 = 2ds δds = δ(Bμν(x)dx
μdxν)

= dxμdxν ∂Bμν(x)

∂xλ
δxλ + 2Bμν(x)dx

μdδxν . (3.14)
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Therefore

δS = −mc

∫
δds = mc

∫ {
1

2

dxμ

ds

dxν

ds

∂Bμν(x)

∂xλ
δxλ +Bμν(x)

dxμ

ds

dδxν

ds

}
ds

= mc

∫ {
1

2

dxμ

ds

dxν

ds

∂Bμν(x)

∂xλ
δxλ − d

ds

(
Bμν(x)

dxμ

ds

)
δxν

}
ds

+mcBμν(x)
dxμ

ds
δxν |

�
,

where the last term represents value of the function at the limit. Using the

fact that δxν |
�
= 0, we have

δS = mc

∫ {
1

2

dxμ

ds

dxν

ds

∂Bμν(x)

∂xλ
δxλ − d

ds

(
Bμν(x)

dxμ

ds

)
δxν

}
ds

= mc

∫ {
1

2

dxμ

ds

dxν

ds

∂Bμν(x)

∂xλ
− d

ds

(
Bμλ(x)

dxμ

ds

)}
δxλds. (3.15)

We then find, by equating to zero the coefficient of arbitrary variation δxλ:

1

2

dxμ

ds

dxν

ds

∂Bμν(x)

∂xλ
− d

ds

(
Bμλ(x)

dxμ

ds

)
=
1

2

dxμ

ds

dxν

ds

∂Bμν(x)

∂xλ
−Bμλ(x)

d2xμ

ds2
− dxμ

ds

dxν

ds

∂Bμλ(x)

∂xν
= 0.(3.16)

Noting the third term can be written as

−1

2

(
∂Bμλ(x)

∂xν
+

∂Bνλ(x)

∂xμ

)
dxμ

ds

dxν

ds
,

and introducing the Christoffel symbols Γλ,μν in accordance with

Eq.(2.180), we have

Bμλ(x)
d2xμ

ds2
+ Γλ,μν

dxμ

ds

dxν

ds
= 0.

Multiplying Bρλ(x), we obtain the geodesic line equation in BΛ as follows

d2xρ

ds2
+ Γρ

μν

dxμ

ds

dxν

ds
= 0, (3.17)

where Γρ
μν has been given in Eq.(3.8).

Equation (3.17) serves as an equation of motion of free particle in

Beltrami spacetime BΛ. Let us solve it. Substituting Eq.(3.8) into

Eq.(3.17), we have

d2xρ

ds2
+

2

R2σ(x)

dxρ

ds

dxμ

ds
xνημν = 0. (3.18)
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From σ(x) = 1− ημνx
μxν/R2 (see Eq.(3.5)), we have the following formula

d

ds

(
1

σ(x)

)
=

2

R2σ(x)2
ημνx

μ dx
ν

ds
, (3.19)

and hence

d

ds

(
1

σ(x)

dxρ

ds

)
=

1

σ(x)

(
d2xρ

ds2
+

2

R2σ(x)

dxρ

ds

dxμ

ds
xνημν

)
. (3.20)

Substituting the equation of motion (3.18) into (3.20), we obtain

d

ds

(
1

σ(x)

dxρ

ds

)
= 0,

and hence

1

σ(x)

dxρ

ds
= Aρ, (3.21)

where Aρ =consts. are of four integration constants: {A0, A1, A2, A3}.
Since σ(x)−1dxi/ds = Ai and σ(x)−1dx0/ds = A0, we have

σ(x)−1dxi/ds

σ(x)−1dx0/ds
=

dxi

dx0
=

Ai

A0
= constant,

or :
dxi

dt
= ẋi ≡ vi = c

Ai

A0
= constant,

or :
d2xi

dt2
= ẍi = 0. (3.22)

Equation (3.22) is a highly non-trivial result: dxi/dt = ẋi ≡ vi = constant

means the velocity of free particle along the straight (or geodesic) line in

Beltrami spacetime BΛ is uniform, and ẍi = 0 indicates that there is no

inertial force acting to the free particle in that spacetime, i.e., F i ≡ mẍi =

0. Usually, one may instinctively think that the inertial reference frames can

only be built in the flat spacetime described by Minkowski metric. Above

result (3.22), however, tells us that the inertial frames can also be built

in Beltrami spacetime BΛ which is yet a curved spacetime with constant

Riemann curvature R = 12/R2 �= 0 (see Eq.(3.11)). Equation (3.22) is a

significant discovery [Lu (1970); Lu, Zou and Guo (1974)], which inspires

a deep thinking of that a new Special Relativity in BΛ based on Bμν may

exist in parallel with the usual Einstein’s Special Relativity (E-SR).
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3.3 Lagrangian mechanics of free particles in the Beltrami

spacetime

Similar to Eq.(2.20), the free particle in BΛ is described by the correspond-

ing Landau-Lifshitz (L-L) action:

SdS=−mc

∫
ds=−mc

∫ √
Bμν(x)dxμdxν ≡

∫
dtLdS(t, x

i, ẋi), (3.23)

where subscript dS means that BΛ ⊂ {dS − spacetime}. From (3.23), the

L-L Lagrange for free particle in BΛ is

LdS = −mc
ds

dt
= −mc

√
Bμν(x)dxμdxν

dt
= −mc

√
Bμν(x)ẋμẋν , (3.24)

where ẋμ = d
dtx

μ, Bμν(x) is Beltrami metric (3.6). Setting up the time

t = x0/c, Bμν(x) can be rewritten as follows

ds2 = Bμν(x)dx
μdxν = g̃00d(ct)

2 + g̃ij
[
(dxi +N id(ct))(dxj +N jd(ct))

]
= c2(dt)2

[
g̃00 + g̃ij(

1

c
ẋi +N i)(

1

c
ẋj +N j)

]
, (3.25)

where

g̃00 =
R2

σ(x)(R2 − c2t2)
, (3.26)

g̃ij =
ηij
σ(x)

+
1

R2σ(x)2
ηilηjmxlxm, (3.27)

N i =
ctxi

R2 − c2t2
. (3.28)

Substituting Eqs.(3.25)–(3.28) into Eq.(3.24), we obtain the Lagrange for

free particle in BΛ:

LdS = −mc2
√
g̃00 + g̃ij(

1

c
ẋi +N i)(

1

c
ẋj +N j). (3.29)

And from the principle of least action, we have the Euler-Lagrangian equa-

tion:

∂LdS

∂xi
=

d

dt

∂LdS

∂ẋi
. (3.30)

For convenience, we introduce Cartesian space-coordinates notations:

x = x1i+ x2j+ x3k, ẋ = ẋ1i+ ẋ2j+ ẋ3k,

and i · i = j · j = k · k = 1, i · j = i · k = j · k = 0. (3.31)

 



De Sitter Invariant Special Relativity 49

By these notations and expressions of (3.5), (3.26), (3.27) and (3.28), the

explicit expression of Lagrange (3.29) is:

LdS = −mc2
[

R4

(R2 + x2 − c2t2)(R2 − c2t2)
+

−R2

R2 + x2 − c2t2

×
(
ẋ2

c2
+

c2t2x2

(R2 − c2t2)2
+

2t(x · ẋ)
R2 − c2t2

)

+
R2

(R2 + x2 − c2t2)2

(
ẋ · x
c

+
ctx2

R2 − c2t2

)2
]1/2

= −mc2R

√
R2(c2 − ẋ2)− x2ẋ2 + (x · ẋ)2 + c2(x− ẋt)2

c2(R2 + x2 − c2t2)2
(3.32)

where x2 = (x · x) = −ηijx
ixj . The Euler-Lagrangian equation is

∂LdS

∂x
=

d

dt

∂LdS

∂ẋ
=

∂

∂t

∂LdS

∂ẋ
+

(
ẋ · ∂

∂x

)
∂LdS

∂ẋ
+

(
ẍ · ∂

∂ẋ

)
∂LdS

∂ẋ
,

(3.33)

where LdS = LdS(t,x, ẋ), ∂/∂x ≡ ∇ := (∂/∂x1)i + (∂/∂x2)j + (∂/∂x3)k

etc. All of the terms in Eq.(3.33) can be calculated in terms of the ex-

plicit expression Eq.(3.32) of LdS. Thus, by means of the straightforward

calculations from Eq.(3.32) we can prove following identity:

∂LdS

∂x
=

∂

∂t

∂LdS

∂ẋ
+

(
ẋ · ∂

∂x

)
∂LdS

∂ẋ
. (3.34)

(For a full understanding of these calculations, please refer to the exercise

in the end of this section.)

Substituting Eq.(3.34) to Eq.(3.33), we have(
ẍ · ∂

∂ẋ

)
∂LdS

∂ẋ
= 0. (3.35)

Since

‖ ∂

∂ẋ

∂LdS

∂ẋ
‖ ≡ det

(
∂2LdS

∂ẋi∂ẋj

)
�= 0, (3.36)

(see problem 6 in Exercise of this section) we have

ẍ = 0, ẋ = v = Const., (3.37)

which indicates that the particle motion described by Lagrangian function

(3.32) is inertial, (i.e., the first Newton motion law holds) and the corre-

sponding inertial reference systems can be built. Thus, the result (3.22)
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from the geodesic calculations in Beltrami spacetime BΛ has been repro-

duced in the Lagrangian formulation (3.32).

Some remarks on LdS of (3.32) are as follows:

(1) From Eq.(3.37) and

lim
R→∞

LdS = LEinstein ≡ −mc2
√
1 +

ηij ẋiẋj

c2
, (3.38)

we learned that a new kind of Special Relativity based on LdS (3.32)

serving as an extension of the Einstein’s Special Relativity (E-SR)

should exist.

(2) The precondition of Special Relativity principle is existence of inertial

reference frames, in which the equation of motion for free particles is

ẍ = 0. This condition leads to the following constraint that the La-

grange of free particles L(t,x, ẋ) must satisfy the equations as follows:

∂L

∂x
=

∂

∂t

∂L

∂ẋ
+

(
ẋ · ∂

∂x

)
∂L

∂ẋ
, (3.39)

‖ ∂

∂ẋ

∂L

∂ẋ
‖ ≡ det

(
∂2L

∂ẋi∂ẋj

)
�= 0. (3.40)

Obviously, since LEinstein of (A.12) depends only on ẋi, it satisfies

Eq.(3.39) trivially. To LdS, function of (3.32) could be considered a

non-trivial solution of Eqs.(3.39) and (3.40), therefore the equation of

motion from LdS is inertial.

———————–

Exercise

(1) Problem 1, Carry out calculations of the partial derivative of the function LdS(t, x, ẋ)

with respect to x1. Note, Eq.(3.32) indicates:

LdS = −mc2R

√
R2(c2 − ẋ2) − x2ẋ2 + (x · ẋ)2 + c2(x− ẋt)2

c2(R2 + x2 − c2t2)2
.

(2) Problem 2, Derive the partial derivative of LdS(t,x, ẋ) with respect to ẋ1.

(3) Problem 3, Carry out calculations of the partial derivative of the function

∂ẋ1LdS(t,x, ẋ) with respect to t.

(4) Problem 4, Carry out calculations of the partial derivative of the function

∂ẋ1LdS(t,x, ẋ) with respect to xi, and then times ẋi with i = 1, 2, 3.

(5) Problem 5: Use above results to verify

∂LdS

∂x
=

∂

∂t

∂LdS

∂ẋ
+

(
ẋ · ∂

∂x

)
∂LdS

∂ẋ
.
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(6) Problem 6: Prove

‖ ∂

∂ẋ

∂LdS

∂ẋ
‖ ≡ det

(
∂2LdS

∂ẋi∂ẋj

)
�= 0.

3.4 Spacetime transformation preserving Beltrami metric

Recalling the descriptions in Chapter 2 on the ordinary E-SR, we learned

from Eqs.(2.15)–(2.17) that the Minkowski spacetime metric ημν (to call it

inertial metric1 in SR since inertial motion law holds in Minkowski space-

time) is preserved by inhomogeneous Lorentz transformation (2.4). Namely

under spacetime transformation of

xμ −−−−−−→ISO(1,3) x′μ, (3.41)

we have

ημν → η′μν =
∂xλ

∂x′μ
∂xρ

∂x′ν ηλρ = ημν . (3.42)

To see ISO(1, 3) transformation more explicitly, we showed it in (2.71)–

(2.74) for the case without rotations in space as follows:

t → t′ = γ(t− βx1/c) + a0/c, (3.43)

x1 → x′1 = γ(x1 − βct) + a1, (3.44)

x2 → x′2 = x2 + a2, (3.45)

x3 → x′3 = x3 + a3, (3.46)

where β, γ are Lorentz factors, and aμ are translation parameters in space-

time.

We come back to continue the discussions on Bμν . In the previous

sections we have proved that the Beltrami metric Bμν(x) is also inertial

metric. Similar to E-SR, we should derive the spacetime transformation

preserving metric Bμν(x). This transformation were firstly discovered by

Lu, Zou, Guo (LZG) in 1970’s [Lu (1970)][Lu, Zou and Guo (1974)]. We

call it LZG-transformation in short hereafter.
1“Inertial metric” is a new phrase in the relativity theory. The definition is that when

the motion of a free particle in a spacetime with metric gμν is inertial, we call that metric

gμν “inertial metric”. So far there are two inertial metrics in the relativity theory: ημν
and Bμν(x).
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Under the LZG-transformation, the Bμν(x) were required to transfer as

follows

Bμν(x)−−−→LZG B′
μν(x

′) =
∂xλ

∂x′μ
∂xρ

∂x′ν Bλρ(x) = Bμν(x
′). (3.47)

This requirement will lead to determine the LZG spacetime transformation.

What follows is to verify this property and to find out the LZG transfor-

mation.

An infinitesimal interval squared in ordinary 4-spacetime can always be

written as trace of a matrix, for instance:

ds2 ≡ gμνdx
μdxν = tr{ÎdX̂dX̂T Ĝ}, (3.48)

where Î is 1 × 1-identity matrix, X̂ := (x0, x1, x2, x3) is 1 × 4-matrix,

X̂T is the transpose of X̂ and Ĝ := {gμν} is 4 × 4 matrix. Therefore,

the symmetry properties of gμν can be revealed through discussion of the

automorphism mapping in some set of m× n-matrices.

Now we set X to be m × n matrix, and define the set Dλ(m,n) to be

all matrix X such that

I − λXJXT > 0. (3.49)

Here, I is the m ×m identity matrix, J= diag[1,-1,...,-1] is n × n matrix,

λ = 1/R2 �= 0 is a real number, and XT is the transpose of matrix X . A

real matrix A > 0 means that A is positive definite. Let A, B, C, D be

m×m, n×m, m× n, n× n matrices respectively, satisfying(
A C

B D

)(
I 0

0 −λJ

)(
A C

B D

)T

=

(
I 0

0 −λJ

)
. (3.50)

Writing out the entries we get

AAT − λCJCT =I, ABT =λCJDT , BBT − λDJDT =−λJ. (3.51)

Equation (3.50) is also equivalent to(
A C

B D

)(
I 0

0 −λJ

)(
A C

B D

)T (
I 0

0 −λ−1J

)
=

(
I 0

0 I

)

⇔
(
I 0

0 −λJ

)(
A C

B D

)T (
I 0

0 −λ−1J

)(
A C

B D

)
=

(
I 0

0 I

)

⇔
(
A C

B D

)T (
I 0

0 −λ−1J

)(
A C

B D

)
=

(
I 0

0 −λ−1J

)

⇔
(
A C

B D

)T (
λI 0

0 −J

)(
A C

B D

)
=

(
λI 0

0 −J

)
. (3.52)
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Writing out the entries we get

λATA−BTJB=λI, λATC=BT JD, λCTC −DT JD=−J. (3.53)

Therefore, Eqs.(3.51) and (3.53) are equivalent. Observing that Eq.(3.49)

can be written as (
I X

)(I 0

0 −λJ

)(
I

XT

)
> 0 (3.54)

we use Eq.(3.50) to get(
I X

)(A C

B D

)(
I 0

0 −λJ

)(
A C

B D

)T (
I

XT

)
> 0

⇔ (A+XB)
(
I Y

)(I 0

0 −λJ

)(
I

Y T

)
(A+XB)T > 0

⇔
(
I Y

)(I 0

0 −λJ

)(
I

Y T

)
> 0,

here

Y = (A+XB)−1(C +XD). (3.55)

Therefore the transformation (3.55) maps Dλ(m,n) to itself and is an au-

tomorphism. We can define a metric

ds2 = Tr
{
(I − λXJXT )−1dX(J − λXTX)−1dXT

}
. (3.56)

We claim that this metric is invariant under the transformation

(3.55)

Proof : Note that from the above discussion we have

(I − λXJXT ) = (A+XB)(I − λY JY T )(A+XB)T . (3.57)

Since X = (AY − C)(D −BY )−1, we also have

J − λY TY

=
(
Y T −I

)(−λI 0

0 J

)(
Y

−I

)

=
(
Y T −I

)(A C

B D

)T (−λI 0

0 J

)(
A C

B D

)(
Y

−I

)

= (D −BY )T
(
XT −I

)(−λI 0

0 J

)(
X

−I

)
(D −BY )

= (D −BY )T (J − λXTX)(D −BY )
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dY=d((A+XB)−1(C +XD))

=
[−(A+XB)−1d(A+XB)(A+XB)−1(C+XD)+(A+XB)−1d(C+XD)

]
=
[−(A+XB)−1dXBY + (A+XB)−1dXD

]
=(A+XB)−1dX(D −BY )

dY T = d((A +XB)−1(C +XD))T = (D −BY )T dXT (A+XB)T −1

hence

tr
{
(I − λY JY T )−1dY (J − λY TY )−1dY T

}
= tr{(A+XB)T (I−λXJXT )−1(A+XB)(A+XB)−1dX(D−BY )

(D−BY )−1(J − λXTX)−1(D −BY )′−1(D −BY )T dXT (A+XB)T −1}
= tr

{
(I − λXJXT )−1dX(J − λXTX)−1dXT

}
(3.58)

which states that the metric (3.56) is invariant under transformation (3.55).

�

If we let X0 = −CD−1 (i.e., X0 ≡ X(Y = 0)), then

Y = (A+XB)−1(C +XD) = A−1(I +XBA−1)−1(X + CD−1)D

The conditions in (3.53) are equivalent to the following

BA−1 = (λCD−1J)T = λJXT
0

(AAT )−1 = AT −1(ATA− λ−1BTJB)A−1 = (I − λX0JX
T
0 )

(DJDT )−1 = DT −1JD−1 = DT −1(DT JD − λCTC)D−1 = J − λXT
0 X0

Hence we get the formula

Y = A−1(I − λXJX0)
−1(X −X0)D (3.59)

where the matrices A, D satisfy

AAT = (I − λX0JX
T
0 )

−1, DJDT = (J − λXT
0 X0)

−1 (3.60)

For the special case Dλ(1, 4) in this book, X = (x0, x1, x2, x3), condition

for Dλ(1, 4) is just

1− λημνx
μxν > 0 (3.61)

The metric (3.56) now takes the form

ds2 =
dX(J − λXTX)−1dXT

1− λXJXT
= gμνdx

μdxν (3.62)

gμν =
ημν

1− ληλρxλxρ
+

λημληνρx
λxρ

(1− ληαβxαxβ)2
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Comparing Eq.(3.56) with Eq.(3.6), we see gμν is just the Beltrami met-

ric, i.e., gμν = Bμν(x). By our claim, this metric is invariant under the

transformation (3.59), which now becomes

yμ ≡ x′μ =
√
1− ληλρaλaρ

(xν − aν)Dμ
ν

1− ληαβaαxβ
(3.63)

where we denote X0 = (a0, a1, a2, a3) and {Dμ
ν } are constants satisfying

ηλρD
λ
μD

ρ
ν = ημν +

λημληνρa
λaρ

1− ληαβaαaβ
. (3.64)

Using the notations: x′μ = yμ, σ(x) = 1 − ληαβx
αxβ , σ(a, x) = 1 −

ληαβa
αxβ , we rewrite Eqs.(3.63) and (3.64) as follows

x′μ =
√
σ(a)

(xν − aν)Dμ
ν

σ(a, x)
, (3.65)

ηλρD
λ
μD

ρ
ν = ημν +

λημληνρa
λaρ

σ(a)
. (3.66)

Taking ansatz

Dμ
ν = ±(Lμ

ν +Aληνλa
λaρLμ

ρ) (3.67)

where A is a constant which is determined by the normalization constraint

Eq.(3.66):

A =
1

σ(a) +
√
σ
. (3.68)

and substituting Eqs.(3.66), (3.67) and (3.68) into Eq.(3.65), we finally

obtain

x′μ = ±
√
σ(a)σ(a, x)−1(xν − aν)

(
Lμ
ν +R−2 1

σ(a) +
√
σ
ηνρa

ρaλLμ
λ

)
(3.69)

where λ = R−2 has been used. Equation (3.69) means that when we

transform from one initial Beltrami frame xμ to another Beltrami frame

x′μ, and when the origin of the new frame is aμ in the original frame, the

transformations between them with 10 parameters is as follows

xμ −−−−→LZG x′μ = ±σ(a)1/2σ(a, x)−1(xν − aν)Dμ
ν , (3.70)

Dμ
ν = Lμ

ν +R−2ηνρa
ρaλ(σ(a) + σ1/2(a))−1Lμ

λ,

L : = (Lμ
ν ) ∈ SO(1, 3),

σ(x) = 1− 1

R2
ημνx

μxν ,

σ(a, x) = 1− 1

R2
ημνa

μxν .
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On the other hand, for Dλ(1, 4), Eq.(3.58) indicates that under LZG trans-

formation of (3.55) X → Y = (A+XB)−1(C +XD) we have:

ds′2 = Bμν(x
′)dx′μdx′ν = Tr

{
(I − λY JY T )−1dY (J − λY TY )−1dY T

}
= Tr

{
(I − λXJXT )−1dX(J − λXTX)−1dXT

}
= ds2 = Bμν(x)dx

μdxν , (3.71)

which means

Bμν(x
′) =

∂xλ

∂x′μ
∂xρ

∂x′ν Bλρ(x). (3.72)

Since Bμν(x) is a tensor, under spacetime transformation xμ → x′μ, it

transforms as (see Eq.(2.154))

Bμν(x) → B′
μν(x

′) =
∂xλ

∂x′μ
∂xρ

∂x′ν Bλρ(x). (3.73)

Combining Eq.(3.72) with Eq.(3.73), we conclude that under LZG trans-

formation of (3.70) the Beltrami metric’s transformation is

Bμν(x) −−−→LZG Bμν(x
′), (3.74)

which is just Eq.(3.47). From Eqs.(3.23) and (3.74), we have

SdS −−−→LZG S′
dS = −mc

∫ √
Bμν(x′)dx′μdx′ν

= −mc

∫ √
Bμν(x)dxμdxν = SdS . (3.75)

Thus, in parallel to the ordinary E-SR, the de Sitter invariant Special Rel-

ativity has been formulated.

———————–

Exercise

(1) Problem 1, Derive Eqs.(3.51) and (3.53) from Eq.(3.50).

(2) Problem 2, Basics: let A be a m × n matrix whose elements are functions of the

scalar parameter α. Then the derivative of the matrix A with respect to the scalar

parameter α is the m× n matrix of element-by-element derivatives:

A =

⎛
⎜⎝ a11 a12 · · · a1n

· · · · · · · · · · · ·
am1 am2 · · · amn

⎞
⎟⎠ , (3.76)

∂A
∂α

=

⎛
⎜⎝

∂a11
∂α

∂a12
∂α

· · · ∂a1n
∂α

· · · · · · · · · · · ·
∂am1
∂α

∂am2
∂α

· · · ∂amn
∂α

⎞
⎟⎠ , (3.77)
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and

dA ≡ ∂A
∂α

dα =

⎛
⎜⎝

∂a11
∂α

dα ∂a12
∂α

dα · · · ∂a1n
∂α

dα

· · · · · · · · · · · ·
∂am1
∂α

dα ∂am2
∂α

dα · · · ∂amn
∂α

dα

⎞
⎟⎠ . (3.78)

Now, let A be a nonsingular, m×m matrix. Please prove:

dA−1 = −A−1dAA−1. (3.79)

3.5 Noether charges of dS-SR mechanics

In Section 2.5, we have generally proved the Noether theorem. This theorem

claims that the invariance of Action of mechanics under symmetry transfor-

mations will lead to constants of motion, or conserved Noether charges. In

the last section, we proved that under the LZG-transformation (3.70) the

Action of dS-SR SdS (3.23) is invariant, i.e., Eq.(3.75). Therefore we can

derive the Noether charges of dS-SR mechanics. In Section 2.6, the proce-

dure to derive Noether charges of E-SR has been shown. What follows is

to do so for dS-SR.

The Action

SdS =

∫
LdSdt, (3.80)

where LdS is the Lagrange Eq.(3.32) of dS-SR mechanics, is invariant under
the transformation (3.70). When space rotations were neglected temporar-
ily for simplicity, the LZG-transformation that entails a Lorentz-like boost
in the x1 direction (with parameters β = u1/c and a1 respectively) and a
time transition (with parameter a0) can be explicitly written as follows:

t → t′ =

√
σ(a)

cσ(a, x)
γ

[
ct− βx1 − a0 + βa1 +

a0 − βa1

R2

a0ct− a1x1 − (a0)2 + (a1)2

σ(a) +
√

σ(a)

]

x1 → x′1 =

√
σ(a)

σ(a, x)
γ

[
x1 − βct+ βa0 − a1 +

a1 − βa0

R2

a0ct− a1x1 − (a0)2 + (a1)2

σ(a) +
√

σ(a)

]

x2 → x′2 =

√
σ(a)

σ(a, x)
x2 (3.81)

x3 → x′3 =

√
σ(a)

σ(a, x)
x3

The Noether theorem condition Eq.(2.46) becomes[
∂

∂ε

{
LdS (t′(t,x, ẋ, ε),x′(t,x, ẋ, ε), x́′(t,x, ẋ, ẍ, ε)) ṫ′(t,x, ẋ, ẍ, ε)

}]
ε=0

=Ḟ ,

(3.82)
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and the corresponding Noether charge (2.47) is:

G ≡ −LdSξ −
∑
i

∂LdS(t,x, ẋ)

∂ẋi
(ηi − ẋiξ) + F (3.83)

where

ξ =

[
∂t′(t,x, ẋ, ε)

∂ε

]
ε=0

, (3.84)

ηi =

[
∂x′i(t,x, ẋ, ε)

∂ε

]
ε=0

. (3.85)

All the Noether charges for dS-SR are as follows:

(1) Energy: The Lagrangian function (3.32) is time dependent. When let

β = a1 = a2 = a3 = 0, a0 = εc in Eq.(3.81), we have

t′ = t−
(
1− c2t2

R2

)
ε, (3.86)

x′i = xi

(
1 +

c2t

R2
ε

)
, (3.87)

and then

ξ = −1 +
c2t2

R2
, ηi = xi c

2t

R2
, (3.88)

ṫ′ = 1 +
2c2t

R2
ε, ẋ′i = ẋi

(
1 +

c2tε

R2

)
+ xi c

2ε

R2
, (3.89)

x́′i = ẋi

(
1− c2tε

R2

)
+ xi c

2ε

R2
+O(ε2). (3.90)

Firstly we verify the Noether theorem condition (3.82). Substituting

Eqs.(3.86), (3.87) and (3.90) into LdS (t′,x′, x́′)), we can get

L
(a0)
dS (t′,x′, x́′) = LdS(t,x, ẋ)

(
1− 2c2t

R2
ε+O(ε2)

)
, (3.91)

where the L
(a0)
dS ’s superscript (a0) indicates that the variables of t′,x′, x́′

in the Lagrange arise from a time transition in LZG-transformation

(3.81) (see Eqs.(3.86) and (3.87)). And then, from Eq.(3.89) we have

L
(a0)
dS (t′,x′, x́′) ṫ′ = LdS(t,x, ẋ) +O(ε2). (3.92)

This equation leads to[
∂

∂ε

{
L
(a0)
dS (t′,x′, x́′) ṫ′

}]
ε=0

= 0, and then : F = 0. (3.93)
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Therefore we conclude that the Noether theorem condition Eq.(3.82) is

satisfied and F = 0 (where the convention (2.79) were used).

Inserting Eqs.(3.88) and (3.93) into Eq.(3.83) and noting (G.3), we

obtain the energy Noether charge of dS-SR:

Ga0=−LdS

(
−1+

c2t2

R2

)
−

3∑
i=1

[
xi c

2t

R2
− ẋi

(
−1+

c2t2

R2

)][(
m2c4R2

LdS

)
×
(−R2ẋi − x2ẋi + (x · ẋ)xi − c2t(xi − ẋit)

c2(R2 + x2 − c2t2)2

)]
. (3.94)

Substituting Eq.(3.32) (or (3.32)) into Eq.(3.94), we get the energy of

dS-SR mechanics:

Ga0 ≡ E =
mc2√

1− ẋ2

c2 + (x·ẋ)2−x2ẋ2

c2R2 + (x−ẋt)2

R2

. (3.95)

Two remarks are follows:

(i) Introducing a notation as follows

Γ =
1√

1− ẋ2

c2 + (x·ẋ)2−x2ẋ2

c2R2 + (x−ẋt)2

R2

(3.96)

=
R√

(R2 − ηijxixj)(1 +
ηij ẋiẋj

c2 ) + 2tηijxiẋj − ηij ẋiẋjt2 +
(ηijxiẋj)2

c2

,

which is called dS-SR Lorentz factor, we can shortly re-write Eq.(3.95)

and Eq.(3.32) as

E = mc2Γ, (3.97)

LdS = −mc2(σΓ)−1, (3.98)

where σ has been given in Eq.(3.5). When |R| → ∞, we have Γ →
γ ≡ (1 − ẋ2/c2)−1/2 that is usual Lorentz factor. And then E = mc2Γ

approaches to E = mc2γ which is the usual energy formula in E-SR,

and LdS approaches to the usual E-SR’s Lagrange (2.69).

(ii) From the equation of motion ẍ = 0 (i.e., (3.37)), we can easily check

that

Ė = mc2Γ̇ = 0, (3.99)

which indicates that the energy in dS-SR is conserved.
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(2) Momentum: We let β = a0 = a2 = a3 = 0, a1 = ε in Eq.(3.81). Then

we have

t′=t

(
1− x1ε

R2

)
, (3.100)

x′1=x1 − ε

(
1 +

(x1)2

R2

)
, x′2= x2

(
1 +

x1ε

R2

)
, x′3= x3

(
1 +

x1ε

R2

)
,

(3.101)

and

ξ = − 1

R2
(x1 + ẋ1), η1 = −

(
1 +

(x1)2

R2

)
, η2 =

x1x2

R2
, η3 =

x1x3

R2

(3.102)

ṫ′ = 1− 1

R2
(x1 + tẋ1), (3.103)

ẋ′1 = ẋ1

(
1− 2x1ε

R2

)
, ẋ′2 = ẋ2

(
1− x1ε

R2

)
− x2ε

R2
ẋ1,

ẋ′3 = ẋ3

(
1− x1ε

R2

)
− x3ε

R2
ẋ1, (3.104)

x́′i ≡ ẋ′i

ṫ′
. (3.105)

Next, we verify the Noether theorem condition (3.82). Substituting

Eqs.(3.100), (3.101) and (3.105) into LdS (t′,x′, x́′)), we get

L
(a1)
dS (t′,x′, x́′) = LdS(t,x, ẋ)

(
1 +

1

R2
(x1 + tẋ1)ε+O(ε2)

)
,(3.106)

where the L
(a1)
dS ’s superscript (a1) indicates that the variables of t′,x′, x́′

in the Lagrange arise from a x1-transition in LZG-transformation (3.81)

(see Eqs.(3.100) and (3.101)). And then, from Eqs.(3.106) and (3.103)

we have

L
(a1)
dS (t′,x′, x́′) ṫ′ = LdS(t,x, ẋ) +O(ε2). (3.107)

This equation leads to[
∂

∂ε

{
L
(a1)
dS (t′,x′, x́′) ṫ′

}]
ε=0

= 0, and then : F = 0. (3.108)

Therefore we see also that the Noether theorem condition Eq.(3.82)

is satisfied and F = 0 in the x1-transition case (the convention (2.79)
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were used). Inserting Eqs.(3.102) and (3.108) into Eq.(3.83) and noting

(G.3), we obtain the energy Noether charge of dS-SR:

Ga1 = LdS
x1t

R2
−

3∑
i=1

[−x1xi

R2
− ẋi tx

1

R2

] [(
m2c4R2

LdS

)
×
(−R2ẋi − x2ẋi + (x · ẋ)xi − c2t(xi − ẋit)

c2(R2 + x2 − c2t2)2

)]
+

[(
m2c4R2

LdS

)(−R2ẋ1 − x2ẋ1 + (x · ẋ)x1 − c2t(x1 − ẋ1t)

c2(R2 + x2 − c2t2)2

)]
.

(3.109)

Substituting Eq.(3.32) (or (3.32)) into Eq.(3.94), we get the momentum

p1 of dS-SR mechanics:

Ga1 ≡p1=
mẋ1√

1− ẋ2

c2 + (x·ẋ)2−x2ẋ2

c2R2 + (x−ẋt)2

R2

= constant. (3.110)

Similarly, Gai ≡ pi =constant to i = 2, 3. Therefore, we have

pi =
mẋi√

1− ẋ2

c2 + (x·ẋ)2−x2ẋ2

c2R2 + (x−ẋt)2

R2

= mẋiΓ. (3.111)

Under ẍi = 0, we have

ṗi = 0, or ṗ = 0. (3.112)

(3) Lorentz boost: Taking β = ε, a0 = a1 = a2 = a3 = 0 in Eq.(3.81),

then we have

t′ = t− εx1

c
, (note : γ ≡ 1/

√
1− β2 
 1 +O(ε2))

x′1 = x1 − εct, x′2 = x2, x′3 = x3, (3.113)

As always, we firstly check the condition Eq.(3.82) and determine the

function F . From Eq.(3.113) we have

x́′i ≡ dẋ′i/dt
dt′/dt

=
ẋi − cεδi1
1− ε

c ẋ
1
,

and L
(β)
dS (t′,x′, x́′) = LdS(t,x, ẋ)

(
1 +

ẋ1

c
ε+O(ε2)

)
. (3.114)
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Noting ṫ′ = 1− ẋ1

c ε, we have

L
(β)
dS (t′,x′, x́′)ṫ′=LdS(t,x, ẋ)

(
1 +

ẋ1

c
ε

)(
1− ẋ1

c
ε

)
+O(ε2)

= LdS(t,x, ẋ) +O(ε2),

and then

[
∂

∂ε

{
L
(β)
dS (t′,x′, x́′) ṫ′

}]
ε=0

=

[
∂

∂ε

{O(ε2)
}]

ε=0

= 0. (3.115)

Hence, when F = 0 (noting the convention (2.79)), the condition of

Eq.(3.82) is satisfied. Next, from the choice of Eq.(3.113), we have

ξ =
∂t′

∂ε
= −x1

c
, η1 =

∂x′1

∂ε
= −ct, η2 = η3 = ẋ2 = ẋ3 = 0.

(3.116)

And from Eqs.(3.83) and (3.32), we obtain the boost charge:

Gβ1 ≡ K1 = −LdSξ −
∑
i

∂LdS(t,x, ẋ)

∂ẋi
(ηi − ẋiξ) + F

= − mc√
1− ẋ2

c2 + (x·ẋ)2−x2ẋ2

c2R2 + (x−ẋt)2

R2

(x1 − tẋ1). (3.117)

Similarly, one can repeat above calculations for the cases of {β(2) �=
0, β(1) = β(3) = 0} (or {β(3) �= 0, β(1) = β(2) = 0}), and obtains the

generic expression for the Lorentz boost Noether charge:

Ki = − mc√
1− ẋ2

c2 + (x·ẋ)2−x2ẋ2

c2R2 + (x−ẋt)2

R2

(xi − tẋi)

= −mcΓ(xi − tẋi), with i = 1, 2, 3. (3.118)

It is easy to check

K̇i = 0, or K̇ = 0. (3.119)

(4) Angular momentum: Letting aμ = 0, we can see that the LZG- trans-

formation (3.70) becomes

xμ → x′μ = Mμ
νx

ν , (3.120)

which is just the usual Lorentz transformation (see: Eq.(2.16)). There-

fore the Lagrangian of LdS (3.32) is invariant under space rotations.

The Noether charges corresponding to such invariance of Lagrange

L of E-SR (2.69) have been derived in Section 2.6 in detail (see:
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Eqs.(2.96)−(2.104)). Such derivations and discussions are valid for dS-

SR except that L of (2.69) E-SR should be replaced by LdS of Eq.(3.32).

After such a replacement we obtain the angular momentums of dS-SR

mechanics Li which are the Noether charges arises from the space ro-

tation invariance:

Li = mΓεijkx
j ẋk, with i = 1, 2, 3, and ε123 = +1, (3.121)

where Γ has been given in Eq.(3.96). It is also easy to check that

L̇i = 0. (3.122)

Summary: In above we have derived all 10 conserved Noether chargers (or

motion integrals) in the de Sitter invariant special relativistic mechanics.

Here we listed them as follows:

E = mc2Γ,

pi = mΓẋi,

Ki = mcΓ(xi − tẋi) = mcΓxi − tpi, (3.123)

Li = −mΓεijkx
j ẋk = −εijkx

jpk.

Here E,p,L,K are conserved physical energy, momentum, angular-

momentum and boost charges respectively, and Γ is the Lorentz factor

of de Sitter invariant special relativity (see Eq.(3.96)).

3.6 Hamilton and canonical momenta

As an essential advantage in the Lagrangian-Hamiltonian formulation over

others, both canonical momentum πi conjugate to the Beltrami -coordinate

xi and canonical energy HcR (or Hamilton) conjugate to the Beltrami -

time t for free particles in the inertial reference frame can be determined

rationally by the mechanical principle. In the Section 2.4, the canonical

formulation of E-SR mechanics was described. This Section is devoted to

the description of the canonical formulation of E-SR mechanics.

From Eq.(3.29) (or (3.32)), the canonical momentum and the canonical
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energy (or Hamiltonian) can be derived:

πi =
∂LdS

∂ẋi
= −mσ(x)ΓBiμẋ

μ (3.124)

HdS =

3∑
i=1

∂LdS

∂ẋi
ẋi − LdS = mcσ(x)ΓB0μẋ

μ. (3.125)

where Γ has been given in Eq.(3.96). Generally, canonical momenta πi

and HcR are not the conserved physical momenta and the energy of the

particle respectively. The conserved physical momentum and the energy

of the particles have been determined in Eqs.(3.111) and (3.97) in the last

Section from the Noether theorem.

When R → ∞ limit, πi and HdS go back to the standard E-SR’s

expressions:

πi|R→∞ =
mvi√
1− v2

c2

, HdS |R→∞ =
mc2√
1− v2

c2

. (3.126)

where vi = ηij ẋ
j . Furthermore, at the original point of space-time coordi-

nates t = xi = 0, but R =finite, we have also expressions like Eq.(3.126):

πi|t=xi=0 =
mvi√
1− v2

c2

, HdS |t=xi=0 =
mc2√
1− v2

c2

. (3.127)

In the Table 3.1, we listed some results of Lagrange formalism both in

the ordinary special relativity E-SR and in the de Sitter invariant special

relativity dS-SR. Comparing the results in dS-SR with those in the well

known E-SR, we learned that as an extension theory, dS-SR can simply be

formulated by a variable alternating in E-SR: 1) ημν ⇒ Bμν ; 2) γ ⇒ σΓ.

This is a natural and nice feature for the Lagrangian formulism of dS-SR.
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Table 3.1 Metric, Lagrangian, equation of motions, canonical momenta, and Hamil-

tonian in the special relativity(E-SR), and in the de Sitter special relativity(dS-SR).

The quantities γ−1 =

√
1 +

ηij ẋ
iẋj

c2
and Γ−1=

√
1− ẋ2

c2
+

(x·ẋ)2−x2ẋ2

c2R2 +
(x−ẋt)2

R2 (see

Eq.(3.96)).

E-SR dS-SR

space-time metric ημν Bμν(x), (Eq.(3.6))

Lagrangian L = −mc2γ−1 LdS = −mc2σ−1Γ−1

equation of motion vi= ẋi=constant, (or γ̇ = 0) vi= ẋi=constant, (or Γ̇ = 0)

canonical momenta πi = −mγηiμẋ
μ πi = −mσΓBiμẋ

μ

Hamiltonian H = mcγη0μẋμ HdS = mcσΓB0μẋμ

Combining Eq.(3.124) with Eq.(3.125), the covariant 4-momentum in

BΛ is:

πμ ≡ (π0, πi) = (−HdS

c
, πi) = −mσΓBμν ẋ

ν = −mcBμν
dxν

ds
, (3.128)

and the dispersion relation is:

Bμνπμπν = m2c2. (3.129)

From this relation, we have

B00(π0)
2 + 2B0iπ0πi +Bijπiπj −m2c2 = 0,

and then

HdS≡−cπ0=
1

2B00

{
2cB0iπi ± c

√
4(B0iπi)2 − 4B00(Bijπiπj −m2c2)

}
,

(3.130)

where the metric Bμν has been given in Eq.(3.7) and hence

B00 = σ(x)

(
1− c2t2

R2

)
, B0i = −σ(x)

ctxi

R2
,

Bij = σ(x)

(
ηij − xixj

R2

)
, (3.131)

where σ(x) is shown in Eq.(3.5). From Eqs.(3.125) and (3.124), we have

dHdS(x
i, πi) =

3∑
i=1

(
ẋidπi + πidẋ

i
)− dLdS(t, x

i, ẋi). (3.132)

 



66 De Sitter Invariant Special Relativity

According to

dLdS(t, x
i, ẋi) =

∂LdS

∂t
dt+

3∑
i=1

(
∂LdS

∂xi
dxi +

∂LdS

∂ẋi
dẋi

)

=
∂LdS

∂t
dt+

3∑
i=1

(
d

dt

(
∂LdS

∂ẋi

)
dxi +

∂LdS

∂ẋi
dẋi

)

=
∂LdS

∂t
dt+

3∑
i=1

(
π̇idx

i + πidẋ
i
)
, (3.133)

where the equation of motion (3.30) and πi’s definition (3.124) have been

used, and substituting Eq.(3.133) into Eq.(3.132) we have:

dHdS(x
i, πi, t) =

3∑
i=1

(
ẋidπi − π̇idx

i
)− ∂LdS

∂t
dt. (3.134)

Therefore we obtain the following canonical equations

ẋi =
∂HdS

∂πi
, (3.135)

π̇i = −∂HdS

∂xi
, (3.136)

and

∂HdS

∂t
= −∂LdS

∂t
. (3.137)

For functions f(πi, x
i, t) and g(πi, x

i, t), we define the Poisson Bracket

{f, g}PB ≡
3∑

i=1

(
∂f

∂xi

∂g

∂πi
− ∂f

∂πi

∂g

∂xi

)
. (3.138)

By means of this definition, the canonical equations (3.135) and (3.136)

take the following form:

ẋi = {xi, HdS}PB, (3.139)

π̇i = {πi, HdS}PB. (3.140)

It is easy to prove that:

{xi, πj}PB = δij , {xi, xj}PB = 0, {πi, πj}PB = 0. (3.141)

Two remarks are in order:

(i) It is also straightforward to check ẋi =const. by means of Eqs.(3.135)
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and (3.136). From explicit expression of HdS (3.130) and a straightforward

calculation, we can prove:

ẍi =
∂

∂t

(
∂HdS

∂πi

)
+

3∑
j=1

(
∂HdS

∂πj

∂

∂xj
− ∂HdS

∂xj

∂

∂πj

)(
∂HdS

∂πi

)
= 0.

(3.142)

Then, we conclude that ẋi =consts., which is the same of (3.37).

(ii) Generally, for a function F = F (t, xi, πi), we have

Ḟ ≡ dF

dt
=

∂F

∂t
+

3∑
i=1

(
∂F

∂xi

∂HdS

∂πi
− ∂F

∂πi

∂HdS

∂xi

)
=

∂F

∂t
+ {F,HdS}PB, (3.143)

where Eqs.(3.135) and (3.136) have been used.

Finally, we present the relations between the canonical energy-

momentums πμ and the conserved energy-momentums pμ ≡ {p0, pi}. Com-

bining Eq.(3.97) with Eq.(3.111) gives conserved four-momentum in the de

Sitter special relativity:

pμ ≡ {p0, pi} = mΓẋμ. (3.144)

From Eqs.(3.24) and (3.98), we have:

dt = σΓds, and ẋi ≡ dxi

dt
=

1

σΓ

dxi

ds
. (3.145)

Noting

ẋ0 = c, (3.146)

and substituting Eqs.(3.145) and (3.146) into Eq.(3.144) we have

pμ =
mc

σ

dxμ

ds
= − 1

σ
Bμνπν , (3.147)

where Eq.(3.128) has been used.

———————–

Exercise

(1) Problem 1, Derive equation (3.141).

(2) Problem 2, Derive equation (3.143).

(3) Problem 3, Suppose f = f(x, y) where f is a function with two independent vari-

ables x and y. Derive the corresponding function g(u, y) through the Legendre

transformation, whose independent variables are u ≡ ∂f(x, y)/∂x and y.
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3.7 Dispersion relation

We derive the dispersion relation2 in terms of the Noether charges of dS-SR.

We rewrite angular momentum Li of (3.121) as the following form:

Ljk = εjk iL
i = mΓεjk iε

i
lmxlẋm = mΓ(xj ẋk − xkẋj), (3.148)

where εjkiε
i
lm = δjl δ

k
m − δjmδkl is used. From (3.24) and (3.98), we have:

dt = σΓds, and ẋi ≡ dxi

dt
=

1

σΓ

dxi

ds
. (3.149)

From (3.2), we have

xj = R
ξj

ξ5
, and dxj = R

dξj

ξ5
−R

ξjdξ5

(ξ5)2
. (3.150)

Substituting Eqs.(3.149) and (3.150) into Eq.(3.148), and noting (ξ5)2 =

R2/σ (see Eq.(3.4)), we obtain the Ljk-expression in ξ-coordinates of 5-

dimensional Minkowski spacetime with metric ηAB as follows

Ljk = m
R2

(ξ5)2σ

(
ξj

dξk

ds
− ξk

dξj

ds

)
= m

(
ξj

dξk

ds
− ξk

dξj

ds

)
. (3.151)

Here, the elements of antisymmetric contravariant spatial tensor Ljk are of

the spatial components of a following 5 × 5-tensor LAB in 5d Minkowski

spacetime:

LAB = m

(
ξA

dξB

ds
− ξB

dξA

ds

)
, with A,B = 0, 1, 2, 3, 5. (3.152)

We have shown in (3.148) and (3.151) that Ljk = Ljk represents the angular

momentum Noether charges corresponding to rotation in the {j, k}-spatial
plane of 5d Minkowski spacetime. We should further reveal the physical

meanings of L0i, L05 and L5i. Let’s determine them by means of the

Noether charges:

(i) L0i: From Eq.(3.152), we have

L0i = m

(
ξ0

dξi

ds
− ξi

dξ0

ds

)
, (3.153)

2Usually, dispersion relation is a term in optics. This term, however, has also been

widely received in SR theory to describe the energy-momentum relation such as E2 −
c2p2 = m2c4.
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From Eq.(3.4),

ξ0 =
x0

R
ξ5, ξi =

xi

R
ξ5, (ξ5)2 =

R2

σ
. (3.154)

we obtain

L0i = m

{
x0

R
ξ5
(
σΓ

R
ξ5ẋi +

ξi

R

dξ5

ds

)
− xi

R
ξ5
(
cσΓ

R
ξ5 +

ξ0

R

dξ5

ds

)}
=

σ

R2
(ξ5)2mcΓ(tẋi − xi)

= Ki, (3.155)

where formula of Ki (3.118) is used.

(ii) L5i: Similarly,

L5i = m

(
ξ5

dξi

ds
− ξi

dξ5

ds

)
= m

{
(ξ5)2

R
σΓẋi +

ξ5xi

R

dξ5

ds
− ξ5xi

R

dξ5

ds

}
=

σ

R
(ξ5)2pi

= Rpi, (3.156)

where pi = mΓẋi (see: Eq.(3.111)) is used.

(iii) L50: Finally,

L50 = m

(
ξ5

dξ0

ds
− ξ0

dξ5

ds

)
= m(ξ5)2

cσΓ

R

= R
E

c
, (3.157)

where E = mc2Γ (see: Eq.(3.97)) is used. Therefore, by using Eqs.(3.148),

(3.155), (3.156) and (3.157), we have formula:

− c2

2R2
LABLAB = − c2

2R2
(2L50L50 + 2L5iL5i + 2L0iL0i + LijLij)

= E2 − c2p2 +
c2

R2
(K2 − L2), (3.158)

where LAB = ηACηBDLCD, Lij = ηikηjlL
kl, {ηij} = diag{+,−,−,−},

{ηAB} = diag{+,−,−,−,−}, and
LijLij = εijkL

kε l
ij Ll = −2δlkLlL

k = 2L2.
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On other hand, the Left Hand Side (LHS) of Eq.(3.158) can be straight-

forwardly calculated since {ξ} ∈ {SΛ} in 5d Minkowski spacetime. From

Eq.(3.1) we have

ηABξ
AξB = ξAξA = −R2, and then ξA

dξA
ds

= 0. (3.159)

The LHS of Eq.(3.158) then reads

− c2

2R2
LABLAB = −c4m2

2R2

(
ξA

dξB

ds
− ξB

dξA

ds

)(
ξA

dξB
ds

− ξB
dξA
ds

)
= −m2c4

2R2

{
2ξAξA

dξB

ds

dξB
ds

− 2ξA
dξA
ds

ξB
dξB
ds

}
= −m2c4

2R2
(−2R2)

(ds)2

(ds)2

= m2c4, (3.160)

where Eq.(3.159) is used. Substituting Eq.(3.160) into Eq.(3.158), we ob-

tain the dispersion relation of dS-SR for free particles:

E2 − c2p2 +
c2

R2
(K2 − L2) = m2c4, (3.161)

which is a generalized Einstein’s famous formula of E2 − c2p2 = m2c4.

3.8 Minkowski point in Beltrami spacetime

Different from the Minkowski metric ημν , the Beltrami metric Bμν(x) (3.6)

is spacetime dependent. We may ask a question: is there a spacetime

point (or a region) where the metric equals to ημν? Namely, can we solve

equation:

Bμν(x) ≡ ημν
σ(x)

+
ημλx

ληνρx
ρ

R2σ(x)2
= ημν . (3.162)

The solution of xμ will be called Minkowski point in Beltrami spacetime B.
From Eq.(3.162), when R is finite (i.e., |R| � ∞), such Minkowski point is

just the origin of coordinates:

xμ = 0. (3.163)

We shall use constants Mμ to denote the position of the Minkowski point

and sometimes use notations:

B(0)
μν (x) ≡ B(M=0)

μν (x) = Bμν(x), (3.164)
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for the Beltrami metric with Mμ = 0 case. A variable shift of xμ −→
xμ −Mμ with constants Mμ �= 0 gives

B(0)
μν (x) −→ B(M)

μν (x) ≡ Bμν(x −M)

=
ημν

σ(x−M)
+

ημληνρ(x
λ −Mλ)(xρ −Mρ)

R2σ(x −M)2
,

(3.165)

where

σ(x −M) = 1− ημν(x
μ −Mμ)(xν −Mν)

R2
. (3.166)

Equation (3.165) is the general expression of Beltrami metric with Mμ �= 0,

and once xμ −→ Mμ the B
(M)
μν (x) will tend to ημν . Since Mμ are all

constants, it is easy to be sure that B
(M)
μν (x) is still the inertial metric and

preserved by de Sitter transformations like Bμν(x).

Two remarks are as follows:

(1) The various aspects of predictions of the E-SR to the experiments at

the Earth laboratories have been well verified with high accuracy [Zhang

(1997)]. Since the basic metric of E-SR is ημν , this fact indicates that the

metric of the spacetime around the region of the Earth must be very close

to Lorentz metric ημν . Namely the Earth nears the Minkowski point in B:
|xμ −Mμ| << |R|, (3.167)

where xμ and Mμ are the coordinates of the Earth and the Minkowski

position in B respectively. As long as |R| is cosmologically large enough,

it is fully passible to avoid violating any experiments verified usual special

relativity within the error bands reported in literatures (e.g., in [Zhang

(1997)]).

(2) c ≡ 299 792 458 m s−1 is a universal parameter in the relativity theories,

which can be used to convert the time dimensionality to the space’s. Thus

the universality of c makes one dimension time plus three dimension space

to form a physical 4-dimensional spacetime. But the photon velocity cphoton

is not always equal to c in the de Sitter invariant special relativity. To see

this point, let’s consider the photon velocity at original point of B with

M = {M0 �= 0, M i = 0}. Suppose our Earth laboratory locates about
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the origin of the B-universe where xμ 
 0. According to Eq.(3.123), the

Noether charges for the mechanics generated from B
(M)
μν (x) are:

E = mc2Γ,

pi = mΓẋi,

Ki = mcΓ(xi − (t−M0/c)ẋi) = mcΓxi − (ct−M0)pi, (3.168)

Li = −mΓεijkx
j ẋk = −εijkx

jpk.

As usual, the photon is treated as a massless particle. So the photon velocity

that we want to calculate is:

cphoton = ẋ|{m=0,xμ=0} =
c2p

E

∣∣∣∣
{m=0,xμ=0}

, (3.169)

where x ≡ |x|, p ≡ |p |. Substituting Eq.(3.157) into Eq.(3.169) gives

cphoton =
cp√

p2 − 1
R2 (K2 − L2)

∣∣∣∣∣∣
{m=0,xμ=0}

. (3.170)

From Eq.(3.168) we have

L|xi=0 = 0, and K|{t=0, xi=0} = M0p.

Therefore we obtain:

cphoton =
c√

1− (M0)2

R2

�= c. (3.171)

This is an equation beyond the usual special relativity. Only when |R| → ∞
or M0 = 0, the usual special relativistic identity cphoton = c can hold. For

SO(4, 1) de Sitter invariant special relativity,R2 > 0, and hence cphoton > c.

For example, suppose R ∼ 104Gly, M0 
 13.7Gly (i.e., the so-called “age”

of the Universe), then cphoton − c 
 9.4× 10−7c. Maybe, the OPERA-type

experiments3 could verify such sort of results which relate to the principles

of special relativity [Yan, Xiao, Huang, Hu (2012)] [Hu, Li, Yan (2012)].

3 T. Adam, et al., “Measurement of the neutrino velocity with OPERA detector in the

CNGS beam”, arXev:1109.4897 [hep-ex], arXiv:1212.1276 [hep-ex].

 



Chapter 4

De Sitter Invariant General Relativity

In the previous two chapters, we elaborated systematically the formulations

of Einstein’s Special Relativity (E-SR) and de Sitter invariant Special Rela-

tivity (dS-SR). Several points were addressed: (i) Parallel to the well-known

E-SR, the dS-SR is also self-consistent. When the universal parameter R of

dS-SR tends to infinity, this relativity goes back to the Einstein’s; (ii) The

basic spacetime metric of E-SR is Minkowski metric ημν , and the basic met-

ric of dS-SR is Beltrami metric Bμν(x); (iii) The spacetime transformation

preserving Minkowski metric in E-SR is the inhomogeneous Lorentz trans-

formation (or Poincaré transformation), and the transformation preserving

the Beltrami metric in de Sitter special relativity is Lu-Zou-Guo (LZG)

transformation; (iv) The spacetime symmetry for E-SR is ISO(3, 1)-group,

and that for the de Sitter invariant special relativity is de Sitter group

SO(4, 1) (or SO(3, 2)); (v) According to the gauge principle, the ordinary

general relativity (or Einstein’s general relativity) can be constructed by

means of localizing the spacetime symmetry group ISO(3, 1) of the E-SR.

This mechanism provides a bridge connecting the general relativity with

the special relativity. It must work also for the de Sitter invariant spe-

cial relativity which has been described in detail in the previous chapter.

Now we are ready to employ this mechanism to construct a general relativ-

ity. Namely we will achieve the de Sitter invariant general relativity from

localizing the de Sitter invariant special relativity in this chapter.

73
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4.1 Localization of Lu-Zou-Guo transformation and action

of de Sitter invariant General Relativity

The basic spacetime metric of the de Sitter invariant special relativity is

the Beltrami metric (3.6) and the Lu-Zou-Guo (LZG) transformation (3.70)

preserves Beltrami metric. The transformations are the elements of de Sit-

ter group: i.e., {LZG-trans.} ∈ {SO(4, 1)}. There are 10 parameters in

LZG-transformation: spacetime translation parameters aμ, space rotation’s

αi (Euler angles) and Lorentz boost’s βi, all of which are spacetime inde-

pendent constants. Hence the corresponding SO(4, 1) represents a global

symmetry. Localizing Lu-Zou-Guo transformations is equivalent to localiz-

ing SO(4, 1). We showed the localization of ISO(3, 1) In Section 2.8. Based

on the same procedures, the global symmetry SO(4, 1) will be localized via

following substitutions

aμ → aμ(x), βi → βi(x), αi → αi(x) (4.1)

where aμ(x), βi(x), αi(x) are arbitrary functions of variable x. Under (4.1),

the global transformation (3.70) becomes

xμ → x′μ = f(x), (4.2)

where fμ(x) are four arbitrary functions of x. Hence, Eq.(4.2) represents

a general spacetime coordinates transformation, or curvilinear coordinates

transformation. Assuming the spacetime is torsion-free just like Einstein

did in ordinary general relativity, the affine connection here is also Christof-

fel symbol: Γλ
μν = Γλ

νμ, which has been shown in Eq.(2.181).

Now let us determine the action of gravity fields SG ≡ ∫
d4x

√−g G(x)
in empty spacetime, where G(x) is a scalar. To determine G(x) we should

also consider the fact that the equation of the gravitational field must con-

tain derivatives of the “potentials” (i.e., gμν(x)) no higher than the second

order (just as is the case for the electromagnetic field). From the Rie-

mann geometry, it is found that only R and trivial constant Λ ≡ constant

satisfies all requirements. Therefore, G(x) = a(R − 2Λ) where a is

also a constant. In Gaussian system of units, a = −c3/(16πG) where

G = 6.67× 10−8cm3 · gm−1 · sec−2 is the universal gravitational constant.

Thus we obtain the action of gauge gravity in empty spacetime:

SG = − c3

16πG

∫
d4x

√−g(R− 2Λ). (4.3)

 



De Sitter Invariant General Relativity 75

From δSG = 0, we obtain (see Eqs.(2.194)−(2.206))

Rμν − 1

2
gμνR+ Λgμν = 0. (4.4)

The de Sitter invariant special relativity tells us that to empty spacetime

the metric must be Beltrami metric (3.6). Namely, one solution of Eq.(4.4)

is required to be gμν = Bμν . Then the value of constant Λ is determined

to be

Λ =
3

R2
, (4.5)

and Eq.(4.4) becomes

Rμν − 1

2
gμνR+

3

R2
gμν = 0, (4.6)

or Rμν =
3

R2
gμν . (4.7)

This is the basic equation of the de Sitter invariant general relativity in

empty spacetime, which is different from the usual general relativity’s (see

Eqs.(2.2) and (2.209)).

Denoting the matter action in gravity fields by:

SM =

∫
d4x

√−gLmatter(gμν , φmatter(x)),

one has the total action:

Stot = SG + SM = SG[g] + SM [g, φ] (4.8)

where S·[·] denotes a functional. Similar to the discussions in Section 2.9,

from the principle of least action

δStot = δ(SG + SM ) = 0, (4.9)

and the definition of energy-momentum tensor of matter fields (see

Eq.(2.203)):

Tμν =
−2c√−g

δ

δgμν
SM [g, φ], (4.10)

we obtain the gravitational field equation of de Sitter invariant general

relativity:

Rμν − 1

2
gμνR+ Λgμν = −8πG

c4
Tμν , (4.11)

where Λ = 3/R2. It is easy to see that when Λ → 0 (or |R| → ∞) the de

Sitter general relativity goes back to the Einstein’s general relativity.
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4.2 Static spherically symmetric solution in empty spacetime

In this section, we seek the metric tensor field representing the static spher-

ically symmetric gravitational field in empty spacetime surrounding some

massive spherical object like the sun by means of solving Eq.(4.7) in the

de Sitter invariant general relativity. The guiding assumptions are: (a) the

metric is static, (b) the metric is spherically symmetric, (c) the spacetime

is empty, (d) the dynamics guiding the gravitational fields is the de Sitter

invariant general relativity. Taking spherical coordinates {x0, x1, x2, x3} =

{ct, r, θ, φ} (with x1 = r sin θ cosφ, x2 = r sin θ sinφ, x3 = r cos θ), then we

can set

ds2 = eν(r)c2dt2 − eμ(r)dr2 − r2dθ2 − r2 sin2 θdφ2, (4.12)

where ν = ν(r), μ = μ(r) are the unknown functions of r, which are

expected to be determined by Eq.(4.7). From Eq.(4.12) the non-zero metric

elements are:

g00 = eν ,

g11 = −eμ,

g22 = −r2, (4.13)

g33 = −r2 sin2 θ,

and all off-diagonal elements of gμν vanish. From the definition of (2.156),

the non-zero elements of gμν are:

g00 = e−ν ,

g11 = −e−μ,

g22 = − 1

r2
, (4.14)

g33 = − 1

r2 sin2 θ
,

and all off-diagonal elements of the gμν are also equal to zero. From

Eq.(2.181), the non-zero components of the corresponding Christoffel sym-

bols are:

Γ0
10 =

1

2
ν′, Γ1

11 =
1

2
μ′, Γ1

00 =
1

2
eν−μν′,

Γ1
22 = −reμ, Γ1

33 = −re−μ sin2 θ, Γ1
12 =

1

r
, (4.15)

Γ2
33 = − sin θ cos θ, Γ3

13 =
1

r
, Γ3

23 =
cos θ

sin θ
,
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where μ′ = dμ/dr, and ν′ = dν/dr. Substituting all of Christoffel symbols

of Eq.(4.15) into Eq.(2.189), we get all non-zero components of the Ricci

tensor:

R00 = eν−μ

{
−ν′′

2
− ν′

r
+

ν′

4
(μ′ − ν′)

}
,

R11 =
ν′′

2
− μ′

r
− ν′

4
(μ′ − ν′), (4.16)

R22 = e−μ
{
1− eμ − r

2
(μ′ − ν′)

}
,

R33 = −R22 sin
2 θ.

Substituting Eqs.(4.12) and (4.16) into the gravitational field equation in

empty spacetime (4.7), i.e., Rμν = 3
R2 gμν , we have

ν′′

2
+

ν′

r
− ν′

4
(μ′ − ν′) = − 3

R2
eμ, (4.17)

−ν′′

2
+

μ′

r
+

ν′

4
(μ′ − ν′) =

3

R2
eμ, (4.18)

−1 + eμ +
r

2
(μ′ − ν′) =

3

R2
r2eμ. (4.19)

Only two of these equations are independent among these three equations

since the Riemannian curvature must satisfy the Bianchi identity (2.186).

It is easy to solve these equations. From Eq.(4.17) plus Eq.(4.18), we

have

μ′ + ν′ = 0, (4.20)

and then

μ+ ν = λ, λ = constant. (4.21)

Inserting Eq.(4.20) into Eq.(4.19) and eliminating ν′, we have

1− rμ′ − eμ(1 − 3

R2
r2) = 0,

and then

(re−μ)′ = 1− 3

R2
r2. (4.22)

The solution of Eq.(4.22) is:

e−μ = 1− 1

R2
r2 − 2k̃

r
, k̃ = constant. (4.23)
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Combining Eqs.(4.21) and (4.23), we get:

eν = eλ−μ = eλ

(
1− 1

R2
r2 − 2k̃

r

)
. (4.24)

From Eq.(4.13) and setting constant λ = 0, we finally obtain

g00 = eν = 1− 2k̃

r
− 1

R2
r2, (4.25)

g11 = −eμ =

(
1− 2k̃

r
− 1

R2
r2

)−1

. (4.26)

In order to determine the constant k̃, we discuss the limit of |R| → ∞. In

the last section, we showed that under that limit the de Sitter invariant

general relativity goes back to the ordinary Einstein’s general relativity.

Therefore, the static spherically symmetric solution in empty spacetime

discussed in this section must go back to the Schwarzschild metric under

the limit. Namely we have

g00||R|→∞ = 1− 2k̃

r
= g00(Schwarz) = 1− 2GM

c2r
, (4.27)

and hence

k̃ =
GM

c2
. (4.28)

The final result is:

ds2=

(
1− 2GM

c2r
− r2

R2

)
c2dt2−

(
1− 2GM

c2r
− r2

R2

)−1

dr2 − r2(dθ2+sin2 θdφ2),

(4.29)

where G = 6.67 × 10−8cm3 · gm−1 · sec−2 is the universal gravitational

constant, and M is “solar mass”.

This solution was firstly obtained by Kottler, Weyl and Trefftz during

1918-1922 [Kottler (1918)] [Weyl (1919)] [Trefftz (1922)]. We call it KWT

solution below. According to Eq.(4.29) the metric matrix can be written

as follows:

g(M)
μν (xK)=

⎛⎜⎜⎜⎜⎜⎝
1− 2GM

c2rK
− r2K

R2 0 0 0

0 − 1

1− 2GM
c2rK

− r2
K

R2

0 0

0 0 −r2K 0

0 0 0 −r2K sin2 θK

⎞⎟⎟⎟⎟⎟⎠ , (4.30)

where subscript K means KWT solution.
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4.3 Beltrami–de Sitter–Schwarzschild Solution

When |R| → ∞, the KWT metric (4.29) tends to the well-known

Schwarzschild metric Sg(M)
μν (x) of Einstein’s general relativity:

ds2 ≡ Sg(M)
μν (x)dxμdxν

=

(
1− 2GM

c2r

)
c2dt2−

(
1− 2GM

c2r

)−1

dr2− r2(dθ2 + sin2 θdφ2),(4.31)

where the left superscript S of g
(M)
μν (x) indicates that metric is the usual

Schwarzschild metric, and M is the “solar” mass serving as source of grav-

ity. It is easy to see that when M → 0 (i.e., gravity disappears) we have

ds2 ≡ Sg(M)
μν (x)dxμdxν

→ ds2Mink = Sg(0)μν (x)dx
μdxν

= c2dt2 − dr2 − r2(dθ2 + sin2 θdφ2)

= ημνdx
μdxν . (4.32)

Therefore, the Schwarzschild metric Sg(M)
μν (x) of Einstein’s general relativ-

ity can be thought as a solution of following equations:

Rμν (x) = 0, (4.33)

g(M)
μν (x)

∣∣∣
M→0

= ημν . (4.34)

As is well known and addressed in above that ημν , the metric of Minkowski

spacetime, is inertial metric. It is easy to check this point by means of

Landau-Lifshitz action for free particle [Landau, Lifshitz (1987)]:

A = −mc

∫
ds = −mc

∫ √
ημνdxμdxν = −mc2

∫
dt

√
1− ẋ2

c2
=:

∫
dtL(ẋ).

Then, from δA = 0, we have

d

dt

∂L(ẋ)

∂ẋ
=

∂L(ẋ)

∂x
= 0,⇒ ẍ = 0. (4.35)

Equation (4.35) means ẋ = constant, i.e., the inertial motion law holds in

Minkowski spacetime with metric ημν for free particle. Therefore we call

ημν inertial metric (see the footnote in Section 3.4 for the definition of this

phrase).
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Let’s come back to the de Sitter invariant general relativity and pursue

an answer to the question whether when gravity vanishes the KWT metric

goes to a inertial metric or not. From Eq.(4.30) and setting M = 0, we

have

g(0)μν (xK)=

⎛⎜⎜⎜⎜⎜⎝
1− r2K

R2 0 0 0

0 − 1

1− r2
K

R2

0 0

0 0 −r2K 0

0 0 0 −r2K sin2 θK

⎞⎟⎟⎟⎟⎟⎠ . (4.36)

In the Cartesian space coordinates xi
K (with x1

K = rK cosφK sin θK , x2
K =

rK sinφK sin θK , x3
K = rK cos θK), the matrix form of g

(0)
μν (xK) can be

written as component’s form:

ds2 = g(0)μν (xK)dxμ
Kdxν

K

=

(
1 +

ηijx
i
Kxj

K

R2

)
c2dt2K + ηijdx

i
Kdxj

K

+

⎡⎣(1 +
ηijx

i
Kxj

K

R2

)−1

− 1

⎤⎦ ηlkηmnx
l
Kxm

Kdxk
Kdxn

K

ηijxi
Kxj

K

, (4.37)

where ηij = diag{−1,−1,−1}. Comparing Eq.(4.37) with Eqs.(2.2) and

(3.6), we find:

g(0)μν (xK) �= ημν , and g(0)μν (xK) �= Bμν(xK). (4.38)

This fact indicates that g
(0)
μν (xK) is generally not a inertial metric. To be

more concrete, let’s see the motion of free particle in KWT-spacetime with

g
(0)
μν (xK). The Landau-Lifshitz Lagrangian LK(xi

K , ẋi
K) for a free particle

in that spacetime is

LK(xi
K , ẋi

K) = −m0c
ds

dtK
= −m0c

√
g
(0)
μν (xK)dxμ

Kdxν
K

dtK

= −m0c

√√√√(
1− x2

K

R2

)
−
[

1

1− x2
K

R2

− 1

]
(xK · ẋK)2

c2x2
K

− ẋ2

c2
, (4.39)

where xK = x1
K i + x2

Kj + x3
Kk and ẋK ≡ dxK/dtK = ẋ1

K i + ẋ2
Kj + ẋ3

Kk.

From δS = −m0c δ
∫
ds = δ

∫
dtKL(xi

K , ẋi
K) = 0, we have

∂LK(xi
K , ẋi

K)

∂xi
K

=
d

dtK

∂LK(xi
K , ẋi

K)

∂ẋi
K

. (4.40)
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Substituting Eq.(8.105) into Eq.(8.106), we can easily obtain the equation

of motion f(ẍi
K , ẋi

K , xi
K) = 0. For our purpose, an explicit consideration

of one-dimensional motion of the particle is enough. Namely, setting x2
K =

x3
K = 0 and ignoring the motion of j, k directions, the equation of motion

f(ẍi
K , ẋi

K , xi
K) = 0 becomes:

ẍ1
K =

x1
K

R2

(
c2
(
1− (x1

K)2

R2

)
− 3(ẋ1

K)2

1− (x1
K)2

R2

)
�= 0. (4.41)

This equation explicitly indicates that there exist inertial forces in de Sit-

ter spacetime with metric g
(0)
μν , which makes the particle’s acceleration in

direction i to be non-zero, i.e., ẍ1
K �= 0. Consequently, we conclude that the

empty de Sitter spacetime metric g
(0)
μν (xK) is not a inertial metric. This fact

indicates that the KWT metric does not possesses an essential property of

the Schwarzschild solution in Einstein’s general relativity, which is when

gravity approaches to zero that solution tends to Minkowski metric that

is inertial metric. It is interesting, therefore, to find the Schwarzschild-like

metric of the de Sitter invariant general relativity. The criterion for it is

that when gravity disappears the metric of empty spacetime is required

to be inertial metric of de Sitter invariant general relativity. Namely, we

should solve the equation as follows

Rμν(x) =
3

R2
Bg(M)

μν (x), (4.42)

Bg(M)
μν (x)

∣∣∣
M→0

= Bμν(x). (4.43)

Here, we use Bg
(M)
μν (x) to denote new metric in de Sitter invariant general

relativity with non-zero “solar mass” M , which is called Beltrami–de

Sitter–Schwarzschild metric hereafter, or Beltrami–dSS metric in short.

The equation of (4.43) means that Bg
(M)
μν (x) must satisfy the requirement

that the empty spacetime metric (i.e., the metric Bg
(0)
μν (x)) is inertial. This

condition ensures Bg
(M)
μν (x) to be desired new Schwarzschild-like metric in

de Sitter invariant general relativity.

Since all of g
(M)
μν (xK), g

(0)
μν (xK) and Bg

(0)
μν (x) ≡ Bμν(x) have already

been known, the reference system transformation T between spacetimes

{xμ
K} ≡ {ctK , rK , θK , φK} and {xμ} ≡ {ct, r, θ, φ} can be derived from

the tensor-transformation properties of g
(0)
μν (xK) and Bμν(x) (see (4.48)

below). Then the desired result of Bg
(M)
μν (x) will be determined by means
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of Bg(M) = T ′g(M)T . We sketch the logic in following diagram (4.44).

g
(M)
μν (xK)

(4.36)−−−−→
M→0

g
(0)
μν (xK)

T

⏐⏐2(4.66) T

⏐⏐2(4.48)

Bg
(M)
μν (x)

(4.43)−−−−→
M→0

Bμν(x).

(4.44)

Now let us derive the reference system transformation T between space-

times {xμ
K} and {xμ}. In spherical coordinates, and from Eqs.(4.36) and

(3.6) we have

g(0)μν (xK) =

⎛⎜⎜⎜⎜⎜⎝
1− r2K

R2 0 0 0

0 − 1

1− r2
K

R2

0 0

0 0 −r2N 0

0 0 0 −r2K sin2 θK

⎞⎟⎟⎟⎟⎟⎠ , (4.45)

Bμν(x) =

⎛⎜⎜⎜⎝
R2+r2

R2σ2 − rct
R2σ2 0 0

− rct
R2σ2 −R2−c2t2

R2σ2 0 0

0 0 − r2

σ 0

0 0 0 − r2 sin2 θ
σ

⎞⎟⎟⎟⎠ , (4.46)

where σ = R2−c2t2+r2

R2 , and the following spherical coordinates expression
of Beltrami metric has been used:

ds2Bel= Bμν(x)dx
μdxν

=
R2(R2 + r2)

(R2 + r2 − c2t2)2
c2dt2 − 2rR2ct

(R2 + r2 − c2t2)2
cdtdr − R2(R2 − c2t2)

(R2 + r2 − c2t2)2
dr2

− r2R2

R2 + r2 − c2t2
(dθ2 + sin2 θdφ2). (4.47)

where subindex Bel means Beltrami. Under reference system transforma-

tion between {xμ
N} and {xμ} the transformation from g

(0)
αβ (xK) to Bμν(x)

reads

g
(0)
αβ (xK) → Bμν(x) =

∂xα
K

∂xμ

∂xβ
K

∂xν
g
(0)
αβ (xK), (4.48)

which can be rewritten in matrix form,

B = T ′g(0)T, (4.49)

where matrices B ≡ {Bμν(x)}, g(0) ≡ {g(0)αβ (xK)}, T ≡ {∂xβ
K

∂xν }, and T ′ is
the transpose of the matrix T .
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To simplify the problem, we assume T has the form of

T =

⎛⎜⎜⎜⎝
∂tK
∂t

∂tK
∂r 0 0

∂rK
∂t

∂rK
∂r 0 0

0 0 ∂θK
∂θ 0

0 0 0 ∂φK

∂φ

⎞⎟⎟⎟⎠ . (4.50)

Then from Eq.(4.49) we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1− r2N
R2 )(

∂tK
∂t )2 − (

∂rK
∂t )2

1− r2
K

R2

= R2+r2

R2σ2

(1 − r2K
R2 )

∂tK
∂t

∂tK
∂r −

∂rK
∂t

∂rK
∂r

1− r2
K

R2

= − rct
R2σ2

(1− r2K
R2 )(

∂tK
∂r )2 − (

∂rK
∂r )2

1− r2
K

R2

= −R2−c2t2

R2σ2

r2K(∂θK∂θ )2 = r2

σ ⇒ (∂θK∂θ )2 = r2

σr2K

r2K sin2 θK(∂φK

∂φ )2 = r2 sin2 θ
σ ⇒ (∂φK

∂φ )2 = r2 sin2 θ
σr2K sin2 θK

.

(4.51)

We assume ∂tK
∂r = 0 to solve ∂tK

∂t , ∂rK
∂t and ∂rK

∂r . Let

A =
R2 + r2

R2σ2
, B = −R2 − c2t2

R2σ2
, C = − rct

R2σ2
, F = 1− r2K

R2
, (4.52)

the first three equations of (4.51) can be reduced to

F (
∂tK
∂t

)2 − (∂rK∂t )2

F
= A, (4.53)

−
∂rK
∂t

∂rK
∂r

F
= C, (4.54)

− (∂rK∂r )2

F
= B. (4.55)

The solution is

(
∂rK
∂r

)2 = −BF =
1

σ2

(
1− c2t2

R2

)(
1− r2K

R2

)
, (4.56)

∂rK
∂t

=
−CF√−BF

=
rct

R2σ3/2

√√√√ 1− r2K
R2

1− c2t2

R2

, (4.57)

(
∂tK
∂t

)2 =
A

F
− C2

BF
=

1

σ
(
1− c2t2

R2

) (
1− r2K

R2

) . (4.58)

From (4.56) (note 1− c2t2

R2 = σ − r2

R2 ), and r′K ≡ ∂rN
∂r ,

(
√
σr′K)2 = (1− r2

R2σ
)(1 − r2K

R2
), (4.59)

 



84 De Sitter Invariant Special Relativity

we get a special solution of the coordinate transformation between non-

inertial and inertial systems

rK =
r√
σ
. (4.60)

From Eq.(4.58),

∂tK
∂t

=

√√√√ 1(
1− c2t2

R2

) (
σ − (

√
σrN )2

R2

) =
1

1− c2t2

R2

. (4.61)

Finally, we get a coordinate transformation to inertial spacetime frame

rK =
r√

1 + r2−c2t2

R2

, (4.62)

tK =

∫
dt

1− c2t2

R2

=
R

c
arctan

ct

R
, (4.63)

θK = θ, (4.64)

φK = φ. (4.65)

It’s consistent with [Lu, Zou and Guo (1974)].

Beltrami–de Sitter–Schwarzschild metric: [Sun, Yan, Deng, Huang, Hu

(2013)]

Under the transformation T of Eqs.(4.62)−(4.65), the KWT metric

(4.30) transforms to Beltrami–dSS metric:

g(M)
μν (xK) → Bg(M)

μν (x) =
∂xα

K

∂xμ

∂xβ
K

∂xν
g
(M)
αβ (xK). (4.66)

Substituting Eqs.(4.62)−(4.65) into Eq.(4.66), we finally obtain the desired

Beltrami–dSS metric as follows

ds2 = Bg(M)
μν (x)dxμdxν

=

⎛⎝1− r2

R2σ − 2GM
√
σ

r(
1− c2t2

R2

)2 −
r2c2t2

R4(
1− r2

R2σ − 2GM
√
σ

r

)
σ3

⎞⎠ c2dt2

−2

rct
R2

(
1− c2t2

R2

)
(
1− r2

R2σ − 2GM
√
σ

r

)
σ3

cdtdr

−

(
1− c2t2

R2

)2

(
1− r2

R2σ − 2GM
√
σ

r

)
σ3

dr2 − r2

σ
(dθ2 + sin2 θdφ2). (4.67)

 



De Sitter Invariant General Relativity 85

This is a new metric of de Sitter invariant general relativity, and serves as

main result of this section. It is straightforward to check that it satisfies

the Einstein field equation of de Sitter invariant general relativity in empty

spacetime, (4.42). It is also easy to see that when R → ∞, Bg
(M)
μν (x)

of (4.67) coincides with Schwarzschild metric of (2.2); when M → 0, it

coincides with Beltrami metric of (G.1); and when R → ∞ and M → 0, it

goes back to Minkowski metric of (2.2).

 



Chapter 5

Dynamics of Expansion of the

Universe in General Relativity

In this chapter, we adopt the unit with c = 1 for convenience.

Just as other branches of physics, modern cosmology is based on reli-

able observational facts and theoretical analysis. On the other hand, some

fundamental quantities such distance in cosmology are not directly measur-

able since one can look at distant objects but cannot touch them. Yet, most

quantities in other branches of physics can be directly or indirectly measur-

able in laboratories. As always in physics, cosmology also starts from some

basic assumptions. As a first step, we have the following assumptions.

Cosmological Principle:

(1)Isotropy: The visible universe seems the same in all directions around us,

at least if we look out to distances larger than about 300 million light years.

The Isotropy is much more precise in the cosmic microwave background,

which has been traveling to us for about 14 billion years, supporting the

conclusion that the universe at sufficiently large distances is nearly the same

in all directions. Namely, the universe should appear isotropic to observers

throughout the universe.

(2) Homogeneity: “There is no place which is the center of the Universe”.

This is actually a natural extension of Copernicus principle on planet’s or-

bits in the solar system. In cosmology, one can rightly claim that the space

of the Universe is homogenous.

Obviously, both Isotropy and Homogeneity make statistical sense in cos-

mology since we on earth see only one sun and one moon in a particular

direction at a time during the day. The stress energy tensor Tμν that ap-

pear on the right hand side of Einstein equation makes sense statistically.

87
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That is, it should be understood as T̄μν where T̄μν means taking cosmo-

logical average of Tμν . (In contrast, the so-called dark energy , which is

represented by cosmological constant Λ, is a de facto homogeneious distri-

bution. It applies to any region at any length scale). Roughly, Homogene-

ity is valid at the length scale of about 10 Mpc (1Mpc = 3.3 × 106 light

years)[Peebles: RevModPhys]. So cosmology does not apply to small (even

if very large compared with daily life length scale) areas in the universe.

The conventional cosmological metrics such as R-W metric does not apply

to the detailed structure of any small area of the universe, just like ther-

modynamics does not apply to a few molecules (there are no concepts like

pressure for a few molecules). Therefore in principle, local physics such

the energy spectrum of any atom at any specific location in the universe

should depend on the local spacetime structure instead of the cosmological

spacetime .

It should be emphasized that the two assumptions cannot be true to all

observers. They can be reasonably valid only to a special class of observers

since observational results depend on the motion state of the observer, as

has been told in physics and our daily life.

5.1 Robertson–Walker metric

Accepting the two assumptions above, differential geometry then tells us

that the universe is a 4-dimensional spacetime with a 3-dimensional maxi-

mally symmetric space, which has N(N +1)/2 Killing vectors, here N = 3.

We adopt the standard approach to construction of this spacetime. [Wein-

berg:G & C] (In this chapter, we adopt the unit with c = 1 for convenience.)

Hypersphere:

Maximally symmetric spaces can be obtained by any construction due the

uniqueness. The simplest way is to consider a hypersphere embedded in a

larger space. Let’s consider the 4-dimensional Euclidean space

dσ2 = (dy)2 + δijdx
idxj , (5.1)

in which a 3-dimensional hypersphere is embed:

y2 + δijx
ixj =

1

K
, (5.2)
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After differentiating both Left Hand Side (LHS) and RHS of Eq.(5.2), we

have

dy = −δijx
idxj

y
(5.3)

Hence

(dy)2 =
(δijx

idxj)2

1
K − δijxixj

=
K(δijx

idxj)2

1−Kδijxixj
, (5.4)

Therefore the line element squared on the hypersphere is

dσ2 =
K(δijx

idxj)2

1−Kδijxixj
+ δijdx

idxj

=
dr2

1−Kr2
+ r2(dθ2 + sin2 θdφ2), (5.5)

where x1 = r sin θ cosφ, x2 = r sin θ sinφ, x3 = r cos θ and r2 = −ηijx
ixj

have been used. Equation (5.5) is the expression of line element of 3-

dimensional hypersphere in sphere coordinates frame. When K > 0, it is

an ordinary hypersphere; when K = 0, it’s a flat plane; and when K < 0,

it’s a 3-dimensional pseudo hypersphere.

Robertson–Walker metric:

The general form of 4-dimensional metric is:

ds2 = g00(dt)
2 + 2g0i(t, x)dtdx

i + gij(t, x)dx
idxj . (5.6)

According to the Cosmological Principle, the evolution of the universe must

be homogenous. Namely the picture of evolution should be same every-

where in the universe. Therefore, an uniform “world time” t must exist,

which characters the evolution itself. Thus, letting t to be the proper time

of co-moving clock located the galaxies, we have

g00 = 1, g0i = 0. (5.7)

Furthermore, the Cosmological Principle also requires that the curvature

of 3-dimensional space K has to be the same everywhere in the universe

though it could be time-dependent. Therefore, the general form of 4-

dimensional metric of the universe is as follows

ds2 = dt2 − a(t)2
[

dr2

1−Kr2
+ r2(dθ2 + sin2 θdφ2)

]
, (5.8)

where a(t) is scale (or expansion) factor, which is independent of the choice

of galaxies. Metric of (5.8) is called Robertson–Walker metric, or Ricci
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Friedmann–Robertson–Walker metric. Since the space coordinates adopted

here are of co-moving coordinates, for convenience of discussions, we can

always adjust r to make K > 0 becoming K = +1, and K < 0 becoming

K = −1. As mentioned previously, the universe is isotropic and homoge-

neous only to a special class of observers. This class of observers are related

by the transformations [Weinberg: G & C] which leave the Robertson–

Walker metric invariant.

Red-shift in cosmology:

Suppose a galaxy emitted a light signal at time te, and it was received

by an observer on the Earth at t0. Later, the galaxy emitted another

signal at te +Δte, and was received by the observer at later time t0 +Δt0.

We are interested in the relationship between Δte and Δt0. Without loss

of generality, suppose the light propagates along radial direction, and the

Earth location is r = 0 and the galaxy is at r = re. From Eq.(5.8), the

light equation ds = 0 reads

dt2 − a(t)2
dr2

1−Kr2
= 0. (5.9)

To the first light signal, we have∫ t0

te

dt

a(t)
=

∫ 0

re

dr√
1−Kr2

. (5.10)

Similarly, to the second signal, the corresponding equation is∫ t0+Δt0

te+Δte

dt

a(t)
=

∫ 0

re

dr

c
√
1−Kr2

, (5.11)

and hence ∫ t0+Δt0

te+Δte

dt

a(t)
=

∫ t0

te

dt

a(t)
. (5.12)

Noting the LHS of Eq.(5.11) is∫ t0+Δt0

te+Δte

dt

a(t)
=

(∫ te

te+Δte

+

∫ t0

te

+

∫ t0+Δt0

t0

)
dt

a(t)
,

Eq.(5.11) becomes ∫ te

te+Δte

dt

a(t)
+

∫ t0+Δt0

t0

dt

a(t)
= 0. (5.13)
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When Δt0 and Δte are very small, Eq.(5.13) indicates that:

Δt0
a(t0)

=
Δte
a(te)

. (5.14)

The Δte and Δt0 in above can be thought as the period of emitted light

τe ≡ 1/νe and the period of received light τ0 ≡ 1/ν0 respectively. Then

from Eq.(5.14) we have

νe
ν0

=
λ0

λe
=

τ0
τe

=
a(t0)

a(te)
, (5.15)

where ν = 1/τ is the frequency, and λ = cτ is the wave length of the light.

This relation can also be obtained via the general discussion on observables

in curved spacetime [Feng]. The definition of frequency-shift z is as follows

z =
λ0 − λe

λe
=

a(t0)

a(te)
− 1. (5.16)

Or

λ0

λe
=

a(t0)

a(te)
. (5.17)

That is, the wave length increases in tandem with the increase of the scale

factor of the universe. To the expansionary universe, the present scale

factor a(t0) ≡ a0 is always larger than the past scale factor a(te) ≡ a(t),

then

z =
a(t0)

a(te)
− 1 ≡ a0

a(t)
− 1 > 0. (5.18)

To this case, z is called red-shift in in cosmology. Equation (5.18) can also

be rewritten in

a(t) =
a0

1 + z
. (5.19)

5.2 Friedmann equation

In the last section, we discussed the general kinematics of cosmology. The

results do not depend on assumptions about the dynamics of the cosmolog-

ical expansion. To go further we now need to apply the gravitational field

equations of Einstein in de Sitter general relativity, with various tentative

assumptions about the cosmic energy density and pressure. The aim of this

section is to determine the scale factor in the Robertson–Walker metric.
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Stress tensor of perfect fluid of the universe:

General relativity is a satisfactory theory of gravitation, correctly predicting

the motions of particles and photons in curved spacetime. But in order to

apply it to the universe, we must make some simplifying assumptions. We

shall grossly idealize the universe, and model it by a simple macroscopic

fluid, devoid of shear-viscous, bulk-viscous, and heat-conductive properties.

Its stress tensor (or energy-momentum tensor) Tμν is then that of a perfect

fluid, so

Tμν = (ρ+ p)uμuν − pgμν , (5.20)

where ρ is its proper density, p is its pressure, uμ is the covariant world ve-

locity of the fluid particles (stars etc.), i.e., uμ = gμνu
ν and uν = {1, 0, 0, 0}.

Substituting Eq.(5.8) into Eq.(5.20), we have

T00 = ρ, (5.21)

T11 =
pa2

1−Kr2
, T22 = pa2r2, T33 = pa2r2 sin2 θ. (5.22)

Friedmann equation:

We firstly consider Λ = 0 case, and re-write the Einstein equation (4.11) as

follows

Rμν = −8πG

(
Tμν − 1

2
Tgμν

)
, (5.23)

where T = T μ
μ = c2(ρ − 3p). If we label our coordinates according to

ct ≡ x0, r ≡ x1, θ ≡ x2, φ ≡ x3, then the nonzero connection coefficients

arisen from Robertson–Walker metric (5.8) are

Γ0
11 = aȧ/(1−Kr2), Γ0

22 = aȧr2, Γ0
33 = aȧr2 sin2 θ,

Γ1
01 = ȧ/a, Γ1

11 = Kr/(1−Kr2), Γ1
22 = −r(1−Kr2),

Γ1
33 = −r(1 −Kr2) sin2 θ, (5.24)

Γ2
02 = ȧ/a, Γ2

12 = 1/r, Γ2
33 = − sin θ cos θ,

Γ3
03 = ȧ/a, Γ3

13 = 1/r, Γ3
23 = cot θ

Feeding the connections into

Rμν ≡ Γσ
μσ,ν − Γσ

μν,σ + Γρ
μσΓ

σ
ρν − Γρ

μνΓ
σ
ρσ
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(Ricci tensor Rμν has been defined in Eq.(2.189)) gives

R00 = 3ä/a

R11 = −(aä+ 2ȧ2 + 2K)/(1−Kr2)

R22 = −r2(aä+ 2ȧ2 + 2K) (5.25)

R33 = −r2 sin2 θ(aä+ 2ȧ2 + 2K)

Rμν = 0, for μ �= ν.

(Note, like common conventions, notation ȧ means da
dt , simple notation “ , ”

means derivative and “ ; ” represents covariant derivative, etc.) Extracting

gμν from the line element (5.8), and using Eq.(5.20), we see that

T00 − 1

2
Tg00 =

1

2
(ρ+ 3p)

T11 − 1

2
Tg11 =

1

2
(ρ− p)a2/(1−Kr2)

T22 − 1

2
Tg22 =

1

2
(ρ− p)a2r2

T33 − 1

2
Tg33 =

1

2
(ρ− p)a2r2 sin2 θ

Tμν − 1

2
Tgμν = 0, for μ �= ν.

So the field equations in the form Eq.(5.23) yield just two equations

ä

a
= −4πG

3
(ρ+ 3p), (5.26)

aä+ 2ȧ2 + 2K = 4πG(ρ− p)a2. (5.27)

The fact that the three (nontrivial) spatial equations are equivalent is es-

sentially due to the Homogeneity and Isotropy of the Robertson–Walker

metric.

Eliminating ä from Eqs.(5.26) and (5.27) gives

ȧ2 =
8πG

3
ρa2 −K. (5.28)

We shall refer to this equation as Friedmann equation which does not de-

pend on p. It is completely cancelled out of this equation.

Furthermore, from Einstein equation (4.11), we have

Gμν + Λgμν = −8πGT μν , (5.29)
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where Gμν ≡ Rμν − 1
2g

μνR is the Einstein tensor. Since Gμν
;μ = 0 and

gμν ;μ = 0, Eq.(5.29) means

T μν
;μ = 0. (5.30)

Equation (5.20) can be re-written in

T μν = (ρ+ p)uμuν − pgμν . (5.31)

Thus Eq.(5.30) indicates

(ρuμ);μu
ν + ρuμuν

;μ + puμ
;μu

ν + puμuν
;μ + p,μu

μuν − p,μg
μν = 0.

(5.32)

Since uνuν = 1, and the differentiation gives

uν
;μuν + uνuν;μ = 0, (5.33)

which implies that uν
;μuν = 0. So contracting Eq.(5.32) with uν

(ρuμ);μ + puμ
;μ = 0. (5.34)

Equation (5.32) therefore simplifies to

(ρ+ p)uν
;μu

μ = (gμν − uμuν)p,μ. (5.35)

The continuity equation (5.34) may be written as

ρ,μu
μ + (ρ+ p)(uμ

,μ + Γμ
νμu

ν) = 0, (5.36)

and with uμ = δμ0 this reduces to

ρ̇+ (ρ+ p)
3ȧ

a
= 0, (5.37)

which does contain the pressure. As for Eq.(5.35), both sides turn out to

be identically zero, and it is automatically satisfied. This means that the

fluid particle (galaxies) follow geodesics, which is as expected since with p

a function of t alone, there is no pressure gradient (i.e., no 3-gradient ∇p)

to push them off geodesics.

System (5.26) and (5.27) is equivalent to system (5.28) and (5.37) since

we can take derivative of (5.28) and obtain (5.26) by using (5.37). We shall

make use of Eqs.(5.34) and (5.37) in the next sections where we discuss the

models of the universe.
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———————–

Exercise

(1) Problem 1, The Robertson–Walker metric with K = 0 is: ds2 = gμνdxμdxν =

dt2 − a(t)2
[
dr2 + r2(dθ2 + sin2 θdφ2)

]
. Labeling the coordinates according to t ≡

x0, r ≡ x1, θ ≡ x2, φ ≡ x3, please derive the all nonzero connection coefficients

arisen from that Robertson–Walker metric.

(2) Problem 2, By means of results in Problem 1, derive Ricci tensor Rμν and scalar

curvature Rμν .

5.3 The Friedmann models

If the universe is matter-dominated, and then the pressure is negligible

when compared with the density. The standard Friedmann models arose

from setting p = 0. With this as an input, and substituting p = 0 into

Eq.(5.37), we obtain an integral of this differential equation:

ρa3 = Constant. (5.38)

As we shall see, this leads to three possible models, each of which has

a(t) = 0 at some point in time, and it is natural to take this point as the

origin of t, so that a(0) = 0, and t is then the age of the universe. Let us

use a subscript zero to denote present-day values of quantities, so that t0

is the present age of the universe, and a0 ≡ a(t0) and ρ0 ≡ ρ(t0) are the

present-day values of a and ρ. We may then write Eq.(5.38) as

ρa3 = ρ0a
3
0. (5.39)

The Friedmann equation (5.28) then becomes

ȧ2 +K =
A2

a
, (5.40)

where A2 ≡ 8πGρ0a
3
0/3 (A > 0). Hubble’s “constant” H(t) is defined by

H(t) ≡ ȧ(t)

a(t)
, (5.41)

and we denote its present-day value by H0 ≡ H(t0), which is determined

by the astronomic observation data. To take account of the remaining

uncertainty in that Hubble’s constant, it is conventional to write

H0 = 100 h kms−1Mpc−1, (5.42)
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with the dimensionless parameter h assumed to be in the neighborhood of

0.7. This corresponds to a Hubble time

1/H0 = 9.778× 109 h−1 years. (5.43)

Equation (5.28) gives

K

a20
=

8πGρ0
3

−H2
0 =

8πG

3

(
ρ0 − 3H2

0

8πG

)
. (5.44)

Hence K > 0, K = 0, or K < 0 as ρ0 > ρc, ρ0 = ρc, or ρ0 < ρc respectively,

where ρc is a critic density given by

ρc ≡ 3H2
0

8πG
= 1.878× 10−29 h2 g/cm

3
. (5.45)

The deceleration parameter q0 is defined to be the present-day value of

−aä/ȧ2. Using Eq.(5.26) (with p = 0) and (5.27) gives

q0 =
4πGρ0
3H2

0

=
ρ0
2ρc

. (5.46)

The three Friedmann models arise from integrating Eq.(5.40) for the pos-

sible values of K: K = 0, ±1.

(i) Flat model. K = 0: hence ρ0 = ρc, q0 = 1/2.

Equation (5.40) gives

da(t)

dt
=

A√
a(t)

,

and integrating gives

a(t) = (3A/2)2/3t2/3. (5.47)

This model is also known as the Einstein–de Sitter model, since it was

firstly suggested by Einstein and de Sitter in 1932. Note that ȧ(t) → 0 as

t → ∞.

(ii) Closed model. K = 1: hence ρ0 > ρc, q0 > 1/2.

Equation (5.40) gives

da(t)

dt
=

√
A2 − a(t)

a(t)
,

so

t =

∫ a(t)

0

√
a

A2 − a
da (5.48)
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Putting a ≡ A2 sin2(ψ/2) gives

t = A2

∫ ψ

0

sin2(ψ/2)dψ =
1

2
A2

∫ ψ

0

(1− cosψ)dψ =
1

2
A2(ψ − sinψ).

So

a(t) =
1

2
A2(1− cosψ), t =

1

2
A2(ψ − sinψ), (5.49)

and these two equations give a(t) via parameter ψ.

(iii) Open model. K = −1: hence ρ0 < ρc, q0 < 1/2.

Equation (5.40) gives

da(t)

dt
=

√
A2 + a(t)

a(t)
,

so

t =

∫ a(t)

0

√
a

A2 + a
da

Putting a ≡ A2 sinh2(ψ/2) gives

t = A2

∫ ψ

0

sinh2(ψ/2)dψ =
1

2
A2

∫ ψ

0

(coshψ − 1)dψ =
1

2
A2(sinhψ − ψ).

So

a(t) =
1

2
A2(coshψ − 1), t =

1

2
A2(sinhψ − 1), (5.50)

and these two equations give a(t) via parameter ψ. Note that ȧ(t) → 1 as

ψ (and hence t)→ ∞.

5.4 ΛCDM model

In last section, the standard Friedmann universe models for non-relativistic

matter arise from setting p = 0 which leads to

ρa3 = constant. (5.51)

These discussions can be extended to relativistic matter models. For the

relativistic-matter in the radiation dominating universe, p–ρ relation should

be1

p = ρ/3. (5.52)
1see, e.g., L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, (Translated

from Russian by M. Hamermesh), Pergamon Press, Oxford (1987), pp.87, Eq.(35.8) in

Section 35. [Landau, Lifshitz (1987)].
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Similar to the derivation of Eq.(5.38), we substitute Eq.(5.52) into Eq.(5.37)

and obtain an integral of this differential equation:

ρa4 = constant, (5.53)

which leads the quantity ρa2 in RHS of Friedmann equation (5.28) to grow

as a−2 as a → 0.

There is a peculiar aspect to these results. The contribution of non-

relativistic and relativistic matter to the quantity ρa2 in Eq.(5.28) grows

as a−1 and a−2, respectively, as a → 0, so at sufficiently early times in the

expansion we may certainly neglect the constant K, and Eq.(5.28) gives

ȧ2

a2
→ 8πGρ

3
. (5.54)

That is, at these early times the density becomes essentially equal to the

critical density 3H2/8πG, where H = ȧ/a is the value of the Hubble “con-

stant” at those times. On the other hand, we will see later that the total

energy density of present universe is still a fair fraction of the critical den-

sity. This is sometimes called the flatness problem.

The simplest solution to the flatness problem is just that we are in a

spatially flat universe, in which K = 0 and ρ may be is always precisely

equal to ρc. A more popular solution is provided by the so called “infla-

tionary theories”2. In these theories K may not vanish, and ρ may not

start out close to ρc, but there is an early period of rapid growth in which

ρ/ρc rapidly approaches unity. Inflationary theories do not require that ρ

should now be very close to ρc hence K can be different from zero.

For K = 0 we get very simple solutions to Eq.(5.28) in the three special

cases listed as follows:

Non-relativistic matter: Here ρ = ρ0(a/a0)
−3. The solution of Eq.(5.28)

has already been shown in Eq.(5.47), which is

a(t) ∝ t2/3. (5.55)

This gives q0 ≡ −aä/ȧ2 = 1/2. and simple relation between the age of the

universe and the Hubble constant

t0 =
2

3H0
= 6.52× 109 h−1 yr. (5.56)

2see, e.g. S. Weinberg, Cosmology, (2008), Chapter 4. [Weinberg (1980)]
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Equations (5.55) and (5.26) show that for K = 0, the energy density at

time t is ρ = 1/(6πGt2). This is known as the Einstein–de Sitter model. It

was for many years the most popular cosmological model, though the age

(5.56) is uncomfortably short compared with the ages of certain stars.

Relativistic matter: From Eq.(5.53), we have ρ = ρ0(a/a0)
−4. And the

solution of Eq.(5.28) with K = 0 is

a(t) ∝
√
t. (5.57)

This gives q0 = +1, while the age of the universe and the Hubble constant

are related by

t0 =
1

2H0
. (5.58)

The energy density at time t is ρ = 3/(32πGt2).

Vacuum energy (or dark energy): In the E-SR, the Lorentz invariance

requires that in locally inertial coordinate systems the energy-momentum

tensor T μν
(v) of the vacuum must be proportional to the Minkowski metric

ημν , and so in general coordinate systems T μν
(v) must be proportional to gμν .

Comparing this with Eq.(5.31) shows that the vacuum has p(v) = −ρ(v),

so that T μν
(v) = ρ(v)g

μν . Usually, the vacuum energy density ρ(v) is also

called the dark energy density. In the absence of any other form of energy

this would satisfy the conservation law 0 = T μν
(v);μ = gμν∂ρ(v)/∂x

μ, so that

ρ(v) would be a constant of spacetime position. Equation (5.28) for K = 0

requires that ρ(v) > 0, and has the solutions

a(t) ∝ exp(Ht), (5.59)

where H is Hubble constant, now really a constant, given by

H =

√
8πGρ(v)

3
. (5.60)

Here q0 = −1, and the age of the universe in this case is infinite. This is

known as the de Sitter model [de Sitter (1917)]. Of course, there is some

matter in the universe, so even if the energy density of the universe is now

dominated by the constant vacuum energy density, there was a time in

the past when matter and/or radiation were more important, and so the

expansion has a finite age, although greater than it would be without a

vacuum energy.
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More generally, ρ is a mixture of vacuum energy and relativistic and

non-relativistic matter et al., i.e.

ρ =
∑
i

ρi = ρΛ + ρM + ρR. (5.61)

Then Eq.(5.28) can be expressed as

H2(a) = H2
0

∑
i

ρi(a)

ρc
− K

a2
. (5.62)

Letting

Ωi =
ρi(a0)

ρc
, ΩK = − K

a20H
2
0

, (5.63)

then

H2(a) = H2
0

[∑
i

Ωi
ρi(a)

ρi(a0)
+ ΩK

a20
a2
]
. (5.64)

Using the local energy conservation law

ρ̇i = −3
ȧ

a
(ρi + pi), (5.65)

and the equation of state of matter (wM = 0, wR = 1/3, wΛ = −1),

pi = wiρi, (5.66)

we have

ρi = Cia
−3(1+wi). (5.67)

Hence

ρi(a)

ρi(a0)
= (

a0
a
)3(1+wi). (5.68)

Thus

H2(a) = H2
0

[∑
i

Ωi(
a0
a
)3(1+wi) +ΩK

a20
a2
]
, (5.69)

and ∑
i

Ωi +ΩK = 1. (5.70)

Explicitly, we have

ρ =
3H2

0

8πG

[
ΩΛ +ΩM

(a0
a

)3

+ΩR

(a0
a

)4
]
, (5.71)
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In terms of Ω’s, we can express the present energy densities for the vacuum,

non-relativistic matter, and relativistic matter (i.e., radiation) as

ρΛ =
3H2

0ΩΛ

8πG
, ρM =

3H2
0ΩM

8πG
, ρR =

3H2
0ΩR

8πG
, (5.72)

respectively.

We can establish a relationship between redshift and time elapse of

photon propagation. Since

1 + z =
a(t0)

a(t)
, (5.73)

we have

H2(a) = H2
0E

2(z), (5.74)

where

E2(z) =
∑
i

Ωi(1 + z)3(1+wi) +ΩK(1 + z)2. (5.75)

Using the relation

dt =
da

ȧ
, (5.76)

the time elapse is then

t =

∫
da

ȧ
=

∫
a

ȧ

da

a
= H−1

0

∫
1

E(z)

da

a
= H−1

0

∫ −dz

E(z)(1 + z)
. (5.77)

Defining x ≡ a/a0 = 1/(1 + z), we have then

dt=
dx

H0x
√
ΩΛ +ΩKx−2 +ΩMx−3 +ΩRx−4

=
−dz

H0(1 + z)
√
ΩΛ +ΩK(1 + z)2 +ΩM(1 + z)3 +ΩR(1 + z)4

. (5.78)

Therefore, if we define the zero of time as corresponding to an infinite

redshift, then the time at which light was emitted that reaches us with

redshift z is given by

t(z) =
1

H0

∫ 1/(1+z)

0

dx

x
√
ΩΛ +ΩKx−2 +ΩMx−3 +ΩRx−4

=
1

H0

∫ ∞

z

dz′

(1 + z′)
√

ΩΛ + ΩK(1 + z′)2 +ΩM(1 + z′)3 +ΩR(1 + z′)4
.

(5.79)
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In particular, by setting z = 0, we find the present age of the universe:

t0 =
1

H0

∫ 1

0

dx

x
√
ΩΛ +ΩKx−2 +ΩMx−3 +ΩRx−4

. (5.80)

It is of some interest to express the deceleration parameter q0 in terms of

Ωs. Equation (5.72) gives the present pressure as

p0 =
3H2

0

8πG

(
−ΩΛ +

1

3
ΩR

)
. (5.81)

Then, Eqs.(5.26), (5.41) with p0 in Eq.(5.81) give the deceleration

q0 ≡ −a0ä0/ȧ
2
0 =

4πG(ρ0 + 3p0)

3H2
0

=
1

2
(ΩM − 2ΩΛ + 2ΩR). (5.82)

Finally, we show the formula of the luminosity distance dL(z) of a source

observed with redshift z without derivations. For K = 0, and hence ΩK =

0, the formula is

dL(z) =
1 + z

H0

∫ 1

1/(1+z)

dx

x2
√
ΩΛ +ΩMx−3 +ΩRx−4

. (5.83)

One of the interesting questions is whether the ongoing expanding of

our universe will ever stop. In this case, we have Eq.(5.28)

8πG

3
ρa2 −K = 0. (5.84)

Obviously, we should have K = 1. Using Eq.(5.69), we have∑
i

Ωi(
a0
a
)3(1+wi) +ΩK

a20
a2

= 0, (5.85)

or

ΩΛ +ΩM(
a0
a
)3 +ΩR(

a0
a
)4 +ΩK(

a0
a
)2 = 0. (5.86)

We thus can claim that if the equation

ΩΛ +ΩMx3 +ΩRx
4 +ΩKx2 = 0, (5.87)

has solution in (0,1), the expanding will stop sometime in the future. Due to

Eq.(5.70), the left hand side of Eq.(5.87) is 1 for x = 1. If ΩΛ < 0, for small

enough x, the expression will become negative. Hence there must exist

some x ∈ (0, 1) such that Eq.(5.87) holds. Even if Ω > 0, for sufficiently

negative ΩK , Eq.(5.87) can still admit a solution in (0,1) since the l.h.s.

expression ≈ ΩΛ +ΩKx2 for small x.
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5.5 Accelerated expansion

We now turn to the measurement of distances as a function of redshift.

Considering now redshifts z > 0.1, which are large enough so that we can

ignore the peculiar motions of the light sources, and also large enough so

that we need to take into account the effects of cosmological expansion on

distance determination.

For quite many years, the brightest galaxies in rich clusters were used

as the “standard candles” in cosmological distance determination. Due

to several issues of this method, Type Ia supernovae are used (for review,

see [Perlmutter,Schmidt (2003)] [Ruiz-Lapuente (2004)] [Filippenko (2004)]

[Panagia (2005)]). Using Type Ia supernovae as distance indicator has sev-

eral advantages over brightest galaxies. First, they are very bright. Sec-

ond,the absolute luminosity of Type Ia supernovae can be determined more

reliably. Observations of Type Ia supernovae have been compared with

theoretical prediction (equivalent to Eq.(5.83)) for luminosity distance as a

function of redshift at about the same time by two groups: The Supernova

Cosmology Project [Perlmutter, S (1999)] and the high-z Supernova Search

Team [Riess, et al. (1998)] [Schmidt (1998)]. The Supernova Cosmology

Project analyzed the relation between apparent luminosity and reshift for

42 Type Ia supernovae, with redshifts z ranging from 0.18 to 0.83, together

with a set of closer supernovae from another supernova survey, at redshift

below 0.1. Their original results are shown in Fig.5.1.

With a confidence level of 99%, the data confirm that ΩΛ > 0. For a

flat cosmology with ΩK = ΩR = 0, so that ΩΛ+ΩNR = 1, the data indicate

a value

ΩM = 0.28+0.09
−0.08 (1σ statistical)+0.05

−0.04 (identified systematics). (5.88)

And then we have

ΩΛ = 1− ΩM ≈ 0.72+0.12
−0.14. (5.89)

(These results are independent of the Hubble constant or the absolute cal-

ibration of the relation between supernova absolute luminosity and time

scale, though they do depend on the shape of this relation.) This gives the

age (5.80) as

t0 = 13.4+1.3
−1.0 × 109

(
70 km s−1 Mpc−1

H0

)
yr. (5.90)
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Substituting Eqs.(5.88) and (5.89) into Eq.(5.82) gives the deceleration fac-

tor

q0 ≡ −a0ä0/ȧ
2
0 
 1

2
(ΩM − 2ΩΛ) ≈ −0.64+0.14

−0.12 < 0, (5.91)

which indicates that the present universe is in accelerated expansion.

Fig. 5.1 Evidence for dark energy , found in 1998 by the Supernova Cosmology Project,

from S. Perlmutter et al., Astrophys. J. 517, 565 (1999) [astro-ph/9812133]. Here the

effective blue apparent magnitude (corrected for variations in absolute magnitude, as in-

dicated by supernova light curves) are plotted versus redshift for 42 high redshift Type Ia

supernovae observed by the Supernova Cosmology Project, along with 18 lower redshift

Type Ia supernovae from the CalxA8xA2nxA8CTololo Supernovae Survey. Horizontal

bars indicate the uncertainty in cosmological redshift due to an assumed peculiar veloc-

ity uncertainty of 300 km sec.1. Dashed and solid curves give the theoretical effective

apparent luminosities for cosmological models with ΩK = 0 or ΩΛ = 0, respectively, and

various possible values of ΩM.

5.6 Cosmological constant

Once upon a time, Einstein considered his introduction of cosmological

constant Λ into his equation his biggest mistake. Yet, the constant seems

a necessity based on cosmological observations as of today. There was

not even quantum mechanics at the time Einstein proposed his theory of
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general relativity. We now know that each type of quanta contributes to

vacuum from the point of view of quantum field theory. Take an oscillator

for instance, due to Heisenberg’s uncertainty principle, momentum and

displacement cannot be both zero at the same time. Hence the energy of an

oscillator cannot be zero. Because of requirement of Lorentz invariance, the

stress-energy tensor must be of the form const· ημν . Therefore, if we express
the total energy momentum tensor Tμν as the sum of a possible vacuum

term −ρvacgμν and a term TM
μν arising from matter (including radiation),

then the Einstein equations of the de Sitter invariant general relativity

(4.11) take the form

Rμν − 1

2
gμνR+ Λgμν = −8πGTM

μν − 8πGρvacgμν , (5.92)

where Λ is originally introduced by Einstein in 1917, and serves as a univer-

sal constant in physics. We call it the geometrical cosmological constant (or

Einstein cosmological constant) hereafter. Equation (8.21) can be rewritten

in form as follows

Rμν − 1

2
gμνR = −8πGTM

μν − 8πGρeffgμν , (5.93)

in which

ρeff = ρvac +
Λ

8πG
≡ Λeff

8πG
,

with Λeff = Λ+ 8πGρvac = Λ+ Λdark energy, (5.94)

where the fact that ρvac is the dark energy density has been used, so

Λdark energy = 8πGρvac. The effective cosmological constant Λeff instead

of Λdark energy (or ρvac) is the quantity that one can observe and estimate

in testing accelerated expansion of the Universe. The cosmological con-

stant problem which has perplexed physics community for decades is that

the limit of Λeff deduced from observation data is much smaller (less than

10−120) than the contributions calculated from various quantum field the-

ories. This puzzle is open until now.

As discussed previously, cosmological observations have confirmed that

Λeff > 0. Recent WMAP data [Jarosik, et al. (2011)] show that the result

is:

Λeff 
 1.26× 10−56 cm−2. (5.95)
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Therefore, for the dark energy, Eq.(5.94) gives [Yan, Hu, Huang (2012)]

Λdark energy = Λeff − Λ = Λeff

(
1− 3

R2Λeff

)
< Λeff , (5.96)

where the universal parameter Λ = 3/R2 in the de Sitter Invariant Special

Relativity (dS-SR) were used. The parameter R could in principle be de-

termined in the framework of dS-SR, for instance, in a reference [Yan, Xiao,

Huang, Hu (2012)] R was estimated to be ∼ 1030 cm, then (5.96) becomes

Λdark energy = Λeff(1 −O(10−4)). (5.97)

which implies that the dark-energy-cosmological constant is much more

important than the Einstein Λ.

It is essential that the observation result of Λeff > 0 (Eq.(5.95)) does not

indicates Einstein Λ (or geometric cosmological constant) must be positive.

To Anti de Sitter symmetry case, we have Λ < 0. Now, Eq.(5.96) becomes

Λdark energy = Λeff + |Λ| = Λeff

(
1 +

3

|R2|Λeff

)
> Λeff , (5.98)

where R2 < 0 is the universal parameter in the Anti de Sitter Invariant

Special Relativity (AdS-SR). Both dS-SR and AdS-SR are ambiguity-free

at the classical and quantum mechanics level.

In terms of the method described in Chapter 4, the AdS-SR (or AdS-

symmetry) could be localized, and then the Anti de Sitter General Relativ-

ity (AdS-GR) can be constructed. Thus, in principle, the AdS Quantum

Gravity could be discussed. It has been argued that AdS Quantum Gravity

seems to be more consistent than dS Quantum Gravity [Witten (2001)].

 



Chapter 6

Relativistic Quantum Mechanics for

de Sitter Invariant Special Relativity

In this chapter, we turn to discussion the quantization of the de Sitter

invariant special relativistic mechanics described in Chapter 3. The unit

system used below is the same as that chapter, i.e., c ≡ 299 792 458 m s−1.

6.1 Quantization of the de Sitter invariant special

relativistic mechanics

Lagrangian-Hamiltonian formulation of mechanics is the foundation of

quantization. When the classical Poisson Brackets of canonical coordinates

and canonical momenta become operator’s commutators, i.e., {x, π}PB ⇒
1
i� [x, π̂], the classical mechanics will be quantized. In this way, for in-

stance, the ordinary relativistic one-particle quantum equations have been

derived (see Section 2.7). For particles with spin-0, that is just the well-

known Klein-Gordon equation. In Section 3.6, the Hamilton and canonical

momenta for de Sitter invariant special relativistic mechanics have been

achieved. By means of the canonical quantization method described in

Section 2.4, we shall accomplish the quantization of the de Sitter invariant

special relativistic mechanics in this section.

In the canonical quantization formalism for special relativistic mechan-

ics, the canonical variable operators are xi, π̂i with i = 1, 2, 3, and the

basic commutators are:

[xi, π̂j ] = i�δij , [π̂i, π̂j ] = 0, [xi, xj ] = 0. (6.1)

(see Eqs.(2.32), (2.106), and (3.141)). In 4-dimensional spacetime, the

Hamiltonian operator ĤcR ≡ −cπ̂0 represents the generator of time

107
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evolution, i.e.,

[t, ĤcR] = −i� , or [x0, π̂0] = i� . (6.2)

As we did in Section 2.7, the commutators (6.1) can be written in a 4-vector

form: (see Eq.(2.111))

[xμ, π̂ν ] = i�δμν , [xμ, xν ] = 0, [π̂μ, π̂ν ] = 0. (6.3)

These 4-dimensional canonical commutation relations could be used to

quantize both the mechanics of E-SR and the mechanics of dS-SR. Equa-

tion (6.3) is called covariant Heisenberg algebra and serves as a basis of

covariant quantization for special relativistic mechanics.

Distinguished from the Hamiltonian operator of E-SR (2.29), the Hamil-

tonian operator ĤdS(π̂,x) is π̂-x ordering dependent (see Eq.(3.130)). Since

π̂-x is non-commutative, the form of operator ĤdS(π̂,x) cannot be deter-

mined uniquely from the HdS(π,x)-function (3.130). For instance, two

quantum mechanical Hamiltonian can be proposed based on the same clas-

sical functional expression Eq.(3.130)

(1)HdS(π,x)

≡ 1

2B00(x)

{
2cB0i(x)πi± c

√
4(B0i(x)πi)2−4B00(x)(Bij(x)πiπj −m2c2)

}
or

(2)HdS(π,x)

≡ 1

2B00(x)

{
2cπiB

0i(x)± c
√

4(πiB0i(x))2−4B00(x)(πiBij(x)πj −m2c2)

}
.

The operators (1)ĤdS(π̂,x) and (2)ĤdS(π̂,x) are generally different, i.e.,
(1)ĤdS(π̂,x) �=(2)ĤdS(π̂,x), since the orderings of π̂-x in (1)ĤdS(π̂,x) and

in (2)ĤdS(π̂,x) are different and [π̂i, x
j ] �= 0. This π-x ordering dependent

property can always be used to construct an appropriate ĤdS(π̂,x) based

on (3.130) so that [ĤdS(π̂,x), π̂i] = 0, or equivalently

[π̂0, π̂i] = 0, (6.4)

where ĤdS(π̂,x) = −cπ̂0 was used. Equation (8.133) is just required by the

last equation of (6.3).

The general solution to Eq.(6.3) is

πμ = −i�∂μ + (∂μG(t,x)), (6.5)
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where G(t,x) is a function of t and xi, and hereafter the hat notations

for operators are removed for simplicity. Generally, the most symmetrical

ordering (i.e., Weyl ordering) is favored for realistic quantization scheme.

For dS-SR, we prefer the quantization scheme that protects the de Sitter

symmetry SO(1, 4) . This requirement will help fix the function G(t,x)

in Eq.(6.5). By this consideration, we take (see, e.g., pp.29-44 in [Kleinert

(1990)])

πμ = −i�D́μ = −i�(∂μ +
Γμ

2
) = −i�(−B)−

1
4 ∂μ(−B)

1
4 , (6.6)

where B = det(Bμν) and Γμ = Γν
μν . Equation (6.6) indicates G(t,x) =

−i� log(−B)
1
4 . In contrast to the ordinary quantization theories in curved

space only1, our treatment presented here is suitable for the theories in

generic curved space-time, in which the 4-dimensional metric is time- and

space-dependent. The classical dispersion relation (3.129) can be rewrit-

ten in symmetric version (−B)−
1
4πμ(−B)

1
4Bμν(−B)

1
4 πν(−B)−

1
4 = m2c2.

Then the one particle de Sitter invariant special relativistic wave equation

reads

(−B)−
1
4 πμ(−B)

1
4Bμν(−B)

1
4 πν(−B)−

1
4φ(x, t) = m2c2φ(x, t) , (6.7)

where φ(x, t) is the particle’s wave function. Substituting Eq.(6.6) into

Eq.(6.7), we have

1√−B
∂μ(B

μν
√
−B∂ν)φ+

m2c2

�2
φ = 0, (6.8)

which is just the Klein-Gordon equation in curved space-time with Beltrami

metric Bμν . Its explicit form is

(ημν − xμxν

R2
)∂μ∂νφ− 2

xμ

R2
∂μφ+

m2c2

�2σ(x)
φ = 0, (6.9)

which is the desired de Sitter invariant special relativistic quantum me-

chanical equation for free particle.

We should note the following:

(i) Substituting Eq.(6.6) into Eq.(3.147), we obtain the physical mo-

mentum and energy operators

pμ = i�[(ημν − xμxν

R2
)∂ν +

5xμ

2R2
]. (6.10)
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pμ together with operator Lμν = (xμpν−xνpμ)/i� form a algebra as follows

[pμ, pν ] =
�
2

R2
Lμν

[Lμν , pρ] = ηνρpμ − ημρpν (6.11)

[Lμν , Lρσ] = ηνρLμσ − ηνσLμρ + ημσLνρ − ημρLνσ

which is just the de-Sitter algebra SO(1,4). This fact means that the quan-

tization scheme presented in above preserves the external space-time sym-

metry of dS-SR.

(ii) The wave function φ(x) of the wave equation (6.7) could be thought

as a scalar field φ(x), and then Eq.(6.7) could be obtained by means of the

least action principle with a action A:

A =

∫
d4x

√
−BBμν∂μφ∂νφ. (6.12)

Namely, Eq.(6.7) can be derived from δA = 0. This method for deriving

wave equations can be called field-action method. In the following section

we shall derive the Dirac equation in Beltrami spacetime by way of the

field-action method.

6.2 Dirac equation in Beltrami spacetime

6.2.1 Introduction

In the last section we proved that the wave equation for spin-zero particles

in the de Sitter invariant special relativistic quantum mechanics is the stan-

dard Klein-Gordon equation in the Beltrami spacetime B, i.e., the curved

spacetime with Beltrami metric Bμν . Hence, the wave equation for spin-1/2

particle is expected to be Dirac equation in the curved Beltrami spacetime

B.
Historically (see, e.g., [Nieh, Yan (1982)]), the generalization of Dirac’s

equation in curved space (see, e.g., [Brill, Brill (1957)]) took two different

approaches. One might call them the Dirac approach and the Cartan ap-

proach. As we recall, the Dirac equation (in flat space) was discovered by

Dirac [Dirac (1928)] on basis of linearity and relativistic covariance require-

ments, without emphasizing the geometrical nature of the object involved.

It was only later on, through the work of van der Waeden [van der Waerden
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(1929)], related to Cartan’s spinor (see, e.g., [Cartan (1966)]) with well-

defined geometrical meaning. For generalizing to the case of curved space,

Schrödinger [Schrödinger (1932)], Bargmann [Bargmann (1932)] and others

adopted the approach of a formal generalization of the Dirac equation im-

posing the requirement of general covariance. This is the spirit of Dirac’s

original derivation of his equation, and we label it as the Dirac approach.

In the author’s point of view, Weyl [Weyl (1929)] [Duan (1958)] [Kibble,

B.W.T. (1961)]-Fock [Fock (1929)] [Utiyama, R. (1956)] approach is more

fundamental. It is especially remarkable that Weyl’s work was based on

the idea of gauge principle. We shall outline Weyl’s approach in following

subsection.

6.2.2 Weyl’s approach

While the Dirac spinor is a (two-valued) representation of the Lorentz group

SO(3, 1), there does not exist a spinor generalization for the group GL(4)

of the general coordinate transformations. In a curved space, a Dirac spinor

can only be defined with respect to local Cartesian frame, which is arbitrary

up to local Lorentz transformations. A connection field is thus needed to

relate spinors at different spacetime points so that covariant differentials can

be defined. Under local Lorentz transformations of the Cartesian frame,

which is represented by the four orthonormal vectors eaμ(x), the Dirac

spinor transforms according to

ψ(x) → e−iεabσab/4ψ(x), (6.13)

where

σab =
i

2
[γa, γb], {γa, γb} = 2ηab, ηab = {1,−1,−1,−1}. (6.14)

The connection field ωab
μ(x) is introduced such that

Dμψ ≡
(
∂μ − i

1

4
ωab

μ(x)σab

)
ψ, (6.15)

transforms in a covariant way:

Dμψ(x) → e−iεab(x)σab/4Dμψ(x). (6.16)

This requires that the connection field ωab
μ(x) transforms according to

ωμ → ω′
μ = e−iε(x)ωμe

iε(x) −
[
i∂μe

−iε(x)
]
eiε(x) (6.17)

 



112 De Sitter Invariant Special Relativity

where

ωμ ≡ 1

4
σabω

ab
μ, ε(x) ≡ σabε

ab(x). (6.18)

This is essentially what is contained in Weyl’s work8, here rephrased in

modern notations. It is seen that the whole approach is that of a gauge

theory that has been described in Section 2.8. The connection field ωab
μ is

the gauge potential.

With the introduction of the vielbein field eaμ(x) and the Lorentz spin-

connection field ωab
μ(x), one can make use of the covariant derivative de-

fined by Eq.(6.15) to construct the following scalar combination

ψ̄iγae μ
a Dμψ, (6.19)

where γa is the flat-space Dirac matrices satisfying Eq.(6.13), and e μ
a is

the inverse of eaμ given by:

e μ
a ea

′

μ = δa
′

a . (6.20)

The combination (6.18) is, however, not Hermitian, and its Hermitian ad-

joint should be added. The action for a Dirac field in the background of

eaμ(x) and ωab
μ(x) is thus of the Hermitian form

A =

∫
d4xh

[
1

2
(ψ̄iγae μ

a Dμψ − ψ̄ Dμiγ
ae μ

a ψ)− mc

�
ψ̄ψ

]
, (6.21)

where

Dμ =
→
∂ μ − i

1

4
σabω

ab
μ, Dμ =

←−
∂ μ + i

1

4
σabω

ab
μ, (6.22)

and

h = det eaμ. (6.23)

The Lagrangian in Eq.(6.21) is invariant under general coordinate transfor-

mations.

Define the metric tensor by

gμν = ηabe
a
μe

b
ν , (6.24)

and the GL(4) connection by (see, e.g., [Nieh (1980)])

Γλ
μν ≡ e λ

a

(
eaμ,ν + ωa

bνe
b
μ

)
. (6.25)
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We further define covariant derivatives respect to both local Lorentz trans-

formations and general coordinate transformations, such as

χ λ
a ;μ ≡ χ λ

a ,μ − ωb
aμχ

λ
b + Γλ

νμχ
ν
a ,

χa
ν;μ ≡ χa

ν,μ + ωa
bμχ

b
ν − Γλ

νμχ
a
λ. (6.26)

It can be easily verified that

eaμ;ν = 0, e μ
a ;ν = 0, (6.27)

and consequently

gμν;λ = 0, gμν;λ = 0. (6.28)

The connection Γλ
μν as defined by Eq.(6.25) is in general not symmetric:

Γλ
μν �= Γλ

νμ, (6.29)

giving rise to torsion:

Cλ
μν ≡ Γλ

μν − Γλ
νμ. (6.30)

In the presence of torsion, the relations (6.28) imply a relation that is a

generalization of usual expression for the Christoffel connection:

Γλ
μν =

1

2
gλρ(gρμ,ν + gρν,μ − gμν,ρ) + Y λ

μν , (6.31)

where the contorsion Y λ
μν is given by

Y λ
μν ≡ 1

2
(Cλ

μν + C λ
μν + C λ

νμ ). (6.32)

We are ready to derive Dirac equation in a curved Riemann-Cartan

space. The Euler-Lagrange equation for Dirac field that follows from the

action (6.21) is

1

2
hiγae μ

a Dμψ +
1

2
(∂μ − i

1

4
σcdω

cd
μ)(hiγ

ae μ
a ψ)− mc

�
ψ = 0, (6.33)

which, on account of

∂μ(he
μ
a ) = h(h−1h,a + e μ

a ,μ)

= h(e μ
a ,μ + Cλ

λμe
μ
a + ωb

aμe
μ
b ),

can be written in the form[
iγae μ

a

(
Dμ +

1

2
Cλ

λμ

)
− mc

�

]
ψ = 0, (6.34)
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where

Dμ = ∂μ − i
1

4
σabω

ab
μ . (6.35)

For our purpose, we are interested in the Dirac equation in the torsion-

free curved Riemann space. In this case, the torsion vanishes, and we have

Cλ
μν ≡ Γλ

μν − Γλ
νμ = 0, (6.36)

and then the connection Γλ
μν reduces to the usual Christoffel symbol (2.181).

The Dirac equation (6.34) reduces to the following:[
iγae μ

a Dμ − mc

�

]
ψ = 0, (6.37)

or more explicitly[
iγae μ

a

(
∂μ − i

1

4
ωab

μσab

)
− mc

�

]
ψ = 0, (6.38)

where the Ricci coefficients ωabμ can be derived from Eqs.(6.24), (6.25) and

(2.181):

ωabμ =
1

2
ecμ(γcab − γabc − γbca), (6.39)

where

γc
ab = (e μ

a e ν
b − e μ

b e ν
a )ecμ,ν . (6.40)

Equation (6.37) is the desired Dirac equation in Riemann spacetime.

6.2.3 Dirac equation in Beltrami spacetime

The relativistic quantum mechanical wave equation for particles with spin-

1/2 is Dirac equation. In the dS-SR, that is the Dirac equation in the

Beltrami spacetime B with metric that we have derived in Section 3.1 (see

Eq.(3.6)):

Bμν(x) =
ημν
σ

+
ημλx

ληνρx
ρ

R2σ2

≡ ημν
σ

+
x̄μx̄ν

R2σ2
, (6.41)

where

x̄μ ≡ ημλx
λ, xλ ≡ x̄λ = ημλx̄μ, (6.42)

σ = σ(x) = 1− ημνx
μxν

R2
= 1− x̄ν x̄

ν

R2
≡ 1− x̄2

R2
, (6.43)
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where the notation

x̄2 ≡ ημνx
μxν = x̄ν x̄

ν , (6.44)

has been used. We introduce two projection operators in spacetime

{x̄μ, ημν}:
θμν = ημν − x̄μx̄ν

x̄2
, ωμν =

x̄μx̄ν

x̄2
. (6.45)

It is easy to check the calculation rules for projection operators:

θμλθ
λ
ν ≡ θμλη

λρθρν = θμν , or in short θ · θ = θ, (6.46)

ωμλω
λ
ν ≡ ωμλη

λρωρν = ωμν , or in short ω · ω = ω, (6.47)

θμλω
λ
ν ≡ θμλη

λρωρν = 0, or in short θ · ω = 0, (6.48)

θμν + ωμν = ημν , or in short θ + ω = I. (6.49)

Since Bμν is a tensor in the spacetime {x̄μ, ημν}, this quantity can be

written from Eq.(6.41) as follows:

Bμν =
1

σ
θμν +

1

σ2
ωμν . (6.50)

Furthermore, by means of BμνBνλ = δμν ≡ ημν and the rules Eqs.(6.45)–

(6.49), the above expression of Bμν lead to:

Bμν = σθμν + σ2ωμν , (6.51)

which is the same as Eq.(3.7).

In the Beltrami spacetime B, the metric is Bμν . Equation (6.24) be-

comes

Bμν = ηabe
a
μe

b
ν . (6.52)

Generally, we have expansion of eaμ:

eaμ = aδaνθ
ν
μ + bδaνω

ν
μ, (6.53)

where a and b are unknown constants. Substituting Eqs.(6.50) and (6.53)

into Eq.(6.52) gives

1

σ
θμν +

1

σ2
ωμν = ηαβ(aθ

α
μ + bωα

μ)(aθ
β
ν + bωβ

ν)

= a2θμν + b2ωμν . (6.54)

Comparing the left side of Eq.(6.54) with the right side and noting θ and

ω being projection operators with properties of Eqs.(6.46)–(6.49), we find

that:

a =

√
1

σ
, b =

1

σ
. (6.55)
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Substituting Eq.(6.55) into Eq.(6.53) gives

eaμ =

√
1

σ
δaνθ

ν
μ +

1

σ
δaνω

ν
μ

=

√
1

σ
δaμ +

(
1

σ
− 1√

σ

)
ημνδ

a
βx

βxν

(1− σ)R2
. (6.56)

With Eqs.(6.20) and (6.52), we have

e μ
a = ebνB

νμηba = δbβ(

√
1

σ
θβ ν +

1

σ
ωβ

ν)(σθ
νμ + σ2ωνμ)ηab

= δνa(
√
σθ μ

ν + σω μ
ν )

=
√
σδμa +

σ −√
σ

1− σ

ηabδ
b
νx

νxμ

R2
, (6.57)

and

eaμ = eaνB
νμ = δaα(

√
1

σ
θαν +

1

σ
ωα

ν)(σθ
νμ + σ2ωνμ)

= δaν (
√
σθνμ + σωνμ)

=
√
σδaνη

νμ +
σ −√

σ

1− σ

δaνx
νxμ

R2
, (6.58)

eaμ = δνa(

√
1

σ
θνμ +

1

σ
ωνμ)

=

√
1

σ
δνaηνμ +

(
1

σ
− 1√

σ

)
ημνδ

λ
aηλβx

βxν

(1 − σ)R2
. (6.59)

To calculate the Ricci coefficients ωabμ of Eq.(6.39), the following for-

mulas are needed:

θαμ,ν = −ηαν ημλx
λ + xαημν

R2(1 − σ)
+

2xα

R2(1− σ)
ωμν ,

ωα
μ,ν = −θαμ,ν =

ηαν ημλx
λ + xαημν

R2(1− σ)
− 2xα

R2(1− σ)
ωμν ,

σ,ν = −2ημνx
μ

R2
.

with which we have
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ecμ,ν = δcα

(√
1

σ
θαμ +

1

σ
ωα

μ

)
,ν

= δcα

(
1

2
√
σ
θαμ +

1

σ
ωα

μ

)
2ηλνx

λ

σR2

+(−δcνημλx
λ − δcαx

αημν + 2δcαx
αωμν)

1

R2(1− σ)

(√
1

σ
− 1

σ

)
.

(6.60)

Now we are ready to derive the Ricci coefficients (or spin connection) ωab
μ.

Substituting Eqs.(6.57) and (6.60) into Eq.(6.40) gives

γc
ab≡(e μ

a e ν
b − e μ

b e ν
a )ecμ,ν

=δαa δ
β
b {(

√
σθ μ

α +σω μ
α )(

√
σθ ν

β +σω ν
β )−(

√
σθ μ

β +σω μ
β )(

√
σθ ν

α +σω ν
α )}

×
{
δcγ

(
1

2
√
σ
θγ μ +

1

σ
ωγ

μ

)
2ηλνx

λ

σR2

+ (−δcνημλx
λ − δcγx

γημν + δcγ2x
γωμν)

1

R2(1 − σ)

(√
1

σ
− 1

σ

)}

=
1

R2(1 +
√
σ)

(ηbdδ
d
γx

γηca − ηadδ
d
γx

γηcb), (6.61)

γcab =
1

R2(1 +
√
σ)

(ηbdδ
d
μx

μηca − ηadδ
d
μx

μηcb). (6.62)

Substituting Eqs.(6.56) and (6.62) into Eq.(6.39) we obtain:

ωabμ≡ 1

2
ecμ(γcab − γabc − γbca)

=δcγ
1

2
(
1√
σ
θγμ+

1

σ
ωγ

μ)
1

R2(1 +
√
σ)

×δdλ(ηcaηdbx
λ − ηcbηdax

λ − ηabηdcx
λ+ηcaηdbx

λ − ηbcηdax
λ+ηbaηdcx

λ)

=
1

R2(1 +
√
σ)
√
σ
δdλ(ηaμηdbx

λ − ηbμηdax
λ), (6.63)

ωab
μ =

1

R2(1 +
√
σ)
√
σ
(δaμδ

b
ν − δbμδ

a
ν )x

ν . (6.64)

By the above formulae, it is straightforward to verify that (see Exercise of

this section):

eaμ;ν = 0, e μ
a ;ν = 0. (6.65)
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We have so far given the explicit expressions of e μ
a and ωab

μ which can be

substituted into the Dirac equation (6.38) in B for practical calculations in

de Sitter invariant relativistic quantum mechanics.

We address that as with the ordinary Dirac equation (2.123) (i�γμ∂μ −
mc)ψ(r, t) = 0 in inertial reference frame, Eqs.(6.38) with (6.57) and (6.64)

is also the Dirac equation in inertial system. But Eq.(2.123) is in flat

spacetime, and Eq.(6.38) is in the spacetime B with a constant curvature.

———————————————————————————

Exercise

Problem 1, To verify

eaμ;ν = 0, e μ
a ;ν = 0. (6.66)

 



Chapter 7

Distant Hydrogen Atom in Cosmology

7.1 Introduction

We have derived the Dirac equation in the Beltrami spacetime in previ-

ous chapter. In this chapter we use that equation to discuss the distant

Hydrogen atom (i.e., one-electron atom) in cosmology.

Physically, the locally inertial coordinate system of the Ricci Friedmann–

Robertson–Walker (RFW) Universe described by ΛCDM model is the Bel-

trami spacetime B in the real world (about meaning of the real world, see:

Eqs.(4.11), (5.8), (5.19), (5.29) and (5.91)). And the quantum mechanics

in the inertial coordinate system is well defined1. Therefore it is a meaning-

ful topic for real world physics to solve the relativistic quantum mechanics

problem of the Hydrogen atom in B.
Existence of local inertial coordinate system is required by the Equiv-

alence Principle. The principle states that experiments in a sufficiently

small falling laboratory, over a sufficiently short time, give results that are

indistinguishable from those of the same experiments in an inertial frame in

empty space of Special Relativity (SR) (see, e.g., pp.119 in [Hartle (2003)]).

Such a sufficiently small falling laboratory, over a sufficiently short time

represents a local inertial coordinates system. This principle suggests that

the local properties of curved spacetime should be indistinguishable from

those of the spacetime with inertial metric of special relativity. A concrete

1To the quantum theory in the no-inertial coordinate system will suffer how to deal

with the ambiguities related to the quantum effects of the inertial forces in such kind of

coordinate systems. In principle the inertial forces are equivalent to the gravities locally,

so the quantum effects of the inertial forces may relate to quantum gravity. However the

quantum gravity theory is not yet completely well defined.

119
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expression of this ideal is the requirement that, given a metric gαβ in one

system of coordinates xα, at each point P of spacetime it is possible to

introduce new coordinates x′α such that

g′αβ(x
′
P ) = inertial metric of SR at x′

P , (7.1)

and the connection at x′
P is the Christoffel symbols deduced from g′αβ(x

′
P ).

In usual Einstein’s general relativity (without Λ), the above expression

is

g′αβ(x
′
P ) = ηαβ , and Γλ

αβ = 0, (7.2)

which satisfies the Einstein equation of the Einstein’s general relativity in

empty space: Gμν = 0.

In de Sitter invariant general relativity (i.e., general relativity with a

Λ), the local inertial coordinate system at x′α
P is characterized by

g′αβ(x
′
P ) = B

(M)
αβ (x′

P ) ≡
ηαβ

σ(x′
P −M)

+
ηαλ(x

′λ
P −Mλ)ηβρ(x

′ρ
P −Mρ)

R2σ(x′
P −M)2

,

(7.3)

Γλ
αβ =

1

R2σ(x′
P −M)

(
δραηβλ(x

′λ
P −Mλ) + δρβηαλ(x

′λ
P −Mλ)

)
, (7.4)

with σ(x′
P −M) = 1− 1

R2
ημν(x

′μ
P −Mμ)(x′ν

P −Mν),

which satisfies the Einstein equation of de Sitter invariant general relativity

in empty spacetime: Gμν +Λgμν = 0 with Λ = 3/R2 (see: Eqs.(3.6)–(3.11),

and (3.165), (3.166)), andMμ is the coordinate of Minkowski point position

in B (see Eq.(3.165)). Such a local inertial coordinate system will be called

the Beltrami local inertial coordinate system.

Generally, almost all laboratory experiments on atomic and particle

physics are in the local inertial coordinate system in our present Universe.

As is well known that it plays an essential role in the quantum physics to

solve Hydrogen problem. Therefore determining the energy level shifts of

a distant Hydrogen atom due to effects arisen with the de Sitter invariant

special relativistic quantum mechanics will be meaningful to the cosmol-

ogy when the curved spacetime is the Ricci Friedmann–Robertson–Walker

Universe.

Reference [Yan, Xiao, Huang and Li (2005)] shows that the de

Sitter invariant special relativistic dynamical action for free particle as-

sociates the dynamics with time- and coordinates-dependent Hamiltonian
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and Lagrangian (see: Eqs.(3.32), (3.130) and (6.38)). In this chapter, the

adiabatic approach [Born, Fock (1928)] (see also: [Messiah (1970)] [Bay-

field (1999)]) will be used to deal with the time-dependent Hamiltonian

problems in the de Sitter relativistic quantum mechanics. Generally, to a

Hamiltonian H(x, t), we may express it as H(x, t) = H0(x) + H ′(x, t).
Suppose two eigenstates |s〉 and |m〉 of H0(x) are not generate, i.e.,

ΔE ≡ �(ωm − ωs) ≡ �ωms �= 0. The validity of for adiabatic approxi-

mation relies on a condition that the variation of the potential H ′(x, t) in
the Bohr time-period (ΔT

(Bohr)
ms )Ḣ ′

ms = (2π/ωms)Ḣ
′
ms is much less than

�ωms, where H ′
ms ≡ 〈m|H ′(x, t)|s〉. That makes the quantum transition

from state |s〉 to state |m〉 almost impossible. Thus, the non-adiabatic effect

corrections are small enough (or tiny), and the adiabatic approximations

are legitimate .

We show in this chapter that the perturbation Hamiltonian H ′(x, t)
that describes the time evolution of the atom system in de Sitter relativis-

tic quantum mechanics is ∝ (c2t2/R2) (where t is the cosmic time). Since

R is cosmologically large and R >> ct, the factor (c2t2/R2) will make the

time-evolution of the system is so slow that the adiabatic approximation

works. We shall provide a calculation to confirm this point below. By this

approach, we solve the stationary de Sitter relativistic Dirac equation for

a distant one electron atom, and the spectra of the corresponding Hamil-

tonian with time-parameter are obtained. Consequently, we find out that

the electron mass me, the electric charge e, the Planck constant � and the

fine structure constant α = e2/(�c) all vary as cosmic time going by. These

are interesting consequences since they indicate that the time-variations of

fundamental physics constants are due to well-known time-dependent quan-

tum mechanics, a topic that has been widely discussed for a long history

(e.g., see [Bayfield (1999)] and the references within).

The life time of a stable atom, e.g., the Hydrogen atom, is almost in-

finitely long. We can practically compare the spectra of atoms at nowadays

laboratories to those emitted (or absorbed) from the atoms of a distant

galaxy, typically a Quasi-Stellar Object (QSO). The time interval could be

on the cosmic scales. Such observation of spectra of distant astrophysical

objects may encode some cosmological information in the atomic energy

levels at the position and time of emission. As is well known that the so-
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lutions of ordinary Einstein relativistic Dirac equation of atom are cosmo-

logical effects free because the Hamiltonian of it is time-independent, and

the solutions at any time are of the same. Thus, after deducting Hubble

red shifts, any deviation of cosmology atom spectrum observations from the

results of Einstein–Dirac equation could be attributed to some new physics

beyond E-SR. The effect arisen from dS-SR is one of the most straightfor-

ward answers to such kind of deviations.

7.2 Beltrami local inertial coordinate system in light cone

of Ricci Friedmann–Robertson–Walker universe

In Chapter 5, we showed that the isotropic and homogeneous cosmology

solution of Einstein equation in General Relativity is Ricci Friedmann–

Robertson–Walker (RFW) metric. In this chapter we discuss the Hydrogen

atom embedded in RFW Universe and described by the de Sitter invariant

special relativistic Dirac equation in the Beltrami local coordinate systems

on the light cone of the Universe.

The method to detect the spectrum of distant atom is spectroscopic

observations of gas clouds seen in absorption against background Quasi-

Stellar Objects (QSO), which can be used to search for level shifts of atom

for various purposes (see, e.g., [Webb et al. (1999)] [van Weerdenburg, et al.

(2011)] [Ellingsen, et al. (2011)]). In the observations of gas-QSO systems in

the expanding Universe, one can observe two species of frequency changes

in atomic spectra: the Hubble redshift (z) caused by the usual Doppler

effects and a rest frequency change due to the dynamics of atom beyond

E-SR. The latter can be found by measuring the relative size of relativistic

corrections to the transition frequencies of atoms on the gas-QSO (or on

QSO for brevity).

Now, we describe the Earth-QSO reference frame. As illustrated in

Fig.7.1, the Earth is located in the origin of frame, the proton (nucleus of

Hydrogen atom) is located in Q = {Q0 ≡ ct, Q1, Q2 = 0, Q3 = 0} (for

simplicity we take Q2 = 0, Q3 = 0 hereafter). In addition, we assume that

the coordinates of Minkowski point Mμ = 0 in this Chapter, which means

that the experiments in laboratories on the Earth are in consistent to the

predictions of usual special relativity (see Section 3.8). From Eqs.(7.1) and
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(7.3), the local inertial coordinate system at Q is characterized by

Bμν(Q) ≡ B(M=0)
μν (Q) =

ημν
σ(Q)

+
ημλQ

ληνρQ
ρ

R2σ(Q)2
, (7.5)

where

σ(Q) ≡ σ = 1− 1

R2

(
(Q0)2 − (Q1)2

)
. (7.6)

The spacetime coordinate of the electron position in the atom is L = {L0 ≡
ctL, L

1, L2, L3}.
To an observable atom in four-dimensional spacetime, the proton has

to be located at QSO-light-cone with cosmic metric gμν . Namely, Q must

satisfy following light-cone equation (see Fig.7.1 and set Q2 = Q3 = 0 for

simplification)

ds2 = gμν(Q)dQμdQν = 0, (7.7)

which determines Q1 = f(Q0). We emphasize that the underlying space-

time symmetry for the atom near Q described by de Sitter invariant special

relativistic dynamics is de Sitter group instead of a limit it usually known

as Poincaré symmetry of E-SR. Poincaré symmetry is only a special limit of

de Sitter invariant special relativity’s. The corresponding spacetime metric

has been shown in Eq.(7.5), of which the expansion of 1/R2 reads

Bμν(Q)=ημν

(
1 +

(Q0)2 − (Q1)2

R2

)
+

1

R2
ημλQ

ληνρQ
ρ +O(1/R4). (7.8)

Note Bμν(Q) is position Q-dependent, and Lorentz metric ημν for E-SR is
not. We have explicitly from Eq.(7.8),

Bμν(Q)=

⎛
⎜⎜⎜⎜⎜⎝

1 + 2(Q0)2−(Q1)2

R2 −Q0Q1

R2 0 0

−Q1Q0

R2 −1 + 2(Q1)2−(Q0)2

R2 0 0

0 0 −1 − (Q0)2−(Q1)2

R2 0

0 0 0 −1 − (Q0)2−(Q1)2

R2

⎞
⎟⎟⎟⎟⎟⎠

,

(7.9)

Bμν(Q)=

⎛
⎜⎜⎜⎜⎜⎝

1 − 2(Q0)2−(Q1)2

R2
Q0Q1

R2 0 0

Q1Q0

R2 −1 − 2(Q1)2−(Q0)2

R2 0 0

0 0 −1 + (Q0)2−(Q1)2

R2 0

0 0 0 −1 + (Q0)2−(Q1)2

R2

⎞
⎟⎟⎟⎟⎟⎠

.

(7.10)

We will solve Eq.(7.7) to determine Q1 in RFW Universe model.
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Fig. 7.1 Sketch of the Earth-QSO reference frame. The Earth is located in the

origin. The position vector for nucleus of atom on QSO is Q, and for electron is

L. The distance between nucleus and electron is r.

The Ricci Friedmann–Robertson–Walker (RFW) metric is (see,

Eq.(5.8))

ds2 = c2dt2 − a(t)2
{

dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

}
= (dQ0)2 − a(t)2

{
dQidQi +

k(QidQi)2

1− kQiQi

}
≡ gμν(Q)dQμdQν , (7.11)

where r =
√
QiQi, Q1 = r sin θ cosφ, Q2 = r sin θ sinφ, Q3 = r cos θ

has been used. As is well-known RFW metric satisfies Homogeneity and

Isotropy principle of present day cosmology. When Q2 = Q3 = 0, We have

from Eq.(7.11)

gμν(Q) = ημν − a(t)2δμ1δν1

(
− 1

a(t)2
+ 1 +

k(Q1)2

1− k(Q1)2

)
−(a(t)2 − 1)(δμ2δν2 + δμ3δν3). (7.12)
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For simplicity, we take k = 0 and a(t) = 1/(1 + z(t)) (i.e., a(t0) = 1). The

red shift function z(t) is determined by ΛCDM model described in Section

5.4. Using the observation data [Komatsu, et al. (2009)], the function t(z)

defined by Eq.(5.79) for looking-back cosmologic time is:

t =

∫ z

0

dz′

H(z′)(1 + z′)
, (7.13)

where [Riess, et al. (1998)] [Jarosik, et al. (2011)]

H(z′) = H0

√
Ωm0(1 + z′)3 +ΩR0(1 + z′)4 + 1− Ωm0,

H0 = 100 h 
 100× 0.705km · s−1/Mpc,

Ωm0 
 0.274, ΩR0 ∼ 10−5. (7.14)

Figure of t(z) of Eq.(7.13) is shown in Fig.7.2.

1 2 3 4 5
z�redshift�
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Fig. 7.2 The t− z relation in ΛCDM model (Eq.(7.13)).

From Eq.(7.12), the RFW metric for k = 0 reads

gμν(Q) = ημν − (a(t)2 − 1)(δμ1δν1 + δμ2δν2 + δμ3δν3). (7.15)

Substituting Eq.(7.15) into Eq.(7.7), we have

dQ0 =

√−g11
g00

dQ1 = a(t)dQ1 =
1

1 + z(t)
dQ1. (7.16)

Consequently, by using Eq.(7.13) and Q0 = c t, we get desired result:

Q1 = c

∫ z

0

dz′

H(z′)
. (7.17)

Figure of Q1(z) of Eq.(7.17) is shown in Fig.7.3. Ratio of Q1 over Q0 is

shown in Fig.7.4. Then the location of distant proton is {Q0, Q1, 0, 0} in

the space-time with RFW metric.
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Fig. 7.3 Function Q1(z) in ΛCDM model (Eq.(7.17)).
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Fig. 7.4 Function of Q1(z)/Q0(z). Q1(z) and Q0(z) = ct are given in Eqs.(7.17) and

(7.13).

7.3 Hydrogen atom at distant locally inertial coordinate

system in light cone of RFW universe

We treat Hydrogen atom as a proton-electron bound state described by

quantum mechanics under instantaneous approximations (see Fig.7.1). The

electron’s coordinates are L = {L0 ≡ ctL 
 ct, L1, L2, L3}, and the

relative space coordinates between proton and electron are xi = Li − Qi.

The magnitude of r ≡ √−ηijxixj ∼ aB (where aB 
 0.5× 10−10m is Bohr

radius), and |xi| ∼ aB.

According to gauge principle, the electrodynamic interaction between

the nucleus and the electron can be taken into account by replacing the

operator Dμ in Eq.(6.38) with the U(1)-gauge covariant derivative Dμ
L ≡

Dμ
L − ie/(c�)Aμ, where Aμ = {φB, A}. Hence, the de Sitter invariant
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special relativistic Dirac equation for electron in Hydrogen at QSO reads

(ieμaγ
aDμ

L − mec

�
)ψ = 0, (7.18)

where me is the mass of electron, Dμ
L = ∂

∂Lμ
− i

4ω
ab μσab − ie/(c�)Aμ, eμa

and ωab
μ have been given in Eqs.(6.57) and (6.64) respectively. Through

the Taylor-expansion of 1/R2, we approximately write eμa and ωab
μ up to

O(1/R2) as follows:

eμa =

(
1− ηcdL

cLd

2R2

)
ημa − ηabL

bLμ

2R2
+O(1/R4), (7.19)

ωab
μ =

1

2R2
(ηaμL

b − ηbμL
a) +O(1/R4). (7.20)

In the following sections we are going to solve de Sitter invariant

relativistic-Dirac equation for Hydrogen atom on QSO in RFW Universe

model. In this quantum system, there are two cosmologic length scales

(cosmic radius, say R ∼ 1012lyr, and the distance between QSO and the

Earth is about ∼ ct, say R > ct > 108lyr) and two microcosmic length

scales(the Compton wave length of electron ac = �/(mec) 
 0.3× 10−12m,

and Bohr radius aB = �
2/(mee

2) 
 0.5 × 10−10m). The leading order

calculations will be accurate up to O(c2t2/R2). The terms proportional

to O(c4t4/R4), O(ctac/R
2), O(ctaB/R

2) etc will be omitted. The results

beyond the leading order will also be discussed.

7.4 Solutions of ordinary Einstein relativistic Dirac

equation for Hydrogen atom at QSO

7.4.1 Eigenvalues and eigenstates

At first, we show the solution of ordinary Einstein relativistic Dirac equation

in the Earth-QSO reference frame of Fig.7.1, which serves as the leading

order of solution for the de Sitter invariant relativistic Dirac equation with

R → ∞ in that reference frame. For the Hydrogen, ∂μ → Dμ
L = ∂μ

L −
ie/(c�)Aμ

M (noting ωab μ|R→∞ = 0), where Aμ
M ≡ {φM (x), AM (x)} with

xμ ≡ Lμ − Qμ (see: Fig.7.1), and φM (x) and AM (x) are nucleus electric

potential and vector potential at xi in Minkowski space determined by the
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Coulomb law and the Ampere law in the electromagnetic dynamics:

−ηij∂i∂jφM (x) = ∇2φM (x) = −4πρ(x) = −4πeδ(3)(x), (7.21)

∇(∂λA
λ
M )− ∂2AM = −4π

c
j = 0. (7.22)

The solutions are φM (x) = e/r and AM = 0. And hence ∂0 → DL
0 = ∂0 −

iη00e
2/(c�r). Then, from Eq.(6.38), the Einstein relativistic Dirac equation

reads

i�∂tψ =

(
−i�c�α · ∇L +mec

2β − e2

r

)
ψ, (7.23)

where β = γ0, αi = βγi. Noting that the nucleus position Q =constant,

we have

∇L =
∂

∂L
=

∂

∂(Q+ r)
=

∂

∂r
≡ ∇, (7.24)

and Eq.(7.23) becomes the standard E-SR Dirac equation for electron in

Hydrogen at its nucleus reference frame. Energy is conserved in Einstein’s

special relativistic mechanics (hereafter, we use notations of [Strange

(2008)]), and the Hydrogen is the stationary states of Dirac equation. The

stationary state condition

i�∂tψ = Wψ. (7.25)

combined with Eqs.(7.23), (7.24) with (7.25) gives

Wψ =

(
−i�c�α · ∇+mec

2β − e2

r

)
ψ ≡ H0(r, �,me, e)ψ, (7.26)

which is the standard Dirac equation for Hydrogen. The solution is

standard and can be found in any textbook on relativistic quantum

mechanics. The results are follows (see Eq.(A.98) in Appendix A, or [Rose

(1961)][Strange (2008)])

W = Wn,κ = mec
2

(
1 +

α2

(n− |κ|+ s)2

)−1/2

(7.27)

α ≡ e2

�c
, |κ| = (j + 1/2) = 1, 2, 3 · · ·

s =
√
κ2 − α2, n = 1, 2, 3 · · · .

Its expansion in α is

W = mec
2

(
1− α2

2n2
+ α4

(
3

8n2
− 1

2n3|κ|
)
+ · · ·

)
. (7.28)
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The corresponding Hydrogen’s wave functions ψ have also already been

finely derived (see Appendix A, or [Strange (2008)]). The complete

set of commutative observables is {H, κ, j2, jz}, so that ψ =

ψn,κ,j,jz (r, �,me, α) ≡ ψ
mj

j (r), where j = L + �

2Σ, �κψ = β(Σ · L + �)ψ,

Σ = −γ5α and α = e2/(�c) (see Appendix A). The expression of ψ
mj

j (r)

is as follows

ψ
mj

j (r) =

(
gκ(r)χ

mj
κ (r̂)

ifκ(r)χ
mj

−κ(r̂)

)
(7.29)

where (see Eqs.(A.46), (A.47) and (A.48) in Appendix A)

χmj
κ (r̂) =

1/2∑
ms=−1/2

C
j mj

l,mj−ms; 1/2,ms
Y

mj−ms

l (r̂)χms (7.30)

with χms=1/2 =

(
1

0

)
, χms=−1/2 =

(
0

1

)
χ
mj

−κ(r̂)=−σrχ
mj
κ (r̂),

with σr = r̂ · →σ =

(
cos θ sin θe−iφ

sin θeiφ − cos θ

)
, (7.31)

and (see Eqs.(A.93) and (A.94) in Appendix A)

gκ(r) = 2λ(kC +WC)
1/2e−λr(2λr)s−1α0

×[n′M(1− n′, 2s+ 1, 2λr) (7.32)

+

(
κ− αkC

λ

)
M(−n′, 2s+ 1, 2λr)],

fκ(r) = 2λ(kC −WC)
1/2e−λr(2λr)s−1α0

×[n′M(1− n′, 2s+ 1, 2λr) (7.33)

−
(
κ− αkC

λ

)
M(−n′, 2s+ 1, 2λr)],

where

kC = mec/�, WC = W/(c�), λ = (k2C −W 2
C)

1/2,

s =
√
κ2 − α2, n′ = n− |κ|,

κ = −(j(j + 1)− l(l + 1) + 1/4), (7.34)

with W being given in Eq.(7.27), and M(a, b, z) is the confluent hypergeo-

metric function (see Appendix B):

M(a, b, z) = 1 +
az

b
+

(a)2z
2

2!(b)2
+ · · · (a)nz

n

n!(b)n
+ · · ·

(a)0 = 1, (a)n = a(a+ 1)(a+ 2) · · · (a+ n− 1).
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The normalization constant α0 is determined by∫ ∞

0

r2(g2κ(r) + f2
κ(r))dr = 1.

For Hydrogen-like one electron atoms with Z > 1, the energy level

formulae and the eigen-wave functions expressions are all the same as

Eqs.(7.27)–(7.34) except α → ξ = Zα. The levels of one electron atom

with Z = 92 are shown in Fig.8.9. (see Appendix A.5).

n l j Κ d W�mec2�eV�

1 0 1�2 �1 2 �132353

2 1 3�2 2 4
�342352 0,1 1�2 1,1 4
�29664

�14

�12

�10

�8

�6

�4

�2

0

W
�
m
ec
2
�1
04
�
eV
�

Fig. 7.5 The energy levels of the one-electron atom with Z = 92. The figure shows

relativistic energy levels calculated using Eq.(7.27) with replacement of α → ξ = Zα.

They are labeled by the quantum numbers n, l, j, κ and their degeneracy d, up to

n = 2.

It is learned from above that since R → ∞, Bμν → ημν , the dS-SR

tends to the E-SR. The Hamiltonian of E-SR is cosmic time independent.

So, the spectra of Hydrogen at any place in RFW universe are the same, and

there is no cosmology information of the universe in the spectrum solutions

equation (7.27) of E-SR Dirac equation.

7.4.2 2s1/2 and 2p1/2 states of Hydrogen

As is well known that the state of 2s1/2 and state of 2p1/2 are complete de-

generate to all order of α in the E-SR Dirac equation of Hydrogen. Namely,

from Eq.(7.27) and κ = −(j(j + 1)− l(l+ 1) + 1/4), we have

ΔW (2s1/2 − 2p1/2) ≡ W(n=2, κ=−1) −W(n=2, κ=+1) = 0. (7.35)
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By means of Eqs.(7.29)–(7.33), the wave functions of states 2s1/2 with

κ = −1 are as follows [Strange (2008)] (see Appendix A.4, (A.104)–(A.107))

ψ
mj

(2s)j=1/2(r) =

(
g(2s1/2)(r)χ

mj
κ (r̂)(2s1/2)

if(2s1/2)(r)χ
mj

−κ(r̂)(2s1/2)

)
, (7.36)

where

g(2s1/2)(r) =

√
(2λ)2s+1kC(2s+ 1)(kC +WC)

2WC(2WC + kC)Γ(2s+ 1)
rs−1e−λr

×
(
WC

kC
− λ

2s+ 1

(
1 +

2WC

kC

)
r

)
(7.37)

f(2s1/2)(r) = −
√

(2λ)2s+1kC(2s+ 1)(kC −WC)

2WC(2WC + kC)Γ(2s+ 1)
rs−1e−λr

×
(
WC

kC
+ 1− λ

2s+ 1

(
1 +

2WC

kC

)
r

)
(7.38)

with kC , WC , λ and s given in Eq.(7.34) following [Strange (2008)]. Due
to Eqs.(7.30) and (7.31)

χ1/2
κ (r̂)(2s1/2) =

(
Y 0
0

0

)
, χ−1/2

κ (r̂)(2s1/2) =

(
0

Y 0
0

)
, (7.39)

χ
1/2
−κ (r̂)(2s1/2) =

(
− cos θY 0

0

− sin θeiφY 0
0

)
, (7.40)

χ
−1/2
−κ (r̂)(2s1/2) =

(
− sin θe−iφY 0

0

cos θY 0
0

)
, with Y 0

0 =
1√
4π

.

For the 2p1/2 state with κ′ = 1

ψ
mj

(2p)j=1/2(r) =

(
g(2p1/2)(r)χ

mj

κ′ (r̂)(2p1/2)

if(2p1/2)(r)χ
mj

−κ′ (r̂)(2p1/2)

)
(7.41)

where

g(2p1/2)(r) =

√
(2λ)2s+1kC(2s+ 1)(kC +WC)

2WC(2WC − kC)Γ(2s+ 1)
rs−1e−λr

×
(
WC

kC
− 1 +

λ

2s+ 1

(
1− 2WC

kC

)
r

)
, (7.42)

f(2p1/2)(r) = −
√

(2λ)2s+1kC(2s+ 1)(kC −WC)

2WC(2WC − kC)Γ(2s+ 1)
rs−1e−λr

×
(
WC

kC
+

λ

2s+ 1

(
1− 2WC

kC

)
r

)
. (7.43)
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χ
1/2
κ′ (r̂)(2p1/2) =

⎛⎝−
√

1
3Y

0
1 (θφ)√

2
3Y

1
1 (θφ)

⎞⎠ , χ
−1/2
κ′ (r̂)(2p1/2) =

⎛⎝−
√

2
3Y

−1
1 (θφ)√

1
3Y

0
1 (θφ)

⎞⎠ ,

(7.44)

χ
1/2
−κ′(r̂)(2p1/2) =

⎛⎝√
1
3 cos θY

0
1 (θφ) −

√
2
3 sin θe

−iφY 1
1 (θφ)√

1
3 sin θe

iφY 0
1 (θφ) +

√
2
3 cos θY

1
1 (θφ)

⎞⎠ ,

χ
−1/2
−κ′ (r̂)(2p1/2) =

⎛⎝√
2
3 cos θY

−1
1 (θφ)−

√
1
3 sin θe

−iφY 0
1 (θφ)√

2
3 sin θe

iφY −1
1 (θφ) +

√
1
3 cos θY

0
1 (θφ)

⎞⎠ , (7.45)

Explicitly Y 0
1 (θφ) =

√
3
4π cos θ, Y 1

1 (θφ) = −
√

3
8π e

iφ sin θ, Y −1
1 (θφ) =√

3
8π e

−iφ sin θ. (see Appendix B).

———————–

Exercise

Problem 1: Verify the normalization of 2s1/2-radial wave function (7.37):∫ ∞
0

(
g(2s1/2)(r)

2 + f(2s1/2)(r)
2
)
r2dr = 1

numerically.

7.5 De Sitter invariant relativistic Dirac equation for

distant Hydrogen atom

Now we turn to discussion for the de Sitter invariant relativistic Dirac

equation of distant Hydrogen atom.

From Eqs.(7.18), (7.19) and (7.20), ∂μ → Dμ
L = ∂

∂Lμ
− i

4ω
ab μσab −

ie/(c�)Aμ, and noting DL
μ = BμνDν

L, we have the de Sitter invariant rel-

ativistic Dirac equation for the electron in Hydrogen at the earth-QSO

reference frame as follows

�cβ

[
i

(
1− ηabL

aLb

2R2

)
γμDL

μ − i

2R2
ηabL

aγbLμDL
μ − mec

�

]
ψ = 0, (7.46)

where factor �cβ in the front of the equation is only for convenience. We

expand each terms of Eq.(7.46) in order of O(1/R2) as follows:
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(1) Since observed QSO must be located at the light cone, ηabL
aLb 


ηabQ
aQb = (Q0)2 − (Q1)2, and the first term of Eq.(7.46) reads

�cβi

(
1− ηabL

aLb

2R2

)
γμDL

μ =

(
1− (Q0)2 − (Q1)2

2R2

)
�cβiγμDL

μψ (7.47)

with βγμ = {βγ0 = β2 = 1, βγi = αi} (7.48)

�cβiγμDL
μψ=(i�∂t+�c�α · ∇+

�cβ

4
ωab
μ γμσab + eβγμBμνA

ν)ψ, (7.49)

where Aν = {A0 = φB , Ai} are determined by Maxwell equations

within constant metric gμν = Bμν(Q) and jν = {j0 ≡ cρ/
√
B00, ji =

0} (see Appendix D):

−Bij(Q)∂i∂jφB(x) =

[
σ∇2 +

σ(Q1)2

R2

∂2

∂(x1)2

]
φB(x) = −4π

c
j0

= −4π

c

cρB√
B00

=
−4πe√− det(Bμν(Q))

δ(3)(x), (7.50)

∂i∂μA
μ −Bμν∂μ∂νA

i = −4π

c
ji = 0. (7.51)

The solution is (see Appendix D, Eqs.(D.12) and (D.14))

φB =
1√[(

1
σ − (Q1)2

R2σ2

)(
1
σ + (Q0)2

R2σ2

)
+ (Q0)2(Q1)2

(R4σ4)

] (
1 + (Q1)2

R2

) e

rB
,

Ai = 0, (7.52)

where rB =
√
(x̃1)2 + (x2)2 + (x3)2 with x̃1 ≡ x1/[1 + (Q1)2

2R2 ]. In

the follows, we use variables {x̃1, x2, x3} to replace {x1, x2, x3}. The

following notations are employed hereafter:

rB = ix̃1 + jx2 + kx3, |rB| = rB , (7.53)

∇B = i
∂

∂x̃1
+ j

∂

∂x2
+ k

∂

∂x3
, x̃i ∈ {x̃1, x2, x3}. (7.54)

Under approximation up to O(1/R2), from the full expression of φB of

Eq.(7.52), we get

φB 

(
1− 3(Q0)2 − 2(Q1)2

2R2

)
e

rB
, Ai = 0. (7.55)
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Then, noting ∂
∂x1 = ∂x̃1

∂x1
∂

∂x̃1 = ∂
∂x̃1 − (Q1)2

2R2
∂

∂x̃1 , Eq.(7.49) becomes

�cβiγμDL
μψ=

(
i�∂t + i�c�α · ∇B − i�c

(Q1)2

2R2
α1 ∂

∂x̃1

+
�cβ

4
ωab
μ γμσab + eB00φB + eα1B10φB

)
ψ

=

(
i�∂t + i�c�α · ∇B − i�c

(Q1)2

2R2
α1 ∂

∂x̃1
+

�cβ

4
ωab
μ γμσab

+

[
1 +

2(Q0)2 − (Q1)2

R2

]
eφB − Q1Q0

R2
α1eφB

)
ψ. (7.56)

(2) Estimation of the contributions of the fourth term in RSH of Eq.(7.56)

(the spin-connection contributions) is as follows: By Eq.(7.20), the ratio

of the fourth term to the first term of Eq.(7.56) is:∣∣∣∣∣
�cβ
4 ωab

μ γμσabψ

i�∂tψ

∣∣∣∣∣ ∼ �c

4

ct

2R2

1

mec2
=

ct

8R2

�

mec
=

1

8

ctac
R2

∼ 0, (7.57)

where ac = �/(mec) 
 0.3 × 10−12m is the Compton wave length of

electron. O(ctac/R
2)-term is negligible. Therefore the 3-rd term in

RSH of (7.49) has no contribution to our approximation calculations.

(3) Substituting Eqs.(7.57), (7.56) and (7.48) into Eq.(7.47) and noting

La 
 Qa (see Fig.(7.1)), we get the first term in LHS of Eq.(7.46)

�cβi

(
1− ηabL

aLb

2R2

)
γμDL

μψ=

(
1− (Q0)2 − (Q1)2

2R2

)(
i�

∂

∂t
+ i�c�α · ∇B

−i�c
(Q1)2

2R2
α1 ∂

∂x̃1
+

[
1 +

2(Q0)2 − (Q1)2

R2

]
eφB − Q1Q0

R2
α1eφB

)
ψ

=

{(
1− (Q0)2 − (Q1)2

2R2

)(
i�

∂

∂t
+ i�c�α · ∇B

)
− i�c

(Q1)2

2R2
α1 ∂

∂x̃1

+

[
1 +

3(Q0)2 − (Q1)2

2R2

]
eφB − Q1Q0

R2
α1eφB +O(1/R4)

}
ψ.

(7.58)
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(4) The second term of Eq.(7.46) is

−�cβ
i

2R2
ηabL

aγbLμDL
μψ

= − i�cβ

2R2
(γ0L0 − �γ · �L)Lμ

[
∂L
μ − δμ0

ie

c�
φB

]
ψ +O(

1

R4
)

= − i�c

2R2
(L0 − �L · �α)

(
L0∂L

0 − L0 ie

c�
φB + Li∂L

i

)
ψ


 − ic�

2R2
(L0 − L1α1)(L0∂L

0 − L0 ie

c�
φB + L1∂L

1 )ψ


 − ic�

2R2

[(
(L0)2 − L1L0α1

)
∂0 − ie

c�
(L0)2φB

+
ie

c�
L0L1α1φB + L0L1∂L

1 − (L1)2α1∂L
1

]
ψ, (7.59)

where the following estimations were used

(L2)

R
∼ (L3)

R
∼ aB

R
∼ 0. (7.60)

Noting L0 
 Q0, L1 
 Q1, Eq.(7.59) becomes

−�cβ
i

2R2
ηabL

aγbLμDL
μψ =

[(−(Q0)2

2R2
+

Q1Q0

2R2
α1

)
i�∂t − (Q0)2

2R2
eφB

+
Q1Q0

2R2
α1eφB − Q1Q0

2R2
i�c

∂

∂x̃1
+

(Q1)2

2R2
i�cα1 ∂

∂x̃1

]
ψ. (7.61)

(5) Therefore, substituting Eqs.(7.58) and (7.61) into Eq.(7.46), we have

i�

(
1− 2(Q0)2 − (Q1)2

2R2
+

Q1Q0

2R2
α1

)
∂tψ

=

[
−i�c

(
1− (Q0)2 − (Q1)2

2R2

)
�α · ∇B +mec

2β

−
(
1 +

2(Q0)2 − (Q1)2

2R2

)
eφB +

Q0Q1

2R2
α1eφB

+
Q1Q0

2R2
i�c

∂

∂x̃1

]
ψ, (7.62)
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or

i�∂tψ =

[
−
(
1 +

(Q0)2

2R2

)
i�c�α · ∇B +

(
1 +

2(Q0)2 − (Q1)2

2R2

)
mec

2β

−
(
1 +

(Q0)2

2R2

)
e2

rB

]
ψ

−Q1Q0

2R2
α1

[
−i�c→α · ∇B +mec

2β − (
√
2e)2

rB

]
ψ

+

[
Q1Q0

2R2
i�c

∂

∂x̃1

]
ψ, (7.63)

where φB = (1 − 3(Q0)2−2(Q1)2

2R2 )e/rB is used (see Eq.(7.55)). Equation

(7.63) is dS-SR Dirac wave equation to the first order of O( c
2t2

R2 ). Two

remarks on Eq.(7.63) are as follows:

i) When R → ∞, Eq.(7.63) goes back to usual E-SR Dirac equation of

Hydrogen, which has been discussed in the last section.

ii) Equation (7.63) is a time-dependent wave equation. It is somehow

difficult to deal with the time-dependent problems in quantum

mechanics. Generally, there are two approximate approaches to discuss

two extreme cases respectively: (i) The modification in states obtained

by the wave equation depends critically on the time T during which

the modification of the system’s “Hamiltonian” take place. For this

case, one would use the sudden approach; And, (ii), for case of a very

slow modification of Hamiltonian, the adiabatic approach works [Mes-

siah (1970)]. As discussed previously, since |R| is cosmologically large

and |R| >> ct, factor {(Q0)2/R2, (Q1)2/R2} ∝ (c2t2/R2) makes the

perturbed part of the time-evolution of the system described by wave

equation of (7.63) is so slow that the adiabatic approximation [Born,

Fock (1928)] may legitimately works. We will provide a calculations to

confirm this point below (Section 7.7).

7.6 De Sitter relativistic quantum mechanics spectrum

equation for Hydrogen

In order to discuss the spectra of Hydrogen by de Sitter invariant special

relativistic Dirac equation, we need to find out its solutions with certain
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physics energy E. From Eq.(6.10), the energy operator in the dS-SR can

be derived by means of the operator expression of momentum:

p0 =
E

c
= i�

[
1

c
∂t − ct

R2
xν∂L

ν +
5ct

2R2

]
E = i�

[
∂t − c2t2

R2
∂t − c2tLi

R2

∂

∂Li
+

5c2t

2R2

]
Eψ 
 i�

(
1− c2t2

R2

)
∂tψ − i�c

ctL1

R2

∂

∂L1
ψ

= i�

(
1− (Q0)2

R2

)
∂tψ − i�c

Q0Q1

R2

∂

∂x1
ψ, (7.64)

where a estimation for the ratio of the 3-rd term to the 2-nd of Eψ was

used:

|i� 5c2t
2R2 ψ|

|−c2t2

R2 i�∂tψ|
∼ |i� 5c2t

2R2 |
|−2c2t2

R2 E| ∼
5�

2tmec2
≡ 5

2

ac
ct
,

where ac 
 0.3× 10−12m is the Compton wave length of electron and ct is

about the distance between earth and QSO. In our approximate calculations

ac/(ct) is negligible. For instance, to a QSO with ct ∼ 109ly, ac/(ct) ∼
10−38 << (ct)2/R2 ∼ 10−5. Hence the 3-rd term of Eψ were ignored.

Inserting Eq.(7.64) into Eq.(7.63), we obtain the de Sitter relativistic

spectra equation of Hydrogen(
1 +

(Q0)2

R2

)
Eψ =

[
−
(
1 +

(Q0)2

2R2

)
i�c�α · ∇B

+

(
1 +

2(Q0)2 − (Q1)2

2R2

)
mec

2β −
(
1 +

(Q0)2

2R2

)
e2

rB

]
ψ

−Q1Q0

2R2
α1

[
−i�c→α · ∇B +mec

2β − (
√
2e)2

rB

]
ψ −

[
Q1Q0

2R2
i�c

∂

∂x̃1

]
ψ, 
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or

Eψ =

[
−
(
1− (Q0)2

2R2

)
i�c�α · ∇B +

(
1− (Q1)2

2R2

)
mec

2β

−
(
1− (Q0)2

2R2

)
e2

rB

]
ψ

−Q1Q0

2R2
α1

[
−i�c→α · ∇B +mec

2β − (
√
2e)2

rB

]
ψ −

[
Q1Q0

2R2
i�c

∂

∂x̃1

]
ψ

=

[
−i�tc�α · ∇B +m(t)

e c2β − e2t
rB

]
ψ

−Q1Q0

2R2
α1

[
−i�c→α · ∇B +mec

2β − (
√
2e)2

rB

]
ψ −

[
Q1Q0

2R2
i�c

∂

∂x̃1

]
ψ

≡ ( H0(rB , �t,m
(t)
e , et) +H ′ )ψ ≡ H(dS−SR)ψ, (7.65)

which is up to O(c2t2/R2) (once again, O(1/R4), O(ctaB/R
2), O(ctac/R

2)

terms have been ignored), and where

H0(rB , �t,m
(t)
e , et) = −i�tc�α · ∇B +m(t)

e c2β − e2t
rB

, (7.66)

H ′ =
Q1Q0

2R2

(
−α1H0(rB , �t,m

(t)
e ,

√
2et)− i�c

∂

∂x̃1

)
, (7.67)

with

�t =

(
1− (Q0)2

2R2

)
� =

(
1− c2t2

2R2

)
�, (7.68)

m(t)
e =

(
1− (Q1)2

2R2

)
me, (7.69)

et =

(
1− (Q0)2

4R2

)
e =

(
1− c2t2

4R2

)
e, (7.70)

and

αt ≡ e2t
�tc

=
e2

�c
= α. (7.71)

Using notation in [Strange (2008)], E0 = W and the unperturbed eigen-

state equation is

Wψ = H0(�t,m
(t)
e , et)ψ =

(
−i�tc�α · ∇B +m(t)

e c2β − e2t
rB

)
ψ, (7.72)

which is the same as Eq.(7.26) except �, me, e being replaced by

�t, m
(t)
e , et. The time t is dynamic variable in the time-dependent Hamil-

tonian system, yet we do not know whether t can be approximately treated
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as a parameter in the system at present. Hence, we cannot yet conclude

�, me, e are time variations described by Eqs.(7.68), (7.69) and (7.70) at

this stage. In the following section, we pursue this subject.

7.7 Adiabatic approximation solution to de Sitter–Dirac

spectra equation and time variation of physical

constants

Comparing Eq.(7.72) with Eq.(7.26), we can see that there are three correc-

tion terms in Eq.(7.72), which are proportional to (c2t2/R2), accounting for

the effects of dS-SR QM. Since R >> ct, we argue that the corrections due

to these effects should be small, and the adiabatic approach works quite

well for solving this QM problem. In order to be sure on this point, we

examine the corrections beyond adiabatic approximations below by calcu-

lating them explicitly for a certain z. Suppose z 
 3 ∼ 4, Fig.7.4 indicates

Q1 ≈ 1.7Q0 = 1.7 ct, and hence (Q1)2 ≈ 3(Q0)2 = 3 c2t2 in (7.72). Rewrit-

ing the spectral equation (7.72) in the form of wave equation like Eq.(7.23)

via E ⇒ i�∂t, we have

i�∂tψ = H(t)ψ = [H0(rB , �,me, e) +H ′
0(t)]ψ, (7.73)

where

H0(rB , �,me, e)=−i�c�α · ∇B +mec
2β − e2

rB
(see Eq.(7.26)) (7.74)

H ′
0(t) = −

(
c2t2

2R2

)
H0(rB , �, 3me, e). (7.75)

Suppose the initial state of the atom is ψ(t = 0) = ψs(rB, �,me, α) where

s = {ns, κs, j2s, jsz}. By Eqs.(7.73)–(7.75) and taking into account the

time-evolution effects, we have (see Appendix E, or/and Chapter XVII of

Vol II of [Messiah (1970)])

ψ(t)
ψs(rB , �t,m
(t)
e , et)e

−iWs
�

t+
∑
m �=s

Ḣ ′
0(t)ms

i�ω2
ms

(
eiωmst− 1

)
ψm(rB, �t,m

(t)
e , et)

× e(−i
∫ t
0

Wm(θ)
�

dθ), (7.76)
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where ψs(rB , �t,m
(t)
e , et) is the adiabatic wave function, �t, m

(t)
e et are

given in Eqs.(7.68)–(7.70), and

Ḣ ′
0(t)ms|(m �=s)=〈m|Ḣ ′

0(t)|s〉|(m �=s)=
−c2t

R2
〈m|H0(rB , �, 3me, e)|s〉|(m �=s)

=
−c2t

R2
〈m| (H0(rB , �, 3μ, e)−H0(rB , �,me, e)) |s〉|(m �=s)


−c2t

R2
〈nm, κm, j2m, jmz |2mec

2β|ns, κs, j
2
s, jsz〉e−i(ωs−ωm)t

=
−2mec

4t

R2
〈m|β|s〉e−i(ωs−ωm)t, (7.77)

ωms = ωm − ωs, ωm =
Wm

�
. (7.78)

Note, formula 〈m|H0(r, e)|s〉|m �=s = 0 has been used in the calculations of

(7.77). The second term of Right-Hand-Side (RHS) of Eq.(7.76) represents

the quantum transition amplitudes from ψs-state to ψm, which belong to

the correction effects beyond adiabatic approximations. Now for showing

the order of magnitude of such corrections, we estimate |Ḣ ′
0(t)ms/�ω

2
ms| for

s = 1 ≡ (1s1/2, κ = −1,mj = 1/2), m = 2 ≡ (2s1/2, κ = −1,mj = 1/2).

Noting Wn ≈ mec
2 − mec

2α2/(2n2), and the Compton wave length of

electron ac = �/(mec) 
 �/(mec) 
 0.3 × 10−12m, from Eqs.(7.77) and

(7.78) we have∣∣∣∣∣Ḣ ′
0(t)21
�ω2

21

∣∣∣∣∣ =
∣∣∣∣ 1289α4

〈2|β|1〉
∣∣∣∣ acR ct

R
, with β =

(
I 0

0 −I

)
, (7.79)

where the state 〈2| has been given in Eqs.(7.36)–(7.43) and the state |1〉 is
as follows: [Strange (2008)]

|1〉 = ψ
mj=1/2

(1s)j=1/2(r) =

(
g(1s1/2)(r)χ

1/2
κ (r̂)(1s1/2)

if(1s1/2)(r)χ
1/2
−κ (r̂)(1s1/2)

)
, (7.80)

where

g(1s1/2)(r) =

√
(2λ1)2s+1(kC +WC1)

2kCΓ(2s+ 1)
rs−1e−λ1r (7.81)

f(1s1/2)(r) = −
√

(2λ1)2s+1(kC −WC1)

2kCΓ(2s+ 1)
rs−1e−λ1r (7.82)
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with WC1 
 mec
2(1− α2/2)/(c�), λ1 =

√
k2C −W 2

C1 and

χ1/2
κ (r̂)(1s1/2) =

(
Y 0
0

0

)
, χ

1/2
−κ (r̂)(1s1/2) =

(
− cos θY 0

0

− sin θeiφY 0
0

)
. (7.83)

By means of expressions of ψ
mj=1/2

(1s)j=1/2(r) (Eqs.(7.80)–(7.83)) and

ψ
mj=1/2

(2s)j=1/2(r) (Eqs.(7.36)–(7.43)), we have

〈2|β|1〉 =
∫ ∞

0

drr2
(
g(1s1/2)(r)g(2s1/2)(r)− f(1s1/2)(r)f(2s1/2)(r)

)

 −1.12× 10−5. (7.84)

Substituting Eq.(7.84) into Eq.(7.79), we obtain∣∣∣∣∣ Ḣ ′
0(t)21
�ω2

21

∣∣∣∣∣ = 5.6× 104 × ac
R

ct

R
(7.85)

Considering Compton wave length of electron ac =
�

mec

 0.3× 10−12m 


0.3 × 10−28ly and both Q0 = ct and R are of cosmological large length

scales as well as R > Q0, we have∣∣∣∣∣ Ḣ ′
0(t)21
�ω2

21

∣∣∣∣∣ 
 (1.7× 10−24ly)

R
× Q0

R
<< 1. (7.86)

For generic 〈m| and |s〉, similar to the calculations of Eq.(7.85), we always

have ∣∣∣∣∣Ḣ ′
0(t)ms

�ω2
ms

∣∣∣∣∣ 
 (constant) · ac
R

× Q0

R
. (7.87)

Since the (constant) at last is about∼ 1010, then
∣∣∣ Ḣ′0(t)ms

�ω2
ms

∣∣∣ 
 (1.7×10−18ly)
R ×

Q0

R , we finally obtain ∣∣∣∣∣ Ḣ ′
0(t)ms

�ω2
ms

∣∣∣∣∣ << 1, (7.88)

which indicates the second term of adiabatic expansion expression Eq.(7.76)

can be ignored, or the corrections from beyond adiabatic approximations

are quite small (or tiny), and hence the adiabatic approximation is legiti-

mate for solving this dS-SR Dirac equation of the atom.

Thus, we arrive at an interesting conclusion that the fundamental physi-

cal constants vary adiabatically along with cosmologic time in dS-SR quan-

tum mechanics framework. As is well known, the quantum evolution in the
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time-dependent quantum mechanics has been widely accepted and studied

during past several decades (see, e.g., [Bayfield (1999)]). It is remarkable

that the time-variations of me, � and e (see Eqs.(7.68)–(7.70)) belong to

such quantum evolution effects.

7.8 2s1/2–2p1/2 splitting in the dS-SR Dirac equation of

Hydrogen

In the subsection 7.4.2, we have pointed that the state of 2s1/2 and state of

2p1/2 are complete degenerate to all orders of α in the E-SR Dirac equation

of Hydrogen described in Hamiltonian H0(r, �, μ, e) of Eq.(7.26) (see also

Eq.(7.27)). In this section, we calculate the (2S1/2 − 2p1/2)-splitting duo

to dS-SR effects.

7.8.1 Energy levels shifts of Hydrogen in dS-SR QM as

perturbation effects of E-SR Dirac equation of atom

The dS-SR Dirac spectrum equation for Hydrogen atom has been derived

in Section 7.6 (7.65), which is as follows

H(dS−SR)ψ = ( H0(r, �t,m
(t)
e , et) +H ′ )ψ = Eψ, (7.89)

where

H0(r, �t,m
(t)
e , et) = −i�tc�α · ∇+m(t)

e c2β − e2t
r
, (7.90)

H ′ =
1

2
(H ′† +H ′) ≡ H ′

1 +H ′
2, (7.91)

and2

H ′
1=−Q1Q0

4R2

(
α1H0(r, �t,m

(t)
e ,

√
2et) +H0(r, �t,m

(t)
e ,

√
2et)α

1
)
, (7.92)

H ′
2 = −Q1Q0

4R2

(
i�c

−−→
∂

∂x1
− i�c

←−−
∂

∂x1

)
. (7.93)

Comparing above equations with Eqs.(7.65)−(7.67), hereafter we have re-

moved the subscript B in rB and ∇B, and the tilde notation ∼ in x̃1 for
2Equations (7.91) with (7.92) and (7.93) is similar to equation (74) (or (76)) in [Yan

(2012)] except 2 mistakes in writing in it: (i) e in (74) of [Yan (2012)] should be
√
2e;

(ii) the sign of the second term in it should be minus.
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simplicity. The perturbation Hamiltonian H ′ is also rewritten to be explic-

itly Hermitian. In the spherical coordinates system the operator ∂
∂x1 ≡ ∂1

in Eq.(7.92) is as follows

∂1 =
∂

∂x1
=

→
i · ∇ = sin θ cosφ

∂

∂r
+ cos θ cosφ

1

r

∂

∂θ
− sinφ

r sin θ

∂

∂φ
. (7.94)

Comparing dS-SR QM with ordinary E-SR Dirac equation of Hydrogen,

we see two distinguishing effects in the dS-SR QM descriptions of distant

Hydrogen atom (or one-electron atom) in the Earth-QSO reference frame:

(i) The physical constants variations with cosmic time adiabatically, which

have been discussed in the previous section (see Eqs.(7.68)−(7.70)); (ii)

Perturbation effects arising from H ′ of Eq.(7.91) in H(dS−SR) of Eq.(7.89).

In this section, we focus on the latter.

For adiabatic quantum system, the states are quasi-stationary in

all instants. Hence at all instants the quasi-stationary perturbation

theory works. When H(dS−SR) = H0(r, �t,m
(t)
e , et) +H ′, the unperturbed

quasi-stationary solutions of H0(r, �t,m
(t)
e , et)ψ = Wψ are the same as

Eqs.(7.26)−(7.34) except � → �t, me → m
(t)
e , e → et. Then the energy

levels shifts due to H ′ of Eq.(7.91) are computable in practice by the

perturbation approach in QM.

Those shifts ΔEi ≡ Wi − E due to H ′ are determined by

det
(〈H(dS−SR)〉ii′ − Eδii′

)
= 0, (7.95)

where i = {n, l, j, κ, mj}, H(dS−SR) has been given in Eq.(7.89) and the

elements are

〈H(dS−SR)〉ii′ = 〈i|H0|i′〉+ 〈i|H ′|i′〉 = Wiδii′ + 〈H ′〉ii′ , (7.96)

where Wi = Wn,κ are shown in Eq.(7.27).

Firstly, we compute the elements 〈H ′〉ii′ ≡ 〈(H ′
1 +H ′

2)〉ii′ with i = i′.
From Eq.(7.92), we have

〈H ′
1〉ii = −Q1Q0

2R2
Wi〈i|α1|i〉+ Q1Q0e2

2R2
〈i|1

r
α1|i〉

= −Q1Q0

2R2
Wi

∫
drr2

∫
dΩ
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×
(
gκ(r)χ

mj†
κ (r̂),−ifκ(r)χ

mj†
−κ (r̂)

)( 0 σ1

σ1 0

)(
gκ(r)χ

mj
κ (r̂)

ifκ(r)χ
mj

−κ(r̂)

)

+
Q1Q0e2

2R2

∫
drr

∫
dΩ

×
(
gκ(r)χ

mj†
κ (r̂),−ifκ(r)χ

mj†
−κ (r̂)

)( 0 σ1

σ1 0

)(
gκ(r)χ

mj
κ (r̂)

ifκ(r)χ
mj

−κ(r̂)

)

∝
∫

dΩ
(
χmj†
κ (r̂)σ1χ

mj

−κ(r̂)− χ
mj†
−κ (r̂)σ1χmj

κ (r̂)
)
. (7.97)

Substituting Eqs.(7.30) and (7.31) into Eq.(7.97), we get∫
dΩχmj†

κ (r̂)σ1χ
mj

−κ(r̂) = 0 (7.98)∫
dΩχ

mj†
−κ (r̂)σ1χmj

κ (r̂) = 0, (7.99)

and hence

〈H ′
1〉ii = 0. (7.100)

It is easy to check the validness of Eqs.(7.98) and (7.99). Considering, for

instance, the case of state |i〉 = |(2p1/2)mj=1/2〉 (see Eqs.(7.44) and (7.45)),

we can calculate the left sides of Eqs.(7.98) and (7.99) explicitly:∫
dΩχ

1/2†
κ=1 (r̂)(2p1/2)σ

1χ
1/2
−κ=−1(r̂)(2p1/2)

=

∫
dΩ

(
−
√

1

3
Y 0
1 (θφ)

†,

√
2

3
Y 1
1 (θφ)

†
)(

0 1

1 0

)

×
⎛⎝√

2
3 cos θY

−1
1 (θφ)−

√
1
3 sin θe

−iφY 0
1 (θφ)√

2
3 sin θe

iφY −1
1 (θφ) +

√
1
3 cos θY

0
1 (θφ)

⎞⎠
=

−i

2π

∫ 2π

0

dφ sinφ

∫ π

0

dθ sin θ cos2 θ(sin θ − cos θ) = 0, (7.101)∫
dΩχ

1/2†
−κ=−1(r̂)(2p1/2)σ

1χ
1/2
κ=1(r̂)(2p1/2)

=

(∫
dΩχ

1/2†
κ=1 (r̂)(2p1/2)σ

1χ
1/2
−κ=−1(r̂)(2p1/2)

)†
= 0. (7.102)

Therefore Eqs.(7.98) and (7.99) hold for state of |i〉 = |(2p1/2)mj=1/2〉.
Similarly, for cases of |i〉 = |(2s1/2)mj=1/2〉, |i〉 = |(2s1/2)mj=−1/2〉 and

|i〉 = |(2p1/2)mj=−1/2〉, Eqs.(7.98) and (7.99) can also be verified.
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From Eq.(7.93), we have

〈H ′
2〉ii =

Q1Q0

4R2
〈i|

(
i�c

−−→
∂

∂x1
− i�c

←−−
∂

∂x1

)
|i〉 = −Q1Q0

2R2
c〈i|p̂1|i〉 = 0,

(7.103)

where p̂1 = −i ∂
∂x1 , and the fact that the average value for p1 in the sta-

tionary bound state |i〉 must vanish has been used. Equation (7.103) can

also be checked by explicit calculations based on the known wave functions

Eqs.(7.29)−(7.31).

Combining Eq.(7.103) with Eq.(7.101), we find that

〈H ′〉ii = 〈H ′
1〉ii + 〈H ′

2〉ii = 0, (7.104)

which means 〈H ′〉ii′ is an off-diagonal matrix in the Hilbert space. As is

well known that the energy shifts for non-degenerate levels due to H ′ are
expressed as

ΔEi ≡ Wi − E = 〈H ′〉ii +
∑
i′ �=i

′|〈H ′〉i′i|2
Wi −Wi′

+ · · · , (7.105)

which could be considered the perturbation solution of Eq.(7.95) for non-

degenerate case. Thus, noting H ′ ∝ O(1/R2) and Eq.(7.104), the non-

degenerate level shifts ΔEi are of order O(1/R4), which is beyond the

considerations of this paper. We will show in next subsection the meaning-

ful O(1/R2)-energy level shifts due to off-diagonal perturbation interaction

H ′ for degeneration levels. Typical example is 2S1/2 − 2p1/2 splitting due

to H ′.

7.8.2 2s1/2 – 2p1/2 splitting caused by H′

In Section 7.4, we have shown that the state of 2s1/2 and state of 2p1/2

are complete degenerate to all order of α in the E-SR Dirac equation of

Hydrogen (see Eq.(7.35)). The degeneracy will be broken by the effects of

H ′. In this subsection we calculate the 2s1/2 − 2p1/2 splitting caused by

H ′.
By using the explicit expressions of 2s1/2- and 2p1/2 wave functions

Eqs.(7.36)−(7.45), all matrix elements of H ′ = H ′
1 +H ′

2 between them can

be calculated, i.e.,

〈H ′〉mj , m
′

j

2L1/2,2L′1/2
= 〈H ′

1〉
mj , m

′

j

2L1/2,2L′1/2
+ 〈H ′

2〉
mj , m

′

j

2L1/2,2L′1/2
, (7.106)
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where

〈H ′
i〉

mj , m
′

j

2L1/2,2L′1/2
= 〈(2L1/2)mj |H ′

i|(2L′1/2)m
′

j 〉

=

∫
drr2

∫
dΩ ψ

mj†
(2L)j=1/2(r) H

′
i ψ

m′j
(2L′)j=1/2(r),

(7.107)

here {L,L′} = {s, p}, i = 1, 2, and ψ
mj

(2L)j=1/2(r) are given in

Eqs.(7.36)−(7.45). The matrix element calculations are presented in step

by step in Appendix F, and the results are listed as follows:

(1) H ′
1-matrix elements: H ′

1 is given in Eq.(7.92), i.e.,

H ′
1 = −Q1Q0

4R2

(
α1H0(r, �,me,

√
2e) +H0(r, �,me,

√
2e)α1

)
,

(7.108)

where the subscript t of �, μ, e has been removed because there is

already a factor of (1/R2) in the H ′
1-expression and 1/R4-terms

are ignorable. From Eqs.(7.98), (7.99) and (7.108), and noting∫ 2π

0 dφ exp(±inφ) = 0,
∫ π

0 dθ sin θ cos2n+1 θ = 0 etc., the explicit cal-

culations of 〈H ′
1〉ii′ show

−iΘ1 ≡ 〈H ′
1〉1/2, −1/2

2s1/2,2p1/2 = 〈H ′
1〉−1/2, 1/2

2s1/2,2p1/2 = −〈H ′
1〉1/2, −1/2

2p1/2,2s1/2

= −〈H ′
1〉−1/2, 1/2

2p1/2,2s1/2
= unknown, (7.109)

and others = 0.

Equivalently and explicitly, the matrix form of {〈H ′
1〉ii′} is:

(2Lj, L
′j′)mj ,m

′

j : (2s
1
2 )

1
2 (2s

1
2 )
−1
2 (2p

1
2 )

1
2 (2p

1
2 )
−1
2

{〈H ′
1〉ii′}=

⎛⎜⎜⎜⎝
(2s1/2)1/2 0 0 0 −iΘ1

(2s1/2)−1/2 0 0 −iΘ1 0

(2p1/2)1/2 0 iΘ1 0 0

(2p1/2)−1/2 iΘ1 0 0 0

⎞⎟⎟⎟⎠ ,

(7.110)

where the matrix row and column indices have been labeled explicitly.

Compactly, Eq.(7.110) can be written as follows

{〈H ′
1〉ii′} =

(
0 −iΘ1σ

1

iΘ1σ
1 0

)
, with σ1 =

(
0 1

1 0

)
. (7.111)
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(2) By means of the wave functions ψ
mj

j (r) of Eq.(7.29) the Θ1 can be

calculated. Details are shown in Appendix by using the known wave

functions with n = 2 and κ = ±1. Explicit calculations for this

particular input result in

Θ1 = 0. (7.112)

(see Eq.(F.11) in Appendix F).

(3) H ′
2 matrix elements: H ′

2 is shown in Eq.(7.93):

H ′
2 = −Q1Q0

4R2

(
i�c

−−→
∂

∂x1
− i�c

←−−
∂

∂x1

)
, (7.113)

where
∂

∂x1
= sin θ cosφ

∂

∂r
+ cos θ cosφ

1

r

∂

∂θ
− sinφ

r sin θ

∂

∂φ
. (7.114)

By means of straightforward calculations (see Appendix F), we obtain

all elements of H ′
2:

〈H ′
2〉1/2, −1/2

2s1/2,2p1/2 = 〈H ′
2〉−1/2, 1/2

2s1/2,2p1/2 = −〈H ′
2〉1/2, −1/2

2p1/2,2s1/2
= −〈H ′

2〉−1/2, 1/2

2p1/2,2s1/2

= −i
Q1Q0

2R2

�cλ

6
√
4W 2

C − k2C

(
k2C
WC

− 2(
1

s
+ 1)kC −WC +

2

kCs
W 2

C

)
≡ −iΘ2,

and others = 0, (7.115)

where notations of kC ,WC , λ, s, κ have been given in Eq.(7.34). The

matrix form of Eq.(7.115) is as follows:

{〈H ′
2〉ii′} =

(
0 −iΘ2σ

1

iΘ2σ
1 0

)
, (7.116)

where

Θ2 =
Q1Q0

2R2

�cλ

6
√
4W 2

C − k2C

(
k2C
WC

− 2(
1

s
+ 1)kC −WC +

2

kCs
W 2

C

)
.

(7.117)

(4) Since H ′ = H ′
1 +H ′

2 (see Eq.(7.91)), the matrix form of H ′ is:

{〈H ′〉ii′} = {〈H ′
1〉ii′}+ {〈H ′

2〉ii′} =

(
0 −iΘσ1

iΘσ1 0

)
, (7.118)

where

Θ = Θ1 +Θ2 = 0 +Θ2

=
Q1Q0

2R2

�cλ

6
√
4W 2

C − k2C

(
k2C
WC

− 2(
1

s
+ 1)kC −WC +

2

kCs
W 2

C

)
.

(7.119)

Obviously, Θ ∝ O(1/R2).
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(5) Substituting Eq.(7.118) into Eqs.(7.96) and (7.95), we get the secular

equation for eigenvalue E in the degenerate perturbation calculations:∣∣∣∣∣∣∣∣∣
W − E 0 0 −iΘ

0 W − E −iΘ 0

0 iΘ W − E 0

iΘ 0 0 W − E

∣∣∣∣∣∣∣∣∣
= 0. (7.120)

The real energy solutions are

W − E = ±Θ, or E(+) = W +Θ, E(−) = W −Θ, (7.121)

and hence we obtain the desired expression of energy level splitting of

(2s1/2 − 2p1/2) due to H ′

(ΔE)(2p1/2−2s1/2) ≡ E(−) − E(+) = −2Θ

= −Q1Q0

R2

�cλ

6
√
4W 2

C − k2C

(
k2C
WC

− 2(
1

s
+ 1)kC −WC +

2

kCs
W 2

C

)
,

(7.122)

which is of order O(1/R2). Equation (7.122) represents an important

effect of dS-SR for one-electron atom and it is the main result of this

chapter.
(6) The eigenstates with eigenvalues E(±): Generally, the eigenstates of H ′

are

|E(±)〉=C
(±)
1 |2s1/2〉1/2+C

(±)
2 |2s1/2〉−1/2+C

(±)
3 |2p1/2〉1/2+C

(±)
4 |2p1/2〉−1/2,

(7.123)

where {|2s1/2〉mj , |2s1/2〉mj} ∈ |nLj〉mj , and C
(±)
i (i = 1, 2, 3, 4)

satisfy the following eigenequation corresponding to Eq.(7.120):⎛⎜⎜⎜⎝
W 0 0 −iΘ

0 W −iΘ 0

0 iΘ W 0

iΘ 0 0 W

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

C
(±)
1

C
(±)
2

C
(±)
3

C
(±)
4

⎞⎟⎟⎟⎠ = E(±)

⎛⎜⎜⎜⎝
C

(±)
1

C
(±)
2

C
(±)
3

C
(±)
4

⎞⎟⎟⎟⎠ . (7.124)

Substituting Eq.(7.121) into Eq.(7.124), we get the eigenstates with

eigenvalues E(±):

|E(+)〉= 1

2
(|2s1/2〉1/2 + |2s1/2〉−1/2+i|2p1/2〉1/2 + i|2p1/2〉−1/2), (7.125)

|E(−)〉= 1

2
(|2s1/2〉1/2+|2s1/2〉−1/2 − i|2p1/2〉1/2 − i|2p1/2〉−1/2), (7.126)

which satisfy 〈E(+)|E(+)〉 = 〈E(−)|E(−)〉 = 1, and 〈E(−)|E(+)〉 = 0.
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(7) Numerical discussions: In order to have a comprehensive understand-

ing of Eq.(7.122), we now discuss (ΔE)(2p1/2−2s1/2) ≡ E(−) − E(+) =

−2Θ numerically. For Hydrogen’s 2s1/2- and 2p1/2-states, me =

510998.910 eV/c2, Z = 1, n = 2, κ = ±1. Substituting them into

Eq.(7.27), we get W = 510995.51 eV/c
2
. And by Eq.(7.34), we further

have kC , WC , λ and s. Inserting all of them into Eq.(7.122), we obtain

ΔE(z) ≡ (ΔE)(2p1/2−2s1/2) =
Q1(z)Q0(z)

R2
× 358.826 eV

=
Q1(z)Q0(z)

R2
× 8.36× 107 (Lamb shift), (7.127)

whereQ0(z) ≡ ct(z) and Q1(z) have been given in Eqs.(7.13) and (7.17)

respectively (see also Fig.7.2 and Fig.7.3). In the expression of function

ΔE(z) of Eq.(7.127), when z were fixed, the only unknown number is

R which is the universal parameter of dS-SR. Therefore a way to deter-

mine R may be through such kind of observations of the level spectrum

shifts of atoms on distant galaxy. The curves of ΔE(z) of Eq.(7.127)

with |R| = {105Gly, 106Gly, ×107Gly} are shown in Fig.7.6. In

the Table 7.1, the ΔE(z) for |R| = {103Gly, 104Gly, 105Gly} and

z = {1, 2} is listed.

�R��105Gly

�R��106Gly

�R��107Gly

0 1 2 3 4 5
0 0

0 5

1 0

1 5

2 0

z �redshift�

�
E
�L
am
b
sh
ift
�

Fig. 7.6 Functions ΔE(z) of Eq.(7.122) with |R| = 0.5× 105Gly, 105Gly, 2 × 105Gly

are shown. The unit of the energy splitting ΔE(z) is (Lamb shift)	 4.3× 10−6eV.
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Table 7.1 The energy level splitting of Hydrogen’s (2p1/2 − 2s1/2), ΔE(z) ≡
(ΔE)(2p1/2−2s1/2) (see Eqs.(7.122) and (7.127)): R is the radius of de Sitter pseudo–

sphere in dS-SR, which is a universal parameter in the theory and |R| > RH ≡ 13.7Gly

(Horizon of the Universe). Gly ≡ 109 light years. z is the red shift. (Lamb

shift)	 4.3× 10−6eV.

|R| 103Gly 104Gly 105Gly

z 1 2 1 2 1 2

ΔE(z) (eV) 2.6 11 2.6× 10−2 0.11 2.6× 10−4 1.1× 10−3

(Lamb shift) 6× 105 2.7× 106 5977 26541 59.77 265.41

7.9 High-order calculations of 1/R2-expansions

Substituting Eqs.(6.57), (6.64), (D.12) and (D.16) into Eq.(7.18) gives full

expression of the de Sitter invariant special relativistic Dirac equation for

the electron in Hydrogen in the earth-QSO reference frame:

�cβ

[
i
√
σγμDL

μ + i
σ −√

σ

(1− σ)R2
ηabQ

aγbQμDL
μ − mec

�

]
ψ = 0, (7.128)

where factor �cβ in the front of the equation is only for convenience, Lμ 

Qμ has been used (see Fig.7.1 in Section 7.2), and

DL
μ ≡ ∂

∂Lμ
− i

4
ωab

μσab − i
e

c�
BμνA

ν

=
∂

∂Lμ
− i

4

1

R2(1 +
√
σ)
√
σ
(ηaμQ

b − ηbμQ
a)σab

−i
e

c�

1
σ + (Q0)2

R2σ2 − Q0Q1

R2σ2√[(
1
σ − (Q1)2

R2σ2

)(
1
σ + (Q0)2

R2σ2

)
+ (Q0)2(Q1)2

(R4σ4)

] (
1 + (Q1)2

R2

) e

rB
,

(7.129)

We expand each term of Eq.(7.128) in order of 1/R2 as follows:

(1) Since observed QSO must be located on the light cone, we have

ηabL
aLb 
 ηabQ

aQb = (Q0)2 − (Q1)2, and the first term of Eq.(7.128)

reads

�cβi
√
σγμDL

μ =

√
1− (Q0)2 − (Q1)2

R2
�cβiγμDL

μψ (7.130)

with βγμ = {βγ0 = β2 = 1, βγi = αi} (7.131)

�cβiγμDL
μψ = (i�∂t + i�c�α · ∇+

�cβ

4
ωab
μ γμσab + eβγμBμνA

ν)ψ.

(7.132)
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In the following, we use variables {x̃1, x2, x3} (where x̃1 ≡
1√

1+(Q1)2/R2
x1, see Eq.(A.37)) to replace {x1, x2, x3}. Using notations

of (8.97) and (8.98), and noting ∂
∂x1 = ∂x̃1

∂x1
∂

∂x̃1 = 1√
1+(Q1)2/R2

∂
∂x̃1 ,

Eq.(7.130) becomes

�cβiγμDL
μψ =

(
i�∂t + i�c�α · ∇B + i�c

[
1√

1 + (Q1)2/R2
− 1

]
α1 ∂

∂x̃1

+
�cβ

4
ωab
μ γμσab + eB00φB + eα1B10φB

)
ψ

=

(
i�∂t + i�c�α · ∇B + i�c

[
1√

1 + (Q1)2/R2
− 1

]
α1 ∂

∂x̃1

+
�cβ

4
ωab
μ γμσab +

[
1

σ
+

(Q0)2

R2σ2

]
eφB − Q1Q0

R2σ2
α1eφB

)
ψ. (7.133)

(2) Estimation of the contributions of the fourth term in RSH of (7.133)

(the spin-connection contributions) is as follows. From Eq.(6.64), the

ratio of the fourth term to the first term of Eq.(7.133) is:∣∣∣∣∣
�cβ
4 ωab

μ γμσabψ

i�∂tψ

∣∣∣∣∣ ∼ �c

4

ct

2R2

1

mec2
=

ct

8R2

�

mec
=

1

8

ctac
R2

∼ 0, (7.134)

where ac = �/(mec) 
 0.3 × 10−12m is the Compton wave length of

electron. O(ctac/R
2)-term is negligible. Therefore the 3-rd term in

RSH of (7.132) has no contribution to our approximation calculations.

(3) Substituting Eqs.(7.134), (7.133) and (7.131) into Eq.(7.130) and

noting La 
 Qa (see Fig.7.1), we get the first term in LHS of Eq.(7.128)

�cβi
√
σγμDL

μψ =
√
σ

(
i�∂t + i�c�α · ∇B + i�c

[
1√

1 + (Q1)2/R2
− 1

]

×α1 ∂

∂x̃1
+

[
1

σ
+

(Q0)2

R2σ2

]
eφB − Q1Q0

R2σ2
α1eφB

)
ψ.

(7.135)
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(4) The second term of Eq.(7.128) is

�cβi
σ −√

σ

(1− σ)R2
ηabL

aγbLμDL
μψ

= �cβi
σ −√

σ

(1− σ)R2
(γ0L0 − �γ · �L) [L0D0 + LiDi

]
ψ


 �ci
σ −√

σ

(1− σ)R2
(L0 − L1α1)

×
[
L0

(
∂L
0 − γ0γ1L1

2R2(1 +
√
σ)
√
σ
− ie

c�
(
1

σ
+

(Q0)2

R2σ2
)φB

)
+L1

(
∂L
1 +

γ0γ1L0

2R2(1 +
√
σ)
√
σ
+

ie

c�

Q0Q1

R2σ2
φB

)]
ψ


 �ci
σ −√

σ

(1− σ)R2
(L0 − L1α1)

×
[
L0∂L

0 + L1∂L
1 − ie

c�

(
L0

σ
+

L0(Q0)2 − L1Q0Q1

R2σ2

)
φB

]
ψ,

(7.136)

where the following approximation estimations is used

(L2)

R
∼ (L3)

R
∼ aB

R
∼ 0. (7.137)

Noting L0 
 Q0, L1 
 Q1, L2 
 0, L3 
 0, Eq.(7.136) becomes

�cβi
σ −√

σ

(1− σ)R2
ηabL

aγbLμDL
μψ

=
σ −√

σ

(1− σ)R2

[
[(Q0)2 −Q1Q0α1]i�∂t +Q1Q0i�c

∂

∂x̃1
−(Q1)2i�cα1 ∂

∂x̃1

+e[Q0 −Q1α1]

(
Q0

σ
+

(Q0)3 −Q0(Q1)2

R2σ2

)
φB

]
ψ

=
σ −√

σ

(1− σ)R2

[
[(Q0)2 −Q1Q0α1]i�∂t +Q1Q0i�c

∂

∂x̃1
−(Q1)2i�cα1 ∂

∂x̃1

+e[Q0 −Q1α1]
Q0

σ2
φB

]
ψ, (7.138)

where

Q0

σ
+

(Q0)3 −Q0(Q1)2

R2σ2
= Q0

(
1

σ
+

1− σ

σ2

)
=

Q0

σ2

was used.
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(5) Therefore, substituting Eqs.(7.135) and (7.138) into Eq.(7.128), we

have

i�

(√
σ +

σ −√
σ

(1− σ)R2
[(Q0)2 −Q0Q1α1]

)
∂tψ

=

{
−i�

√
σc�α · ∇B −

[
1√
σ

+
(Q0)2

R2σ
√
σ
+

σ −√
σ

(1− σ)R2

(Q0)2

σ2

]
eφB +mec

2β

}
ψ

+

{
−i�c

√
σ

(
1√

1 + (Q1)2/R2
− 1

)
α1 ∂

∂x̃1
+

Q1Q0

R2σ
√
σ
α1eφB

− σ −√
σ

(1−√
σ)R2

[
i�c(Q1Q0 − (Q1)2α1)

∂

∂x̃1
− Q1(Q0)2

σ2
α1eφB

]}
ψ.

(7.139)

In order to discuss the spectra of Hydrogen atom in the dS-SR Dirac

equation, we need to find its solutions with certain energy E for the

electron in the atom. From Eq.(7.64) in Section 7.6, we have

i�∂tψ =
E

1− (Q0)2/R2
ψ +

i�cQ1Q0

R2(1 − (Q0)2/R2)

1√
1 + (Q1)2/R2

∂

∂x̃1
ψ.

Then substituting Eq.(8.106) into Eq.(8.104) gives

Eψ = H0ψ +H ′ψ (7.140)

with H0 =

(
1− (Q0)2

R2

)[√
σ +

(σ −√
σ)(Q0)2

(1− σ)R2

]−1

×
{
−i�

√
σc�α · ∇B −

[
1√
σ
+

(Q0)2

R2σ
√
σ

+
σ −√

σ

(1− σ)R2

(Q0)2

σ2

]
eφB +mec

2β

}
, (7.141)

H ′ =
(
1− (Q0)2

R2

)[√
σ +

(σ −√
σ)(Q0)2

(1 − σ)R2

]−1

{
−i�c

√
σ

(
1√

1 + (Q1)2/R2
− 1

)
α1 ∂

∂x̃1
+

Q1Q0

R2σ
√
σ
α1eφB
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− σ −√
σ

(1− σ)R2

(
i�c(Q1Q0 − (Q1)2α1)

∂

∂x̃1
− Q1(Q0)2

σ2
α1eφB

)
+

(σ −√
σ)Q0Q1α1

(1 − (Q0)2/R2)(1− σ)R2

(
E + i�c

Q0Q1

R2
√
1 + (Q1)2/R2

∂

∂x̃1

)}

− i�cQ1Q0

R2
√
1 + (Q1)2/R2

∂

∂x̃1
, (7.142)

where φB was given in Eq.(D.12). Equation (7.140) is dS-SR Dirac

wave equation to order of O( c
2t2

R2 ).

(6) From Eqs.(7.142) and (7.6), the H ′ up to order of O( 1
R4 ) reads

H ′ 
 i

8
c�

(
(Q0)2(Q1)2 + 2(Q1)4

R4

)
α1 ∂

∂x̃1

+
Q0Q1

2R2

(
1− (Q0)2 + 3(Q1)2

4R2

)
e2

rB
α1

−Q0Q1

2R2

(
1 +

3(Q0)2 − (Q1)2

4R2

)
α1H0(et)

− ic�Q0Q1

2R2

(
1 +

(Q0)2 − 3(Q1)2

4R2

)
∂

∂x̃1
. (7.143)

A further approximation of neglecting O( 1
R4 )-terms in Eq.(7.143) gives

H ′ 
 Q1Q0

2R2

(
−α1H0(rB , �,me,

√
2e)− i�c

∂

∂x̃1

)
. (7.144)

This is the same as the H ′-expression of Eq.(7.91) with Eqs.(7.92) and

(7.93).

7.10 Universal constant variations over cosmological time

Now we base on the Dirac equation describing the distance Hydrogen atom

in cosmology Eq.(7.140) with Eq.(7.141) to discuss the time-variations of

�, e, me and α ≡ e2/(�c). Under the adiabatic approximation, the un-

perturbed Dirac equation for a distant Hydrogen atom should be

i�
∂

∂t
ψ ≡ E0ψ =

{
−i�tc�α · ∇B +m(t)

e c2β − e2t
rB

}
ψ, with αt =

e2t
�tc

,

(7.145)
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where the subscript (or superscript) t indicates the back-looking time in

cosmology. Substituting Eqs.(7.141) and (D.12) into Eq.(7.140) gives

E0ψ = H0ψ =

(
1− (Q0)2

R2

)[√
σ +

(σ −√
σ)(Q0)2

(1 − σ)R2

]−1

×

⎧⎪⎪⎨⎪⎪⎩− i�
√
σc�α · ∇B +mec

2β

−

[
1√
σ
+ (Q0)2

R2σ
√
σ
+ σ−√

σ
(1−σ)R2

(Q0)2

σ2

]
√[(

1
σ − (Q1)2

R2σ2

)(
1
σ + (Q0)2

R2σ2

)
+ (Q0)2(Q1)2

(R4σ4)

] (
1 + (Q1)2

R2

) e2

rB

⎫⎪⎪⎬⎪⎪⎭ψ

(7.146)

Comparing Eq.(7.145) with Eq.(7.146), we obtain

�t=

(
1− (Q0)2

R2

)[√
σ +

(σ −√
σ)(Q0)2

(1− σ)R2

]−1√
σ � , (7.147)

m(t)
e =

(
1− (Q0)2

R2

)[√
σ +

(σ −√
σ)(Q0)2

(1− σ)R2

]−1

me , (7.148)

et=

⎛⎜⎜⎝
(
1− (Q0)2

R2

)[√
σ+ (σ−√

σ)(Q0)2

(1−σ)R2

]−1 [
1√
σ
+ (Q0)2

R2σ
√
σ
+ σ−√

σ
(1−σ)R2

(Q0)2

σ2

]
√[(

1
σ − (Q1)2

R2σ2

)(
1
σ + (Q0)2

R2σ2

)
+ (Q0)2(Q1)2

(R4σ4)

] (
1 + (Q1)2

R2

)
⎞⎟⎟⎠

1/2

e ,

(7.149)

and

αt =

1√
σ
+ (Q0)2

R2σ
√
σ
+ σ−√

σ
(1−σ)R2

(Q0)2

σ2

√
σ

√[(
1
σ − (Q1)2

R2σ2

)(
1
σ + (Q0)2

R2σ2

)
+ (Q0)2(Q1)2

(R4σ4)

] (
1 + (Q1)2

R2

) α .

(7.150)

We address that the un-perturbed part H0ψ (7.146) of full Dirac equa-

tion (7.140) has included all 1/R-expansion terms. So Eqs.(7.147)–(7.150)

are complete expressions for �t, m
(t)
e , et and αt respectively, which have

included all terms in the 1/R-expansions. Noting Eq.(7.6), it is straight-

forward to complete the 1/R2-taylor expansions for �t, m
(t)
e , et and αt
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respectively. Up to order-1/R4 terms, the results are follows

�t =

[
1− (Q0)2

2R2
+

1

8R4

(−(Q0)4 − (Q0)2(Q1)2
)
+O(1/R6)

]
�, (7.151)

m(t)
e =

[
1− (Q1)2

2R2
+

1

8R4

(−5(Q0)2(Q1)2 + 3(Q1)4
)
+O(1/R6)

]
me,

(7.152)

et =

[
1− (Q0)2

4R2
− 3(Q0)4

32R4
+O(1/R6)

]
e, (7.153)

αt =

[
1 +

1

8R4
(Q0)2(Q1)2 +O(1/R6)

]
α. (7.154)

(The calculations of these equations can be easily checked by “Mathemat-

ica”. See Appendix A.) If we dropped all O(1/R4)-terms in Eqs.(7.151)–

(7.154), the above results are exactly the same as Eqs.(7.68)–(7.71). These

are the main results of this chapter. Especially, Eq.(7.154) indicates that

αt ≡ αz �= α up to O(1/R4). This conclusion is different from the O(1/R2)-

result αt = α of Eq.(7.71). Namely, when one observes the absorbing (or

radiating) spectra of Hydrogen or Hydrogen-like atoms at distant galaxies

with redshift z, it will be found that the observed fine-structure constant

αz will not be equal to the value of α in the laboratory on the earth.

 



Chapter 8

Temporal and Spatial Variation of the

Fine Structure Constant

This chapter focuses the space-time variation of the fine-structure constant

in the cosmology, a phenomenon exhibiting one of the physical effects of de

Sitter invariant special relativity (dS-SR).

8.1 Methods to search for changes of fine-structure

constant

Quasar absorption system: A Quasar (or Quasi-Stellar Object (QSO)) is a

celestial body with very high luminosity and large red-shifts in sky. Some

quasar sight lines observed by us may pass through some gas clouds in

the Universe. In this case, spectroscopic observations of gas clouds seen

in absorption against background quasars can be used to search for the

absorption spectrums of atoms, ions and molecules in the gas clouds. Com-

paring these observational spectra with the corresponding spectra in the

Earth laboratories, we can learn that (i) the Hubble’s red shift of the gas-

cloud z ≡ Δν/ν (see Eq.(5.16)) which is the same for any frequencies; (ii)

the relative frequency shifts between the energy levels of atoms (or ions,

molecules) in the gas-cloud. The latter is related to measurements of the

space-time variation of the fine-structure constant in the cosmology. Such

systems are called quasar absorption systems. Quasar absorption systems

present ideal laboratories for seeking any temporal or spatial variation of

fundamental constants by comparing atomic spectra from the distant ob-

jects with laboratory spectra on earth.

157
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Methods to search α-variation via astro-observations:

We note that one needs to measure the relative size of relativistic cor-

rections to atomic energy levels in order to determine the α-variation. To

see this point, let us explain in the following. The energy scale of atomic

spectra, in the nonrelativistic limit, is given by the atomic unit me4/�2.

In this limit, all atomic spectra are proportional to this quantity and no

change of the fundamental constants can be detected. Indeed, any change

in the atomic unit will be absorbed in the determination of the redshift

parameter 1+ z = ω/ωz (ωz is the redshifted frequency of the atomic tran-

sition, and ω is this frequency in the laboratory). However, any change in

the fundamental constants can be found by measuring the relative size of

relativistic corrections, which are functions of α2, where α ≡ e2/(�c) is the

fine structure constant.

The most straightforward way to look for the variation of α is to measure

the ratio of some fine structure interval to an optical transition frequency,

such as ω(np1/2 → np3/2) and ω(n′s1/2 → np3/2). This ratio can be roughly

estimated as 0.2α2Z2, where Z is the nuclear charge [Sobelman (1979)].

Therefore, any difference in this ratio between a laboratory experiment

and a measurement for some distant astrophysical object can be easily

converted into the spacetime variation of α. Among them, fine structure

interval frequency ω(np1/2 → np3/2) could be is found as a difference:

ω(np1/2 → np3/2) = ω(n′s1/2 → np3/2) − ω(n′s1/2 → np1/2). Yet, the

accuracy of this method is relatively low. Namely the sensitivity of the

ratio to α2 (i.e., 0.2Z2) seems small. Consequently, the measurement of

the ratio is not very sensitive to α-variation. So, it is less-useful in the

detections of α-variations in practice.

A great improvement on the above method is achieved by the Many-

Multiplet (MM) method proposed by [Dzuba, Flambaum, Webb (1999a)]

[Dzuba, Flambaum, Webb (1999b)]. One can gain about an order of mag-

nitude in the sensitivity to the α-variation by comparing optical transitions

for different atoms. Now we explain it. In this case the frequency of each

transition can be expanded in a series in α2 :

ωi = ω
(0)
i + ω

(2)
i α2 + · · · , (8.1)

= ωi lab + qix+ · · · , x ≡ (α/α0)
2 − 1, (8.2)

where α0 stands for the laboratory value of the fine structure constant.

 



Temporal and Spatial Variation of the Fine Structure Constant 159

Note that Eq.(8.1) corresponds to the expansion at α = 0, while Eq.(8.2)

at α = α0. In both cases, parameters ω
(2)
i and qi appear due to relativistic

corrections. We note that both ωi lab and qi are calculable by the Dirac-

Hartree-Fock method and the quantum many body perturbation theories

(and ωi lab are of course measurable in laboratories).

For a fine structure transition the first coefficient on the right hand side

of Eq.(8.1) turns to zero, while for the optical transitions it does not. Thus,

for the case of a fine structure and an optical transition one can write:

ωfs

ωop
=

ω
(2)
fs

ω
(0)
op

α2 +O(α4), (8.3)

while for two optical transitions i and k the ratio is:

ωi

ωk
=

ω
(0)
i

ω
(0)
k

+

(
ω
(2)
i − ω

(2)
k

ω
(0)
k

)
α2 +O(α4). (8.4)

More often than not, the coefficients ω
(2)
i for optical transitions are about an

order of magnitude larger than corresponding coefficients for the fine struc-

ture transitions ω
(2)
fs (this is because the relativistic correction to a ground

state electron energy is substantially larger than the spin-orbit splitting in

an excited state [Dzuba, Flambaum, Webb (1999a)] [Dzuba, Flambaum,

Webb (1999b)]). Therefore, the ratio (8.4) is, in general, more sensitive to

the variation of α than the ratio (8.3).

Let’s illustrate how to determine the distant αz ≡ α by using MM

method. Suppose i stand for transition of Mg I (3s2 1S0 → 3s3p 1P1),

from expansion expression (8.2) and the calculations in [Dzuba, Flambaum,

Webb (1999b)] we have

ωi ≡ ωi obs = ωi lab + qix+ q′ix
2 + . . .

= 35051.277(1)+ 106x− 10y, y =

(
α

αl

)4

− 1. (8.5)

According to this relation, once ωi obs = ωobs(Mg I (3s2 1S0 → 3s3p 1P1))

is known by means of astro-observations, desired αz ≡ α will be determined

via x = (α/αl)
2 − 1. Since i can be any transitions from different species,

we should combine them to get reliable αz . Part of calculation results for

different i are follows [Webb et al. (1999)]
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Mg II 2P J = 1/2 : ω = 35669.286(2)+ 119.6x,

J = 3/2 : ω = 35760.835(2)+ 211.2x,

Fe II 6D J = 9/2 : ω = 38458.9871(20)+ 1394x+ 38y,

J = 7/2 : ω = 38660.0494(20)11632x10y,

6FJ = 11/2 : ω = 41968.0642(20)+ 1622x+ 3y,

J = 9/2 : ω = 42114.8329(20)+ 1772x+ 0y,

6P J = 7/2 : ω = 42658.2404(20)+ 1398x− 13y. (8.6)

The key of MM method relies on the combination of transitions from dif-

ferent species. In particular, as can be seen from Eq.(8.6), some transitions

are fairly insensitive to a change of the fine-structure constant (e.g., Mg II,

hence providing good anchors) while others such as Fe II are more sensitive.

The first implementation [Webb et al. (1999)] of the method was based on

a measurement of the shift of the Fe II (the rest wavelengths of which are

very sensitive to EM) spectrum with respect to the one of Mg II. This

comparison increases the sensitivity compared with methods using only to

measure the ratio of some fine structure interval to an optical transition

frequency (e.g., see Eq.(8.3)).

8.2 Spacetime variations of fine-structure constant

estimated via combining Keck /HIRES- and VLT

/UVES-observation data

The Keck telescope (Mauna Kea, Hawaii) and VLT telescope (Paranal,

Chile) locations on Earth are separated by 450 in latitude and hence, on

average, observe different directions on the sky.

During more than one decade, analysis relied on 143 absorption systems

observed in the Keck shows [Webb et al. (1999)] [Murphy et al. (2003)] that

the robust estimates in MM-method is the weighted mean

Δα

α0
= (−0.57± 0.11)× 10−5, 0.2 < z < 4.2, (8.7)

where Δα ≡ αz − α0 and α0 ≡ αl. This result indicates that α varies

temporally, and could be smaller in the past time.
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Further MM-method studies afterward using 140 absorption systems

from the Keck telescope and 153 from the Very Large Telescope (VLT )

suggest that α vary also spatially [Webb et al. (2011)] [King et al. (2012)].

That is, α could be smaller in one direction in the sky yet larger in the

opposite direction at the time of absorption.

Specifically, authors of [Webb et al. (2011)] and [King et al. (2012)]

found out that the angular distribution of Δα/α0 in sky is:

Δα

α0
= A cosΘ, (8.8)

where amplitude A 
 (1.02±0.21)×10−5, and Θ is the angle in sky between

quasar sight line and the direction in the sky equatorial coordinates: {right-
ascension : 17.4 ± 0.9h; declination : −58 ± 9 deg} (see Fig.8.1 and its

captions). Distribution of Eq.(8.8) is called dipole, which is statistically

preferred over a monopole-only model at the 4.1σ level in the above Keck

plus VLT observations.

Fig. 8.1 (color online). All-sky plot in equatorial coordinates showing the independent

Keck (green, leftmost) and VLT (blue, rightmost) best-fit dipoles, and the combined

sample (red, center), for the dipole model, Δα/α0 = A cosΘ, with A = (1.02 ± 0.21) ×
10−5. Approximate 1σ confidence contours are from the covariance matrix. The best fit

dipole is at right ascension 17.4 ± 0.9h, declination −58 ± 9 deg, statistically preferred

over a monopole-only model at the 4.1σ level. In this model, a bootstrap analysis shows

the probability of the dipole alignments being as good or closer than observed is 6%. For

a dipole + monopole this increases to 14%. The cosmic microwave background dipole

are illustrated for comparison.

Figure 8.2 illustrates the Δα/α0 binned data and the best-fit dipole +

monopole model. Figure 8.3 illustrates Δα/α0 vs look-back time distance
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projected onto the dipole axis, r cosΘ, using the best-fit dipole parameters

for this model. This model seems to represent the data reasonably well and

Δα/α0 appears distance dependent, the correlation being significant at the

4.2σ level.

Fig. 8.2 (color online). Δα/α0 for the combined Keck and VLT data vs angle Θ from

the best-fit dipole position (best-fit parameters given in Fig.8.1 caption). Dashed lines

illustrate ±1σ errors.

Fig. 8.3 (color online). Δα/α0 vs Ar cosΘ showing an apparent gradient in α along

the best-fit dipole. The best-fit direction is at right ascension 17.4 ± 0.9h, declination

−58±9 deg, for which A = (1.1±0.25)×10−6GLyr−1. A spatial gradient is statistically

preferred over a monopole-only model at the 4.2σ level. A cosmology with parameters

(H0, Ωm0, ΩΛ0) = (70.5, 0.274, 0.726) was used in Eq.(7.14).
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Conclusions: Quasar spectra obtained using two separate observatories

show a spatial variation in the relative spacings of absorption lines which

could be attributed to an a dipole variation of α. A fit to the dipole gives

a significance of ≥ 4.2σ.

8.3 An overview of implication of spacetime variations of

fine-structure constant

In Chapter 7, the dS-SR QM spectrum equation of distant Hydrogen

atom in Cosmology has been discussed and solved, and especially the time

variation of α was revealed via such discussions in Section 7.10. This is

supposed to be a great hint of how to understand the implications of

spatial and temporal variations of the fine-structure constant reported by

observations [Webb et al. (2011)] [King et al. (2012)] (see the descriptions

in Sections 8.1 and 8.2).

There are very few observations which can be directly and unambigu-

ously related to new physics. The study of relative wavelength shifts in

quasar absorption spectra at high redshift is indeed one of them as sys-

tematic achromatic shifts in these spectra can be attributed to changes in

fundamental constants, and, in particular, in the fine-structure constant,

α. This would most certainly call for new physics beyond the Standard

Model.

Let’s recall the reasons why the fine-structure constant α is unvarying

over spacetime in the Standard Model (SM) of physics including cosmology.

We examine the relativistic wave equation of an electron in Hydrogen in SM

of physics. First, we consider the laboratory atom. From the viewpoint of

cosmology, the energy level E of a free Hydrogen atom in laboratory is de-

termined by the Dirac equation in a local inertial coordinates system located

at the Earth in the Universe described by Ricci Friedmann–Robertson–

Walker (RFW) metric. The spacetime metric of the local inertial system is

Minkowski:

{ημν} =

⎛⎜⎜⎜⎝
1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

⎞⎟⎟⎟⎠ , (8.9)
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which is spacetime independent. E satisfies Dirac spectrum equation:

Eψ =

(
−i�cα · ∇ − e2

r
+mec

2β

)
ψ, (8.10)

where {α ≡ α1i + α2j + α3k, β} are Dirac matrices, ∇ ≡ (∂/∂x1)i +

(∂/∂x2)j + (∂/∂x3)k and r =
√

(x1)2 + (x2)2 + (x3)2. This matrix-

differential equation is integrable and the solution of the eigenvalue E is

(see, e.g., [Strange (2008)])

E ≡ Wn,κ = mec
2

(
1 +

α2

(n− |κ|+ s)2

)−1/2

(8.11)

α ≡ e2

�c
, |κ| = (j + 1/2) = 1, 2, 3 · · ·

s =
√
κ2 − α2, n = 1, 2, 3 · · · .

We keep in mind that the coefficients of operators −iα · ∇ and −1/r in

Eq.(8.10) are �c and e2 respectively, and their ratio is the definition of α

(see Eq.(8.11)).

Next, we consider a distant atom of Hydrogen located on the light-

cone of RFW-Universe (see Fig.8.4), i.e., the nucleus coordinate is Qμ(z) ≡
{Q0, Q}, and electron’s is Lμ(z) ≡ {L0, L}. Noting that the metric of

the local inertial coordinate system at Qμ in RFW-Universe is still ημν

(8.9) because of the spacetime-independency of ημν and denoting Lμ(z)−
Qμ(z) ≡ x′μ, the electron wave equation in the distant atom reads

Eψ =

(
−i�cα · ∇′ − e2

r′
+mec

2β

)
ψ, (8.12)

where ∇′ ≡ (∂/∂x′1)i + (∂/∂x′2)j + (∂/∂x′3)k and

r′ =
√
(x′1)2 + (x′2)2 + (x′3)2. Then we find out that

α′ ≡ αz =
e2

�c
. (8.13)

Comparing Eq.(8.13) with Eq.(8.11), we conclude that

αz = α, (8.14)

which indicates that the fine-structure constant is unvarying indeed in SM

of physics.

The argument above on α-unvarying in SM made by comparing Dirac

equation for laboratory Hydrogen atom with that for a distant Hydrogen
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atom is deeply related to aspects of Special Relativity (SR), General

Relativity (GR) and Cosmology. In other words, the α-varying phenomena

reported in [Webb et al. (2011); King et al. (2012); Webb et al. (1999);

Dzuba, Flambaum, Webb (1999a);Webb et al. (2001); Murphy et al. (2003)]

implies some new physics beyond SM. Further remarks on this issue are

follows:

(1) The spectrum equations (8.10) and (8.12) come from the following

inhomogeneous-Lorentz (or Poincaré) invariant (i.e., ISO(3, 1)) Dirac

equation and Maxwell equation in local inertial systems of RFW Uni-

verse:

(iγμDL
μ − mec

�
)ψ = 0, (8.15)

Fμν
, ν = jμ = −δμ04πeδ(3)(x), (8.16)

where DL
μ = ∂

∂Lμ − ie/(c�)ημνA
ν , and the electromagnetic potential

Aν ≡ {φ = e/r, A}. So, the operator structure of Eqs.(8.10), (8.12)

and a dimensionless combination of universal constants α = e2/(�c)

are rooted in the symmetry assumption of the theory.

(2) The point that α is unvarying is deduced from the constancy of the

adopted metric of local inertial coordinate system in the RFW Universe

(i.e., {ημν} =const.). So, the fact of the α-varying in real world reported

in [Webb et al. (2011); King et al. (2012); Webb et al. (1999); Dzuba,

Flambaum, Webb (1999a); Webb et al. (2001); Murphy et al. (2003)]

indicates that the metric of local inertial coordinate system in the real

Universe may be spacetime-dependent.

(3) Minkowski metric ημν = diag{+,−,−,−} is the basic spacetime

metric of E-SR in SM. The most general transformation to pre-

serve metric ημν is Poincaré group (or inhomogeneous Lorentz group

ISO(1, 3)). It is well known that the Poincaré group is the limit of

the de Sitter group with pseudo-sphere radius |R| → ∞. Therefore, E-

SR may possibly be extended to a SR theory with de Sitter spacetime

symmetry. Since P.A.M. Dirac’s pioneering work in 1935 [Dirac (1935)]

many discussions (e.g., E. Inönü and E. P. Wigner in 1968 [Inönü,

Wigner (1953)]; F. Gürsey and T.D. Lee in 1963 [Gürsey, Lee (1963)],

etc.) advocated such a possible extension of E-SR. In 1970’s, K.H. Look

(Qi-Keng Lu) and his collaborators Z.L. Zou, H.Y. Guo suggested the
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de Sitter Invariant Special Relativity (dS-SR) [Lu (1970)][Lu, Zou and

Guo (1974)] (see [Guo, Huang, Xu and Zhou (2004a); Yan, Xiao, Huang

and Li (2005)] and Appendix in [Sun, Yan, Deng, Huang, Hu (2013)] for

the English version). It has been proved that Lu-Zou-Guo’s dS-SR is a

satisfying and self-consistent special relativity theory. In 2005, one of

us (MLY) and Xiao, Huang, Li suggested dS-SR Quantum Mechanics

(QM) [Yan, Xiao, Huang and Li (2005)].

(4) Beltrami metric (see Appendix A)

Bμν(x) = ημν/σ(x) + ημλx
ληνρx

ρ/(R2σ(x)2), (8.17)

with σ(x) = 1− ημνx
μxν/R2 > 0

is the basic metric of dS-SR with Minkowski point coordinates Mμ = 0

(i.e., Bμν(x)|x=M=0 = ημν) [Yan, Xiao, Huang and Li (2005)]. Both

ημν and Bμν lead to the inertial motion law for free particles ẍ = 0,

which is the precondition to define inertial reference systems required

by special relativity theories. However, the Bμν -preserving coordinate

transformation group is de Sitter group SO(4, 1) (or SO(3, 2)) rather

than E-SR’s inhomogeneous Lorentz group ISO(1, 3) [Lu (1970); Lu,

Zou and Guo (1974); Guo, Huang, Xu and Zhou (2004a); Yan, Xiao,

Huang and Li (2005)], different from the case of ημν . In addition,

ημν does not satisfy the Einstein equation with Λ (Einstein cosmology

constant) in vacuum, but Bμν(x) does satisfy it (see below). Generally,

when Mμ �= 0, the basic metric of dS-SR is modified to be

B(M)
μν (x) ≡ Bμν(x−M) =

ημν
σ(M)(x)

+
ημλ(x

λ −Mλ)ηνρ(x
ρ −Mρ)

R2σ(M)(x)2
,

(8.18)

where

σ(M)(x) ≡ σ(x −M) = 1− ημν(x
μ −Mμ)(xν −Mν)

R2
, (8.19)

which will be called Modified Beltrami metric, or M-Beltrami metric.

Based on B
(M)
μν (x), the dS-invariant special relativity with Mμ �= 0 can

be built. The procedures and formulation are similar to ordinary dS-

SR in [Lu (1970); Lu, Zou and Guo (1974); Guo, Huang, Xu and Zhou

(2004a); Yan, Xiao, Huang and Li (2005)], which is actually a slight

extension of usual dS-SR (see Appendix B). It is essential, however, that

B
(M)
μν (x) is spacetime dependent and has more parameters {R, Mμ},

which may provide a possible clue to solve the puzzle of α-varying.
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(5) Our strategy in this chapter for solving this puzzle is to pursue the fol-

lowing dS-SR Dirac equation for both electron in laboratory Hydrogen

and electron in distant Hydrogen in the RFW Universe (see Eq.(25) in

[Yan (2012)]):

(ie μ
a γaDL

μ − mec

�
)ψ = 0, (8.20)

where DL
μ = ∂

∂Lμ − i
4ω

ab
μσab − ie/(c�)B

(M)
μν Aν , e μ

a is the tetrad, ωab
μ

is spin-connection, and the electromagnetic potential Aν ≡ {φB, A}.
Unlike E-SR Dirac equation (8.15), the spacetime symmetry of (8.20)

is de Sitter invariant group SO(4, 1) (or SO(3, 2)) instead of former

ISO(3, 1). Specifically, the dS-SR Dirac spectrum equation can be

deduced from (8.20). It is essential that the result will be different

form E-SR equation (8.10). Following the method used in Eqs.(8.10)

and (8.11), the coefficients of resulting (−iα ·∇)-type and (−1/r)-type

operator terms in the dS-SR Dirac spectrum equation are of �z(Ω)c

and ez(Ω)2 respectively. Then their ratio yields prediction of αz(Ω) ≡
ez(Ω)2/(�z(Ω)c). The adjustable parameters in this model are R and

the position of Minkowski point Mμ. For simplicity, we take Mμ =

{M0, M1, 0, 0}. It turns out to be a good a choice for solution to the

puzzle of α-varying.

(6) Different from QuantumMechanics (QM) wave equation (8.15) deduced

from ημν , Eq.(8.20) is actually a time-dependent Hamiltonian prob-

lems in QM. This is because B
(M)
μν (x) is time-dependent. Therefore the

corresponding Lagrangian LdS (see Eq.(3.32)) and hence Hamiltonian

is time-dependent [Yan, Xiao, Huang and Li (2005)]. In this chap-

ter, the adiabatic approach [Born, Fock (1928)][Messiah (1970)][Bay-

field (1999)] will be used to deal with the time-dependent Hamiltonian

problems in dS-SR QM. Generally, to a H(x, t), we may express it as

H(x, t) = H0(x) + H ′(x, t). Suppose two eigenstates |s〉 and |m〉 of

H0(x) are not degenerate, i.e., ΔE ≡ �(ωm − ωs) ≡ �ωms �= 0. The

validity of adiabatic approximation relies on the fact that the variation

of the potential H ′(x, t) in the the Bohr time-period (ΔT
(Bohr)
ms )Ḣ ′

ms =

(2π/ωms)Ḣ
′
ms is much less than �ωms, where H ′

ms ≡ 〈m|H ′(x, t)|s〉.
That makes the quantum transition from state |s〉 to state |m〉 al-

most impossible. Thus, the non-adiabatic effect corrections are small

enough (or tiny), and the adiabatic approximations are legitimate. For
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the wave equation of dS-SR QM of atoms discussed in this chapter, we

show that the perturbation Hamiltonian describes the time evolutions

of the systemH ′(x, t) ∝ (c2t2/R2) (where t is the cosmic time). Since R

is cosmologically large and R >> ct, the factor (c2t2/R2) will make the

time-evolution of the system so slow that the adiabatic approximation

works. In Chapter 7 we have provided a explicit calculations to confirm

this point (see Section 7.7). By this approach, we solve the stationary

dS-SR Dirac equation for one electron atom, and the spectra of the

corresponding Hamiltonian with time-parameter are obtained. Con-

sequently, we find out that the electron mass me, the electric charge

e, the Planck constant � and the fine structure constant α = e2/(�c)

vary as cosmic time goes by. These are interesting consequences since

they indicate that the time-variations of fundamental physics constants

might be attributed to quantum evolutions of time-dependent quantum

mechanics that has been widely discussed for a long history (e.g., see

[Bayfield (1999)] and the references within).

(7) Finally, we argue that it is reasonable to assume that the Beltrami

metric is the appropriate metric for the spacetime of the local inertial

system in real world. If we express the total energy momentum tensor

Tμν as the sum of a possible vacuum term −ρ(v)gμν and a term TM
μν aris-

ing from matter (including radiation), then the complete Einstein equa-

tion is [Peebles (2009)][Padmanabhan (2009)][Yan, Hu, Huang (2012)]:

Rμν − 1

2
gμνR+ Λgμν = −8πGTM

μν − 8πGρ(v)gμν , (8.21)

where ρ(v) is the dark energy density, so Λdark energy = 8πGρ(v), and Λ

is originally introduced by Einstein in 1917, and serves as a universal

constant in physics. We call it the Einstein (or geometry) cosmological

constant . The effective cosmologic constant Λeff = Λ+Λdark energy 

1.26 × 10−56 cm−2 is the observed value determined via effects of ac-

celerated expansion of the universe [Riess, et al. (1998)] and the recent

WMAP data [Jarosik, et al. (2011)]. We have no any a priori reason

to assume the geometry cosmologic constant to be zero, so the vacuum

Einstein equation is:

Rμν − 1

2
gμνR+ Λgμν = 0, (8.22)
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instead of Gμν = 0, and hence the vacuum solution to Eq.(8.22) is

gμν = B
(M)
μν (x) with |R| = √

3/Λ instead of gμν = ημν . Therefore, we

conclude that the metric of the local inertial coordinate system in real

world should be Beltrami metric rather than Minkowski metric. Thus,

the dS-SR Dirac equation (8.20) (instead of E-SR Dirac equation (8.15))

is legitimate to characterize the spectra in the real world, and then the

α-varying over the real world space-time would occur naturally.

———————–

Exercise

Problem 1: Calculate the turn time Δt of electron to revolve around the proton in

Hydrogen. (call Δt the basic Bohr-time interval).

Problem 2: Estimate Hubble red-shift change Δz during the basic Bohr-time interval

Δt for z = 3.

8.4 Light-cone of Ricci Friedmann–Robertson–Walker

universe

In Section 7.2, we described for simplicity the Light Cone of Ricci

Friedmann–Robertson–Walker (RFW) Universe with Q0 �= 0, Q1 �= 0,

Q2 = Q3 = 0. Now we describe it in 4-dimension spacetime.

We have already shown that the isotropic and homogeneous cosmology

solution of Einstein equation in General Relativity (GR) is RFWmetric (see

Section 5.1). All visible quasars in sky must be located on the light-cone

of RFW Universe (see Fig.8.4).

The Ricci Friedmann–Robertson–Walker (RFW) metric is (see,

Eq.(5.8))

ds2 = c2dt2 − a(t)2
{

dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

}
= (dQ0)2 − a(t)2

{
dQidQi +

k(QidQi)2

1− kQiQi

}
≡ gμν(Q)dQμdQν , (8.23)

where a(t) is scale (or expansion) factor and r =
√
QiQi ≡ Q, Q1 =

Q sin θ cosφ, Q2 = Q sin θ sinφ, Q3 = Q cos θ and (Q0)2 = c2t2. For
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Fig. 8.4 Sketch of the light cone of the Ricci Friedmann–Robertson–Walker universe.

Only 3 coordinate axes {Q0 = ct, Q1, Q2} are shown in this figure. The Q3 axis could

be imagined. The Earth is located at the origin. The position vector for nucleus of

atom between the QSO and the Earth is Q, and for electron is L. The distance between

nucleus and electron is r̄ ∼ |L − Q|. The location of the Minkowski point of Beltrami

metric is denoted by notation “× ” with M = (M0, M1, 0, 0).

the sake of convenience, we take t to be looking-back cosmological time,

so that t < 0. As is well known RFW metric satisfies Homogeneity and

Isotropy principle of present day cosmology. For simplicity, we take k = 0

and a(t) = 1/(1 + z(t)) (i.e., a(t0) = 1). And the red shift function z is

determined by ΛCDM model described in Section 5.4. The function t(z)

defined by Eq.(5.79) for looking-back cosmological time is:

t(z) =

∫ 0

z

dz′

H(z′)(1 + z′)
, (8.24)

where [Riess, et al. (1998)] [Jarosik, et al. (2011)]

H(z′) = H0

√
Ωm0(1 + z′)3 +ΩR0(1 + z′)4 + 1− Ωm0,

H0 = 100 h 
 100× 0.705 km · s−1/Mpc,

Ωm0 
 0.274, ΩR0 ∼ 10−5. (8.25)

Figure of t(z) of Eq.(8.24) is shown in Fig.8.5.

The light-cone of RFW Universe is defined by ds2 = 0. From Eq.(8.23),

we have the light-cone equation:

(dQ0)2 − a(t)2(dQ)2 = 0, or − cdt = a(t)dQ =
1

1 + z(t)
dQ. (8.26)
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Fig. 8.5 The t− z relation in ΛCDM model (Eq.(7.13)).

Substituting Eq.(8.24) into Eq.(8.26) gives

Q(z) = c

∫ z

0

dz′

H(z′)
. (8.27)

Figure of Q(z) of Eq.(8.27) is shown in Fig.8.6. Ratio of Q over Q0 is shown

in Fig.8.7.

1 2 3 4 5
z�redshift�
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15

20

25

Q�z� �Glyr�

Fig. 8.6 Function Q(z) in ΛCDM model (Eq.(8.27)).

8.5 Local inertial coordinate system in light-cone of RFW

universe with Einstein cosmology constant

In principle, almost all calculations on quantum spectrums in atomic

physics are achieved in the inertial coordinate systems. From the cosmolog-

ical point of view, the phenomena of atomic spectrums should be described

in the local inertial coordinate system s of RFW Universe. Therefore, we
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Fig. 8.7 Function of Q(z)/Q0(z). Q(z) and Q0(z) = ct are given in Eqs.(8.27) and

(7.13).

are interested in how to determine the local inertial coordinate system in

light-cone of RFW Universe when the Einstein cosmology constant Λ is

present.

Existence of local inertial coordinate system is required by the Equiv-

alence Principle. The principle states that experiments in a sufficiently

small falling laboratory, over a sufficiently short time, give results that are

indistinguishable from those of the same experiments in an inertial frame

in empty space of special relativity (see, e.g., pp.119 in [Hartle (2003)]).

Such a sufficiently small falling laboratory, over a sufficiently short time

represents a local inertial coordinates system. This principle suggests that

the local properties of curved spacetime should be indistinguishable from

those of the spacetime with inertial metric of special relativity. A concrete

expression of this ideal is the requirement that, given a metric gαβ in one

system of coordinates xα, at each point P of spacetime it is possible to

introduce new coordinates x′α such that

g′αβ(x
′
P ) = inertial metric of SR at x′

P , (8.28)

and the connection at x′
P is the Christoffel symbols deduced from g′αβ(x

′
P ).

In usual Einstein’s general relativity (without Λ), the above expression

is

g′αβ(x
′
P ) = ηαβ , and Γλ

αβ = 0, (8.29)

which satisfies the Einstein equation of E-GR in empty space: Gμν = 0.
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In dS-GR (GR with a Λ), the local inertial coordinate system at x′α
P is

characterized by

g′αβ(x
′
P ) = B

(M)
αβ (x′

P ) ≡
ημν

σ(M)(x′
P )

+
ημλ(x

′λ −Mλ)ηνρ(x
′ρ
P −Mρ)

R2σ(M)(x′
P )

2
,

with σ(M)(x′
P ) = 1− ημν(x

′μ
P −Mμ)(x′ν

P −Mν)

R2
, (8.30)

Γλ
αβ =

1

2
(B(M))λρ(∂αB

(M)
ρβ + ∂βB

(M)
ρα − ∂ρB

(M)
αβ )

=
1

R2σ(M)(x′
P )

(δλμηνρ + δλν ημρ)(x
′ρ
P −Mρ), (8.31)

or

g′ρβ(x
′
P )

∂x′α
P

=
x′ν
P −Mν

R2σ(M)(x′
P )

2

[
2ηρβηαν + ηραηβν + ηβαηρν

+
4ηρμηβνηαλ(x

′μ
P −Mμ)(x′λ

P −Mλ)

R2σ(M)(x′
P )

]
,

where B
(M)
αβ (x′

P ) was given in Eq.(8.18), which satisfies the Einstein

equation of dS-GR in empty spacetime: Gμν + Λgμν = 0 with Λ = 3/R2.

(Note ημν does not satisfy that equation, i.e., Gμν(η) + Λημν �= 0. So it

cannot be the metric of the local inertial system in dS-GR with Λ).

In order to show the differences between the Local Inertial Systems (LIS)

in E-GR and the LIS in dS-GR visually, we draw a sketch map Fig.8.8. In

this figure, for simplicity, we use bold lines to represent a curved spacetime

with gμν which satisfy Gμν = κTμν for E-GR or Gμν + Λgμν = κTμν for

dS-GR , and use fine lines (or fine curves) to represent the tangent line

(ημν ) or externally tangent circle (Bμν). The tangent point is in xP . As

usual, we could always think the tangent spacetime metric at the tangent

point as the metric of the local inertial system at the tangent point. We

can see that when Λ �= 0, the solution of Gμν + Λgμν = 0 is gμν = Bμν

instead of gμν = ημν , so the metric of tangent spacetime in Fig.8.8(b) is

Bμν rather than ημν .

For the light cone of RFW Universe with Λ, the coordinate-components

Q0(z) = ct(z) and Q(z) have been shown in Eqs.(8.24) (or Fig.8.5) and

(8.27) (or Fig.8.6) respectively. Therefore from Eq.(8.18), the spacetime

metric of the local inertial coordinate system at position Q(z) of the light
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Fig. 8.8 Sketch map for tangent spacetime both in E-GR and in dS-GR. We could think

the tangent spacetime metric at the tangent point as the metric of the local inertial

system at the tangent point. Fig.(a): Bold line represents a curved spacetime with gμν
satisfying Gμν = κTμν in E-GR. The fine line is the tangent line with (ημν). Tangent

point is in xP . The metric of the local inertial system for E-GR is ημν . Fig.(b): Bold

line represents a curved spacetime with gμν satisfying Gμν + Λgμν = κTμν in dS-GR.

We can see that when Λ �= 0, the solution of Gμν + Λgμν = 0 is gμν = Bμν instead of

gμν = ημν , so the metric of tangent spacetime in Fig.8.8(b) is Bμν rather than ημν .

cone is determined to be

B(M)
μν (Q) ≡ Bμν(Q−M) =

ημν
σ(M)(Q)

+
ημλ(Q

λ −Mλ)ηνρ(Q
ρ −Mρ)

R2σ(M)(Q)2
,

(8.32)

where

σ(M)(Q) ≡ σ(Q−M) = 1− ημν(Q
μ −Mμ)(Qν −Mν)

R2
. (8.33)

We see from Fig.8.4 that the visible atom is embedded into the light cone

at Q-point. Since Q 
 L (i.e., comparing with the Universe, atoms are

very very small), we can reasonably treat the metric of the spacetime in

the atomic region as a constant. This is just the adiabatic approximation

adopted in [Yan (2012)]. When Qμ → Mμ, we have B
(M)
μν (Q) ⇒ ημν . So,

Qμ = Mμ is the Minkowski point of the Beltrami metric B
(M)
μν (Q).

Now let’s derive e μ
a and ωab

μ from Eq.(8.32). Setting

qμ ≡ Qμ −Mμ, (8.34)

then Eqs.(8.32) and (8.33) become

B(M)
μν =

ημν
σ(M)

+
ημλq

ληνρq
ρ

R2(σ(M))2
, (8.35)
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where

σ(M) ≡ σ(M)(q) = 1− ημνq
μqν

R2
. (8.36)

(denote the spacetime with metric B
(M)
μν as BM). We introduce notations:

q̄μ ≡ ημλq
λ, qλ ≡ q̄λ = ημλq̄μ, (8.37)

q̄2 ≡ ημνq
μqν = q̄ν q̄

ν , (8.38)

and construct two projection operators in spacetime {q̄μ} with metric ημν :

θ̄μν ≡ ημν − q̄μq̄ν
q̄2

, ω̄μν ≡ q̄μq̄ν
q̄2

. (8.39)

It is easy to check the calculation rules for projection operators:

θ̄μλθ̄
λ
ν ≡ θ̄μλη

λρθ̄ρν = θ̄μν , or in short θ̄ · θ̄ = θ̄, (8.40)

ω̄μλω̄
λ
ν ≡ ω̄μλη

λρω̄ρν = ω̄μν , or in short ω̄ · ω̄ = ω̄, (8.41)

θ̄μλω̄
λ
ν ≡ θ̄μλη

λρω̄ρν = 0, or in short θ̄ · ω̄ = 0, (8.42)

θ̄μν + ω̄μν = ημν , or in short θ̄ + ω̄ = I. (8.43)

B
(M)
μν (Q) can be written as

B(M)
μν =

ημν
σ(M)

+
q̄μq̄ν

R2(σ(M))2
, (8.44)

where

σ(M) = 1− ημνq
μqν

R2
= 1− q̄ν q̄

ν

R2
≡ 1− q̄2

R2
. (8.45)

Since B
(M)
μν is a tensor in the spacetime {q̄μ, ημν}, it can be written as

follows from Eq.(8.44):

B(M)
μν =

1

σ(M)
θ̄μν +

1

(σ(M))2
ω̄μν . (8.46)

Furthermore, by means of (B(M))μνB
(M)
νλ = δμν ≡ ημν and the rules (8.39)–

(8.43), the above expression of B
(M)
μν leads to:

(B(M))μν = σ(M)θ̄μν + (σ(M))2ω̄μν . (8.47)

Or explicitly in matrix form:

{
(B(M))μν

}
=

⎛
⎜⎜⎜⎜⎜⎝

σ(M)(1 − (q0)2

R2 ) −q0q1σ(M)

R2
−q0q2σ(M)

R2
−q0q3σ(M)

R2

−q1q0σ(M)

R2 −σ(M)(1 +
(q1)2

R2 ) −q1q2σ(M)

R2
−q1q3σ(M)

R2

−q2q0σ(M)

R2
−q2q1σ(M)

R2 −σ(M)(1 + (q2)2

R2 ) −q2q3σ(M)

R2

−q3q0σ(M)

R2
−q3q1σ(M)

R2
−q3q2σ(M)

R2 −σ(M)(1 + (q3)2

R2 )

⎞
⎟⎟⎟⎟⎟⎠

(8.48)
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In the Beltrami spacetime B with the metric B
(M)
μν , the tetrad eaμ is defined

via the following equation

B(M)
μν = ηabe

a
μe

b
ν . (8.49)

Generally, we have expansion of eaμ:

eaμ = aθ̄a μ + bω̄a
μ, (8.50)

where a and b are unknown constants. Substituting Eqs.(8.46) and (8.50)

into Eq.(8.49) gives

1

σ(M)
θ̄μν +

1

(σ(M))2
ω̄μν = ηab(aθ̄

a
μ + bω̄a

μ)(aθ̄
b
ν + bω̄b

ν)

= a2θ̄μν + b2ω̄μν . (8.51)

Comparing the left side of Eq.(8.51) with the right side, and noting θ̄ and

ω̄ being projection operators with properties of Eqs.(8.40)–(8.43), we find

that:

a =

√
1

σ(M)
, b =

1

σ(M)
. (8.52)

Substituting Eq.(8.52) into Eq.(8.50) gives

eaμ =

√
1

σ(M)
θ̄a μ +

1

σ(M)
ω̄a

μ

=

√
1

σ(M)
δaμ +

(
1

σ(M)
− 1

√
σ
(M)

)
ημνδ

a
λ(Q

λ −Mλ)(Qν −Mν)

(1− σ(M))R2
.

(8.53)

e μ
a is the inverse of eaμ given by:

e μ
a ea

′

μ = δa
′

a . (8.54)

With the Eqs.(8.54) and (8.49), we have

e μ
a =ebν(B

(M))νμηba=(

√
1

σ(M)
θ̄b ν+

1

σ(M)
ω̄b

ν)(σ
(M) θ̄νμ+(σ(M))2ω̄νμ)ηab

=
√
σ(M)θ̄ μ

a + σ(M)ω̄ μ
a

=
√
σ(M)δμa +

σ(M) −
√
σ(M)

1− σ(M)

ηabδ
b
λ(Q

λ −Mλ)(Qμ −Mμ)

R2
, (8.55)
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and

eaμ = eaν(B
(M))νμ = (

√
1

σ(M)
θ̄a ν +

1

σ(M)
ω̄a

ν)(σ
(M)θ̄νμ + (σ(M))2ω̄νμ)

=
√
σ(M)θ̄aμ + σ(M)ω̄aμ

=
√
σ(M)δμb η

ab +
σ(M) −

√
σ(M)

1− σ

δaμ(Q
μ −Mμ)(Qμ −Mμ)

R2
, (8.56)

eaμ =

√
1

σ(M)
θ̄aμ +

1

σ(M)
ω̄aμ

=

√
1

σ(M)
δνaηνμ +

(
1

σ(M)
− 1√

σ(M)

)
ημνηabδ

b
λ(Q

λ −Mλ)(Qν −Mν)

(1− σ(M))R2
.

(8.57)

Next we derive spin-connection ωab
μ. From identity

eμa ;ν = ∂νe
μ
a + ω b

a νe
μ
b + Γμ

λνe
λ
a = 0, (8.58)

Γρ
λμ =

1

2
(B(M))ρν(∂λB

(M)
νμ + ∂μB

(M)
νλ − ∂νB

(M)
λμ ), (8.59)

we have

ωab
μ =

1

2
(eaρ∂μe

b
ρ − ebρ∂μe

a
ρ)−

1

2
Γρ
λμ(e

aλebρ − ebλeaρ). (8.60)

Substituting Eqs.(8.35) and (8.53) into Eqs.(8.59) and (8.60) gives

ωab
μ =

1

R2
(
1 +

√
σ(M)

)√
σ(M)

(δaμδ
b
λ − δbμδ

a
λ)(Q

λ −Mλ). (8.61)

8.6 Electric Coulomb law at light-cone of RFW universe

The Hydrogen atom is a bound state of a proton and an electron. The

electric Coulomb potential binds them together. The action for deriving

that potential of proton located at Q ≡ Qμ = {Q0 = ct, Q1, Q2, Q3} with

background space-time metric gμν ≡ B
(M)
μν (Q) of Eq.(8.32) (see Fig.8.4) in

the Gaussian system of units reads

S = − 1

16πc

∫
d4L

√−gFμνF
μν − e

c

∫
d4L

√−gjμAμ, (8.62)

where g = det(B
(M)
μν ), Fμν = ∂Aν

∂Lμ − ∂Aμ

∂Lν and jμ ≡ {j0 =

cρproton/

√
B

(M)
00 , j} is the 4-current density vector of proton (see, e.g.,

Ref.[Landau, Lifshitz (1987)]: Chapter 4; Chapter 10, Eq.(90.3)). Making
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space-time variable change of Lμ → (Lμ−Qμ) ≡ xμ = {x0 = ctL−ct, xi =

Li −Qi} and noting Lμ 
 Qμ, we have action S as

S = − 1

16πc

∫
d4x

√
− det(B

(M)
μν (Q))FμνF

μν

−e

c

∫
d4x

√
− det(B

(M)
μν (Q))jμAμ

=

(
− 1

16πc
B

(M)
μλ (Q)B(M)

νρ (Q)

∫
d4xFμν(x)Fλρ(x)

−e

c

∫
d4xjμ(x)Aμ(x)

)√
− det(B

(M)
μν (Q)), (8.63)

and the equation of motion δS/δAμ(x) = 0 as follows (see, e.g., [Landau,

Lifshitz (1987)], Eq.(90.6), pp.257)

∂νF
μν = (B(M))νλ∂νF

μ
λ = −4π

c
jμ. (8.64)

In Beltrami space, Aμ = {φB, A} (see, e.g., [Landau, Lifshitz (1987)],

Eq.(16.2) in pp.45) and 4-charge current jμ = {cρproton/
√
B

(M)
00 , j}. Ac-

cording to the expression of charge density in curved space in Ref. [Landau,

Lifshitz (1987)], (pp.256, Eq.(90.4)), ρproton ≡ ρB = e√
γ δ

(3)(x) and j = 0,

where

γ = det(γij), (8.65)

dl2 = γijdx
idxj =

(
−B

(M)
ij +

B
(M)
0i B

(M)
j0

B
(M)
00

)
dxidxj (8.66)

(see Eq.(84.7) in [Landau, Lifshitz (1987)]).

Thus, we have

(1) When μ = i (i = 1, 2, 3) in Eq.(8.64), we have

∂i∂μA
μ − (B(M))μν∂μ∂νA

i = −4π

c
ji = 0. (8.67)

By means of the gauge condition

∂μA
μ = 0, (8.68)

we have

(B(M))μν∂μ∂νA
i = 0. (8.69)

Then

Ai = 0 (8.70)
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is a solution that satisfies the gauge condition (8.68) (noting ∂0A
0 =

∂
∂x0φB(rB) = 0 due to ∂Q0

∂x0 = ∂Q0

∂L0 = 0). Equation (8.70) is the vector

potential.

(2) When μ = 0 in Eq.(8.64), we have the Coulomb’s law:

−(B(M))ij(Q)∂i∂jφB(x) = −4π

c
j0 = −4π

c

cρB√
B

(M)
00

=
−4πe√
B

(M)
00 γ

δ(3)(x)

=
−4πe√

− det(B
(M)
μν (Q))

δ(3)(x), (8.71)

where B
(M)
00 γ = − det(B

(M)
μν ) has been used, and B

(M)
μν (and (B(M))ij)

was given in Eq.(8.35) (and (8.48)), i.e.,

{
(B(M))ij

}
=

⎛⎜⎝−σ(M)(1 + (q1)2

R2 ) −q1q2σ(M)

R2
−q1q3σ(M)

R2

−q2q1σ(M)

R2 −σ(M)(1+ (q2)2

R2 ) −q2q3σ(M)

R2

−q3q1σ(M)

R2
−q3q2σ(M)

R2 −σ(M)(1+ (q3)2

R2 )

⎞⎟⎠ .

(8.72)

The equation of Coulomb law (8.71) can be compactly rewritten as:

−
(
∇T

xB
(M)∇x

)
φB = −ηI, (8.73)

where tensor B
(M) :=

{
(B(M))ij

}
, operator ∇ := {∂i}, η =

4πe√
det(B

(M)
μν (Q))

and I := δ(3)(x). Symmetric matrix B
(M) can be

diagonalized by similarity transformation via matrix P :

PT
B

(M)P = ΛB =

⎛⎜⎝λ1 0 0

0 λ2 0

0 0 λ3

⎞⎟⎠ . (8.74)

Here, λi with i = 1, 2, 3 and matrix P can be found in det(B(M) −
λI) = 0. From Eq.(8.72), the results are:

λ1 = −σ(M) (q)
2 +R2

R2
, λ2 = λ3 = −σ(M), (8.75)

P =

⎛⎜⎜⎜⎜⎜⎝
q1
√

(q3)2

q3
√

q2
− q1q2√

q2[(q1)2+(q3)2]
− q3√

(q1)2+(q3)2

q2
√

(q3)2

q3
√

q2

√
(q1)2+(q3)2√

q2
0

√
(q3)2√
q2

− q3q2√
q2[(q1)2+(q3)2]

√
(q1)2√

(q1)2+(q3)2

⎞⎟⎟⎟⎟⎟⎠ (8.76)
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where qi = Qi − M i with i = {1, 2, 3} (see Eq.(8.34)), and q2 =

(q1)2 + (q2)2 + (q3)2. It can be checked that

PTP = PPT = I, (8.77)

where I is 3 × 3-unit matrix. So that Eq.(8.73) can be rewritten as

follows

−
(
∇T

xPPT
B

(M)PPT∇x

)
φB = −

(
(∇T

xP )(PT
B

(M)P )(PT∇x)
)
φB

≡ − (∇T
y ΛB∇y

)
φB = −ηI =

−4πe√
− det(B

(M)
μν (Q))

δ(3)(x), (8.78)

where

y ≡ Px, or yi = Pijx
j , xi = PT

ij y
j . (8.79)

∇y=PT∇x, or ∂/∂yi=PT
ij ∂/∂x

j, ∂/∂xi=Pij∂/∂y
j. (8.80)

Substituting Eqs.(8.74) and (8.79) into Eq.(8.78) gives[
∂2

(∂y1/
√−λ1)2

+
∂2

(∂y2/
√−λ2)2

+
∂2

(∂y3/
√−λ3)2

]
φB

=−ηδ(PT
1jy

j)δ(P T
2jy

j)δ(P T
3jy

j) (8.81)

= −η
δ(y1)δ(y2)δ(y3)∣∣det(PT

ij )
∣∣ =

−4πe√
− det(B

(M)
μν (Q))

δ( y1

√−λ1
)δ( y2

√−λ2
)δ( y3

√−λ3
)

√−λ1λ2λ3

,

(8.82)

where
∣∣det(PT

ij )
∣∣ = 1 has been used. Setting

x̃i ≡ yi√−λi
with i = 1, 2, 3, (8.83)

Eq.(8.82) becomes[
∂2

∂(x̃1)2
+

∂2

∂(x̃2)2
+

∂2

∂(x̃3)2

]
φB ≡ ∇2

x̃φB

=
−4πe√

− det(B
(M)
μν (Q))

δ(x̃1)δ(x̃2)δ(x̃3)√−λ1λ2λ3

. (8.84)

Then, we get the Coulomb potential:

φB = φB(Q) =
1√

− det(B
(M)
μν (Q))

1√−λ1λ2λ3

e

rB
, (8.85)

where rB =
√
(x̃1)2 + (x̃2)2 + (x̃3)2.
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———————–

Exercise

Problem 1: Derive the Coulomb potential φM
B ’s expression (8.85) from the Maxwell

equation in BM.

8.7 Fine structure constant variation in {Q0, Q1, 0, 0}

At this stage, in order to get the expression of fine-structure constant

α(Q) ≡ αz(Ω) at pointQ ≡ {Q0, Q1, Q2, Q3}, we should substitute Equa-

tions (8.55), (8.61), (8.70), (8.85) and (8.18) for e μ
a , ωab

μ, Ai, A0 ≡ φB

and B
(M)
μν respectively, into the Dirac equation (8.20) of Hydrogen atom

located in the local inertial coordinate system of the light-cone in RFW

Universe with Λ (see Fig.8.4). Such an α(Q) will characterize the temporal

and spatial variations of fine-structure constant α. When we assumeM = 0,

α(Q)|(M=0) has been calculated in the Ref.[Yan (2012)] [Yan (2014)]. In

the following sections of this chapter we study the observation results of

Keck and VLT reported by [Webb et al. (2011)] [King et al. (2012)] recently

by means of M = {M0, M1, 0, 0}-model.

To calculate α(Q) analytically, we build 3-dimension spatial Cartesian

coordinate system {Q1, Q2, Q3} in the equatorial coordinate figure show-

ing the Keck and VLT best-fit dipole structure of Δα/α in Refs. [Webb et

al. (2011)] [King et al. (2012)]. Denoting Q̂i ≡ Qi/|Q| andQ1 as the best-fit

dipole position, the directions of the three axis {Q̂1, Q̂2, Q̂3} in this figure

are Q̂1(ϕ
[RA]
1 , ϑ

[D]
1 ) = {17.4 h, −59◦}, Q̂2(ϕ

[RA]
2 , ϑ

[D]
2 ) = {17.4 h, 31◦},

Q̂3(ϕ
[RA]
3 , ϑ

[D]
3 ) = {11.4 h, 0◦} (see Fig.8.9 and its caption). Angle (Θ)

between a quasar sight line ({ϕ[RA]
q , ϑ

[D]
q }) and axis Q1 is determined by

following

cosΘ = cos[ϑ
[D]
1 ] cos[ϑ[D]

q ] cos[
ϕ
[RA]
1 − ϕ

[RA]
q

12
π] + sin[ϑ

[D]
1 ] sin[ϑ[D]

q ].

(8.86)

In this section we calculate α(Q) for Θ = π and Θ = 0 following the method

described in Chapter 7 [Yan (2012)] [Yan (2014)].
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Fig. 8.9 (color online) The 3-dimension spatial Cartesian coordinate frame

{Q1, Q2, Q3} on the equatorial coordinates. In left figure (a), the background is

all-sky plot in equatorial coordinates showing the independent Keck (green, leftmost)

and VLT (blue, rightmost) best-fit dipole s, and the combined samples (red, center),

for the dipole model Δα/α = A cosΘ copied from [Webb et al. (2011)] [King et al.

(2012)]. The locations of axis {Q̂1, Q̂2, Q̂3} in this figure are marked by “•”. In

[Webb et al. (2011)] [King et al. (2012)] it has been measured that the best-fit dipole

is at right ascension ϕ[RA] = 17.4 ± 0.9 h, declination ϑ[D] = −58 ± 9 dec. The

cosmic microwave background dipole antipole are illustrated for comparison. The di-

rections of 3-dimension spatial Cartesian coordinate system {Q1, Q2, Q3} that we

take are: Q̂1(ϕ
[RA]
1 , ϑ

[D]
1 ) = {17.4 h, −59◦}, Q̂2(ϕ

[RA]
2 , ϑ

[D]
2 ) = {17.4 h, 31◦},

Q̂3(ϕ
[RA]
3 , ϑ

[D]
3 ) = {11.4 h, 0◦}. The gray shadow band is the Milky Way. In

right figure (b), the 3-dimension spatial Cartesian coordinate system {Q1, Q2, Q3}
with a non-zero space component M1 of Minkowski point is drawn. Θ is angle be-

tween a quasar sight line ({ϕ[RA]
q , ϑ

[D]
q }) and axis Q1. Formula for computing it is

cos Θ = cos[ϑ
[D]
1 ] cos[ϑ

[D]
q ] cos[

ϕ
[RA]
1 −ϕ

[RA]
q

12
π] + sin[ϑ

[D]
1 ] sin[ϑ

[D]
q ].

8.7.1 Formulation of alpha-variation for case of Θ = π,

and 0

When quasar sight line is anti-parallel (or parallel) to direction of

Q̂1(ϕ
[RA]
1 , ϑ

[D]
1 ) = {17.4 h, −59◦}, the angle Θ between them is equal to

π (or 0), and the locations of distant atoms on the light-cone in the RFW

Universe are at {Q0, Q1 > 0 (or < 0), Q2 = 0, Q3 = 0} (see Fig.8.4).

Then we have q0 = Q0 −M0, q1 = Q1 −M1, q2 = 0, q3 = 0, and

B(M)
μν (Q)=

⎛⎜⎜⎜⎜⎝
1

σ(M) +
(Q0−M0)2

R2(σ(M))2
− (Q0−M0)(Q1−M1)

R2(σ(M))2
0 0

− (Q0−M0)(Q1−M1)

R2(σ(M))2
−1

σ(M) +
(Q1−M1)2

R2(σ(M))2
0 0

0 0 −1
σ(M) 0

0 0 0 −1
σ(M)

⎞⎟⎟⎟⎟⎠ , (8.87)
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(B(M))μν(Q)=

⎛
⎜⎜⎜⎜⎝
σ(M)(1 − (Q0−M0)2

R2 ) − (Q0−M0)(Q1−M1)σ(M)

R2 0 0

− (Q0−M0)(Q1−M1)σ(M)

R2 −σ(M)(1 + (Q1−M1)2

R2 ) 0 0

0 0 −σ(M) 0

0 0 0 −σ(M)

⎞
⎟⎟⎟⎟⎠ ,

(8.88)
with

σ(M) = 1− (Q0 −M0)2 − (Q1 −M1)2

R2
. (8.89)

Here, for a given red-shift z, Q0 ≡ ct(z) and Q1 =

±√Q(z)2 − (Q2)2 − (Q3)2 = ±Q(z) are determined from Eqs.(7.13) and

(8.27) respectively (see also Figs.8.5 and 8.6). Then Eqs.(8.75) and (8.76)

become

λ1 = −σ(M)

(
1 +

(Q1 −M1)2

R2

)
, λ2 = λ3 = −σ(M), (8.90)

P =

⎛⎜⎝1 0 0

0 1 0

0 0 1

⎞⎟⎠ , (8.91)

Substituting Eqs.(8.55), (8.61), (8.70), (8.85) and (8.18) into Eq.(8.20) gives

dS-SR Dirac equation for the electron in the distant Hydrogen located at

the light-cone of RFW Universe:

�cβ

[
i
√

σ(M)γμDL
μ + i

σ(M) −
√
σ(M)

(1− σ(M))R2
ηabδ

a
λ(Q

λ −Mλ)γb(Qμ −Mμ)DL
μ

−mec

�

]
ψ = 0, (8.92)

where factor �cβ in the front of the equation is only for convenience,

Lμ 
 Qμ has been used (see Fig.8.4), and

DL
μ ≡ ∂

∂Lμ
− i

4
ωab

μσab − i
e

c�
B(M)

μν Aν

=
∂

∂Lμ
− i

4

1

R2
(
1 +

√
σ(M)

)√
σ(M)

(δaμδ
b
λ − δbμδ

a
λ)(Q

λ −Mλ)σab

−i
e

c�

δμ0B
(M)
00 (Q) + δμiB

(M)
i0 (Q)√

− det(B
(M)
μν (Q))

1√−λ1λ2λ3

e

rB
. (8.93)

We use the method described in the Chapter 7 (see also [Yan (2012)] [Yan

(2014)]) and expand each term of Eq.(8.92) to the order as follows:
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(1) Since observed distant Hydrogen atom must be on the light cone and

the location is {Q0, Q1, Q2 = 0, Q3 = 0}, then ηabL
aLb 
 ηabQ

aQb =

(Q0)2 − (Q1)2, and the first term of Eq.(8.92) reads

�cβi
√
σ(M)γμDL

μ =

√
1− (Q0 −M0)2 − (Q1 −M1)2

R2
�cβiγμDL

μψ

(8.94)

with βγμ = {βγ0 = β2 = 1, βγi = αi} (8.95)

�cβiγμDL
μψ = (i�

∂

∂tL
+ i�c�α · ∇+

�cβ

4
ωab
μ γμσab + eβγμBμνA

ν)ψ.

(8.96)

In follows, we use variables {x̃1, x̃2, x̃3} (where since Eqs.(8.90) and

(8.91), x̃i ≡ xi/
√−λi, we have x̃1 ≡ 1√

σ(M)(1+(Q1−M1)2/R2)
x1, x̃2 ≡

1√
σ(M)

x2 and x̃3 ≡ 1√
σ(M)

x3 ) to replace {x1, x2, x3}. The following

notations are used hereafter:

rB = ix̃1 + jx̃2 + kx̃3, |rB| = rB , (8.97)

∇B = i
∂

∂x̃1
+ j

∂

∂x̃2
+ k

∂

∂x̃3
, x̃i ∈ {x̃1, x̃2, x̃3}. (8.98)

Then, noting ∂
∂x1 = ∂x̃1

∂x1
∂

∂x̃1 = 1√
σ(M)(1+(Q1−M1)2/R2)

∂
∂x̃1 ,

∂
∂xi =

∂x̃i

∂xi
∂

∂x̃i = 1√
σ(M)

∂
∂x̃i with i = {2, 3}, the Eq.(8.96) becomes

�cβiγμDL
μψ=

(
i�

∂

∂tL
+ i

�c√
σ(M)

�α · ∇B + i
�c√
σ(M)

[
1√

1 + (Q1 −M1)2/R2
− 1

]

×α1 ∂

∂x̃1
+
�cβ

4
ωab
μ γμσab + eB

(M)
00 φB + eα1B

(M)
10 φB

)
ψ

=

(
i�

∂

∂tL
+ i

�c√
σ(M)

�α · ∇B + i
�c√
σ(M)

[
1√

1 + (Q1 −M1)2/R2
− 1

]
α1 ∂

∂x̃1

+
�cβ

4
ωab
μ γμσab +

[
1

σ(M)
+

(Q0 −M0)2

R2(σ(M))2

]
eφB

− (Q1 −M1)(Q0 −M0)

R2(σ(M))2
α1eφB

)
ψ.

(8.99)

(2) Estimation of the contributions of the fourth term in RSH of (8.99)

(the spin-connection contributions) is as follows: From Eq.(8.61), the

ratio of the fourth term to the first term of Eq.(8.99) is:∣∣∣∣∣
�cβ
4 ωab

μ γμσabψ

i�∂tψ

∣∣∣∣∣ ∼ �c

4

ct

2R2

1

mec2
=

ct

8R2

�

mec
=

1

8

ctac
R2

∼ 0, (8.100)

 



Temporal and Spatial Variation of the Fine Structure Constant 185

where ac = �/(mec) 
 0.3 × 10−12m is the Compton wave length of

electron. O(ctac/R
2)-term is neglectable. Therefore the 3-rd term in

RSH of (8.96) has no contribution to our approximation calculations.

(3) Substituting Eqs.(8.100), (8.99) and (8.95) into Eq.(8.94) and noting

La 
 Qa, we get the first term in LHS of Eq.(8.92)

�cβi
√

σ(M)γμDL
μψ =

√
σ(M)

(
i�

∂

∂tL
+ i

�c√
σ(M)

�α · ∇B

+i
�c√
σ(M)

[
1√

1 + (Q1 −M1)2/R2
− 1

]
α1 ∂

∂x̃1

+

[
1

σ(M)
+

(Q0 −M0)2

R2(σ(M))2

]
eφB − (Q1 −M1)(Q0 −M0)

R2(σ(M))2
α1eφB

)
ψ.

(8.101)

(4) The second term of Eq.(8.92) is

�cβi
σ(M) −

√
σ(M)

(1− σ(M))R2
ηab(Q

a −Ma)γb(Qμ −Mμ)DL
μψ

= �cβi
σ(M) −

√
σ(M)

(1 − σ(M))R2

[
γ0(Q0 −M0)− �γ · (�Q − �M)

]
× [

(Q0 −M0)D0 + (Qi −M i)Di

]
ψ

= �ci
σ(M) −

√
σ(M)

(1 − σ(M))R2

[
(Q0 −M0)− α1(Q1 −M1)

]

×
[
(Q0 −M0)

(
∂L
0 − γ0γ1(Q1 −M1)

2R2(1 +
√
σ(M))

√
σ(M)

− ie

c�
(

1

σ(M)
+

(Q0 −M0)2

R2(σ(M))2
)φB

)
+ (Q1 −M1)

(
∂L
1 +

γ0γ1(Q0 −M0)

2R2(1 +
√
σ(M))

√
σ(M)

+
ie

c�

(Q0 −M0)(Q1 −M1)

R2(σ(M))2
φB

)]
ψ

=
σ(M) −

√
σ(M)

(1− σ(M))R2

[
(Q0 −M0)− α1(Q1 −M1)

]

×
{
i�c

[
(Q0 −M0)

∂

∂L0
+ (Q1 −M1)

∂

∂L1

]
+

Q0 −M0

(σ(M))2
eφB

}
ψ, (8.102)

where Q2 = Q3 = M2 = M3 = 0, γ0 = β, βγ1 = α1 and Eqs.(8.93)

and (8.89) were used. Noting xμ ≡ Lμ − Qμ, ∂
∂L0 = ∂

∂x0 = ∂
c∂tL

,
∂

∂L1 = ∂
∂x1 = ∂x̃1

∂x1
∂

∂x̃1 = 1√
σ(M)(1+(Q1−M1)2/R2)

∂
∂x̃1 , (8.102) becomes
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�cβi
σ(M) −

√
σ(M)

(1− σ(M))R2
ηabδ

a
λ(Q

λ −Mλ)γb(Qμ −Mμ)DL
μψ

=
σ(M) −

√
σ(M)

(1− σ(M))R2

[
(Q0 −M0)− α1(Q1 −M1)

]
×
{[

(Q0 −M0)i�
∂

∂tL
+

i�c(Q1 −M1)√
σ(M)(1 + (Q1 −M1)2/R2)

∂

∂x̃1

]

+
Q0 −M0

(σ(M))2
eφB

}
ψ. (8.103)

(5) Therefore, substituting Eqs.(8.101) and (8.103) into Eq.(8.92), we have

i�

(√
σ(M) +

σ(M) −
√
σ(M)

(1− σ(M))R2
[(Q0 −M0)2 − (Q0 −M0)(Q1 −M1)α1]

)
∂

∂tL
ψ

=

{
−i�c�α · ∇B −

[
1√
σ(M)

+
(Q0 −M0)2

R2σ(M)
√
σ(M)

+
σ(M) −

√
σ(M)

(1− σ(M))R2

(Q0 −M0)2

(σ(M))2

]
eφB +mec

2β

}
ψ

+

{
−i�c

(
1√

1 + (Q1 −M1)2/R2
− 1

)
α1 ∂

∂x̃1
+

(Q1 −M1)(Q0 −M0)

R2σ(M)
√
σ(M)

α1eφB

− σ(M) −
√
σ(M)

(1−
√
σ(M))R2

⎡
⎢⎣ i�c(Q1Q0 − (Q1 −M1)2α1)√

σ(M)(1 + (Q1 −M1)2/R2)

∂

∂x̃1

⎤
⎥⎦
⎫⎪⎬
⎪⎭ψ. (8.104)

In order to discuss the spectra of Hydrogen atom in the dS-SR Dirac
equation, we need to find its solutions with certain energy E for electron
in the atom. From Eq.(6.10) in Chapter 6, we have

p0 ≡ E

c
= i�

[(
η0ν − (Q0 −M0)(Qν −Mν)

R2

)
∂ν +

5(Q0 −M0)

2R2

]
,

E = i�

[
∂tL − (Q0 −M0)2

R2
∂tL − c(Q0 −M0)(Q1 −M1)

R2
∂L1 +

5c(Q0 −M0)

2R2

]
,

Eψ 	 i�

(
1− (Q0 −M0)2

R2

)
∂tLψ − i�

c(Q0 −M0)(Q1 −M1)

R2
√

σ(M)(1 + (Q1 −M1)2/R2)

∂

∂x̃1
ψ,

(8.105)

where an estimation for the ratio of the 4-th term to the 2-nd of Eψ

were used:

|i� 5c2t
2R2 ψ|

|−c2t2

R2 i�∂tLψ|
∼ |i� 5c2t

2R2 |
|−2c2t2

R2 E| ∼
5�

2tmec2
≡ 5

2

ac
ct
,
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where ac ≡ �/(mec) 
 0.3 × 10−12m is the Compton wave length of
electron and ct is about the distance between earth and a distant atom
near quasar. Obviously, ac/(ct) is ignorable. For instance, for an atom
with ct ∼ 109ly, ac/(ct) ∼ 10−38 << (ct)2/R2 ∼ 10−5. Hence the 4-th
term of Eψ was ignored. Equation(8.105) means

i�
∂

∂tL
ψ =

E

1− (Q0 −M0)2/R2
ψ

+
i�c(Q1 −M1)(Q0 −M0)

R2(1 − (Q0 −M0)2/R2)

1√
σ(M)(1 + (Q1 −M1)2/R2)

∂

∂x̃1
ψ.

(8.106)

Then substituting Eq.(8.106) into Eq.(8.104) gives

Eψ = H0ψ +H ′ψ, (8.107)

where

H0 =

(
1− (Q0 −M0)2

R2

)[√
σ(M) +

(σ(M) −
√
σ(M))(Q0 −M0)2

(1 − σ(M))R2

]−1

×
{
−i�c�α · ∇B −

[
1√
σ(M)

+
(Q0 −M0)2

R2σ(M)

(
1

1 +
√
σ(M)

)]
eφB +mec

2β

}

≡ −i�z(Ω)c�α · ∇B − ez(Ω)2

rB
+me, z(Ω)c2β, (8.108)

H′ =

(
1− (Q0 −M0)2

R2

)[√
σ(M) +

(σ(M) −
√
σ(M))(Q0 −M0)2

(1− σ(M))R2

]−1

×
{
−i�c

(
1√

1 + (Q1 −M1)2/R2
− 1

)
α1 ∂

∂x̃1
+

(Q1 −M1)(Q0 −M0)

R2σ(M)
√
σ(M)

α1eφB

−σ(M) −
√
σ(M)

(1− σ(M))R2

(
i�c((Q1 −M1)(Q0 −M0)− (Q1 −M1)2α1)

∂

∂x̃1

− (Q1 −M1)(Q0 −M0)2

(σ(M))2
α1eφB

)

+
(σ(M) −

√
σ(M))(Q0 −M0)(Q1 −M1)α1

(1 − (Q0 −M0)2/R2)(1 − σ(M))R2

×
(
E + i�c

(Q0 −M0)(Q1 −M1)

R2
√

1 + (Q1 −M1)2/R2

∂

∂x̃1

)}

− i�c(Q1 −M1)(Q0 −M0)

R2
√

σ(M)(1 + (Q1 −M1)2/R2)

∂

∂x̃1

≡
3∑

i=1

CiÔ
i, (8.109)
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where

Q̂1 = α1, C1 ∝ O(1/R2); Q̂2 =
∂

∂x̃1
, C2 ∝ O(1/R2);

Q̂3 = α1 ∂

∂x̃1
, C3 ∝ O(1/R4), (8.110)

and so we see that

H ′ ∝ O(1/R2) << H0 ∝ O(1). (8.111)

We have mentioned in the Introduction section that the operator-

structure of H0 of (8.108) makes the corresponding eigenequation

E0ψ = H0ψ integrable. Hence Eq.(8.111) means that H0 (Eq.(8.108))

and H ′ (Eq.(8.109)) can be legally treated as unperturbation Hamilto-

nian and perturbation Hamiltonian respectively in QM-problem with

H = H0 +H ′.
(6) From Eq.(8.108), we have

�z(Ω)c = �c

(
1− (Q0 −M0)2

R2

)[√
σ(M) +

(σ(M) −
√
σ(M))(Q0 −M0)2

(1− σ(M))R2

]−1

,

(8.112)

e2z(Ω) = e2
(
1− (Q0 −M0)2

R2

)[√
σ(M) +

(σ(M) −
√
σ(M))(Q0 −M0)2

(1− σ(M))R2

]−1

×

⎧⎪⎨
⎪⎩
[

1√
σ(M)

+
(Q0 −M0)2

R2σ(M)

(
1

1 +
√
σ(M)

)]
1√

−det(B
(M)
μν (Q))

1√−λ1λ2λ3

⎫⎪⎬
⎪⎭ ,

(8.113)

where the expression (8.85) for φB were used, and hence

αz(Ω)=α

1√
σ(M)

+ (Q0−M0)2

R2σ(M)

(
1

1+
√
σ(M)

)
√
− det(B

(M)
μν (Q))

√−λ1λ2λ3

, with α=
e2

�c
. (8.114)

For case of Θ = π, (or 0), B
(M)
μν (Q) and λ1, λ2, λ3 have been given in

Eqs.(8.87) and (8.90) respectively, and hence we have√
− det(B

(M)
μν (Q))

=
1

σ(M)

[(
1

σ(M)
− (Q1 −M1)2

R2(σ(M))2

)(
1

σ(M)
+

(Q0 −M0)2

R2(σ(M))2

)
+
(Q0 −M0)2(Q1 −M1)2

R4(σ(M))4

]1/2
, (8.115)

√
−λ1λ2λ3 = (σ(M))3/2

√
1 +

(Q1 −M1)2

R2
. (8.116)
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Substituting Eqs.(8.115) and (8.116) into Eq.(8.114) gives

αz(Ω)

=

α

[
1

σ(M) +
(Q0−M0)2

R2σ(M)
√

σ(M)

(
1

1+
√

σ(M)

)](
1 +

(Q1−M1)2

R2

)−1/2

√[(
1

σ(M) − (Q1−M1)2

R2(σ(M))2

)(
1

σ(M) + (Q0−M0)2

R2(σ(M))2

)
+ (Q0−M0)2(Q1−M1)2

R4(σ(M))4

] .
(8.117)

When z = 0 (or Q0 → 0, and Q1 → 0), αz(Ω) should be normalized

so that αz(Ω)|z=0 = α0 which is the α-value measured in the Earth

laboratories. So from Eq.(8.117) we have

α0 =

α

[
1

σ
(M)
0

+ (M0)2

R2σ
(M)
0

√
σ
(M)
0

(
1

1+

√
σ
(M)
0

)](
1 + (M1)2

R2

)−1/2

√[(
1

σ
(M)
0

− (M1)2

R2(σ
(M)
0 )2

)(
1

σ
(M)
0

+ (M0)2

R2(σ
(M)
0 )2

)
+ (M0)2(M1)2

R4(σ
(M)
0 )4

]
≡ αN0 (8.118)

where

N0 =

[
1

σ
(M)
0

+ (M0)2

R2σ
(M)
0

√
σ
(M)
0

(
1

1+

√
σ
(M)
0

)](
1 + (M1)2

R2

)−1/2

√[(
1

σ
(M)
0

− (M1)2

R2(σ
(M)
0 )2

)(
1

σ
(M)
0

+ (M0)2

R2(σ
(M)
0 )2

)
+ (M0)2(M1)2

R4(σ
(M)
0 )4

]
(8.119)

σ
(M)
0 ≡ σ(M)

∣∣∣
Q0=Q1=0

= 1− (M0)2 − (M1)2

R2
. (8.120)

Therefore, from Eqs.(8.117) and (8.118), we obtain
Δα

α0
≡ αz(Ω) − α0

α0

=

[
1

σ(M) + (Q0−M0)2

R2σ(M)
√

σ(M)

(
1

1+
√

σ(M)

)](
1 + (Q1−M1)2

R2

)−1/2

N0

√[(
1

σ(M) − (Q1−M1)2

R2(σ(M))2

)(
1

σ(M) + (Q0−M0)2

R2(σ(M))2

)
+ (Q0−M0)2(Q1−M1)2

R4(σ(M))4

]
−1, (8.121)

where

Q0(z) ≡ ct(z) and Q1(z) = ± √
Q(z)2 − (Q2)2 − (Q3)2

∣∣∣
(Q2=Q3=0)

=

±Q(z) (i.e., |Q1(z)| = Q(z)) have been given in Eqs.(8.24) and (8.27)

respectively (see also Figs.8.5 and 8.6).
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8.7.2 Comparisons with observations of alpha-varying for

cases of Θ = 0, π

Equation (8.121) is the prediction of α-varying derived from dS-SR Dirac

equation of distant Hydrogen atom located on Q1-axis. When the location

Q1 > 0, the direction of the corresponding quasar sight line is opposite to

the direction of Q1-axis (see Fig.8.9). For this case the corresponding angle

( Θ ) between the quasar sight line and the Q1-axis is equal to π (i.e., Θ = π

for this case). Oppositely, when the location Q1 < 0, we have Θ = 0, i.e.,

the direction of the quasar sight line is same as the direction of Q1-axis.

For both of cases, we can generally write Q1 in Eq.(8.121) as

Q1 = −|Q1| cosΘ = −Q(z) cosΘ. (8.122)

Looking back cosmic time variable is Q0 ≡ ct < 0, and the coordinates

of Minkowski point of Beltrami metric B
(M)
μν are M0 < 0, M1 > 0, and

M2 = M3 = 0. Substituting Eq.(8.121) into Eq.(8.121) gives
Δα

α0

=

[
1

σ(M) +
(Q0(z)−M0)2

R2σ(M)
√

σ(M)

(
1

1+
√

σ(M)

)][
N0

√(
1 + (−Q(z) cosΘ−M1)2

R2

) ]−1

√[(
1

σ(M)− (−Q(z) cosΘ−M1)2

R2(σ(M))2

)(
1

σ(M) +
(Q0(z)−M0)2

R2(σ(M))2

)
+

(Q0(z)−M0)2(−Q(z) cosΘ−M1)2

R4(σ(M))4

]
−1,

(8.123)

where N0 is the same as (8.119) and

σ(M) = 1− (Q0(z)−M0)2 − (− cosΘQ(z)−M1)2

R2
. (8.124)

Equation (8.123) is the theoretic prediction of dS-SR, whose variables

are z (red shift) and Θ(= 0, or π), and the adjustable parameters are

R, M0, M1. The discussions on it are follows:

(1) Since |R| is the maximal length scale parameter in the theory (say

|R| ∼ 1012lyr [Chen, Xiao, Yan (2008)]), we could deduce the Δα/α0’s

Taylor-power series of 1/R2 from (8.123) (for practical calculations,

“Mathematica” is helpful):
Δα

α0

 1

8R4

[
(M1)2Q0(z)(−2M0 +Q0(z)) + 2M1(M0 −Q0(z))2

×Q(z) cosΘ + (M0 −Q0(z))2(Q(z))2 cos2 Θ
]
+O(1/R6),

(8.125)
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where the leading term ∝ O(1/R4) is dominating in the expansion of

Eq.(8.123). Suppose the parameters and the variables are chosen such

that

|M0| >> |M1|, Q0(z) ∼ Q(z) ∼ ε, (8.126)

we have
Δα

α0
∼ 1

8R4
2 cosΘ M1(M0)2ε, (8.127)

where the lesser terms ∝ O((M1)2M0ε/R4) and ∝ O(ε2/R4) have been

ignored, and Θ is only to be 0 or π (and noting cos(0) = 1, cos(π) =

−1). Thus, when Θ = 0, we have Δα/α0 > 0, and when Θ = π,

oppositely, we have Δα/α0 < 0. This is interesting since Eq.(8.127)

indicates that the scenario reported by [Webb et al. (2011)] [King et al.

(2012)] could be interpreted by Eq.(8.123) with a particular parameter

setting in proper region of variables (8.126) in the theory that satisfies

the requirement of Cosmological Principle.

(2) In this scenario we need to determine the parameters R, M0, M1

by comparing the theoretical predictions with the observation data.

By using Keck +VLT data, the relations between Δα/α0 and r ≡
ct(z) along Q̂1-axis have been described in Section 8.2 (see Fig.8.1,

Fig.8.2 and Fig.8.3) [Webb et al. (2011)] [King et al. (2012)]. Let’s use

Eqs.(8.123) and (8.124) with Θ = π and 0 to fit Fig.8.3 (i.e., Fig.3 in

[Webb et al. (2011)]) which is based on the combined Keck and VLT

data and t(z) expression (8.24). The best fitting gives

R = 500 Glyr = 0.5× 1012 Lyr,

M0 
 −100 Glyr = −1.0× 1011 Lyr, (8.128)

M1 
 −22 Glyr = −2.2× 1010 Lyr,

which are consistent with requirement of Eq.(8.126). The fitted curve

of Eq.(8.123) with Eq.(8.124) is shown in Fig.8.10.

(3) After determination of R, M0, M1 of Eq.(8.128), the metric B
(M)
μν (Q)

of local inertial coordinate system and then Δα/α0(z) along Q1-axis

are fully known. In Fig.8.11, the curves of Δα/α0(z) are plotted. The

Keck’s data in 2004 reported by [Murphy et al. (2004)] [Dent (2008)] are

illustrated for comparison. Since the 2004-data were obtained by obser-

vations in all directions in Keck at that time, the deviations between the
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Fig. 8.10 Determination of parameters R, M0, M1 via fitting Keck+VLT’s α-varying

data reported by [Webb et al. (2011)] [King et al. (2012)] and described in Section

8.2. Δα/α0 vs A r(z)cosΘ with Θ = {0, and π} shows an apparent gradient in α

along the best-fit dipole. The best-fit direction is at Q̂1(ϕ
[RA]
1 , ϑ

[D]
1 ) = {17.4 h, −59◦}

(see Fig.8.9). The data reported by [Webb et al. (2011)] [King et al. (2012)] and de-

scribed in Section 8.2 are shown with error bars. A spatial gradient is statistically

preferred over a monopole-only model at the 4.2σ level. A cosmology with param-

eters (H0, ΩM , ΩΛ) were given in Eq.(8.25). The fitted model’s parameters are

R 	 500GLyr, M0 	 −100GLyr, M1 	 −22GLyr. The resulting curve of Δα/α0(r(z))

of Eq.(8.123) is shown.

data and the prediction curves of Δα/α0(z) are understandable. The

point here is that the curves remarkably show a nontrivial behavior

described in Section 8.2 and reported by Ref.[Webb et al. (2011)] [King

et al. (2012)]. That is, in one direction in the sky α was smaller at the

time of absorption, while in the opposite direction it was larger. More

explicitly, we illustrate 3 pairs of Δα/α0(z)-predictions in Table 1 as

examples. In the table, Θ = 0 (or π) means the quasar sight line is par-

allel (or anti-parallel) to direction of Q̂1(ϕ
[RA]
1 , ϑ

[D]
1 ) = {17.4 h, −59◦}.

For each z, there are two values of (Δα/α0)th with opposite signs,

which just matches the expectations of observations. Such a theoreti-

cal picture is subtle. In addition, it was also reported as a dipole form

in [Webb et al. (2011)] [King et al. (2012)]

Δα

α0

 Āobs cosΘ, with Āobs = (1.02± 0.21)× 10−5, (8.129)

where Āobs means the observation value of amplitude Ā. Theoretically,
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Fig.8.11 indicates that when z ∼ 2 to 4, Āth 
 1.×10−5 which coincides

with Āobs.

	�Π
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Fig. 8.11 α-varying in the region of 0 < z < 3. Θ is angle between quasar sight line and

axis Q1. Θ = 0 (or π) means the quasar sight line is parallel (or anti-parallel) to direction

of Q̂1(ϕ
[RA]
1 , ϑ

[D]
1 ) = {17.4 h, −59◦}. When z fixes, there are two values of Δα/α0(z)

with opposite signs. Δα/α0(z) is given by Eq.(8.123) with parameters Eq.(8.128). Three

Keck’s data in 2004 reported and discussed by [Murphy et al. (2004)] [Dent (2008)] are

shown for comparison.

Table 8.1Examples of predictions of Δα/α0: Θ = {0, π} is angle between quasar sight

line and axis Q1. For each redshift z, there is a pair of (Δα/α0)th-predictions from

Eq.(8.123) with parameters in Eq.(8.128).

z 0.65 1.47 2.84

Θ 0 π 0 π 0 π

(Δα/α0)th 0.60×10−5 −0.62×10−5 1.20×10−5 −0.88×10−5 1.88×10−5 −0.98×10−6

(4) We further plot the curves of Δα/α0 of Eq.(8.123) with Eq.(8.128)

in a more wide z-range including radiation epoch of the Universe in

Fig.8.12 (that epoch roughly corresponds to z ≥ 3 × 103). For Θ = 0,

the radiation epoch limit of Δα/α is 4.7× 10−5, while for Θ = π, this

limit is about −5 × 10−6. Therefore, we find that in that epoch the

dipole form (8.129) is no longer true.

8.8 α-Varying in whole sky

In the last section, the α-varying for Θ = {0, π} (or for case that both
distant atom and quasar lie at Q1-axis) was studied and the model’s pa-
rameters R, M0, M1 have been determined. Now we discuss general case
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Fig. 8.12 α-varying in the range of 0 < z < 4000.

of Θ ∈ {0, π}, i.e., the case of Q1 �= 0, Q2 �= 0 and Q3 �= 0 (see Fig.8.9).
The corresponding M-Beltrami metrics (8.35) reads

{B(M)
μν }=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

(Q0
−M0)2

R2(σ(M))2
+ 1

σ(M)
−(Q0

−M0)(Q1
−M1)

R2(σ(M))2

−(Q0
−M0)Q2

R2(σ(M))2

−(Q0
−M0)Q3

R2(σ(M))2

−(Q0
−M0)(Q1

−M1)

R2(σ(M))2

(Q1
−M1)2

R2(σ(M))2
− 1

σ(M)
(Q1

−M1)Q2

R2(σ(M))2

(Q1
−M1)Q3

R2(σ(M))2

−(Q0
−M0)Q2

R2(σ(M))2

(Q1
−M1)Q2

R2(σ(M))2

(Q2)2

R2(σ(M))2
− 1

σ(M)
Q3Q2

R2(σ(M))2

−(Q0
−M0)Q3

R2(σ(M))2

(Q1
−M1)Q3

R2(σ(M))2
Q3Q2

R2(σ(M))2

(Q3)2

R2(σ(M))2
− 1

σ(M)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(8.130)

where

σ(M) = 1− (Q0(z)−M0)2 − (Q1(z)−M1)2 − (Q2(z))2 − (Q3(z))2

R2

= 1− 1

R2
[(Q0(z)−M0)2 − (Q(z) cosΘ−M1)2 −Q(z)2 sin2 Θ],

(8.131)

with Q1(z) = Q(z) cosΘ and (Q2(z))2 + (Q3(z))2 = Q(z)2 − Q1(z)2 =

Q(z)2 sin2 Θ used. From Eqs.(8.130) and (8.131), we have

detB(M)
μν (Q) = −(σ(M))−5. (8.132)

From Eq.(8.75), we have

λ1 = −σ(M)

(
1 +

1

R2
[(Q(z) cosΘ−M1)2 +Q(z)2 sin2 Θ]

)
,

λ2 = λ3 = −σ(M). (8.133)

We now focus on the derivations of α in this case. In Section 8.7, we

presented the procedure for calculating α step by step in detail based on
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B
(M)
μν (Q)|(Q2=Q3=0). Though the full B

(M)
μν (Q) (8.130) is more complex

than B
(M)
μν (Q)|(Q2=Q3=0) (8.87), the calculations in Section 8.7 can be re-

peated straightforwardly. The resulting αz(Ω)-expression (8.114) keeps in-

variant except the {B(M)
μν (Q), σ(M), λi}|(Q2=Q3=0) in the formula should

be replaced by {B(M)
μν (Q), σ(M), λi}|(Qi �=0) with (i = 1, 2, 3). This gives

αz(Ω) = α

1√
σ(M)

+ (Q0−M0)2

R2σ(M)

(
1

1+
√
σ(M)

)
√
− det(B

(M)
μν (Q))

√−λ1λ2λ3

, with α =
e2

�c
, (8.134)

where σ(M), detB
(M)
μν (Q), λi are given in Eqs.(8.131), (8.132) and (8.133)

respectively. The corresponding α-varying formula reads

Δα

α0
=

1√
σ(M)

+ (Q0−M0)2

R2σ(M)

(
1

1+
√
σ(M)

)
N0

√
− det(B

(M)
μν (Q))

√−λ1λ2λ3

− 1, (8.135)

where N0 has been given in Eq.(8.119).

The α-varyings Δα/α0(z,Θ) shown in Fig.8.13 is the plot of numerical

result of Eq.(8.135) in which the curves correspond to z from 0 to 4.5 and

Θ = {0, π/4, π/3, 0.4π, π/2, 0.6π 2π/3, 3π/4, π} respectively. We can

see from the figure that: (i) When z is fixed, Δα/α0 decreases along with Θ

increases from 0 to π; (ii) In ranges of {0 ≤ Θ < 0.4π} and {0.6π < Θ ≤ π}
,α vary spatially. That is, α could be smaller in one direction in the sky

yet larger in the opposite direction at the time of absorption. This feature

is consistent to the observations in Keck and VLT reported by [Webb et

al. (2011)] and [King et al. (2012)], described in Section 8.2; (iii) When

Θ ∼ {0.5π, 0.6π, 0.7π}, the observation results of α-variations Δα/α0 are

nearly null.

In order to show Δα/α0’s dipolar behavior more explicitly, we further

plot figure of Δα/α0 vs A r cosΘ in Fig.8.14. Three theoretical prediction

curves corresponding to Θ = {0, π/4, 0.4π} and the experiment observa-

tion data reported by [Webb et al. (2011)] [King et al. (2012)] described

in Section 8.2 are shown in Fig.8.14 for comparison. It can been seen

that the three curves are approximately close to each other in the region

of r cosΘ = {−2.5GLyr, 2.5GLyr}, and their average gradient is about

A 
 1.0× 10−6GLyr−1. This theoretical prediction value is consistent with

the observation’s (1.1± 0.25)× 10−6GLyr reported in [Webb et al. (2011)]
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Fig. 8.13 α-varying Δα/α0(z,Θ) in the range of 0 < z < 4.5 and 0 ≤ Θ ≤ π.

The parameters {R, M0, M1} are shown in the figure.

[King et al. (2012)]. However, for absorbing systems with Θ 
 0.4π and

|r cosΘ| ≥ 3.5GLyr, the curve with Θ = 0.4π in Fig.8.14 indicates that

Δα/α0(Θ ∼ 0.4π) �= −Δα/α0(Θ ∼ (π − 0.4π)). This means that the

dipole term (i.e., the term ∝ cosΘ) in the expansion of Δα/α0 is no longer

dominating. For the absorbing systems with 0.4π < Θ < 0.5π the situa-

tions is also similar. Observational experiments to check such predictions

is called for.

8.9 Summary and comments

The spacetime variations of fine-structure constant α ≡ e2/�c in cosmology

is a new phenomenon beyond the Standard Model of physics. To reveal

the meaning of such new physics is of utmost importance to a complete

understanding of fundamental physics. The main conclusion to interpret

such new physics presented in this chapter is that the phenomenon of α-

varying cosmologically is due to the de Sitter (or anti de Sitter) spacetime

symmetry in the de Sitter invariant special relativity (dS-SR). In order

to understand this point, we address two issues here: (i) We have shown

that the time-variation of α is caused by the quantum adiabatic evolutions

in cosmology with dS-SR local inertial systems; (ii) In the framework of

standard cosmology with RFW metric and ΛCDM model, the theory of

non-isotropic spatial variation of α is achieved via considerations of dS-
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Fig. 8.14 Curves of Δα/α0(z,Θ) vs A r cos Θ. Two solidline curves and one dotted

curve are shown. One of the solidline curves corresponds to Θ = 0 and the other is

for Θ = 0.4π. The dotted curve corresponds to Θ = π/4. The horizontal axis shows

projection of atom’s “distance” r(z) ≡ ct(z) onto Q1 axis. t(z) and cosmology parameters

(H0, ΩM , ΩΛ) were given in Eqs.(8.24) and (8.25) respectively. The data reported by

[Webb et al. (2011)] [King et al. (2012)] and described in Section 8.2 are plotted with

error bars. The parameters {R, M0, M1} are shown in the figure.

SR local inertial systems and the prediction of the dipole mode coinciding

with the observations is obtained. This means that the observed dipole

distributions of Δα/α0 in the sky do not lead to a violation of the cosmology

principle. This is an interesting result. Since the theory achieved in this

Chapter has convincingly interpreted the aspects of the spacetime variations

of fine-structure constant in cosmology, this theory could be considered a

Geometry Model on Alpha-Variation (or shortly GM-AV).

More specifically, the logic that leads to GM-AV is recalled and sum-

marized as follows:

(1) The Keck +VLT data that imply varying α are results of measuring

spectra of atoms (or ions) in distant absorption clouds. So it is le-

gitimate to use the electron wave equation of atoms (typically, the

Hydrogen atom) to discuss this issue.

(2) As usual, QM equations for spectra in atoms are defined in inertial
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coordinate systems to avoid ambiguities caused by inertial forces. So,

it is necessary to take the local inertial coordinate systems in RFW

Universe for discussing both laboratory atoms and the distant.

(3) When Einstein’s cosmology constant Λ ≡ 3/R2 �= 0, the metric in the

local inertial coordinate system s in RFW Universe has to be Beltrami

metric Bμν(x) or M-Beltrami metric B
(M)
μν (x), but cannot be Minkowski

metric ημν .

(4) Since there exist both temporal and spatial variations for α in cosmol-

ogy, B
(M)
μν (x) is suitable. The de Sitter pseudo-radius parameter R

and the Minkowski point parameters {M0, M1} are expected to be

determined by fitting to the observations.

(5) As usual, dS-Dirac equation for Hydrogen can always be reduced to

spectrum equation of Hydrogen. In this way, both coefficient of Dirac-

kinetic energy operator term −i→α · ∇ (i.e., �z(Ω)c) and coefficient of

Coulomb potential term −1/r (i.e., e2z(Ω)) are derived explicitly in

Section 8.6 and Section 8.7 (see also [Yan (2012)] [Yan (2014)]). Then

αz(Ω) = e2z(Ω)/�z(Ω)c and Δα/α0 = (αz(Ω) − α0)/α0 have been cal-

culated.

(6) According to Section 8.2, we focus on the best-fit direction about right

ascension ∼ 17.5 h, declination ∼ −61 deg, and calculate Δα/α0 in

this region. Comparing the theoretical prediction with the observa-

tion results in Section 8.2, the model’s parameters are determined:

R 
 500GLyr, M0 
 −100GLyr and M1 
 −22GLyr. Surprisingly

but not strangely, the amazing observation about Δα/α0-dipole in

Section 8.2 is reproduced by this dS-SR theoretical model GM-AV. This

is a remarkable result, which could be considered a highly nontrivial

evidence to support dS-SR.

(7) The α-varying in the whole sky has also been studied in this model with

the same parameters. The results are generally in agreement with the

descriptions in Section 8.2 and the estimations in [Webb et al. (2011)]

[King et al. (2012)]. Hence, GM-AV is logical.

To get things more straight, let’s go back temporarily to the beginning

of Section 8.3. If the theory of SR is exactly Einstein’s SR (E-SR) with

metric ημν , the α will not vary over cosmic time, i.e., Δα/α = 0. How-

ever, the observations at cosmological distances go directly against it, i.e.,
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(Δα/α)obs �= 0. Even though one would be open-minded to face this big

challenge [Uzan (2003)], the simplest answer to the puzzle seems to be that

E-SR might not be exact at cosmological spacetime scale, or E-SR needs to

be extended. The most natural extension of E-SR in the framework of SR

was attempted in works of Dirac(1935)-Inönü and Wigner(1953)-Gürsey

and T.D. Lee (1968)-Lu, Zuo and Guo (1974) [Dirac (1935); Inönü, Wigner

(1953); Gürsey, Lee (1963); Lu (1970); Lu, Zou and Guo (1974)]. Those

works proposed the theory of dS-SR. Using the dS-SR in this chapter, we

correctly work out the prediction of Δα/α0 which is consistent with the

data reported by [Webb et al. (2011); King et al. (2012)]. Hence the puzzle

of α-varying over cosmological time could be considered solved. This ap-

proach could be considered a very simple answer to the problem, if not the

simplest answer.

The relativity principle problem in curved spacetime with constant

curvature has been solved in dS-SR in [Lu (1970); Lu, Zou and Guo (1974)]

via introducing Beltrami metric (see Sections 3.1, 3.2 and 3.3, or Refer-

ences [Yan, Xiao, Huang and Li (2005)] and the Appendix of [Sun, Yan,

Deng, Huang, Hu (2013)]), and hence E-SR is the limit of dS-SR with

|R| → ∞. Since |R|-value determined in Eq.(8.128) is fortunately cosmol-

ogy huge (∼ 500GLyr), we argue that such dS-SR would not contradict the

experiments verified E-SR within the error bands. Furthermore, the Many-

Multiplet (MM) method [Webb et al. (1999); Dzuba, Flambaum, Webb

(1999a)] used in [Webb et al. (2011); King et al. (2012)] is itself R−1-free.

The huge (or almost infinite) R means that the estimates to Δα/α in [Webb

et al. (2011); King et al. (2012)] are reliable approximately.

Besides GM-AV based the geometric and symmetric considerations de-

scribed above, there are some other prescriptions for understanding this

puzzle. One of them is to treat α as a space-time function of α(x), and

consider it as a scalar field ϕ(x) or a function of ϕ(x). The ϕ(x) is a mat-

ter field satisfied some suitable dynamics, and fills the Universe everywhere

(see, e.g., [Bekenstein (1982)] [Olive,Peloso,Uzan (2011)], and the references

therein). Sometimes it is called dilaton-like scalar field. Nevertheless, there

are still a number of unclear problems in this prescription. The introduction

of this new scalar field with an unknown dynamics creates more questions

than it might answer. Specifically, it will fundamentally change a number
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of aspects of modern physics such as the structure of our universe, the cos-

mological dynamics, the vacuum et al., not the least of which being the

implications to particle physics. In our view, introduction of the scalar

field ϕ(x) based on phenomenological considerations is an ad hoc approach.

Comparatively, our spacetime symmetry approach is more natural and cost-

effective, since our theory is based on the least assumption, i.e., de Sitter

spacetime and de Sitter invariance and no fundamental and well-established

physical laws need to be changed.

 



Chapter 9

De Sitter Invariance of Generally

Covariant Dirac Equation

As has been proselytized in the earlier chapters, the fundamental spacetime

at both cosmological scale and laboratory should be de Sitter spacetime

if the effect of cosmological constant is not negligible. Since the standard

Dirac equation in Minkowski spacetime enjoys the covariance under Lorentz

transformation, which is the symmetry transformation of the Minkowski

spacetime, it should be required that the Dirac equation in de Sitter space-

time, which is curved, should be covariant under de Sitter group. The

first attempt was pioneered by Dirac using rotation generators of the 5-

dimensional Minkowski spacetime [Dirac (1935)]. An equivalent version

was derived in [Gürsey, Lee (1963)]. On the other hand, as has been widely

recognized, the generalization of Dirac equation in Minkowski spacetime to

curved spacetime is Eq.(6.38), which is covariant under local Lorentz trans-

formation by construction. It remains to show that these two versions are

equivalent and it is covariant under de Sitter transformation if the back-

ground spacetime is de Sitter. We here follow the work of Gürsey-Lee.

9.1 Gürsey-Lee metric of de Sitter spacetime

As explained in Chapter 3, de Sitter spacetime, denoted as dS, can be

deemed as a hyperboloid embedded in a 5-dimensional flat Minkowski

spacetime [Roberson (1928)]. Instead of using the Beltrami coordinates sys-

tem which is a stereographic projection coordinate system, Gürsey-Lee uti-

lized another coordinates system (y0, y1, y2, y3, y5) which mimic the spher-

ical coordinates in 3-dimensions. The relation between coordinates ξA and

201
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the (y0, y1, y2, y3, y5) is

ξA = y5nA(y0, y1, y2, y3), (9.1)

where y5 =
√

−ξAξA is the radial coordinates (like r in 3-dim polar sys-

tem) and nA = ξA/
√
−ξAξA is the angular part. Note that ∂y5/∂ξA =

−nA, ∂ξ
A/∂y5 = nA. Like the local frame er, eθ, eϕ in 3-dim Euclidean

space, one can build local orthonormal frame (eAa , e
A
5 = nA) such that

(a = 0, 1, 2, 3) eAa e
B
b ηAB = ηab, e

A
a nA = 0. We can express e5 in terms of

the rest as follows

nA =
1

4!
εa1a2a3a45εA1A2A3A4Ae

A1
a1

eA2
a2

eA3
a3

eA4
a4

. (9.2)

There are infinite number of choices for the 4 vectors ea = eAa ∂/∂ξA . Since

nAdn
A = 0, we have

ds2 = gμνdy
μdyν + (dy5)2, (9.3)

where

gμν =
∂ξA

∂yμ
∂ξA
∂yν

= (y5)2
∂nA

∂yμ
∂nA

∂yν
. (9.4)

Since

ea=eAa
∂

∂ξA
=eAa (

∂yμ

∂ξA
∂

∂yμ
+

∂y5

∂ξA
∂

∂y5
)=eAa (

∂yμ

∂ξA
∂

∂yμ
− nA

∂

∂y5
)=eAa

∂yμ

∂ξA
∂

∂yμ
,

(9.5)

we have

eμa = eAa
∂yμ

∂ξA
. (9.6)

From this relation, we have

∂ξB

∂yμ
eμa = eAa

∂yμ

∂ξA
∂ξB

∂yμ
= eAa (δ

B
A + nAn

B) = eBa . (9.7)

So

∂ξA

∂yμ
= eAa e

a
μ, (9.8)

from which it follows that

gμν = ηabe
a
μe

b
ν . (9.9)
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Also from Eq.(9.6), we have(note that ∂yμ

∂ξA
nA = ∂yμ

∂ξA
∂ξA

∂y5 = δμ5 = 0)

eaBe
μ
a = eaBe

A
a

∂yμ

∂ξA
= (δAB + nAnB)

∂yμ

∂ξA
=

∂yμ

∂ξB
. (9.10)

Defining

βμ =
∂yμ

∂ξB
γB, (9.11)

β5 = nAγA = γ(n), (9.12)

we have (μ = 0, 1, 2, 3)

{βμ, β5} = 0, (9.13)

{βμ, βν} = gμν , (9.14)

where

gμν =
∂yμ

∂ξA
∂yν

∂ξA
(9.15)

Gürsey-Lee derived the Dirac equation in de Sitter spacetime from the

5-dimensional Lagrangian

L =

∫
D

[i
1

2
(ψγA∂ξAψ − ∂ξAψγ

Aψ)−mψψ]d5ξ, (9.16)

where ψ = ψ†γ0. The integration region D is a shell bounded by√
−ξAξA = R and

√
−ξAξA = R + ε where ε > 0 is an infinitesimal.

The equation for ψ is given by δL = 0 for arbitrary δψ provided ψ is

independent of y5. Using the metric relation (9.3), we have

d5ξ =
√
− det(gμν)d

4ydy5. (9.17)

In terms of yμ, βμ, the Lagrangian becomes

L =

∫
D

[i
1

2
(ψβμ∂yμψ − ∂yμψβμψ)−mψψ]

√−gd4ydy5, (9.18)

where g = det(gμν). Let ψ undergo an arbitrary y5-independent variation
δψ, we have

δL =

∫
D

[i
1

2
(δψβμ∂yμψ − ∂yμδψβμψ)−mδψψ]

√−gd4ydy5

(9.19)

=

∫
D

[i(δψβμ∂yμψ −mδψψ)
√−g − i

1

2
δψ∂yμ(βμ√−g)ψ]d4ydy5. (9.20)
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Using the relation

∂yμ(
√−g

∂yμ

∂ξB
) =

4ξB
−ξAξA

√−g, (9.21)

which will be proved later, we have,

δL =

∫
D

[i(δψβμ∂yμψ −mδψψ)− iδψ
2β5

y5
ψ]
√−gd4ydy5. (9.22)

Here we need to take limit ε → 0 and require that

lim
ε→0

δL

ε
= 0, (9.23)

which leads to

iβμ∂yμψ +
2i

R
β5ψ −mψ = 0. (9.24)

Otherwise, we shall have

δL

δψ(yμ)
=

∫ ε

0

[i(βμ∂yμψ −mψ)− i
2β5

y5
ψ]
√−gdy5. (9.25)

We can check with the Dirac operator derived from spinorial Gauss-Codazzi

formula. Using

∂

∂ξB
nA =

δAB + nAnB√
−ξCξC

, (9.26)

we have the second fundamental form K = ∇An
A = 4

R . Since ∂ψ
∂y5 = 0 and

iD = iγA∂A = iγA(
∂yμ

∂ξA
∂yμ +

∂y5

∂ξA
∂y5), (9.27)

we have from the spinorial Gauss-Codazzi formula [Hijazi, Hijazi, Xiao

(2001)] that

iDψ = iγA ∂yμ

∂ξA
∂yμψ + i

2

R
γ(n)ψ, (9.28)

which agrees with Eq.(9.24). Note that all five γ-matrices enter the first

term.

Now we show that Eq.(9.24) is equivalent to Eq.(6.38). Defining αμ =

eμaγ
a (here γa are the same as γA forA = 0, 1, 2, 3), then we have {αμ, αν} =

2gμν . Hence there must exits a matrix (A Lorentz transform on dS) such

that

αμ = SβμS−1, (9.29)
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and

S−1γaS = βa := eaμβ
μ, (9.30)

here := means “defined as”. Since {αμ, γ5} = 0, we have

Sβ5S−1 = γ5. (9.31)

This can also be proved rigorously as as follows.

Proof. From Eq.(9.29) we have

βμ = eμaS
−1γaS, (9.32)

so

S−1γaS = eaAγ
A. (9.33)

Since γ5 = 1
4!εa1a2a3a45γ

a1γa2γa3γa4 , we have

S−1γ5S =
1

4!
εa1a2a3a45e

a1

A1
ea2

A2
ea3

A3
ea4

A4
γA1γA2γA3γA4 . (9.34)

Using Eq.(9.2), we have then

S−1γ5S = εA1A2A3A4An
AγA1γA2γA3γA4 . (9.35)

But

γA = εA1A2A3A4Aγ
A1γA2γA3γA4 . (9.36)

�

Using the relation

αμ = S
∂yμ

∂ξA
γAS−1, (9.37)

we have

∂ξB

∂yμ
αμ = S

∂yμ

∂ξA
γAS−1 ∂ξ

B

∂yμ
= SγBS−1 − S

∂y5

∂ξA
γAS−1 ∂ξ

B

∂y5
(9.38)

= SγBS−1 + SnAγ
AS−1nB.

So

∂ξB

∂yμ
αμ = SγBS−1 + γ5nB. (9.39)

Differentiating S−1αμS = βμ, we have

S−1[Λλ, α
μ]S + S−1∂λα

μS = ∂λ(
∂yμ

∂ξA
)γA (9.40)
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where

Λμ = S∂μS
−1. (9.41)

So

[Λλ, α
μ] + ∂λα

μ = ∂λ(
∂yμ

∂ξA
)SγAS−1. (9.42)

Although we do not know the specific expression of S, we have from

Eq.(9.39)

[Λλ, α
μ] + ∂λα

μ = ∂λ(
∂yμ

∂ξA
)
[∂ξA
∂yν

αν − γ5nA
]
, (9.43)

i.e.,

[αμ,Λλ] = ∂λα
μ − αν ∂ξ

A

∂yν
∂λ(

∂yμ

∂ξA
) + γ5nA∂λ(

∂yμ

∂ξA
). (9.44)

Defining

Δλ :=
1

2
eaμn

A∂λ(
∂yμ

∂ξA
)γ5γa, (9.45)

we have

[αμ,Δλ] = −γ5nA∂λ(
∂yμ

∂ξA
), (9.46)

and

αλΔλ =
1

2
eλb γ

beaμn
A∂λ(

∂yμ

∂ξA
)γ5γa

= −1

2
eλb γ

beaμ
∂yμ

∂ξA
∂λn

Aγ5γa

= −1

2
eλb γ

beaμe
μ
c e

c
A∂λn

Aγ5γa

= −1

2
eλb γ

beaA∂λn
Aγ5γa

= −1

2
eBb γ

beaA(
∂yλ

∂ξB
∂λn

A)γ5γa

= −1

2
eBb γ

beaA(
∂

∂ξB
nA − ∂y5

∂ξB
∂5n

A)γ5γa. (9.47)

Using ∂y5

∂ξB = −nB, we have

αλΔλ = − 1

2
√
−ξCξC

eAb γ
beaAγ

5γa =
2√

−ξCξC
γ5. (9.48)
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So we can write

SiβμS−1Λμ +
2i

R
γ5 = iαμ(Λμ +Δμ). (9.49)

Denoting

ωλ := Λλ −Δλ, (9.50)

we will show that ωλ is just the spin connection in the generally covariant

Dirac equation in curved spacetime. First we have

[αμ, ωλ] = ∂λα
μ − αν ∂ξ

A

∂yν
∂λ(

∂yμ

∂ξA
) =

[
∂λe

μ
a − eνa

∂ξA

∂yν
∂λ(

∂yμ

∂ξA
)
]
γa. (9.51)

Hence

{[αμ, ωλ], γa} = ∂λe
μ
a − eνa

∂ξA

∂yν
∂λ(

∂yμ

∂ξA
), (9.52)

{[γb, ωλ], γa} = ebμ
[
∂λe

μ
a − eνa

∂ξA

∂yν
∂λ(

∂yμ

∂ξA
)
]
. (9.53)

Let

ωλ =
i

4
ωλmnΣ

mn. (9.54)

Using

[γb,Σmn] = 2i(δbmγn − δbnγm). (9.55)

We have

ωλab = ebμ
[
∂λe

μ
a − eνa

∂ξA

∂yν
∂λ(

∂yμ

∂ξA
)
]
. (9.56)

Using Eqs.(9.8) and (9.10),

ωλab = ebμ
[
∂λe

μ
a − eνae

A
c e

c
ν∂λ(e

μ
de

d
A)
]

= ebμ∂λe
μ
a − ebμe

A
a ∂λ(e

μ
de

d
A)

= −eAa ∂λeAb = −eAa
∂ξB

∂yλ
∂BeAb = −eAa

∂ξB

∂yλ
∇BeAb. (9.57)

Here ∇B = ∂ξB is the covariant differential operator in the 5-dimensional

Minkowski spacetime. We use a bar over∇, ω to represent covariant deriva-

tive, connection in the 5-dimensional Minkowski spacetime which is essen-

tially flat. Recall that for the frame (eAa , n
A), the Levi-Civita connection

components ωAab are given by

DAeaB := ∇AeaB − ωAabe
b
B − ωAa5e

5
B = 0 (9.58)
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So

ωAab = eBb ∇AeaB, (9.59)

we have

ωλab =
∂ξA

∂yλ
ωAab. (9.60)

Hence on dS, we have

ωμabdy
μ = ωAabdξ

A
|dS. (9.61)

This together with the fact that both ea = eAa
∂

∂ξA = eμa
∂

∂yμ and its

dual 1-form eaAdξ
A = eaμdy

μ (not only on dS), we can use coordinates-

independent description. The first Maurer-Cartan equation is

dea = ωa
b ∧ eb + ωa

5 ∧ e5. (9.62)

Since

e5 = nAdξ
A = − ∂y5

∂ξA
dξA = − ∂y5

∂ξA
[
∂ξA

∂yμ
dyμ +

∂ξA

∂y5
dy5] = − ∂y5

∂ξA
∂ξA

∂y5
dy5,

(9.63)

we have nAdξ
A
|dS = 0. Hence,

dea|dS = ωa
b ∧ eb|dS. (9.64)

Therefore

dea = ωa
b ∧ eb, (9.65)

which is exactly the first Maurer-Cartan equation on dS. So Eq.(9.24) be-

comes [
αμ(i∂μ − 1

4
ωμabΣ

ab)−m
]
Sψ = 0. (9.66)

Remark: One must have ωa
5 ∧ e5 = 0 since its components have the form

dyμ ∧ dy5 while other parts in Eq.(9.62) have only dyμ ∧ dyν .

Combining S−1γ5S = e5Aγ
A, S−1γaS = eaAγ

A, we have

S−1γAS = LA
Bγ

B, (9.67)

where LA
B = (ea B, nB). S is a function of L : S = S(L)
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9.2 Proof of Eq.(9.21)

Differentiating

∂ξA

∂yν
∂yμ

∂ξA
= δμν , (9.68)

with respect to yμ,we have

∂yμ

∂ξA
∂

∂yμ
(
∂ξA

∂yν
) +

∂ξA

∂yν
∂

∂yμ
(
∂yμ

∂ξA
) = 0. (9.69)

So

∂yν

∂ξB
∂yμ

∂ξA
∂

∂yμ
(
∂ξA

∂yν
) +

∂yν

∂ξB
∂ξA

∂yν
∂

∂yμ
(
∂yμ

∂ξA
) = 0. (9.70)

The second term is

∂yν

∂ξB
∂ξA

∂yν
∂

∂yμ
(
∂yμ

∂ξA
) =

∂

∂yμ
(
∂yμ

∂ξB
)− ∂y5

∂ξB
∂ξA

∂y5
∂

∂yμ
(
∂yμ

∂ξA
). (9.71)

Therefore

∂

∂yμ
(
∂yμ

∂ξB
) =

∂y5

∂ξB
∂ξA

∂y5
∂

∂yμ
(
∂yμ

∂ξA
) +

∂yν

∂ξB
∂ξA

∂yν
∂

∂yμ
(
∂yμ

∂ξA
)

= − ∂y5

∂ξB
∂yμ

∂ξA
∂

∂yμ
(
∂ξA

∂y5
)− ∂yν

∂ξB
∂yμ

∂ξA
∂

∂yμ
(
∂ξA

∂yν
). (9.72)

But since ∂ξA

∂y5 = nA which is independent of y5, so

∂yμ

∂ξA
∂

∂yμ
(
∂ξA

∂y5
) =

∂yμ

∂ξA
∂

∂yμ
(
∂ξA

∂y5
) +

∂y5

∂ξA
∂

∂y5
(
∂ξA

∂y5
) (9.73)

=
∂

∂ξA
(
∂ξA

∂y5
) =

∂

∂ξA
nA =

∂

∂ξA
(

ξA√
−ξBξB

) (9.74)

=
4√

−ξBξB
. (9.75)

So

∂

∂yμ
(
∂yμ

∂ξB
) = − ∂y5

∂ξB
4√

−ξAξA
− ∂yν

∂ξB
∂yμ

∂ξA
∂

∂yμ
(
∂ξA

∂yν
) (9.76)

= − 4ξB
ξAξA

− ∂yν

∂ξB
∂yμ

∂ξA
∂

∂yμ
(
∂ξA

∂yν
). (9.77)
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From
∂g

∂yμ
= ggαβ

∂gαβ
∂yμ

(9.78)

∂yμ

∂ξA
∂ξB

∂yμ
= δBA + nAn

B (9.79)

ξA
∂yμ

∂ξA
= 0, (9.80)

we have

∂

∂yμ
√−g =

√−ggαβ
∂ξA

∂yα
∂

∂yμ
(
∂ξA
∂yβ

) (9.81)

=
√−g

∂yα

∂ξC

∂yβ

∂ξC
∂ξA

∂yα
∂

∂yμ
(
∂ξA
∂yβ

) (9.82)

=
√−g

∂yβ

∂ξC
(δAC + nAnC)

∂

∂yμ
(
∂ξA
∂yβ

) (9.83)

=
√−g

∂yν

∂ξA
∂

∂yμ
(
∂ξA

∂yν
). (9.84)

By (9.77) and (9.84), we have

∂

∂yμ
(
√−g

∂yμ

∂ξB
) = − 4ξB

ξAξA

√−g. (9.85)

9.3 de Sitter invariance

The invariance of the Eq.(9.66) under de Sitter transformation is hidden

[Gürsey (1963)]. We show the invariance of Eq.(9.24). The 10 generators

of de Sitter group are

JAB = LAB +ΣAB, (9.86)

where LAB = i(ξA∂ξB − ξB∂ξA),Σ
AB = i

4 [γ
A, γB]. The de Sitter transfor-

mation is represented as U = exp(iθABJAB) with constant θAB and

ψ → ψ′ = Uψ = exp(iθABΣAB)ψ
[
exp(−iθABLAB)ξ

]
=: USψ(U

−1
L ξ),

(9.87)

where US := exp(iθABΣAB) and UL := exp(iθABLAB). Since

USγ
AU−1

S = (U−1
L )A Bγ

B, (9.88)

and

UL
∂yμ

∂ξA
U−1
L = (UL)A

B ∂yμ

∂ξB
, (9.89)
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where UL is the vector representation of UL. So

UβμU † = βμ. (9.90)

Similarly

Uβ5U † = ULnAU
−1
L USγ

AU−1
S = nAγ

A = β5. (9.91)

Note that under de Sitter transform, a point ξ on dS is transformed to

another point still on dS. So the de Sitter invariance is proved.

 



Appendix A

Solutions of Dirac Equation of

Hydrogen in Minkowski Spacetime

In order to clarify the notations used in the text of this book and the

standard solutions of Dirac equation of Hydrogen in Minkowski spacetime,

we provide this Appendix. The descriptions follow [Strange (2008)]1.

A.1 Pauli equation in a central potential

It is well known that spin, which is hidden in in relativistic quantum theory,

does not appear in the Schrödinger equation. However, spin can be included

within a non-relativistic framework, and this was done initially by Pauli

[Pauli (1927)]. The Pauli equation can be written in matrix form (see, e.g.,

[Strange (2008)] [Baym (1967)]):

i�
∂

∂t

(
ψ↑(r, t)
ψ↓(r, t)

)
=

(
1

2m
(p̂− eA(r))2+V (r)+

�

4m2c2
1

r

dV (r)

dr
σ · L̂

)(
ψ↑(r, t)
ψ↓(r, t)

)
, (A.1)

where L̂ ≡ r × p̂ represents the orbital angular momentum, and σ ≡
σ1i+ σ2j+ σ3k is (2 × 2)-Pauli matrices with

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0

0 −1

)
.

The spin operator is

Ŝ =
�

2
σ, with Ŝx =

�

2
σ1, Ŝy =

�

2
σ2, Ŝz =

�

2
σ3. (A.2)

1There are, of cause, variant descriptions on this subject in popular textbooks, but they

are basically equivalent. The presentation of [Strange (2008)] is adopted in this book.
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And then we have

[L̂x, L̂y]=i�L̂z, [L̂y, L̂z]=i�L̂x, [L̂z, L̂x] = i�L̂y, [L̂2, L̂i] = 0, (A.3)

[Ŝx, Ŝy]=i�Ŝz, [Ŝy, Ŝz]=i�Ŝx, [Ŝz, Ŝx] = i�Ŝy, [Ŝ2, Ŝi] = 0, (A.4)

with i = x, y, z. The total angular momentum operator is:

Ĵ ≡ Ĵxi+ Ĵyj+ Ĵzk = L̂+ Ŝ = L̂+
�

2
σ. (A.5)

Equation (A.1) is an equation of form

i�
∂

∂t
ψ(r, t) = Ĥψ(r, t), (A.6)

and so the variables can be separated in the usual way, giving us

ψ(r, t) =

(
ψ↑(r, t)
ψ↓(r, t)

)
=

(
ψ↑(r)
ψ↓(r)

)
e−iEt/� = ψ(r)e−iEt/�, (A.7)

where E is an eigenvalue of the Hamiltonian operator, and(
1

2m
(p̂− eA(r))2 + V (r) +

�

4m2c2
1

r

dV (r)

dr
σ · L̂− E

)(
ψ↑(r, t)
ψ↓(r, t)

)
= 0.

(A.8)

This is the eigenvalue form of the Pauli equation.

We know from the standard separation of the variables of Schrödinger

equation that the solutions in the absence of the spin-orbit coupling term

take the form

ψnlm(r) = Rnl(r, E)Y m
l (r̂), (A.9)

where Y m
l (r̂) are the usual spherical harmonics and Rnl(e, E) are radial

functions. Clearly it would be desirable to have solutions to Eq.(A.8) that

are close to this form and reduce to Eq.(A.9) when the spin-orbit term tend

to zero (as c → ∞). We know that if the spin-orbit term in Eq.(A.8) is

omitted the Hamiltonian will commute with Ŝ2, Ŝz, L̂2, and L̂z. It com-

mutes with the spin operators because there would be no spin dependence

in the Hamiltonian at all, and it commutes with the orbital angular mo-

mentum operators as we know it does from the non-relativistic theory (see,

e.g., [Gasiorowicz (1974)]).

Making use of Eqs.(A.3) and (A.4), we have

[Ŝz, L̂ · Ŝ] = −i�(ŜxL̂y − ŜyL̂x), (A.10)

[L̂z, L̂ · Ŝ] = −i�(L̂xŜy − L̂yŜx). (A.11)
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Now look what happens if we add Eqs.(A.10) and (A.11) together

[Ŝz, L̂ · Ŝ] + [L̂z, L̂ · Ŝ] = [L̂z + Ŝz , L̂ · Ŝ] = [Ĵz, L̂ · Ŝ]
= −i�(ŜxL̂y − ŜyL̂x)− i�(L̂xŜy − L̂yŜx) = 0. (A.12)

Equations (A.10) and (A.11) show that neither Ŝz nor L̂z commutes with

the Pauli Hamiltonian. However, Eq.(A.12) shows that, despite this, Ĵz

does commute with the Pauli Hamiltonian. Clearly we could have gone

through the above mathematics for the x- and y-components of Ĵ and found

that they also commute with the Hamiltonian. We know that if a quantity

commutes with Hamiltonian it is conserved and may have simultaneous

eigenfunctions with the Hamiltonian. Hence we expect our solutions to

Eq.(A.8) to be simultaneous eigenfunctions of Ĥ, Ĵ2 and Ĵz. Furthermore,

Eqs.(A.10) to (A.12) (and their cyclic permutations) are proofs that in

relativistic quantum mechanics the spin angular momentum and orbital

angular momentum are not conserved separately, but that total angular

momentum is conserved.

Making use the matrix form of Ĵz we have

Ĵzψ(r) =

(
L̂z + �/2 0

0 L̂z − �/2

)(
ψ↑(r)
ψ↓(r)

)

=

(
L̂z + �/2 0

0 L̂z − �/2

)(
ψ↑(r)
ψ↓(r)

)
= mj�

(
ψ↑(r)
ψ↓(r)

)
,(A.13)

and then (
(L̂z − (mj − 1/2)�)ψ↑(r)
(L̂z − (mj + 1/2)�)ψ↓(r)

)
= 0. (A.14)

A solution of this is that ψ↑ and ψ↓ both have an angular dependence

which is defined by a spherical harmonic with the same value of the l

quantum number and with values of the ml quantum number differing by

one. If this is the case then the eigenfunctions of the Hamiltonian are also

eigenfunctions of L̂2. So we have

ψ↑(r) = g(r)Y ml

l (r̂), ψ↓(r) = f(r)Y ml+1
l (r̂). (A.15)

Next we are going to define the operator K̂1.

K̂1 = L̂ · σ + �. (A.16)
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This turns out to be a useful operator, although here it has been defined

rather arbitrarily. The � in Eq.(A.16) is understood to be multiplied by

unit matrix.

Let us see what the eigenvalues of K̂1 are. To discover this we will

operate with it on ψ, and use the square of equation (A.5).

K̂1ψ = (L̂ · σ + �)ψ =

(
2

�
L̂ · Ŝ+ �

)
ψ

=

(
2

�

1

2
(Ĵ2 − L̂2 − Ŝ2) + �

)
ψ

=

(
j(j + 1)− l(l+ 1) +

1

4

)
= −�κψ, (A.17)

where we have explicitly used the fact that s = 1/2 for all the particles

in which we are interested. In Eq.(A.17) we have defined the eigenvalues

of K̂1 as −κ�, but the expression for them can be simplified considerably.

There are two possibilities, j = l + 1/2 and j = l − 1/2. In each case it is

simple to use Eq.(A.17) to show that

j = l + 1/2 ⇒ κ = −l − 1, (A.18)

j = l − 1/2 ⇒ κ = l. (A.19)

So we see that the eigenvalues of this operator are integers and an equivalent

representation of the total momentum to Ĵ. If κ < 0 we have j = l + 1/2

and if κ > 0 we have j = l− 1/2. There are two values of κ for every value

of l. Finally note that any integer value of κ is permissible except κ = 0.

Let us operate with K̂1 on ψ(r)

K̂1ψ(r) =

(
L̂z + � L̂x − iL̂y

L̂x + iL̂y L̂z − �

)
= −�κ

(
ψ↑(r)
ψ↓(r)

)
. (A.20)

The component form of (A.20) is:

(L̂z + �)ψ↑ + (L̂x − iL̂y)ψ↓ = −�κψ↑ (A.21)

(−L̂z + �)ψ↓ + (L̂x + iL̂y)ψ↑ = −�κψ↓. (A.22)

It turns out that Eq.(A.22) is just a multiple of Eq.(A.21), so we only need

to work with one of them. Noting the following formulas

L̂± ≡ L̂x ± iL̂±, (A.23)

L̂+Y
ml

l = (l −ml)
1/2(l +ml + 1)1/2�Y ml+1

l , (A.24)

L̂−Y ml

l = (l +ml)
1/2(l −ml + 1)1/2�Y ml−1

l , (A.25)
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and substituting Eq.(A.15) into Eq.(A.21) we have

f(r)[(l +ml + 1)(l −ml)]
1/2Y ml

l = g(r)(−κ−ml − 1)Y ml

l . (A.26)

Here the spherical harmonics cancel, and this relation shows us that the

radial parts of ψ↑ and ψ↓ only differ from one another by a constant. For

κ < 0 Eq.(A.26) gives

(l +ml + 1)1/2f(r) = (l −ml)
1/2g(r), (κ = −l − 1). (A.27)

For κ > 0 we have

(l −ml)
1/2f(r) = −(l+ml + 1)1/2g(r), (κ = l). (A.28)

These equations show that for a particular set of quantum numbers, the

radial parts of the eigenfunctions defined by Eq.(A.15) are the same except

for a simple multiplicative factor. So we can write

ψ(r) = f(r)

(
c1Y

ml

l (r̂)

c2Y
ml+1
l (r̂)

)
. (A.29)

We have shown the relative sizes of c1 and c2 in Eqs.(A.27) and (A.28), but

their absolute values depend upon the normalization:∫
d3r

(
ψ∗
↑(r)ψ↑(r) + ψ∗

↓(r)ψ↓(r)
)
= 1. (A.30)

There is still some arbitrariness in this integral because we can choose

the values of the constants c and the radial part of the wavefunction in

Eq.(A.29) in an infinite number of ways and still satisfy Eq.(A.30), but the

usual choice is: ∫
r2|f(r)|2dr = 1 (A.31)

and hence

|c1|2 + |c2|2 = 1. (A.32)

Comparison of Eq.(A.32) and Eqs.(A.27) and (A.28) gives

c1 =

(
l −ml

2l+ 1

)1/2

, c2 =

(
l +ml + 1

2l + 1

)1/2

(κ < 0); (A.33)

c1 = −
(
l +ml + 1

2l + 1

)1/2

, c2 =

(
l −ml

2l + 1

)1/2

(κ > 0). (A.34)
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Finally, since function of Eq.(A.29) is a row function with two components,

and {Y ml

l , Y ml+1
l } are the common eigenfunctions of {L̂2, L̂z}, when we

introduce notations:

χ
1/2
1/2 =

(
1

0

)
, χ

−1/2
1/2 =

(
0

1

)
, (A.35)

the function of (A.29) can be written to be

ψ(r) = f(r)
(
c1Y

ml

l (r̂)χ
1/2
1/2 + c2Y

ml+1
l (r̂)χ

−1/2
1/2

)
. (A.36)

In this case c1, c2 could be understood as suitable Clebsch-Gordan

coefficients. We will show this issue below.

A.2 Relativistic quantum numbers and spin-angular

functions

In Eq.(A.17) we introduced the quantum number κ. Here we are going to

introduce two more numbers which turn out to be useful, and we will also

summarize all the relations between quantum numbers.

κ = −l− 1 = −(j + 1/2) (j = l + 1/2), (A.37)

κ = l = (j + 1/2) (j = l − 1/2). (A.38)

It will also be worthwhile to define the quantum number l, which is the

value of the l quantum number associated with −κ

l = l + 1 = −κ (κ < 0),

l = l − 1 = κ− 1 (κ > 0). (A.39)

We also define

Sκ =
κ

|κ| , (A.40)

so that

Sκ = −1 (j = l + 1/2), (A.41)

Sκ = +1 (j = l − 1/2), (A.42)

and

Sκ = l − l = 2(l − j). (A.43)
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We are now in a position to examine the properties of the angular part of

our solution to the Pauli equation in a central field. The symbol χ
mj
κ (r̂) is

usually used to describe these quantities and they are commonly known as

spin-angular function. Using expressions of the spin eigenvectors

χ1/2 =

(
1

0

)
, χ−1/2 =

(
0

1

)
, (A.44)

and Eqs.(A.29) and (A.36) we have

ψ
mj

j (r) = f(r)
∑
ms

C(l
1

2
j;mj −ms,ms)Y

mj−ms

l (r̂)χms , (A.45)

where we have replaced the subscripts 1 and 2 (in Eq.(A.29)) with the

quantum numbers j andmj , and C(l 12j;mj−ms,ms) is the Clebsch-Gordan

coefficients listed in Table A.1.

Table A.1 The Clebsch-Gordan coefficients

C(l 1
2
j;mj −ms,ms).

j ms = 1/2 ms = −1/2

l− 1/2
(

l+mj+1/2

2l+1

)1/2 −
(

l−mj+1/2

2l+1

)1/2
l+ 1/2

(
l−mj+1/2

2l+1

)1/2 (
l+mj+1/2

2l+1

)1/2

Equation (A.45) can also been written in form:

ψ
mj

j (r) ≡ f(r)χmj
κ (r̂)

= f(r)

1/2∑
ms=−1/2

C
j mj

l,mj−ms; 1/2,ms
Y

mj−ms

l (r̂)χms , (A.46)

where

χmj
κ (r̂) =

1/2∑
ms=−1/2

C
j mj

l,mj−ms; 1/2,ms
Y

mj−ms

l (r̂)χms , (A.47)

with χms=1/2 =

(
1

0

)
, χms=−1/2 =

(
0

1

)
.

We further introduce notation:

χ
mj

−κ(r̂)=−σrχ
mj
κ (r̂),

with σr = r̂ · →σ =

(
cos θ sin θe−iφ

sin θeiφ − cos θ

)
. (A.48)
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A.3 Dirac equation for Hydrogen

The Dirac equation in Minkowski spacetime for a spherical potential V (r) =

V (r) is

(cα · p̂+ βmc2 + V (r))ψ(r) = Wψ(r). (A.49)

where

α =

(
0 σ

σ 0

)
, β =

(
I 0

0 −I

)
,

where σ ≡ σ1i + σ2j + σ3k is (2 × 2)-Pauli matrix, and I is (2 × 2)-unit

matrix. For Hydrogen atom, m = me and V (r) = e/r. The origin is

taken at the nucleus. For this problem it is most convenient to solve the

Dirac equation in spherical polar coordinates. Obviously the βmc2 term is

independent of coordinate system and the potential is most easily written

in radial form. So we only have to transform the kinetic energy term. To

do this we use a vector identity

∇ = r̂(r̂ · ∇)− r̂× (r̂×∇), (A.50)

where r̂ is a unit radial vector: r̂ ≡ r/|r| = r/r. Equation (A.50) follows

directly from the vector identity:

A× (B×C) = B(A ·C)−C(A ·B).

The orbital angular momentum operator is given by L̂ = r̂× p̂ = −i�r×∇.

Here r̂ is the vector operator defining the position of the electron relative

to the source of the field. For our case of a spherically symmetric potential,

Eq.(A.50) simplifies because ∂/∂θ and ∂/∂φ are both equal to zero so r·∇ =

r∂/∂r. Thus, with some trivial manipulation, Eq.(A.50) can be written

∇ = r̂
∂

∂r
− i

�

r̂

|r| × L̂. (A.51)

We write using it the relativistic kinetic energy operator in radial form

α · p̂ = −i�α · ∇ = −i� · r̂ ∂

∂r
− 1

|r|α · r̂× L̂. (A.52)

Noting the operator L̂ is perpendicular to r, i.e., L̂ir̂i = 0, and

αiαj = iεijkΣk + δij , with Σk =

(
σk 0

0 σk

)
,
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we can see that

α · r̂α · L̂ = iΣ · r̂× L̂. (A.53)

We know that γ5 commutes with the α- and the Σ-matrices. Now, all

these matrices are closely related to one another through γ5α = −Σ and

γ5Σ = −α. So we can postmultiply each side of Eq.(A.53) by γ5 to find

iα · r̂Σ · L̂ = −α · r̂× L̂. (A.54)

Now we can substitute Eq.(A.54) into the second term of Eq.(A.52)

α · p̂ = −i�α · p̂ ∂

∂r
+

i

|r|α · r̂Σ · L̂. (A.55)

We define K̂ operator:

K̂ ≡ β(Σ · L̂+ �). (A.56)

(note it is different from K̂1 in Eq.(A.16)). This can be substituted into

Eq.(A.55) to give

α · p̂ = −i�αr +
i

|r|αr(βK̂ − �) (A.57)

with αr ≡ α · r̂. This is form in which we want α · p to substitute into the

Dirac equation (A.49). Doing this and a little algebra leads to[
icγ5Σr

(
�
∂

∂r
+

�

r
− βK̂

r

)
+ βmc2 + V (r)

]
ψ(r) = Wψ(r), (A.58)

with Σr = Σ · r̂. We make use of Eq.(A.45) and are going to insist that

the four-component eigenfunctions take on a form as similar as possible to

that found when we discussed two-component Pauli spinor, i.e.,

ψmj
κ (r) =

(
gκ(r)χ

mj
κ (r̂)

ifκ(r)χ
mj

−κ(r̂)

)
, (A.59)

where the χ
mj
κ (r̂) and χ

mj

−κ(r̂) are the spin-angular functions of Eqs.(A.47)

and (A.48). This is a reasonable form for the wavefunctions. The reason for

the negative κ and the i in the lower part of the wavefunction will become

clear shortly. This choice of eigenfunction means that the solutions are also

eigenfunction of Ĵ2, Ĵz and K̂. If we substitute Eq.(A.59) into Eq.(A.58)

we obtain four equations, of cause, but it turns out that there are really
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only two separate equations. Remembering that the eigenvalue of the K̂

operator is −�κ, these are

−c�

(
∂

∂r
+

1

r
+
κ

r

)
gκ(r)χ

mj

−κ+(W − V (r)+mc2)fκ(r)χ
mj

−κ=0, (A.60)

−c�

(
∂

∂r
+
1

r
− κ

r

)
fκ(r)χ

mj
κ +(W − V (r) −mc2)gκ(r)χ

mj
κ =0. (A.61)

Now the χ
mj
κ cancel nicely and the role of i in the solutions (A.59) is

apparent. It was inserted to ensure that the radial part of the eigenfunction

in manifestly real. We can write these equations in the form

∂gκ(r)

∂r
= −κ+ 1

r
gκ(r) +

1

c�
(W − V (r) +mc2)fκ(r), (A.62)

∂fκ(r)

∂r
=

κ− 1

r
fκ(r) +

1

c�
(W − V (r) −mc2)gκ(r). (A.63)

This is the usual form of the radial Dirac equation. It is sometimes useful

to make the substitution uκ(r) = rgκ(r) and vκ(r) = rfκ(r). In that case

Eqs.(A.62) and (A.63) become

∂uκ(r)

∂r
= −κ

r
uκ(r) +

1

c�
(W − V (r) +mc2)vκ(r), (A.64)

∂vκ(r)

∂r
=

κ

r
vκ(r) − 1

c�
(W − V (r) −mc2)uκ(r). (A.65)

Let’s consider one-electron atoms. Namely, we are going to study the

motion of one electron of mass m moving under the influence of the spher-

ically symmetric Coulomb potential

V (r) = −Ze2

r
. (A.66)

For ease of writing we put

ξ ≡ Ze2

c�
= Zα. (A.67)

Equations (A.64) and (A.65) become

∂uκ(r)

∂r
= −κ

r
uκ(r) +

(
WC +

ξ

r
+ kC

)
vκ(r), (A.68)

∂vκ(r)

∂r
=

κ

r
vκ(r) −

(
WC +

ξ

r
− kC

)
uκ(r), (A.69)
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where kC = mc/� is the Compton wavevector, and WC = W/(c�). Intro-

ducing φ1(r), φ2(r) through following equations

uκ(r) = (kC +WC)
1/2e−λr(φ1 + φ2), (A.70)

vκ(r) = (kC +WC)
1/2e−λr(φ1 − φ2), (A.71)

where λ ≡ (kC − WC)
1/2, and substituting Eqs.(A.70) and (A.71) into

Eqs.(A.68) and (A.69) we find:

λ
∂φ1

∂r
− 2λ2φ1 +

κλ

r
φ2 +

ξWC

r
φ1 +

ξkC
r

φ2 = 0, (A.72)

λ
∂φ2

∂r
+

κλ

r
φ1 − ξWC

r
φ1 − ξkC

r
φ1 = 0. (A.73)

Let us change to a dimensionless variable ρ ≡ 2λr and then we have

∂φ1

∂ρ
=

(
1− ξWC

λρ

)
φ1 −

(
κ

ρ
+

ξkC
λρ

)
φ2, (A.74)

∂φ2

∂ρ
=

ξWC

λρ
φ2 +

(
−κ

ρ
+

ξkC
λρ

)
φ1. (A.75)

We solve them in the following.

A power series in ρ for φ1(ρ) and φ2(ρ) is:

φ1(ρ) = ρs
∞∑

m=0

αmρm, (A.76)

φ2(ρ) = ρs
∞∑

m=0

βmρm. (A.77)

(There should be no confusion between the coefficients αm and α-matrices

in Dirac equation (A.49) and etc.) Putting Eqs.(A.76) and (A.77) into

Eqs.(A.74) and (A.75) is straightforward. Then if we compare coefficients

of equal powers of ρ in each term we find the following recursion relation

for the αm and βm coefficients:

αm(m+ s) = αm−1 − WCξ

λ
αm −

(
κ+

ξkC
λ

)
βm, (A.78)

βm(m+ s) =

(
−κ+

ξkC
λ

)
αm +

WCξ

λ
βm. (A.79)

For m > 0 this determines all the αm and βm coefficients in terms of α0

and β0. However, as yet we do not know these, nor do we know the correct

value of s. To find the latter we let m = 0 in Eqs.(A.78) and (A.79).
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Then, by definition, from Eqs.(A.76) and (A.77), α−1 = 0 and we have a

pair of simultaneous equations for α0 and β0. These equations will have a

non-trivial solution if the determinant of the coefficients is equal to zero.∣∣∣∣∣ s+WCξ/λ κ+ ξkC/λ

κ− ξkC/λ s−WCξ/λ

∣∣∣∣∣ = 0, (A.80)

i.e.,

s2 − W 2
Cξ

2

λ2
= κ2 − ξ2k2C/λ

2. (A.81)

But, by definition, λ2 = k2C −W 2
C and so we are left with

s = +
√
κ2 − ξ2. (A.82)

Here we give up s < 0-solution, because the positive square root in

Eq.(A.82) ensures the wavefunctions are always square integrable, but the

s < 0 solution cannot. The next stage in this analysis is to find αm in terms

of αm−1 and βm in terms of βm−1. This can be done using Eqs.(A.78) and

(A.79). Rearranging Eq.(A.79) gives us

βm

αm
=

κ− ξkC/λ

WCξ/λ−m− s
=

κ− ξkC/λ

n′ −m
, (A.83)

where n′ ≡ (WCξ/λ)− s. Combining Eqs.(A.83) and (A.78) gives

αm = − n′ −m

m(2s+m)
αm−1. (A.84)

We now have αm in terms of αm−1, but m just represents an arbitrary term

in the expansions (A.76). Using Eq.(A.84) but reducing m by one means

we can find αm−1 in terms of αm−2. This process can be continued down

to α0 to give us

αm = (−1)m
(n′ − 1)(n′ − 2) · · · (n′ −m)

m!(2s+ 1)(2s+ 2) · · · (2s+m)
α0. (A.85)

We can also use Eq.(A.83) to eliminate αm and αm−1 in Eq.(A.78). This

gives us an expression for βm in terms of βm−1

βm = −n′ −m+ 1

m(2s+m)
βm−1. (A.86)

and hence

βm = (−1)m
n′(n′ − 1) · · · (n′ −m+ 1)

m!(2s+ 1)(2s+ 2) · · · (2s+m)
β0. (A.87)
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Now the only quantities we don’t know are α0 and β0. However, these are

known in terms of each other from Eq.(A.83):

β0 =
κ− ξkC/λ

n′ α0. (A.88)

This arbitrariness can be removed later by our choice of normalization.

Substituting Eqs.(A.85) and (A.86) into Eq.(A.76) gives

φ1(ρ) = ρsα0

∞∑
m=0

(1 − n′)(2− n′) · · · (m− n′)
m!(2s+ 1)(2s+ 2) · · · (2s+m)

ρm

= ρsα0

(
(1− n′)
2s+ 1

ρ+
(1− n′)(2− n′)
(2s+ 1)(2s+ 2)

ρ2

1!
+ · · ·

)
= ρsα0M(1− n′, 2s+ 1, ρ), (A.89)

φ2(ρ) = ρsβ0

∞∑
m=0

(−1)m
n′(n′ − 1) · · · (n′ −m+ 1)

m!(2s+ 1)(2s+ 2) · · · (2s+m)
ρm

= ρsβ0

(
1− n′

2s+ 1
ρ+

n′(n′ − 1)

(2s+ 1)(2s+ 2)

ρ2

2!
+ · · ·

)
= ρsβ0M(−n′, 2s+ 1, ρ)

= ρs
κ− ξkC/λ

n′ α0M(−n′, 2s+ 1, ρ), (A.90)

where M(a, b, ρ) is confluent hypergeometric functions which will be dis-

cussed in Appendix B, and Eq.(A.88) were used in the last step of Eq.(A.90).

Up to this moment we have not yet applied any boundary conditions.

The boundary condition we use is the usual one for such problems: the

wavefunction must remain finite as r → ∞. To implement this we have

to look at the asymptotic behavior of the hypergeometric of the hyperge-

ometric functions. This is given by Eq.(B.4). At large z this expression is

dominated by the exponential and so diverges. As stated in Appendix B,

if −n′ is a negative integer and 2s + 1 is not a negative integer it is easy

to see from Eq.(B.2) that the confluent hypergeometric function becomes

a simple polynomial of order n′ in ρ. So

n′ = 0, 1, 2, 3, · · · . (A.91)

We see here that n′ can take on only integer values and it is closely related

to the principal quantum number defined in non-relativistic quantum

mechanics. There is a problem with the n′ = 0 : the confluent hypergeo-

metric function in Eq.(A.89) diverges; the first parameter is not a negative
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integer. Therefore α0 = 0 and hence φ1(ρ) = 0. In this case α0/n
′ in

Eq.(A.90) is just a normalization constant. In general for n′ = 0, φ2(ρ) is

non-zero unless

κ =
ξkC
λ

. (A.92)

As all quantities on the right hand side of Eq.(A.92) are positive by defini-

tion it can only be true for κ ≥ 1.

We have now solved the Dirac equation for the radial parts of the Hy-

drogen ic wavefunctions. Let us combine the definitions of u(r), v(r) and

ρ with Eqs.(A.70), (A.71), (A.89) and (A.90) to give a final expressions for

g(r) and f(r):

fκ(r)=2λ(kC −WC)
1/2e−λr(2sr)s−1α0

×
(
M(1− n′, 2s+ 1, 2λr)− κ− ξkC/λ

n′ M(−n′, 2s+ 1, 2λr)

)
, (A.93)

gκ(r)=2λ(kC +WC)
1/2e−λr(2sr)s−1α0

×
(
M(1− n′, 2s+ 1, 2λr) +

κ− ξkC/λ

n′ M(−n′, 2s+ 1, 2λr)

)
. (A.94)

Now we have the eigenvectors, the next task is to find the eigenvalues. To

do this it is useful to define the principal quantum number:

n = n′ + |κ|. (A.95)

When n′ was defined earlier it was in the middle of finding the eigenvectors

of Eqs.(A.93) and (A.94), and, so as not to divert attention of n′, which
gives us an expression for the energy eigenvalues. We remedy that omission

here. Recall that

n′ =
WCξ

λ
− s =

WCξ

(k2C −W 2
C)

1/2
− s. (A.96)

Rearranging this and substituting for n′ from (A.95) gives

W 2
C = k2C

(
1 +

ξ2

(n− |κ|+ s)2

)−1

, (A.97)

and from the definitions of kC and WC we find

W = mc2
(
1 +

ξ2

(n− |κ|+ s)2

)−1/2

, (A.98)

where ξ = Zα (see Eq.(A.67)).
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A.4 Explicit wave functions for one-electron atom with

principal quantum number n = 1 and 2

Recalling Eqs.(A.59) with (A.47) and (A.48), we have known that the wave

functions for one-electron atom are in the form:

ψmj
κ (r) =

(
gκ(r)χ

mj
κ (r̂)

ifκ(r)χ
mj

−κ(r̂)

)
, (A.99)

where fκ(r) and gκ(r) have been given in Eqs.(A.93) and (A.94) respec-

tively. Those two equations look exceedingly complicated, but they can be

simplified to some extent. Incorporating a factor of 1/n′ into α0 enables us

to rewrite Eqs.(A.93) and (A.94) in the following form

fκ(r) = 2λ(kC −WC)
1/2e−λr(2sr)s−1α′

0

×
(
n′M(1− n′, 2s+ 1, 2λr)− (κ− ξkC

λ
)M(−n′, 2s+ 1, 2λr)

)
,

(A.100)

gκ(r) = 2λ(kC +WC)
1/2e−λr(2sr)s−1α′

0

×
(
n′M(1− n′, 2s+ 1, 2λr) + (κ− ξkC

λ
)M(−n′, 2s+ 1, 2λr)

)
,

(A.101)

where α′
0 = α0/n

′. We write down explicit expressions for the lowest few

eigenfunctions of the one-electron atom here.

For the 1s state:

g(r) =
(2λ)s+1/2

(2kCΓ(2s+ 1))1/2
(kC +WC)

1/2rs−1e−λr(b0 + b1r) (A.102)

f(r) = − (2λ)s+1/2

(2kCΓ(2s+1))1/2
(kC −WC)

1/2rs−1e−λr(a0+a1r) (A.103)

For the 2s state:

g(r) =

(
(2λ)2s+1kC(2s+ 1)(kC +WC)

2WC(2WC + kC)Γ(2s+ 1)

)1/2

rs−1e−λr(b0 + b1r) (A.104)

f(r) = −
(
(2λ)2s+1kC(2s+ 1)(kC −WC)

2WC(2WC + kC)Γ(2s+ 1)

)1/2

rs−1e−λr(a0 + a1r)(A.105)
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Table A.2 Parameters defining the eigenfunctions of the one-electron atom

for the principal numbers n = 1 and n = 2.

Orbital 1s 2s 2p1/2 2p3/2

n 1 2 2 2

n′ 0 1 1 0

κ −1 −1 1 −2

l 0 0 1 1

l̄ 1 1 0 2

s (1 − ξ2)1/2 (1− ξ2)1/2 (1 − ξ2)1/2 (4− ξ2)1/2

WC sλ/ξ ξk2C/2λ ξk2C/2λ sλ/ξ

a0 1 WC
kC

+ 1 WC
kC

1

a1 0 −λ
2s+1

(
1 + 2WC

kC

)
λ

2s+1

(
1− 2WC

kC

)
0

b0 1 WC
kC

WC
kC

− 1 1

b1 0 −λ
2s+1

(
1 + 2WC

kC

)
λ

2s+1

(
1− 2WC

kC

)
0

For the 2p1/2 state:

g(r) =

(
(2λ)2s+1kC(2s+ 1)(kC +WC)

2WC(2WC − kC)Γ(2s+ 1)

)1/2

rs−1e−λr(b0 + b1r) (A.106)

f(r) = −
(
(2λ)2s+1kC(2s+ 1)(kC −WC)

2WC(2WC − kC)Γ(2s+ 1)

)1/2

rs−1e−λr(a0 + a1r)(A.107)

For the 2p3/2 state2:

g(r) =

(
(2λ)s+1/2(kC +WC)

2kCΓ(2s+ 1)

)1/2

rs−1e−λr(b0 + b1r), (A.108)

f(r) = −
(
(2λ)s+1/2(kC −WC)

2kCΓ(2s+ 1)

)1/2

rs−1e−λr(a0 + a1r). (A.109)

All parameters defining the eigenfunctions in the above are in Table A.2.

A.5 Mathematica calculation for practice

“Mathematica” is a very convenient tool for practical calculations to the
2Some mistakes in writing of Eqs.(8.53g) and (8.53h) in [Strange (2008)] have been

corrected.
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problems in relativistic quantum mechanics. Here we show a simple

example: to calculate the energy levels for n ≤ 2 of one-electron atom

with Z = 92. The readers could understand others from it by analogy. The

programs and results are as follows:

1, For n = 1, κ = −1 case:

In[1]:= Z=92;

α = 1/137.003599911; (∗ fine-construct constant ∗)
mcc = 510998.918; (∗ mass of electron: mcc ≡ mec2 = 510998.918eV ∗)
n = 1; (∗ principle quantum number ∗)
κ = −1; (∗ relativistic quantum number ∗)
s = (κ2 − Z2α2)1/2;

levelenergy=mcc ∗ (1 + Z∧2α∧2/(n −Abs[κ] + s)∧2)∧(−1/2) −mcc

(∗ see Eq.(A.98) ∗)
Out[1]= -132353 (∗ unit: eV ∗)

2, For n = 2, κ = −1 case:

In[2]:= Z=92;

α = 1/137.003599911; (∗ fine-construct constant ∗)
mcc = 510998.918; (∗ mass of electron: mcc ≡ mec2 = 510998.918eV ∗)
n = 2; (∗ principle quantum number ∗)
κ = −1; (∗ relativistic quantum number ∗)
s = (κ2 − Z2α2)1/2;

levelenergy=mcc ∗ (1 + Z∧2α∧2/(n −Abs[κ] + s)∧2)∧(−1/2) −mcc

(∗ see Eq.(A.98) ∗)
Out[2]= -34235.2 (∗ unit: eV ∗)
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3, For n = 2, κ = 1 case:

In[3]:= Z=92;

α = 1/137.003599911; (∗ fine-construct constant ∗)
mcc = 510998.918; (∗ mass of electron: mcc ≡ mec2 = 510998.918eV ∗)
n = 2; (∗ principle quantum number ∗)
κ = 1; (∗ relativistic quantum number ∗)
s = (κ2 − Z2α2)1/2;

levelenergy=mcc ∗ (1 + Z∧2α∧2/(n −Abs[κ] + s)∧2)∧(−1/2) −mcc

(∗ see Eq.(A.98) ∗)
Out[3]= -34235.2 (∗ unit: eV ∗)

4, For n = 2, κ = −2 case:

In[4]:= Z=92;

α = 1/137.003599911; (∗ fine-construct constant ∗)
mcc = 510998.918; (∗ mass of electron: mcc ≡ mec2 = 510998.918eV ∗)
n = 2; (∗ principle quantum number ∗)
κ = −1; (∗ relativistic quantum number ∗)
s = (κ2 − Z2α2)1/2;

levelenergy=mcc ∗ (1 + Z∧2α∧2/(n −Abs[κ] + s)∧2)∧(−1/2) −mcc

(∗ see Eq.(A.98) ∗)
Out[4]= -29664.3 (∗ unit: eV ∗)

These results are shown in Fig.8.9 in text.

 



Appendix B

The Confluent Hypergeometric

Function

The confluent hypergeometric function is defined as the solution of the

differential equation

z
d2M

dz2
+ (b− z)

dM

dz
− aM = 0. (B.1)

The solution of this is

M(a, b, z) = 1 +
az

b
+

(a)2z
2

2!(b)2
+ · · · (a)nz

n

n!(b)n
· · · (B.2)

where

(a)0 = 1, (a)n = a(a+ 1)(a+ 2) · · · (a+ n− 1). (B.3)

Note that Eq.(B.2) is an infinite series in general. However, it can be

terminated if a is equal to a negative integer −m and b is not equal to

a negative integer. In that case the mth term in the series for (a)n and

all subsequent terms are zero. Useful asymptotic forms of the confluent

hypergeometric function are

lim
z→∞

M(a, b, z) =
Γ(b)

Γ(a)
ezza−b(1 +O(|z|−1), Rez > 0, (B.4)

lim
z→∞

M(a, b, z) =
Γ(b)

Γ(b− a)
(−z)−a(1 +O(|z|−1), Rez < 0, (B.5)

where Γ(b) is the Gamma function and O(x) means terms of order x. Also

note that

M(0, b, z) = 1, M(a, 0, z) = ∞. (B.6)
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Appendix C

Spherical Harmonics

The spherical harmonics form a complete set of functions. The first few of

them for low values of quantum numbers are

Y 0
0 (θ, φ) =

1√
4π

(C.1)

Y 0
1 (θ, φ) =

√
3

4π
cos θ (C.2)

Y 1
1 (θ, φ) = −

√
3

4π
eiφ sin θ (C.3)

Y 0
2 (θ, φ) =

√
5

16π
(4 cos2 θ − 1) (C.4)

Y 1
2 (θ, φ) = −

√
15

8π
eiφ sin θ cos θ (C.5)

Y 2
2 (θ, φ) =

√
15

32π
e2iφ sin2 θ (C.6)

Y 0
3 (θ, φ) =

√
7

16π
(5 cos3 θ − cos θ) (C.7)

Y 1
3 (θ, φ) = −1

4

√
21

4π
eiφ sin θ(5 cos3 θ − 1) (C.8)

Y 2
3 (θ, φ) =

1

4

√
105

2π
e2iφ sin2 θ cos θ (C.9)

Y 3
3 (θ, φ) = −1

4

√
35

4π
e3iφ sin3 θ (C.10)

Y 0
4 (θ, φ) =

1

8

√
9

4π
(35 cos θ − 30 cos2 θ + 3) (C.11)
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Y 1
4 (θ, φ) = −3

4

√
5

4π
eiφ sin θ(7 cos3 θ − 3 cos θ) (C.12)

Y 2
4 (θ, φ) =

3

4

√
5

8π
e2iφ sin2 θ(7 cos2 θ − 1) (C.13)

Y 3
4 (θ, φ) = −3

4

√
35

4π
e3iφ sin3 θ cos θ (C.14)

Y 4
4 (θ, φ) =

3

8

√
35

8π
e4iφ sin4 θ (C.15)

Spherical harmonics with negative values of m are related to these by

Y −m
l (θ, φ) = (−1)mY m∗

l (θ, φ). (C.16)

The spherical harmonics are written in terms of Legendre functions as

Y m
l (θ, φ) = (−1)m

(
2l + 1

4π

(l −m)!

(l +m)!

)1/2

Pm
l (cos θ)eimφ. (C.17)

The normalization is such that∫ 2π

0

dφ

∫ π

0

sin θY m∗
l (θ, φ)Y m′

l′ (θ, φ)dθ = δll′δmm′ (C.18)

and it is this integral that often determines selection rules in physical pro-

cesses involving electronic transitions. The integral of three spherical har-

monics is also a useful quality:

Cl′′m′′

lml′m′ =

∫
Y m′′∗
l′′ (Ω)Y m′

l′ (Ω)Y m
l (Ω)dΩ

=

(
(2l+ 1)(2l′ + 1)

4π(2l′′ + 1)

)1/2

C(ll′l′′;m,m′)C(ll′l′′; 0, 0)δm′′,m′+m,

(C.19)

where C(ll′l′′;m,m′) and C(ll′l′′; 0, 0) are Clebsch-Gordan coefficients. The

spherical harmonic with argument r̂ is related to the spherical harmonic

with argument −r̂ via the equation

Y m
l (−r̂) = (−1)l+mY −m∗

l (r̂). (C.20)

Finally, it is well known and extremely useful in scattering theory that

the exponential function can be written as a sum of terms involving Bessel

functions and spherical harmonics

eik·r = 4π
∑
l,m

iljl(kr)Y
m∗
l (k̂)Y m

l (r̂), (C.21)

where jl(kr) is Bessel functions.

 



Appendix D

Electric Coulomb Law in

QSO-Light-Cone Space

Let’s derive Eq.(7.55). The action for deriving electrostatic potential of

proton located at Qμ = {Q0 = ct, Q1, Q2 = 0, Q3 = 0} with background

space-time metric gμν ≡ Bμν(Q) of Eq.(7.9) in the Gaussian system of units

reads

S = − 1

16πc

∫
d4L

√−gFμνF
μν − e

c

∫
d4L

√−gjμAμ, (D.1)

where g = det(Bμν), Fμν = ∂Aν

∂Lμ−∂Aμ

∂Lν and jμ ≡ {j0 = cρproton/
√
B00, j} is

4-current density vector of proton (see, e.g, Ref.[Landau, Lifshitz (1987)]:

Chapter 4; Chapter 10, Eq.(90.3)). The explicit matrix-expressions for

Bμν(Q) and Bμν(Q) up to O(1/R2) are follows:

Bμν(Q)=

⎛
⎜⎜⎜⎜⎜⎝
1+

2(Q0)2−(Q1)2

R2 −Q0Q1

R2 0 0

−Q1Q0

R2 −1+ 2(Q1)2−(Q0)2

R2 0 0

0 0 −1− (Q0)2−(Q1)2

R2 0

0 0 0 −1− (Q0)2−(Q1)2

R2

⎞
⎟⎟⎟⎟⎟⎠ ,

Bμν(Q)=

⎛
⎜⎜⎜⎜⎜⎝
1− 2(Q0)2−(Q1)2

R2
Q0Q1

R2 0 0
Q1Q0

R2 −1− 2(Q1)2−(Q0)2

R2 0 0

0 0 −1+ (Q0)2−(Q1)2

R2 0

0 0 0 −1+
(Q0)2−(Q1)2

R2

⎞
⎟⎟⎟⎟⎟⎠ .

Making space-time variable change of Lμ → Lμ − Qμ ≡ xμ = {x0 =

ctL − ct, xi = Li −Qi}, we have action S as
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S=− 1

16πc

∫
d4x

√
− det(Bμν(Q))FμνF

μν − e

c

∫
d4x

√
− det(Bμν(Q))jμAμ

=

(
− 1

16πc
Bμλ(Q)Bνρ(Q)

∫
d4xFμν(x)Fλρ(x)

−e

c

∫
d4xjμ(x)Aμ(x)

)√
− det(Bμν(Q)), (D.2)

and the equation of motion δS/δAμ(x) = 0 as follows (see, e.g, [Landau,

Lifshitz (1987)], Eq.(90.6), pp.257)

∂νF
μν = Bνλ∂νF

μ
λ = −4π

c
jμ. (D.3)

In Beltrami space, Aμ = {φB, A} (see, e.g., [Landau, Lifshitz (1987)],

Eq.(16.2) in pp.45) and 4-charge current jμ = {cρproton/
√
B00, j}. Accord-

ing to the expression of charge density in curved space in Ref. [Landau,

Lifshitz (1987)], (pp.256, Eq.(90.4)), ρproton ≡ ρB = e√
γ δ

(3)(x) and j = 0,

where

γ = det(γij), (D.4)

dl2 = γijdx
idxj =

(
−gij +

g0igj0
g00

)
dxidxj (see Eq.(84.7) in Ref.[37])

=

(
−Bij +

B0iBj0

B00

)
dxidxj (D.5)

Noting B01 = B10 = −C2t2

R2 , B00 ∼ 1, and B01B10 
 O(1/R4) ∼ 0, we have

√
γ ≡

√
det(γij) 


√
− det(Bij), (D.6)

and hence

ρproton ≡ ρB =
eδ(3)(x)√− det(Bij)

, j = 0. (D.7)

(1) When μ = 0 in Eq.(D.3), we have the Coulomb’s law (7.50), i.e.,

−Bij(Q)∂i∂jφB(x)=

[(
1− (Q0)2 − (Q1)2

R2

)
∇2 +

(Q1)2

R2

∂2

∂(x1)2

]
φB(x)

= −4π

c
j0 =

−4πe√− det(Bij(Q))B00(Q)
δ(3)(x), (D.8)

where Bij(Q) = ηij + (Q0)2−2(Q1)2

R2 δi1δj1 + (Q0)2−(Q1)2

R2 δi2δj2 +
(Q0)2−(Q1)2

R2 δi3δj3 + O(R−4) has been used, and Bij was given in
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Eq.(7.9). Expanding (D.8), we have[
∂2

∂(x1/[1 + (Q1)2

2R2 ])2
+

∂2

∂(x2)2
+

∂2

∂(x3)2

]
φB(x)

= −4π

(
1− 3(Q0)2 − 4(Q1)2

2R2

)
×
(
1− 2(Q0)2 − (Q1)2

2R2

)(
1 +

(Q0)2 − (Q1)2

R2

)
eδ(x1)δ(x2)δ(x3)

= −4πe

(
1− 3[(Q0)2 − (Q1)2]

2R2

)
δ(x1)δ(x2)δ(x3).

Noting δ(x1) = δ(x1/[1+(Q1)2/2R2])(1−(Q1)2/2R2), we rewrite above

equation as follows[
∂2

∂(x1/[1 + (Q1)2

2R2 ])2
+

∂2

∂(x2)2
+

∂2

∂(x3)2

]
φB(x)

= −4πe

(
1− 3[(Q0)2 − (Q1)2]

2R2

)
×
(
1− (Q1)2

2R2

)
δ(x1/[1 +

(Q1)2

2R2
])δ(x2)δ(x3)

= −4πe

(
1− 3(Q0)2 − 2(Q1)2

2R2

)
δ(x1/[1 +

(Q1)2

2R2
])δ(x2)δ(x3).

Setting

x̃1 ≡ x1/[1 +
(Q1)2

2R2
], (D.9)

the above equation becomes[
∂2

∂(x̃1)2
+

∂2

∂(x2)2
+

∂2

∂(x3)2

]
φB(x) (D.10)

= −4πe

(
1− 3(Q0)2 − 2(Q1)2

2R2

)
δ(x̃1)δ(x2)δ(x3). (D.11)

Then the solution is φB(x) =
(
1− 3(Q0)2−2(Q1)2

2R2

)
e/rB (see, e.g., [Lan-

dau, Lifshitz (1987)], Eq.(36.9) in pp.89) with

rB =
√
(x̃1)2 + (x2)2 + (x3)2

=

(
(1− 2(Q1)2 − (Q0)2

2R2
)2(x1)2 + (x2)2 + (x3)2

)1/2

.

Therefore, we have

φB =

(
1− 3(Q0)2 − 2(Q1)2

2R2

)
e

rB
, (D.12)

which is the scalar potential in Eq.(7.55) in the text.
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(2) When μ = i (i = 1, 2, 3) in Eq.(D.3), we have

∂i∂μA
μ −Bμν∂μ∂νA

i = −4π

c
ji = 0. (D.13)

By means of the gauge condition

∂μA
μ = 0, (D.14)

we have

Bμν∂μ∂νA
i = 0. (D.15)

Then

Ai = 0 (D.16)

is a solution that satisfies the gauge condition (D.14) (noting ∂0A
0 =

∂
∂x0φB(rB) = 0 due to ∂Q0

∂x0 = ∂Q0

∂L0 = 0). Equation (D.16) is the vector

potential in Eq.(7.55) in the text.

 



Appendix E

Adiabatic Approximative Wave

Functions in vacde Sitter–Dirac

Equation of Hydrogen

Now we derive the wave function of Eq.(7.76) in the text. We start with

Eq.(7.73), i.e.

i�∂tψ = H(t)ψ = [H0(rB, �,me, e) +H ′
0(t)]ψ, (E.1)

where

H(t) = H0(rB , �,me, e) +H ′
0(t), (E.2)

H0(rB , �,me, e) = −i�c�α · ∇B +mec
2β − e2

rB
(see Eq.(7.26)) (E.3)

H ′
0(t) = −

(
c2t2

2R2

)
H0(rB , �, 3me, e). (E.4)

Suppose the modification of H(t) along with the time change is suffi-

ciently slow, the system could be quasi-stationary in any instant θ. Then,

in the Schrödinger picture, the quasi-stationary equation of H(θ)

H(θ)Un(x, θ) = Wn(θ)Un(x, θ) (E.5)

can be solved. By Eqs.(E.2), (E.3) and (E.4) and t → θ, the solutions are

as follows (similar to Eq.(8.11) in text)

Wn(θ) ≡ Wn,κ(θ) = m(θ)
e c2

(
1 +

α2

(n− |κ|+ s)2

)−1/2

(E.6)

α ≡ e2θ
�θc


 e2

�c
+O(

c4θ4

R4
), |κ| = (j + 1/2) = 1, 2, 3 · · ·

s =
√
κ2 − α2, n = 1, 2, 3 · · · .
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where (see Eqs.(7.68), (7.69) and (7.70) in text)

�θ =

(
1− c2θ2

2R2

)
�, (E.7)

m(θ)
e =

(
1− (Q1(θ))2

2R2

)
me, (E.8)

eθ =

(
1− c2θ2

4R2

)
e, (E.9)

The complete set of commutative observables is {H, κ, j2, jz}, so that

we have

Un(x, θ) = ψn,κ,j,jz(rB , �θ,m
(θ)
e , eθ), (E.10)

where j = L + �

2Σ, �κ = β(Σ · L + �). [Un(x, θ)] is a complete set and

satisfies ∫
d3xUn(x, θ)U

∗
m(x, θ) = δmn, n = {nr,K, j, jz}. (E.11)

Thus, the solution of time-dependent Schrödinger equation (or Dirac equa-

tion) (E.1) can be expanded as follows

ψ(x, t) =
∑
n

Cn(t)Un(x, t) exp

[
−i

∫ t

0

ωn(θ)dθ

]
, ωn(θ) =

Wn(θ)

�
.

(E.12)

Substituting Eq.(E.12) into Eq.(E.1), we have

i�
∑
n

(ĊnUn + CnU̇n) exp

[
−i

∫ t

0

ωn(θ)dθ

]
= 0. (E.13)

Multiplying both sides of Eq.(E.13) by U∗
m exp

[
i
∫ t

0
ωm(θ)dθ

]
, and

integrating x using Eq.(E.11), we have

Ċm+Cm

∫
d3xU∗

mU̇m +
∑
n

′ Cn

∫
d3xU∗

mU̇n exp

[
−i

∫ t

0

(ωn − ωm)dθ

]
=0,

m = 1, 2, 3, · · · (E.14)

where
∑′

n means that n �= m in the summation over n. Noting Eq.(E.11),

we have ∫
U̇∗
mUmd3x+

∫
U∗
mU̇md3x = 0, (E.15)

and hence ∫
U∗
mU̇md3x = iβ′ (E.16)
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is a purely imaginary number. Denoting

αmn =

∫
U∗
mU̇nd

3x, and ωnm = ωn − ωm, (E.17)

then Eq.(E.14) becomes

Ċm + iβ′Cm +
∑
n

′ Cnαmn exp

[
−i

∫ t

0

ωnmdθ

]
= 0. m = 1, 2, 3, · · ·

(E.18)

To further simplify it, we set

Vn(x, t) = Un(x, t) exp

[
−i

∫ t

0

β′
n(θ)dθ

]
, (E.19)

then

ψ(x, t) =
∑
n

C
′

n (t)Vn(x, t) exp

[
−i

∫ t

0

ωn(θ)dθ

]
, (E.20)

where C
′

n (t) = Cn(t) exp
[
i
∫ t

0 β
′
n(θ)dθ

]
, and

Ċ
′

m(t) = [Ċm + iβ′
mCm(t)] exp

(
i

∫ t

0

β′
n(θ)dθ

)
(E.21)

Substituting (E.21) into (E.18), we finally get

Ċ
′

m +
∑
n

′ C
′

nαmn exp

[
−i

∫ t

0

ω′
nmdθ

]
= 0. m = 1, 2, 3, · · · (E.22)

where

ω′
mn = ω′

n − ω′
m, ω′

n =
1

�
Wn + β′

n. (E.23)

Now let’s solve Eq.(E.22). Firstly, we derive αmn. By (E.5), we have

∂H

∂t
Un +HU̇n = ẆnUn +WnU̇n. (E.24)

By multiplying U∗
m and integrating over x, we have∫
U∗
mḢUnd

3x +

∫
U∗
mHU̇nd

3x = Wn

∫
U∗
mU̇nd

3x,

i.e., Ḣmn +Wmαmn = Wnαmn, (E.25)

so that

αmn =

∫
U∗
mU̇nd

3x =
1

Wn −Wm
Ḣmn, m �= n. (E.26)
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Therefore Eq.(E.22) becomes

Ċ
′

m +
∑
n

′ C
′

n

Ḣmn exp
(
−i

∫ t

0 ω
′
nmdθ

)
�ωnm

= 0. m = 1, 2, 3, · · · (E.27)

Suppose at the initial time the system is in s-state, i.e., Cn(0) = C
′

n (0) =

δns. For adiabatic process, Ḣ(t) → 0, then the 0th-order approximate

solution of Eq.(E.27) is

[C
′

m(t)]0 = δms. (E.28)

Substituting Eq.(E.28) into Eq.(E.27), we get the first order correction to

the approximation

[Ċ
′

m]1 =
−Ḣms

�ωms
exp

(
−i

∫ t

0

ω′
msdθ

)
= 0, m �= s. (E.29)

Since the dependence on time t of Un(t) is weak for adiabatic process,

Eq.(E.16) indicates β′
n is small, and by Eq.(E.23), we have ω′

ms ≈ ωms.

Then, from Eq.(E.29), the first order correction to the solution is

[C
′

m]1 =
Ḣms

i�ωms

(
eiωmst − 1

)
, m �= s. (E.30)

Substituting Eqs.(E.29) and (E.30) into Eq.(E.20) and neglecting βn, we

get the wave function as follows

ψ(x, t) 
 Us(x, t)e
−iWst

� +
∑
m �=s

Ḣms

i�ωms

(
eiωmst − 1

)
Um(x, t)e(−i

∫ t
0

Wm(θ)
�

dθ).

(E.31)

By using Eqs.(E.10), (E.8), (E.7), (E.9), we finally obtain the desired results

ψ(t) 
 ψs(rB , �t,m
(t)
e , et)e

−iWs
�

t

+
∑
m �=s

Ḣ ′(t)ms

i�ω2
ms

(
eiωmst − 1

)
ψm(rB , �t,m

(t)
e , et) × e(−i

∫ t
0

Wm(θ)
�

dθ),

(E.32)

where

�t =

(
1− c2t2

2R2

)
�, (E.33)

m(t)
e =

(
1− (Q1(t))2

2R2

)
me, (E.34)

et =

(
1− c2t2

4R2

)
e. (E.35)

Equations (E.33), (E.34) and (E.35) are Eqs.(7.68), (7.69) and (7.70) in the

text. Equation (E.32) is just Eq.(7.76) in the text.

 



Appendix F

Matrix Elements of H′ in

(2s1/2-2p1/2)-Hilbert Space

Now we derive Eq.(7.109) and Eq.(7.115). We start with the dS-SR Dirac

spectrum equation of Hydrogen , which has been shown in Eqs.(7.89)–(7.93)

in the text:

H(dS−SR)ψ = ( H0(r, �t, μt, et) +H ′ )ψ = Eψ, (F.1)

where

H0(r, �t, μt, et) = −i�tc�α · ∇+ μtc
2β − e2t

r
, (F.2)

H ′ =
1

2
(H ′† +H ′) ≡ H ′

1 +H ′
2, (F.3)

with

H ′
1 = −Q1Q0

4R2

(
α1H0(r, �, μ, e) +H0(r, �, μ, e)α

1
)
, (F.4)

H ′
2 =

Q1Q0

4R2

(
i�c

−−→
∂

∂x1
− i�c

←−−
∂

∂x1

)
. (F.5)

The definition of H ′-elements in the H0-eigenstate space, 〈H ′〉mj , m
′

j

2L1/2,2L′1/2
,

has been given in Eqs.(7.106) and (7.107). The eigen values and eigen states

of H0 are given in the section IV.
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(I) H ′
1-matrix elements:

(1) 〈H ′
1〉1/2, −1/2

2s1/2,2p1/2 :

〈H ′
1〉1/2, −1/2

2s1/2,2p1/2 =

∫
drr2

∫
dΩ ψ

1/2†
(2s)j=1/2(r) H

′
1 ψ

−1/2
(2p)j=1/2(r)

= −Q1Q0

4R2
W 〈(2s1/2)1/2|α1|(2p1/2)−1/2〉

=−Q1Q0

4R2
W

∫
drr2

∫
dΩ

(
g(2s1/2)(r)χ

1/2†
κ (r̂)(2s1/2),−if(2s1/2)(r)χ

1/2†
−κ (r̂)(2s1/2)

)
×
(

0 σ1

σ1 0

)(
g(2p1/2)(r)χ

−1/2
κ (r̂)(2p1/2)

if(2p1/2)(r)χ
−1/2
−κ (r̂)(2p1/2)

)

=−i
Q1Q0

4R2
W

∫ ∞

0

drr2
{
g(2s1/2)(r)f(2p1/2)(r)

∫
dΩχ1/2†

κ (r̂)(2s1/2)σ
1χ

−1/2
−κ (r̂)(2p1/2)

−f(2s1/2)(r)g(2p1/2)(r)

∫
dΩχ

1/2†
−κ (r̂)(2s1/2)σ

1χ−1/2
κ (r̂)(2p1/2)

}
(F.6)

where W = W(n=2,κ=±1), and the explicit expressions of 2s1/2- and

2p1/2 -wave functions of {g(2s1/2)(r), f(2s1/2)(r), g(2p1/2)(r), f(2p1/2)(r),

χ
±1/2
±κ (r̂)(2s1/2), χ

±1/2
±κ (r̂)(2p1/2)} are given in Eqs.(7.36)−(7.45) in the

text. From them, we have∫
dΩχ1/2†

κ (r̂)(2s1/2)σ
1χ

−1/2
−κ (r̂)(2p1/2)

=

∫ 2π

0

dφ

∫ π

0

dθ sin θ

× (
Y 0
0 , 0

)(0 1

1 0

)⎛⎝√
2
3 cos θY

−1
1 (θφ) −

√
1
3 sin θe

−iφY 0
1 (θφ)√

2
3 sin θe

iφY −1
1 (θφ) −

√
1
3 cos θY

0
1 (θφ)

⎞⎠
=

1

2

∫ π

0

dθ sin θ(sin θ cos θ + cos2 θ) =
1

3
; (F.7)∫

dΩχ
1/2†
−κ (r̂)(2s1/2)σ

1χ−1/2
κ (r̂)(2p1/2)

=

∫ 2π

0

dφ

∫ π

0

dθ

× sin θ
(− cos θY 0

0 ,− sin θe−iφY 0
0

)( 0 1

1 0

)⎛⎝−
√

2
3Y

−1
1 (θφ)√

1
3Y

0
1 (θφ)

⎞⎠
= −1

2

∫ π

0

dθ sin θ cos2 θ = −1

3
, (F.8)
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where Y 0
1 (θφ) =

√
3
4π cos θ, Y 1

1 (θφ) = −
√

3
8π e

iφ sin θ, Y −1
1 (θφ) =√

3
8π e

−iφ sin θ and Y 0
0 (θφ) =

√
1
4π have been used. Substituting

Eqs.(F.7) (F.8) into (F.6), we get

〈H ′
1〉1/2, −1/2

2s1/2,2p1/2

= −i
Q1Q0

4R2

W

3

∫ ∞

0

drr2
{
g(2s1/2)(r)f(2p1/2)(r) + f(2s1/2)(r)g(2p1/2)(r)

}
.

(F.9)

Inserting the explicit expressions of the radial wave functions

g(2s1/2)(r), f(2s1/2)(r), and g(2p1/2)(r), f(2p1/2)(r) (i.e., Eqs.(7.37),

(7.38), (7.42) and (7.43) in the text) into the integral in Eq.(F.9), and

accomplishing the calculations, we have∫ ∞

0

drr2
{
g(2s1/2)(r)f(2p1/2)(r) + f(2s1/2)(r)g(2p1/2)(r)

}
=

√
k2C −W 2

C

4W 2
C − k2C

(
WC

kC
− kC

2WC
(s+ 1)

)
, (F.10)

where formula
∫∞
0 drrν−1 exp(−μr) = Γ(ν)/μν was used. Conse-

quently, we obtain upon substituting Eq.(F.10) into Eq.(F.9),

〈H ′
1〉1/2, −1/2

2s1/2,2p1/2 ≡ −iΘ1

= −i
Q1Q0

4R2

W

3

√
k2C −W 2

C

4W 2
C − k2C

(
WC

kC
− kC

2WC
(s+ 1)

)
, (F.11)

which is just the desired result Eq.(7.109). All above calculations have

been checked by the Mathematica.

(2) By means of similar calculations we get also that

〈H ′
1〉−1/2, 1/2

2s1/2,2p1/2 = −iΘ1. (F.12)

Since H ′
1 = H ′†

1 , we have

〈H ′
1〉−1/2, 1/2

2p1/2,2s1/2
= (〈H ′

1〉1/2, −1/2

2s1/2,2p1/2)
∗ = iΘ1, (F.13)

〈H ′
1〉1/2, −1/2

2p1/2,2s1/2
= (〈H ′

1〉−1/2, 1/2

2s1/2,2p1/2)
∗ = iΘ1. (F.14)

Furthermore, for all other elements of H ′
1-matrix, since∫ 2π

0
dφ exp(±inφ) = 0 and

∫ π

0
dθ sin θ cos2n+1 θ = 0 and etc, the
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explicit calculations show that all those H ′
1-matrix elements vanish.

Consequently, all elements of H ′
1 are calculated, and Eq.(7.109) is

proved.

(II) H ′
2-matrix elements:

H ′
2 has been given in Eqs.(7.113) and (7.114) in the text, which is as

follows

H ′
2 =

Q1Q0

4R2

(
i�c

−−→
∂

∂x1
− i�c

←−−
∂

∂x1

)
, (F.15)

where
∂

∂x1
≡ ∂1 = sin θ cosφ

∂

∂r
+ cos θ cosφ

1

r

∂

∂θ
− sinφ

r sin θ

∂

∂φ
. (F.16)

We derive Eq.(7.115) now.

(1) 〈H ′
2〉1/2, −1/2

2s1/2,2p1/2 :

〈H′2〉1/2, −1/2

2s1/2,2p1/2
=

∫
drr2

∫
dΩ ψ

1/2†
(2s)j=1/2

(r) H′2 ψ
−1/2
(2p)j=1/2

(r)

= −Q1Q0

4R2
i�c

∫
drr2

∫
dΩ

(
g(2s1/2)(r)χ

1/2†
κ (̂r)(2s1/2),−if(2s1/2)(r)χ

1/2†
−κ (̂r)(2s1/2)

)

×
(→
∂ 1 −←−

∂ 1

)(g(2p1/2)(r)χ−1/2
κ (̂r)(2p1/2)

if(2p1/2)(r)χ
−1/2
−κ (̂r)(2p1/2)

)

= −i
Q1Q0

4R2
�c

∫
drr2
∫
dΩ

{
g(2s1/2)(r)[∂1g(2p1/2)(r)]χ

1/2†
κ (̂r)(2s1/2)χ

−1/2
−κ (̂r)(2p1/2)

+g(2s1/2)(r)g(2p1/2)(r)χ
1/2†
κ (̂r)(2s1/2)[∂1χ

−1/2
−κ (̂r)(2p1/2)]

+f(2s1/2)(r)[∂1f(2p1/2)(r)]χ
1/2†
κ (̂r)(2s1/2)χ

−1/2
−κ (̂r)(2p1/2)

+f(2s1/2)(r)f(2p1/2)(r)χ
1/2†
κ (̂r)(2s1/2)[∂1χ

−1/2
−κ (̂r)(2p1/2)]

−[∂1g(2s1/2)(r)]g(2p1/2)(r)χ
1/2†
κ (̂r)(2s1/2)χ

−1/2
−κ (̂r)(2p1/2)

−g(2s1/2)(r)g(2p1/2)(r)χ
1/2†
κ (̂r)(2s1/2)[∂1χ

−1/2
−κ (̂r)(2p1/2)]

−[∂1f(2s1/2)(r)]f(2p1/2)(r)χ
1/2†
κ (̂r)(2s1/2)χ

−1/2
−κ (̂r)(2p1/2)

−f(2s1/2)(r)f(2p1/2)(r)χ
1/2†
κ (̂r)(2s1/2)[∂1χ

−1/2
−κ (̂r)(2p1/2)]

}

= −i
Q1Q0

4R2
�c

{
1

3

∫ ∞
0

drr2

[
∂g(2s1/2)(r)

∂r
g(2p1/2)(r)−

∂g(2p1/2)(r)

∂r
g(2s1/2)(r)

+
∂f(2s1/2)(r)

∂r
f(2p1/2)(r)−

∂f(2p1/2)(r)

∂r
f(2s1/2)(r)

]

−2

3

∫ ∞
0

drr
[
g(2s1/2)(r)g(2p1/2)(r)− f(2s1/2)(r)f(2p1/2)(r)

]}
, (F.17)
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where the integrals for dΩ have been implemented in terms of the ex-

plicit expressions of χ
1/2
±κ (r̂)(2s1/2), χ

−1/2
±κ (r̂)(2p1/2) in Eqs.(7.39), (7.40),

(7.44), (7.45) and Eq.(F.16). Substituting expressions (7.37), (7.38),

(7.42) and (7.43) into Eq.(F.17), and finishing the integrals, we get

〈H ′
2〉1/2, −1/2

2s1/2,2p1/2 ≡ −iΘ2

= i
Q1Q0

2R2

�cλ

6
√
4W 2

C − k2C

(
k2C
WC

− 2(
1

s
+ 1)kC −WC +

2

kCs
W 2

C

)
,

(F.18)

which is just Eq.(7.115). And all above result can be checked by the

Mathematica calculations.

(2) By means of similar calculations we get also that

〈H ′
2〉−1/2, 1/2

2s1/2,2p1/2 = −iΘ2. (F.19)

Since H ′
2 = H ′†

2 , we have

〈H ′
2〉−1/2, 1/2

2p1/2,2s1/2
= (〈H ′

2〉1/2, −1/2

2s1/2,2p1/2)
∗ = iΘ2, (F.20)

〈H ′
2〉1/2, −1/2

2p1/2,2s1/2
= (〈H ′

2〉−1/2, 1/2

2s1/2,2p1/2)
∗ = iΘ2. (F.21)

Furthermore, for all other elements of H ′
2-matrix, since∫ 2π

0 exp(±inφ)dφ = 0 and
∫ π

0 dθ sin θ cos2n+1 θ = 0 and etc, the ex-

plicit calculations show that all those H ′
2-matrix elements vanish. Con-

sequently, all elements of H ′
2 are calculated, and Eq.(7.115) is proved.
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Appendix G

Solutions of Exercises

Chapter 3

Section 3.1

(1) Problem 1:

Solution: From Eq.(3.6), we have

B00(x) =
1

σ
+

(x0)2

R2σ2
, B01(x) = − x0x1

R2σ2
, B11(x) =

−1

σ
+

(x1)2

R2σ2
,

where σ = 1− [(x0)2 − (x1)2]/R2 with x0 = ct.

(2) Problem 2:

Solution: From Eq.(3.6), we have

ds2Bel = Bμν (x)dx
μdxν

=
R2(R2 + r2)

(R2 + r2 − c2t2)2
c2dt2 − 2rR2ct

(R2 + r2 − c2t2)2
cdtdr

− R2(R2 − c2t2)

(R2 + r2 − c2t2)2
dr2− r2R2

R2 + r2 − c2t2
(dθ2 + sin2 θdφ2). (G.1)

Section 3.2

(1) Problem 1:

Solution: From Eq.(3.32), we have

∂x1LdS =
m2c4R

2LdS

{−4x1[R2(c2 − ẋ2) − x2ẋ2 + (x · ẋ)2 + c2(x− ẋt)2]

(R2 + x2 − c2t2)3

+
−2x1ẋ2 + 2(x · ẋ)ẋ1 + 2c2(x1 − ẋ1t)

c2(R2 + x2 − c2t2)2

}
. (G.2)

(2) Problem 2:

Solution:

∂ẋ1LdS =
m2c4R2

2LdS

−2R2ẋ1 − 2x2ẋ1 + 2(x · ẋ)x1 − 2c2t(x1 − ẋ1t)

c2(R2 + x2 − c2t2)2
. (G.3)

249
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(3) Problem 3:

Solution:

∂t(∂ẋ1LdS) = −m4c8R4

4L3
dS

{
4c2t[R2(c2 − ẋ2)− x2ẋ2 + (x · ẋ)2 + c2(x − ẋt)2]

c2(R2 + x2 − c2t2)3

+
2(x− ẋt) · ẋ

(R2 + x2 − c2t2)2

}

+
m2c4R2

2LdS

{
(−2)(−2c2t)[−2R2ẋ1 − 2x2ẋ1 + 2(x · ẋ)x1 − 2c2t(x1 − ẋ1t)]

c2(R2 + x2 − c2t2)3

+
−2c2(x1 − ẋ1t) + 2c2t2ẋ1

c2(R2 + x2 − c2t2)2

}
(G.4)

(4) Problem 4:

Solution:

ẋ1∂x1 (∂ẋ1LdS) =
−m4c8R4

4L3
dS

ẋ1

{−4x1[R2(c2 − ẋ2)− x2ẋ2 + (x · ẋ)2 + c2(x− ẋt)2]

(R2 + x2 − c2t2)3

+
−2x1ẋ2 + 2(x · ẋ)ẋ1 + 2c2(x1 − ẋ1t)

c2(R2 + x2 − c2t2)2

}

+
m2c4R2

2LdS
ẋ1

{
(−2)2x1[−2R2ẋ1 − 2x2ẋ1 + 2(x · ẋ)x1 − 2c2t(x1 − ẋ1t)]

c2(R2 + x2 − c2t2)3

+
−2x1ẋ1 + 2(x · ẋ)− 2c2t

c2(R2 + x2 − c2t2)2

}
(G.5)

ẋ2∂x2 (∂ẋ1LdS) =
−m4c8R4

4L3
dS

ẋ2

{−4x2[R2(c2 − ẋ2)− x2ẋ2 + (x · ẋ)2 + c2(x− ẋt)2]

(R2 + x2 − c2t2)3

+
−2x2ẋ2 + 2(x · ẋ)ẋ2 + 2c2(x2 − ẋ2t)

c2(R2 + x2 − c2t2)2

}

+
m2c4R2

2LdS
ẋ2

{
(−2)2x2[−2R2ẋ1 − 2x2ẋ1 + 2(x · ẋ)x1 − 2c2t(x1 − ẋ1t)]

c2(R2 + x2 − c2t2)3

+
−4x2ẋ1 + 2ẋ2x1

c2(R2 + x2 − c2t2)2

}
(G.6)

ẋ3∂x3 (∂ẋ1LdS) =
−m4c8R4

4L3
dS

ẋ3

{−4x3[R2(c2 − ẋ2)− x2ẋ2 + (x · ẋ)2 + c2(x− ẋt)2]

(R2 + x2 − c2t2)3

+
−2x3ẋ2 + 2(x · ẋ)ẋ3 + 2c2(x3 − ẋ3t)

c2(R2 + x2 − c2t2)2

}

+
m2c4R2

2LdS
ẋ3

{
(−2)2x3[−2R2ẋ1 − 2x2ẋ1 + 2(x · ẋ)x1 − 2c2t(x1 − ẋ1t)]

c2(R2 + x2 − c2t2)3

+
−4x3ẋ1 + 2ẋ3x1

c2(R2 + x2 − c2t2)2

}
(G.7)
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(5) Problem 5:

Solution:

Substituting Eqs.(G.2), (G.4), (G.5), (G.6), (G.7) into (3.34) gives a explicit verify

check to the identity (3.34).

(6) Problem 6:

Proof: Setting Λ = 3/R2, we have

det

(
∂2LdS

∂ẋi∂ẋj

)
=

∞∑
n=0

Λn

n!

[
∂n

∂Λn
det

(
∂2LdS

∂ẋi∂ẋj

)]
Λ=0

=

[
det

(
∂2LdS

∂ẋi∂ẋj

)]
Λ=0

+ Λ

[
∂

∂Λ
det

(
∂2LdS

∂ẋi∂ẋj

)]
Λ=0

+ · · · .

Since Bμν(x)|Λ=0 = ημν , from (3.24), we have

LdS |Λ=0 = −mc
√

ημν ẋμẋν = −mc2

√
1 + ηij

ẋiẋj

c2

= −mc2 − 1

2
mηij ẋ

iẋj +O(
1

c2
),

and hence [
det

(
∂2LdS

∂ẋi∂ẋj

)]
Λ=0

= m3 +O(
1

c2
) �= 0.

Therefore

det

(
∂2LdS

∂ẋi∂ẋj

)
�= 0.

Section 3.4

(1) Problem 1:

Solution: Substituting (
A C

B D

)T

=

(
AT BT

CT DT

)
(G.8)

into Eq.(3.50) gives(
AAT − λCJCT ABT − λCJDT

(ABT − λCJDT )T BBT − λDJDT

)
=

(
I 0

0 −λJ

)
. (G.9)

Comparing two sides of above equation, we get Eq.(3.51). Nextly, substituting

Eq.(G.8) into Eq.(3.52) gives Eq.(3.53).

(2) Problem 2:

Proof: Start with the definition of the inverse

A−1A = I, (G.10)

and differentiate, yielding

A−1dA+ dA−1A = 0, (G.11)

rearranging the terms yields

dA−1 = −A−1dAA−1, QED. (G.12)

which is just Eq.(3.79).
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Section 3.6

(1) Problem 1:

Solution: Using Eq.(3.138) and letting (f, g) = (xi, or πj), we get Eq.(3.141).

(2) Problem 2:

Solution:

Ḟ ≡ dF (t,x,π)

dt
=

∂F

∂t
+

3∑
i=1

(
∂F

∂xi

dxi

dt
+

∂F

∂πi

dπi

dt

)

=
∂F

∂t
+

3∑
i=1

(
∂F

∂xi

∂HdS

∂πi
− ∂F

∂πi

∂HdS

∂xi

)

=
∂F

∂t
+ {F,HdS}PB , QED

where Eqs.(3.135), (3.136) and (3.138) were used.

(3) Problem 3:

Solution: From f = f(x, y), we use notations:

u =
∂f

∂x
, v =

∂f

∂y
.

Now, treating u and y as two independent variables, then x = x(u, y), v = v(u, y),

we have

f(x, y) → f̄(u, y) = f [x(u, y), y].

So, we have

∂f̄

∂y
=

∂f

∂y
+

∂f

∂x

∂x

∂y
= v + u

∂x

∂y

∂f̄

∂u
=

∂f

∂x

∂x

∂u
= u

∂x

∂u
. (G.13)

Rewriting (G.13) as follows:

v = − ∂

∂y
(−f̄ + ux) ≡ − ∂g

∂y

x =
∂

∂u
(−f̄ + ux) ≡ ∂g

∂u
, (G.14)

where g = −f̄+ux, then the above equation indicates that the desired function with

independent variables u and y is:

g(u, y) = −f̄ + ux = −f +
∂f

∂x
x.
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Chapter 5

Section 5.2

(1) Problem 1:

Solution:

Γ0
11 = aȧ, Γ0

22 = aȧr2, Γ0
33 = aȧr2 sin2 θ,

Γ1
01 = ȧ/a, Γ1

22 = −r,

Γ1
33 = −r sin2 θ, (G.15)

Γ2
02 = ȧ/a, Γ2

12 = 1/r, Γ2
33 = − sin θ cos θ,

Γ3
03 = ȧ/a, Γ3

13 = 1/r, Γ3
23 = cot θ.

(2) Problem 2:

Solution:

R00 = 3ä/a

R11 = −(aä + 2ȧ2)

R22 = −r2(aä + 2ȧ2) (G.16)

R33 = −r2 sin2 θ(aä + 2ȧ2)

Rμν = 0, for μ �= ν.

R =
6(ȧ2 + aä)

a2
. (G.17)

Chapter 6

Section 6.2

(1) Problem 1:

Solution: From Eq.(6.27), we have

eaμ;ν = eaμ,ν + ωa
bνe

b
μ − Γλ

μνe
a
λ. (G.18)

Substituting Eqs.(6.56), (6.60), (6.64) and (3.8) into Eq.(G.18) gives

eaμ;ν ≡ eaμ,ν + ωa
bνe

a
μ − Γλ

μνe
a
λ

= δaγ

(
1

2
√
σ
θγμ +

1

σ
ωγ

μ

)
2ηνρxρ

σR2

+(−δaνημρx
ρ − ημνδ

a
αx

α + 2δaαx
αωμν)

1

R2(1 − σ)

(
1√
σ

− 1

σ

)

+
1

R2(1 +
√
σ)

√
σ
(δaνηbdδ

d
γx

γ − δβb ηβνδ
a
αx

α)δbλ

(
1√
σ
θλμ +

1

σ
ωλ

μ

)

− 1

σR2
(ηλμηνρx

ρ + ηλν ημρx
ρ)δaα

(
1√
σ
θαλ +

1

σ
ωα

λ

)
. (G.19)
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Noting the notations in Eqs.(8.44)–(8.39), the expression of eaμ;ν of (G.19) can be

generally rewritten in following form:

eaμ;ν = f1(σ,R)δaμx̄ν + f2(σ, R)δaν x̄μ + f3(σ, R)ημνδ
a
αx

α

+f4(σ,R)δaαx
αωμν , (G.20)

where f1(σ, R), f2(σ,R), f3(σ, R), f4(σ,R) are scalar functions of σ and R, which are

determined by Eq.(G.19). Expanding Eq.(G.19) and comparing it with Eq.(G.20),

we find that:

f1(σ, R) =
1

2
√
σ

2

σR2
− 1

R2σ
√
σ

= 0, (G.21)

f2(σ, R) =
−1

R2(1 − σ)

(
1√
σ

− 1

σ

)
+

1

R2(1 +
√
σ)σ3/2

− 1

R2σ3/2

= 0, (G.22)

f3(σ, R) =
−1

R2(1 − σ)

(
1√
σ

− 1

σ

)
− 1

R2(1 +
√
σ)σ

= 0, (G.23)

f4(σ, R) =

(−1√
σ

+
2

σ

)
1

R2σ
+

1

R2

(
2

1− σ
+

2

σ
+

1

(1 +
√
σ)

√
σ

)

×
(

1√
σ

− 1

σ

)
= 0. (G.24)

Therefore, substituting Eqs.(G.21)–(G.24) into Eq.(G.20) gives

eaμ;ν = 0, (G.25)

which is the first equation in (6.66). Noting ebμe
μ
a = δba, from Eq.(G.25) we have:

e μ
a ;ν = 0. (G.26)

Thus the second equation in (6.66) is also proved.

Chapter 7

Section 7.4

(1) Problem 1:

Answer: Use Mathematica :

Parameters defining the eigenfunctions of the one-electron atom for the principal

numbers n = 1 and n = 2.
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———————————————————————————–

In[1] = Z = 1;

κ = −1;

α = 1/137.003599911; (∗fine − construct constant∗)
c = 2.99792458 ∗ 1010; (∗ cm/s ∗)
m = 510998.918/c2; (∗mass of electron : m ≡ 510998.918eV/c2∗)
ξ = Z ∗ α;(∗ Eq.(A.67) ∗)
hb = 6.58211899 ∗ 10−16; (∗ unit : eV · s, hb = h/(2π) ∗)
kC = m ∗ c/hb; (∗1/cm∗)
s = (κ2 − Z2α2)1/2;

W = m ∗ (1 + Z2α2/(n− Abs[κ] + s)2)−1/2 −m

(∗see equation (A.98)∗)
λ = (kC2 −WC2)1/2; (∗1/cm∗)
(∗g2s[r] = Bs ∗ r(s−1) ∗ Exp[−λ ∗ r] ∗ (bs0 + bs1 ∗ r); Eq.(7.37)∗)
(∗f2s[r] = −As ∗ r(s−1) ∗ Exp[−λ ∗ r] ∗ (as0 + as1 ∗ r); Eq.(7.38)∗)
as0 = WC/kC + 1;

bs0 = WC/kC;

Bs =

(
(2 ∗ λ)(2∗s+1) ∗ kC ∗ (2s+ 1) ∗ (kC +WC)

2 ∗WC ∗ (2 ∗WC+ kC) ∗Gamma[2s+ 1]

)(1/2)

;

As =

(
(2 ∗ λ)(2∗s+1) ∗ kC ∗ (2s+ 1) ∗ (kC−WC)

2 ∗WC ∗ (2 ∗WC+ kC) ∗Gamma[2s+ 1]

)(1/2)

;

Out[21] = Null2

(∗To check

∫ ∞
0

(
g2s 2 + f2s2

)
r2dr = 1, (see footnote :(a)) ∗)

In[21] = Is =
(
Bs2 ∗ bs02 +As2 ∗ as02

) ∗ Gamma[2s+ 1]

(2λ)2s+1

Out[25] = 0.99999

In[26] = IIs = 2 ∗ (Bs2 ∗ bs0 ∗ bs1 + As2 ∗ as0 ∗ as1
) ∗ Gamma[2s+ 2]

(2λ)2s+2

Out[26] = −2.99996

In[27] = IIIs =
(
Bs2 ∗ bs12 +As2 ∗ as12

) ∗ Gamma[2s+ 3]

(2λ)2s+3

Out[27] = 2.99997

In[28] = Is + IIs + IIIs

Out[28] = 1. (∗ QED ∗)
————————————————————
(a) We try to check

∫
∞

0

(
g
(2s1/2)

(r)2 + f
(2s1/2)

(r)2
)
r2dr = 1, where g

(2s1/2)
(r),

f
(2s1/2)

(r) have been given in (7.37) (7.38) (or (A.104) (A.105) in Appendix A). Note
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the calculations and notations used in the program:

∫
∞

0

(
g2s

2
+ f2s

2
)
r
2
dr

=

∫
∞

0

(
Bs2 ∗ r2s−2e−2λr(bs0 + bs1 ∗ r)2 + As2 ∗ r2s−2e−2λr(as0 + as1 ∗ r)2

)
r2dr

=
(
Bs2 ∗ bs02 + As2 ∗ as02

)
∗ Γ(2s + 1)

(2λ)2s+1
+ 2 ∗

(
Bs2 ∗ bs0 ∗ bs1 + As2 ∗ as0 ∗ as1

)

∗Γ(2s + 2)

(2λ)2s+2
+

(
Bs2 ∗ bs12 + As2 ∗ as12

)
∗ Γ(2s + 3)

(2λ)2s+3

:=Is + IIs + IIIs, where notations Is, IIs, IIIs are used in program.

————————————————

Similarly, the normalization of 2p1/2-radial wave function (7.42) (7.43) can also be

verified in similar program.

Chapter 8

Section 8.3

(1) Problem 1:

Answer:

Δt 	 2πac

αc
	 8.6× 10−19s, (G.27)

where Bohr radius ac = �/(mec) 	 0.3−12m were used.

(2) Problem 2:

Answer:

Δz =
dz

dt
Δt = H(z)(1 + z)Δt

= H0

√
Ωm0(1 + z)3 + 1− Ωm0(1 + z)Δt.

As z = 3, one gets

Δz 	 70.5 ×
√

0.274× 43 + 1− 0.274 × 4× 8.6× 10−19km/Mpc

	 1.04 × 10−15km/Mpc

	 1.04 × 10−15 × (km/(3.09 × 1019km))

	 3.3× 10−34, (G.28)

which is extremely tiny, and indicates the movements of electrons in the atoms are

much faster than the evolutions of the Universe. And hence the adiabatic approx-

imations for the time-dependent QM equations in atom physics in cosmology are

legitimate .

 



Appendix G: Solutions of Exercises 257

Section 8.6

(1) Problem 1:

Answer: The metric of BM has been given in (8.35). The corresponding Maxwell

equations are (8.64). Noting μ = 0 gives the Coulomb law equation (8.71). Solved

this equation, we get answer (8.85).
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