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Preface

The de Sitter Invariant Special Relativity is a Special Relativity in space-
time with non-zero Einstein cosmological constant A. However, even though
the possibility of existence of such an universal parameter A has been widely
accepted or conjectured for studying new physics, the corresponding de
Sitter invariant special relativity achieved 40 years ago seems still unfortu-
nately less known in the physics community as of recent years. In this case,
a textbook-type publication (or Lecture Notes) as introduction of the the-
ory of de Sitter invariant Special relatively is needed. This is the motivation
for writing this book.

Usually, the main contents of a physics textbook should be descriptions

of the well-established theories and facts. This book satisfies this require-
ment due to the following two facts discussed throughout the book:
(1) The theory of de Sitter invariant special relativity has already been
complete and self-consistent mathematically. To see this point, we could
briefly recall the history. In 1917, A. Einstein suggested introducing a
cosmological constant A into his gravitational field equation from his view
of cosmology at that time. In 1935 P.A.M. Dirac reconsidered the spacetime
with A (called the de Sitter space) from space symmetry group viewpoint®.
He wrote that!:

“.. the de Sitter space (with no local gravitational fields) is associated

with a very interesting group, and so the study of the equations of

atomic physics in this space is of special interest, from a mathematical

point of view.”

1P.A.M. Dirac, The electron wave equation in de-Sitter space, Annals of Mathematics,
35, 657 (1935)

vii
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The meaning of the phrase “equations of atomic physics” he interpreted is
that:!
“The equations of atomic physics are usually formulated in terms of
the space-time of the special theory of relativity.”

This indicates that Dirac noticed at that time that when A # 0, the usual
Einstein’s special relativity based on Poincaré group would become a special
relativity based on de Sitter group. Thus, how to realize such a special
relativity was a great challenge. In 1974, Q.K. Lu (K.H. Look), Z.L. Zou
(C.L. Tsou), H.Y. Guo (H.Y. Kuo)? successfully achieved the de Sitter
invariant special relativity by means of the classical domain method. The
success is that the principle of relativity is well realized in the de Sitter
constant curved spacetime in their work.?2 They found out that the basic
metric of the spacetime of de Sitter invariant special relativity is Beltrami
metric rather than the Minkowski-Lorentz metric of usual Einstein’s special
relativity. This marked the establishment of the de Sitter invariant special
relativity.

(2) The most important achievement in astrophysics and cosmology during
past two decades is the certainty of that the present Universe expansion is
accelerative.® This observational result can be straightforwardly attributed
to the existence of a non-zero cosmological constant Aeg which is the sum
of Einstein’s cosmology constant A and a vacuum energy (or dark energy)
density term 87mGpyac. This discovery naturally revived the necessity for
A # 0, which serves as a precondition of de Sitter special relativity.

Using de Sitter special relativity to study the atomic physics was firstly
called for by P.A.M. Dirac about 80 years ago.! After the de Sitter invariant
special relativity was established, one could respond to such a call. In this
book we describe how to use this theory to study Hydrogen atom. We
show in the book that the results are very non-trivial and meaningful.

2K.H. Look (Q.K. Lu), C.L. Tsou (Z.L. Zou) and H.Y. Kuo, (H.Y. Guo), 1974,
“Motion effects and cosmological red-shift phenomena in classical domain space-time”,
Acta Physica Sinica, 23 (1974) 225 (in Chinese). (The interpreting papers in English
to that work: see, e.g., H.Y Guo, et al., Phys. Lett., A331, 1 (2004); M.L. Yan, et al.
Commun Theor Phys., 48, 27 (2007).)

3A.G. Riess, et al., “Observational evidence from supernovae for an accelerating uni-
verse and a cosmological constant”, Astro. J. 116, 1009(1998). S. Perlmutter et al.,
“Measurements of Omega and Lambda from 42 high redshift supernovae”, Astrophys.
J. 517, 565 (1999) [astro-ph/9812133].
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These results are useful for answering the puzzles about changes of some
universal physics constants in spacetime during the cosmological evolution.
Especially, since the variation of fine-construct constant o = e2/(hc) has
been observed and measured in Keck- and VLT-telescopes for a long time,
the theoretic predictions could compared with the data. One of the most
surprising findings is that the combinations of Keck- and VLT-data for
a-variations support the de Sitter invariant special relativistic predictions
within error bar. This agreement could help shed light on searching new
physics.

Special Relativity is one of the foundations of physics and has impact on
a number branches of physics. Undoubtedly, the de Sitter Invariant Special
Relativity is one of the candidates for the new physics beyond the Standard
Model (SM) of physics, but it still respects the Einstein’s philosophy on
relativity and connects to relevant branches of physics. Perhaps the best
way to describe new conceptions in this new special relativity is to start
from some review or recall of the existing descriptions in various branches
of the SM of physics, and then compare them with those in the new theory.
Many excellent works and textbooks in relevant fields of physics are cited
in this book. The corresponding contents are selected as self-contained as
possible in order to be reader-friendly.

As an Introduction to the de Sitter invariant special relativity, this book
mainly focuses on the foundations and some applications of it, but does not
cover every aspects of developments of the theory. The list of references
in the field of de Sitter special relativity cited in the book is by no means
complete.

Besides writing Chapter 9, Dr. Sze-Shiang Feng spent lots of time check-
ing and revising the typescript of this book. The author is indebted to him
for his great help without which the book cannot be accomplished on time.

Mu-Lin Yan*

4Supported in part by National Natural Science Foundation of China under Grant No.
11375169.
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Chapter 1

General Introduction

Einstein’s Special Relativity is one of the cornerstones of modern physics.
There is one universal parameter ¢ (i.e., speed of light) in the Einstein’s
Special Relativity (E-SR), which serves as the maximal velocity of physics.
One might be curious about whether there is another universal parameter R
that serves as the maximal length in physics besides the universal maximal
velocity limit ¢. The answer is yes. This book intends to describe a special
theory of relativity with two universal parameters ¢ and R. Such a theory
is called the de Sitter Invariant Special Relativity, or the Special Relativity
with Cosmology Constant.

Einstein’s Special Relativity is based on the principle of relativity and
has global Poincaré-Minkowski space-time symmetry. This theory assumes
that the space-time metric is 7, = diag{+, —, —, —}, which will be called
the basic metric of the Einstein’s special relativity. The most general space-
time transformation to preserve metric 7, is Poincaré group (or inhomoge-
neous Lorentz group I50(3,1)). It is well known that the Poincaré group
is the limit of the de Sitter group with the pseudo-sphere radius |R| — cc.
And the de Sitter spacetime is the maximally symmetric spacetime. It is
quite natural to extend Einstein’s theory of special relativity to a theory
that physics is covariant under de Sitter transformation.

The 4-dimensional de Sitter spacetime continuum is a 4-dimensional
pseudo-sphere (or hyperboloid) Sp embedded in a 5-dimensional Minkowski
spacetime with metric nap = diag(l,—1,-1,—1,—-1) (or nap =
diag(1,—1,—1,—1,+1) for anti de Sitter continuum) (see, e.g., [Roberson
(1928)]). The spacetime symmetry is SO(4,1) (or SO(3,2)). Since Sy is
a 4-dimensional hypersphere, it always be possible to use some geodesic
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projection calculations to induce a following de Sitter spacetime metric:
ds® = g, (z)dz"dz”, (1.1)
where p = {0,1,2,3} and the fifth coordinate disappears. According to
the principle of relativistic mechanics, once the spacetime metric fixed, the
action describing the motion of free particle (i.e., a moving body which
is not acted upon by external forces) in the spacetime is determined by
Landau-Lifshitz action [Landau, Lifshitz (1987)] (this statement coincides
with the geodesic principle for free particle’s motion in the gravitational
fields in the general relativity). As a deduction, the moving of free particle
will be linear and uniform in the inertial reference systems. Instead, this
claim provides basis for defining the inertial reference systems, which is
called inertial moving law for free particles and serves a key step and a
starting point to build a special relativity theory. A well-known example is
the mechanics of Einstein’s special relativity. Its basic metric is 7,,. The

corresponding Landau-Lifshitz action is:

S = —mc/\/nm,dx“d:v” = —ch/dt\/l —%x2/c? = /dtL. (1.2)

The least action principle gives

d 0L 0L
_— - = — 1-
dt ozt Ozt’ (1.3)
and the solution of (1.2) and (1.3) is
X =0, = % = constant, (1.4)

which indicates that the inertial moving law for free particle holds. This
fact is the basis of the Einstein’s Special Relativity.

We want to discuss what is the basic metric for de Sitter invariant special
relativity. Equation (1.1) is of SO(4,1) (or SO(3,2)) reduced de Sitter
spacetime metric. However, it is geodesic projection calculation process
dependent. It is crucial and highly non-trivial to find suitable explicit
expression of that g,,, which also leads to the inertial motion law for free
particles (1.4). In 1970s Lu, Zou and Guo [Lu (1970)][Lu, Zou and Guo
(1974)] solved this problem, and such a metric were successfully determined.
Namely, under requirement that the inertial moving law for free particle in
the de Sitter spacetime holds, it is found that the reduced metric g,, of
(1.1) is so called Beltrami metric B,,, (x):

9w (x) = By (). (1.5)
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(see Eq.(3.6) for the expression of B, (x)). By (x) serves as the basic met-
ric of the de Sitter invariant special relativity. In this way, distinguishing
from Einstein’s special relativity, a new special relativity theory based on
considering the extension from Poincaré to de Sitter symmetry is formu-
lated. The special relativity principle in the de Sitter (and anti de Sitter)
spacetime is realized. This is an important discovery. In 2005, the La-
grangian-Hamiltonian formalism for the mechanics of de Sitter invariant
special relativity were suggested [Yan, Xiao, Huang and Li (2005)].

In history, in 1935, P.A.M. Dirac called to study the electron wave
equation in de Sitter (and Anti-de Sitter) spacetime and to study the atomic
physics in that spacetime [Dirac (1935)]. This could be considered the first
effort to try to explore an effect of relativistic theory with the de Sitter
spacetime symmetry based on the group viewpoint. However, it was not
known how to realize the special relativity principle in the constant curved
de Sitter (and anti de Sitter) spacetime at that time. This hindered the
discovery of such a special relativity with de Sitter spacetime symmetry for
long time.

Several remarks on Lu-Zou-Guo’s de Sitter invariant special
relativity [Lu (1970)][Lu, Zou and Guo (1974)] (and [Yan, Xiao, Huang
and Li (2005)]) are as follows:

(1) Since the Einstein’s special relativity is well-known, a comparison be-
tween the quantities of E-SR and their counterpart in de Sitter invari-
ant special relativity would be beneficial. The following Table 1.1 is a
dictionary for the comparison.

(2) To the de Sitter invariant special relativity, the Lagrangian of mechan-
ics for free particle is Lys = —mey/Bu, (z)i#d” (see Table 1.1). As
is well know that various laws of conservation (of momentum, angular
momentum, etc) are particular cases of one general theorem: to every
one-parameter group of diffeomorphisms of the configuration manifold
of a Lagrangian system which preserves the Lagrangian function, there
corresponds a first integral of the equations of motion. That theorem
is called Noether’s theorem. This theorem is valid for both Lagrangian
Lgins = —mc\/m and Lagrangian Lgg = —mecy/By, (z)&rav.
Differentiating from Lpgins, Las is time dependent and coordinate de-
pendent (i.e., there is no cyclic coordinates in Lgg). At first sight, the
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Table 1.1 Comparison of quantities in Einstein’s special relativity (E-SR) and their
counterpart in de Sitter invariant special relativity (dS-SR).

Quantities E-SR dS-SR
Symmetry Poincaré group de Sitter group
Universal c cand R (or A = 3/R?)
parameter
Basic metric Lorentz metric nu. Beltrami metric By, (see Eq.(3.6))
Action SEins = —mc Sas = —mec [ \/Buydztdz?
X [ \/Nuvdztdz?
= fdtLEin37 = f dtLgs,
Lagrangian LEins = —mc? Lgs
- R2(c2—%2)—x2%x2 24 .2 )2
x4/1—%2/c? \/ - ; )2 );(Eziixzf)czi_zc)z(x x0)
(see Eq.(2.24)) (see Eq.(3.32))
Inertial 0SEins =0,= &' =0 §S45 =0,= it =0

motion law

Spacetime gp Lorentz p/u ot LZG yqn = 0@/ (z¥ — a¥)DY
o(a,z) N [
; — MHEapV 4 ght mo_ ph Mvpafa
transformation My x¥ + a D, =L, + R2(U(a)+01/2(a))
between M = L:= (LY)
inertial (Mf) € SO(1,3), o(z) = 1 - #nuyz”a}”
systems (see Eq.(2.4)) ola,z) =1— 2Farz”.(see Eq.(3.70))

energy-momentum conservation laws will be spoiled by such a time and
coordinate-dependent Lagrangian. However, these fundamental conser-
vation laws in physics are protected by the de Sitter spacetime sym-
metry. This point is rather subtle. In Chapter 3, all Noether charges
(including energy E, momentums p, boost charges K, and angler mo-
mentums L) for de Sitter invariant special relativity are determined.
(3) As an essential advantage of the Lagrangian-Hamiltonian formulation
over other formalisms, both canonical momentum m; = 9L/di* con-
jugating to the coordinate z' and canonical energy H = m;i' — L
(or Hamilton) conjugating to the time ¢ for free particles in the
inertial reference frame can be determined rationally by the mechanical
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principle. We address that the canonical quantities are different from
the the corresponding conserved Noether charges in principle. In other
words, the conservation of Noether chargers is irrelevant to whether
or not the corresponding canonical quantities are conservative. In
the de Sitter invariant special relativistic mechanics, the Lagrangian
Lgs = —mc\/W is both time and coordinate dependent, and
hence its canonical energy and canonical momentums are not conser-
vative. But this issue does not affect the conservation of its Noether
chargers. Namely, in de Sitter invariant special relativity, though H # 0
and 7; # 0, but B = p = K = L’ = 0 still hold true.

The canonical energy (i.e., Hamiltonian) and the canonical momenta
are members of frame of the canonical formulation of mechanics. This
is the foundation of the quantization of the dynamics. In this way, the
relativistic quantum mechanics of de Sitter invariant special relativity
is arrived. In the chapter 6, such a quantum mechanics is described.
According to the gauge principle, the ordinary general relativity (or
Einstein general relativity) can be constructed by means of localizing
the spacetime symmetry group 150(3,1) of the Einstein’s special rel-
ativity. This mechanism provides a bridge from special relativity to
general relativity. It works also for the de Sitter invariant special rela-
tivity which has global spacetime symmetry SO(4,1) (or SO(3,2)). In
Chapters 4 and 5, we show how to employ this mechanism to construct
a general relativity and its characteristics. Namely we will achieve the
de Sitter invariant general relativity by localizing the de Sitter invariant
special relativity.

A significant feature of the de Sitter invariant general relativity (i.e.,
GR with A) is that the local inertial coordinate system of this theory is
an inertial frame in the Beltrami spacetime instead of one in the flat
Minkowski spacetime as usual. Existence of local inertial coordinate
system is required by the Equivalence Principle. The principle states
that experiments in a sufficiently small falling laboratory, over a suf-
ficiently short time, give results that are indistinguishable from those
of the same experiments in an inertial frame in empty space of spe-
cial relativity (see, e.g., pp.119 of [Hartle (2003)]). Such a sufficiently

small falling laboratory, over a sufficiently short time represents a
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local inertial coordinates system. This principle suggests that the local
properties of curved spacetime should be indistinguishable from those
of the spacetime with inertial metric of special relativity. A concrete
expression of this ideal is the requirement that, given a metric g.g in
one system of coordinates z®, at each point P of spacetime it is possible

to introduce new coordinates 2’* such that
9o (xp) = inertial metric of Special Relativity (SR) at 25,  (1.6)

and the connection at 2, is the Christoffel symbols deduced from
9;5(55/13)-
In usual Einstein’s general relativity (without A), the above expression
is

9hs(@p) = nap, and Thy =0, (1.7)

which satisfies the Einstein equation of Einstein General Relativity (E-
GR) in empty space: G, = Ry — %gWR = 0, where definitions of
Ruv, R are given in Eqgs. (2.182)—(2.191).

In de Sitter invariant General Relativity (dS-GR) (or GR with a A),
the local inertial coordinate system at x’s is characterized by

9ap(@p) = Bag(@p), (1.8)
1
Tas = 5B (0aBos + 05Bpa — 9pBag)- (1.9)

which satisfies the Einstein equation of dS-GR in empty spacetime:
G + Ag = 0 with A = 3/R%. (Note Nuw does not satisfy that
equation, i.e., Gy, (n) + Anu, # 0. So it cannot be the metric of the
local inertial system in dS-GR with A.)

From cosmological view, particle physical studies on all ordinary atom,
nucleus etc in laboratories are accomplished in a local inertial systems
of a specific point in the Universe continuum which is governed by
gravities described by general relativity. Thus, it is natural to ask
whether the local inertial system is described in the Minkowski metric
Ny Or in the Beltrami metric B,,,. It is meaningful and important to
pursue answer to this question. As is well known that the Hydrogen
atom’s fine structure is a solvable problem in the standard relativis-
tic quantum mechanics, and it has already been extensively studied
in terms of ordinary Einstein’s special relativistic quantum mechanics
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(see, e.g., reference of [Strange (2008)]). Therefore, a further calculation
to one-electron atom’s levels in terms of the de Sitter invariant special
relativistic quantum mechanics would be interesting and helpful [Yan
(2012)]. Actually, in principle, comparison between the predictions and
the observation data would help determine the metric of the local iner-
tial coordinate system in the Universe of the real world. Chapters 7 and
8 devote to solution to the Hydrogen atom by the relativistic quantum
mechanics with de Sitter spacetime symmetry.

(8) When R — oo, the de Sitter invariant special relativity will be reduced
to ordinary special relativity. Therefore, the de Sitter invariant SR
is full special relativity with maximum spacetime symmetry, and the
ordinary SR is a specific limit of it. However, comparing the predictions
of the ordinary E-SR with the experimental data (in laboratories), the
theory is correct with extremely high accuracy [Zhang (1997)]. This
fact indicates the value of |R| must be a very huge length scale. The
corrections coming from the de Sitter invariant special relativity should
only be visible in some observation experiments with cosmologically
large distances, which are compatible with ~ |R|. Such effects may
emerge in a a couple of situations, such as in the analysis of evidence
for dark energy found by the Supernova Cosmology Project[Perlmutter,
S (1999)] [Yan, Hu, Huang (2012)], in dealing with the observation of
atomic absorbed spectra from the distant galaxy, and the quasi-stellar
object (typically at cosmic distance scale) [Webb et al. (1999)] [Murphy
(2007)] [van Weerdenburg, et al. (2011)] [Yan (2012)] etc.

Special relativity is a theory on the basic spacetime symmetry in physics.
It is directly related to many fundamental concepts of physics, such as the
definitions of energy-momentum, motion integrals, the procedure of quan-
tization leading to the quantum mechanics, and to extend beyond itself to
general relativity etc. Therefore any correction to the ordinary E-SR will in-
fluence many aspects in physics. In this book, we describe the dS-SR which
distinguishes itself from the ordinary E-SR. Several relevant aspects are de-
scribed from new point of view. They are: Mechanics; Quantum Mechanics;
General Relativity; Cosmology; Hydrogen Atom Solutions; Maximal Sym-
metric Spacetime and so on. All of the corresponding contents are selected
as self-contained as possible in order to be reader friendly. Some exercises
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for readers are presented in Chapter-sections: 3.1; 3.2; 3.4; 3.6; 5.2; 6.2;
7.4; 8.3 and 8.6. The solutions of the exercises are given in Appendix G.

Besides the works mentioned above, there are a number of discussions
on various topics related to the de Sitter special relativity in literatures
such as [Guo, Huang, Wu, Zhou (2010)], [Guo, Huang, Wu (2008)], [Guo,
Huang, Wu (2008)], [Guo, Huang, Tian, Wu, Zhou (2007)], [Chang, Chen,
Guan, Huang (2005)],[Huang, Tian, Wu, Xu, Zhou (2012)], [Tian, Guo,
Huang, Xu, Zhou (2005)], and so on.



Chapter 2

Overview of Einstein’s Special
Relativity (E-SR)

We start with a brief description of ordinary Einstein’s Special Relativity
(to denote it E-SR for short hereafter).

2.1 Inertial system of reference and relativity principle

For the description of processes taking place in nature, one must have a
system of reference. By a system of reference we mean a system of coordi-
nates serving to indicate the position of a particle in space, as well as clocks
fixed in this system serving to indicate the time.

There exist systems of reference in which a freely moving body, i.e., a
moving body which is not acted upon by external forces, proceeds with
constant velocity. Such reference systems are defined to be inertial.

If two reference systems move uniformly relative to each other, and if
one of them is an inertial system, then clearly the other is also inertial
(in this system the every free motion will be linear and uniform). In this
way one can obtain arbitrarily many inertial systems of reference, moving
uniformly to one another.

Experiments, e.g., the observations in the Galileo-boat which moves
uniformly, show that the so-called principle of relativity is valid. According
to this principle all the laws of nature are identical in all inertial systems of
reference. In other words, the equations expressing the laws of nature are
invariant with respect to transformations of coordinates and time from one
inertial system to another. This means that the equation describing any
law of nature, when written in terms of coordinates and time in different

inertial reference systems, has the same form.
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2.2 Lorentz transformation and Minkowski spacetime

The null result of Michelson-Morley experiment (1881) indicates that the
propagating velocity of light ¢ is the same in different inertial systems.

The propagating equation of light waves in an inertial system of {20 =
ct, 21, 2%, 23} is as follows

1 9%¢(x) 2

0? 0? 0? 0?
- =0,
or (gt * ot o ) 9
o 0
pr Y —
or ey o(x) =0, (2.1)

where the superscript {u,v} = {0, 1, 2, 3}, the repeated index means
summation from 0 to 3 (Einstein convenience), n** is the contravariant

tensor of metric as follows

10 0 O
0-10 0
my = , 2.2
=100 o1 o 22)
00 0 -1

and the covariant metric tensor corresponding to n** is n,, =
diag{l, —1,—1,—1, }. The principle of relativity requires that the Eq.(2.1)

must be invariant under the spacetime transformations from initial inertial

1

system K := {20 = ct, 2!, 22, 2%} into another new inertial system

K' = {2 = o', 2't, 22, 2*}. Namely, in the new system, the wave

)

equation reads

o 0
n oI
w0 g =0, (23)
where ¢'(z') = ¢(x) is a scalar wave function. The ISO(3,1)-
transformations of z# — z'* are
ot — ' = M" 2V + ot = n/‘”Ml,Aac)‘ + a*, (2.4)
and hence
IA ol p
0 Ox a:MA 0 anda_ax o .., 0 (25)

Oxt Ozt Ha'A ®oz/A’ dxv  Odav dxlr T Y oxlr’



Overview of Einstein’s Special Relativity (E-SR) 11

where M* are constant (4 x 4)—tensor elements, a* is a constant 4-vector,
and the Greek indices are raised up (lowered down ) by n*¥ ( 1, ). Sub-
stituting Eq.(2.5) into Eq.(2.1), we have
o 0
v A 1IN
T]u M#M”Vwaxlp(b(x)fo. (26)
Comparing Eq.(2.6) with Eq.(2.3), we obtain

n“”M)‘MM”V =y, or MAHMT He — P or M)‘MMT “p = 52, (2.7)

where the notation M7 is the transpose of matrix M. Eq.(2.7) indicates
M € SO(3,1) called Lorentz group. The Eq.(2.4) is called inhomogeneous
IS0(3,1) (or Poincaré) transformation of coordinates of space and time.
When a* = 0, that is called Lorentz transformation. Suppose MY =
MY = coshy, MY = M!, = sinh¢), M?%, = M3, = 1 and others=0,
it is easy to check that Eq.(2.7) is satisfied for such M-matrix elements.
Substituting them into Eq.(2.4), the Lorentz transformation reads

o't = 2t coship + ctsinhep,  ct' =z sinh ) + ct cosh . (2.8)

Let us consider the motion of the origin of K —system in the K’ —system.
Then z! = 0 and the formulas (2.8) take the form:

't = ctsinhyp, et = ctcoship, (2.9)

or dividing one by the other,
/1

x
g tanh ). (2.10)
But 2’t/t' is clearly the velocity —u of the K —system relative to K’. So
tanh ) = ——. (2.11)
c
From this we have
— 1
sinh ) = L/C, cosht) = ——. (2.12)
1-4 1-4

Substituting these relations into Eq.(2.8), we find an explicit expression of

the Lorentz transformation:
1 1.2
x — vt t—ux/c
dt= = 2?=2?% 2B =23 t= t—uw /e

Y
1 u _u?
c2 c2

20 =y(2° - Bxt), 2t =y(at - B20), 2% =2% 2P =23 (2.14)

, (2.13)

or
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where Lorentz factors: v =1/4/1 —u?/c2, f=u/c.

The 4-D spacetime with metric 7, is the Minkowski spacetime. Under
the spacetime transformation z# — z'*, the tensor of 7, transforms to niw
according to:

dx> Oz
/
M = i 5 - (2.15)
When the transformation is the Lorentz transformation in the Minkowski

space, we have

oz ox’
A A A P
=Mz, and D M7, 2 MP,. (2.16)
Therefore
77:1,1/ M )\MMpynAp = Nuv- (217)

This indicates that the Lorentz transformation preserves Lorentz metric
Ny -

When two events in Minkowski space are infinitely close to each other,
then the interval ds between them is

ds® = cdt® — (dz*)? — (dz?)? — (da®)? = ndatda”. (2.18)
Under 150(3,1)—transformation (2.4), ds — ds’. Then we have
ds? = n,da'tda’” = nle“AM”pdm)‘dmp = mpdatde? = ds?,  (2.19)

where Eq.(2.17) has been used. Equation (2.19) shows the invariance of
interval in Minkowski space under the Poincaré transformation (2.4).

2.3 Landau-Lifshitz action and relativistic mechanics

The outstanding prerequisite of above discussions is the existence of iner-
tial reference system. Hence, it is necessary to look into the Relativistic
Mechanics for free particles, which should meet the inertial motion law and
be invariant under Lorentz transformations.

As is well known, the dynamics of each mechanical system is determined
by the principle of least action, which states that there exists a certain
integral S called the action which takes a minimum value for actual motion
so that its variation S is zero. By symmetry considerations, Landau and
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Lifshitz in their famous book “The Classical Theory of Fields” suggested

that the Action for a free particle should have the form

S = fa/ds = 704/ V Nuvdarda? (2.20)

where « is a constant which will be determined by the classical mechanics
under low velocity limit. Hereafter, we call S of (2.20) L-L action. Noting

ds = \/CthQ - Z?Zl(d:ci)Q = cdt\/1 —v2/c? (where v? = (i) + (2%)% +

(#3)?), we have
02

The Lagrangian function L = L(t, 2%, %) can be defined via the action

integral with respect to the time:

S = /Ldt. (2.22)

Comparing Eq.(2.21) with Eq.(2.22), we obtain

L=—-ac/1l-—. (2.23)

When v? << ¢?, we approximately have L ~ —ac + av?/(2¢). Neglecting
the constant term and comparing the expression of that L with the usual

classical mechanics L = mv?/2, we find that o = mc. Then

i
cWH%, (2.24)

where Latin index i = 1, 2, 3, v' = &%, and {n;;} = diag{—1, —1, —1}.
Equation (2.24) is the Lagrangian function for free particle in E-SR.
From 65 = ¢ [ Ldt = 0, we get the equation of motion (i.e., the Euler-
Lagrange equation):
d 0L 0L
dt 9t 9
To the free particle in E-SR, substituting Eq.(2.24) into Eq.(2.25), the

equation of motion is:

=0. (2.25)

it =0, (2.26)
and the solution is
x' = v't + constant, with v’ = constant. (2.27)

We conclude that the inertial motion law holds for free particle in E-SR
mechanics.
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2.4 Canonical formulism of E-SR mechanics

When the Lagrangian function L is known, both canonical momenta m;
conjugating to z* and canonical energy (i.e., Hamilton) conjugating to ¢

are well defined as follows

OL aL —mn;v7 —
T, = 707 = anU = = (%50”)7 (2'28)

ot vt \/1 _ w2 \/1 _ Z_i
H= Z axz # -1 \/lnc 2 \/1 s

= \/—0277”771-7@ + m2ct, (2.29)
where Eq.(2.24) has been used. And then the equation of motion (2.24)

becomes two canonical equations

C770V3'5V)

. O0H
Tt = e = {I I{}‘pB7 (2.30)
OH
T = _al‘i = {71'1', ]‘I}pB7 (2.31)

where the definition of the Poisson Bracket is {f, g}lpp :=
Y (aaj aai 587{ 5’;), and therefore

{Ii, 7Tj}pB = 5;, {Ii, Ij}pB =0, {7‘(‘,‘, 7Tj}pB =0. (2.32)
Combining Eq.(2.28) with Eq.(2.29), the covariant canonic four-

momentum is

H —m »
Ty = (7T07 771') = —?, T | = 72%1/33
1-%
dx”
- _ y— 2.33
mer., (2.33)

where ds = \/ndetde = cdt\/1 —v?/c? were used. Equation (2.33)

means that

T, = mic?, (2.34)

which is called dispersion relation of E-SR.
Generally, for arbitrary function J (¢, z,7), one has

. d 0
Item) = = 9 (H, Ty, (2.35)

where the canonical equations (2.30) and (2.31) were used.
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2.5 Noether’s theorem and the motion integrals

Various laws of conservation (of momentum, angular momentum, etc.) are
particular cases of one general theorem: to every one-parameter group of
Lagrangian-preserving diffeomorphisms of the configuration manifold of a
Lagrangian system, there corresponds a first integral of the equations of
motion. That theorem is called Noether’s theorem . For the sake of gen-
erality, we use notation q = {q1, g2, - ¢y} to denotes various generalized
coordinates (including Cartesian coordinates z%, i = 1,2,3 in SR) § is the
generalized velocities in this section.

Noether’s theorem: Consider a system whose dynamics at a given instant
of time t is described by a Lagrangian function L(t¢,q,q). The dynamical
behavior of the system is determined by the Lagrangian equation of motion.
Suppose there is a symmetry group of transformations

t—T, (2.36)
q—Q, (2.37)

which leave the action S = f L(t,q,q)dt invariant. Namely,
[reaqa= [Lir.qqur (2.39)

The theorem states that this invariance will lead to a constant of motion,
which is called also the Noether Charge.
More precisely, under transformation

T=T(tq,q,¢), (2.39)
Q=Q(t,q,q¢), (2.40)
where € is a time-independent infinitesimal parameter, and
(T)e=0 = t, (2.41)
(Q)e=0 = q, (2.42)

then function Q in Eq.(2.38) is:

. .o _dQ  dQ/dt  Q  Q(t,q,4,d.¢)
Qt 9,4, 4,¢) = 7 = TE =T - Traadd (2.43)

Rewriting Eq.(2.38) as follows

/ L(T,Q.Q)T — L(t.q,@))dt = 0, (2.44)
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and noting

L(T,Q, Q)T — L(t,q,q) =

L(t, q, q),f +e (M)
e=0

Oe
dF
Lt a.q) — e—
(t9,q) —e—
=0, (2.45)
we obtain the following Noether theorem condition
[E {L(T(t, q,4,¢), Q(t,q,9,¢),Q(t, q,4, 4, 6)) T'(t.q,9,4, 6)}] T F,
(2.46)

where F is the total time derivative of some function F(t,q,q). Therefore

the quantity

LE+ Z %{;"@(m — @)~ F (2.47)

where l
= [aT - Tg;’ ©4 €)L=0 , (2.48)
i = {W] . (2.49)

is a constant of the motion.
Proof: Carrying out the derivative in Eq.(2.46) we obtain

8L(Ta Q7 Q) an(ta q, (.L 6) aL(T7 Qa Q) aQL (t7 q, éb (.:.17 6)
{ lz 9Q; ) de

aT(t7qa (:L ("la 6) } _ F
e=0

LOL(T.Q, Q) 9T'(t,q,4,¢)
or Oe

T+ L(T,QQ—"—

(2.50)

To evaluate the terms in Eq.(2.50), we first expand T" and Q; in powers of
€, obtaining

T = (T)e:o + {W] €+ r (2,51)
¢ =0
Qi = (Qi)e=o0 + [W} €+ ny (2.52)
e=0
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Substituting Eqgs.(2.41), (2.42), (2.48) and (2.49) in Egs.(2.40) and (2.41)
we obtain

T=t+&+---, (2.53)
Qi=qi+tme+--. (2.54)

From Eq.(2.53) and Eq.(2.54) we obtain

T=1+¢+---, (2.55)
Qi =G + e+ (2.56)
From Eqs.(2.55) and (2.56) it follows that
e (aY
(T)e=0 =1, (Qi)e=o =14, (@)= T = 4,
e=0
_8T(ta qQ, qa 6) _ g
L e €=0 o
_an (t; q, qa 6) o aT(ta q, ('L 6) ¢
67 = Ni, 87 - 57
¢ e=0 ¢ =0

Oe

_a.ita 7'76 .
Qi(t,q, 94 )1 —
e=0

_an(ta q, (.L (.:.la 6) _ g
Oe B Oe

Q’i (t7 q, éb (.:.17 6)

T(ta q, ('L fl, 6) =0

l an(ta q, éb 6) o % aT(tv q, éla 6)

T Oe T2 Oe -

=1 — Gi§ - (2.57)

Using Eqs.(2.42), (2.43), (2.57) in Eq.(2.50) and noting also that

OL(T,Q,Q)|  9L(t.q,4)

7&@ ]5_0 = 7@% (2.58)
OL(T,Q,Q)|  9L(t.q,4)

— - & (2.59)
[L(T7 Q, Q)L=0 = L(t,q,9), (2.60)

we obtain
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9 0 54 2 '
R =

4 i

(2.61)

In the remainder of the proof we suppress the argument of functions ap-
pearing in a partial derivative, since in all cases the argument would be

(t,q,q) and there is very little chance of confusion. We now note

oL
oL _ —z Lo - > G (2.62)

oL . oL oL

a_‘EW ot (8_%-7”) Tt (a_%) i (2.63)
oL d (oL ., OL.

qtg (aq 5) dt (a_qz.) Gt = 5, 4¢ (2.64)

Substituting Eqs.(2.62)7(2.64) in Eq.(2.61) we obtain
g+ 2 L (o)~ (50)
-3 (G0~ (G v o
=3 (G )

?

+ E+LE=F (2.65)

which can be simplified to

> |0 i (g )| —aa

“Za Gi& F]O.

(2.66)
From Lagrangian equations
oL d (0L
—Z_Z(Z=)=0. 2.67
we obtain from Eq.(2.66)
G:€)—F| =0. 2.68
LE+ Z 7 (2.68)

It follows that the quantity in square brackets in Eq.(2.68) is a constant of
the motion, which is what we seek.
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2.6 Noether charges of E-SR mechanics

Now let’s come back to E-SR with Lagrangian function of Eq.(2.24):

L=—me/1+ % (2.69)

In the E-SR formulation within an inertial system K, the generalized co-
ordinates are {q1, g2, g3} = {x', 2, 23} and time is t. In another inertial
system K’ coordinates and time are {Q1, Q2, Q3} = {z'!, 2/?, 23} and
time 7" = t’. the transformations (2.36) (2.37) preserving the action are

replaced by Poincaré group transformations (see Eqs.(2.4) and (2.14)):
p Yy group q
zt — ™ = M* 2V + a*, (2.70)

Or more explicitly in the case without rotations in space:

t—t =~(t—pz'/c)+a’/c, (2.71)
ot — 2t = y(2! - Bet) +at, (2.72)
22— 2? = 2% + d?, (2.73)
2 — 1 = 2%+ dd. (2.74)
The Noether theorem condition Eq.(2.46) becomes
S AL (x5, X (x50, K (x5 k) x| =P
(2.75)
and the corresponding Noether charge Eq.(2.47) becomes:
OL(t,x,%X), ; .,
G=—re—S XX i iy R 2.76
¢ Z o' =€)+ (276)
where
ot (t,x,%, €)
= |22 2.77
e- | HseRd 2.17)
, 92" (t,x, %, €)
e | . 2.78
! |: e :|6—0 ( )
When [2 L(€)t'(€)]e=o = 0, from Eq.(2.75) we have F' = 0. In this case, we

take the specific solution F' = 0 to be available for all Noether charges of
mechanics (2.76) in order to obtain an uniform Noether charge’s expression.
Namely,

F=0,=F=0. (2.79)
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This is an additional convention for the uniform and the simplest expres-

sions of Noether charges (2.76).

(1)

All Noether charges for E-SR are enumerated as follows:

Energy: The Lagrangian function (2.69) is time-independent. Choosing
B=a'=a?>=a>=0, a° = ecin Eqs.(2.71)—(2.74), we have

0 .

! =t+e x'=x, andthen e {L{# % X)t'} =0, F=0,
€
(2.80)

where Noether’s theorem (the condition Eq.(2.75) is satisfied) and con-
vention (2.79) were used. For this choice of ¢ and x’, Eqgs.(2.77)—(2.78)
imply
Hence, from Eq.(2.76), we obtain the energy as a Noether charge of
E-SR:

L .
Ggo =—L+ z; gxl ' = E = constant. (2.82)
Substituting Eq.(2.69) (or (2.24)) into (2.82), we get the energy:
2
E=—c (2.83)

-8

Comparing Eq.(2.83) with Eq.(2.29), we have
E=H. (2.84)

This means that the energy Noether charge is equal to the canonic
energy (or Hamiltonian) in E-SR.
Momentum: We let 3 = a° = a®> = a® = 0, a = € in

Eqgs.(2.71)—(2.74). Then we have
t'=t, al=a'+e %=1 2®%=23 F=0 (285
in Noether’s theorem. The condition Eq.(2.75) is satisfied. For this
choice of ¢ and x’, Eqs.(2.77) and (2.78) indicate
£=0, n'=4di, (2.86)

Hence, from Eq.(2.76), we obtain the momentum Noether charge of

E-SR:

oL
Ga = pYs) = p' = constant. (2.87)
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Similarly, G,: = p’ =constant to s = 2, 3. Therefore, we have

mi*

p' = ——=—— = 7; = constant. (2.88)
Ji-%
orentz boost: akin, = €, a = a = a° = a’° = n
(3) L b Taking g 0 1 2 3 01

Eqs.(2.71)—(2.74), then we have
1
=t (mote : y=1/y/1— 2 ~1+ O(e?))
c

2t =al —ect, 2'? =2% =23, (2.89)

Firstly we check the condition Eq.(2.75) and determine the function F.
From Eq.(2.89) we have
di''/dt &' — ced}
T odijdt T 1- gt

AL -

) il
and L(t',x', %) = —mc*\ /1 + %72
c

.2 .1
~ —mc*\/1— :—2 (1 + %e + 0(62)) . (2.90)

Noting ' =1 — %le, we have

.2 .1 .1
uﬁﬁfwmﬁh%<ufg)@£§+o@)
C & &
= —mc*\/1— x + O(€?)
- N a ,

and then [%{L(t’,x’,:’c’)t"}} :[%{o@}] 0.

e=0

(2.91)
Hence, when F' = 0, the condition of Eq.(2.75) is satisfied. Next, from
the choice of Eq.(2.89), we have

o at , 0t

e=0

- —_ — — —¢t 23— 2 =3 =0.
£= 20 =5 c, n=n=1"=3"=0
(2.92)
And from Eqs.(2.76) and (2.69), we obtain the boost charge:
OL(t,x,%X), ; .,
— 1 __ § ) N 7 7

ot —tith), (2.93)
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where 32 = (B(1)2 = (¢)2. Similarly, one can repeat above calcula-
tions for the cases of {32 #£ 0, M) =BG =0} (or {BB) £0, M) =
B2 = 0}) and obtains the generic expression for the Lorentz boost
Noether charge:

Ki=——"2% (¢ —tif), with i=1,2, 3. (2.94)

Ny
Angular momentum: Going back to transformation Eq.(2.70), we see
that the Lagrangian (2.69) is invariant under an arbitrary rotation
about some axis, which for convenience we choose to be z® axis. Then
condition (2.75) in Noether theorem will be satisfied if we replace z?, @
and t in the Lagrangian by

V=t (2.95)
2 = 2! cose — 2% sine (2.96)
2'? = 2l sine + 2% cos e (2.97)
2% = o3 (2.98)
and let F' =0 (see convention (2.79)). For this choice
£=0 (2.99)
n' = —a* (2.100)
n* =a! (2.101)
7 =0. (2.102)

Hence, from Eqs.(2.76) and (2.69), we obtain the third component of

angular momentum charge:
OL(t,x,%x), , .,
Gs EL3:—L§—Z%(U’—JCQ+F

= (2li? — 2%, (2.103)

\1—p2
Similarly, one can repeat above calculations for x!-axis case and z2-axis
case respectively, and obtains the generic expression for L*:

m

with i=1, 2, 3, and €% = +1.

(2.104)



Overview of Einstein’s Special Relativity (E-SR) 23

2.7 Quantization of E-SR mechanics

In this section, we discuss the procedure of passing from classical E-SR
mechanics to quantum E-SR mechanics. This is called “quantization” of
E-SR theory.

Lagrangian-Hamiltonian formulation of mechanics (see Section 2.4) is
the foundation of quantization. When the classical Poisson Brackets in
canonical equations for canonical coordinates and canonical momentum be-
come operator’s commutators:

I,

{z,7}pp = E[:c,w], (2.105)
the classical mechanics will be quantized. Under (2.105), the Poisson
Bracket relations of Eq.(2.32) are passed to the canonical commutation
relations:

[#t;, 27 = —ihé!, [a%, 2] = [7;, 7;] =0, (2.106)
where 2, #; with ¢ = 1,2,3 are canonically conjugate operators. From
Eqgs.(2.30), (2.31) and (2.105), we get Heisenberg equations with quantum
Hamilton operator H:

N

which describe the dynamics of the quantum system. From the dispersion
relation Eq.(2.34), we have E-SR wave equation in the Schrodinger picture
for spinless particle as follows
W bla) = mPe(x), (2.108)
where g = —%, and ¢(x) is wave function. The Hamiltonian operator
T = —cTrp represents the generator of time evolution, i.e.,
[t, H = —ih, or [2° @) =ih. (2.109)

It is straightforward by using Eqs.(2.29) and (2.106) to check that

[H, ﬁ'z] = —C[ﬁ'o, ﬁ'l] =0 s or [ﬁ'o, ﬁ'l] =0. (2.110)

Combining Eqs.(2.106), (2.109) and (2.110), we have the J-dimensional
invariant commutation relations for z* and 7,:

[ah, 7)) = ikt [, 2] =0, [fn, 7] = 0. (2.111)
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The simplest solution of Eq.(2.111) is
#y = —iho),. (2.112)

Substituting Eq.(2.112) to Eq.(2.108), we obtain

22 1 o2 2¢2
(D+ mh; )¢(x) _ (?ﬁ V24 mh; )¢(x) =0, (2.113)

which is called the Klein-Gordon equation in Minkowski spacetime.

In the following, we consider wave equation of particles with spin 1/2,
which is called Dirac equation. The Lorentz transformations unite time and
space into a single four-dimensional entity. The basic equation underlying
relativistic quantum theory must reflect this unity, implying that there must
be complete symmetry between the time and space parts of the equation.
Clearly the Klein-Gordon equation (2.113) satisfies this constraint, but the
Schrédinger equation does not because it is first order in the time and
second order in the space derivatives. Let us assume that, like Schrédinger
equation, the Dirac equation will be linear in the time derivatives. Therefore
it must also be linear in space derivatives. We know from the dispersion
relation Eq.(2.34) of classical E-SR that the canonical energy of a free

particle H = —cmg is given by
H? = 2n2 = 72 + m2ct. (2.114)

To obtain a linear equation we write the square root of it in a following

way:
72c2 + m2ct = a - e + fmc’. (2.115)

Here, @ and (8 have to be such that when we square Eq.(2.115) we arrive
back at Eq.(2.114). Clearly, 5 has to be a scalar and & has to be a vector
so that both terms on right hand side of this equation are scalars. Let’s
square this explicitly:

H? = (a - e+ pmc?)(a - Tc + fmc?)
=2l + ainic® + ad2nict +a - wBmed + Ba - wmc® + fPm2ct
+2 (o ag + apon )T + (azas + azag)mams + (azaq + ayas)Tam).

(2.116)
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For this to be consistent with Eq.(2.114) we require that

af =a3=aj=p>=1 (2.117)
ag+pBa={a, p}=0 (2.118)
{a1, ao} ={a2, as} ={az, v} =0 (2.119)

where {a1, as} = ajas + azaq, and ete. No existing numbers can satisfy
Eqs.(2.117), (2.118) and (2.119) simultaneously. However, it turns out that
there are matrices that do so. Combining such matrices solutions of {&, (5}
and the operator expressions of m, Eq.(2.112) and substituting them to
(2.115), we obtain the Dirac equation as follows

ih%w(r, t) = c(—iha - V + Bme)(r, t) (2.120)

where @, 8 are 4 x 4-matrices and ¥(r,t) is spinor wave function with 4
components. Redefining Dirac matrices as follows

N = Ba; = ( 0 0i> (2.121)

—0o' 0

01
Y =8= (10) (2.122)

S 01 2 0—i 3 10
10/’ i0 )’ 0-1/"

we have explicit Lorentz invariant expression of Dirac equation (2.120):

where

(ihy"0,, — me)y(r,t) = 0. (2.123)

2.8 Localization of E-SR spacetime symmetry and
Einstein’s General Relativity (I)

In this section and next, we turn to discuss the localization of E-SR space-
time symmetry, and to show that Einstein’s General Relativity can be
achieved in this way. For this aim, conceptions of gauge fields, gauge
150(3,1) symmetry and Riemann geometry technique will be employed.
We hence interpret them firstly in this section.
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Conceptions of gauge fields: To interpret the main idea of gauge theory, we
consider the U(1)-gauge field theory in Minkowski spacetime, in which the
electromagnetic fields are the U(1)-gauge fields. To see this point, let us
consider the charged scalar fields described by following Lagrange density

of complex scalar fields:

Lo(@) = 1 K20,6" (@)D, 6(x) — mAce"(@)o(a).  (2.124)
The action is

So = / daLo(x) = / B0 Lo(d,0u 6", 0,0 ) (). (2.125)

From variations of this action with respect to ¢(z) and ¢*(x) respectively,

the equations of motion can be derived:

9Lo 0Ly m2c\ . .
Oy (0up(x))  p(x) 0, = (32 - 7) ¢*(x) =0, (2.126)
0Ly oLy m2c2 -
O (0uo*(x))  do*(x) 0, = <a2 -3 > ¢(x) =0.(2.127)

Clearly, Lo(z) is invariant under phase transformation

H(x) — P P(x)ase = D(x) +iNp(z), (2.128)
6" (2) > ¢ (@)rse = 6 () — IAG" (2), (2.129)
where ) is a spacetime independent constant. Therefore we have
0Ly [ 0Ly . oLy .
-5 = (sacy* st ™)

oLy ., 0Ly . N
B (a¢*<x> O e @) )

0Ly ) ) oLy . }
= Opmsm—— |10+ =5——10u¢
[( " 0(0ud(x)) 0(9ud(x))
Ly > . 0Ly .
- O | 10" + =——10 d)*]
K "0(0,9 () 0(0u¢*(x)) "
= 0, J"(x), (2.130)
where the equations of motion, Eqs.(2.128) and (2.129), have been used,
and
i (z) = iR2((0" ) — (0"6)6"). (2.131)
Physically, conserved current J*(x) is the electric current density of ¢-
field, and 0, J*(x) = 0 (Eq.(2.130)) means the electric charge of ¢-particle
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is conserved. This result can also be thought the consequence of Noether
theorem in fields theory due to the global phase symmetry of ¢-fields in £y
(2.124). The Noether charge is

Q= /d3J0 =e. (2.132)

A further interesting question arises here is what fields are excited by this
charge? In other words, besides conserved Noether charges due to the
symmetry, could one further construct a field-theoretic dynamics related
to invariant properties of L7 Actually, it has long been realized that
the existence of the electromagnetic fields can be related to such invariant
properties of the Lagrangian. Namely, the electromagnetic fields are U(1)-
gauge fields.

To understand this point, let us consider the more general gauge trans-
formations of the forms Eqgs.(2.128) and (2.129), but in which the parameter
A becomes arbitrary functions of position, i.e., A is localized to be A\(x). In

this case, we have

0ud(x) = 0,9/ (@) = 0y (XV6(2)) Inre
= (1+iA(@)0u0(x) + i6(@)9uA(2), (2:133)
046" (2) = 06" (@) = 0, (*M 9" (@)) o
= (1—iA@)0u0" (@) —i6™ (@)D \ @), (2134)

and the first term of Lo(x) (see Eq.(2.124)) is no longer invariant, because

102 0,6" ()0, ¢(x)
= 0" 120,¢" ()0, d(x) + i K [(90" (2))$(2) (0u A(@))
=" (2)(0,6(2)) (OuA(x))]. (2.135)
Thus, we find out that under localized phase transformations £(z) is no
longer invariant. Namely, when the phase A — A(z), we find 6Lo(z) =
dLo(p, 0¢; ¢*,0¢*) # 0. We wish to make the Lagrange invariant under
the general gauge transformations for which A is a function of z, then it

is necessary to introduce a new field A, (we shall call it U(1)-gauge field)

which transforms according to

1
Ay = A+ 20, (2.136)
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where € (note, € = e/(hc) in Gaussian system of units) is a constant, and
to replace 0,,¢, 0,¢* by “covariant derivatives”

D¢ = (0 —i€A,)d, Du¢* = (0, +ieAu)o*. (2.137)
Using Eq.(2.136) and ¢(z) — ¢'(x) = exp(iX(z))¢(x) we can check that
Dy¢ — DI, ¢ = e* g, (2.138)
D,¢* — D¢/* = e @) g*, (2.139)
Thus, when Lo(z) = Lo(¢,0¢;¢",0¢0") — Lp(x) = Lp(p, D¢;¢", D¢*),
we have
Lo() = KD, (@)D, d(x) — m2cP ()p(x),  (2.140)

which is invariant under gauge phase transformation (2.136) and ¢(z) —

¢'(x) = exp(iA(z))p(z).
Furthermore, from Eq.(2.137) one finds

(DuD, — D,D,)p = —ieF,, o,
where
F., =0,A, —0,A,. (2.141)

Unlike A,,, the expression F},, is a invariant quantity under gauge transfor-
mation (2.136). It satisfies the cyclic identity (i.e., Bianchi identity)

a)\Full + 8;¢F1/A + ayFAM e 0 (2142)

It remains to find a free Lagrangian density Ls for the new gauge field
A,,. Clearly Lz must be separately invariant, and it is easy to see that this
implies it must contain A, only through the invariant combination F,,.
The simplest such Lagrangian density is

1
Lo=—7FuF", (2.143)

where the tensor indices are raised with the Lorentz metric in Minkowski
spacetime 7, with diagonal elements (1, —1, —1, —1). From Eqs.(2.140)
and (2.143), the total Lagrangian density is

Liot (¢7 A) =Lp (¢a A) + La (A) (2144)
By means of variation (§/8A4,,(x)) [ d*xList (¢, A), we obtain
0, P = FM  — —J¥, (2.145)
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where J* = (6/0A,(x)) [d*zLp(¢, A). Because of the antisymmetry of
F#” then we find J* is of conserved current:

& J" = 0. (2.146)

Thus the consequence of Noether theorem Eq.(2.130) is proved in the gauge
theory. In 1954, Yang and Mills extend U(1) gauge theory to non-Abelian
gauge theory [Yang, C.N. (1954)]. Since then, it is realized that the Gauge
Field Theory is one of the fundamental principles of modern physics. The
modern particle physics build upon non-Abelian gauge field theory (i.e.,
Yang-Mills field theory) for appropriate internal symmetries. The unifi-
cation of interactions between the particles can be realized by the gauge
theory based on localization of internal symmetries . The resulting gauge

dynamics is unique.

localization of 1SO(3,1): The spacetime symmetry of Einstein’s Special
Relativity (E-SR) is the global inhomogeneous Lorentz group (or Poincaré
group) 1SO(3,1) in the Minkowski spacetime with Lorentz metric 7, (see
Eq.(8.26)). The infinitesimal version of the transformation (8.26) is:

t — o't = ot 4 szt

oxt = el z” + e (2.147)
where the group parameters ¢#, and € are space-time independent con-
stants. The corresponding ten Noethers have calculated in section §(2.6).
They are E (see Eq.(2.83)), p' (see Eq.(2.88)), K' (see Eq.(2.94)) and L*

(see Eq.(2.104)).
The procedures of localization of global 1.SO(3,1) are as follows

e, = €' (x), €' —e'(x), (2.148)

where e (z), and €”(z) are arbitrary tensor function and vector function of
x respectively. Under such localization transformations (2.148), the global

transformation (2.147) becomes
ot — o =2t + e (x)x” + e (x) = 2 (2V) = 2* + St (z), (2.149)
where

dat(z) = € (z)x” + " (z), (2.150)
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ozt (z) = fH(x), (2.151)

where f#(z) = e, (x)z” + e/(x) are four arbitrary functions of z. Hence,
Eqgs.(2.149) with (2.151) represents a general spacetime coordinates trans-
formation, or curvilinear coordinates transformation. Remembering the
group parameter number of the global spacetime 1.50(3,1) is 10 (i.e., €,
and e*), however, it becomes 4 for localized spacetime I.SO(3,1) transfor-
mations (2.151), which is less than the global 1.50(3,1)’s. This situation
indicates that such gauge theory due to Eq.(2.151) seems to be not a full
gauge theory of whole external IS0(3, 1) symmetry, but it should be a min-
imal version of that gauge theory arising from the symmetry localization.
In the below, we mainly describe such minimal version theory, and assume
the spacetime is torsion-free just like Einstein did in GR.

Expression of (2.148) means that the global 1.SO(3,1) symmetry of E-
SR turns into local ISO(3,1) symmetry, or gauge 15S0(3,1) symmetry.
Equation (2.149) plays a role of gauge transformation in the gauge theory.
According to the principle of gauge theory, the forms of physics laws should
be invariant under the gauge transformation (2.149). Thus, starting with
the symmetry localization procedure of gauge theory one arrives at one
of the hypotheses of GR: the principle of general relativity, that states
that the forms of physics laws should be the same in all reference systems
including both inertial and non-inertial systems. Namely, under the general
coordinates transformations Eq.(2.149) the transformation properties of the

expressions of physics laws have to be the same.

Riemann geometry : To analyze this issue further, it is necessary to describe
the main points of Riemann geometry calculations. A brief (but enough for
this book) description on them is as follows (about more detailed illustra-
tions to the calculations, please, e.g., see [Landau, Lifshitz (1987)]):

(1) Tensors in curvilinear coordinates frame: From Eq.(2.148), we
have

dz'" =

I 0 n
O dx”, when det | aaz | #0, or oo, da* = O dz'",
v x

o ox'v
(2.152)

174

T
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and hence dz* is a contravariant 4-vector. Generally, the contravariant

tensor A" are defined via following transforming properties:

o 8:0’“ 8:49”’ “.Aag...

Al = 2.153
Oz dxP ’ ( )
and the covariant tensor A,,...’s transforming property is as follows:
0x® OxP
I

Metric tensor: The square of the line element in curvilinear coordi-

nates is a quadratic form in the differentials dx*:
ds? = g, dxtda”, (2.155)

where the g,, are functions of the coordinates; g,, is symmetric in
the indices p and v, i.e., gu = guu. Since the (contracted) product
of g, and the contravariant tensor dz*dz" is a scalar, the g, form a
covariant tensor; it called the metric tensor. The contravariant metric

tensor is tensor g¥* reciprocal to tensor Juv, that is

Gy = 6. (2.156)

The connection between covariant tensor and contravariant is as follows
At =g" A, A, = gAY (2.157)

(Note, notation A, we used hereafter in this section represents a generic
covariant vector in curvilinear coordinates systems, rather than a spe-
cific electromagnetic potential vector in gauge theory.)

Completely antisymmetric unit pseudo-tensor ¢**** in curvi-
linear coordinates frame and the element of 4-dimensional in-
tegral: In 4-dimensional Minkowski coordinates frame aj;, we use
EMAP to denote the completely antisymmetric unit tensor of fourth
rank. This is the tensor whose components change sign under inter-
change of any pair of indices, and whose nonzero components are +1.
From the antisymmetry it follows that the only nonvanishing compo-

nents are those for which all four indices are different. We set
g0 = (2.158)

(hence € 9123 = —1). Then all the other nonvanishing components é HvAp
are equal to+1 or —1, according as the number p’ v, A, p can be
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brought to the arrangement 0, 1, 2, 3 by an even or odd number of
permutations. The number of such components is 4! = 24. Thus

EMAPE Ly = —24. (2.159)

Now let’s consider the transformation from the Minkowski coordinates
frame to the curvilinear coordinates frame. Explicitly the components
transformations are as follows

zh, — ot = a*(2ly), (2.160)
and hence
v A
gre _y gwrp _ 0" 01 a:cv o e, (2.161)
Ox§y 9y 0z Dl
or
AP = JEHAP (2.162)

where J is the determinant formed from the dz*/0x$,, i.e., it is just
the Jacobian of the transformation from the Minkowski coordinates to
the curvilinear coordinates:

(20, 2t 22, 23)
0(Yy, wyy, 23y, 73y)

This Jacobian can be expressed in terms of the determinant of the

J=

(2.163)

metric tensor g, in the system z#. The notation of g = det(g,,) =
|9u| or g7 = det(g"”) = |g"| will be used below. To do this we write
the transformation expression of the metric tensor:

ozt ox”

_ B
g = —— — P, (2.164)
and equate the determinants of the two sides of this equation. Noting
|gMV| = 1/97 |g§£| ) 68;23;| = J2a |77a5| = —1, we have ]-/g = 71]27 and

so J = 1/y/—g. Thus, in the curvilinear coordinates the antisymmetric

unit tensor of rank four must be define as

1
A = EHAP, (2.165)
V=9
Noting the formula €“”’\”guagyﬂg>\wgp5 = —g€aB~s, the covariant com-

ponents of Eq.(2.165) is :

ej.l,l/Ap =V *gg UVAp - (2166)
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In a Minkowski coordinate system 2, the integral of a scalar with
respect to d*xy = da® da' dax? dad is also a scalar, i.e., the element
d*z); behaves like a scalar in the integration. On transforming to
curvilinear coordinates x*, the element of integration goes over into
dixy — %d‘lx = /—gd*z. (2.167)
Thus, in curvilinear coordinates, when integrating over a four-volume
the quantity \/—gd*z behaves like an invariant.
Covariant differentiation: In curvilinear coordinates the differen-
tials dA,, of a vector A, is not a vector, and dA,/0x" is not a tensor.
It is easy to verify these statements directly. To do this we determine
the transformation formulas for the differentials dA,, in curvilinear co-

ordinates. A covariant vector is transformed according to the formula
(see Eq.(2.154))

oz
Au = A (2.168)
therefore
ax/u 81./1/ 81./1/ 821‘”’
dA, = dA, + Apd=—— = ZZ— A" + A, —"_da™. (2.169
o dgn vt Oxh oxr Y Y ooz ( )

Thus dA, does not transform like a vector (the same also applies, of
course, to the differential of a contravariant vector). This result is
understandable. It is learned from Eq.(2.168) that since the coefficients
in the transformation formula (2.168) are functions of the coordinates,
and at different points in spacetime vectors transform differently, the
transformation of dA,, which represents the difference of vectors located
at different (infinitesimally separated) points of spacetime, of course,
cannot behaves like a vector described by Eq.(2.168) at an exact one
point of spacetime. Thus, in curvilinear coordinates, in order to obtain
a differential of a vector which behaves like a vector, it is necessary
that the two vectors to be subtracted from each other be located at the
same point in spacetime. In other words, we must somehow “translate”
one of the vectors (which are separated infinitesimally from each other)
to the point where the second is located, after which we determine the
difference of two vectors which now refer to one and the same point
in spacetime. By means of this consideration, we define the difference
DA, between two vectors which are now located at the same point is

DA, = dA, — 6A,, (2.170)
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where additional change A4, is determined by following considerations:
0A, comes from an infinitesimal displacement and depends on the
values of the A-components themselves, where the dependence must

clearly be linear. Thus 64, has the form

§A, =T, Axdz”, (2.171)
where the F;\w are certain functions of the coordinates. Suppose the
transformation formula for Ff;l, under the curvilinear coordinates trans-

formation is:

Az 9z’ dx'P o%x'P Ot
I =1 2.172
n B ore dxt Oxv + OxHOxY Oz'r’ ( )
then the formula for DA,,’s transformation takes the form
DA, = dA, — §A, = dA, — T}, Axdz”
_ amly L ; 82x/u dx/\
Oz Ozr Oz
Az ox'* 9z’ 0%x'P Ox?
_ Axdz”
< B g’ dxr dxv * OxHOxV 630’/’) e
dx" / 1p At 18
= o (A - T
al‘ll/
= D' A . 2.173
DA (2173)

Comparing Eq.(2.173) with Eq.(2.168), we conclude that when the
transformation of Ff;u follows formula of (2.172), the corresponding

covariant differential DA, of vector A, behaves like a vector in curvi-
linear coordinates. This covariant vector can also be written as

DA, = dA, — T, Ayds” — <8Au _ FQVAA> dz”.  (2.174)

oz”
Similarly, we find for a contravariant vector,
0AH
oz¥
The expressions in parentheses in Eqs.(2.174) and (2.175) are tensors,

DAF = dAF + T Adz” = < + F‘;VAA) dz¥.  (2.175)

since when multiplied by the vector dz” they give a vector. Clearly,
these are the tensors which give the desired generalization of the con-
cept of a derivative to curvilinear coordinates. These tensors are called
the covariant derivatives of the vectors A, and A* respectively. We
shall denote them by A, and A*, . Thus

DA, = A, ,da¥, DA* = A*, (2.176)
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while the covariant derivatives themselves are:
04,

Apw =50 =T A, (2.177)
DAN
A, = +T% A (2.178)

Symbol I‘fw is not a tensor, and is called affine connection of the
spacetime with curvilinear coordinates, which transforms according to
Eq.(2.172). Generally, I'}, # I'),. But when the spacetime is tor-
sionless, we have I‘fw = Ff,‘w
Christoffel symbols at sometimes. In this book we do not consider the

and such affine connections are called

spacetime torsion.
Let us show that the covariant derivative of the metric tensor g,

is zero. To do this we note that the relation
DA, = g DA
is valid for the vector DA, as for any vector. On the other hand,
A, = gAY, so that
DA, = D(guwA”) = guDA” + A" Dy

Comparing with DA,, = g, A", and remembering that the vector A"
is arbitrary,

Dg,., = 0.
Therefore the covariant derivative
Guuv; X = 0. (2179)

Equation (2.179) can be used to express the Christoffel symbols Ff;l, in
terms of the metric tensor g,,,. To do this we write in accordance with
the general definition (2.177):

ag v ag v
Guuvy X = a;,\ - Fﬁ,\gpl/ - Fﬁ/\gup = a—;,\ =Ly =T on =0,

where T')y ) = g0, and etc. Permuting the indices p, v, A, we

have
v
8:;; = Fz/7 HA + F;t, 2%
g
825 = Fu, v T Fl/, 2. )
agu/\

- Dt = _FA, v T Fl/, A e
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Taking half the sum of these equations, we find (noting that I';, ,» =
Fm Au)

7]- aguu 89;14/\ 8gu)\

From this we have the Christoffel symbols
1 v v
7 ::_gw’(ag” L %9 _ %9 A). (2.181)

2 2 dz>  Oxv  OxP
The curvature tensor: If we twice differentiate a vector A, with
respect to x* and x¥, then the result generally depends on the order
of differentiation, contrary to the situation for ordinary differentiation.
It turns out that the difference A, ., ., — A, ., ., results a new tensor.

The straightforward calculations give following result

A
AP H 2 Ap o — AR puv (2.182)
where
or»,  ori
A _ pY P A [e% A Ie%
R ppv Ot - oxr” +FC¥MFPV - FCVVFPM' (2183)

R)\p;w is called the curvature tensor, or Riemann tensor. Similarly, for

a contravariant vector,

AN =AM =—ARY, (2.184)

shsv vk
The curvature tensor has symmetry properties which can be made com-

« to covari-

pletely apparent by changing from mixed components R®, ,

ant ones:
_ (6%
Rz\p;w - g)\aR puv *

From the explicit expression of Rypu., one can see the following sym-
metry properties:

R)\pul/ = _Rpk;l‘l/ = _R)\pl/;t == Ruy)\p 5 (2185)

i.e., the tensor is antisymmetric in each of the index pairs A\, p and
u, v, and is symmetric under the interchange of the two pairs with
one another. One can also verify that the cyclic sum of components of
Rapuv, formed by permutation of any three indices, is equal to zero;

e.g.,
RAp/_“/ + RApr + R)\,UJJP =0. (2.186)
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Now, we prove the Bianchi identity:

R +RA

puv s

+ R =0. (2.187)

pap v prop

It is conveniently verified by using a locally-geodesic coordinate system.
Because of its tensor character, the relation (2.187) will then be valid
in any other system. Differentiating Eq.(2.183) and then substituting

in it F;‘M = 0, we find for the point under consideration

A 21 21
A _ OR™ 0 _ o071y, B 0Ty,
PRy @ Ox® Oxktdx®  JxvOx®
With the aid of this expression it is easy to verify that the Bianchi

identity (2.187) actually holds.

Finally, from the curvature tensor we can, by contraction, construct

a tensor of the second rank. This contraction can be carried out in only
one way: contraction of the tensor Ry, on the indices A and p or p
and v gives zero because of the antisymmetry in this indices, while
contraction on any other pair always gives the same result, except for

sign. We define the tensor R,, (the Ricci tensor) as

Av A

Row = 9" Rppw = R px - (2.188)

According to Eq.(2.183), we have

ory,  or

v A A

o= o — g el — Taaly, (2.189)

This tensor is clearly symmetric:
Rov =Rup - (2.190)

Furthermore, contracting R,,, we obtain the invariant
R= ngRpu = gpyg)\uR)\pup, s (2191)

which is called the scalar curvature of the spacetime.

2.9 Localization of E-SR spacetime symmetry and
Einstein’s General Relativity (II)

After introducing the gauge theory, gauge transformation arising from lo-
calization of 150(3,1), and mathematical tool to deal with curvilinear co-
ordinates systems of the spacetime in the previous section, we continue to
pursue the theory of localization of E-SR spacetime symmetry.
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In Section 2.6, we have proved the energy of particle is one of the Noether
charges corresponding to the 150O(3,1) symmetry of E-SR mechanics (see
Eq.(2.83)). Due to Newtonian gravity law, the force arising from the par-
ticle’s mass (or energy in E-SR) is gravitational, and hence we realize that
the 1.SO(3, 1)-gauge field theory must be a gravitational field theory. So we
could call it also gauge theory of gravity. Many efforts (e.g., see [Utiyama,
R. (1956); Kibble, B.W.T. (1961)]) have been made to construct a full
satisfactory gauge theory of gravity. Although there is no established for-
mulation for that as yet, it is clear conceptually that the Einstein’s General
Relativity (E-GR) relates to some gauge theory of localized external sym-
metry. In this section, in order to show E-SR is the foundation of E-GR,
we describe a minimal version (or simplest version) of gauge gravity theory
by means of the concepts of localization of E-SR spacetime symmetry. This
description should be helpful pedagogically.

We showed in the last section that the internal U(1)-gauge transfor-
mations of matter fields ¢(x), ¢*(x) and gauge fields A, (x) all arose
from the gauge symmetry in the Hilbert function space, and the func-
tions of ¢(z), ¢*(x), Au(x) represent “coordinates components” in that
abstract function space. However, the situation for the external space-
time gauge theory is very different. The 1.SO(3,1)-gauge transformation
at — a'F = fF(z) (see Eq.(2.151)) is ordinary coordinates transformation
in 4-dim real world spacetime described in curvilinear coordinates system.
Therefore, the gauge theory of gravity should be a geometry theory of
spacetime, and gravitational fields as gauge fields should be characterized
by geometric quantity. In the following, the gravity fields will be described
by the spacetime metric g, (x) in gauge theory of gravity or GR, because
it is basic quantity in Riemann geometry.

Under the localization transformation Eq.(2.148) the global I50(3,1)
symmetry of E-SR becomes local 1SO(3,1) symmetry, or gauge 1.50(3,1)
symmetry Eq.(2.149). According to the principle of gauge theory, the forms
of physics laws should be invariant under the gauge transformation (or
general coordinates transformations) Eq.(2.149). Namely, under the gen-
eral coordinates transformations Eqs.(2.149) and (2.151) the transformed
expressions of physics laws have to be of the same functional form as before.

Now let us determine the action of gravity fields Sg. Just as for the
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expression of action of complex scalar field (2.125), the action S¢ must be
expressed in terms of a scalar integral [G,/—gd*z (see Eq.(2.167)). To
determine scalar G we should also consider the fact that the equation of the
gravitational field must contain derivatives of the “potentials” (i.e., g, (2))
no higher than the second order (just as is the case for the electromagnetic
field). From Eqs.(2.191), (2.189), (2.183) and (2.181), it is found that only
R and trivial constant A = constant satisfies all requirements. Therefore,
G = a(R — 2A) where a is also a constant. In Gaussian system of units,
a = —c3/(167G) where G = 6.67 x 10 8em3 - gm =1 - sec™? is the universal
gravitational constant. Thus we obtain the action of gauge gravity:

Sqg =— d*z/—g(R — 2A). (2.192)

167 G
Denoting the matter action in gravity fields by:

Sm = /d4z\/ *gﬁmatter(guua Pmatter (Z));
one has the total action:
Stot = S + Sm = Sclg) + Smlg, ] (2.193)

where S.[-] denotes a functional.
Now, we derive the equations of motion of the gravitational field. These

equations are obtained from the principle of least action
5Stot == (S(SG + SM) == 0 (2194)
We now let the gravitational field, that is, the quantities g,,, to undergo

variation.

Calculating the variation 6S¢, we have
5/R\/—gd4x = (5/g‘“’RW\/—gd4ac
= /{wa/fg(?g“” + Ry g™ 0v/=g + g"'/=g0R b .
From formula dg = gg""dg,, = —99,,dg"", we have

1 1
N - = —— = ——/ = Ky
and

1
5/R\/—gd4x :/ (RW — 3 9uv )55]‘“’\/ d4x+/g“”572m,\/—gd4:c.
(2.196)
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For the calculation of dR,, we note that although the quantities
F)‘ do not constitute a tensor, their variations 5Ff‘w do form a tensor,
for FWA,\dx” is the change in a vector under parallel displacement (see
Eq.(2.171)) from some point P to an infinitesimally separated point P’.
Therefore 5F2VAAdac is the difference between the two vectors, obtained
as result of two parallel displacements (one with the unvaried, the other
with the varied F)‘ ) from P to one and the same point P’. The difference
between two vectors at the same point is a vector, and therefore 6T} ay isa

tensor.

From the Ricci tensor’s definition (2.188), we have

—6Ruw = 0RY,,

= 6T, 5FW R ICNAN o rfwr 2)

= {(6T)\). — T9,0T00} — {(6T),) x + T2, 6T, — T%,0T5, — 5,05, }
= (0T\) v — (6T, ;- (2.197)

Thus we find that the integrand of the last term of Eq.(2.196) becomes
—V=99" Ry = V=g {(g"0L}) w — (¢"01),) 2}
= HOW?, (2.198)
where a formula T’\;)\ = (v/=9)"'0x(v/—gT?) has been used, and
A A o v A
=+/—g {g “(H‘lwfg“ 5FHV}.
Consequently the second integral on the right side of (2.196) is equal to
v 4 aW)\ 4
g IR —gd e = — oy d*z, (2.199)

and by Gauss’s theorem can be transformed into an integral of W?* over

the hypersurface surrounding the whole four-volume. Since the variation of
the field are zero at the integration limits, this term drops out. Thus, the

variation of the first term in right side of Sg (see (2.192)) is equal to
3
4 c 1 uv 4
5( 167TG/d:EV R) 167TG/<R PR >59 Vogdi
(2.200)

From Eq.(2.195), the variation of the secod term on the right side of Sg
(see (2.192)) is equal to

3
4 c pr g4
( Ton G/d xy/— 2/\)) 167rG/AgW(Sg V—gd z.(2.201)
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Combining Eqgs.(2.199) and (2.201) and noting Eq.(2.192), we have
c3 1

d == v — SYpv Ay(s‘“/*dzl. 2.202

Sa —WTG/(R# 59 R+ g#>g\/9x (2.202)
The energy-momentum tensor of matter fields is defined by
—2c
—2 &
V=g ogH
where §/5g"” means the functional derivative. Thus, the variation of
Salg, @] due to dgh is

5Su = 23 / T, 09" \/—gd*z. (2.204)
C

From Eqgs.(2.202), (2.204) and 0Si0t = d(Sc + Samr) = 0 (see (2.194)), we
have

Ty = Mg, 9l (2.203)

5Stot - (S(SG + SM

87TG
= v A W —1T, v w/—gd*
167TG ( g“R+ Juw T~ “)59 Vogdw
_ (2.205)
from which we have in view of the arbitrariness of the §gh":
1 8tG
R#y — §gw7§’, + AgW = 70—4Tp‘y. (2206)

This is the required equation of the gravitational field.

E-SR tells us that in empty spacetime the metric must be Lorentz-
Minkowski spacetime metric 71, = diag{1, —1, —1, —1}. Namely, when
T, = 0, the solution of (2.206) is required to be g, = 1,,,. Then the value
of constant A is determined to be

A =0, (2.207)

and Eq.(2.206) becomes

1 G

R#y - igWR = *C—4T#y. (2208)

This is the basic equation of the Einstein’s General Relativity (E-GR) and
also the equation of gauge gravity theory based on the localization of E-SR
spacetime symmetry 1SO(3,1). It is called FEinstein equation. Thus, we
have achieved the theory of E-GR via localizing the spacetime symmetry
of E-SR.
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E-GR is based on two principles: (I) General relativity principle, and
(IT) The Equivalence Principle. Since the general coordinates transfor-
mations can well be viewed as the gauge transformations of gauge theory
with external localized symmetries, the principle (I) is well consistent with
the gauge principle. Now we discuss the principle (II). The Equivalence
Principle states that experiments in a sufficiently small freely falling lab-
oratory, over sufficiently short time, give results that are indistinguishable
from those of the same experiments in an inertial frame in empty space.
This principle suggests that the local properties of curved spacetime should
be indistinguishable from those of the flat spacetime of E-SR. A concrete
expression of this physical idea is the requirement that, given a metric g,
in one system of coordinates, at each point P of spacetime it is possible to

introduce new coordinates z’# such that

90 (Tp) = N, (2.209)

where 1, = diag{1, —1, —1, —1} is Minkowski metric of flat spacetime
and x’lé‘ are the coordinates locating the point P. It is called Local Inertial
Frame (LIF). From Eq.(2.17), we have learnt that the spacetime group to
preserve 7, is ISO(3,1) (see Eq.(8.26)). Therefore, the external symmetry
group to preserve 7, at the point P with coordinates z'# is just localized
ISO(3,1) at 2/*, or gauge ISO(3,1) (see Eq.(2.149)). In other wards, the
requirement of existing LIF in curved spacetime corresponds to existence
of the gauge group in the gauge theory of gravity. LIF is an important
conception in both GR and the gauge theory of gravity, because it indicates
that E-SR is the foundation of E-GR.



Chapter 3

De Sitter Invariant Special Relativity

3.1 Beltrami metrics

We consider a 4-dimensional pseudo-sphere (or hyperboloid) Sp em-
bedded in a 5-dimensional Minkowski spacetime with metric nap
diag(1,—-1,—1,—-1,—-1):
Sa: napéteP = —R?,

ds? = napde?deB, (3.1)
where index A, B = {0,1,2,3,5}, R? := 3A~! and A is the cosmological
constant. Sy is also called de Sitter pseudo-spherical surface with radii R.
We define

o
ot = Ri—s, with €% #0, and = {0,1,2,3}. (3.2)

Treating z# are Cartesian-type coordinates of a 4-dimensional spacetime
with metric g, (2) = By (), we denote this 4-dimensional spacetime as
Ba and call it Beltrami spacetime.

Now we derive B, (x) by means of the geodesic projection of {Sx —
Ba} (see Fig.1). From the definition (3.1), we have

d82 e nABdgAd€B|§AvBESA
= n;tudfudfy - (d§5)2
= By, (z)dztdx”. (3.3)
Since ¢4B € Sy, and from Eqgs.(3.2) and (3.1), it is easy to obtain:
xt 1 R?
o T ¢b B (€D gyl gD 5\2 _
g = FE e = € tarad’), (€)= o
&r 1 Natdx”
d€® = ny, 2=de” = —natde’ = 4
g nl.t §5 g Rnu x g §50'(.T/')2 ) (3 )

43
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Fig. 3.1 Sketch of the geodesic projection from de Sitter pseudo-spherical surface
Sa to the Beltrami spacetime Ba via Eq.(3.2).

where
Nt a?
Substituting the above into Eq.(3.3), we have
Nwdrtde’  (natde”)?
ds* = £ = i= B, (z)da"dz” .
’ o(z) R20(z)? o (@) da
Then, we obtain the Beltrami metric as follows
A P
Nuv NuAZ" Ny pX
Buy(z) = = = e (3.6)

T o) | Ro(a)?
According to Riemann geometry, the following expressions can be proved
by means of straightforward calculations from Eq.(3.6):

B"(z) = o(x)(n"” — Rzt a"), (3.7)
1 A A
Iy, (z) = m@ﬁﬂuw + 00nuaa”), (3.8)
R2 0 (&) = R=2(Bay(£)5 — Bru ()90, (39)
3
Ry () = By (), (3.10)
R= 12 constant. (3.11)

R2
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FEzxercise

(1) Problem 1, To (1 + 1)-dimension case (i.e., Ny = diag{l, —1}), please write out
expressions of Boo(x), Boi(x), Bii(x) in terms of z° = ct, x!.

(2) Problem 2, Derive expression of the interval ds%_;, = By (z)dz#da? in the polar

coordinates of the Beltrami spacetime, where 2° = ct, z! = rsinfcos¢, 22 =

rsinfsing, 23 = rcos6.

3.2 Motion of a particle in the Beltrami spacetime

The motion of a free massive particle is determined in the special theory of
relativity from the principle of least action,

08 = —mec 5/ds =0 (3.12)

according to which the particle moves so that its world line is an extremal
between a given pair of world points. We have shown in previous chapter
(see Eq.(2.20)) that ds = \/n,,dz*dz in usual Einstein’s Special Relativity
(E-SR), and the inertial motion law holds for free particle. Namely, the
world line is a straight line, and the motion is uniform rectilinear.

The motion of a particle in the Beltrami spacetime B, is determined by
the principle of least action in the same form (3.12) with Beltrami metric
B, in place of the Minkowski metric 7,, manifested in the world-line

interval as follows
ds = /By (x)dztdz. (3.13)

Thus, in By with z#-dependent metric B, (x) the particle moves so
that its world point moves along an extremal or, as it is called, a geodesic
line in the four-space {z°, 2!, 2%, 23} of By. A geodesic line could be
thought as an generalization of usual “straight line” in Euclidean space
mathematically.

Now we derive the equation of motion of particles in By based on the
principle of least action (3.12). We have

§ ds? = 2ds dds = 6(B,,, (v)dz"dz")

0B, ()

= dztdx” D 6z + 2B, (v)dz"ddx" . (3.14)
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Therefore
08 = —mc/éds = mc/ {%d;: ddi/ aBgLTV)Fx)(SxA + Buu(x)czc—:d?:/ } ds
—me | {%ddid; OBulr) spr - L (B,Mx)ddi:) 530”} os
+chW(x)CZc—:6m”|_ ,

where the last term represents value of the function at the limit. Using the
fact that dx¥|, = 0, we have

BV o
5S=mc/{1dx da” OBy (@) 5 5 _ 4 (B,W(x)di) 5x”}ds

2 ds ds Ox) ds ds

1 dz* dx? aB;w (x) d AP \
B 3ds ds  om s \Bm@) = . (3.1
mc/{2 ds ds o2 ds ( () 75 )}5&: ds. (3.15)

We then find, by equating to zero the coefficient of arbitrary variation dz*:

1 dz* dx” OB, (¢ d dx*
Z “7() (BM (:c) )

2ds ds Ox»  ds ds

1 da* dx” 0B, (x) d*zt  dz* dz¥ OB, ()
ooy e ) B - = = TR —0.(3.16

2 ds ds Oz pA(2) ds? ds ds Ox" ( )
Noting the third term can be written as
1 (0Ba(2) n OByx(z)\ dat da”

2 oxv O+ ds ds’

and introducing the Christoffel symbols I'y,, in accordance with
Eq.(2.180), we have

d?zt dat dxv
B — y—— =
pA(@) ds? M ds ds
Multiplying B**(x), we obtain the geodesic line equation in B as follows
d?xP dzt dx?
R e a—) (3.17)

ds? mods ds
where I'f, has been given in Eq.(3.8).

Equation (3.17) serves as an equation of motion of free particle in
Beltrami spacetime Bj. Let us solve it. Substituting Eq.(3.8) into
Eq.(3.17), we have

2 P Py
dd% + ﬁ(m)%%x”mu =0. (318)
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From o(z) = 1 —n,a"2"/R? (see Eq.(3.5)), we have the following formula

d 1 2 dz”
< - iy 1
ds <a(x)> RQU(J:)QW T s (3:.19)
and hence
d 1 dz* 1 d*xr 2 dzP dz*
) = o ). (3.2
ds (U(a:) ds ) o(x) < ds? * R20(x) ds ds e ) (3:20)

Substituting the equation of motion (3.18) into (3.20), we obtain
a1y
ds \o(x) ds |

1 dz*
N — 21
o(x) ds ' (3:21)

and hence

where AP =consts. are of four integration constants: {A°, A!, A2 A3}
Since o(z) " tdat/ds = A" and o(z) " 'dz"/ds = A°, we have

o(z) 'da'/ds  dx' A’

=2 = 2 constant
o(x)~tda®/ds  dz® A0 constant,
de* ., . A rant
or: =1' =" = ¢— = constan
dt A0 ’
d?zt
or: —o = ' =0. (3.22)

Equation (3.22) is a highly non-trivial result: da'/dt = @' = v* = constant
means the velocity of free particle along the straight (or geodesic) line in
Beltrami spacetime B, is uniform, and &' = 0 indicates that there is no
inertial force acting to the free particle in that spacetime, i.e., F* = mi! =
0. Usually, one may instinctively think that the inertial reference frames can
only be built in the flat spacetime described by Minkowski metric. Above
result (3.22), however, tells us that the inertial frames can also be built
in Beltrami spacetime B which is yet a curved spacetime with constant
Riemann curvature R = 12/R? # 0 (see Eq.(3.11)). Equation (3.22) is a
significant discovery [Lu (1970); Lu, Zou and Guo (1974)], which inspires
a deep thinking of that a new Special Relativity in Ba based on B, may
exist in parallel with the usual Einstein’s Special Relativity (E-SR).
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3.3 Lagrangian mechanics of free particles in the Beltrami
spacetime

Similar to Eq.(2.20), the free particle in B, is described by the correspond-
ing Landau-Lifshitz (L-L) action:

SdS:fmc/ds:fmc/\/Bw(x)da:#d:c” E/dtLdS(t,a:i,j:i), (3.23)

where subscript dS means that By C {dS — spacetime}. From (3.23), the
L-L Lagrange for free particle in By is

d B, (x)dxrdxv
Lgys = fmcd—i = —mc ! (2 i mey/ B (x)@rav,  (3.24)

where ## = Lz B, () is Beltrami metric (3.6). Setting up the time

t =a%/¢, By, (x) can be rewritten as follows

ds? = By, (v)da"dz” = §Ood(ct)2 + gij [(da’ + N'd(ct))(dz? + N/d(ct))]

= c2(dt)? goo—i—gw( ' —l—NZ)(cxj—i—Nj)] (3.25)
where
~ R?
goo = ma (3.26)
~ Nij 1
9ij = (—j) + oo ()’ nzmjm:cl:c (3.27)
i ctx’
N = m. (3.28)

Substituting Eqs.(3.25)—(3.28) into Eq.(3.24), we obtain the Lagrange for
free particle in Bjy:

1 1.. .
Lgs = \/gooJrgw( :cZJrNZ)(chJ + NJ). (3.29)

And from the principle of least action, we have the Euler-Lagrangian equa-
tion:
O0Lg4s . d OLg4s
dxi  dt dit

For convenience, we introduce Cartesian space-coordinates notations:

(3.30)

x = z'i+ 2%j + 2°k, x = &'i+ &% + i°k,
and i-i=j-j=k-k=1, i-j=i-k=j-k=0. (3.31)
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By these notations and expressions of (3.5), (3.26), (3.27) and (3.28), the
explicit expression of Lagrange (3.29) is:
R* —R?
{(RQ %2 — 22)(R2 — 282) TR T x2 — 22
" ()'(2 2t?x? 2t(x - %) )

2 + (R2 — 22)2 ' R2 — 212

N R? XX N ctx? 2
(R? + x2 — 212)2 B RZ — 212

_ _mCQR\/R%& — ) X (R AR

Las = —mdc?

1/2

02(R2 + x2 — C2t2)2

where x? = (x - x) = —n;;z'27. The Euler-Lagrangian equation is

OLqs  d OLqs _ O OLas . xﬁ OLas s 0\ OLas
ox dt 9x Ot 0% ox) 0% ox) ox’

(3.33)

where Lgs = Lgs(t,x,%), 9/0x = V := (0/0x1)i + (0/022)j + (0/0z%)k

etc. All of the terms in Eq.(3.33) can be calculated in terms of the ex-

plicit expression Eq.(3.32) of Lgs. Thus, by means of the straightforward
calculations from Eq.(3.32) we can prove following identity:

OLas _ 0 OLas n ( 0 ) O0L4s (3.34)

ox Ot 0x X ox) Tox

(For a full understanding of these calculations, please refer to the exercise

in the end of this section.)
Substituting Eq.(3.34) to Eq.(3.33), we have

A
Since
8 OLas, 9°Lys

(see problem 6 in Exercise of this section) we have
¥=0, %x=v=_Const., (3.37)
which indicates that the particle motion described by Lagrangian function

(3.32) is inertial, (i.e., the first Newton motion law holds) and the corre-

sponding inertial reference systems can be built. Thus, the result (3.22)
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from the geodesic calculations in Beltrami spacetime By has been repro-

duced in the Lagrangian formulation (3.32).

(1)

1)

2)
®3)

(4)

(®)

Some remarks on Lgg of (3.32) are as follows:

From Eq.(3.37) and

i
lim Lys = Lginstein = —mc?y 1+ 222 (3.38)
R—o0 C

we learned that a new kind of Special Relativity based on Lgg (3.32)
serving as an extension of the Einstein’s Special Relativity (E-SR)
should exist.

The precondition of Special Relativity principle is existence of inertial
reference frames, in which the equation of motion for free particles is
% = 0. This condition leads to the following constraint that the La-

grange of free particles L(¢,x, %) must satisfy the equations as follows:

oL 0 0L . 0\ 0L
8 oL, 92L

Obviously, since Lginstein of (A.12) depends only on #?, it satisfies
Eq.(3.39) trivially. To Lg4g, function of (3.32) could be considered a
non-trivial solution of Eqgs.(3.39) and (3.40), therefore the equation of
motion from Lgg is inertial.

FEzercise

Problem 1, Carry out calculations of the partial derivative of the function Lgg (¢, x, %)
with respect to z!. Note, Eq.(3.32) indicates:

Lus = —chR\/RQ(CQ —%2) — x2%2 + (x - x)2 + c2(x — xt)? .

c2(R2 + x2 — c212)?2

Problem 2, Derive the partial derivative of Lgg(t,x, %) with respect to 4.
Problem 3, Carry out calculations of the partial derivative of the function
041 Lgs(t,x,%) with respect to t.
Problem 4, Carry out calculations of the partial derivative of the function
041 Lgs(t,x,%) with respect to z*, and then times &’ with i =1, 2, 3.
Problem 5: Use above results to verify

Phis _ 2 0Lus | (. 2 Olus

ox ot 0x ox ox
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(6) Problem 6: Prove

L 2L
I 5% e = den (s ) 20,
ox 0% z

3.4 Spacetime transformation preserving Beltrami metric

Recalling the descriptions in Chapter 2 on the ordinary E-SR, we learned
from Egs.(2.15)-(2.17) that the Minkowski spacetime metric 1,, (to call it
inertial metric! in SR since inertial motion law holds in Minkowski space-
time) is preserved by inhomogeneous Lorentz transformation (2.4). Namely

under spacetime transformation of

Tz 150 IJ% xm’ (341)
we have
dx> Oz
o = Mo = G g Do = T (3.42)

To see 1SO(1,3) transformation more explicitly, we showed it in (2.71)—
(2.74) for the case without rotations in space as follows:

t =t =~(t—Bxt/c)+a"/c, (3.43)
ot — 2’ = (2! — Bet) + at, (3.44)
2 — 1% = 2% + d?, (3.45)
2 — 2 = 2%+ d®, (3.46)

where (3, v are Lorentz factors, and a* are translation parameters in space-
time.

We come back to continue the discussions on B,,. In the previous
sections we have proved that the Beltrami metric B, (x) is also inertial
metric. Similar to E-SR, we should derive the spacetime transformation
preserving metric By, (z). This transformation were firstly discovered by
Lu, Zou, Guo (LZG) in 1970’s [Lu (1970)][Lu, Zou and Guo (1974)]. We
call it LZG-transformation in short hereafter.

1 “Inertial metric” is a new phrase in the relativity theory. The definition is that when
the motion of a free particle in a spacetime with metric g, is inertial, we call that metric
guv “inertial metric”. So far there are two inertial metrics in the relativity theory: 7.
and By, ().
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Under the LZG-transformation, the By, () were required to transfer as
follows \

ozx* OzP

By (z) +2& By, (@) = 52 o0 Bay(7) = By (a'). (3.47)

This requirement will lead to determine the LZG spacetime transformation.

What follows is to verify this property and to find out the LZG transfor-

mation.
An infinitesimal interval squared in ordinary 4-spacetime can always be
written as trace of a matrix, for instance:
ds? = g datde” = tr{I1dXdX" G}, (3.48)
where I is 1 x l-identity matrix, X := (20, z', 22, 2?) is 1 x 4-matrix,
XT is the transpose of X and G := {guv} is 4 x 4 matrix. Therefore,
the symmetry properties of g,,, can be revealed through discussion of the
automorphism mapping in some set of m x n-matrices.
Now we set X to be m X n matrix, and define the set ©(m,n) to be
all matrix X such that
I-AXJXT >o. (3.49)
Here, I is the m x m identity matrix, J= diag[l,-1,...,-1] is n X n matrix,
A= 1/R? # 0 is a real number, and X7 is the transpose of matrix X. A
real matrix A > 0 means that A is positive definite. Let A, B, C, D be

m X m,n X m, m Xn,n X n matrices respectively, satisfying

<AC> (1 0 ><AC> :<I 0 ) (350)
BD)\o=xs)\BD 0-\J

Writing out the entries we get
AAT —\cJCT =1, ABT=)\CJD", BBT —ADJDT=-)\J. (3.51)

Equation (3.50) is also equivalent to

(55) (0-2) (55) (o-0) - 02

) (a5) ) (9)- ()
(ESORS
o)) () e
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Writing out the entries we get
MTA - BT JB=)I, \A"C=B"JD, \CTC - D" JD=-J. (3.53)
Therefore, Eqgs.(3.51) and (3.53) are equivalent. Observing that Eq.(3.49)

can be written as
I 0 I
IX >0 3.54

we use Eq.(3.50) to get

9 (0) (0 0) () ()

= (A+XB)(IY) <I 0 )<I>(A+XB)T>O

0-A\J /) \YT
I 0 I
& (1v) (o _U> (YT> >0,
here
Y =(A+XB) Y (C + XD). (3.55)

Therefore the transformation (3.55) maps D (m,n) to itself and is an au-
tomorphism. We can define a metric

ds* = Tr{(I - AXJXT)"1dX(J - AX"X) 'dX"}. (3.56)
We claim that this metric is invariant under the transformation

(3.55)
Proof: Note that from the above discussion we have

(I - AXJXT)=(A+XB)I - \YJYT)(A+XB)". (3.57)
Since X = (AY — C)(D — BY)™!, we also have
J—- YTy

= (v7 1) <_3 ! ET (Y 1)
(39 (X9 ()

— (D - BY)T (XT fI) <_31 3,) <XI> (D — BY)

= (D - BY)"(J - \XTX)(D - BY)
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dY=d((A+ XB)"'(C + XD))
=[-(A+XB) 'd(A+X B)(A+X B)"' (C+X D)+(A+X B)~'d(C+XD)]
=[-(A+ XB)"'dXBY + (A+ XB) 'dX D]
=(A+ XB) 'dX (D — BY)

dy? =d(A+ XB) " (C+ XD))' = (D - BY)'dX"(A+xB)" !
hence
tr{(I =AY JY")'dy (J — AYTY) tdyT}
= tr{(A+XB)T(I-A\XJXT) " (A+X B)(A+X B) 'dX (D—BY)
(D-BY) " (J - AXTX)"Y(D - BY)"Y(D - BY)TdxT(A+XB)" 71}
=tr{(I - AXJXT)"'dX(J - AXTX)tdXT} (3.58)
which states that the metric (3.56) is invariant under transformation (3.55).
O
If we let Xg = —CD™! (ie.,, Xo = X(Y =0)), then
Y =(A+XB) Y (C+XD)=AY I+ XBA YY" (X +CD")D
The conditions in (3.53) are equivalent to the following
BA™ = (oDt = gxt
(AATY P = AT "1 ATA - X\'BTIB)A™ = (I - A\XoJXYT)
(DJDT)"' = DT 1yp~!' = DT Y DTJD - CTC)D™' = T - A XTI X,
Hence we get the formula
Y = AT - AXJXo) (X — X¢)D (3.59)
where the matrices A, D satisfy
AAT = (I - 2\XoJXI)™Y, DIDT = (J - AXIXo) ! (3.60)
For the special case Dx(1,4) in this book, X = (2%, 2%, 22, 23), condition
for ©,(1,4) is just
1= Mpata” >0 (3.61)
The metric (3.56) now takes the form
dX(J = AXTX)"tdx™
1-AXJXT

Nuw )\nu,\nypxkacﬂ
L= dmppzrer (1 — Apgpaah)?

ds® =

= g datdx” (3.62)

Juv =
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Comparing Eq.(3.56) with Eq.(3.6), we see g, is just the Beltrami met-
ric, i.e., gy = Buv(z). By our claim, this metric is invariant under the
transformation (3.59), which now becomes

_ / (" —a")Dy
y'u' x h = 1-— )\n,\pa)‘apW (363)

where we denote Xo = (a’,a',a?,a®) and {D#} are constants satisfying
)\nuAnypa)‘ap

U1 = Mjapaa®’

Using the notations: 2/# = y#, o(x) = 1 — Masr®2?, o(a,2) = 1 —

mpDyDl =1 (3.64)

Maga®x? | we rewrite Egs.(3.63) and ( 64) as follows

_ o =aOby (3.65)

o(a x)
Aanwpaa?
mpDﬁDﬁ = M + # (3.66)
Taking ansatz
DY = £(Lk + Axnyra’a”LE) (3.67)

where A is a constant which is determined by the normalization constraint
Eq.(3.66):
B 1
~ofa)+ o'
and substituting Egs.(3.66), (3.67) and (3.68) into Eq.(3.65), we finally
obtain

(3.68)

1
o = +\/o(a)o(a,z) (¥ — a”) (L’lf + R_2mnypa”a’\[/§)
(3.69)
where A = R~2 has been used. Equation (3.69) means that when we

transform from one initial Beltrami frame 2* to another Beltrami frame
2'#, and when the origin of the new frame is ¢/ in the original frame, the

transformations between them with 10 parameters is as follows
ot LZG L — 4+ 6(a) 20 (a, 2) "  (&¥ — a¥) DY, (3.70)
D! = L* + R ?p,,a”a (o (a) + 0'/?(a)) ' LK,
L:=(L%) € S0O(1,3),

1
o(r)=1- ﬁnlwx“x”,

ola,z) =1— vatz”

1
2
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On the other hand, for ©,(1,4), Eq.(3.58) indicates that under LZG trans-
formation of (3.55) X =Y = (A+ XB)~(C + X D) we have:
ds"? = By, (2')da'"da’ = Tr {(I = A\YJY ") lay (] - AYTY) tay ™}
=Tr {(I - AXJXT)dX(J - AXTX) lax™}
= ds* = By, (z)dz"dz", (3.71)

which means

B ox> Oz

Buy(ﬂjl) = ww )\p(.]}'). (372)

Since By, (z) is a tensor, under spacetime transformation z# — z#, it

transforms as (see Eq.(2.154))

dx> Oz
B (z) = B, (2) = D D Ap (7).

Combining Eq.(3.72) with Eq.(3.73), we conclude that under LZG trans-
formation of (3.70) the Beltrami metric’s transformation is

B, (z) 25 B, (), (3.74)

(3.73)

which is just Eq.(3.47). From Egs.(3.23) and (3.74), we have
Saqs 28, 8o = —mc/ B, (z!)daz"mdz'v

= fmc/\/BW(x)da:“d:c” = Sas. (3.75)

Thus, in parallel to the ordinary E-SR, the de Sitter invariant Special Rel-

ativity has been formulated.

FExercise

(1) Problem 1, Derive Egs.(3.51) and (3.53) from Eq.(3.50).

(2) Problem 2, Basics: let A be a m X n matrix whose elements are functions of the
scalar parameter a. Then the derivative of the matrix A with respect to the scalar
parameter « is the m X n matrix of element-by-element derivatives:

ailr ai2 -+ Qailn
A= ... .. .. e, (3.76)
Aml Qm2 *°* Amn

Qajy Oays . Oain
o, da da da
'A( .. e )7 (3.77)

Oa 9am1 Oama .. damn
o o o
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and
da da dain
9A o do Tgotda - Tgieda
dA = —da = : (3.78)
: Omtda Ogntdo - Ognndo

Now, let A be a nonsingular, m X m matrix. Please prove:

dA™! = —A7tdAA~L (3.79)

3.5 Noether charges of dS-SR mechanics

In Section 2.5, we have generally proved the Noether theorem. This theorem
claims that the invariance of Action of mechanics under symmetry transfor-
mations will lead to constants of motion, or conserved Noether charges. In
the last section, we proved that under the LZG-transformation (3.70) the
Action of dS-SR Sgs (3.23) is invariant, i.e., Eq.(3.75). Therefore we can
derive the Noether charges of dS-SR mechanics. In Section 2.6, the proce-
dure to derive Noether charges of E-SR has been shown. What follows is
to do so for dS-SR.
The Action

Sqs = /Ldsdt, (3.80)

where Lgg is the Lagrange Eq.(3.32) of dS-SR mechanics, is invariant under
the transformation (3.70). When space rotations were neglected temporar-
ily for simplicity, the LZG-transformation that entails a Lorentz-like boost
in the x! direction (with parameters 8 = u!/c and a'! respectively) and a
time transition (with parameter a) can be explicitly written as follows:

r_ Vola) 1_.0 1, a¥ = Bal a%t —a'a! — (a°)? + (a')?
bt = co(a, ar)’y ct=pa’ —a'+fa + R? o(a) + /o(a)
1 n _ Vol(a) 1_ o 1, a" —Baa’t—a'z! —(a%)* + (a')?
S s {x fet+fa” —a”+ —pg (@) + /o @)
2 =2 = U(Z(Z; z? (3.81)
3 i3 _ Vo) 3
T T e

The Noether theorem condition Eq.(2.46) becomes

g{Lds (t'(t,x, %, €),x'(t,x, %, €), %' (t,x, %, %, €)) t/ (£, X, X, X, e)} =F,
€ e=0
(3.82)
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and the corresponding Noether charge (2.47) is:

Gl Z aLdsa;X x) (' —di€) + F (3.83)
where
. {WLO’ (3.84)
o {W} . (3.85)

All the Noether charges for dS-SR are as follows:

(1) Energy: The Lagrangian function (3.32) is time dependent. When let
B=a'=a®>=0a>=0, a° = ecin Eq.(3.81), we have

2t2
¢ =t (1 - CR—Q) €, (3.86)
) ) 2t
2 =t (1 + ;—26) , (3.87)
and then
At? i ;2
5:—1+?, Ui :xﬁ, (3.88)
. 22t , , 2¢ 2
=1y Xl (1 i R_) PO (39)
i i c*te 626

Firstly we verify the Noether theorem condition (3.82). Substituting
Eqgs.(3.86), (3.87) and (3.90) into Lys (t',x’,%’)), we can get
2¢%t
LE) (1, ') = Las(t, x, %) <1 ; e+ O(e )) . (3.91)
where the Ll(iaso) s superscript (a”) indicates that the variables of ¢/, x/, %
in the Lagrange arise from a time transition in LZG-transformation
(3.81) (see Eqs.(3.86) and (3.87)). And then, from Eq.(3.89) we have

LY (¢ %' %) i = Las(t, x,%) + O(2). (3.92)
This equation leads to
9 [ ) _ P
[ae {L (t', x )t} =0 and then: F=0. (3.93)
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Therefore we conclude that the Noether theorem condition Eq.(3.82) is
satisfied and F' = 0 (where the convention (2.79) were used).

Inserting Eqs.(3.88) and (3.93) into Eq.(3.83) and noting (G.3), we
obtain the energy Noether charge of dS-SR:

A2\ N[t A2 m?2c* R?
Guo=—tas(1% )2 [ - (% )| | (T

i=1
" —R%i' — x%it 4 (x - %)zt — Pt(xt — i)
2(RZ+x2 — 2t2)2 :
Substituting Eq.(3.32) (or (3.32)) into Eq.(3.94), we get the energy of
dS-SR mechanics:

(3.94)

2

Go=FE= e . (3.95)
%2 (x-%)2—x2%2 (x—xt)?
\/1 - 6_2 + 2 R2 + R2
Two remarks are follows:
(i) Introducing a notation as follows
1
I = (3.96)
X2 (x%)?—x7%2 | (x—xt)?
\/ 2 + c2R2 + R2

R
\/(R2 — myaiad)(1+ B 4 ot il — ypipie? 4 TP

which is called dS-SR Lorentz factor, we can shortly re-write Eq.(3.95)
and Eq.(3.32) as

E =mcT, (3.97)

Lags = —mc?(oT) 71, (3.98)
where ¢ has been given in Eq.(3.5). When |R| — oo, we have I' —
v = (1 —%2/c*)~1/2 that is usual Lorentz factor. And then E = mc*T
approaches to £ = mc?y which is the usual energy formula in E-SR,
and Lgs approaches to the usual E-SR’s Lagrange (2.69).

(ii) From the equation of motion % = 0 (i.e., (3.37)), we can easily check
that

E =mc*l =0, (3.99)

which indicates that the energy in dS-SR is conserved.
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(2) Momentum: We let 8 =a" =a? =a® =0, a' =€ in Eq.(3.81). Then

we have
xle
132 1 1
l’/l:Il € <1+ (zRQ) ) , x/2:1,2 <1+%> , x/3:1,3 <1+ %) ,
(3.101)
and
1 - (x1)2 212 213
ngﬁ(xldl»xl)ﬂ 7’1(1+ R2 7772: R27n3: R2
(3.102)
. 1 .
t=1- ﬁ(xl +tit), (3.103)
2xle xle x2e
1 _ .1 2 .2 1
zl I’(]. R2>, ! x(lﬁ)ﬁx,
. . xle x3€ .
i =3 (1 - ﬁ> - ﬁxl, (3.104)
) j:/i
AN
= 7 (3.105)

Next, we verify the Noether theorem condition (3.82). Substituting

Egs.(3.100), (3.101) and (3.105) into Lgg (¢',x',%’)), we get

at . . 1 .
L) (¢, %', %) = Las(t, x, %) (1 + E(301 +ti')e + (’)(62))(3.106)
1

where the Lglas ) superscript (a!) indicates that the variables of ¢/, x’, %’
in the Lagrange arise from a z'-transition in LZG-transformation (3.81)
)

(see Eqgs.(3.100) and (3.101)). And then, from Eqs.(3.106) and (3.103
we have

L) (¢, %, %) 1 = Las(t,x,%) + O(c2). (3.107)

This equation leads to

0 ol .

[— {Lgs> (t’,x’,fc’)t’}] =0, and then: F =0. (3.108)
e=0

Therefore we see also that the Noether theorem condition Eq.(3.82)

is satisfied and F' = 0 in the z'-transition case (the convention (2.79)
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were used). Inserting Egs.(3.102) and (3.108) into Eq.(3.83) and noting
(G.3), we obtain the energy Noether charge of dS-SR:

it o [—alai tat m2c* R?
1= Lgg— — — 3= _
G, dS 13 ;[ 2 IR2:| [( Tos )
y —R2%i" — x%it + (x - x)2t — Pt(at — i't)

2(R? 1 x2 — c22)2
N [<m204R2) (R2lb1 —x23t + (x - x)at — At(at - j:lt))]

LdS 02(R2+X2 702152)2

(3.109)

Substituting Eq.(3.32) (or (3.32)) into Eq.(3.94), we get the momentum
p' of dS-SR mechanics:

.1
mi
Ga=pt= = constant. (3.110)

\/ 1— % 4 oo | (Xt

Similarly, G, = p' =constant to i = 2, 3. Therefore, we have

-1

i mx
T V1= 5 4 ERER | oy
= mi'T. (3.111)
Under %* = 0, we have
pi =0, or p=0. (3.112)

(3) Lorentz boost: Taking 8 = ¢, a’ = a' = a? = a® = 0 in Eq.(3.81),
then we have

1
t':t—%, (mote : y=1/y/1— 2 ~1+O(e?))
_ .3

2t =at —ect, 2'? =22 =23, (3.113)

As always, we firstly check the condition Eq.(3.82) and determine the
function F. From Eq.(3.113) we have

di''/dt &' — ced}
dv'/dt — 1— <@’

AL —
T =

C.Cl

and LY x', %) = Las(t,x, %) (1 et 0(62)) . (3.114)
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Noting ' =1 — %le, we have
-1 -1
Lfig)(t/7xl,)’C')iI:LdS(t7X;X) (1 + %6) (1 _ %6) + 0(62)
= Lds(t,x,).() + 0(62),
0 B N 0
and then [& {L;S) (t',x',x')t’}] = [& {0(62)}:| _ =0. (3.115)

Hence, when F' = 0 (noting the convention (2.79)), the condition of
Eq.(3.82) is satisfied. Next, from the choice of Eq.(3.113), we have

e=0

ot a! p_ Ot 2 3_ 2 3
(=Gc=—"7 M=o =~ w=n=i=i=0
(3.116)
And from Eqs.(3.83) and (3.32), we obtain the boost charge:
_ OLgs(t,x,%x), ; .,
Gpr = K' = —Las€ — Z (' =)+ F
me

- (z —ta'). (3.117)
\/1 X2 + (x-%)2 —x2x%2 + (x— xt)2
02 C2R2
Similarly, one can repeat above calculations for the cases of {6(2) #*
0, M =86 =01 (or {3 #£0, M) = B3 =0}), and obtains the
generic expression for the Lorentz boost Noether charge:

mc

K= — (z' — tih)
R e
= —mel'(2' fta'ci), with i =1, 2, 3. (3.118)
It is easy to check
K'=0, or K=0. (3.119)

Angular momentum: Letting a* = 0, we can see that the LZG- trans-
formation (3.70) becomes

ot — 't = M 2", (3.120)

which is just the usual Lorentz transformation (see: Eq.(2.16)). There-
fore the Lagrangian of Lgs (3.32) is invariant under space rotations.
The Noether charges corresponding to such invariance of Lagrange
L of E-SR (2.69) have been derived in Section 2.6 in detail (see:
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Eqs.(2.96)—(2.104)). Such derivations and discussions are valid for dS-
SR except that L of (2.69) E-SR should be replaced by Lgg of Eq.(3.32).
After such a replacement we obtain the angular momentums of dS-SR
mechanics L? which are the Noether charges arises from the space ro-
tation invariance:

L' =mle ik, with i=1, 2, 3, and €% =+1, (3.121)
where T" has been given in Eq.(3.96). It is also easy to check that

L' =0. (3.122)

Summary: In above we have derived all 10 conserved Noether chargers (or
motion integrals) in the de Sitter invariant special relativistic mechanics.

Here we listed them as follows:

E = mcT,

p' = mli’,
K" = mel(z' — ti') = mel'z’ — tp', (3.123)
L' = —mfeijkxjjck = —eijkxjpk.

Here FE,p,L,K are conserved physical energy, momentum, angular-
momentum and boost charges respectively, and I' is the Lorentz factor
of de Sitter invariant special relativity (see Eq.(3.96)).

3.6 Hamilton and canonical momenta

As an essential advantage in the Lagrangian-Hamiltonian formulation over
others, both canonical momentum 7; conjugate to the Beltrami -coordinate
2 and canonical energy H.r (or Hamilton) conjugate to the Beltrami -
time t for free particles in the inertial reference frame can be determined
rationally by the mechanical principle. In the Section 2.4, the canonical
formulation of E-SR mechanics was described. This Section is devoted to
the description of the canonical formulation of E-SR mechanics.

From Eq.(3.29) (or (3.32)), the canonical momentum and the canonical
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energy (or Hamiltonian) can be derived:

0Lq .
M= = —mo(x)l' B, (3.124)
3
Lo .
Hyg = 88 _diS &' — Lgs = meco(z)I' By, a". (3.125)
by
=1

where T' has been given in Eq.(3.96). Generally, canonical momenta m;
and H.r are not the conserved physical momenta and the energy of the
particle respectively. The conserved physical momentum and the energy
of the particles have been determined in Eqs.(3.111) and (3.97) in the last
Section from the Noether theorem.

When R — oo limit, m; and Hgs go back to the standard E-SR’s

expressions:

mu; mec?

Ti|R—o00 = 72; HdS'R—><>o = 72
1-4 J1-4

(3.126)

where v; = m]-:tj . Furthermore, at the original point of space-time coordi-
nates t = 2° = 0, but R =finite, we have also expressions like Eq.(3.126):

T lt=gi=0 = 7., Hds|t=£i=0 = —. (3.127)

In the Table 3.1, we listed some results of Lagrange formalism both in
the ordinary special relativity E-SR and in the de Sitter invariant special
relativity dS-SR. Comparing the results in dS-SR with those in the well
known E-SR, we learned that as an extension theory, dS-SR can simply be
formulated by a variable alternating in E-SR: 1) n,, = Bu,; 2) v = ol
This is a natural and nice feature for the Lagrangian formulism of dS-SR.
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Table 3.1 Metric, Lagrangian, equation of motions, canonical momenta, and Hamil-
tonian in the special relativity(E-SR), and in the de Sitter special relativity(dS-SR).

The quantities y~1 = /1 + n”z 2 and T \/1 )21;;2*2 + (x;-;t)z (see

Eq.(3.96)).
E-SR dS-SR
space-time metric Nuv B, (), (Eq.(3.6))
Lagrangian L=—mc?y~ 1 Lgg = —mc?o— 111
equation of motion — wi= @!=constant, (or 4 = 0) vi= @!=constant, (or I' = 0)
canonical momenta T = —myn;, Tt m; = —mol' By, z#
Hamiltonian H = meynoyat Hgs = mcol'Boy 2"

Combining Eq.(3.124) with Eq.(3.125), the covariant 4-momentum in
B is:
T = (Mo, ™) = (—%, 7)) = —mol'B,,i" = —chlw%, (3.128)
and the dispersion relation is:
B"m,m, = m*c (3.129)
From this relation, we have

BOO(TF())2 + 2BOZ7T()7TZ' + B”7Ti7rj —m?c? = 0,

and then

1 iy
Hdngcm) 2300 {203017'(1 + C\/4 BOig ) — 4B00(B”7T2-7rj - mQCQ)} 5

(3.130)
where the metric B*” has been given in Eq.(3.7) and hence
A2 i ctat
BOO = O'(ZZ') <1 — ?> s BO = *O’(z)?,
ij i wta
BY =o(x) <n e ) , (3.131)

where o(z) is shown in Eq.(3.5). From Eqs.(3.125) and (3.124), we have

3
dHys(2',m) = (&'dm; + midi’) — dLas(t, 2", 27). (3.132)

i=1
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According to

i ed aLdS > aLdS i 8LdS .q
dLgs(t,z", &) = 5t dt + Z p dx' + E¥S di
1=1

 OLgs > (d (0Las\ ,; OLas .,
==, dt+;(5(aﬂ )d:c + da:)

_ 0OLgs
ot

3
dt+Y " (fida’ + midi) (3.133)
i=1
where the equation of motion (3.30) and 7;’s definition (3.124) have been
used, and substituting Eq.(3.133) into Eq.(3.132) we have:

OLgs
ot

3
dHgs (2", 7, t Z ’dm mid ’) dt. (3.134)

i=1

Therefore we obtain the following canonical equations

it = 8;{“, (3.135)
Uy
i = —%, (3.136)
xl
and
OH, OLg4s

a:S =-— (3.137)

For functions f(m;,2",t) and g(m;, 2°,t), we define the Poisson Bracket

of dg  9f dg

= . 3.138
{f.9}rn = Z (6301 om  Om Ox' ( )

By means of this definition, the canonical equations (3.135) and (3.136)
take the following form:

i' = {a', Has}pB, (3.139)
i = {mi, His} pp. (3.140)

It is easy to prove that:
(2", 7;}pp = 5;7 {229y pp =0, {m,7;j}pp =0. (3.141)

Two remarks are in order:
(i) It is also straightforward to check ' =const. by means of Egs.(3.135)
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and (3.136). From explicit expression of Hyg (3.130) and a straightforward

calculation, we can prove:

0 (OHus\ <~ (O0Hgs 0  OHgs 0\ (0Has)
! 8t< o, >+;< on, 0a1 0w anj> < o, >0'

(3.142)
Then, we conclude that @' =consts., which is the same of (3.37).
(ii) Generally, for a function F' = F(t, 2%, 7;), we have
p_dF _OF 23: OF OHas  OF QHus
T dt ot P ozt Om; om; Oxt
oF
= E+{F;HdS}PB7 (3143)

where Eqgs.(3.135) and (3.136) have been used.

Finally, we present the relations between the canonical energy-
momentums 7, and the conserved energy-momentums p* = {p°, p'}. Com-
bining Eq.(3.97) with Eq.(3.111) gives conserved four-momentum in the de
Sitter special relativity:

Pt = {p°, p'} = mDi, (3.144)
From Eqgs.(3.24) and (3.98), we have:
- da? 1 dat

dt = ol'd d i*'= = — . .14
olds, and & = of ds (3.145)
Noting
i’ =, (3.146)
and substituting Eqs.(3.145) and (3.146) into Eq.(3.144) we have
pomed 1w 3.147
p o ds p Ty, ( : )
where Eq.(3.128) has been used.
Exercise

(1) Problem 1, Derive equation (3.141).
(2) Problem 2, Derive equation (3.143).

(3) Problem 3, Suppose f = f(x,y) where f is a function with two independent vari-
ables z and y. Derive the corresponding function g(u,y) through the Legendre
transformation, whose independent variables are u = df(x,y)/0x and y.
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3.7 Dispersion relation

We derive the dispersion relation? in terms of the Noether charges of dS-SR.

We rewrite angular momentum L° of (3.121) as the following form:

Lk =% LV =mDe” &) ali™ = mD(7 3" — 2Fi7),  (3.148)
where €’ k = (5355” — 67,0 is used. From (3.24) and (3.98), we have:
- da? 1 da
dt = ol'd d z'= = ——. .14
olds, and & = of ds (3.149)
From (3.2), we have
¢ dg¢’ £de
=Rz, and dr’ = R — R>—>. 3.150
& & (£°)? ( )

Substituting Eqs.(3.149) and (3.150) into Eq.(3.148), and noting (£°)% =
R?/o (see Eq.(3.4)), we obtain the L7*-expression in &-coordinates of 5-
dimensional Minkowski spacetime with metric n4p as follows

v R d¢r - dgl agr ,d¢
L = m gy (gﬂ—g ) (51 —¢ E)' (3.151)

Here, the elements of antisymmetric contravariant spatial tensor L7 are of

the spatial components of a following 5 x 5-tensor £48 in 5d Minkowski
spacetime:

B A
AP <§Ad€ —EBdg ) with A, B =0,1,2,3,5. (3.152)

We have shown in (3.148) and (3.151) that L/* = £7* represents the angular
momentum Noether charges corresponding to rotation in the {j, k}-spatial
plane of 5d Minkowski spacetime. We should further reveal the physical
meanings of £%, £% and £%. Let’s determine them by means of the
Noether charges:

(i) £%: From Eq.(3.152), we have

L% =m (5 0 dé’ — ¢ ng) , (3.153)

2Usually, dispersion relation is a term in optics. This term, however, has also been

widely received in SR theory to describe the energy-momentum relation such as E2 —
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From Eq.(3.4),

20 g R?

o_ T .5 i_ L s 5y2 _ 47
§—R€,§—R§7 (E)—J- (3.154)
we obtain
0i z° 5 5.4 §’ aed Z 5 (col’ £0.ded
£ —m{pﬁ ( & Rds)‘§§ (?f +EE)}
- %(55) mel(ti' — z?)
= K, (3.155)

where formula of K* (3.118) is used.
(ii) £5%%: Similarly,

()

B (55) €5xz d§5 €5$i d§5
_m{R R RE}

= Rp’, (3.156)

where p = ml'i® (see: Eq.(3.111)) is used.

(iii) £59: Finally,
LY =m (55 de? 50d§5>

_ 5 2@
= m(e"2 %]
. R% (3.157)

where E = mc?T (see: Eq.(3.97)) is used. Therefore, by using Egs.(3.148),
(3.155), (3.156) and (3.157), we have formula:

2 2
—2—R2£AB£AB 2RQ( 2L% Lo + 2L% Ls; + 2L Lo + LY Lij)
2
= FE? - p?+ — 72 (K* - L?), (3.158)
where ‘CAB = 77A077BD£ ’ Z_] - niknlekl7 {771]} = diag{+a_a_a_}7
{nap} = diag{+,—,—, —, —}, and

LiLij = €7, LFe' L = =26, L, L* = 212,
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On other hand, the Left Hand Side (LHS) of Eq.(3.158) can be straight-
forwardly calculated since {¢} € {Sa} in 5d Minkowski spacetime. From
Eq.(3.1) we have

d
nap&tel = €4¢4 = —R?, and then g“% =0. (3.159)
The LHS of Eq.(3.158) then reads

A
- c? [:ABEAB :7c4m2 <§A££B£) <€Ad§—B§Bd£—A>
s ds

2R? 2R? ds ds

m*ct dgP dép déa .pdn

_ ocAg 08 AB 5. d84 pdEB
2R2{££Ads ds §d5€ ds}
m2ct (ds)?

= —2R?
2R? (2R )(ds)2

=m?2ct, (3.160)

where Eq.(3.159) is used. Substituting Eq.(3.160) into Eq.(3.158), we ob-

tain the dispersion relation of dS-SR for free particles:
2
R?

which is a generalized Einstein’s famous formula of E? — ¢?p? = m?2c?.

E? - ?p? + —(K? - L?) = m?c?, (3.161)

3.8 Minkowski point in Beltrami spacetime

Different from the Minkowski metric 7,,,,, the Beltrami metric By, (z) (3.6)
is spacetime dependent. We may ask a question: is there a spacetime
point (or a region) where the metric equals to 7,,? Namely, can we solve
equation:

Nuv n;th/\nupxp _
o(z) | Rlo(z)2 M
The solution of x* will be called Minkowski point in Beltrami spacetime B.
From Eq.(3.162), when R is finite (i.e., |R| -» 00), such Minkowski point is

just the origin of coordinates:

BW(a:)

(3.162)

at = 0. (3.163)

We shall use constants M* to denote the position of the Minkowski point
and sometimes use notations:

B (z) = BM=9(z) = B, (), (3.164)

pv nv
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for the Beltrami metric with M#* = 0 case. A variable shift of z# —
xt — M* with constants M#" # 0 gives

Bl(tol,)(a:) — Bffy)(m) = B (x — M)

_ Um + 77;0\771/;7(33)\ - M)\)(Ip - Mp)
o(x— M) R20(x — M)? '
(3.165)
where
y B MM v _ MV
oo — M) =1 — D )@ ). (3.166)

R2
Equation (3.165) is the general expression of Beltrami metric with M* = 0,
and once z#* — MH* the BL(LZI\,/I) () will tend to 7,,. Since M*" are all
constants, it is easy to be sure that Bffy) (z) is still the inertial metric and

preserved by de Sitter transformations like B, (z).
Two remarks are as follows:

(1) The various aspects of predictions of the E-SR to the experiments at
the Earth laboratories have been well verified with high accuracy [Zhang
(1997)]. Since the basic metric of E-SR is 1), this fact indicates that the
metric of the spacetime around the region of the Earth must be very close

to Lorentz metric 7),,,,. Namely the Earth nears the Minkowski point in B:
|a# — M*| << |R|, (3.167)

where x# and M*" are the coordinates of the Earth and the Minkowski
position in B respectively. As long as |R| is cosmologically large enough,
it is fully passible to avoid violating any experiments verified usual special

relativity within the error bands reported in literatures (e.g., in [Zhang
(1997))).

(2) ¢ = 299 792 458 m s~ ! is a universal parameter in the relativity theories,
which can be used to convert the time dimensionality to the space’s. Thus
the universality of ¢ makes one dimension time plus three dimension space
to form a physical 4-dimensional spacetime. But the photon velocity cpnoton
is not always equal to ¢ in the de Sitter invariant special relativity. To see
this point, let’s consider the photon velocity at original point of B with
M = {M° # 0, M* = 0}. Suppose our Earth laboratory locates about
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the origin of the B-universe where a* ~ 0. According to Eq.(3.123), the
Noether charges for the mechanics generated from Bff,\,/l) (x) are:
E =mcT,
pt = mI'i’,
K'=mel(z' — (t — M°/c)i') = meTa® — (ct — M°)p®,  (3.168)
L' = —mfeijkxjjck = —eijkxjpk.
As usual, the photon is treated as a massless particle. So the photon velocity
that we want to calculate is:
, ?p
Cphoton = x'{m:O,zM:O} = f ) (3169)
{m=0,zr=0}
where x = |x|, p = |p |- Substituting Eq.(3.157) into Eq.(3.169) gives

Cphoton = L (3170)
2 _ L (g2 _ 12
\/p R2( ) {m=0,z#+=0}
From Eq.(3.168) we have
L ri=0 — O7 and K'{t:O, zi=0} = Mop.
Therefore we obtain:
c
Cphoton = W 7£ C. (3171)

R2

This is an equation beyond the usual special relativity. Only when |R| — oo
or M? = 0, the usual special relativistic identity Cphoton, = ¢ can hold. For
SO(4,1) de Sitter invariant special relativity, R? > 0, and hence cppoton > c.
For example, suppose R ~ 10*Gly, M° ~ 13.7Gly (i.e., the so-called “age”
of the Universe), then cynoton — ¢ =~ 9.4 x 10~ "c. Maybe, the OPERA-type
experiments® could verify such sort of results which relate to the principles
of special relativity [Yan, Xiao, Huang, Hu (2012)] [Hu, Li, Yan (2012)].

3 T. Adam, et al., “Measurement of the neutrino velocity with OPERA detector in the
CNGS beam”, arXev:1109.4897 [hep-ex], arXiv:1212.1276 [hep-ex].



Chapter 4

De Sitter Invariant General Relativity

In the previous two chapters, we elaborated systematically the formulations
of Einstein’s Special Relativity (E-SR) and de Sitter invariant Special Rela-
tivity (dS-SR). Several points were addressed: (i) Parallel to the well-known
E-SR, the dS-SR is also self-consistent. When the universal parameter R of
dS-SR tends to infinity, this relativity goes back to the Einstein’s; (ii) The
basic spacetime metric of E-SR is Minkowski metric 7, , and the basic met-
ric of dS-SR is Beltrami metric B, (z); (iii) The spacetime transformation
preserving Minkowski metric in E-SR is the inhomogeneous Lorentz trans-
formation (or Poincaré transformation), and the transformation preserving
the Beltrami metric in de Sitter special relativity is Lu-Zou-Guo (LZG)
transformation; (iv) The spacetime symmetry for E-SR is I.50(3, 1)-group,
and that for the de Sitter invariant special relativity is de Sitter group
S0O(4,1) (or SO(3,2)); (v) According to the gauge principle, the ordinary
general relativity (or Einstein’s general relativity) can be constructed by
means of localizing the spacetime symmetry group I50(3,1) of the E-SR.
This mechanism provides a bridge connecting the general relativity with
the special relativity. It must work also for the de Sitter invariant spe-
cial relativity which has been described in detail in the previous chapter.
Now we are ready to employ this mechanism to construct a general relativ-
ity. Namely we will achieve the de Sitter invariant general relativity from

localizing the de Sitter invariant special relativity in this chapter.

73
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4.1 Localization of Lu-Zou-Guo transformation and action

of de Sitter invariant General Relativity

The basic spacetime metric of the de Sitter invariant special relativity is
the Beltrami metric (3.6) and the Lu-Zou-Guo (LZG) transformation (3.70)
preserves Beltrami metric. The transformations are the elements of de Sit-
ter group: i.e., {LZG-trans.} € {SO(4,1)}. There are 10 parameters in
LZG-transformation: spacetime translation parameters a*, space rotation’s
o' (Euler angles) and Lorentz boost’s 3¢, all of which are spacetime inde-
pendent constants. Hence the corresponding SO(4,1) represents a global
symmetry. Localizing Lu-Zou-Guo transformations is equivalent to localiz-
ing SO(4,1). We showed the localization of ISO(3, 1) In Section 2.8. Based
on the same procedures, the global symmetry SO(4, 1) will be localized via
following substitutions

a" — at(z), B — Bi(z), o' — o'(x) (4.1)
where a(x), 8*(z), a’(x) are arbitrary functions of variable z. Under (4.1),
the global transformation (3.70) becomes

ot — ™ = f(x), (4.2)

where f#(z) are four arbitrary functions of x. Hence, Eq.(4.2) represents
a general spacetime coordinates transformation, or curvilinear coordinates
transformation. Assuming the spacetime is torsion-free just like Einstein
did in ordinary general relativity, the affine connection here is also Christof-
fel symbol: T}, =T’} ,, which has been shown in Eq.(2.181).

Now let us determine the action of gravity fields S¢ = [ d*z\/—g G(x)
in empty spacetime, where G(x) is a scalar. To determine G(z) we should
also consider the fact that the equation of the gravitational field must con-
tain derivatives of the “potentials” (i.e., g, (z)) no higher than the second
order (just as is the case for the electromagnetic field). From the Rie-
mann geometry, it is found that only R and trivial constant A = constant
satisfies all requirements. Therefore, G(z) = a(R — 2A) where a is
also a constant. In Gaussian system of units, a = —c3/(167G) where
G =6.67 x 107 8cm? - gm~! - sec™? is the universal gravitational constant.
Thus we obtain the action of gauge gravity in empty spacetime:

3

So=—T5-a /d4:c\/—_g(72 —2A). (4.3)
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From 6S¢ = 0, we obtain (see Egs.(2.194)—(2.206))

1
R;U/ - §gu1/R + Ag;w =0. (44)

The de Sitter invariant special relativity tells us that to empty spacetime
the metric must be Beltrami metric (3.6). Namely, one solution of Eq.(4.4)
is required to be g,, = B,,. Then the value of constant A is determined
to be

A= e (4.5)
and Eq.(4.4) becomes
1 3
R;w - §guuR + ﬁguv =0, (4'6)
3
or Ry, = ﬁg"”' (4.7)

This is the basic equation of the de Sitter invariant general relativity in
empty spacetime, which is different from the usual general relativity’s (see
Eqs.(2.2) and (2.209)).

Denoting the matter action in gravity fields by:

Sv = /d4$\/ _gﬁmatter(guw(bmatte'r'(m))a

one has the total action:

Stot = Sa + Sv = Sclg] + Smlyg, @] (4.8)

where S.[-] denotes a functional. Similar to the discussions in Section 2.9,

from the principle of least action
dStot = 0(Sc + Sumr) =0, (4.9)
and the definition of energy-momentum tensor of matter fields (see
Eq.(2.203)):
—2c 6
Ty =——-Su
=g agr

we obtain the gravitational field equation of de Sitter invariant general

9. ¢, (4.10)

relativity:

8rG

1
R'U‘y — igm,R + AgW = 70—4T'LW7 (411)

where A = 3/R?. Tt is easy to see that when A — 0 (or |R| — co) the de
Sitter general relativity goes back to the Einstein’s general relativity.
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4.2 Static spherically symmetric solution in empty spacetime

In this section, we seek the metric tensor field representing the static spher-
ically symmetric gravitational field in empty spacetime surrounding some
massive spherical object like the sun by means of solving Eq.(4.7) in the
de Sitter invariant general relativity. The guiding assumptions are: (a) the
metric is static, (b) the metric is spherically symmetric, (c¢) the spacetime
is empty, (d) the dynamics guiding the gravitational fields is the de Sitter
invariant general relativity. Taking spherical coordinates {2, x1, 22 23} =
{ct,r,0,¢} (with 2! = rsinfcos ¢, v2 = rsinfsin¢, 2> = r cosf), then we
can set

ds? = e’ 2dt? — et dr? — r2d9% — r? sin® 0dg?, (4.12)
where v = v(r), pu = p(r) are the unknown functions of r, which are
expected to be determined by Eq.(4.7). From Eq.(4.12) the non-zero metric

elements are:

goo = €”,

g = —e’,

gog = —12, (4.13)
g3 = —r?sin? 0,

and all off-diagonal elements of g, vanish. From the definition of (2.156),

the non-zero elements of g"” are:

gOO _ e—l/7
gll = _e_H,
22 1
g=° = 3 (4.14)
1
33 _
g r2sin?60’

and all off-diagonal elements of the g"” are also equal to zero. From
Eq.(2.181), the non-zero components of the corresponding Christoffel sym-

bols are:

0
I‘l10

1 1
SV F%l = 5/—1’/7 I—%O = 5611*#”/7

1
Iy = —ret, T3 =—re *sin®0, Tj,= o (4.15)

) . 1 - cosf
2, = —sinfcosf, TS, =— T5,=—"r
T sin 6
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where p/ = dp/dr, and v/ = dv/dr. Substituting all of Christoffel symbols
of Eq.(4.15) into Eq.(2.189), we get all non-zero components of the Ricci

tensor:

A L A )
Ru=—4-"—"—7W-v) (4.16)

RQQ = H {1 — et — g(/ll - Vl)} )
R33 = *RQQ Sin2 0.
Substituting Eqs.(4.12) and (4.16) into the gravitational field equation in

empty spacetime (4.7), i.e., R, = %g,“,, we have

v Y 3,
DI i ey L (417)
4 Nl v , , 3 p
A O A 4.1
5+t =) =gl (4.18)
r 3
—1+e'+ 5(u’ —V) = ﬁr%“. (4.19)

Only two of these equations are independent among these three equations
since the Riemannian curvature must satisfy the Bianchi identity (2.186).
It is easy to solve these equations. From Eq.(4.17) plus Eq.(4.18), we

have
W+ =0, (4.20)
and then
p+v=2»X  X\=constant. (4.21)

Inserting Eq.(4.20) into Eq.(4.19) and eliminating v/, we have

3
L—rp —e(1— —=1r?) =0,

R2
and then
3
(re ") =1— ﬁr? (4.22)
The solution of Eq.(4.22) is:
1 2k -
e " =1-—r>—-"=  k=constant. (4.23)

R? r
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Combining Egs.(4.21) and (4.23), we get:
1 2k
eV =erH = (1 - ?7‘2 - 7) . (4.24)
From Eq.(4.13) and setting constant A = 0, we finally obtain

goo=¢€"=1—— — —7r*, (4.25)

. —1
2k 1
g1 =—et'' = <1 i ?7“2) . (4.26)

In order to determine the constant &, we discuss the limit of |R| — 0. In
the last section, we showed that under that limit the de Sitter invariant
general relativity goes back to the ordinary Einstein’s general relativity.
Therefore, the static spherically symmetric solution in empty spacetime
discussed in this section must go back to the Schwarzschild metric under

the limit. Namely we have

2k 2GM
9ool|R| o0 = 1 — e goo(Schwarz) =1 — 2, (4.27)
and hence
- GM
k= = (4.28)

The final result is:
2GM 72 2GM 2\,
2_ 2 1,2 220702 | w2 2
ds —G—W—E)C dt —G—W—E)dr - T (d@ +s1n 9d¢ ),
(4.29)

where G = 6.67 x 1078cm? - gm~! - sec™? is the universal gravitational
constant, and M is “solar mass”.

This solution was firstly obtained by Kottler, Weyl and Trefftz during
1918-1922 [Kottler (1918)] [Weyl (1919)] [Trefftz (1922)]. We call it KWT

solution below. According to Eq.(4.29) the metric matrix can be written

as follows:
,’,2
R N T
M 0 o 20; 7%< 0 0
gfw ok )= = R’ , (4.30)
0 0 —r%( 0
0 0 0 —rZsin?fx

where subscript K means KWT solution.
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4.3 Beltrami—de Sitter—Schwarzschild Solution

When |R| — oo, the KWT metric (4.29) tends to the well-known

Schwarzschild metric ¢ gffl\,/[) (z) of Einstein’s general relativity:

ds® = ‘Sgﬁ/[) (z)dx"dx”

2GM 2GM
:(1 - (i ) chtQ—( ¢ ) dr*—r?(d6? + sin® 0dp*)(4.31)
cAr cAr

where the left superscript S of gffl\,/l)(x) indicates that metric is the usual

Schwarzschild metric, and M is the “solar” mass serving as source of grav-
ity. It is easy to see that when M — 0 (i.e., gravity disappears) we have

ds® = ° (M)( Ydxtda”
— ds3n =% (O)( Ydxt dx”
= Adt* — dr® — r*(df? + sin® 0d¢?)
= nudetde”. (4.32)
Therefore, the Schwarzschild metric ‘Sg;(fl\,/l)(x) of Einstein’s general relativ-

ity can be thought as a solution of following equations:

Ry () = 0, (4.33)

As is well known and addressed in above that 7,,,, the metric of Minkowski
spacetime, is inertial metric. It is easy to check this point by means of
Landau-Lifshitz action for free particle [Landau, Lifshitz (1987)]:

2
A= fmc/ds = fmc/ VNwdzrdr? = —mc? /dt\/ 1- )0{—2 =: /dtL()'{)

Then, from 6 A = 0, we have

dOLE)  OLE)
dt 9%  0x

Equation (4.35) means x = constant, i.e., the inertial motion law holds in

=0,= ¥x=0. (4.35)

Minkowski spacetime with metric 7, for free particle. Therefore we call
N inertial metric (see the footnote in Section 3.4 for the definition of this
phrase).
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Let’s come back to the de Sitter invariant general relativity and pursue
an answer to the question whether when gravity vanishes the KW'T metric
goes to a inertial metric or not. From Eq.(4.30) and setting M = 0, we

have
1-Z 00 0
. 0o ——L o0 0
9\ (k)= - . (4.36)
0 0 —r 0
0 0 0 —rZ sin® 0

In the Cartesian space coordinates x% (with x} = rg cos ¢ sinfg, z% =
. . . 0
Ti Sindg sinfy, r3 = 7K cosff), the matrix form of gfw)(:cK) can be

written as component’s form:

ds® = gfLOV) (xx )dah, dx’

o) o
= (1 + UTIEK> dt3 + nijdated)

R2 nwl’ll(l’j[( ,
where n,; = diag{—1,—1,—1}. Comparing Eq.(4.37) with Eqgs.(2.2) and
(3.6), we find:

9 () # v, and g (2x) # B (k). (4.38)

This fact indicates that ggf,) (xxk) is generally not a inertial metric. To be

N |
+ (1_’_771]1'11(1'%() 1 nlknmnleI%d_x];(dx?( (437)

more concrete, let’s see the motion of free particle in KWT-spacetime with
ng) (rk). The Landau-Lifshitz Lagrangian Ly (2%, 4% ) for a free particle

in that spacetime is

o ds VI e day
Ly (2%, d%) = fmoca = —mypc T
2 : 2 2
X% 1 (XK - XK) b's
=— -= - -1 - —, (4.39
mopc < R2> l B ’I‘%_QI?( ‘| CQX%( 02 ) ( )

where xj = zki+ 2%j + 2%k and xx = dxg /dtx = iti+ ¥%j + ik
From 65 = —mgc § [ ds =6 [ dtx L(z%, 3% ) = 0, we have
8LK(x§(,5c§() - d é)LK(a:ﬁK,j:}()

s - _ 4.40
Ozt dtx Oy (4.40)
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Substituting Eq.(8.105) into Eq.(8.106), we can easily obtain the equation
of motion f(&%,i%, z%) = 0. For our purpose, an explicit consideration
of one-dimensional motion of the particle is enough. Namely, setting 2% =
z3. = 0 and ignoring the motion of j, k directions, the equation of motion

[, %, x%) = 0 becomes:

1 142 21 \2
21 Y[ 2 (TF) 3(dx)

This equation explicitly indicates that there exist inertial forces in de Sit-
ter spacetime with metric g,(:,),), which makes the particle’s acceleration in
direction i to be non-zero, i.e., @k # 0. Consequently, we conclude that the
empty de Sitter spacetime metric g,(:,),) (2 ) is not a inertial metric. This fact
indicates that the KW'T metric does not possesses an essential property of
the Schwarzschild solution in Einstein’s general relativity, which is when
gravity approaches to zero that solution tends to Minkowski metric that
is inertial metric. It is interesting, therefore, to find the Schwarzschild-like
metric of the de Sitter invariant general relativity. The criterion for it is
that when gravity disappears the metric of empty spacetime is required
to be inertial metric of de Sitter invariant general relativity. Namely, we

should solve the equation as follows

3
R, (z) = g %gffy) (x), (4.42)
2o @) = Bu(@). (4.43)

Here, we use gffy) (z) to denote new metric in de Sitter invariant general

relativity with non-zero “solar mass” M, which is called Beltrami-de

Sitter—Schwarzschild metric hereafter, or Beltrami-dSS metric in short.
The equation of (4.43) means that ® gffy) () must satisfy the requirement
that the empty spacetime metric (i.e., the metric ® g,(PV) (x)) is inertial. This
condition ensures ® gffy) (x) to be desired new Schwarzschild-like metric in
de Sitter invariant general relativity.

Since all of g,(fy)(x;(), g,(f)y)(x;() and %g,(ﬁ,) (x) = B, (x) have already
been known, the reference system transformation 7" between spacetimes
{zh:} = {ctk, r, Ok, ¢x} and {z"} = {ct, r, 0, ¢} can be derived from

the tensor-transformation properties of g,t?, (k) and B, (x) (see (4.48)

below). Then the desired result of ® gffy) () will be determined by means
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of BgM) = T"¢g(M)T We sketch the logic in following diagram (4.44).

M (4.36) 0
gfw )(JCK) oo gz(w)(ﬂfK)
—0

Tl(4.66) Tl(4.48) (4.44)

M (4.43)
By (2) b Bu(®).

Now let us derive the reference system transformation 7" between space-
times {a%} and {2z*}. In spherical coordinates, and from Eqs.(4.36) and

(3.6) we have

1-% 0 0 0
R2
o 0 ——% 0 0
9w (TK) = 1-3% : (4.45)
0 0 —r% 0
0 0 0 —rZsin?fk
2, .2 -
B g 0 o
_ 7‘2ct2 o 2;(;22152 0 0
_ R R
Bul)= | RS L ww)
0 0 0 — r? S(i;l2 [2
where 0 = %, and the following spherical coordinates expression
of Beltrami metric has been used:
dste1= By (x)dz"dz”
2 2 2 2 2 2 242
__RYR +7) Cai - 2rR*ct cdtdr — R*(R* — ¢*t%) dr?
(RQ + 7"2 _ 02t2)2 (R2 + 7"2 _ C2t2)2 (RQ + 7"2 _ C2t2)2
fﬂ(d# + sin® 0dg?) (4.47)
R2 T 7"2 — CQtQ sin . .

where subindex Bel means Beltrami. Under reference system transforma-
tion between {z\;} and {z#} the transformation from g((xoﬁ)(:cK) to By (x)
reads

o 2.8
(0) Oz 07 (0)
gaﬁ (.T/'K) — Blt’/(m) - azu axu gaﬁ

which can be rewritten in matrix form,

B=T¢"T, (4.49)

(rk), (4.48)

8
where matrices B = {B,,(z)}, ¢ = {gg)ﬂ)(xK)}, T= {?fT’V‘}, and T is
the transpose of the matrix 7.
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To simplify the problem, we assume T has the form of
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(4.50)

(4.51)

(4.52)

(4.53)
(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

otx Ot
(f—f 6aff 0 0
| G 0
0 0 2 o
0 0 o0 %=«
Then from Eq.(4.49) we have
r2otye (G2 R4
(1 - R_Azf)(a_f) - 157‘% = R2072
(1-— i)at_KatK _EK 625 _ _ _ret
RZ) ot or i R2o72
R
(1— i)(at;{y (555)? _ R
rZ/)\"or 2 R?o?
R2 2
P =T (=
o1 _ r2%sin?0 dpr\2 _  r’sin’0
72 sin® O ( (f) =r=s = (fé{) = S enTon
We assume 85—;( =0 to solve 85?, %tK and 8”( . Let
P S Lt B S 3
R252 R?%02 R2g52 R?
the first three equations of (4.51) can be reduced to
ot F ’
87‘}( 87‘}(
_ 0ot or __ C
F Y
B (65;( )2 _3
I .
The solution is
OrK 5 1 c*t? r2
TEKy2 _ _BF= 1-2 _ Ik
( or ) o2 < R? R )’
2
org B —-CF _ret
ot  /—BF R203/2
(8tK)2 _A4_ o -
From (4.56) (note 1 — C;—t; =0 — %), and r
/\2 TQ
(Vork)* = (1

(4.59)
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we get a special solution of the coordinate transformation between non-
inertial and inertial systems

r
= —. 4.60
TK \/E ( )
From Eq.(4.58),
ot 1 1
5 = 22 (form?)  1- €2’ (461)
(1—532)(0—T> TR
Finally, we get a coordinate transformation to inertial spacetime frame
P S— (4.62)
/1 J’» 7'2—C2t2
R2
dt R ct
tk = | ——= = = arctan —, 4.63
K /1_6222 _ arctan — (4.63)
O =0, (4.64)
OKx = ¢. (4.65)

It’s consistent with [Lu, Zou and Guo (1974)].

Beltrami-de Sitter—Schwarzschild metric: [Sun, Yan, Deng, Huang, Hu
(2013)]

Under the transformation T' of Eqs.(4.62)—(4.65), the KWT metric
(4.30) transforms to Beltrami—dSS metric:

ox% 02" M
(axc) = Pl (0) = 52T g (@), (4.66)

Substituting Eqs.(4.62)—(4.65) into Eq.(4.66), we finally obtain the desired
Beltrami-dSS metric as follows

ds* = %gffy) (x)dxtdx”

gihh

1 _ ’I“2 _ QGM\/E T2C2t2
_ R20 T RA C2dt2
B TS S (e v
R2 R20 T g

rct (1 _ C2t2)
R? R?

_2(1_£_M)03

cdtdr

R2%20 r

2
2,2
(1-5)
B (1 2 2GM\/E> 3

~ R%2o T

2
dr? — - (d0? + sin? 0dg?).  (4.67)
ag
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This is a new metric of de Sitter invariant general relativity, and serves as
main result of this section. It is straightforward to check that it satisfies
the Einstein field equation of de Sitter invariant general relativity in empty
spacetime, (4.42). It is also easy to see that when R — oo, %g,(f,,w) (x)
of (4.67) coincides with Schwarzschild metric of (2.2); when M — 0, it
coincides with Beltrami metric of (G.1); and when R — oo and M — 0, it
goes back to Minkowski metric of (2.2).



Chapter 5

Dynamics of Expansion of the
Universe in General Relativity

In this chapter, we adopt the unit with ¢ =1 for convenience.

Just as other branches of physics, modern cosmology is based on reli-
able observational facts and theoretical analysis. On the other hand, some
fundamental quantities such distance in cosmology are not directly measur-
able since one can look at distant objects but cannot touch them. Yet, most
quantities in other branches of physics can be directly or indirectly measur-
able in laboratories. As always in physics, cosmology also starts from some
basic assumptions. As a first step, we have the following assumptions.
Cosmological Principle:

(1) Isotropy: The visible universe seems the same in all directions around us,
at least if we look out to distances larger than about 300 million light years.
The Isotropy is much more precise in the cosmic microwave background,
which has been traveling to us for about 14 billion years, supporting the
conclusion that the universe at sufficiently large distances is nearly the same
in all directions. Namely, the universe should appear isotropic to observers
throughout the universe.

(2) Homogeneity: “There is no place which is the center of the Universe”.
This is actually a natural extension of Copernicus principle on planet’s or-
bits in the solar system. In cosmology, one can rightly claim that the space
of the Universe is homogenous.

Obviously, both Isotropy and Homogeneity make statistical sense in cos-
mology since we on earth see only one sun and one moon in a particular
direction at a time during the day. The stress energy tensor 7}, that ap-

pear on the right hand side of Einstein equation makes sense statistically.

87
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That is, it should be understood as T,“, where T,“, means taking cosmo-
logical average of T),,,. (In contrast, the so-called dark energy , which is
represented by cosmological constant A, is a de facto homogeneious distri-
bution. It applies to any region at any length scale). Roughly, Homogene-
ity is valid at the length scale of about 10 Mpc (1Mpc = 3.3 x 106 light
years)[Peebles: RevModPhys|. So cosmology does not apply to small (even
if very large compared with daily life length scale) areas in the universe.
The conventional cosmological metrics such as R-W metric does not apply
to the detailed structure of any small area of the universe, just like ther-
modynamics does not apply to a few molecules (there are no concepts like
pressure for a few molecules). Therefore in principle, local physics such
the energy spectrum of any atom at any specific location in the universe
should depend on the local spacetime structure instead of the cosmological
spacetime .

It should be emphasized that the two assumptions cannot be true to all
observers. They can be reasonably valid only to a special class of observers
since observational results depend on the motion state of the observer, as
has been told in physics and our daily life.

5.1 Robertson—Walker metric

Accepting the two assumptions above, differential geometry then tells us
that the universe is a 4-dimensional spacetime with a 3-dimensional maxi-
mally symmetric space, which has N(N + 1)/2 Killing vectors, here N = 3.
We adopt the standard approach to construction of this spacetime. [Wein-
berg:G & C] (In this chapter, we adopt the unit with ¢ = 1 for convenience.)
Hypersphere:

Maximally symmetric spaces can be obtained by any construction due the
uniqueness. The simplest way is to consider a hypersphere embedded in a
larger space. Let’s consider the 4-dimensional Euclidean space

do® = (dy)? + 6;;dx'da?, (5.1)
in which a 3-dimensional hypersphere is embed:

1
y 4 datal = &, (5.2)
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After differentiating both Left Hand Side (LHS) and RHS of Eq.(5.2), we
have
75ijl‘idl‘j

dy = 5.3
; (5.3)
Hence
Sijrtda?)? K (6;xdad)?
ay)? — i = 5.4
( y) % — 5ij$ZIJ 1— K(Sijac’xi ’ ( )
Therefore the line element squared on the hypersphere is
K(8;j2'dx7)? o
2 — ] . 7 7
do 1— Kéyxial oy ddr
_ +12(d6? + sin® 0dp?) (5.5)
1— Kr? ’ '
where 2! = rsinfcos ¢, z2 = rsinfsing, =3 = rcosf and r2 = fmj:ci:cj

have been used. Equation (5.5) is the expression of line element of 3-
dimensional hypersphere in sphere coordinates frame. When K > 0, it is
an ordinary hypersphere; when K = 0, it’s a flat plane; and when K < 0,
it’s a 3-dimensional pseudo hypersphere.

Robertson—Walker metric:

The general form of 4-dimensional metric is:
ds® = goo(dt)? + 2g0;(t, z)dtdz" + g (t,z)dr'dz’. (5.6)

According to the Cosmological Principle, the evolution of the universe must
be homogenous. Namely the picture of evolution should be same every-
where in the universe. Therefore, an uniform “world time” t must exist,
which characters the evolution itself. Thus, letting ¢ to be the proper time
of co-moving clock located the galaxies, we have

goo =1, goi=0. (5.7)

Furthermore, the Cosmological Principle also requires that the curvature
of 3-dimensional space K has to be the same everywhere in the universe
though it could be time-dependent. Therefore, the general form of 4-
dimensional metric of the universe is as follows

dr?
1—Kr?

where a(t) is scale (or expansion) factor, which is independent of the choice

ds* = dt* — a(t)? + r2(d6* + sin® 0dp?) | , (5.8)

of galaxies. Metric of (5.8) is called Robertson-Walker metric, or Ricci
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Friedmann—Robertson—Walker metric. Since the space coordinates adopted
here are of co-moving coordinates, for convenience of discussions, we can
always adjust r to make K > 0 becoming K = +1, and K < 0 becoming
K = —1. As mentioned previously, the universe is isotropic and homoge-
neous only to a special class of observers. This class of observers are related
by the transformations [Weinberg: G & C] which leave the Robertson—
Walker metric invariant.

Red-shift in cosmology:

Suppose a galaxy emitted a light signal at time t., and it was received
by an observer on the Earth at t;. Later, the galaxy emitted another
signal at t. + At., and was received by the observer at later time ty + Atg.
We are interested in the relationship between At. and Atg. Without loss
of generality, suppose the light propagates along radial direction, and the
Earth location is # = 0 and the galaxy is at r = r.. From Eq.(5.8), the
light equation ds = 0 reads

To the first light signal, we have

fo dt ° 4q
/ A / S (5.10)
te a’(t) re V 1— Kr?
Similarly, to the second signal, the corresponding equation is
to+Ato 0
/ o / L7 (5.11)
tetat, alt) re V1 —Kr?

and hence

to+Ato gy ot
/ — = / —_ (5.12)
tet+Ate a(t) ¢ a(t)

Noting the LHS of Eq.(5.11) is
to+Atg dt te to to+Atg dt
([ L) %
/te+Ate a(t) /156+Ate te to a(t)

Eq.(5.11) becomes
te dt /t0+Ato dt
— —_=. (5.13)
/156+Ate a(t) to a(t)
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When Aty and At, are very small, Eq.(5.13) indicates that:

Aty _ Ale (5.14)
a(to)  afte)
The At. and Aty in above can be thought as the period of emitted light
T = 1/v. and the period of received light 79 = 1/v respectively. Then
from Eq.(5.14) we have
Ve )\0 ) a(to)

== = = 1
o e Te alte)’ (5.15)

where v = 1/7 is the frequency, and A = ¢7 is the wave length of the light.
This relation can also be obtained via the general discussion on observables

in curved spacetime [Feng]. The definition of frequency-shift z is as follows

)\0 — )\e - a(to)

e Ve i 1. (5.16)
Or
)\0 o a(to)
ST (5.17)

That is, the wave length increases in tandem with the increase of the scale
factor of the universe. To the expansionary universe, the present scale
factor a(to) = ag is always larger than the past scale factor a(t.) = a(t),
then
_all) _q_ a0 o (5.18)
a(te) a(t)

To this case, z is called red-shift in in cosmology. Equation (5.18) can also

be rewritten in

a(t) = . (5.19)

5.2 Friedmann equation

In the last section, we discussed the general kinematics of cosmology. The
results do not depend on assumptions about the dynamics of the cosmolog-
ical expansion. To go further we now need to apply the gravitational field
equations of Einstein in de Sitter general relativity, with various tentative
assumptions about the cosmic energy density and pressure. The aim of this
section is to determine the scale factor in the Robertson—Walker metric.



92 De Sitter Invariant Special Relativity

Stress tensor of perfect fluid of the universe:

General relativity is a satisfactory theory of gravitation, correctly predicting
the motions of particles and photons in curved spacetime. But in order to
apply it to the universe, we must make some simplifying assumptions. We
shall grossly idealize the universe, and model it by a simple macroscopic
fluid, devoid of shear-viscous, bulk-viscous, and heat-conductive properties.
Its stress tensor (or energy-momentum tensor) 7),, is then that of a perfect
fluid, so

T;UJ = (P +p)uuu1/ — P9uv, (520)

where p is its proper density, p is its pressure, u, is the covariant world ve-
locity of the fluid particles (stars etc.), i.e., u, = g u” and v” = {1,0,0,0}.
Substituting Eq.(5.8) into Eq.(5.20), we have
Too = p; (5.21)
pa’
Tk

Friedmann equation:

AT Ty = pa’r?, Tss = pa’r? sin? 6. (5.22)

We firstly consider A = 0 case, and re-write the Einstein equation (4.11) as
follows

1
Ry = —81G (T;w — §Tg,“,) , (5.23)

where T' = T", = c2(p — 3p). If we label our coordinates according to

0

ct =2 r=2a', =22 ¢=a> then the nonzero connection coefficients

arisen from Robertson—Walker metric (5.8) are
Y% =aa/(1 — Kr?), T, =aar?, TY; = aar?sin®6,
T4 =afa, T1; =Kr/(1—Kr?), T3 =—r(1-Kr?),
Il = —r(1— Kr?)sin? 6, (5.24)
I3, =aja, I'iy=1/r, T3 = —sinfcosd,
Iy =a/a, If3=1/r, I35 =cotd
Feeding the connections into

Ry =19, —T9,  +T0 19 —T" I

po,v nv,o po - pv puv- po



Dynamics of Expansion of the Universe in General Relativity 93

(Ricci tensor R, has been defined in Eq.(2.189)) gives

Roo = 3d/a
R = —(ad + 24* + 2K) /(1 — Kr?)
Roo = —r*(ad + 24° + 2K) (5.25)

R3z = —r2sin’ O(ai + 2a° + 2K)
Ruw =0, for p#v.

(Note, like common conventions, notation @ means %, simple notation

means derivative and “; ” represents covariant derivative, etc.) Extracting

2

guv from the line element (5.8), and using Eq.(5.20), we see that

1 1
Too — =Tgoo = ~
00 = 57900 = 35 (p+ 3p)
1 1
T = 5Tgn = 5(/7 —p)a®/(1 - Kr?)
Ty — 17 1( )ar?
- = =—(p—p)a°r
275 922 B p—Dp
1 1 .
T35 — §Tg33 = §(p - p)a27"2 sin® 6
1
T — §Tgm, =0, for p#uwv.
So the field equations in the form Eq.(5.23) yield just two equations
a 4G
- = —— 3 5.26
- 5 (P +3p), (5.26)
ai + 26 + 2K = 47G(p — p)a’. (5.27)

The fact that the three (nontrivial) spatial equations are equivalent is es-
sentially due to the Homogeneity and Isotropy of the Robertson—Walker
metric.

Eliminating & from Eqs.(5.26) and (5.27) gives

8rG
% = TeraQ - K. (5.28)
We shall refer to this equation as Friedmann equation which does not de-
pend on p. It is completely cancelled out of this equation.

Furthermore, from Einstein equation (4.11), we have

GM + Ag" = —8xGTH, (5.29)
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where GH = RM — %g’“’R is the Einstein tensor. Since GM”, = 0 and
g, =0, Eq.(5.29) means
T  =0. (5.30)
Equation (5.20) can be re-written in
™ = (p+ p)ulu” — pg"”. (5.31)
Thus Eq.(5.30) indicates

(put),pu” + puu”, , + put, u” + putu,, +p utu” —pg"" = 0.

(5.32)
Since u”u, = 1, and the differentiation gives
u” uy +uVuy,, =0, (5.33)
which implies that u”,,u, = 0. So contracting Eq.(5.32) with u,
(put), + put,, = 0. (5.34)
Equation (5.32) therefore simplifies to
(p + p)u’u = (9" — w'u")p, . (5.35)
The continuity equation (5.34) may be written as
puut + (p +p)(u“’“ + Fﬁﬂu”) =0, (5.36)
and with u* = ¢ this reduces to
p+ (p+p)%a =0, (5.37)

which does contain the pressure. As for Eq.(5.35), both sides turn out to
be identically zero, and it is automatically satisfied. This means that the
fluid particle (galaxies) follow geodesics, which is as expected since with p
a function of ¢ alone, there is no pressure gradient (i.e., no 3-gradient Vp)
to push them off geodesics.

System (5.26) and (5.27) is equivalent to system (5.28) and (5.37) since
we can take derivative of (5.28) and obtain (5.26) by using (5.37). We shall
make use of Eqgs.(5.34) and (5.37) in the next sections where we discuss the
models of the universe.
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FEzxercise

(1) Problem 1, The Robertson-Walker metric with K = 0 is: ds? = gu,daztdz? =
dt? — a(t)? [dr? 4+ r?(d6? + sin® 0d¢?)]. Labeling the coordinates according to ¢t =
20, r =z, 0 = 22, ¢ = 23, please derive the all nonzero connection coefficients
arisen from that Robertson—Walker metric.

(2) Problem 2, By means of results in Problem 1, derive Ricci tensor R, and scalar
curvature R

5.3 The Friedmann models

If the universe is matter-dominated, and then the pressure is negligible
when compared with the density. The standard Friedmann models arose
from setting p = 0. With this as an input, and substituting p = 0 into
Eq.(5.37), we obtain an integral of this differential equation:

pa® = Constant. (5.38)

As we shall see, this leads to three possible models, each of which has
a(t) = 0 at some point in time, and it is natural to take this point as the
origin of ¢, so that a(0) = 0, and ¢ is then the age of the universe. Let us
use a subscript zero to denote present-day values of quantities, so that tg
is the present age of the universe, and ag = a(tp) and py = p(tg) are the
present-day values of a and p. We may then write Eq.(5.38) as

pa® = poay. (5.39)
The Friedmann equation (5.28) then becomes
A+ K= A;, (5.40)
where A% = 87Gpoa3/3 (A > 0). Hubble’s “constant” H(t) is defined by
H(t) = a(t) (5.41)

and we denote its present-day value by Hy = H(to), which is determined
by the astronomic observation data. To take account of the remaining
uncertainty in that Hubble’s constant, it is conventional to write

Hy =100 h kms™'"Mpc ™, (5.42)
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with the dimensionless parameter h assumed to be in the neighborhood of
0.7. This corresponds to a Hubble time

1/Hy = 9.778 x 10° h™! years. (5.43)
Equation (5.28) gives
K  8nGpg 5 8mG 3H}?
= = —HZ =" (po—=2). 5.44
2" 3 0= 3\ &G (5.44)

Hence K > 0, K =0,0r K <0 as pg > pe, Po = Pe, OF pg < p. respectively,
where p. is a critic density given by
3H?
Pec = 3
G
The deceleration parameter qo is defined to be the present-day value of
—ad/a?. Using Eq.(5.26) (with p = 0) and (5.27) gives
wo = ArGpo _ po
7 T3HZ T 2p.
The three Friedmann models arise from integrating Eq.(5.40) for the pos-
sible values of K: K =0, +1.

= 1.878 x 1072 b2 g/cm®. (5.45)

(5.46)

(i) Flat model. K = 0: hence pg = p¢, qo = 1/2.
Equation (5.40) gives

da(t) A
dt— \Jalt)
and integrating gives
a(t) = (3A4/2)%/3t2/3, (5.47)

This model is also known as the Einstein—de Sitter model, since it was
firstly suggested by Einstein and de Sitter in 1932. Note that a(¢t) — 0 as
t — o0.

(ii) Closed model. K = 1: hence py > pe, qo > 1/2.
Equation (5.40) gives

da(t) A% —a(t)
dt a(t) 7

SO

alt) —
t= d 4
/0 o da (5.48)
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Putting a = A% sin*(1)/2) gives

» ¥
t= A2/0 sin?(¢/2)dip = %AQ/O (1 — cosvp)dip = %A2(z/; — sintp).
So
a(t) = %AQ(l —cost), t= %AQ(d) —sin), (5.49)

and these two equations give a(t) via parameter .

(iii) Open model. K = —1: hence py < pe, qo < 1/2.

Equation (5.40) gives
da(t)  [AZ+af(t)
at a(t) ’
a(t) a
t= /0 v/ e ada

Putting a = A% sinh®(¢)/2) gives

C P
t= AQ/O sinh? (v /2)dip = %AQ/O (coshtp — 1)dyp = %AQ(sinhw — ).
So

SO

a(t) = %A2(COSh¢ -1), t= %AQ(sinhw - 1), (5.50)

and these two equations give a(t) via parameter . Note that a(t) — 1 as
¥ (and hence t)— co.

5.4 ACDM model

In last section, the standard Friedmann universe models for non-relativistic
matter arise from setting p = 0 which leads to

pa® = constant. (5.51)

These discussions can be extended to relativistic matter models. For the

relativistic-matter in the radiation dominating universe, p—p relation should

be!
p=p/3. (5.52)
Isee, e.g., L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, (Translated

from Russian by M. Hamermesh), Pergamon Press, Oxford (1987), pp.87, Eq.(35.8) in
Section 35. [Landau, Lifshitz (1987)].
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Similar to the derivation of Eq.(5.38), we substitute Eq.(5.52) into Eq.(5.37)

and obtain an integral of this differential equation:
pa* = constant, (5.53)

which leads the quantity pa? in RHS of Friedmann equation (5.28) to grow

2asa— 0.

as a~

There is a peculiar aspect to these results. The contribution of non-
relativistic and relativistic matter to the quantity pa® in Eq.(5.28) grows
as a~ ! and a~2, respectively, as a — 0, so at sufficiently early times in the

expansion we may certainly neglect the constant K, and Eq.(5.28) gives

a® 8tGp
a? 3
That is, at these early times the density becomes essentially equal to the
critical density 3H?/87G, where H = a/a is the value of the Hubble “con-

stant” at those times. On the other hand, we will see later that the total

. (5.54)

energy density of present universe is still a fair fraction of the critical den-
sity. This is sometimes called the flatness problem.

The simplest solution to the flatness problem is just that we are in a
spatially flat universe, in which K = 0 and p may be is always precisely
equal to p.. A more popular solution is provided by the so called “infla-

"2 In these theories K may not vanish, and p may not

tionary theories
start out close to p., but there is an early period of rapid growth in which
p/pe rapidly approaches unity. Inflationary theories do not require that p
should now be very close to p. hence K can be different from zero.

For K = 0 we get very simple solutions to Eq.(5.28) in the three special

cases listed as follows:

Non-relativistic matter: Here p = pg(a/ag) 3. The solution of Eq.(5.28)
has already been shown in Eq.(5.47), which is

a(t) o t2/3, (5.55)

This gives qo = —ad/a? = 1/2. and simple relation between the age of the
universe and the Hubble constant

2
~ 3H,
2see, e.g. S. Weinberg, Cosmology, (2008), Chapter 4. [Weinberg (1980)]

to =6.52 x 10° h ! yr. (5.56)




Dynamics of Expansion of the Universe in General Relativity 99

Equations (5.55) and (5.26) show that for K = 0, the energy density at
time t is p = 1/(6mGt?). This is known as the Einstein—de Sitter model. 1t
was for many years the most popular cosmological model, though the age
(5.56) is uncomfortably short compared with the ages of certain stars.

Relativistic matter: From Eq.(5.53), we have p = po(a/ag)~*. And the
solution of Eq.(5.28) with K =0 is

a(t) o< V. (5.57)

This gives qo = +1, while the age of the universe and the Hubble constant
are related by
1
= SH
The energy density at time ¢ is p = 3/(327Gt2).

to (5.58)

Vacuum energy (or dark energy): In the E-SR, the Lorentz invariance
requires that in locally inertial coordinate systems the energy-momentum
tensor T(’:g of the vacuum must be proportional to the Minkowski metric
n* and so in general coordinate systems T(’fg must be proportional to g"”.
Comparing this with Eq.(5.31) shows that the vacuum has p,y = —p(),
so that T(’:g = p)g"”. Usually, the vacuum energy density p(, is also
called the dark energy density. In the absence of any other form of energy
this would satisfy the conservation law 0 = T(‘:)l)/;u = 9" Op(v) /0", so that
p(v) would be a constant of spacetime position. Equation (5.28) for K =0
requires that p(,) > 0, and has the solutions

a(t) o< exp(Ht), (5.59)

where H is Hubble constant, now really a constant, given by

87Cp
H:\/WT/)(). (5.60)

Here ¢o = —1, and the age of the universe in this case is infinite. This is
known as the de Sitter model [de Sitter (1917)]. Of course, there is some
matter in the universe, so even if the energy density of the universe is now
dominated by the constant vacuum energy density, there was a time in
the past when matter and/or radiation were more important, and so the
expansion has a finite age, although greater than it would be without a

vacuum energy.



100 De Sitter Invariant Special Relativity

More generally, p is a mixture of vacuum energy and relativistic and
non-relativistic matter et al., i.e.

p=_pi=pr+pm+pr (5.61)
Then Eq.(5.28) can be expressed as
H(a)=H3 > @ — g (5.62)
; c
Letting
Q = ”ZSO), Qx = a%II{JOQ’ (5.63)
then
2 2 pi(a) ag
H?(a) = H? [Z; Q (o) + QKE] : (5.64)
Using the local energy conservation law
pi = —33(/% +pi), (5.65)
and the equation of state of matter (wy = 0,wr = 1/3,wp = —1),
Di = W;ip;, (5.66)
we have
pi = Cia=30+ws), (5.67)
Hence
% - (%’)3(1+wi>. (5.68)
Thus
H(a) = H3[ Y u(20)30+w) 1 q a—%] (5.69)
ol2_thly K3l
and
> i+ Q=1 (5.70)

Explicitly, we have

p= ZTHE [QA +Ou (%)3 +Or (%))1 , (5.71)
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In terms of €2’s, we can express the present energy densities for the vacuum,
non-relativistic matter, and relativistic matter (i.e., radiation) as
_ 3HZO ~ 3H§Om _ 3HiORr
PA = S1G y PM = S1G , PR = S1G )

(5.72)

respectively.
We can establish a relationship between redshift and time elapse of

photon propagation. Since

1 = .
+z o)’ (5.73)
we have
H?(a) = HZE?(2), (5.74)
where
E2(z) =) Qi1+ 2)°F00) 4 Qpc(1 4 2)% (5.75)
Using the relation
da
dt = — 5.76
“ (5.76)

the time elapse is then

Defining = = a/ag = 1/(1 4 z), we have then

B dx

" HozV/Qp + Qa2 + Qa3 + Qra—*

B —dz

O Ho(142)/9 + Qe (1 +2)% + Qu(l + 2)3 + Qr(1 + 2)*
Therefore, if we define the zero of time as corresponding to an infinite
redshift, then the time at which light was emitted that reaches us with
redshift z is given by

t(z) : /1/<1+z> o
2) = —
Hy Jo VO + Q=2 + Qa3 + Qrz—4

1 /‘X’ dz'
Ho J. (1+2)/Q% + QT+ 22+ Qu(1 + 2')3 + Qr(1 + 2/)%
(5.79)

dt

(5.78)
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In particular, by setting z = 0, we find the present age of the universe:
I d
to = — / - . (5.80)
Hy Jo x\/QA + Qa2 4+ Qa3 + Qra—4

It is of some interest to express the deceleration parameter gg in terms of

Qs. Equation (5.72) gives the present pressure as

3H2 1
— 200 (Lo + 208 ). 81
Po 87TG< ATt3 R> (5:81)

Then, Eqgs.(5.26), (5.41) with py in Eq.(5.81) give the deceleration

)
47G(po + 3po) 1

= —(Qpm — 29 20R). .82
SH? 2( M A+ 20R) (5.82)

_ . .9
qo = —aoao/ao =

Finally, we show the formula of the luminosity distance dy,(z) of a source
observed with redshift z without derivations. For K = 0, and hence Qx =
0, the formula is
1+2 [t dx
dr(z) = —— / . 5.83
=) Ho Jij(1z) 22V + Qua—3 + Qra—? (5:83)

One of the interesting questions is whether the ongoing expanding of

our universe will ever stop. In this case, we have Eq.(5.28)
8rG 5

—3 pa - K =0. (5.84)
Obviously, we should have K = 1. Using Eq.(5.69), we have
2
Q0 \3(1+w;) a9 _
ol 020 _ o, 5.85
ST (5.55)
or
a a a
QA+QM(;O)3+QR(;O)4+QK(;O)2 =0. (5.86)

We thus can claim that if the equation
Qp + Quz® 4+ Qra? 4+ Qra? = 0, (5.87)

has solution in (0,1), the expanding will stop sometime in the future. Due to
Eq.(5.70), the left hand side of Eq.(5.87) is 1 for x = 1. If 2 < 0, for small
enough x, the expression will become negative. Hence there must exist
some = € (0,1) such that Eq.(5.87) holds. Even if Q > 0, for sufficiently
negative Qr, Eq.(5.87) can still admit a solution in (0,1) since the Lh.s.
expression ~ Qy + Qa2 for small .
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5.5 Accelerated expansion

We now turn to the measurement of distances as a function of redshift.
Considering now redshifts z > 0.1, which are large enough so that we can
ignore the peculiar motions of the light sources, and also large enough so
that we need to take into account the effects of cosmological expansion on
distance determination.

For quite many years, the brightest galaxies in rich clusters were used
as the “standard candles” in cosmological distance determination. Due
to several issues of this method, Type Ia supernovae are used (for review,
see [Perlmutter,Schmidt (2003)] [Ruiz-Lapuente (2004)] [Filippenko (2004)]
[Panagia (2005)]). Using Type Ia supernovae as distance indicator has sev-
eral advantages over brightest galaxies. First, they are very bright. Sec-
ond,the absolute luminosity of Type Ia supernovae can be determined more
reliably. Observations of Type Ia supernovae have been compared with
theoretical prediction (equivalent to Eq.(5.83)) for luminosity distance as a
function of redshift at about the same time by two groups: The Supernova
Cosmology Project [Perlmutter, S (1999)] and the high-z Supernova Search
Team [Riess, et al. (1998)] [Schmidt (1998)]. The Supernova Cosmology
Project analyzed the relation between apparent luminosity and reshift for
42 Type la supernovae, with redshifts z ranging from 0.18 to 0.83, together
with a set of closer supernovae from another supernova survey, at redshift
below 0.1. Their original results are shown in Fig.5.1.

With a confidence level of 99%, the data confirm that Q5 > 0. For a
flat cosmology with Q = Qr = 0, so that Q5 +Qxr = 1, the data indicate

a value
Om = 0.287009 (1o statistical) T50] (identified systematics). (5.88)
And then we have
Qp=1—Qu ~0.727912, (5.89)
(These results are independent of the Hubble constant or the absolute cal-
ibration of the relation between supernova absolute luminosity and time

scale, though they do depend on the shape of this relation.) This gives the
age (5.80) as

(5.90)

1 1
to = 13.4718 % 10° (70 kms__ Mpe ) yI.

Hy
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Substituting Eqgs.(5.88) and (5.89) into Eq.(5.82) gives the deceleration fac-

tor
1
qo = —apio/a3 ~ 5 (O —204) = —0.647015 <0, (5.91)

which indicates that the present universe is in accelerated expansion.

(MQA) =
26_ T T (TR T v s T T T T T TTT](0, ,];
i (0.505) (0.0)
i (1. 0) (1,0)
A (15-0.5) (2. 0)
r Supernova 1 = o
I Cosmology 1 = t
2+ Project - A
=] [ 7 4
3 20k b
o - Calan/Tololo il
= r {Hamuy et al. 1
18 b AL 1996) o
16 |- ]
14 L 11T AT | | | I 0] jqui I_

0.02 .05 0.1 0.2 0.5 1.0
Redshift g

Fig. 5.1 Evidence for dark energy , found in 1998 by the Supernova Cosmology Project,
from S. Perlmutter et al., Astrophys. J. 517, 565 (1999) [astro-ph/9812133]. Here the
effective blue apparent magnitude (corrected for variations in absolute magnitude, as in-
dicated by supernova light curves) are plotted versus redshift for 42 high redshift Type Ia
supernovae observed by the Supernova Cosmology Project, along with 18 lower redshift
Type Ia supernovae from the CalxA8xA2nxA8CTololo Supernovae Survey. Horizontal
bars indicate the uncertainty in cosmological redshift due to an assumed peculiar veloc-
ity uncertainty of 300 km sec.1. Dashed and solid curves give the theoretical effective
apparent luminosities for cosmological models with Qx = 0 or Q24 = 0, respectively, and
various possible values of Q.

5.6 Cosmological constant

Once upon a time, Einstein considered his introduction of cosmological
constant A into his equation his biggest mistake. Yet, the constant seems
a necessity based on cosmological observations as of today. There was

not even quantum mechanics at the time Einstein proposed his theory of
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general relativity. We now know that each type of quanta contributes to
vacuum from the point of view of quantum field theory. Take an oscillator
for instance, due to Heisenberg’s uncertainty principle, momentum and
displacement cannot be both zero at the same time. Hence the energy of an
oscillator cannot be zero. Because of requirement of Lorentz invariance, the
stress-energy tensor must be of the form const- 77,,,,. Therefore, if we express
the total energy momentum tensor 7),, as the sum of a possible vacuum
term —pyacguy and a term T;% arising from matter (including radiation),
then the Einstein equations of the de Sitter invariant general relativity
(4.11) take the form

1
Rm/ - §guuR + Aglw = _SﬂGTA% B SWGpvacg’W’ (5.92)

where A is originally introduced by Einstein in 1917, and serves as a univer-
sal constant in physics. We call it the geometrical cosmological constant (or
Einstein cosmological constant) hereafter. Equation (8.21) can be rewritten
in form as follows

Ruw — %QWR = —87TGT3,/£ — 87Gpett G, (5.93)
in which
A Aeff
Peff = Pvac t+ % = G’
with Aeg = A + 87TGpvaC = A+ Agark energy (594)

where the fact that pysc is the dark energy density has been used, so
Adark energy = 8TGpyac. The effective cosmological constant Aeg instead
of Adark energy (OT pyac) is the quantity that one can observe and estimate
in testing accelerated expansion of the Universe. The cosmological con-
stant problem which has perplexed physics community for decades is that
the limit of Aqg deduced from observation data is much smaller (less than
107129) than the contributions calculated from various quantum field the-
ories. This puzzle is open until now.

As discussed previously, cosmological observations have confirmed that
A > 0. Recent WMAP data [Jarosik, et al. (2011)] show that the result

is:

A ~ 1.26 x 107°¢ cm 2, (5.95)
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Therefore, for the dark energy, Eq.(5.94) gives [Yan, Hu, Huang (2012)]

Adark energy — Aot — A = Aeqr (1 > < Aeﬁ, (596)

3
R2 A
where the universal parameter A = 3/R? in the de Sitter Invariant Special
Relativity (dS-SR) were used. The parameter R could in principle be de-

termined in the framework of dS-SR, for instance, in a reference [Yan, Xiao,
Huang, Hu (2012)] R was estimated to be ~ 103° cm, then (5.96) becomes

Adark energy — Aeff(]- - 0(1074)) (597)

which implies that the dark-energy-cosmological constant is much more
important than the Einstein A.

It is essential that the observation result of Aeg > 0 (Eq.(5.95)) does not
indicates Einstein A (or geometric cosmological constant) must be positive.
To Anti de Sitter symmetry case, we have A < 0. Now, Eq.(5.96) becomes

3
Adark energy — Aeff + |A| = Aeff (1 + m) > Aeff, (598)

where R? < 0 is the universal parameter in the Anti de Sitter Invariant
Special Relativity (AdS-SR). Both dS-SR and AdS-SR are ambiguity-free
at the classical and quantum mechanics level.

In terms of the method described in Chapter 4, the AdS-SR (or AdS-
symmetry) could be localized, and then the Anti de Sitter General Relativ-
ity (AdS-GR) can be constructed. Thus, in principle, the AdS Quantum
Gravity could be discussed. It has been argued that AdS Quantum Gravity
seems to be more consistent than dS Quantum Gravity [Witten (2001)].



Chapter 6

Relativistic Quantum Mechanics for
de Sitter Invariant Special Relativity

In this chapter, we turn to discussion the quantization of the de Sitter
invariant special relativistic mechanics described in Chapter 3. The unit
system used below is the same as that chapter, i.e., ¢ = 299 792 458 m s~ 1.

6.1 Quantization of the de Sitter invariant special
relativistic mechanics

Lagrangian-Hamiltonian formulation of mechanics is the foundation of
quantization. When the classical Poisson Brackets of canonical coordinates
and canonical momenta become operator’s commutators, i.e., {z,7}pp =
%[x,fr], the classical mechanics will be quantized. In this way, for in-
stance, the ordinary relativistic one-particle quantum equations have been
derived (see Section 2.7). For particles with spin-0, that is just the well-
known Klein-Gordon equation. In Section 3.6, the Hamilton and canonical
momenta for de Sitter invariant special relativistic mechanics have been
achieved. By means of the canonical quantization method described in
Section 2.4, we shall accomplish the quantization of the de Sitter invariant
special relativistic mechanics in this section.

In the canonical quantization formalism for special relativistic mechan-
ics, the canonical variable operators are x*, #; with ¢ = 1,2, 3, and the
basic commutators are:

[l‘i, 7ATJ] = 2715;, [7}1; ﬁj] = 0, [l‘i, QC]'] =0. (61)
(see Egs.(2.32), (2.106), and (3.141)). In 4-dimensional spacetime, the

Hamiltonian operator ﬁCR = —cmg represents the generator of time

107
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evolution, i.e.,
t, Hog) = —ih, or [2° @] =ih. (6.2)

As we did in Section 2.7, the commutators (6.1) can be written in a 4-vector
form: (see Eq.(2.111))

[ah 7] = ihol, (2", a2") =0, [#, 7] = 0. (6.3)

These 4-dimensional canonical commutation relations could be used to
quantize both the mechanics of E-SR and the mechanics of dS-SR. Equa-
tion (6.3) is called covariant Heisenberg algebra and serves as a basis of
covariant quantization for special relativistic mechanics.

Distinguished from the Hamiltonian operator of E-SR (2.29), the Hamil-
tonian operator Hyg(#,x) is #-z ordering dependent (see Eq.(3.130)). Since
m-x is non-commutative, the form of operator ﬁdg(fr, x) cannot be deter-
mined uniquely from the Hgg(m,x)-function (3.130). For instance, two
quantum mechanical Hamiltonian can be proposed based on the same clas-

sical functional expression Eq.(3.130)

W Hyg(m, x)

= 23%0(33){2630i(1)mi c\/4(BOi(:c)7ri)274B00(:c) (B (x)m;mj — m202)}

or
@ Hyg(m, x)

= m{QCﬂiBOi(m)i C\/4(7TiBOi (x))2—4B%(z)(m; B¥ (x)m; — m202)} .

The operators () Hyg (7, x) and @ Hyg(#,x) are generally different, i.e.,
(l)ﬁds(ﬁ,x) #(Q)I:Ids(fr,x), since the orderings of 7-x in (l)ﬁds(ﬁ,x) and
in @H 6(#,x) are different and [#;, 27] # 0. This 7-x ordering dependent
property can always be used to construct an appropriate ﬁds(ﬁ, x) based
on (3.130) so that [Has(7,x), 7;] = 0, or equivalently

[70, 7] = 0, (6.4)
where ﬁds(fr, x) = —cirg was used. Equation (8.133) is just required by the

last equation of (6.3).
The general solution to Eq.(6.3) is

7 = —ilid, + (9,G(t, %)), (6.5)
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where G(t,x) is a function of ¢ and 2%, and hereafter the hat notations
for operators are removed for simplicity. Generally, the most symmetrical
ordering (i.e., Weyl ordering) is favored for realistic quantization scheme.
For dS-SR, we prefer the quantization scheme that protects the de Sitter
symmetry SO(1,4) . This requirement will help fix the function G(t,x)
in Eq.(6.5). By this consideration, we take (see, e.g., pp.29-44 in [Kleinert
(1990)])

, I 1 1
Ty = —ihD, = ~ih(9, + =) = —ih(~B)10,(~-B)},  (6.6)

where B = det(B,,) and I', = I'},,. Equation (6.6) indicates G(t,x) =
—ih log(fB)%. In contrast to the ordinary quantization theories in curved
space only!, our treatment presented here is suitable for the theories in
generic curved space-time, in which the 4-dimensional metric is time- and
space-dependent. The classical dispersion relation (3.129) can be rewrit-
ten in symmetric version (—B)iiﬂ'u(—B)%Buy(—B)%F,/(—B)7% = m?2c2.
Then the one particle de Sitter invariant special relativistic wave equation
reads

(=B) imu(=B)* B" (~B)im, (~B) 1o(x,1) = m*Fé(x,1) , (6.7)
where ¢(x,t) is the particle’s wave function. Substituting Eq.(6.6) into
Eq.(6.7), we have
m2c?

72

! v
ﬁau(B Bo,)¢ +

which is just the Klein-Gordon equation in curved space-time with Beltrami

¢ =0, (6.8)

metric B,,,. Its explicit form is

xha " m2c?

(1"~ )00, 2%8,@ + wqﬁ -0, (6.9)

which is the desired de Sitter invariant special relativistic quantum me-
chanical equation for free particle.
We should note the following:
(i) Substituting Eq.(6.6) into Eq.(3.147), we obtain the physical mo-
mentum and energy operators
xha? ot

pu - Zh[(’l]'uy — R2 )81, + 2—f€2]

(6.10)
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p* together with operator L*” = (ztp” —x¥p#) /ih form a algebra as follows
17 hQ v
0" = 75 1"
(L, pP] = n"Ppt —n"Pp” (6.11)
[LM, LP7) = P LI — O LM 4 o LVP — i [V°

which is just the de-Sitter algebra SO(1,4). This fact means that the quan-
tization scheme presented in above preserves the external space-time sym-
metry of dS-SR.

(ii) The wave function ¢(z) of the wave equation (6.7) could be thought
as a scalar field ¢(x), and then Eq.(6.7) could be obtained by means of the
least action principle with a action A:

A= / d*x/~BB" 9,00, . (6.12)

Namely, Eq.(6.7) can be derived from dA = 0. This method for deriving
wave equations can be called field-action method. In the following section
we shall derive the Dirac equation in Beltrami spacetime by way of the
field-action method.

6.2 Dirac equation in Beltrami spacetime

6.2.1 Introduction

In the last section we proved that the wave equation for spin-zero particles
in the de Sitter invariant special relativistic quantum mechanics is the stan-
dard Klein-Gordon equation in the Beltrami spacetime B, i.e., the curved
spacetime with Beltrami metric B,,,,. Hence, the wave equation for spin-1/2
particle is expected to be Dirac equation in the curved Beltrami spacetime
B.

Historically (see, e.g., [Nieh, Yan (1982)]), the generalization of Dirac’s
equation in curved space (see, e.g., [Brill, Brill (1957)]) took two different
approaches. One might call them the Dirac approach and the Cartan ap-
proach. As we recall, the Dirac equation (in flat space) was discovered by
Dirac [Dirac (1928)] on basis of linearity and relativistic covariance require-
ments, without emphasizing the geometrical nature of the object involved.
It was only later on, through the work of van der Waeden [van der Waerden
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(1929)], related to Cartan’s spinor (see, e.g., [Cartan (1966)]) with well-
defined geometrical meaning. For generalizing to the case of curved space,
Schrodinger [Schrodinger (1932)], Bargmann [Bargmann (1932)] and others
adopted the approach of a formal generalization of the Dirac equation im-
posing the requirement of general covariance. This is the spirit of Dirac’s
original derivation of his equation, and we label it as the Dirac approach.
In the author’s point of view, Weyl [Weyl (1929)] [Duan (1958)] [Kibble,
B.W.T. (1961)]-Fock [Fock (1929)] [Utiyama, R. (1956)] approach is more
fundamental. It is especially remarkable that Weyl’s work was based on
the idea of gauge principle. We shall outline Weyl’s approach in following
subsection.

6.2.2 Weyl’s approach

While the Dirac spinor is a (two-valued) representation of the Lorentz group
SO(3,1), there does not exist a spinor generalization for the group GL(4)
of the general coordinate transformations. In a curved space, a Dirac spinor
can only be defined with respect to local Cartesian frame, which is arbitrary
up to local Lorentz transformations. A connection field is thus needed to
relate spinors at different spacetime points so that covariant differentials can
be defined. Under local Lorentz transformations of the Cartesian frame,
which is represented by the four orthonormal vectors ea#(:c), the Dirac

spinor transforms according to
P(w) = e T Ay (), (6.13)
where
Ou = 51wl {90 W} = 2, = {1,-1,-1, -1}, (6.14)

The connection field w®, () is introduced such that

Dy = (au — %oﬂbﬂ(x)aab) W, (6.15)

transforms in a covariant way:
Dyp(x) — e < @oa/ip 1(g). (6.16)
This requires that the connection field w“bu (z) transforms according to

wy 2w, = e~ @)y et [i@ue_ie(’”)} (@) (6.17)
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where

ab
W

T abw () = oape™®(x). (6.18)

|

Wy =

This is essentially what is contained in Weyl’s work®, here rephrased in
modern notations. It is seen that the whole approach is that of a gauge
theory that has been described in Section 2.8. The connection field w“b“ is
the gauge potential.

With the introduction of the vielbein field e, (z) and the Lorentz spin-
connection field w (r), one can make use of the covariant derivative de-

I
fined by Eq.(6.15) to construct the following scalar combination

zZify“ea“DMw, (6.19)

where v is the flat-space Dirac matrices satisfying Eq.(6.13), and e} is

the inverse of e, given by:
e'et, = dn. (6.20)

The combination (6.18) is, however, not Hermitian, and its Hermitian ad-
joint should be added. The action for a Dirac field in the background of

b . oy .
e?,(r) and w®, (z) is thus of the Hermitian form

A= / d'zh [l(zz?w“eawm — 4§ Dine ) — "odyp|, (6.21)
2 h
where

1 — = 1
D=3, i50a™ Dy = 0, +igomw™, (6.22)

and
h = dete,. (6.23)

The Lagrangian in Eq.(6.21) is invariant under general coordinate transfor-
mations.

Define the metric tensor by
Guv = nabeauebw (6.24)
and the GL(4) connection by (see, e.g., [Nieh (1980)])

Fﬁu = ea/\ (eamu + wabuebu) . (6.25)



Relativistic Quantum Mechanics for de Sitter Invariant Special Relativity 113

We further define covariant derivatives respect to both local Lorentz trans-

formations and general coordinate transformations, such as
A A b A A v
Xa w = Xa N7 w a;tXb + FI/;LXLL ;
a ) a b A oLa
X vipn =X vp +w b;tX v ]'—‘V;LX A (626)

It can be easily verified that

e, =0, el =0, (6.27)
and consequently
g‘“;’/\ =0, gux=0. (6.28)

The connection Ff;l, as defined by Eq.(6.25) is in general not symmetric:

r, #T, (6.29)

v
giving rise to torsion:
cr,, =T -T2 . (6.30)

In the presence of torsion, the relations (6.28) imply a relation that is a

generalization of usual expression for the Christoffel connection:

1
Lo = 59 Gouw + Govn = Guwp) +Y (6.31)
where the contorsion Yi‘w is given by
1
A A A A
Y;w == 2(0 nv + Cp,l/ + Cup, ) (632)

We are ready to derive Dirac equation in a curved Riemann-Cartan
space. The Euler-Lagrange equation for Dirac field that follows from the
action (6.21) is

1 1 1.
Shie Dyt + 5 (9 — i50eaw™,) (i e /) - %w =0, (6.33)

which, on account of
Ou(het) = h(h_lh,a +e. ,u)
A b
= h(eau L +C )\ueau +w auebu)a
can be written in the form

1
[iv“ea“ (DH + 50%) - %} b =0, (6.34)
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where

1
D, =9, — izaabw“b - (6.35)

For our purpose, we are interested in the Dirac equation in the torsion-
free curved Riemann space. In this case, the torsion vanishes, and we have

A — 1T A
cr, =03, —T, =0, (6.36)

and then the connection I'),, reduces to the usual Christoffel symbol (2.181).
The Dirac equation (6.34) reduces to the following:

[i'y“ea“Du _ %} W =0, (6.37)

or more explicitly
. . 1 me

[waea’ (a,t - zzwa ,ﬂab) - ?} =0, (6.38)
where the Ricci coefficients wap, can be derived from Eqs.(6.24), (6.25) and
(2.181):

1 c
Wabp = 56 lU‘(’Ycab — Yabe — f}/bca)a (639)

where
chab = (eaueby - ebueay)ec#,v' (640)

Equation (6.37) is the desired Dirac equation in Riemann spacetime.

6.2.3 Dirac equation in Beltram: spacetime

The relativistic quantum mechanical wave equation for particles with spin-
1/2 is Dirac equation. In the dS-SR, that is the Dirac equation in the
Beltrami spacetime B with metric that we have derived in Section 3.1 (see
Eq.(3.6)):

A
m TuxT nupxp

Bu(w) = o R2g2
= T Zg; (6.41)
where
T, = o, =1 =03, (6.42)
U:U(Jc):l—M:l—:El’a_cpEl—a_c—2 (6.43)

R? R? R?’
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where the notation

=2t = 5,77, (6.44)
has been used. We introduce two projection operators in spacetime
{ju, 77ul/}:

Opr = Myw — %a Wpy = x;fy (6.45)
It is easy to check the calculation rules for projection operators:
020", = 0,An™0,, =0,,, orinshort -6 =0, (6.46)
W, = wanMwe, = wu, orinshort w-w=w, (6.47)
0w, = 0,0 w,, =0, orinshort 6-w =0, (6.48)
0, +wuy =Ny, orinshort 04w =1. (6.49)

Since By, is a tensor in the spacetime {z", 7,,}, this quantity can be

written from Eq.(6.41) as follows:

1 1
Buy =~y + —5 - (6.50)

Furthermore, by means of B*”B,, = §# = n# and the rules Eqgs.(6.45)—
(6.49), the above expression of B, lead to:
BHY = g + g2whv, (6.51)
which is the same as Eq.(3.7).
In the Beltrami spacetime 3, the metric is B,,. Equation (6.24) be-

comes
By = nape®,e’,,. (6.52)

Generally, we have expansion of e“,:
e, =ad 0", +bojw” (6.53)

where a and b are unknown constants. Substituting Eqs.(6.50) and (6.53)
into Eq.(6.52) gives

1 1 o o

O+ 5w = Nap(ad® , +bw® ) (a0, + b )

= a0, + bwy. (6.54)

Comparing the left side of Eq.(6.54) with the right side and noting 6 and
w being projection operators with properties of Eqs.(6.46)—(6.49), we find
that:

a=4/=, b=-. (6.55)
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Substituting Eq.(6.55) into Eq.(6.53) gives

a 1 anv 1 a v
(& u = \/;51/9 m + ;(Suw u
1 11\ Nuojala”
Y Y I (L W 6.56
\/;“+(0 ﬁ) 1— o) (6:56)
With Eqgs.(6.20) and (6.52), we have
b v b 1 e 1 B v 2 v
eau =e€ l/B #nba - 56( —0 v —w D)(O’G +o'w #)nab
o

g
=0y (Voo + 0w}

_ b v
40— ozt
= oo" + - PR (6.57)

and

1 1
e = e BV = 52(\/j9ay + =w®, ) (6" 4 ow"H)
o o
= 0y (v o0 + ow™)
o — /o §%z¥xt

_ §apvH
Vadyn T

L1 1
ap = g ( ;avu + ;wuu)
1 1 L\ nuwdinmpzla”
_ i 14 5 - HY=a . .
\/: allu (0‘ \/E> (1-0)R? (6:59)

To calculate the Ricci coefficients wqp, of Eq.(6.39), the following for-

(6.58)

mulas are needed:

P _nﬁ‘mxﬂ + 2N + 227 w
b R%2(1 - o) R2(1—o0) ™
ap AT+ 2x¢
wa L= _eat L= 771/7’#«)\ + nl“/ o wuy;
H H, R2(1 _ 0.) R2(1 _ 0.)
_ 277;wxu
oy = Rz

with which we have
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c C ]' (03 1 [e3
e wy — 5a (\/;9 M + ;w lt>

, 1 277,\Vx”\
= ¢ o e
@ (2\/_9 * o “) oR?

1 1 1
c A c .« c o
+(=0pmuax” — 0ga% N, + 205 wlw)m (1 / e ;> )

(6.60)

ab

Now we are ready to derive the Ricci coefficients (or spin connection) w L

Substituting Eqs.(6.57) and (6.60) into Eq.(6.40) gives

M l/)e()

€q

¢ = He V
Y ab—(ea €p €p v

=000 { (Vo0 +ow ) (Vabd+ow ) — (Vo f+ow ) (Vab L +owl )}
. 1 1 277>\l,x”\
c &l el

. {&’ (2\/59 “+Jw “) oR?

1 1 1
c A c c
(O’ = 05 + 652070 s ( . E>}

1 . .
T RX(1++0) (a0 = Haad27 1) (6.61)
1
Yeab = BT v3) (Mbabgatnea — Naddar Nep).- (6.62)

Substituting Eqs.(6.56) and (6.62) into Eq.(6.39) we obtain:

Wabp = 5 u(')/cab Yabe — 'cha)
1 1
_ 65 _97
X 0% (Meaab®™ — NebNda®” — NabNac®™ +Nealab® — Mpelda +MpaNder”)
1
_ 5d " A N A .
NG N MapNabT™ — Nopndat”), (6.63)
1
Wl = (%58 — 380" (6.64)

B R2(1+4/o)/o
By the above formulae, it is straightforward to verify that (see Exercise of

this section):

e, =0, e, =0, (6.65)
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We have so far given the explicit expressions of e # and w“bﬂ which can be
substituted into the Dirac equation (6.38) in B for practical calculations in
de Sitter invariant relativistic quantum mechanics.

We address that as with the ordinary Dirac equation (2.123) (¢hy"0,, —
me)(r,t) = 0 in inertial reference frame, Eqgs.(6.38) with (6.57) and (6.64)
is also the Dirac equation in inertial system. But Eq.(2.123) is in flat
spacetime, and Eq.(6.38) is in the spacetime B with a constant curvature.

FEzxercise

Problem 1, To verify

e, =0, ef', =0 (6.66)



Chapter 7

Distant Hydrogen Atom in Cosmology

7.1 Introduction

We have derived the Dirac equation in the Beltrami spacetime in previ-
ous chapter. In this chapter we use that equation to discuss the distant
Hydrogen atom (i.e., one-electron atom) in cosmology.

Physically, the locally inertial coordinate system of the Ricci Friedmann—
Robertson-Walker (REW) Universe described by ACDM model is the Bel-
trami spacetime B in the real world (about meaning of the real world, see:
Egs.(4.11), (5.8), (5.19), (5.29) and (5.91)). And the quantum mechanics
in the inertial coordinate system is well defined!. Therefore it is a meaning-
ful topic for real world physics to solve the relativistic quantum mechanics
problem of the Hydrogen atom in B.

Existence of local inertial coordinate system is required by the Equiv-
alence Principle. The principle states that experiments in a sufficiently
small falling laboratory, over a sufficiently short time, give results that are
indistinguishable from those of the same experiments in an inertial frame in
empty space of Special Relativity (SR) (see, e.g., pp.119 in [Hartle (2003)]).
Such a sufficiently small falling laboratory, over a sufficiently short time
represents a local inertial coordinates system. This principle suggests that
the local properties of curved spacetime should be indistinguishable from

those of the spacetime with inertial metric of special relativity. A concrete

ITo the quantum theory in the no-inertial coordinate system will suffer how to deal
with the ambiguities related to the quantum effects of the inertial forces in such kind of
coordinate systems. In principle the inertial forces are equivalent to the gravities locally,
so the quantum effects of the inertial forces may relate to quantum gravity. However the
quantum gravity theory is not yet completely well defined.

119
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expression of this ideal is the requirement that, given a metric g,s in one
system of coordinates x®, at each point P of spacetime it is possible to

introduce new coordinates z'¢ such that
gip(2’p) = inertial metric of SR at #'p, (7.1)
and the connection at x5 is the Christoffel symbols deduced from g/, 5(z'p).
In usual Einstein’s general relativity (without A), the above expression
is
g;ﬂ(mlp) = Nag, and FQB =0, (7.2)
which satisfies the Einstein equation of the Einstein’s general relativity in
empty space: G, = 0.
In de Sitter invariant general relativity (i.e., general relativity with a
A), the local inertial coordinate system at x'S is characterized by

R — M, (af — M)
/ /Y B(M) Iy = Naps na/\(xp Ngp(Tp
gaﬁ(xP) af (l‘p) U(.]?lp — M) RQO'(J?/P — M)2 )
(7.3)
Tap = Ro(ah — M) ((i’inm(x’z? = M?) + 0fmar(zp — MA)) (7.4)
P

with  o(zp —M)=1- %nlw(x'# — M") (2’ — M"),
which satisfies the Einstein equation of de Sitter invariant general relativity
in empty spacetime: G, +Ag,, = 0 with A = 3/R? (see: Egs.(3.6)—(3.11),
and (3.165), (3.166)), and M* is the coordinate of Minkowski point position
in B (see Eq.(3.165)). Such a local inertial coordinate system will be called
the Beltrami local inertial coordinate system.

Generally, almost all laboratory experiments on atomic and particle
physics are in the local inertial coordinate system in our present Universe.
As is well known that it plays an essential role in the quantum physics to
solve Hydrogen problem. Therefore determining the energy level shifts of
a distant Hydrogen atom due to effects arisen with the de Sitter invariant
special relativistic quantum mechanics will be meaningful to the cosmol-
ogy when the curved spacetime is the Ricci Friedmann—Robertson—Walker
Universe.

Reference [Yan, Xiao, Huang and Li (2005)] shows that the de
Sitter invariant special relativistic dynamical action for free particle as-
sociates the dynamics with time- and coordinates-dependent Hamiltonian
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and Lagrangian (see: Eqgs.(3.32), (3.130) and (6.38)). In this chapter, the
adiabatic approach [Born, Fock (1928)] (see also: [Messiah (1970)] [Bay-
field (1999)]) will be used to deal with the time-dependent Hamiltonian
problems in the de Sitter relativistic quantum mechanics. Generally, to a
Hamiltonian H (z,t), we may express it as H(xz,t) = Ho(z) + H'(x,t).
Suppose two eigenstates |s) and |m) of Hp(x) are not generate, i.e.,
AE = Mwy — ws) = hiwms # 0. The validity of for adiabatic approxi-
mation relies on a condition that the variation of the potential H'(z,t) in
the Bohr time-period (AT\A”"NVH! . = (27 Jwnms)H, . is much less than
hwms, where H), . =

from state |s) to state |m) almost impossible. Thus, the non-adiabatic effect

(m|H'(x,t)|s). That makes the quantum transition

corrections are small enough (or tiny), and the adiabatic approximations
are legitimate .

We show in this chapter that the perturbation Hamiltonian H'(z,t)
that describes the time evolution of the atom system in de Sitter relativis-
tic quantum mechanics is o (c*t?/R?) (where t is the cosmic time). Since
R is cosmologically large and R >> ct, the factor (c*t?/R?) will make the
time-evolution of the system is so slow that the adiabatic approximation
works. We shall provide a calculation to confirm this point below. By this
approach, we solve the stationary de Sitter relativistic Dirac equation for
a distant one electron atom, and the spectra of the corresponding Hamil-
tonian with time-parameter are obtained. Consequently, we find out that
the electron mass m., the electric charge e, the Planck constant i and the
fine structure constant o = e?/(fic) all vary as cosmic time going by. These
are interesting consequences since they indicate that the time-variations of
fundamental physics constants are due to well-known time-dependent quan-
tum mechanics, a topic that has been widely discussed for a long history
(e.g., see [Bayfield (1999)] and the references within).

The life time of a stable atom, e.g., the Hydrogen atom, is almost in-
finitely long. We can practically compare the spectra of atoms at nowadays
laboratories to those emitted (or absorbed) from the atoms of a distant
galaxy, typically a Quasi-Stellar Object (QSO). The time interval could be
on the cosmic scales. Such observation of spectra of distant astrophysical
objects may encode some cosmological information in the atomic energy
levels at the position and time of emission. As is well known that the so-
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lutions of ordinary Einstein relativistic Dirac equation of atom are cosmo-
logical effects free because the Hamiltonian of it is time-independent, and
the solutions at any time are of the same. Thus, after deducting Hubble
red shifts, any deviation of cosmology atom spectrum observations from the
results of Einstein—Dirac equation could be attributed to some new physics
beyond E-SR. The effect arisen from dS-SR is one of the most straightfor-
ward answers to such kind of deviations.

7.2 Beltrami local inertial coordinate system in light cone
of Ricci Friedmann—Robertson—Walker universe

In Chapter 5, we showed that the isotropic and homogeneous cosmology
solution of Einstein equation in General Relativity is Ricci Friedmann—
Robertson-Walker (RFW) metric. In this chapter we discuss the Hydrogen
atom embedded in RFW Universe and described by the de Sitter invariant
special relativistic Dirac equation in the Beltrami local coordinate systems
on the light cone of the Universe.

The method to detect the spectrum of distant atom is spectroscopic
observations of gas clouds seen in absorption against background Quasi-
Stellar Objects (QSO), which can be used to search for level shifts of atom
for various purposes (see, e.g., [Webb et al. (1999)] [van Weerdenburg, et al.
(2011)] [Ellingsen, et al. (2011)]). In the observations of gas-QSO systems in
the expanding Universe, one can observe two species of frequency changes
in atomic spectra: the Hubble redshift (z) caused by the usual Doppler
effects and a rest frequency change due to the dynamics of atom beyond
E-SR. The latter can be found by measuring the relative size of relativistic
corrections to the transition frequencies of atoms on the gas-QSO (or on
QSO for brevity).

Now, we describe the Earth-QSO reference frame. As illustrated in
Fig.7.1, the Earth is located in the origin of frame, the proton (nucleus of
Hydrogen atom) is located in @ = {Q° = ct, Q', Q* =0, Q3 = 0} (for
simplicity we take Q? = 0, @* = 0 hereafter). In addition, we assume that
the coordinates of Minkowski point M* = 0 in this Chapter, which means
that the experiments in laboratories on the Earth are in consistent to the
predictions of usual special relativity (see Section 3.8). From Egs.(7.1) and
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(7.3), the local inertial coordinate system at @ is characterized by

nuAQ)\nupr

_ p(M=0) _ Ny
BH”(Q) — B;UJ (Q) O_(Q) + RQU(Q)Q ) (75)
where
Q=0 =1- = (@)~ @). (76)

The spacetime coordinate of the electron position in the atom is L = {L? =
cty, L', L?, L3}.

To an observable atom in four-dimensional spacetime, the proton has
to be located at QSO-light-cone with cosmic metric g,,,. Namely, ¢ must
satisfy following light-cone equation (see Fig.7.1 and set Q? = Q® = 0 for

simplification)
ds® = 9,0, (Q)dQ"dQ” =0, (7.7)

which determines Q' = f(QY). We emphasize that the underlying space-
time symmetry for the atom near ) described by de Sitter invariant special
relativistic dynamics is de Sitter group instead of a limit it usually known
as Poincaré symmetry of E-SR. Poincaré symmetry is only a special limit of
de Sitter invariant special relativity’s. The corresponding spacetime metric
has been shown in Eq.(7.5), of which the expansion of 1/R? reads
02 1)2
%) +%WQMWQ9 +O(1/RY). (7.8)

Note B, (Q) is position )-dependent, and Lorentz metric 7, for E-SR is
not. We have explicitly from Eq.(7.8),

Buu(Q):n;w (1 +

042 _ 142 0l
14 2Q0° @D ,Qﬁg 0 0
o9l 14 QD@0 0 0
By (@)= 2 2
nv 0 0 o (@92 (@12 0 s
R? 042 1,2
@"H2-@hH
0 0 -1 =L
R2
(7.9)
1 - 2@92—@h)? Q9! 0 0
R
Qlg? 1 2<QR1>2—2<QO>2 0 0
14 — R R
B"(Q)= 0 o 14 @92—@h? 0
R2
@9%-(@hH?
0 0 0 —14 8L Se
(7.10)

We will solve Eq.(7.7) to determine Q' in RFW Universe model.
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Ot‘ Earth

QSO Electron

Nucleus

Fig. 7.1 Sketch of the Earth-QSO reference frame. The Earth is located in the
origin. The position vector for nucleus of atom on QSO is @, and for electron is
L. The distance between nucleus and electron is r.

The Ricci Friedmann-Robertson-Walker (RFW) metric is (see,
Eq.(5.8))

dr?
1—kr?
_ 2 f oo o B(QAQY)?
= (dQ°)* — a(t) {dQ Q" + W}
= 9,0, (Q)dQ*dQ" (7.11)

ds® = c2dt* — a(t)? { + 72d6? + r? sin® 9d¢2}

where 7 = /Q!Q!, Q' = rsinfcos¢, Q* = rsinfsing, Q3 = rcosb
has been used. As is well-known RFW metric satisfies Homogeneity and

Isotropy principle of present day cosmology. When Q2 = Q3 = 0, We have
from Eq.(7.11)

1
G (Q) = Ny — a(t)25H15V1 (_W +1+ W

_(a(t)Q - 1)(5u26u2 + 5u351/3)- (7.12)
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For simplicity, we take k = 0 and a(t) = 1/(1 + z(¢)) (i.e., a(to) = 1). The
red shift function z(t) is determined by ACDM model described in Section
5.4. Using the observation data [Komatsu, et al. (2009)], the function t(z)
defined by Eq.(5.79) for looking-back cosmologic time is:

z dZI

where [Riess, et al. (1998)] [Jarosik, et al. (2011)]

H(2') = Hon/Qmo(1 + 2/)3 + Qro(1 + 2/)* + 1 — Qpo,
Hy = 100 h =~ 100 x 0.705km - s~ /Mpc,
Qo =~ 0.274,  Qpo ~ 107°. (7.14)
Figure of t(z) of Eq.(7.13) is shown in Fig.7.2.

t (Gyr)
12

10

1 5 3 " Tz (redshift)

Fig. 7.2 The t — z relation in ACDM model (Eq.(7.13)).

From Eq.(7.12), the REW metric for k£ = 0 reads
guy(Q) = n;tl/ - (a(t)2 - 1)(5u15u1 + 5H26V2 + 5”351/3)- (715)
Substituting Eq.(7.15) into Eq.(7.7), we have

— 1
dQ" = /| “1L4Q! = a(t)dQ = ———dQ". 7.16
Q" = [ ZEQ! = alt)aQ’ = {0 (7.16)
Consequently, by using Eq.(7.13) and Q° = c t, we get desired result:
z dZ/
1
=c —_— 7.17
@ o H(Z) ( )

Figure of Q!(2) of Eq.(7.17) is shown in Fig.7.3. Ratio of Q! over QU is
shown in Fig.7.4. Then the location of distant proton is {Q% @*,0,0} in
the space-time with RFW metric.
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0'@) (Gly)
251

201

L z(redshift)
5

Fig. 7.3 Function Q'(z) in ACDM model (Eq.(7.17)).

0'/0°
2.0

0.5

L L L L L z(redshift)
1 2 3 4 5

Fig. 7.4 Function of Q1(2)/Q%(2). Q'(z) and Q°(z) = ct are given in Egs.(7.17) and
(7.13).

7.3 Hydrogen atom at distant locally inertial coordinate
system in light cone of RFW universe

We treat Hydrogen atom as a proton-electron bound state described by
quantum mechanics under instantaneous approximations (see Fig.7.1). The
electron’s coordinates are L = {L° = ct;, ~ ct, L', L? L3}, and the
relative space coordinates between proton and electron are z* = L' — Q.
The magnitude of r = \/W ~ ap (where ap ~ 0.5 x 10~%m is Bohr
radius), and |z¢| ~ ap.

According to gauge principle, the electrodynamic interaction between
the nucleus and the electron can be taken into account by replacing the
operator D" in Eq.(6.38) with the U(1)-gauge covariant derivative DY =
DY —ie/(ch)A*, where A* = {¢p, A}. Hence, the de Sitter invariant
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special relativistic Dirac equation for electron in Hydrogen at QSO reads

MmecC

(iepay* D — - ) =0, (7.18)
where m, is the mass of electron, D} = 82‘ — Lw tgy, —ie/(ch) A", et

and w2 have been given in Eqs.(6.57) and (6.64) respectively. Through
the Taylor-expansion of 1/R?, we approximately write e# and wzb up to
O(1/R?) as follows:

T]CdLCLd T]abLbL“ 4
el = <1 - > nt — 5@ T O(1/RY), (7.19)
a 1 a a
W = Y (maL® —n’L*) + O(1/R*). (7.20)

In the following sections we are going to solve de Sitter invariant
relativistic-Dirac equation for Hydrogen atom on QSO in RFW Universe
model. In this quantum system, there are two cosmologic length scales
(cosmic radius, say R ~ 10*2lyr, and the distance between QSO and the
Earth is about ~ ct, say R > ct > 108lyr) and two microcosmic length
scales(the Compton wave length of electron a. = h/(mec) ~ 0.3 x 10~ ?m,
and Bohr radius ag = h?/(mee?) ~ 0.5 x 1071%m). The leading order
calculations will be accurate up to O(c*t?/R?). The terms proportional
to O(c*t*/R*), O(cta./R?), O(ctap/R?) etc will be omitted. The results
beyond the leading order will also be discussed.

7.4 Solutions of ordinary Einstein relativistic Dirac
equation for Hydrogen atom at QSO

7.4.1 FEigenvalues and eigenstates

At first, we show the solution of ordinary Einstein relativistic Dirac equation
in the Earth-QSO reference frame of Fig.7.1, which serves as the leading
order of solution for the de Sitter invariant relativistic Dirac equation with
R — oo in that reference frame. For the Hydrogen, 0% — DY = 9} —
ie/(ch) A%, (noting w® #|p_,oo = 0), where AV, = {¢n(x), Ap(2)} with
at = L — Q" (see: Fig.7.1), and ¢pr(x) and Apr(z) are nucleus electric
potential and vector potential at ¢ in Minkowski space determined by the
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Coulomb law and the Ampere law in the electromagnetic dynamics:

010,00 () = V3ppr () = —4mp(z) = —4med® (x), (7.21)
4
V(0rA) — 0%Ayr = —?ﬂj =0. (7.22)
The solutions are ¢ps(z) = e/r and Ay = 0. And hence 9y — DE = 9y —
inooe?/(chr). Then, from Eq.(6.38), the Einstein relativistic Dirac equation

reads
ihop) = (—ihcéé- Vi +mecf — ‘;—2) W, (7.23)
where 8 = 7%, o' = B+%. Noting that the nucleus position Q =constant,
we have
VLZE:LZQEV, (7.24)

OL  90(Q+r) Or
and Eq.(7.23) becomes the standard E-SR Dirac equation for electron in
Hydrogen at its nucleus reference frame. Energy is conserved in Einstein’s
special relativistic mechanics (hereafter, we use notations of [Strange
(2008)]), and the Hydrogen is the stationary states of Dirac equation. The
stationary state condition

ihOyh = Wb, (7.25)

combined with Eqs.(7.23), (7.24) with (7.25) gives

2
Wep = (—mc@' V4 mec?B — 67) b = Ho(r, h, me, e)y, (7.26)

which is the standard Dirac equation for Hydrogen. The solution is
standard and can be found in any textbook on relativistic quantum
mechanics. The results are follows (see Eq.(A.98) in Appendix A, or [Rose
(1961)][Strange (2008)])

a? —1/2
W=W,,= 2 (14— — 727
" mec(+<n|n|+s>2) (7.27)
62
= —(j+1/2)=1,2 3 -
« hc’ |K‘| (j+ /) bl )

s=vVkK2—a2, n=1,2,3- .

Its expansion in « is

_ 9 a? 4 3 1
W—mec 1—w+0& @_W + - (728)
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The corresponding Hydrogen’s wave functions i have also already been
finely derived (see Appendix A, or [Strange (2008)]). The complete
set of commutative observables is {H, &, j*, j.}, so that @ =
Unorjg. (T A, Me, ) = w;ﬂj (r), where j = L 4+ %E, hip = B(E - L+ k),
3 = —ysa and a = €2/(hc) (see Appendix A). The expression of wjmj (r)

is as follows

m; gr(r)xx" (£)
. (r) = : . (7.29)
! ifu(r)x=x(F)
where (see Egs.(A.46), (A.47) and (A.48) in Appendix A)
1/2
le (f) - Z Cl],ﬂ:?—ms; 1/2,m5Ylmj_mS (f)xms (7'30)
mg=—1/2

with  y"e=/2 = <(1)> ;X = (?)

XL (B)=—0rxi (B),
6 sinfe=i?
with o, =f-0 = o0 S0V ) (7.31)
sinfe’® — cos®
and (see Eqgs.(A.93) and (A.94) in Appendix A)

9s(r) = 2A(ke + Wo) 26 (25r)" g

x[n'M(1—n' 25 +1,2\r) (7.32)
+ (/@ — %) M(—n',2s +1,2\r)],

fo(r) = 2X(ke — W)Y 2e 2 (22r) Loy
x[n'M(1—n' 25 +1,2\r) (7.33)
— (,‘i — %) M(—n',2s+1,2)r)],

where
ko =mec/h, We =W/(ch), \= (k& — W),
s=Vk2—a2 n'=n—]|x|,
k=—(G+1) =111+ 1)+1/4), (7.34)
with W being given in Eq.(7.27), and M (a,b, z) is the confluent hypergeo-

metric function (see Appendix B):

M(a,b,z)zl—&—a—;—i—

(a)o=1, (a)p=ala+1)(a+2)---(a+n—1).
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The normalization constant aq is determined by

/ TR (20 + P2)dr = 1.

For Hydrogen-like one electron atoms with Z > 1, the energy level
formulae and the eigen-wave functions expressions are all the same as
Eqs.(7.27)—(7.34) except a« — £ = Za. The levels of one electron atom
with Z = 92 are shown in Fig.8.9. (see Appendix A.5).

h 1« d W-m, V) |

2F ]
R o132 2 4 ~29664
2001 12 14— —34235
—4F ]

W-m.c? (10*x eV)
|
[=)

10 12 -1 2 e —132353

Fig. 7.5 The energy levels of the one-electron atom with Z = 92. The figure shows
relativistic energy levels calculated using Eq.(7.27) with replacement of o — & = Zov.
They are labeled by the quantum numbers n, [, j, x and their degeneracy d, up to
n=2.

It is learned from above that since R — oo, By, — 71, the dS-SR
tends to the E-SR. The Hamiltonian of E-SR is cosmic time independent.
So, the spectra of Hydrogen at any place in REW universe are the same, and
there is no cosmology information of the universe in the spectrum solutions

equation (7.27) of E-SR Dirac equation.

7.4.2 252 and 2p'/? states of Hydrogen

As is well known that the state of 2s*/2 and state of 2p*/2 are complete de-
generate to all order of v in the E-SR Dirac equation of Hydrogen. Namely,
from Eq.(7.27) and k = —(j(j + 1) — (I + 1) + 1/4), we have

AW (2512 = 2p?) = Wipma, pe—1) — Winza, xet1) = 0. (7.35)
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By means of Eqs.(7.29)-(7.33), the wave functions of states 2s'/2 with

k = —1 are as follows [Strange (2008)] (see Appendix A.4, (A.104)—(A.107))
9(2s1/2 ( )X;nj(f‘) s1/2

w(25)3 1/2( r) = < (2st/237 my s S (7.36)

i f(2s1/2)(P)X 23 (B) (25172
where

( ) o (2)‘)28+1kc(25 + 1)(kc + Wc)rs—le—)\r
JesHW =N oW (2We + ke)D(2s + 1)

« (% __A ( + %) r) (7.37)

kC 25+ 1 kc
2\)25t1 k(2 (ke — Wea) _
fasiz(r) = ~\/( ) o(2s +1)(kc C)rs—le—m

2We(2We + ke)T'(2s + 1)

We A W
1 1 .
X(kc 25+1<+ kc)r) (7.38)

with ko, We, A and s given in Eq.(7.34) following [Strange (2008)]. Due
to Eqgs.(7.30) and (7.31)

1/2 Yy —1/2/a 0

Xk ( )(251/2) = 0 y Xk (r)(251/2) = YOO N (739)
1/2 4 - — cos BYY

XU () ga1/2) = <s1n9ei¢YO° , (7.40)

. iy 0
1/2 —sinfe *?Y) . 0 1
- . with Y2 = —.
X Bz = < cos OV ' O Vi

For the 2p'/? state with x’ = 1

_ [ 9 ()X, '( £)(2p1/2)
o )= K (7.41)
(2p)j=1/2 zf(2p1/2)(7°) w (B)(2p1/2)

where

( ) o (2)‘)2S+1kc(25 + 1)(kc + WC)Tsflefkr
I\ =\ oW @We — ke)D(2s + 1)

(WC A 2We
1+ 1-— , 42
~ ko 25+1< k’c)r) (7 )

Frasran () = (@N)2 ke (28 + 1)(ke = Wo) o1 —ar
@t/ 2We(2We — ka)L(2s + 1)

We A 2We
e 1— . 4
X(kc+25+1< kc)r) (7.43)
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e e /3 60)

1/2 .
X~ (B)(gpr/2) = s X (B)(2prrz) =
V/2Yi(09) V5Y0)

(7.44)
2 () s, = \/gcos Y (0¢) — \/gsin fe Y (0¢)
T \/gsin 0’ YL (0¢) + \/gcos 0Y 1 (09)
2 cosOY; 1 (09) — (/L sinfe YL (0

\/2eosoY 1 (60) — \ /4 KON

1/2
X— ( ) 1/2y — -
(2p/?) = \/g sin 00V, (0¢) + \/g cos OY’(0¢)

Explicitly Y(0¢) = /2 cos, YH(0p) = —\/Ze?sing, Y, '(0¢) =
\/ e "sinf. (see Appendix B).

FEzxercise

Problem 1: Verify the normalization of 2s'/2-radial wave function (7.37):

oS}
/0 (g(Qsl/z)('l‘)2 + f(231/2)(7‘)2> 7‘2d7’ =1

numerically.

7.5 De Sitter invariant relativistic Dirac equation for
distant Hydrogen atom

Now we turn to discussion for the de Sitter invariant relativistic Dirac
equation of distant Hydrogen atom.

From Egs.(7.18), (7.19) and (7.20), 0" — D} = 6L — twi gy, —
ie/(ch)A*, and noting D} = B, D}, we have the de Sitter invariant rel-
ativistic Dirac equation for the electron in Hydrogen at the earth-QSO
reference frame as follows

Lert
hefs H T )WD,E QRQW,LQ VLD — | =0, (7.46)

where factor hicf in the front of the equation is only for convenience. We
expand each terms of Eq.(7.46) in order of O(1/R?) as follows:
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(1) Since observed QSO must be located at the light cone, 74, L*L? ~

NaQ°Q% = (Q°)? — (Q1)?, and the first term of Eq.(7.46) reads

arb
heBi <1 - %) YDl = <1 - W) heBin" Dl (7.47)
with By* = {By’ = 3% =1, By' = o'} (7.48)

. . — hcﬂ a v
heBiy* Dl p=(ihdy+hed - V + Twub’yﬂgab + ey B, AV ), (7.49)
where AY = {AY = ¢p, A'} are determined by Maxwell equations
within constant metric g, = B, (Q) and j¥ = {j° = ¢p/v/Boo, j' =
0} (see Appendix D):

ij 2 U(Q1)2 9? dr
__4m ¢pp
Cc \/BOO
= ATt 560 (x), (7.50)
—det(B,u,(Q))
. ) 4 .
0'0,, A" — B*"9,0,A" = —?]’ =0. (7.51)
The solution is (see Appendix D, Egs.(D.12) and (D.14))
1 e
¢B - 1)2 0)2 0)2 1)2 1)2 E,
I -85) (+ ) + =] 1+ 5)
AP =0, (7.52)

1y2
where 75 = /(Z1)2 + (22)2 + (23)% with 7! = 21/[1 + (§R; . In
the follows, we use variables {#!, 22,23} to replace {x!, 22 23}. The

following notations are employed hereafter:

rp =i7' +j2° + ka®,  |rp|=1p, (7.53)
. . 0 0 ~1 ~1 2 3

Under approximation up to O(1/R?), from the full expression of ¢ of
Eq.(7.52), we get

0y2 1\2 _
op ~ (1 - W) é AP =0. (7.55)
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Then, noting 6 02T T g_% = % - (322 % q.(7.49) becomes
1\2 a
hcﬂi’Y”D{;w: (zhat +ihcd - Vg —ihc (2QR2 al@

hcﬂ b

+ ——wi’'You + eBood + ea B1O¢B) P

@) 1 0 | heB
DY I A
2 QO 2 _ Ql 2 Q QO
+[1 n % eon — ~2-a'eop | . (7.56)
(2) Estimation of the contributions of the fourth term in RSH of Eq.(7.56)
(the spin-connection contributions) is as follows: By Eq.(7.20), the ratio
of the fourth term to the first term of Eq.(7.56) is

= (zh@t + ihea - Vg — ihe

ﬁCB ab,.yuo_ bw

Zhaﬂ/)

@C_t 1 _c_ti_lctac 0 (757)
4 2R?2mec® 8R2m.c 8 R2 ' '

where a, = i/(mec) ~ 0.3 x 10712m is the Compton wave length of
electron. O(cta./R?)-term is negligible. Therefore the 3-rd term in
RSH of (7.49) has no contribution to our approximation calculations.

(3) Substituting Eqs.(7.57), (7.56) and (7.48) into Eq.(7.47) and noting
L* ~ Q" (see Fig.(7.1)), we get the first term in LHS of Eq.(7.46)

heBi (1 - M)woﬁw <1 - M)<ih§ +ihed@ Vg

2R? 2R?
71-,16(2@;220[ % N {1 N 2(Q0)2R; (QI)Q] ebs — Q QO ale >
= {<1 _@) - @) 232@1)2) ih% + ihed - VB) - zhc(g;f lai
+ [1 + %}#@1)1 ehp — Q;goalefb]; + 0(1/34)} 0

(7.58)
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(4) The second term of Eq.(7.46) is
—hep 2nabL“7bL“Dﬁ ¢

2R
i 3 L
e el
72%02@0 ~L-a) <L080L — LOEQZ)B + Li@f) ¥
ich ie
72—R2(L0*L1041)(L080L* Lo ¢ JrL 81)”9/)
_ich 0 170 1 0
B A
+Z—;LOL1al¢B +LOL'9F — (Ll)zaléﬂ v, (7.59)

where the following estimations were used
(L?) (L) as
7 7 7 0. (7.60)
Noting L° ~ Q°, L' ~ Q', Eq.(7.59) becomes
0 0 02
abrpumL 7(@ ) Q Q 1) . . (Q )
L'y L'D,; [< P + SRz @ ihoy 5 R?
R'Q° R, 0 (@) 0
+ 5p7 @ edp 5R? ihc 91 + SR thea 971 . (7.61)
(5) Therefore, substituting Eqs.(7.58) and (7.61) into Eq.(7.46), we have
: 2(Q°? - (@)  Q'Q°
ih <1 — SR + 2R2 a' ) o
: (@) — (@Y% 2
|:th<12—R2 (X'VB+meCﬁ
() 2@ - @ Q!
2R? 2R?

edp

epp +

atedn

Q'Q.

-+ 2R2 ZhC@] "ll), (762)
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or
, (@)Y ., = 2(Q°)% — (@')?
1hop) = { (1+ 52 thea - Vg + 1+2—R2 mec?B
(L @y e
<1 * 2R? rB v
110 2
—Q % o' |—ihcd Vg + mec?f — @1 P
2R B
QQ°.. 0
+ [ SR mc@fcl 1, (7.63)

where ¢pp = (1 — %)6/7’3 is used (see Eq.(7.55)). Equation
(7.63) is dS-SR Dirac wave equation to the first order of O(%—t;). Two
remarks on Eq.(7.63) are as follows:

i) When R — oo, Eq.(7.63) goes back to usual E-SR Dirac equation of
Hydrogen, which has been discussed in the last section.

ii) Equation (7.63) is a time-dependent wave equation. It is somehow
difficult to deal with the time-dependent problems in quantum
mechanics. Generally, there are two approximate approaches to discuss
two extreme cases respectively: (i) The modification in states obtained
by the wave equation depends critically on the time T during which
the modification of the system’s “Hamiltonian” take place. For this
case, one would use the sudden approach; And, (ii), for case of a very
slow modification of Hamiltonian, the adiabatic approach works [Mes-
siah (1970)]. As discussed previously, since |R| is cosmologically large
and |R| >> ct, factor {(Q%)2/R?, (Q")?/R?} o (c*t?/R?) makes the
perturbed part of the time-evolution of the system described by wave
equation of (7.63) is so slow that the adiabatic approximation [Born,
Fock (1928)] may legitimately works. We will provide a calculations to
confirm this point below (Section 7.7).

7.6 De Sitter relativistic quantum mechanics spectrum

equation for Hydrogen

In order to discuss the spectra of Hydrogen by de Sitter invariant special

relativistic Dirac equation, we need to find out its solutions with certain
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physics energy E. From Eq.(6.10), the energy operator in the dS-SR can
be derived by means of the operator expression of momentum:

E 1 t t
poz_:ih[zat—c yaL 5C:|

c E 2R?
. 2t? ALt 0 5¢2t
E:’h[at_ﬁat_ﬁﬁﬂ—m}
. 2 ctLt 0
E’lp ~ ih (1 — —2) 8,51# — th?mw

, QO QOQ1 9

where a estimation for the ratio of the 3-rd term to the 2-nd of Et was
used:

. 2 . 2
ih3gt vl lih3%E 5h_ _5ac

|*c2t2mat¢| | =252 F| T 2tme T 2t

where a. ~ 0.3 x 10~"?m is the Compton wave length of electron and ct is
about the distance between earth and QSO. In our approximate calculations
a./(ct) is negligible. For instance, to a QSO with ct ~ 10%ly, a./(ct) ~
10738 << (ct)?/R? ~ 107°. Hence the 3-rd term of Ev were ignored.

Inserting Eq.(7.64) into Eq.(7.63), we obtain the de Sitter relativistic
spectra equation of Hydrogen

(1020 o= [ (1+LE s

2(@0)2 _ (Ql)Q 5 (QO)Q 62
+<1+2—R2)mecﬁ_(1+ 2R2)E:|w
QIQO \/5 2 QIQO ‘ 9
= ol % W — { Vi zﬁcﬁ} 1,

[ihcﬁ VB +mec® —
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or

0)2 1\2
Ey = [— (1 — (gRl ) ihed -V + (1 — (gRZ ) mec?

(-4)2)-

Q'Q ‘ V2e) QQ. 9
— R —ihcd - Vg +mec?f — %1 P — { SR zhc@} P

Oél

2
= [—ihtc&- Vg +mPe?p — e—t} 0
rB

leQO al lihcﬁ Vg +me?B — (\/7?76)2] P — {Ql@oihci} P

2R? B 2R? oxt
= (Ho(rp, heymP . e0) + H YW = Hgs—sry¥, (7.65)
which is up to O(c*t?/R?) (once again, O(1/R*), O(ctap/R?), O(cta./R?)

terms have been ignored), and where
2

Ho(rp, he,mP er) = —ihwed - Vg +m B — :—t, (7.66)
B
Q'Q° 1 . 0
H = SRz | @ Ho(rg, hy,m, v/ 2e;) —zhc@ , (7.67)
with
B Q)2 , 242
he = (1 s )= (1= 5 ) B (7.68)
12
mld = (1 B (EQP; )ma (7.69)
@ e
et:(l— R ) €T 1—4—R2 e, (7.70)
and
2 2
=& _ ¢ _
= hie  he (7.71)

Using notation in [Strange (2008)], Fp = W and the unperturbed eigen-
state equation is
2
W = Holhm, o = (~imed - Vo + w05 - L), (172)
B
which is the same as Eq.(7.26) except h, m., e being replaced by
Ay, mét), e¢. The time t is dynamic variable in the time-dependent Hamil-
tonian system, yet we do not know whether ¢ can be approximately treated
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as a parameter in the system at present. Hence, we cannot yet conclude
h, me, e are time variations described by Eqs.(7.68), (7.69) and (7.70) at

this stage. In the following section, we pursue this subject.

7.7 Adiabatic approximation solution to de Sitter—Dirac
spectra equation and time variation of physical
constants

Comparing Eq.(7.72) with Eq.(7.26), we can see that there are three correc-
tion terms in Eq.(7.72), which are proportional to (¢*t?/R?), accounting for
the effects of dS-SR QM. Since R >> ct, we argue that the corrections due
to these effects should be small, and the adiabatic approach works quite
well for solving this QM problem. In order to be sure on this point, we
examine the corrections beyond adiabatic approximations below by calcu-
lating them explicitly for a certain z. Suppose z >~ 3 ~ 4, Fig.7.4 indicates
Q' ~ 1.7Q° = 1.7 ct, and hence (Q')? ~ 3(Q°)? = 3 ¢*t? in (7.72). Rewrit-
ing the spectral equation (7.72) in the form of wave equation like Eq.(7.23)
via F = ih0;, we have

ihdph = H(t) = [Ho(rg, hyme, e) + H (1), (7.73)

where

2
Ho(rp, hyme, e)=—ihcd - Vg +m.c*f — :— (see Eq.(7.26)) (7.74)
B

c2t?
U
Hy(t) = — (Z—RQ) Hy(rp, h,3me, e). (7.75)
Suppose the initial state of the atom is (¢t = 0) = ¥, (rp, h, me, a) where
s = {ns, ks, j2, Jsz}. By Eqgs.(7.73)-(7.75) and taking into account the
time-evolution effects, we have (see Appendix E, or/and Chapter XVII of
Vol II of [Messiah (1970)])

W Hy(O)ms | 10
w(t):ws (I‘B, ht7 m((gt)a et)e g t+z %(@ met— 1)7/}m(I'B7 ht; mét)7 et)
m#s Him s
x e(=ifg W3ao) (7.76)
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where ws(rg,ht,mg),et) is the adiabatic wave function, fy, mi ey are
given in Eqs.(7.68)—-(7.70), and

: : —c?t
Ho (8)ms| meo)= (m| Ho(0)[) | (mots) = —pz~ (m| Ho (75, 1, 3me, €)[3)| (mozs)
—c?t
=~ e —5(m| (Ho(rp, h,3u,e) — Ho(rp, h,me, €)) |5)| (mzs)
—c*t 2 : 2 2 —i(ws—wm )t
EF«nm;’ima Jms Jmz|2mec™Blns, ks, Js» Jsz)e s
—2m.ctt :
= s (m|Bspe i, (7.77)
W,
Wins = Wm — W, Wy = Tm (7.78)

Note, formula (m|H(r, e)|s)|m-s = 0 has been used in the calculations of
(7.77). The second term of Right-Hand-Side (RHS) of Eq.(7.76) represents
the quantum transition amplitudes from s-state to v,,, which belong to
the correction effects beyond adiabatic approximations. Now for showing
the order of magnitude of such corrections, we estimate |Hj(t)ms/hw?,,| for
s=1=(1s"2k=-1,m; =1/2), m=2= (252 k = —1,m; = 1/2).
Noting W,, ~ mec® — mec?a?/(2n?), and the Compton wave length of
electron a. = h/(mec) =~ h/(mec) =~ 0.3 x 10~2m, from Eqs.(7.77) and
(7.78) we have

128

Holl)ar | _ | 128 o1y | %

2
hws,

act I 0
= ith = , 7.79
with B <OI> (7.79)

where the state (2| has been given in Eqs.(7.36)—(7.43) and the state |1) is
as follows: [Strange (2008)]

1/2
mj=1/2 9(151/2)( r)xx " (F )(131/2)
e (r) = X , 7.80
| > (te)i= 1/2( Zf(lsl/2 ( )X /3(1')(151/2) ( )

where

(2A)*H (ke + We1) o1 —ar
j— 1 . 1
9(151/2)(7“) \/ 2kcl(2s+ 1) e (7 i )

(2A1)2 (ke = We1) o1 apr
Loy (1) = — 1 82
fasz(r) \/ okel(2s+1)  © (7:82)
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with Wey >~ mec?(1 — o?/2)/(ch), Mt = k% — W, and
. Yo . — cos 0Y0
X&/ 2 (£) (151/2) = < 0 ) : Xl_/f(r)usl/?) = ( 0 ) . (7.83)

0 —sin fe’?YY

By means of expressions of wg;):jlz/fﬂ(r) (Egs.(7.80)—(7.83)) and

wgi):jlz/fﬂ(r) (Egs.(7.36)—(7.43)), we have

<2|ﬂ|1> - /(; drr? (g(1s1/2)(r)g(2sl/2)(r) - f(lsl/Q)(T)f(Qslﬂ)(T))

~ —1.12x 107>, (7.84)
Substituting Eq.(7.84) into Eq.(7.79), we obtain
H(/) (t)gl 4 Qe ct
=5.6x10" X —— 7.85
o, R R (7.85)
Considering Compton wave length of electron a, = -~ ~ 0.3 x 10~ ?m ~

MeC

0.3 x 10728]y and both Q° = ct and R are of cosmological large length
scales as well as R > Q°, we have

Hi(t)a |  (1.7x107%4y)  Q°
-~ — << 1 7.86
2, R “R (7.:86)
For generic (m| and |s), similar to the calculations of Eq.(7.85), we always
have
Hl t ms c 0
25)72) ~ (constant) - % X % (7.87)

r! —18
Since the (constant) at last is about ~ 10'°, then Hgi?’“ ~ (1'7“23 ) o

ms

Q° ;
<+, we finally obtain

Hy(t)ms

<< 1, (7.88
hw?, s

which indicates the second term of adiabatic expansion expression Eq.(7.76)
can be ignored, or the corrections from beyond adiabatic approximations
are quite small (or tiny), and hence the adiabatic approximation is legiti-
mate for solving this dS-SR Dirac equation of the atom.

Thus, we arrive at an interesting conclusion that the fundamental physi-
cal constants vary adiabatically along with cosmologic time in dS-SR quan-
tum mechanics framework. As is well known, the quantum evolution in the
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time-dependent quantum mechanics has been widely accepted and studied
during past several decades (see, e.g., [Bayfield (1999)]). It is remarkable
that the time-variations of m., h and e (see Eqs.(7.68)—(7.70)) belong to
such quantum evolution effects.

7.8 2s'/2-2pl/2 gplitting in the dS-SR Dirac equation of
Hydrogen

In the subsection 7.4.2, we have pointed that the state of 25'/2 and state of
2p'/? are complete degenerate to all orders of o in the E-SR Dirac equation
of Hydrogen described in Hamiltonian Ho(r, h, i, e) of Eq.(7.26) (see also
Eq.(7.27)). In this section, we calculate the (251/2 — 2p'/?)-splitting duo
to dS-SR effects.

7.8.1 Energy levels shifts of Hydrogen in dS-SR QM as
perturbation effects of E-SR Dirac equation of atom

The dS-SR Dirac spectrum equation for Hydrogen atom has been derived
in Section 7.6 (7.65), which is as follows

Hs—-sryt = ( Ho(r,he,m{, e,) + H' )i = Ev, (7.89)
where
2
Ho(r, he,m®, ;) = —ihyed - V +m®e2p — &L, (7.90)
T
1
H' = 5(H'T + H') = H| + Hj, (7.91)
and?
Q'Q°
H{ =— IR2 (OélHQ(’I“, ht, mét), \/iet) + Ho(T, ht, m( ), \/56,5)0&1) s (792)
H, = — Q'Q” ihcz - z’hcz (7.93)
27 4R2? ozt ozt |- '

Comparing above equations with Eqgs.(7.65)—(7.67), hereafter we have re-
moved the subscript B in rp and Vg, and the tilde notation ~ in ' for

2Equations (7.91) with (7.92) and (7.93) is similar to equation (74) (or (76)) in [Yan
(2012)] except 2 mistakes in writing in it: (i) e in (74) of [Yan (2012)] should be /2e;
(ii) the sign of the second term in it should be minus.
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simplicity. The perturbation Hamiltonian H’ is also rewritten to be explic-
itly Hermitian. In the spherical coordinates system the operator % =0
in Eq.(7.92) is as follows

0 — 0 10 sing 0

31:@: i -V =sinfcos¢ T+COS9COS¢—%*TSin98¢'

(7.94)

Comparing dS-SR QM with ordinary E-SR Dirac equation of Hydrogen,
we see two distinguishing effects in the dS-SR QM descriptions of distant
Hydrogen atom (or one-electron atom) in the Earth-QSO reference frame:
(i) The physical constants variations with cosmic time adiabatically, which
have been discussed in the previous section (see Eqs.(7.68)—(7.70)); (ii)
Perturbation effects arising from H' of Eq.(7.91) in H4s_gp) of Eq.(7.89).
In this section, we focus on the latter.

For adiabatic quantum system, the states are quasi-stationary in
all instants. Hence at all instants the quasi-stationary perturbation
theory works. When H4s_sry = Ho(r, hs, mét), et) + H', the unperturbed
quasi-stationary solutions of Hy(r, ﬁt,mét),et)d) = W1 are the same as
Eqs.(7.26)—(7.34) except h — hy, me — mg), e — e;. Then the energy
levels shifts due to H' of Eq.(7.91) are computable in practice by the
perturbation approach in QM.

Those shifts AE? = W; — E due to H' are determined by

det ((H(as—sry)irr — Ediir) =0, (7.95)

where i = {n, [, j, k, m;}, Hgs_sr) has been given in Eq.(7.89) and the

elements are
(Hias—sr))ir = (i|Holi") + (i|H'|i") = Widsur + (H')iir, (7.96)

where W; = W, ,, are shown in Eq.(7.27).
Firstly, we compute the elements (H');;» = ((H{ + Hj))iww with i = 7.
From Eq.(7.92), we have

Q'Q° R
/ :_—M/
(H1)ii SR? i(ilac i) + 2 R2

= Q2RQ20W/drr /dQ
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mj —1i r 0o g(r)xe” (F)
(01, =N ) <al o> <z’fn(r)x’ff;(f)>
0,2
2%2 /drr/dQ

» mt 0 ot g (T (£)
< (90X @), =i ()X <>)<010>(ifﬁ(r)xmi(f)>

[ a0 (! @0t - X @)t ). (r.97)
Substituting Eqs.(7.30) and (7.31) into Eq.(7.97), we get
/ ™t (#)o ™ () = 0 (7.98)
/ X" (#)o ™ (7) = 0, (7.99)
and hence
(Hy)ii = 0. (7.100)

It is easy to check the validness of Eqs.(7.98) and (7.99). Considering, for
instance, the case of state |i) = |(2p'/?)™i=1/2) (see Eqs.(7.44) and (7.45)),
we can calculate the left sides of Eqgs.(7.98) and (7.99) explicitly:

/dQXH 2p1/2)a X—/K——l( )(2p1/2)

/ ) (—\/;Yf)qu)* , @w@*) (? é)
\/gcos oY, (6¢) — \/%Sin e~ Y (00)

\/,Esin 0e Y (0) + \/Icos oY (0¢)

2T
=5 i d(bsmd)/ df sin 0 cos® O(sin — cosf) =0, (7.101)
™

X

1 2 ~ 2 /A
[ dnx /,{,,1@)(2,,1/2)0 L2 () e

T
(/dQXl/ T( )(21)1/2)0 X—/j_—l( )(2p1/2)) =0. (7.102)

Therefore Eqs.(7.98) and (7.99) hold for state of [i) = |(2p!/?)™i=1/2).
Similarly, for cases of |i) = [(2s'/2)™i=1/2)  |i) = |(2s}/2)™i==1/2) and
i) = |(2p'/?)™i=—1/2) Eqs.(7.98) and (7.99) can also be verified.
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From Eq.(7.93), we have

H H
(H})i = Mm ihe=0— _ine2- i) = —Q1Q00<i| pl i) =
20 = R Da1 o1 | 1" T T gz VP
(7.103)
where p' = —i%, and the fact that the average value for p' in the sta-

tionary bound state |[¢) must vanish has been used. Equation (7.103) can
also be checked by explicit calculations based on the known wave functions
Eqs.(7.29)—(7.31).
Combining Eq.(7.103) with Eq.(7.101), we find that

(H')i = (H1)ii + (H3)ii = 0, (7.104)
which means (H');; is an off-diagonal matrix in the Hilbert space. As is
well known that the energy shifts for non-degenerate levels due to H' are
expressed as

) /| H/ |2
AE' =W, —FE = Yii Jir - 7.105
M S

which could be considered the perturbation solution of Eq.(7.95) for non-
degenerate case. Thus, noting H' o O(1/R?) and Eq.(7.104), the non-
degenerate level shifts AE® are of order O(1/R*), which is beyond the
considerations of this paper. We will show in next subsection the meaning-
ful O(1/R?)-energy level shifts due to off-diagonal perturbation interaction
H’ for degeneration levels. Typical example is 251/2 — 2p'/2 splitting due
to H'.

7.8.2 2s1/2 — 2pl/2 splitting caused by H’

In Section 7.4, we have shown that the state of 2s'/2 and state of 2p'/?
are complete degenerate to all order of a in the E-SR Dirac equation of
Hydrogen (see Eq.(7.35)). The degeneracy will be broken by the effects of
H'. In this subsection we calculate the 2s'/2 — 2p!/2
H'.

By using the explicit expressions of 2s'/- and 2p'/¢ wave functions
Eqgs.(7.36)—(7.45), all matrix elements of H' = H{ + Hj between them can

be calculated, i.e.,

(H')

splitting caused by

1/2 1/2

’ ’ ’
mj, m; mj, mj mj, m;

2L1/27J2L/1/2 = <H1>2L1/2 2L/1/2 + <H2>2L1/2 2L,/1/2» (7106)
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where
CHL) s s = (2LM)™ | Y (2L/V/2)m5)
— / drr? / s wgg)jzl 1o (x) H] wg?L,)j:l 15(1),
(7.107)
here {L,L'} = {s,p}, i = 1,2, and wgi)jzlﬂ(r) are given in

Eqs.(7.36)—(7.45). The matrix element calculations are presented in step
by step in Appendix F, and the results are listed as follows:

(1) Hi-matrix elements: Hj is given in Eq.(7.92), i.e.,
Q'Q°
4R?

H) = (alHO(r, B, me, V/2€) + Ho(r, h, me,ﬂe)a1> )

(7.108)

where the subscript ¢ of h,u,e has been removed because there is
already a factor of (1/R?) in the Hj-expression and 1/R*-terms
are ignorable. From Egs.(7.98), (7.99) and (7.108), and noting
fo% d¢ exp(+ing) = 0, [, dfsin6cos® 6 = 0 etc., the explicit cal-
culations of (H{);» show

_i0, = <H{>1/2’ -1/2 _ (H{>_1/2’ /2 _ —<H{>1/2’ —1/2

251/2 2pl/2 251/2 2pl/2 2pl/2 251/2

= —(H); Y22~ unknown, (7.109)

2p1/2 251/2
and others = 0.

Equivalently and explicitly, the matrix form of {(H{);} is:

’

(2L7, L7 ymim (2572 (25%)%1 (2p?)? (Qp%)%l

(25412 (0 0 0 N
941/2)-1/2 0 0 —i0 0
H/ i1 :(
{(H )i} (2p}/2)1/2 0 10, 0 0 ,
(2p1/2)—1/2 i0, 0 0 0
(7.110)

where the matrix row and column indices have been labeled explicitly.
Compactly, Eq.(7.110) can be written as follows

0 —i@lal . 01
HYid = th ol = . (7111
{(Hw) (iewl . ) with o <1O> (7.111)
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By means of the wave functions w;ﬂj (r) of Eq.(7.29) the ©; can be
calculated. Details are shown in Appendix by using the known wave
functions with n = 2 and x = 4+1. Explicit calculations for this
particular input result in

0, =0. (7.112)
(see Eq.(F.11) in Appendix F).
H/, matrix elements: H) is shown in Eq.(7.93):

H H
-~ Q'Q° 9
r_ Y el
H, = 1R zhcaxl mc(‘f):cl ) (7.113)
where 0 _ = smﬂcosz,zb 0 +cost9cosz,z§—2 _ sing 2 (7.114)

Oxt or rd0 rsinf d¢
By means of straightforward calculations (see Appendix F), we obtain

all elements of Hj:

n1/2,=1/2  _ yppy—1/2,1/2 0 n1/2, =1/2 \—1/2,1/2
<H2>251/2 2pl/2 T <H2>251/2’2p1/2 - 7<H2>2p1/2,251/2 - 7<H2>2p1/2,251/2

0 2
Q2]§2 6 4;;:\_ K2 (kc (§+1)kc—W0+%Wé)
= —iO,,
and others = 0, (7.115)
where notations of ko, We, A, s, k have been given in Eq.(7.34). The

We

matrix form of Eq.(7.115) is as follows:
0 —’i@gO‘l
HY) o} = , 7.116
{(Hw) Q%& ) ) (7.110)
where

Oy =

Q'Q° heA kK,
202 6\/AWE — kZ, <W—C

(7.117)
Since H' = H{ + H) (see Eq.(7.91)), the matrix form of H’ is:

KFM&=WﬁwH{W%A=<£;_?0>7WH&

1

where
©O=0;+0;,=0+0-
_Q'Q" ke B
- S sz (i

Obviously, © oc O(1/R?).

1

(7.119)
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Substituting Eq.(7.118) into Eqs.(7.96) and (7.95), we get the secular
equation for eigenvalue F in the degenerate perturbation calculations:
W—-FE 0 0 —i©
0 W-—-E —i© 0
0 ®© W-—-FE 0
10 0 0 W-F
The real energy solutions are

W—-E=40, or E)=w+4+0, E5)=w-0, (7.121)

= 0. (7.120)

and hence we obtain the desired expression of energy level splitting of
(2512 — 2p/2) due to H'

(AE)(2p1/2_281/2) =FE) - E® = 20
Q0 heA k? 1 2

R 6\/AWE — kE \We hes

(7.122)

which is of order O(1/R?). Equation (7.122) represents an important
effect of dS-SR for one-electron atom and it is the main result of this

chapter.
The eigenstates with eigenvalues E*): Generally, the eigenstates of H’
are

|E(i))=C’£i)|231/2)1/2+0éi)|2$1/2)_1/2+C§i)|2p1/2)1/2—|—6’£i)|2p1/2>_1/2,
(7.123)

where {|2s1/2)ms, [2s1/2)mi} € |nLi)™i, and C\F) (i = 1,2,3,4)
satisfy the following eigenequation corresponding to Eq.(7.120):

wo o —ie\ /P c®
: (%) (%)
0@ W 0 Cs Cs
i©0 0 w /) \c® o
Substituting Eq.(7.121) into Eq.(7.124), we get the eigenstates with

eigenvalues E(+)

1
B =3 (125112 4 [2512) 7 2 if2p! )12 4 dfap! /)7 3), (7.125)

1
[BO) =S (1252)1/2+[261/2) 7112 — ijapl/2) 12 — ij2p1/2)71/2), (7.126)

which satisfy (E(H)|E)) = (E()|E()) =1, and (EC)|EM®) = 0.
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(7) Numerical discussions: In order to have a comprehensive understand-

ing of Eq.(7.122), we now discuss (AE)(gp1/2_91/2) = EC) —EW) =
—20 numerically. For Hydrogen’s 2s'/2- and 2p'/Z-states, m, =
510998.910 eV/c?, Z = 1, n = 2, k = +1. Substituting them into
Eq.(7.27), we get W = 510995.51 eV/cQ. And by Eq.(7.34), we further

have ke, We, A and s. Inserting all of them into Eq.(7.122), we obtain

1 0
AE(Z) = (AE)(2p1/2—231/2) = % x 358.826 eV
1 0
= % x 8.36 x 107 (Lamb shift), (7.127)

where Q°(2) = ct(z) and Q' (2) have been given in Eqs.(7.13) and (7.17)
respectively (see also Fig.7.2 and Fig.7.3). In the expression of function
AE(z) of Eq.(7.127), when z were fixed, the only unknown number is
R which is the universal parameter of dS-SR. Therefore a way to deter-
mine R may be through such kind of observations of the level spectrum
shifts of atoms on distant galaxy. The curves of AFE(z) of Eq.(7.127)
with |R| = {10°Gly, 105Gly, x107Gly} are shown in Fig.7.6. In
the Table 7.1, the AFE(z) for |R| = {103Gly, 10*Gly, 10°Gly} and
z = {1, 2} is listed.

207 g
- |RI=10%Gl
15j B
g
é 10 R
=2
CH [R|=10°Gly
OSj B
} [R|=10"Gly
00 et ——
0 1 2 3 4 5
z (redshift)

Fig. 7.6 Functions AFE(z) of Eq.(7.122) with |R| = 0.5 x 10°Gly, 10°Gly, 2 x 10°Gly
are shown. The unit of the energy splitting AE(2) is (Lamb shift)~ 4.3 x 10~ %eV.
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Table 7.1 The energy level splitting of Hydrogen’s (2p'/2 — 2s1/2), AE(z) =
(AE)(Qpl/Q_Qsl/Q) (see Egs.(7.122) and (7.127)): R is the radius of de Sitter pseudo—
sphere in dS-SR, which is a universal parameter in the theory and |R| > Ry = 13.7Gly
(Horizon of the Universe). Gly = 10° light years. z is the red shift. (Lamb
shift)~ 4.3 x 10~ %eV.

|R| 103Gly 104Gly 10°Gly

2 1 2 1 2 1 2
AE(z) (eV) 2.6 11 2.6 x1072  0.11 | 26 x10™% 1.1 x 1073
(Lamb shift) | 6 x 103 2.7 x 106 5977 26541 59.77 265.41

7.9 High-order calculations of 1/R2-expansions

Substituting Eqgs.(6.57), (6.64), (D.12) and (D.16) into Eq.(7.18) gives full
expression of the de Sitter invariant special relativistic Dirac equation for
the electron in Hydrogen in the earth-QSO reference frame:

hef |iv/ay"Dj; + z%m@a QD - =
where factor fiicg in the front of the equation is only for convenience, L* ~
Q" has been used (see Fig.7.1 in Section 7.2), and

Y=0, (7.128)

0 i e

L _ b . v

DN = m - Zwauaab ZEBM,/A
0 i 1

= — = anb _ bna
= OLn 4RQ(1+\/E)\/E(77NQ UHQ )Uab

e 14 (@) Q! o
i o R202 R252 =
)

ch 1 1 1 B
VI -8) (+ ) + 5a2] (1 )

(7.129)

We expand each term of Eq.(7.128) in order of 1/R? as follows:

(1) Since observed QSO must be located on the light cone, we have
Nab L LY ~ 1, Q°Q" = (Q°)? — (Q1)?, and the first term of Eq.(7.128)

reads
heBiy/oy' DY = \/ 1- W}mﬁmﬂpg (7.130)
with gy* ={By" =8> =1, gy' =a'} (7.131)

hefs

=i Oa + €87 B AV

(7.132)

hcﬁi’y“D{;w (thOy + ihed - V +
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In the following, we use variables {#',z2 23} (where 7! =
-1

1+(Q1)?/R?
of (8.97) and (8.98), and noting 2r = o2t 0 _ 1 0

dzT 97T 1+(Q1)2/R? o071
Eq.(7.130) becomes

x!, see Eq.(A.37)) to replace {z!, 22, 23}. Using notations

. . o . 1 0
heBiy" Dty = <zh8t + ihcd - Vg + ihc N e 1 al@

heB

+Tw” Yoap + eBoodp + 6041B10¢B> (G

1
Jir@e

0y2 10
YHoa + [l + (&) %2632

0

= | ih0; + ihca - Vi + ihc 0&1—~
oxt

Iy
e

o R202

] epp — a1e¢3>¢. (7.133)

(2) Estimation of the contributions of the fourth term in RSH of (7.133)
(the spin-connection contributions) is as follows. From Eq.(6.64), the
ratio of the fourth term to the first term of Eq.(7.133) is:

%wzb’)’“%bl/}‘ he e 1 ct h  lctac

~0, (7.134)

ihOu) T A 2R?m.2  8R2myc 8 R?

where a, = i/(mec) ~ 0.3 x 10712m is the Compton wave length of
electron. O(cta./R?)-term is negligible. Therefore the 3-rd term in
RSH of (7.132) has no contribution to our approximation calculations.
(3) Substituting Eqgs.(7.134), (7.133) and (7.131) into Eq.(7.130) and
noting L% ~ Q° (see Fig.7.1), we get the first term in LHS of Eq.(7.128)

1
-
V1+(QY)?/R?
0)2 10
xal% + [% + (]'26220?2:| epp — @Q 0416<Z)B>¢.

R202

hcﬁiﬁv“l){;w = ﬁ(ih@t +ihcd - Vg + ihe

(7.135)



152 De Sitter Invariant Special Relativity

(4) The second term of Eq.(7.128) is

hcﬁlz———jgégnabLGVbL#2)£¢
= hcﬂz(—)@( L%~ - L) [L°Do + L'Di]
~ hci%(lp —L'a)
[LO (ao - m - é_;(i + (R%(;)Q )¢>B>
v (o + gt 80
~ hei 2V (L° — L'al)

(1—-o)R?

X [Loag +L'oF - —

0 0(H0\2 _ 71101
(L +L(Q) LQQ)%]%

ch \ o R202
(7.136)
where the following approximation estimations is used
L? L3
L) &) e (7.137)

R R R
Noting L° ~ Q°, L' ~ Q', L? ~ 0, L? ~ 0, Eq.(7.136) becomes

hcﬂl(%nabﬂ‘ DLy
:(f—% |:[(QO)2_QlQoal]ihat+Q1QOZ’56%_(Q1)%RCQ1%
0 0\3 _ H0/H1\2
(2 LEL)
% {[(QO) - Q'Q"aihd, + QIQOZ‘ﬁC%*(Ql)chal%
0
+elQ° — @ I]Q ¢B] ¥, (7138)

where

Q_O T Q%)% —Q(Q")? —Q° (l " 1— a) _ Q_O
o

o R202 o2 o2

was used.
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(5) Therefore, substituting Eqs.(7.135) and (7.138) into Eq.(7.128), we
have

i (V4 TSTQR - Q@) o
1

= {—Z'h\/ECO_Z'VB - [%
Q02 . Q02
+ R(Qa\)/E + (10_ a\)/f%Q ( 02) ] epp + mSCQﬁ} Y
) 1 a QIQO
-+ {ZhC\/E <W — ]_) alF —+ R20_\/_a1€¢3

__ooVo [ihc(QlQO(Ql)Qal) -2 E;QO) oledn ]}w

(1-o)R? 071
(7.139)

In order to discuss the spectra of Hydrogen atom in the dS-SR Dirac
equation, we need to find its solutions with certain energy FE for the
electron in the atom. From Eq.(7.64) in Section 7.6, we have

E ihe@Q' QY 1 8
QR TR - QR i Q0

Then substituting Eq.(8.106) into Eq.(8.104) gives

ithop) =

Eyp = Hop + H'p (7.140)
with Hy = <1 - (6]2;)2> {ﬁ+ (a(f;))(g)?yl
S Fac]
+ (f_%(?‘? }e@g +mec2ﬂ}, (7.141)

oliar sl

: 1 1 0, QQ°
{—ZHC\/E (W — 1) « @ + WC{ €¢B
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_( o) R? (ZHC(QIQO - (Ql)Qal)ail ki (QO) “———a'edp )
L - v9RQ! <E e Q“Ql 0 )}
(1—-(Q%)?/R?*)(1 - o)R? R%\/1+ (Q")2/R2 07"
ihcQ'QP 0
_RQW@’ (7.142)

where ¢p was given in Eq.(D.12). Equation (7.140) is dS-SR Dirac
c t2)

wave equation to order of O(
(6) From Eqgs.(7.142) and (7.6), the H' up to order of O(3z) reads

, ; Q02Q1 2+2 Q14 o
H:éch« QY+ >)a1@
QRQ" +3 (Q1)
TR (1_( )
0Nl
_Q2]§22 (1+ )aHO et)
ichQ" Q" (QO) Q)
5z (1+ 4R2 )% (7.143)

A further approximation of neglecting O(%)—terms in Eq.(7.143) gives

10 9
H ~ %R% (_algo(m, B, e, V2e) — ihc@) . (7.144)
This is the same as the H'-expression of Eq.(7.91) with Eqgs.(7.92) and
(7.93).

7.10 Universal constant variations over cosmological time

Now we base on the Dirac equation describing the distance Hydrogen atom
in cosmology Eq.(7.140) with Eq.(7.141) to discuss the time-variations of
h, e, me and a = €?/(hc). Under the adiabatic approximation, the un-
perturbed Dirac equation for a distant Hydrogen atom should be

L0 PP (t) 2 e : 6%
ith—v¢ = Epp =S —ihyed - Vp+mc*f — — p v, with oy = —

ot rB hic
(7.145)
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where the subscript (or superscript) ¢ indicates the back-looking time in
cosmology. Substituting Eqs.(7.141) and (D.12) into Eq.(7.140) gives

@y ) [ G ; @))gf]‘l

Eot = Hotp = (

x<{ —ihy/oca -V + mCCQB

1 Q%)2 oo (Q°)?
|:ﬁ + I£2cr\)/_ + (1— 0'\)/1;2 ( 02) :| e?

G- 85) G+ 88) + e 1+ ) ™

(7.146)
Comparing Eq.(7.145) with Eq.(7.146), we obtain
(QO (o \/5)(620
hi=|1-— —_ h .14
0 0y27-1
(t) _ 7(@) (0*\/5)(@)
mf <1 = ) [ﬁ+ S| me (7.148)
(@) =B @P] " [ @, omm @2
(1_ R? )|:\/E+ (1—0)R? :| |:ﬁ + R%0\/c + (1—o)R? o2 i|
et — e,
VI - 85) (2 + ) + @] 1+ 92)
(7.149)
and
1, @), o—vE (@)
o = Vo + R?0+/c + (1—0)R? o2 o
1y)2 0)2 0)2 1)2 1)2
(- ) (3 58+ ] 1+ %)
(7.150)

We address that the un-perturbed part Hptp (7.146) of full Dirac equa-

tion (7.140) has included all 1/R-expansion terms. So Eqs.(7.147)—(7.150)

(®)

are complete expressions for iy, me’, e; and «y respectively, which have

included all terms in the 1/R-expansions. Noting Eq.(7.6), it is straight-

(®)

forward to complete the 1/R?-taylor expansions for ks, me’, e; and oy
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respectively. Up to order-1/R* terms, the results are follows

0\2
ho=[1- 0 L (@) - @@ + o/ (715
m® = 1= 80+ i (3(@PQY? 3@ + 00/ 1)
(7.152)
0)2 0\4
e = {1 — (fRZ - 3§2QR21 + 0(1/36)] e, (7.153)
o = [1 + 8—;4@0)2(@1)2 + 0(1/36)] a. (7.154)

(The calculations of these equations can be easily checked by “Mathemat-
ica”. See Appendix A.) If we dropped all O(1/R*)-terms in Eqs.(7.151)-
(7.154), the above results are exactly the same as Eqgs.(7.68)—(7.71). These
are the main results of this chapter. Especially, Eq.(7.154) indicates that
a; = a, # aup to O(1/R*). This conclusion is different from the O(1/R?)-
result oy = a of Eq.(7.71). Namely, when one observes the absorbing (or
radiating) spectra of Hydrogen or Hydrogen-like atoms at distant galaxies
with redshift z, it will be found that the observed fine-structure constant
o, will not be equal to the value of « in the laboratory on the earth.



Chapter 8

Temporal and Spatial Variation of the
Fine Structure Constant

This chapter focuses the space-time variation of the fine-structure constant
in the cosmology, a phenomenon exhibiting one of the physical effects of de

Sitter invariant special relativity (dS-SR).

8.1 Methods to search for changes of fine-structure

constant

Quasar absorption system: A Quasar (or Quasi-Stellar Object (QS0)) is a
celestial body with very high luminosity and large red-shifts in sky. Some
quasar sight lines observed by us may pass through some gas clouds in
the Universe. In this case, spectroscopic observations of gas clouds seen
in absorption against background quasars can be used to search for the
absorption spectrums of atoms, ions and molecules in the gas clouds. Com-
paring these observational spectra with the corresponding spectra in the
Earth laboratories, we can learn that (i) the Hubble’s red shift of the gas-
cloud z = Av/v (see Eq.(5.16)) which is the same for any frequencies; (ii)
the relative frequency shifts between the energy levels of atoms (or ions,
molecules) in the gas-cloud. The latter is related to measurements of the
space-time variation of the fine-structure constant in the cosmology. Such
systems are called quasar absorption systems. Quasar absorption systems
present ideal laboratories for seeking any temporal or spatial variation of
fundamental constants by comparing atomic spectra from the distant ob-

jects with laboratory spectra on earth.

157
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Methods to search a-variation via astro-observations:

We note that one needs to measure the relative size of relativistic cor-
rections to atomic energy levels in order to determine the a-variation. To
see this point, let us explain in the following. The energy scale of atomic
spectra, in the nonrelativistic limit, is given by the atomic unit me*/h2.
In this limit, all atomic spectra are proportional to this quantity and no
change of the fundamental constants can be detected. Indeed, any change
in the atomic unit will be absorbed in the determination of the redshift
parameter 1+ z = w/w, (w, is the redshifted frequency of the atomic tran-
sition, and w is this frequency in the laboratory). However, any change in
the fundamental constants can be found by measuring the relative size of
relativistic corrections, which are functions of a2, where a = e2/(hc) is the
fine structure constant.

The most straightforward way to look for the variation of « is to measure
the ratio of some fine structure interval to an optical transition frequency,
such as w(npy /2 — np3/2) and w(n'sy 2 — nps/2). This ratio can be roughly
estimated as 0.2a2Z2, where Z is the nuclear charge [Sobelman (1979)].
Therefore, any difference in this ratio between a laboratory experiment
and a measurement for some distant astrophysical object can be easily
converted into the spacetime variation of . Among them, fine structure
interval frequency w(npi/2 — npss) could be is found as a difference:
w(npije — npsja) = w(n'siys — npsjz) — w(n'syp — npiya). Yet, the
accuracy of this method is relatively low. Namely the sensitivity of the
ratio to o? (i.e., 0.222) seems small. Consequently, the measurement of
the ratio is not very sensitive to a-variation. So, it is less-useful in the
detections of a-variations in practice.

A great improvement on the above method is achieved by the Many-
Multiplet (MM) method proposed by [Dzuba, Flambaum, Webb (1999a)]
[Dzuba, Flambaum, Webb (1999b)]. One can gain about an order of mag-
nitude in the sensitivity to the a-variation by comparing optical transitions
for different atoms. Now we explain it. In this case the frequency of each

transition can be expanded in a series in o? :

wi=w® +wPa? + (8.1)
=Wilab + ¢T + -+, T = (a/a0)2 -1 (82)

where aq stands for the laboratory value of the fine structure constant.
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Note that Eq.(8.1) corresponds to the expansion at a = 0, while Eq.(8.2)
(2)

at o = . In both cases, parameters w;”’ and ¢; appear due to relativistic
corrections. We note that both w; 1., and ¢; are calculable by the Dirac-
Hartree-Fock method and the quantum many body perturbation theories
(and w; 1ap are of course measurable in laboratories).

For a fine structure transition the first coefficient on the right hand side
of Eq.(8.1) turns to zero, while for the optical transitions it does not. Thus,

for the case of a fine structure and an optical transition one can write:

(2)

Y Y024 0(ad), (8.3)
RO
op

Wop

while for two optical transitions 7 and k the ratio is:

o0 (o)
A R (e Mt S P SPG YOO (8.4)
wn CL)I(;)) Wz(co)

(
i
order of magnitude larger than corresponding coefficients for the fine struc-

ture transitions wf(f ) (this is because the relativistic correction to a ground

More often than not, the coefficients w 2 for optical transitions are about an

state electron energy is substantially larger than the spin-orbit splitting in
an excited state [Dzuba, Flambaum, Webb (1999a)] [Dzuba, Flambaum,
Webb (1999b)]). Therefore, the ratio (8.4) is, in general, more sensitive to
the variation of o than the ratio (8.3).

Let’s illustrate how to determine the distant a, = «a by using MM
method. Suppose i stand for transition of Mg I (3s% 1S5 — 3s3p 1Py),
from expansion expression (8.2) and the calculations in [Dzuba, Flambaum,
Webb (1999b)] we have

Wi = Wi obs = Wi lab + GiT + G2 + ...
4
= 35051.277(1) + 106z — 10y, y = (3> —1. (85)
ay
According to this relation, once w; obs = Wobs(Mg I (352 1Sy — 3s3p 1Py))
is known by means of astro-observations, desired a, = a will be determined
via = (a/oy)? — 1. Since i can be any transitions from different species,

we should combine them to get reliable a,. Part of calculation results for
different i are follows [Webb et al. (1999)]



160 De Sitter Invariant Special Relativity

Mg II%P J =1/2: w = 35669.286(2) + 119.6,
J=3/2: w=35760.835(2) + 211.2z,
Fell 6D J =9/2: w = 38458.9871(20) + 1394z + 38y,
J=7/2: w=38660.0494(20)1163210y,
SFJ =11/2: w=41968.0642(20) + 1622z + 3y,
J=9/2: w=42114.8329(20) + 1772z + Oy,
SPJ=7/2: w=42658.2404(20) + 1398z — 13y.  (8.6)

The key of MM method relies on the combination of transitions from dif-
ferent species. In particular, as can be seen from Eq.(8.6), some transitions
are fairly insensitive to a change of the fine-structure constant (e.g., Mg II,
hence providing good anchors) while others such as Fe IT are more sensitive.
The first implementation [Webb et al. (1999)] of the method was based on
a measurement of the shift of the Fe II (the rest wavelengths of which are
very sensitive to EM) spectrum with respect to the one of Mg II. This
comparison increases the sensitivity compared with methods using only to
measure the ratio of some fine structure interval to an optical transition
frequency (e.g., see Eq.(8.3)).

8.2 Spacetime variations of fine-structure constant
estimated via combining Keck /HIRES- and VLT
/UVES-observation data

The Keck telescope (Mauna Kea, Hawaii) and VLT telescope (Paranal,
Chile) locations on Earth are separated by 45° in latitude and hence, on
average, observe different directions on the sky.

During more than one decade, analysis relied on 143 absorption systems
observed in the Keck shows [Webb et al. (1999)] [Murphy et al. (2003)] that
the robust estimates in MM-method is the weighted mean

Aa

— = (—0.57+0.11) x 1077, 0.2 < z < 4.2, (8.7)
0

where Aa = a, — ag and ag = «;. This result indicates that « varies

temporally, and could be smaller in the past time.
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Further MM-method studies afterward using 140 absorption systems
from the Keck telescope and 153 from the Very Large Telescope (VLT )
suggest that « vary also spatially [Webb et al. (2011)] [King et al. (2012)].
That is, a could be smaller in one direction in the sky yet larger in the
opposite direction at the time of absorption.

Specifically, authors of [Webb et al. (2011)] and [King et al. (2012)]
found out that the angular distribution of Aa/ayg in sky is:

Aa Acos O, (8.8)

)]
where amplitude A ~ (1.0240.21) x 107>, and © is the angle in sky between
quasar sight line and the direction in the sky equatorial coordinates: {right-
ascension : 17.4 £ 0.9h; declination : —58 =9 deg} (see Fig.8.1 and its
captions). Distribution of Eq.(8.8) is called dipole, which is statistically
preferred over a monopole-only model at the 4.10 level in the above Keck
plus VLT observations.

Declination (degrees)

Right Ascension (hours)

Fig. 8.1 (color online). All-sky plot in equatorial coordinates showing the independent
Keck (green, leftmost) and VLT (blue, rightmost) best-fit dipoles, and the combined
sample (red, center), for the dipole model, Aa/ag = Acos©, with A = (1.02 4+ 0.21) x
10—5. Approximate 1o confidence contours are from the covariance matrix. The best fit
dipole is at right ascension 17.4 £ 0.9h, declination —58 £+ 9 deg, statistically preferred
over a monopole-only model at the 4.10 level. In this model, a bootstrap analysis shows
the probability of the dipole alignments being as good or closer than observed is 6%. For
a dipole + monopole this increases to 14%. The cosmic microwave background dipole
are illustrated for comparison.

Figure 8.2 illustrates the Aa/«ao binned data and the best-fit dipole +
monopole model. Figure 8.3 illustrates Aa/cg vs look-back time distance
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projected onto the dipole axis, 7 cos ©, using the best-fit dipole parameters
for this model. This model seems to represent the data reasonably well and
Aa/ag appears distance dependent, the correlation being significant at the
4.20 level.

1 : ~25 absorbers

per bin

PRSI ISR T

0 50 100 150
0, angle from best—fitting dipole (degrees)
Fig. 8.2 (color online). Aa/ag for the combined Keck and VLT data vs angle © from

the best-fit dipole position (best-fit parameters given in Fig.8.1 caption). Dashed lines
illustrate 1o errors.
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Fig. 8.3 (color online). Aa/ag vs Arcos© showing an apparent gradient in « along
the best-fit dipole. The best-fit direction is at right ascension 17.4 + 0.9h, declination
—5849 deg, for which A = (1.1£0.25) x 10-5GLyr~!. A spatial gradient is statistically
preferred over a monopole-only model at the 4.20 level. A cosmology with parameters
(Ho, Qmo, Qa0) = (70.5, 0.274, 0.726) was used in Eq.(7.14).
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Conclusions: Quasar spectra obtained using two separate observatories
show a spatial variation in the relative spacings of absorption lines which
could be attributed to an a dipole variation of a. A fit to the dipole gives
a significance of > 4.20.

8.3 An overview of implication of spacetime variations of
fine-structure constant

In Chapter 7, the dS-SR QM spectrum equation of distant Hydrogen
atom in Cosmology has been discussed and solved, and especially the time
variation of o was revealed via such discussions in Section 7.10. This is
supposed to be a great hint of how to understand the implications of
spatial and temporal variations of the fine-structure constant reported by
observations [Webb et al. (2011)] [King et al. (2012)] (see the descriptions
in Sections 8.1 and 8.2).

There are very few observations which can be directly and unambigu-
ously related to new physics. The study of relative wavelength shifts in
quasar absorption spectra at high redshift is indeed one of them as sys-
tematic achromatic shifts in these spectra can be attributed to changes in
fundamental constants, and, in particular, in the fine-structure constant,
«. This would most certainly call for new physics beyond the Standard
Model.

Let’s recall the reasons why the fine-structure constant « is unvarying
over spacetime in the Standard Model (SM) of physics including cosmology.
We examine the relativistic wave equation of an electron in Hydrogen in SM
of physics. First, we consider the laboratory atom. From the viewpoint of
cosmology, the energy level E of a free Hydrogen atom in laboratory is de-
termined by the Dirac equation in a local inertial coordinates system located
at the Earth in the Universe described by Ricci Friedmann—Robertson—
Walker (REW) metric. The spacetime metric of the local inertial system is
Minkowski:

10 0 O

0-10 O
v — 5 8.9
=100 21 o (8.9)

00 0 -1
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which is spacetime independent. E satisfies Dirac spectrum equation:
2
e
Ey = <ihca V- —+ m6026> W, (8.10)
r

where {a = a'i + o?j + o’k, B} are Dirac matrices, V = (9/0x')i +
(0/02%)j + (0/02%)k and r = /(21)%+ (22)2 + (23)2. This matrix-
differential equation is integrable and the solution of the eigenvalue F is
(see, e.g., [Strange (2008)])

a? —1/2
E=W,, = (14— 8.11
g mec(+<n|n|+s>2) (8.11)
62
= _ =(j+1/2)=1,2. 3 -
« hc’ |K‘| (j+ /) b bl

s=Vk2—0a2, n=1,2,3: .

We keep in mind that the coefficients of operators —icx - V and —1/r in
Eq.(8.10) are hc and e? respectively, and their ratio is the definition of «
(see Eq.(8.11)).

Next, we consider a distant atom of Hydrogen located on the light-
cone of REW-Universe (see Fig.8.4), i.e., the nucleus coordinate is Q*(z) =
{Q° Q}, and electron’s is L*(z) = {L°, L}. Noting that the metric of
the local inertial coordinate system at Q* in RF'W-Universe is still 7,
(8.9) because of the spacetime-independency of 7, and denoting L*(z) —

QH"(z) = a’*, the electron wave equation in the distant atom reads

2
By = (ihca v ‘;—, T m8026> 0, (8.12)
where V' = (0/0zMHi + (0/02"*)j + (9/02"*)k  and
7= /(2'1)2 + (2/2)2 + (2/3)2. Then we find out that
2
, e
= = —. 1
o =a; = (8.13)
Comparing Eq.(8.13) with Eq.(8.11), we conclude that
a, = a, (8.14)

which indicates that the fine-structure constant is unvarying indeed in SM
of physics.

The argument above on a-unvarying in SM made by comparing Dirac
equation for laboratory Hydrogen atom with that for a distant Hydrogen
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atom is deeply related to aspects of Special Relativity (SR), General

Relativity (GR) and Cosmology. In other words, the a-varying phenomena
reported in [Webb et al. (2011); King et al. (2012); Webb et al. (1999);
Dzuba, Flambaum, Webb (1999a); Webb et al. (2001); Murphy et al. (2003)]
implies some new physics beyond SM. Further remarks on this issue are

follows:

(1)

The spectrum equations (8.10) and (8.12) come from the following
inhomogeneous-Lorentz (or Poincaré) invariant (i.e., 1.SO(3,1)) Dirac
equation and Maxwell equation in local inertial systems of REW Uni-
verse:

MeC

p )i =0, (8.15)
PR =t = —0M047ed®) (x), (8.16)

(WHD{Z _

where Dﬁ = % —ie/(ch)nwA”, and the electromagnetic potential
AY = {¢ = e/r, A}. So, the operator structure of Egs.(8.10), (8.12)
and a dimensionless combination of universal constants a = e2/(hc)
are rooted in the symmetry assumption of the theory.

The point that « is unvarying is deduced from the constancy of the
adopted metric of local inertial coordinate system in the RFW Universe
(i.e., {nuw} =const.). So, the fact of the a-varying in real world reported
in [Webb et al. (2011); King et al. (2012); Webb et al. (1999); Dzuba,
Flambaum, Webb (1999a); Webb et al. (2001); Murphy et al. (2003)]
indicates that the metric of local inertial coordinate system in the real
Universe may be spacetime-dependent.

Minkowski metric 7,, = diag{+,—,—,—} is the basic spacetime
metric of E-SR in SM. The most general transformation to pre-
serve metric 7, is Poincaré group (or inhomogeneous Lorentz group
150(1,3)). It is well known that the Poincaré group is the limit of
the de Sitter group with pseudo-sphere radius |R| — co. Therefore, E-
SR may possibly be extended to a SR theory with de Sitter spacetime
symmetry. Since P.A.M. Dirac’s pioneering work in 1935 [Dirac (1935)]
many discussions (e.g., E. Inonii and E. P. Wigner in 1968 [Inonii,
Wigner (1953)]; F. Giirsey and T.D. Lee in 1963 [Giirsey, Lee (1963)],
etc.) advocated such a possible extension of E-SR. In 1970’s, K.H. Look
(Qi-Keng Lu) and his collaborators Z.L. Zou, H.Y. Guo suggested the
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de Sitter Invariant Special Relativity (dS-SR) [Lu (1970)][Lu, Zou and
Guo (1974)] (see [Guo, Huang, Xu and Zhou (2004a); Yan, Xiao, Huang
and Li (2005)] and Appendix in [Sun, Yan, Deng, Huang, Hu (2013)] for
the English version). It has been proved that Lu-Zou-Guo’s dS-SR is a
satisfying and self-consistent special relativity theory. In 2005, one of
us (MLY) and Xiao, Huang, Li suggested dS-SR Quantum Mechanics
(QM) [Yan, Xiao, Huang and Li (2005)].
Beltrami metric (see Appendix A)

B (2) = nuw/o(z) + mxfﬂknupfﬂ”/(RQU(w)Q)v (8.17)

with o(z) = 1 — nz”z” /R? > 0
is the basic metric of dS-SR with Minkowski point coordinates M* = 0
(i.e., Buy(x)|a=m=0 = nuv) [Yan, Xiao, Huang and Li (2005)]. Both
N and By, lead to the inertial motion law for free particles X = 0,
which is the precondition to define inertial reference systems required
by special relativity theories. However, the B, -preserving coordinate
transformation group is de Sitter group SO(4,1) (or SO(3,2)) rather
than E-SR’s inhomogeneous Lorentz group 1.50(1,3) [Lu (1970); Lu,
Zou and Guo (1974); Guo, Huang, Xu and Zhou (2004a); Yan, Xiao,
Huang and Li (2005)], different from the case of 7,,. In addition,
N does not satisfy the Einstein equation with A (Einstein cosmology
constant) in vacuum, but By, (z) does satisfy it (see below). Generally,
when M* 2 0, the basic metric of dS-SR is modified to be

v 2N — MM, (2P — MP
Bl(t]y) () =Bu(x— M) = U(;’/IM) (z) T R%,(J?Z (;()2 )7
(8.18)

where v v
m_ MY (Y — MY
cMz)=c(x—M)=1- i (2 RQ)(:C ), (8.19)

which will be called Modified Beltrami metric, or M-Beltrami metric.
Based on Bff,\,/l) (x), the dS-invariant special relativity with M* = 0 can
be built. The procedures and formulation are similar to ordinary dS-
SR in [Lu (1970); Lu, Zou and Guo (1974); Guo, Huang, Xu and Zhou
(2004a); Yan, Xiao, Huang and Li (2005)], which is actually a slight
extension of usual dS-SR (see Appendix B). It is essential, however, that

B&Il\,/[) (x) is spacetime dependent and has more parameters {R, M*"},
which may provide a possible clue to solve the puzzle of a-varying.
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Our strategy in this chapter for solving this puzzle is to pursue the fol-
lowing dS-SR Dirac equation for both electron in laboratory Hydrogen
and electron in distant Hydrogen in the RFW Universe (see Eq.(25) in

[Yan (2012)]):

(jey"DE — ")y =0, (8.20)
where D} = 2 — o — ie/(ch)B,SIl\f[)A”, e/ is the tetrad, w,

is spin-connection, and the electromagnetic potential A = {¢p, A}.
Unlike E-SR Dirac equation (8.15), the spacetime symmetry of (8.20)
is de Sitter invariant group SO(4,1) (or SO(3,2)) instead of former
I150(3,1). Specifically, the dS-SR Dirac spectrum equation can be
deduced from (8.20). It is essential that the result will be different
form E-SR equation (8.10). Following the method used in Egs.(8.10)
and (8.11), the coefficients of resulting (—ia- V)-type and (—1/r)-type
operator terms in the dS-SR Dirac spectrum equation are of /i, (Q)c
and e, (2)? respectively. Then their ratio yields prediction of o, (2) =
e.(Q)?/(h.(Q)c). The adjustable parameters in this model are R and
the position of Minkowski point M*. For simplicity, we take M#* =
{M°, M*, 0, 0}. It turns out to be a good a choice for solution to the
puzzle of a-varying.

Different from Quantum Mechanics (QM) wave equation (8.15) deduced
from 7,,, Eq.(8.20) is actually a time-dependent Hamiltonian prob-
lems in QM. This is because B,(fy) (x) is time-dependent. Therefore the
corresponding Lagrangian Lgs (see Eq.(3.32)) and hence Hamiltonian
is time-dependent [Yan, Xiao, Huang and Li (2005)]. In this chap-
ter, the adiabatic approach [Born, Fock (1928)][Messiah (1970)][Bay-
field (1999)] will be used to deal with the time-dependent Hamiltonian
problems in dS-SR QM. Generally, to a H(x,t), we may express it as
H(z,t) = Ho(xz) + H'(x,t). Suppose two eigenstates |s) and |m) of
Hy(z) are not degenerate, i.e., AE = h(w,, — ws) = fiwms # 0. The
validity of adiabatic approximation relies on the fact that the variation
of the potential H'(z, ) in the the Bohr time-period (AT\Z" ) H! . =
(27 Jwms)H!,,, is much less than hw,,s, where H! = (m|H'(x,t)]s).
That makes the quantum transition from state |s) to state |m) al-
most impossible. Thus, the non-adiabatic effect corrections are small
enough (or tiny), and the adiabatic approximations are legitimate. For
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the wave equation of dS-SR QM of atoms discussed in this chapter, we
show that the perturbation Hamiltonian describes the time evolutions
of the system H'(z,t) oc (c*t?/R?) (where t is the cosmic time). Since R
is cosmologically large and R >> ct, the factor (c*t?/R?) will make the
time-evolution of the system so slow that the adiabatic approximation
works. In Chapter 7 we have provided a explicit calculations to confirm
this point (see Section 7.7). By this approach, we solve the stationary
dS-SR Dirac equation for one electron atom, and the spectra of the
corresponding Hamiltonian with time-parameter are obtained. Con-
sequently, we find out that the electron mass m., the electric charge
e, the Planck constant A and the fine structure constant o = €2/(he)
vary as cosmic time goes by. These are interesting consequences since
they indicate that the time-variations of fundamental physics constants
might be attributed to quantum evolutions of time-dependent quantum
mechanics that has been widely discussed for a long history (e.g., see
[Bayfield (1999)] and the references within).

Finally, we argue that it is reasonable to assume that the Beltrami
metric is the appropriate metric for the spacetime of the local inertial
system in real world. If we express the total energy momentum tensor
T, as the sum of a possible vacuum term —p(,) g, and a term T;% aris-
ing from matter (including radiation), then the complete Einstein equa-
tion is [Peebles (2009)][Padmanabhan (2009)][Yan, Hu, Huang (2012)]:

1
Ryw — 59#,,7?, + Aguw = 787rGT% = 87Gp(w) Iur (8.21)

where p(,) is the dark energy density, s0 Adark energy = 8TGp(y), and A
is originally introduced by Einstein in 1917, and serves as a universal
constant in physics. We call it the Einstein (or geometry) cosmological
constant . The effective cosmologic constant Acyr = A + Adark energy =~
1.26 x 10755 cm~2 is the observed value determined via effects of ac-
celerated expansion of the universe [Riess, et al. (1998)] and the recent
WMAP data [Jarosik, et al. (2011)]. We have no any a priori reason
to assume the geometry cosmologic constant to be zero, so the vacuum

Einstein equation is:

1
R;LV - §guVR + Aglty - 0, (822)
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instead of G, = 0, and hence the vacuum solution to Eq.(8.22) is
Juv = Bff,\,/l) (z) with |R| = \/3/A instead of g,,, = . Therefore, we
conclude that the metric of the local inertial coordinate system in real
world should be Beltrami metric rather than Minkowski metric. Thus,
the dS-SR Dirac equation (8.20) (instead of E-SR Dirac equation (8.15))
is legitimate to characterize the spectra in the real world, and then the

a-varying over the real world space-time would occur naturally.

FExercise

Problem 1: Calculate the turn time At of electron to revolve around the proton in
Hydrogen. (call At the basic Bohr-time interval).

Problem 2: Estimate Hubble red-shift change Az during the basic Bohr-time interval
At for z = 3.

8.4 Light-cone of Ricci Friedmann—Robertson—Walker

universe

In Section 7.2, we described for simplicity the Light Cone of Ricci
Friedmann-Robertson-Walker (RFW) Universe with QY # 0, Q' # 0,
Q? = @3 = 0. Now we describe it in 4-dimension spacetime.

We have already shown that the isotropic and homogeneous cosmology
solution of Einstein equation in General Relativity (GR) is RFW metric (see
Section 5.1). All visible quasars in sky must be located on the light-cone
of RFW Universe (see Fig.8.4).

The Ricci Friedmann-Robertson-Walker (RFW) metric is (see,
Eq.(5.8))

dr?

1—kr?

ds® = c?dt? — a(t)? { + r2dh* + 1% sin® 9dq§2}

_ 2 i omi, kB(Q1dQY)?
= (dQ")* — a(t) {dQ dQ" + TQIQ’}

= 9, (Q)dQ"dQ", (8.23)

where a(t) is scale (or expansion) factor and r = /Q'Q* Q, Q' =
Qsinfcosg, Q? = Qsinfsing, Q® = Qcosh and (Q°)?> = c*t2. For



170 De Sitter Invariant Special Relativity

£
Q2
Earth |9 Q'
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Q
Hydrogen lectron
. atom
Light Cone
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X el pai)

Fig. 8.4 Sketch of the light cone of the Ricci Friedmann—Robertson-Walker universe.
Only 3 coordinate axes {Q° = ct, Q', @2} are shown in this figure. The Q3 axis could
be imagined. The Earth is located at the origin. The position vector for nucleus of
atom between the QSO and the Earth is Q, and for electron is L. The distance between
nucleus and electron is 7 ~ |L — Q. The location of the Minkowski point of Beltrami
metric is denoted by notation “ x ” with M = (M9, M, 0, 0).

the sake of convenience, we take t to be looking-back cosmological time,
so that ¢t < 0. As is well known RFW metric satisfies Homogeneity and
Isotropy principle of present day cosmology. For simplicity, we take k = 0
and a(t) = 1/(1 4 2(t)) (i-e., a(top) = 1). And the red shift function z is
determined by ACDM model described in Section 5.4. The function ¢(z)
defined by Eq.(5.79) for looking—back cosmological time is:

.24
/ H(z)(1+2) (8:24)
where [Riess, et al. (1998)] [Jarosik, et al (2011)]

H(2') = Ho/Qumo(1 4+ 2')3 + Qro(1 + 2/)2 +1 = Quno,
Hy = 100 h ~ 100 x 0.705 km - s~ /Mpc,
Qumo ~ 0.274,  Qpo ~ 107°. (8.25)
Figure of t(z) of Eq.(8.24) is shown in Fig.8.5.
The light-cone of RFW Universe is defined by ds? = 0. From Eq.(8.23),

we have the light-cone equation:

(dQ%)? — a(t)?(dQ)?> =0, or —cdt=a(t)dQ =

1

@ (8.26)
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‘ : : : ~ g(redshift)
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Fig. 8.5 The t — z relation in ACDM model (Eq.(7.13)).

Substituting Eq.(8.24) into Eq.(8.26) gives
. W

o H(z')
Figure of Q(z) of Eq.(8.27) is shown in Fig.8.6. Ratio of Q over QY is shown
in Fig.8.7.

Q(z) =

(8.27)

Q(2) (Glyr)
251

201

- - - : —  z(redshift)
1 2 3 4 5

Fig. 8.6 Function Q(z) in ACDM model (Eq.(8.27)).

8.5 Local inertial coordinate system in light-cone of RFW
universe with Einstein cosmology constant

In principle, almost all calculations on quantum spectrums in atomic
physics are achieved in the inertial coordinate systems. From the cosmolog-
ical point of view, the phenomena of atomic spectrums should be described
in the local inertial coordinate system s of REW Universe. Therefore, we
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‘ : : ‘ ~ g(redshift)
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Fig. 8.7 Function of Q(2)/Q°%(2). Q(z) and Q%(z) = ct are given in Egs.(8.27) and
(7.13).

are interested in how to determine the local inertial coordinate system in
light-cone of REFW Universe when the Einstein cosmology constant A is
present.

Existence of local inertial coordinate system is required by the Equiv-
alence Principle. The principle states that experiments in a sufficiently
small falling laboratory, over a sufficiently short time, give results that are
indistinguishable from those of the same experiments in an inertial frame
in empty space of special relativity (see, e.g., pp.119 in [Hartle (2003)]).
Such a sufficiently small falling laboratory, over a sufficiently short time
represents a local inertial coordinates system. This principle suggests that
the local properties of curved spacetime should be indistinguishable from
those of the spacetime with inertial metric of special relativity. A concrete
expression of this ideal is the requirement that, given a metric g,g in one
system of coordinates x®, at each point P of spacetime it is possible to
introduce new coordinates x’* such that

gip(2’p) = inertial metric of SR at z'p, (8.28)

and the connection at o5 is the Christoffel symbols deduced from g/, 5(2'p).
In usual Einstein’s general relativity (without A), the above expression
is

o (®p) = Tag, and Tog =0, (8.29)

which satisfies the Einstein equation of E-GR in empty space: G, = 0.
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In dS-GR (GR with a A), the local inertial coordinate system at z’8 is

characterized by

'
G (¥p) = BS\;) (vp) = a(A?)LL(I/g;’P) + Myur (2 RQJ(\;{;\\;:’(;/S; - Mp),
with o) (gh) =1 — N (T} — ]\4R“2)(x’1§ _ Mu)7 50
I = %(B(M))Ap(aang/f) L 9B — apB%))
— m@ﬁm,} + 5,i‘nup)(gg’lg — M), (8.31)
or
g;JB(:C/P) =MV

dup BN (2 e 4 o+ el

4779#677[31/7700\(35% - M“)(xlﬁ\ - M)\)}

i R0 (z))

where BS\;) (x/») was given in Eq.(8.18), which satisfies the Einstein
equation of dS-GR in empty spacetime: G, + Ag,, = 0 with A = 3/R2.
(Note 1, does not satisfy that equation, i.e., G (1) + Anu, # 0. So it
cannot be the metric of the local inertial system in dS-GR with A).

In order to show the differences between the Local Inertial Systems (LIS)
in E-GR and the LIS in dS-GR visually, we draw a sketch map Fig.8.8. In
this figure, for simplicity, we use bold lines to represent a curved spacetime
with g, which satisfy G, = kT, for E-GR or G, + Ag, = k1), for
dS-GR , and use fine lines (or fine curves) to represent the tangent line
(Nuv) or externally tangent circle (B,,,). The tangent point is in zp. As
usual, we could always think the tangent spacetime metric at the tangent
point as the metric of the local inertial system at the tangent point. We
can see that when A # 0, the solution of G, + Aguy = 0is gu = B
instead of g, = 7., so the metric of tangent spacetime in Fig.8.8(b) is
B,,, rather than 7,

For the light cone of RFW Universe with A, the coordinate-components
Q°(2) = ct(z) and Q(z) have been shown in Egs.(8.24) (or Fig.8.5) and
(8.27) (or Fig.8.6) respectively. Therefore from Eq.(8.18), the spacetime
metric of the local inertial coordinate system at position Q(z) of the light
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E—GR: A=0 dS—GR: A #0
,(]/11/(4[> : (;/IV = /"1;11/ ,(/;1//(1) : (;/w 7+ A\,(]}u/ = /‘,11“/

g 7 G =0 Biwi(w) 1 G+ NG =10

Upw

e 3
e (a) 9o () (b)
Fig. 8.8 Sketch map for tangent spacetime both in E-GR and in dS-GR. We could think
the tangent spacetime metric at the tangent point as the metric of the local inertial
system at the tangent point. Fig.(a): Bold line represents a curved spacetime with g,
satisfying G = kT, in E-GR. The fine line is the tangent line with (7,,). Tangent
point is in p. The metric of the local inertial system for E-GR is n,,. Fig.(b): Bold
line represents a curved spacetime with g, satisfying Gpuv + Agur = kT in dS-GR.
We can see that when A # 0, the solution of Gv + Aguy = 0 is gy = By instead of
Gguv = Nuv, so the metric of tangent spacetime in Fig.8.8(b) is By, rather than 7, .

cone is determined to be
UMA(Q)\ - Mk)nup(Q” — MP)
R2g(M)(Q)? )
(8.32)

BAN(Q) = Bu(Q = M) = s +

where

Q" — M#)(Q” — MY)
R? '
We see from Fig.8.4 that the visible atom is embedded into the light cone

at @Q-point. Since Q ~ L (i.e., comparing with the Universe, atoms are

cM(Q)=0(Q—-M)=1- M (8.33)

very very small), we can reasonably treat the metric of the spacetime in
the atomic region as a constant. This is just the adiabatic approximation
adopted in [Yan (2012)]. When Q* — M*", we have Bffy)(Q) = N S0,
Q" = M* is the Minkowski point of the Beltrami metric Bffy)(@).

Now let’s derive e * and waz from Eq.(8.32). Setting

¢ = Q" — M, (8.34)

then Eqgs.(8.32) and (8.33) become

A p
(M) _ v NuXq” Mvpq
B =85 R (8.35)
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where
M) _ (M Nuvq"q”
(denote the spacetime with metric B&Il\,/[) as BM). We introduce notations:
Q;t = 77u/\q/\a q)\ = (j)\ = ﬁ”kqfu, (837)
62 = nlt’/quqy = quqy) (8.38)
and construct two projection operators in spacetime {g"} with metric 7,,:
A qud - qud
0 = Npw — g;, Dy = g;. (8.39)

It is easy to check the calculation rules for projection operators:

WﬁAV = éwn’\”ém, = éw,, or in short 6 -6 = 4, (8.40)
0@, = @M@, = @, orinshort @-w=w, (8.41)
7M>\(DAV = éan)‘p(DpV =0, orinshort 6-w =0, (8.42)
0, + @u = Ny, orinshort 6+w=1I. (8.43)

Bff,\,/l) (Q) can be written as

(M) _ 77u1/ QH(Z/
B = —Gn + R (o) (8.44)

where
12 q2

Since B,(fy) is a tensor in the spacetime {g", 7.}, it can be written as
follows from Eq.(8.44):

M) _ 1— mu(Z“qV -1 Qv q

ol

1

o (8.46)

1 -
(M) _ _ —
B'uy - O'(M) 9;“/ +

Furthermore, by means of (B(M))“”Bl(,l)\\/[) = 0K = n# and the rules (8.39)—

. M
(8.43), the above expression of B,(“, ) leads to:
(B — (M) gy o (o (M)y2gmv (8.47)

Or explicitly in matrix form:

O-(NI)(l - (q0)2) 7(10(11(7(]\/1) 7(10(220(]\/1) 7q0q30(]\/1)

2 R2 "2 "2

gl 0o (M) (M) (q1)2 gl g2 (M) gl g3 (M)
T I = T

7q2q00(]\/1) 7q2q10(]\/1) (M) 1 (q2)2 7q2q.30(]\/1)

Rz( ) —R2( ) g ( +( ) — R2 2
— 340, (M g3 gl (M — 342, (M 3
q qR q LIR2 q qR2 ,U(M)(IJF (ng )

(8.48)
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In the Beltrami spacetime B with the metric B,(fy), the tetrad e, is defined
via the following equation

Bl%/[) = nabeaueby. (8.49)

Generally, we have expansion of e,

et = aéau + bo®

B (8.50)

o

where @ and b are unknown constants. Substituting Eqs.(8.46) and (8.50)
into Eq.(8.49) gives

1 - 1 B _ B _ B
S P+ @ = ap (a8, 007 ,) (a8, + 02 )

= a0, + b*w,,. (8.51)
Comparing the left side of Eq.(8.51) with the right side, and noting 6 and

@ being projection operators with properties of Eqs.(8.40)—(8.43), we find
that:

1 1

Substituting Eq.(8.52) into Eq.(8.50) gives

\/ J(M) —ar? H + J(M M
L L\ mw83(QF — M) Q" — MY)
) U<M> T /g0 (1— oD R '

(8.53)
e/l is the inverse of e, given by:
e, =82, (8.54)

With the Egs.(8.54) and (8.49), we have

/1 = 1 _
ealt:ebV(B(M))uunba:( 0(—M)ob V+ma)b V)(O_(M)9uu+(O_(M))2@yu)nab

= \/g(M)Q_a“ + M)
— Vonge 4 oM — VoD 9y} (QF — MA)(Q" — M*)
a

1— M) R? ’

(8.55)
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and

1 = 1 _
et = e (BOD) = (| s, + 5t ) MDF + (o))

— oD gan 4 o) gan
= \/U(—M(g/t ab | o) — /o(M) 52 (QH — M“)Q(QM — M*®)
1—0 R )

ag
. L\ numaR@ - M@ - M)
- <M> ol T\ SO0 T 500 (1— o(D)R2 '

(8.56)

(8.57)
Next we derive spin-connection w®’ . From identity
el =t +w,b, r*;u =0, (8.58)
1 v M) M
ry, = §(B<M>)p (aABgfﬁ +0, BN —0,B1), (8.59)
we have
1 1

wab“ = 5(6"”8#@2 — ebpaue ) — —I";M(ea)‘ef, — eb)‘eZ) (8.60)

Substituting Eqgs.(8.35) and (8.53) into Eqgs.(8.59) and (8.60) gives

1

w® = (0408 — 0L (QY — M™).  (8.61)

"R (1 + \/U(M)) Vo@D

8.6 Electric Coulomb law at light-cone of RFW universe

The Hydrogen atom is a bound state of a proton and an electron. The
electric Coulomb potential binds them together. The action for deriving
that potential of proton located at @ = Q* = {Q° = ct, @', Q?, @3} with
background space-time metric g, = BfLZ,\,/I)(Q) of Eq.(8.32) (see Fig.8.4) in
the Gaussian system of units reads

§= 1o /d4L«/_F,WF“”——/d4L\/ 93" Ay, (8.62)
where g = det(BW)), F., = ‘22‘; - 2’25 and j* = {j° =

CPproton/ \/B(()fy), j} is the 4-current density vector of proton (see, e.g.,
Ref.[Landau, Lifshitz (1987)]: Chapter 4; Chapter 10, Eq.(90.8)). Making
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space-time variable change of L* — (L* — Q") = a# = {20 = ctp —ct, 2 =
— @'} and noting LF ~ Q" we have action S as

S =— / d*z\/ — det(BY" (Q))F, F*

167c

__/d4 —det B,(fy)(Q))JHAM

1
- < 167c BP(LZ/\\/I)(Q)Bﬁy)(Q)/d4zF“V(:E)FAﬂ(x)

- [0 V- sl @), s

and the equation of motion 05/6A,(z) = 0 as follows (see, e.g., [Landau,
Lifshitz (1987)], Eq.(90.6), pp.257)
4

0, Fm = (B g, Fr | = ——”] (8.64)
In Beltrami space, A* = {¢p, A} (see, e.g., [Landau, Lifshitz (1987)],
Eq.(16.2) in pp.45) and 4-charge current j* = {cpproton/ Béé\/l), i} Ac-
cording to the expression of charge density in curved space in Ref. [Landau,
Lifshitz (1987)], (pp.256, Eq.(90.4)), pproton = pB = \%5(3)@() and j =0,
where

v = det(vi;), (8.65)
o B(M)B(M)
2 i . (M) 01 i
dl* = v;da'da’ = (Bij + W da* da? (8.66)

(see Eq.(84.7) in [Landau, Lifshitz (1987)]).

Thus, we have

(1) When p =i (i =1,2,3) in Eq.(8.64), we have
4

9'9, A" — (BM)Yrg 9, A" = —— j' =0. (8.67)
By means of the gauge condition
0, A" =0, (8.68)
we have
(B 9,9, A" = 0, (8.69)
Then

Al =0 (8.70)
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is a solution that satisfies the gauge condition (8.68) (noting dyA° =
Zsép(re) =0 due to %;g; = Z;CL?S = 0). Equation (8.70) is the vector
potential.

When 1 = 0 in Eq.(8.64), we have the Coulomb’s law:

B —4re

. . 4 cp
—(BM)(Q)did;dp(x) = ——j° = —— = 5™ (x)
N TN
= _dme 53 (x), (8.71)
— det(Bf1"(Q))

where B(M) = —det B(Il\,/[) has been used, and B(fy) and (BM))ii
00 Y B P

was given in Eq.(8.35) (and (8.48)), i.e.,

1\2 _ o _ O'( )
70(M)(1 + (3%2) ) ql%; (M) q1q32 M
{(B(M))ij}: 7’12‘11;’(]%) —U(M)(l—i—(ﬁf) 7q2¢£g(m
_Bglo (M) 32 o (M) 342
4 3:{2 4 3:{2 *U(M)(]-‘i’_(%:p) )
(8.72)
The equation of Coulomb law (8.71) can be compactly rewritten as:
~ (VIBIV,) g5 = 13, (8.73)
where tensor BM) = {(BM)i} operator V = {0}, n =
it and J := §®)(x). Symmetric matrix BM) can be

det(B((Q))
diagonalized by similarity transformation via matrix P:

A 00
PTEMp_Ap=10 X 0]. (8.74)
0 0 As

Here, \; with ¢ = 1, 2, 3 and matrix P can be found in det(SB(M) —
M) = 0. From Eq.(8.72), the results are:

2 R2

A = —otn (@) Rt LN W e 1) (8.75)
ql /(q3)2 B q1q2 - qs
qi/\/oF 02[((11)2“(13)2] V(@) +(q®)?
2 3)2 1)2 3)2

p—| v (a')2+(a%) 0 8.76
P v (8.76)
vV (¢%)2 o q3q2 vV (¢*)?

Va2 V(@) +@)?] /(42 +(¢®)?
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where q° = Q' — M* with i = {1, 2, 3} (see Eq.(8.34)), and q*> =
(a')? + (q®)? + (¢®)2. It can be checked that

PP =pPP" =1, (8.77)
where I is 3 x 3-unit matrix. So that Eq.(8.73) can be rewritten as
follows

~ (VIPPTBMIPPTY,) 65 = — ((VIP)(PTBODP)(PTY.)) 65
—4me
= — (VIABV,) ép = —1J = = 5 (x), (8.78)
~ det(Bin"(Q))
where
y= Pz, or y' =Pyl 2'= Pi?yj. (8.79)

Vy=P'V,, or 0/0y'=P}0/0z’, 0/0x'=P;;0/0y’. (8.80)
Substituting Eqs.(8.74) and (8.79) into Eq.(8.78) gives

0? 0? 0? ]
+ + —
@i e el
=—nd(Ply" )0 (P )6(Psy”) (8.81)
3(yM)a*)a(*) —4me U Al v vy
— T — 3
‘det(PU)‘ 7det(B;(,,Jl\/4 (Q)) —)\1)\2)\3
(8.82)
where |det(P,5)| = 1 has been used. Setting
i = yM with i=1, 2, 3, (8.83)
Eq.(8.82) becomes
0? 0? 0? I
[8@1)2 Tyt a(ﬁ)J o8 =ity
_ =1)5(72)5( 53
_ 4re o(z )5;30)\)5)\(3: ) (8.84)
V- det(BE (@) VA
Then, we get the Coulomb potential:
1 1
5 = ¢5(Q) = < (8.85)

V- der(B (@) VAR

where rp = /(&1)2 + (22)2 + (33)2.
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FExercise

Problem 1: Derive the Coulomb potential qﬁl\éf ’s expression (8.85) from the Maxwell

equation in BM.

8.7 Fine structure constant variation in {Q°, Q*, 0, 0}

At this stage, in order to get the expression of fine-structure constant
a(Q) = a.(Q) at point Q = {Q°, Q', @2, @3}, we should substitute Equa-
tions (8.55), (8.61), (8.70), (8.85) and (8.18) for e, w” M, Al AY = ¢p
and B,(fy) respectively, into the Dirac equation (8.20) of Hydrogen atom
located in the local inertial coordinate system of the light-cone in RFW
Universe with A (see Fig.8.4). Such an «(Q) will characterize the temporal
and spatial variations of fine-structure constant . When we assume M = 0,
a(Q)|(m=0) has been calculated in the Ref.[Yan (2012)] [Yan (2014)]. In
the following sections of this chapter we study the observation results of
Keck and VLT reported by [Webb et al. (2011)] [King et al. (2012)] recently
by means of M = {M°, M?!, 0, 0}-model.

To calculate a(Q) analytically, we build 3-dimension spatial Cartesian
coordinate system {Q', @2, @} in the equatorial coordinate figure show-
ing the Keck and VLT best-fit dipole structure of Aa/cv in Refs. [Webb et
al. (2011)] [King et al. (2012)]. Denoting Q" = Q*/|Q| and Q! as the best-fit
dipole position, the directions of the three axis {Ql QQ, Q“} in this figure
are Q1(oF 9Pl = (174 b, —59°}, Q2( Y WP = {17.4 h, 31°},
Q3 (3 [RA] [D] = {11.4 h, 0°} (see Fig.8.9 and its caption). Angle (©)

LRAL 9iPIY) and axis Q! is determined by

between a quasar sight line ({¢q
following
[RA] [RA]

cos© = cos[ﬂ[lD]] cos[ﬂgD]] cos[%iqw] + Sin[ﬂ[lD]] Sin[ﬂgD]].

12
(8.86)

In this section we calculate a(Q) for © = 7 and © = 0 following the method
described in Chapter 7 [Yan (2012)] [Yan (2014)].
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Q: (17.4h, —50°)

- Q°
0
@
g
g 2
| Q
5 0
st 1
5 Q
= 4
[}
L)
0
quasar sight line

Right Ascension (hours)

Fig. 8.9 (color online) The 3-dimension spatial Cartesian coordinate frame
{Q', @2, @3} on the equatorial coordinates. In left figure (a), the background is
all-sky plot in equatorial coordinates showing the independent Keck (green, leftmost)
and VLT (blue, rightmost) best-fit dipole s, and the combined samples (red, center),
for the dipole model Aa/a = Acos© copied from [Webb et al. (2011)] [King et al.
(2012)]. The locations of axis {Q, @2, @3} in this figure are marked by “e”. In
[Webb et al. (2011)] [King et al. (2012)] it has been measured that the best-fit dipole
is at right ascension <,o[RA] = 17.4 £ 0.9 h, declination 9!P! = —58 + 9 dec. The
cosmic microwave background dipole antipole are illustrated for comparison. The di-
rections of 3-dimension spatial Cartesian coordinate system {Q!, Q2, @3} that we
take are: Ql (ol 0lPly = (174 b, —59°}, Q2L WPl = (174 n, 31°},
QAB(go:[gRA],ﬁ:[gD]) = {114 h, 0°}. The gray shadow band is the Milky Way. In
right figure (b), the 3-dimension spatial Cartesian coordinate system {Q', Q2, Q3}
with a non-zero space component M! of Minkowski point is drawn. © is angle be-

tween a quasar sight line ({go([IRA],ﬁ([ID]}) and axis Q. Formula for computing it is
(D] D] gos[ S =™ (D)) ginfglD]

cos © = cos[d] '] cos[¥y ] cos[ H——mt—] + sin[¢ | sin[d, ]

8.7.1 Formulation of alpha-variation for case of ® = m,

and 0

When quasar sight line is anti-parallel (or parallel) to direction of
Ql(go[lRA],ﬁ[lD]) = {17.4 h, —59°}, the angle © between them is equal to
7 (or 0), and the locations of distant atoms on the light-cone in the RFW
Universe are at {Q°, Q' > 0 (or < 0), Q*> =0, Q> = 0} (see Fig.8.4).
Then we have ¢° = Q° — M?, ¢! = Q' — M*', ¢>=0, ¢ =0, and

1L (@ -MO? (Q-M)Q-MY) 0
o (M) + R2(O.(IW))2 - R2(O.(M))2
@MY@ MY 1 (M) 0
BN (Q)=| T meumE 500 T RGTE (8.87)
j% 1 9 .
0 0 & 0
—1
0 0 0 -5
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oM (1 (Q(’;g/z(’)z) _(QU—M°>(%12—M1>U<M) 0
(B(]M))I’“/(Q): _ (Q07A40)(%127A41)0_(1\/I) —U(]M)(l + (Q1}g41)2) 0 0 7

0 —o(M) 0
0 0 0 —oM)

with (8.88)

(@~ M~ (@' = MY

o™ =1 - 2 : (8.89)

Here, for a given red-shift 2, Q° = ct(z) and Q' =

+/Q(2)? — (Q2)2 — (@)% = £Q(2) are determined from Egs.(7.13) and

(8.27) respectlvely (see also Figs.8.5 and 8.6). Then Eqs.(8.75) and (8.76)
become

1 _ Ml 2
A = —oM) <1 + %) ;A =Xz =—cM  (8.90)
100
p=]o10|, (8.91)
001
Substituting Eqs.(8.55), (8.61), (8.70), (8.85) and (8.18) into Eq.(8.20) gives

dS-SR Dirac equation for the electron in the distant Hydrogen located at
the light-cone of RFW Universe:
o (M)

M) .
TN+ g e R(@ — M@ =MD

@] b =0, (8.92)

hep |

h

where factor hcf in the front of the equation is only for convenience,
L* ~ Q" has been used (see Fig.8.4), and
9 ab

L M
D#—szw O'ab*Z thLV)A

0 i 1
QLM 4R2 (1 + ,/U(M)) Vo (M)
€ 00B (D +8uBR(Q 1 e
ch \/7 det(BLy)(Q)) \/7)\1)\2)\3 B

We use the method described in the Chapter 7 (see also [Yan (2012)] [Yan
(2014)]) and expand each term of Eq.(8.92) to the order as follows:

(650% — 6,05 (Q* = MM)oap

(8.93)
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(1) Since observed distant Hydrogen atom must be on the light cone and
the location is {Q°, Q', Q? =0, Q® = 0}, then 7y LLY ~ 1,,Q°Q° =
(Q°)% — (Q")?, and the first term of Eq.(8.92) reads

heBi/ oDy DE = \/1 QMO QU MR

R2
(8.94)
with g = {87 = 5> =1, By’ = a'} (8.95)
heBiy' Dl = (ih% + ihed - V + 45 Wi oap + ey By A ).
(8.96)
In follows, we use variables {#!,7% 3} (where since Eqgs.(8.90) and
(8.91), # = x'/v/—\i, we have &' = \/U(M)(1+(c;1—M1)2/R2)x17 i
\/ﬁx and 7% = ﬁz‘g ) to replace {z!, 2%, 2®}. The following
notations are used hereafter:
rp = i#' +ji* + k3*, |rp|=rpg, (8.97)

0 0 o
Vp=i—+j—= +k

051 Tigm Tkgmm  #e{EL @ ) (898)

- o _ ozt o _ 1 a9 _
Then, moting 7o = Giraer = om0 O
0%’ o
o W -2 with i = {2, 3}, the Eq.(8.96) becomes
1} he he 1
heBiy" DL h— Vp+i -1
cBiy Ml):(z o1, +i J(M)a B+Z\/U(]M) VIt (Q - M)2/R2 }
xat o hcﬁwab'y”aabJreB ¢>B+ea B(M)¢> )

ozt 4
L -1 OtlT
— M1)2/R2 71

i 0 4 he Vi he
= | th— l—FQ - 7
oty Vean PTG | /T (@

hed 1 (QY— MO
+Twub7/*gab + |:0(M) + R2(g(M))2 :| epB
(@' - M"Y (Q°—

MO) 4
T REeDE e¢B) v (8.99)
(2) Estimation of the contributions of the fourth term in RSH of (8.99)
(the spin-connection contributions) is as follows: From Eq.(8.61), the
ratio of the fourth term to the first term of Eq.(8.99) is:

~0, (8.100)

%Bwﬁb’y“dablb‘ he e 1 ct h  lctac

ihdy 42R*m.? 8RPmec 8 R?
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where a, = h/(mec) ~ 0.3 x 10712m is the Compton wave length of
electron. O(cta./R?)-term is neglectable. Therefore the 3-rd term in
RSH of (8.96) has no contribution to our approximation calculations.

(3) Substituting Eqs.(8.100), (8.99) and (8.95) into Eq.(8.94) and noting
L* ~ Q*, we get the first term in LHS of Eq.(8.92)

he
hefi U(M)'y“D{;w VoM) (zh— +i——=a-Vp

ot, " eon
+1 fe ! 1l at 9
Z\/O'(M) \/1+(Q1_M1)2/R2 o7
1 QO _ MO 2 Q MO)
" L(W - (R2(0<M>))2 } “on - ( R (o )( M))2 0‘16%) V.

(8.101)

(4) The second term of Eq.(8.92) is

(M) _ /oD . .
hcﬁlmnab(Q -M )’Yb(Q“ - M”)’Dﬁw
(M) _ /o (M)

= hcﬁim [WO(QO -M%) -7 (@ - ]\7[)]
x [(Q° = M°)Do +(Q" — M")D;] ¢
(M) _ /5O

= hczm {(QO — MO) - o¢1(Q1 - Ml)]

0 250 L Oy QY — MY
X{(Q M)<a° SRE(1 1 Vo) o0

1 (QO _ MO)Q (QO )
75‘1(0 an R2((M))2 wB) @ -MH (8% 232(1+ Vo)) (M)
ie (Q° — MO)Y(Q' — M1
+& R2(0'(JW))2 ¢B)j| ’l/J

(M) _ /o)
N W [(Q° — M%) — a}(Q" — MY)]

9 ) O_MO
x {ihc [(QO —MO) 5 + (@ - Ml)@} + %wif))ge%}w’ (8.102)

where Q2 = Q3 = M? = M3 =0, 7" = 3, By! = o' and Egs.(8.93)

and (8.89) were used. Noting z# = LF — Q“ % = % = %,
o _ 9 __ ozt o 1
LT — fxl — 9xl dzl \/o.(]\l) (1+(Q1—M1)2/R2) 6z ( ) becomes
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(M) _ \/a(M)
iy M9 (Q = MY Q" — MP)Djw
(M) _ /(M)
= W [(Q° = M°) —a'(Q' — MY)]

) ihe(QY — MY) )
X { l(Q MO)ZHE + JoOD (L1 (QF - M2/ R?) @]

0
+¢? 7 e¢3}¢ (8.103)

(5) Therefore, substituting Eqs.(8.101) and (8.103) into Eq.(8.92), we have

. 1) _ /Ty 9
ih < o(M) + m[@o M2)? —(Q° - M°)(Q" - Ml)al}> Ew

B o 1 (QO _ M0)2
SV VBT | oan T R2en/o0n

o(M) \/OW(QO ,MO)Q
* (1—0’(1\4))R2 (0_(1\4))2 €¢B+mec25 1/)

— : 8@ MHQ - M)
+{ th(\/1+(Q1 — M1')?/R? 1) Yo T mganygan | * 08

oD —VoOD | ine(QLQ0 — (Q = MY)2at) 9 "
(1 - VolD)R2 \/J(M)(l +(Q1 — M1)2/R2) 97!

(8.104)

In order to discuss the spectra of Hydrogen atom in the dS-SR Dirac
equation, we need to find its solutions with certain energy F for electron
in the atom. From Eq.(6.10) in Chapter 6, we have

p= (- (Q - M@ - )Y g, 4 5(Q° EQMO)} |

R? 2
Lo (@ MO @0 MOYQ - MY 5e(@” — M)
E =ih [athTath 2 Or1 + SR :|,
B (1= @MY gy @M@ o
" R2\Jo0D(1 1 (@1 — M1)?/R2) OF

(8.105)

where an estimation for the ratio of the 4-th term to the 2-nd of E
were used:

ihsvl  lih3H  5h_ Sag

|7C2t22h8tL¢| |%§t2E| theCQ - §Ea
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where a, = h/(mec) ~ 0.3 x 1071%2m is the Compton wave length of
electron and ct is about the distance between earth and a distant atom
near quasar. Obviously, a./(ct) is ignorable. For instance, for an atom
with ct ~ 10°ly, a./(ct) ~ 10738 << (ct)?/R? ~ 10~°. Hence the 4-th
term of Ev was ignored. Equation(8.105) means

b0 E
T (o VL

ihe(Q' — M1)(Q° — M°) 1 9,
R2(1 — (QY — M0)2/R2) \/U(M)(l +(Q! — M1)2/R?) ozl

(8.106)
Then substituting Eq.(8.106) into Eq.(8.104) gives
B = Hyto + H', (8.107)
where
@ =2\ [ oy, () = Vol Q0 - m%?]
Hy = (1 - 7 ) o(M) 4 (1= o) 2

o 1 (Q° — MP%)? 1 2
{rinea-va [ o + Gz (1) eon+mects)
2
= —ih(@eca- v - D L @, (8.108)
B

, @ =2\ [ oy, (00 = Vol Q0 — %]
1) i e e

. 1 1 0 (Q = MH(Q® — M%)

’ {_mc <\/1+(Q1 —WERE 1) “oat T mgonygmm 0P
M) _\/g(M) 1 8
By (Zﬁc((Ql - M"HYQ° - M%) — (Q' - Ml)gal)@

(Q' = MH(Q° — M%)
- (o (M)2 a’edp
(0 — Vo) (@Q° — MO)(Q" — MY)a!
(1 —(Q%— M9)2/R?)(1 — o(M))R?
Q" —MO@Q' —M") d
R2\/1+(Q' — M")?/R? 0z
ihe(Qt — M) (Q° — M?) 0

_RQ\/O_(]\[)(l_;’_(Ql — M1)2/R2) 71

X <E+ ihe

3
=Y 0, (8.109)
=1
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where
Q' =o', C1xO(1/R?); Q*= 51 Cy x O(1/R?);
Q= ala%_l, C3 x O(1/R*), (8.110)
and so we see that
H' o« O(1/R?) << Hy < O(1). (8.111)

We have mentioned in the Introduction section that the operator-
structure of Hy of (8.108) makes the corresponding eigenequation
Eoyp = Hytp integrable. Hence Eq.(8.111) means that Hy (Eq.(8.108))
and H' (Eq.(8.109)) can be legally treated as unperturbation Hamilto-
nian and perturbation Hamiltonian respectively in QM-problem with
H=H,+H'.

(6) From Eq.(8.108), we have

heove = e (1 - LI [y €0 S )

R2 (1 _ O.(JVI))RQ
(8.112)
QO — MO)2 (6 — VoD (Q0 — M0)2 -1
@) =¢ (1 - (T) { o (1= o0D)R2 : }

" { 1 Jr(QO—MO)2( 1 )} 1 1
VO'(JW) RQO‘(]M) 1+ \/0'(]”) \/_ det(Bffy)(Q)) \/_>\1>\2>\3 ’

(8.113)
where the expression (8.85) for ¢ were used, and hence
Ly (QZ—%;))z ( 1 ) )
a,(Q)=a YD LVo®D/ - with a:Z—. (8.114)
¢
— det(BS(Q) V=M Aars

For case of © = 7, (or 0), Bﬁl,\,/[)(Q) and A1, A2, A3 have been given in
Eqgs.(8.87) and (8.90) respectively, and hence we have

— det(Bju(Q))
1 1 (Ql _ M1)2 1 (QO _ MO)Q
= 50D Kg(M) T R (oD > <U<M> T Re0n)2 )

(Qo _ MO)Q(Ql —M1)2 1/2
Ri(g(0)3 ] |

\/—/\1>\2>\3=(a<M>)3/21/1+@1;%72M1)2. (8.116)

n (8.115)
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Substituting Eqgs.(8.115) and (8.116) into Eq.(8.114) gives
a-(Q)

1 (@102 ] @ -2\ /2
« |:o'(]\/f) + R20(M)\/o(M) \ 144/ (M) (1 + R2 >
1 (@MDY (L1 (@0-MO2\ | (QU-MOR(QI-M1)2]
\/[(W ~ tms) (o + @etne) + i
(8.117)

When z = 0 (or Q° — 0, and Q* — 0), () should be normalized
so that a.()|.=0 = ap which is the a-value measured in the Earth

laboratories. So from Eq.(8.117) we have

1 (M°)? 1 ( (M1)2)*1/2
_o_[()IW) + RQU[()]W)\/U[()]W) (1"'\/‘751%))] 1+ RZ

o

g =
2 Ly (M0)2 ) (MO)2(M1)?
o™ R ) \ o™ T R Ri(o5™)?
where
1 (MO)? 1 ( (M1)2)*1/2
U[()]\/I) + R2o_[()]\/j)\/o_(()1\/1) <1+\/aéM>>‘| 1+ R2
Ny =
1 - (M1)2 1 + (M0)2 + (MO)Q(MI)Q
o™ R2(efM)2 ) \ o0 T R2(e(M)2 Ri(ag™)
(8.119)
0)2 132
(M) _ (M) o, (MY — (M)
oy =0 00—ieo 1 JB . (8.120)

Therefore, from Eqs.(8.117) and (8.118), we obtain
Aa _ a:(2) —ao
(7)) - (7))

L (Q°—M9)2 : (1 n (Q17N11)2)*1/2
o (M) R26(M) /o (M) \ 144/5(M) R2
1_p1y2 0_pr0)2 0_p70y2 1_p1y2
NO\/[(ﬁ - %) (ﬁ * 532(0(””;2) +4 R4<L<(3>)4 : ]

-1, (8.121)

where

@(:) = ct(e) and Q') = + VQEPF -~ @F - @ -
+Q(2) (ie., |Q*(2)| = Q(2)) have been given in Eqgs.(8.24) and (8.27)
respectively (see also Figs.8.5 and 8.6).
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8.7.2 Comparisons with observations of alpha-varying for
cases of ® =0,

Equation (8.121) is the prediction of a-varying derived from dS-SR Dirac
equation of distant Hydrogen atom located on Q'-axis. When the location
Q' > 0, the direction of the corresponding quasar sight line is opposite to
the direction of Q!-axis (see Fig.8.9). For this case the corresponding angle
( ©) between the quasar sight line and the Q!-axis is equal to 7 (i.e., © = 7
for this case). Oppositely, when the location Q! < 0, we have © = 0, i.e.,
the direction of the quasar sight line is same as the direction of Q'-axis.
For both of cases, we can generally write Q! in Eq.(8.121) as

—Q"| cos® = —Q(z) cos O. (8.122)
Looking back cosmic time variable is Q° = ¢t < 0, and the coordinates

of Minkowski point of Beltrami metric B,(W) are M° < 0, M* > 0, and
M? = M3 = 0. Substituting Eq.(8.121) into Eq.(8.121) gives
Aa

@Q

1 (R (=) ]MO)2 (—=Q(z) cos ©®—M1)2 B
|:0'(A1)+R20.(1W)‘/0.(M (1+4/O.(IW ):| |: \/(1+ RZ )}

1 (=Q(2) cos ©-M1)?2 1 (QO(2)—M9)2\ | (QO(2)=M0)2(~Q(z) cos ©—M1)2
\/[( (M)fw)(a(zw) + R2(U(1\4))2 )+ R4(U(1\/I))4 ]

717
(8.123)
where Ny is the same as (8.119) and
() _ 4 _ (Q%2) = MP)? — (—cos©Q(2) — M)
o =1- e .

(8.124)

Equation (8.123) is the theoretic prediction of dS-SR, whose variables
are z (red shift) and ©(= 0, or w), and the adjustable parameters are

R, M°, M'. The discussions on it are follows:

(1) Since |R| is the maximal length scale parameter in the theory (say
|R| ~ 10'2lyr [Chen, Xiao, Yan (2008)]), we could deduce the Aa/ag’s
Taylor-power series of 1/R? from (8.123) (for practical calculations,
“Mathematica” is helpful):

A 1
o (M) Q()(-2M° +Q(2)) +2M (M — Q(2))”
(7)) 8R4
xQ(2) cos® + (M° — Q°(2))*(Q(2))? cos® ©] + O(1/R®),
(8.125)
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where the leading term o< O(1/R*) is dominating in the expansion of
Eq.(8.123). Suppose the parameters and the variables are chosen such
that

MO >> MY, Q(2) ~ Q) ~ e, (8.126)
we have
A« 1 1/~ r0n2
a—o ~ @QCOS(‘) M (M ) €, (8127)

where the lesser terms oc O((M*1)2M%/R*) and o< O(e?/R*) have been
ignored, and © is only to be 0 or 7 (and noting cos(0) = 1, cos(w) =
—1). Thus, when © = 0, we have Aa/ay > 0, and when © = m,
oppositely, we have Aa/ap < 0. This is interesting since Eq.(8.127)
indicates that the scenario reported by [Webb et al. (2011)] [King et al.
(2012)] could be interpreted by Eq.(8.123) with a particular parameter
setting in proper region of variables (8.126) in the theory that satisfies
the requirement of Cosmological Principle.
In this scenario we need to determine the parameters R, M°, M!
by comparing the theoretical predictions with the observation data.
By using Keck +VLT data, the relations between Aa/ay and r =
ct(z) along Q'-axis have been described in Section 8.2 (see Fig.8.1,
Fig.8.2 and Fig.8.3) [Webb et al. (2011)] [King et al. (2012)]. Let’s use
Eqs.(8.123) and (8.124) with © = 7 and 0 to fit Fig.8.3 (i.e., Fig.3 in
[Webb et al. (2011)]) which is based on the combined Keck and VLT
data and t(z) expression (8.24). The best fitting gives

R =500 Glyr = 0.5 x 10'2 Lyr,

M~ —100 Glyr = —1.0 x 10*! Ly, (8.128)

M' ~ —22 Glyr = —2.2 x 10'° Lyr,
which are consistent with requirement of Eq.(8.126). The fitted curve
of Eq.(8.123) with Eq.(8.124) is shown in Fig.8.10.
After determination of R, M° M? of Eq.(8.128), the metric Bffy) Q)
of local inertial coordinate system and then Aa/ag(z) along Q'-axis
are fully known. In Fig.8.11, the curves of Aa/a(z) are plotted. The
Keck’s data in 2004 reported by [Murphy et al. (2004)] [Dent (2008)] are

illustrated for comparison. Since the 2004-data were obtained by obser-
vations in all directions in Keck at that time, the deviations between the
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R=500GLyr A o6 =0
M°=-100GLyr 10 g,
M'=-22GLyr b

Ql

5 10
r cos(0)(GLyr)

-10 -5
1 cos(m)(GLyr)

=10

Fig. 8.10 Determination of parameters R, M?, M via fitting Keck+VLT’s a-varying
data reported by [Webb et al. (2011)] [King et al. (2012)] and described in Section
8.2. Aa/ap vs A r(z)cos® with © = {0, and 7} shows an apparent gradient in «
along the best-fit dipole. The best-fit direction is at Ql(go[lRA],ﬂ[lD]) = {174 h, —59°}
(see Fig.8.9). The data reported by [Webb et al. (2011)] [King et al. (2012)] and de-
scribed in Section 8.2 are shown with error bars. A spatial gradient is statistically
preferred over a monopole-only model at the 4.20 level. A cosmology with param-
eters (Ho, Qa, Qa) were given in Eq.(8.25). The fitted model’s parameters are
R ~ 500GLyr, M% ~ —100GLyr, M ~ —22GLyr. The resulting curve of Aa/ag(r(2))
of Eq.(8.123) is shown.

data and the prediction curves of Aa/ag(z) are understandable. The
point here is that the curves remarkably show a nontrivial behavior
described in Section 8.2 and reported by Ref.[Webb et al. (2011)] [King
et al. (2012)]. That is, in one direction in the sky « was smaller at the
time of absorption, while in the opposite direction it was larger. More
explicitly, we illustrate 3 pairs of Aa/ag(z)-predictions in Table 1 as
examples. In the table, ® = 0 (or 7) means the quasar sight line is par-
allel (or anti-parallel) to direction of Ql(go[lRA] , 19[1D]) = {17.4h, —59°}.
For each z, there are two values of (Aa/ap)tn with opposite signs,
which just matches the expectations of observations. Such a theoreti-
cal picture is subtle. In addition, it was also reported as a dipole form
in [Webb et al. (2011)] [King et al. (2012)]

i_: ~ Agpscos©,  with Agps = (1.024£0.21) x 107°, (8.129)

where A,,, means the observation value of amplitude A. Theoretically,
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Fig.8.11 indicates that when z ~ 2 to 4, Ay, ~ 1.x10~° which coincides
with Aobs-

Aa/ag
000002 ¢
R%SOOGLg
0000015 | | M =—100GLyr
M =-22GLyt =0
000001 |
5x107°F
0 L - - - - ' z(redshift)
05 10 15 20 25 30
-5 x107°F
-0 00001 £ O=r
-0000015 -

Fig. 8.11 a-varying in the region of 0 < z < 3. © is angle between quasar sight line and
axis Q1. © = 0 (or 7) means the quasar sight line is parallel (or anti-parallel) to direction
of Ql(ngA],ﬁgD]) = {17.4 h, —59°}. When z fixes, there are two values of Aa/cg(z)
with opposite signs. Aa/ag(z) is given by Eq.(8.123) with parameters Eq.(8.128). Three
Keck’s data in 2004 reported and discussed by [Murphy et al. (2004)] [Dent (2008)] are
shown for comparison.

Table 8.1 Examples of predictions of Aa/ag: © = {0, 7} is angle between quasar sight
line and axis Q'. For each redshift z, there is a pair of (Aa/ap)in-predictions from
Eq.(8.123) with parameters in Eq.(8.128).

z 0.65 1.47 2.84
C] 0 s 0 T 0 T
(Aa/ag)en | 0.60x107° | —0.62x107° | 1.20x107° | —0.88%x107° | 1.88x107° | —0.98x10~°

(4) We further plot the curves of Aa/ag of Eq.(8.123) with Eq.(8.128)
in a more wide z-range including radiation epoch of the Universe in
Fig.8.12 (that epoch roughly corresponds to z > 3 x 10%). For © = 0,
the radiation epoch limit of Aa/a is 4.7 x 1075, while for © = 7, this
limit is about —5 x 1076, Therefore, we find that in that epoch the
dipole form (8.129) is no longer true.

8.8 «a-Varying in whole sky

In the last section, the a-varying for ©® = {0, w} (or for case that both
distant atom and quasar lie at Q'-axis) was studied and the model’s pa-
rameters R, M°, M! have been determined. Now we discuss general case
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Fig. 8.12 a-varying in the range of 0 < z < 4000.

—-000001

of © € {0, 7}, i.e., the case of Q' # 0, Q? # 0 and Q3 # 0 (see Fig.8.9).
The corresponding M-Beltrami metrics (8.35) reads

@ -m%? 1 @ -MYHQl-mD)  —(@I-MmNQ? QY- M%Q?
R2(OG(M))2 o (M) R2(a(M))2 R2(a(M))2 R2(G(IW))2
@Y -MmYH@-mYH (@'-mHZ 4 @t-mhHo? t-m1Hos
(M)_ R2(c(M))2 R2(o(M))2 - (M) R2(c(M))2 R2(o(M))2
{B )= —(@Y—m9)Q2 @1—MmhHp2 (Q2)§ _ 352
R2 (o (M))2 R2 (0 (M))2 R2 (o (M) )2 (M) R2 (o (M))2
—(Q%-M%@? (@ -mhHo3 Q*Q? @2 1
R2 (o (M))2 R2(5(M))2 R2(5(M))2 R2(5(M))2 ~ 5(M)
(8.130)
where
0 02 1 1\2 2 2 3 2
Son _q_ (@) - M) —(Q(z) - M)* ~ (Q°(2))" — (@°(2))
= 7
1
_ 0 02 1,2 2 2
_1_ﬁ[(Q (z2) = M°)* — (Q(2) cos® — M*)* — Q(2)* sin” O],
(8.131)

with Q'(2) = Q(z)cos® and (Q*(2))* + (Q*(2))? = Q(2)* — Q'(2)* =
Q(z)?sin? © used. From Egs.(8.130) and (8.131), we have

det B (Q) = —(¢M))=5, (8.132)

pv

From Eq.(8.75), we have

1 .
A = —oM) (1 + ?[(Q(Z) cos©® — M")? + Q(z)? sin? @]) )

Ao = A3 = —oM), (8.133)
We now focus on the derivations of « in this case. In Section 8.7, we
presented the procedure for calculating a step by step in detail based on
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BL(LZI\,/I)(Q)|(Q2=Q3=O). Though the full B,(fy)(Q) (8.130) is more complex

than Bf%)(Q)sz:Qs:O) (8.87), the calculations in Section 8.7 can be re-
peated straightforwardly. The resulting a,(Q)-expression (8.114) keeps in-
variant except the {BfLZ,\,/I)(Q), o™ X }H(g2=g3—0) in the formula should

be replaced by {Bffy)(g), ™) N} (gizoy with (i = 1,2,3). This gives

0_ 270\2
\/1<M> + R%%M (1 ¢1 <M>) e?
o.(Q) = a¥Z Yo/ with a=, (3134)
C

- det(B,(fy) (Q)vV =123

where o™ det B,(fy)(Q), A; are given in Egs.(8.131), (8.132) and (8.133)

respectively. The corresponding a-varying formula reads

L Q°—M°)? ( 1 )
Ao _ Vo0 T Re0h \ine®0) (8.135)

Y0 Noy/—det(Bi (Q)vV=A s
where Ny has been given in Eq.(8.119).

The a-varyings Aa/ag(z,©) shown in Fig.8.13 is the plot of numerical
result of Eq.(8.135) in which the curves correspond to z from 0 to 4.5 and
0 = {0, n/4, w/3, 0.4x7, ©/2, 0.6w 27/3, 3w /4, 7} respectively. We can
see from the figure that: (i) When z is fixed, Ao/ decreases along with ©
increases from 0 to 7; (ii) In ranges of {0 < © < 0.47} and {0.67 < © < 7}
,a vary spatially. That is, a could be smaller in one direction in the sky
yet larger in the opposite direction at the time of absorption. This feature
is consistent to the observations in Keck and VLT reported by [Webb et
al. (2011)] and [King et al. (2012)], described in Section 8.2; (iii) When
O ~ {0.5m, 0.6m, 0.77}, the observation results of a-variations Aa/aq are
nearly null.

In order to show Aa/ag’s dipolar behavior more explicitly, we further
plot figure of Aa/ag vs A rcos®© in Fig.8.14. Three theoretical prediction
curves corresponding to © = {0, 7/4, 0.47r} and the experiment observa-
tion data reported by [Webb et al. (2011)] [King et al. (2012)] described
in Section 8.2 are shown in Fig.8.14 for comparison. It can been seen
that the three curves are approximately close to each other in the region
of rcos® = {—2.5GLyr, 2.5GLyr}, and their average gradient is about
A~1.0x10"%GLyr~!. This theoretical prediction value is consistent with
the observation’s (1.1 4 0.25) x 10-°GLyr reported in [Webb et al. (2011)]
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Fig. 8.13 a-varying Aa/ag(z,©) in the range of 0 < z < 4.5 and 0 < © < 7.
The parameters {R, M°, M*'} are shown in the figure.

[King et al. (2012)]. However, for absorbing systems with © ~ 0.47 and
|rcos®| > 3.5GLyr, the curve with ©® = 0.47 in Fig.8.14 indicates that
Aa/ag(® ~ 047) # —Aa/ag(® ~ (7 — 0.47)). This means that the
dipole term (i.e., the term o cos ©) in the expansion of A«a/ayg is no longer
dominating. For the absorbing systems with 0.47 < © < 0.57 the situa-
tions is also similar. Observational experiments to check such predictions

is called for.

8.9 Summary and comments

The spacetime variations of fine-structure constant a = e2/hc in cosmology
is a new phenomenon beyond the Standard Model of physics. To reveal
the meaning of such new physics is of utmost importance to a complete
understanding of fundamental physics. The main conclusion to interpret
such new physics presented in this chapter is that the phenomenon of a-
varying cosmologically is due to the de Sitter (or anti de Sitter) spacetime
symmetry in the de Sitter invariant special relativity (dS-SR). In order
to understand this point, we address two issues here: (i) We have shown
that the time-variation of « is caused by the quantum adiabatic evolutions
in cosmology with dS-SR local inertial systems; (i) In the framework of
standard cosmology with RFW metric and ACDM model, the theory of
non-isotropic spatial variation of « is achieved via considerations of dS-
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R=500GLyr
M°=—-100GLyr
M'=-22GLyr

1-0=0 6z§
o sk
r cos(m—0®)(GLyr

7r7®:37r\/4
\

Fig. 8.14 Curves of Aa/ap(z,0) vs A rcos®. Two solidline curves and one dotted
curve are shown. One of the solidline curves corresponds to ©® = 0 and the other is
for © = 0.47. The dotted curve corresponds to © = m/4. The horizontal axis shows
projection of atom’s “distance” r(z) = ct(z) onto Q' axis. t(z) and cosmology parameters
(Ho, Qa, Qa) were given in Egs.(8.24) and (8.25) respectively. The data reported by
[Webb et al. (2011)] [King et al. (2012)] and described in Section 8.2 are plotted with
error bars. The parameters {R, M°, M} are shown in the figure.

SR local inertial systems and the prediction of the dipole mode coinciding
with the observations is obtained. This means that the observed dipole
distributions of Aa/ g in the sky do not lead to a violation of the cosmology
principle. This is an interesting result. Since the theory achieved in this
Chapter has convincingly interpreted the aspects of the spacetime variations
of fine-structure constant in cosmology, this theory could be considered a
Geometry Model on Alpha-Variation (or shortly GM-AV).

More specifically, the logic that leads to GM-AV is recalled and sum-
marized as follows:

(1) The Keck +VLT data that imply varying « are results of measuring
spectra of atoms (or ions) in distant absorption clouds. So it is le-
gitimate to use the electron wave equation of atoms (typically, the
Hydrogen atom) to discuss this issue.

(2) As usual, QM equations for spectra in atoms are defined in inertial
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coordinate systems to avoid ambiguities caused by inertial forces. So,
it is necessary to take the local inertial coordinate systems in RFW
Universe for discussing both laboratory atoms and the distant.

When Einstein’s cosmology constant A = 3/R? # 0, the metric in the
local inertial coordinate system s in RF'W Universe has to be Beltrami
metric By, () or M-Beltrami metric Bffy) (x), but cannot be Minkowski
metric 7,

Since there exist both temporal and spatial variations for « in cosmol-
ogy, BL(LII\,/[) (x) is suitable. The de Sitter pseudo-radius parameter R
and the Minkowski point parameters {M°, M} are expected to be
determined by fitting to the observations.

As usual, dS-Dirac equation for Hydrogen can always be reduced to
spectrum equation of Hydrogen. In this way, both coefficient of Dirac-
kinetic energy operator term —ia - V (i.e., h.(Q)c) and coefficient of
Coulomb potential term —1/r (i.e., €2(2)) are derived explicitly in
Section 8.6 and Section 8.7 (see also [Yan (2012)] [Yan (2014)]). Then
a,(Q) = €2(Q)/h.(Q)c and Aa/ag = (a;(Q) — ap) /v have been cal-
culated.

According to Section 8.2, we focus on the best-fit direction about right
ascension ~ 17.5 h, declination ~ —61deg, and calculate Aa/ap in
this region. Comparing the theoretical prediction with the observa-
tion results in Section 8.2, the model’s parameters are determined:
R ~ 500GLyr, M" ~ —100GLyr and M' ~ —22GLyr. Surprisingly
but not strangely, the amazing observation about Aa/«p-dipole in
Section 8.2 is reproduced by this dS-SR theoretical model GM-AV. This
is a remarkable result, which could be considered a highly nontrivial
evidence to support dS-SR.

The a-varying in the whole sky has also been studied in this model with
the same parameters. The results are generally in agreement with the
descriptions in Section 8.2 and the estimations in [Webb et al. (2011)]
[King et al. (2012)]. Hence, GM-AV is logical.

To get things more straight, let’s go back temporarily to the beginning
of Section 8.3. If the theory of SR is exactly Einstein’s SR (E-SR) with

metric 1, the o will not vary over cosmic time, ie., Aa/a = 0. How-

ever, the observations at cosmological distances go directly against it, i.e.,
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(Aa/a)ops # 0. Even though one would be open-minded to face this big
challenge [Uzan (2003)], the simplest answer to the puzzle seems to be that
E-SR might not be exact at cosmological spacetime scale, or E-SR needs to
be extended. The most natural extension of E-SR in the framework of SR
was attempted in works of Dirac(1935)-Inonii and Wigner(1953)-Giirsey
and T.D. Lee (1968)-Lu, Zuo and Guo (1974) [Dirac (1935); Inénii, Wigner
(1953); Gursey, Lee (1963); Lu (1970); Lu, Zou and Guo (1974)]. Those
works proposed the theory of dS-SR. Using the dS-SR in this chapter, we
correctly work out the prediction of Aa/ag which is consistent with the
data reported by [Webb et al. (2011); King et al. (2012)]. Hence the puzzle
of a-varying over cosmological time could be considered solved. This ap-
proach could be considered a very simple answer to the problem, if not the
simplest answer.

The relativity principle problem in curved spacetime with constant
curvature has been solved in dS-SR in [Lu (1970); Lu, Zou and Guo (1974)]
via introducing Beltrami metric (see Sections 3.1, 3.2 and 3.3, or Refer-
ences [Yan, Xiao, Huang and Li (2005)] and the Appendix of [Sun, Yan,
Deng, Huang, Hu (2013)]), and hence E-SR is the limit of dS-SR with
|R| — oo. Since |R|-value determined in Eq.(8.128) is fortunately cosmol-
ogy huge (~ 500GLyr), we argue that such dS-SR would not contradict the
experiments verified E-SR within the error bands. Furthermore, the Many-
Multiplet (MM) method [Webb et al. (1999); Dzuba, Flambaum, Webb
(1999a)] used in [Webb et al. (2011); King et al. (2012)] is itself R~!-free.
The huge (or almost infinite) R means that the estimates to Ao/« in [Webb
et al. (2011); King et al. (2012)] are reliable approximately.

Besides GM-AV based the geometric and symmetric considerations de-
scribed above, there are some other prescriptions for understanding this
puzzle. One of them is to treat o as a space-time function of a(z), and
consider it as a scalar field p(z) or a function of ¢(x). The ¢(x) is a mat-
ter field satisfied some suitable dynamics, and fills the Universe everywhere
(see, e.g., [Bekenstein (1982)] [Olive,Peloso,Uzan (2011)], and the references
therein). Sometimes it is called dilaton-like scalar field. Nevertheless, there
are still a number of unclear problems in this prescription. The introduction
of this new scalar field with an unknown dynamics creates more questions

than it might answer. Specifically, it will fundamentally change a number
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of aspects of modern physics such as the structure of our universe, the cos-
mological dynamics, the vacuum et al., not the least of which being the
implications to particle physics. In our view, introduction of the scalar
field p(z) based on phenomenological considerations is an ad hoc approach.
Comparatively, our spacetime symmetry approach is more natural and cost-
effective, since our theory is based on the least assumption, i.e., de Sitter
spacetime and de Sitter invariance and no fundamental and well-established
physical laws need to be changed.



Chapter 9

De Sitter Invariance of Generally
Covariant Dirac Equation

As has been proselytized in the earlier chapters, the fundamental spacetime
at both cosmological scale and laboratory should be de Sitter spacetime
if the effect of cosmological constant is not negligible. Since the standard
Dirac equation in Minkowski spacetime enjoys the covariance under Lorentz
transformation, which is the symmetry transformation of the Minkowski
spacetime, it should be required that the Dirac equation in de Sitter space-
time, which is curved, should be covariant under de Sitter group. The
first attempt was pioneered by Dirac using rotation generators of the 5-
dimensional Minkowski spacetime [Dirac (1935)]. An equivalent version
was derived in [Giirsey, Lee (1963)]. On the other hand, as has been widely
recognized, the generalization of Dirac equation in Minkowski spacetime to
curved spacetime is Eq.(6.38), which is covariant under local Lorentz trans-
formation by construction. It remains to show that these two versions are
equivalent and it is covariant under de Sitter transformation if the back-

ground spacetime is de Sitter. We here follow the work of Giirsey-Lee.

9.1 Giirsey-Lee metric of de Sitter spacetime

As explained in Chapter 3, de Sitter spacetime, denoted as dS, can be
deemed as a hyperboloid embedded in a 5-dimensional flat Minkowski
spacetime [Roberson (1928)]. Instead of using the Beltrami coordinates sys-
tem which is a stereographic projection coordinate system, Giirsey-Lee uti-
lized another coordinates system (y°,y*, y?,%?,4°) which mimic the spher-
ical coordinates in 3-dimensions. The relation between coordinates €4 and
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the (4, 5", v v, y°) is

&=y ' 7 ), (9.1)
where y° = \/—£4€, is the radial coordinates (like r in 3-dim polar sys-
tem) and n? = £4/y/—€4€, is the angular part. Note that dy°/9¢4 =
—nA,agA/ayf’ = n?. Like the local frame e,, ey, e, in 3-dim Euclidean
space, one can build local orthonormal frame (e, ef = n?) such that
(a=0,1,2,3) eeBnap = Nav,eiina = 0. We can express es in terms of
the rest as follows

1
_ aijazazasb Ay Ao Az Ay
ng = Es €A1 A A3 A ACY, EolCalent. (9.2)

There are infinite number of choices for the 4 vectors e, = e20/ O¢a. Since
nadn® = 0, we have

ds? = gudy"dy” + (dy°)?, (9.3)
where
DEA D€ on? Ona
G = 7= = (y°)* —. (9.4)
Ayt Oy dyt Oy
Since
A0 _ a0yt 9 0y’ 9\ a0yt O O a0y" 9
€a=¢€q 9EA =¢€a (3§A Ay + DEA Dy )=¢a (3§A dyh na dy° )=¢a DEA Dyn”
(9.5)
we have
oy*
_ A
65 =€, af—A (96)

From this relation, we have

ol A0yt ogs

7 ’;:eaag—Aa—yufGa (68 +nan®)=¢ (9.7)
So
oEA u
a—yﬂ' = efew (98)

from which it follows that

G = nabeZeg. (9.9)
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Also from Eq.(9.6), we have(note that 2 T nd = g%: gf;; =46L'=0)

. " ayu ayu ayu
efel zeBefag—Az(éé—i—nAnB)agA = 9B (9.10)
Defining
oyt
g = 2, (0.11)
8% =n'ya =7(n), (9.12)
we have (u=0,1,2,3)
{6M755} = 0; (913)
{ﬂlt’ﬂ”} = gHV’ (914)
where
oyt 8y
Y = 9.15
€A €4 (9.13)

Giirsey-Lee derived the Dirac equation in de Sitter spacetime from the

5-dimensional Lagrangian
1 — — —
L= /D[Z§(¢VAagA¢ — Oeathy ) — mpy]do¢, (9.16)

where ¢y = %40, The integration region D is a shell bounded by
V=44 = R and /—£4¢4 = R + ¢ where € > 0 is an infinitesimal.
The equation for 1 is given by §L = 0 for arbitrary 0% provided 9 is
independent of y°. Using the metric relation (9.3), we have

d°¢ = \/—det(g,,)d ydy®. (9.17)

In terms of y*, 8*, the Lagrangian becomes
1 — — —
L= [ 11508000 - 0,T6"0) — il =gl vl (9.15)
D

where g = det(g,,). Let 1) undergo an arbitrary y°-independent variation
01, we have

L = [ 113 (680,00 — 0, 576" ) — mTUI =G ydy* (9.19)
D

= [ 186780y — )5 — 156705 V=Rl i’ (9,20
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Using the relation

oyt
T

which will be proved later, we have,

4¢p
—&4¢8a

) = V=9 (9-21)

5
L= [ (676" 0y~ miT0) — 650l . (022)

Here we need to take limit € — 0 and require that

lim — =0, (9.23)
e—=0 ¢
which leads to
9
iB" Oy + éﬁ% —map = 0. (9.24)
Otherwise, we shall have
oL

oY (yr) :/0 (15" Oytp = m)) *1—1/’]\/_dy : (9.25)

We can check with the Dirac operator derived from spinorial Gauss-Codazzi

formula. Using

—pA=B L 8 9.26

3 V€% (3:26)

we have the second fundamental form K = V  4n4 = . Since 2 a =0 and
_ oyH 8

iD =704 = iv (5L 0, + 2L 0,5), (9.27)

eAY" 85‘4
we have from the spinorial Gauss-Codazzi formula [Hijazi, Hijazi, Xiao
(2001)] that

iDY = inA 2?4 Dyuth + i%’y(n)qj), (9.28)
which agrees with Eq.(9.24). Note that all five y-matrices enter the first
term.

Now we show that Eq.(9.24) is equivalent to Eq.(6.38). Defining o* =
et~y (here v are the same as v for A = 0, 1,2, 3), then we have {a*,a”} =
2g"¥. Hence there must exits a matrix (A Lorentz transform on dS) such
that

ot = SprSTh (9.29)
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and
ST1yaS = g% = e B,
here := means “defined as”. Since {a*,v°} = 0, we have
S8 =45,

This can also be proved rigorously as as follows.
Proof. From Eq.(9.29) we have

B = eSS,
SO

S71y08 = e yA.
Since v° = %Em@%a@’y“w“?’y%v“, we have

1
—-1_5¢g __ a1 as a3z a4 A1 _ As Az Ay
ST 7S = Ifa1a2a3a456AleA26A36A4’Y e At it B

Using Eq.(9.2), we have then
S_175S - 5A1A2A3A4AnA7A17A27A37A4~
But

Ay As A A
VA = €A A Az A Ay Ty Ry iy,

Using the relation

Y 41
Oéu:SaE—A’Y S 5
we have
ol P " 4 1068 Bg-1 Y° a1 06"
——at =5— —— =85y 85 - 5§ —A~"5T ==
oy = oA gy = 9ER
= SyBS 4 SnayASTInB.
So
B
%a“ = SyBSs71 4 5B,

Differentiating S~'a*S = B, we have

oyH

aE—A)’VA

Sil[A,\,a“]S + S7tohatS = N

205

(9.30)

(9.31)

(9.32)

(9.33)

(9.34)

(9.35)

(9.36)

(9.37)

(9.38)

(9.39)

(9.40)
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where
A, = 850,57 (9.41)
So
Ay, af] + Orat = ay (254451 9.42
[/\;04]4')\04—)\(85—14)7 : (9.42)

Although we do not know the specific expression of S, we have from
Eq.(9.39)

oyt

[A)\,Oé”] + O\at = 6/\(85‘4

o A
)[82” o’ — 75n‘4], (9.43)

ie.,
oA oy+
Dag 8A(LA
y” 708

1
[a", Ay] = Ona* — « )+fﬁm@i) (9.44)

Defining

)74, (9.45)

we have

), (9.46)
and

1 ay*
OKXAA = 56?7bBZnA6A (aé_—A)’)/5’Ya

oyt

aé.A 6/\nA’75’Ya

1 A b oa
= 3% e

1
_ A b a c A_ b
=57 €€ €20An 7"V

1
= —5627}’6%%71%5%

1 B_b_a
2€b7€A
1

oyr
(

0
= ——ePrbel(wmnt — L85n‘4)'y5fya. (9.47)

2 9B OEB

Using e%? = —np, we have

1 2
A A boa, 5 5
Ay = — e,y €Ny Ve = ~°. (9.48)
2v/—§%c V—¢£%c
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So we can write
9
SiprSTIA, + Elf = ia" (A, + A). (9.49)
Denoting
w)y = A)\ - A,\, (950)

we will show that w) is just the spin connection in the generally covariant
Dirac equation in curved spacetime. First we have

85 A oY+ , oA oyH

[, wy] = Ona!' — (é)«fA) = [Oxel — ey 3 l,aA(agA)]’Ya- (9.51)
Hence
0 oy+
{lo,wal,va} = Oxef — Z 5 (82114) (9.52)
L, 0¢A oy+
{b:walva} = evu[Orels — €5 V@Nagﬂ]- (9.53)
Let
wy = iw,\mnzmn. (9.54)
Using
[7b7 Emn] = 21(52{)’71 - 57L7m) (955)
We have
LoEh Oyt
Wxab = €vy [Orell — el a9y —O\ (%—A)} (9.56)
Using Eqs.(9.8) and (9.10),
Waap = ey [Orely — ehel e (elet)]
= epOnel — epelton(eled)
L 0B o¢B
= *6;48)\6,4(7 €, 65)‘ 8Be Ab = :1485/\ VBeAb (9.57)

Here Vg = O¢s is the covariant differential operator in the 5-dimensional
Minkowski spacetime. We use a bar over V, w to represent covariant deriva-
tive, connection in the 5-dimensional Minkowski spacetime which is essen-
tially flat. Recall that for the frame (e2,n?), the Levi-Civita connection

components W4,p are given by

DAeaB = vAeaB - wAabebB - wAaSe% =0 (958)
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So
Waas = €)'V aean, (9.59)
we have
Wxab = ZEiWAab (9.60)
Hence on dS, we have
Wuabdy" = WaabdEfis- (9.61)
This together with the fact that both e, = efa% = el 82” and its

dual 1-form eqadé? = equdy" (not only on dS), we can use coordinates-

independent description. The first Maurer-Cartan equation is

de® =@y N el +T%5 A ed. (9.62)
Since
dy® ot 3 dy° o¢t
5 = d A —_Z d H d =2 = [ 5
e® = nadé agA deA 8§A[8y“ + 55 %] 59X a5 W
(9.63)
we have nAd«f"gS = 0. Hence,
dejgs = W5 A efds. (9.64)
Therefore
de® = wy A el (9.65)

which is exactly the first Maurer-Cartan equation on dS. So Eq.(9.24) be-
comes

1wwbzab) —m] Sy =0. (9.66)

[ (10, — 1

Remark: One must have @® 5 A €® = 0 since its components have the form
dy* A dy® while other parts in Eq.(9.62) have only dyt A dy” .
Combining S~17°S = €594, 71925 = e%~y4, we have

S7IyAs = LA pyP, (9.67)

where LA g = (e® g,np). S is a function of L : S = S(L)
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9.2 Proof of Eq.(9.21)

Differentiating
0% oy"
oyr ogA V7
with respect to y*,we have
oy 9 O oA 0 oyt
5 5 )+ 5o 3y ) =0
g4 oyt~ Oy dyv Oyr " 0g
So
9y~ %i(afA) + dy” 0¢* i(%) -0
OEB OEA Oyr Oy’ OEB Oy oyr oA T

The second term is

oyr 04 0 Oyt 0 oyt oy® 04 0 Oy*

9¢7 oy oy \9en) ~ ayr 9B T agB ayF oy aeA

Therefore
i(%) _ @yi(%)*F dy” 9¢t 9 (ay"
Oyr OB’ OEB Oyd Oy OEA OEB dyv dyr * OEA
ooyt 0ot oy oyt 0 oe
OEB 9EA yr * Oyd OEB 964 yr " oyv
But since ng = n? which is independent of y°, so
oyt 9 0 oyt 0 oA oy® 0 y

oA oy o) = sk agr o) T ot oy )
o or o 4, 0

gA

~oeilay) T o™ T aen e,

4
VT
So
o o b 4 ov o o ot
Oyr 9B’ 0B |\ J—¢Ag,  0EB 9gA oy Oy¥

_ A oy oyt 0 ot
C ALy OEB 9gA ayr oy

).

)
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(9.68)

(9.69)

(9.70)

(9.71)

(9.72)

(9.73)
(9.74)

(9.75)

(9.76)

(9.77)
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From
% _ ggaﬁi)g_;f (9.78)
%g 68+ nan® (9.79)
A% =0, (9.80)
we have
v = Ve e B (9.81)
B a¢A
CAEELE o
- Ffjgc 6 ntno)g (5 08y
— V=g gA 83#(25) (9.84)
By (9.77) and (9.84), we have
5n (VT 5e5) = ~ AoV (9.85)

9.3 de Sitter invariance

The invariance of the Eq.(9.66) under de Sitter transformation is hidden
[Glrsey (1963)]. We show the invariance of Eq.(9.24). The 10 generators
of de Sitter group are

Jap = Lap + Xas, (9.86)
where Lap = i(§40¢5 — {p0ca), $AB — %[VA,yB]. The de Sitter transfor-

mation is represented as U = exp(iHABJAB) with constant 645 and

Y =Y = Utp = exp(i0* B 4p)p [ exp(—i04P Lap)E] = Usy (UL '€),

(9.87)
where Ug := exp(i04PY ap) and Uy, := exp(i04P L sp). Since
Usv?Us' = (U1 577, (9.88)
and
oyt B 9y
UL@fAU =(UL)a DB (9.89)
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where Uy, is the vector representation of Ur. So
UBrUT = -, (9.90)
Similarly
UBUT = UpnaU; 'Usv UG = nay® = 6°. (9.91)

Note that under de Sitter transform, a point £ on dS is transformed to
another point still on dS. So the de Sitter invariance is proved.



Appendix A

Solutions of Dirac Equation of
Hydrogen in Minkowski Spacetime

In order to clarify the notations used in the text of this book and the
standard solutions of Dirac equation of Hydrogen in Minkowski spacetime,
we provide this Appendix. The descriptions follow [Strange (2008)]!.

A.1 Pauli equation in a central potential

It is well known that spin, which is hidden in in relativistic quantum theory,
does not appear in the Schrodinger equation. However, spin can be included
within a non-relativistic framework, and this was done initially by Pauli
[Pauli (1927)]. The Pauli equation can be written in matrix form (see, e.g.,
[Strange (2008)] [Baym (1967)]):

Zhg wT(rvt) _

ot wi(rvt)

1 ) Bo1av() o\ i)
(ﬁ(peA(r)) JrV(T)JFZLmQCQ; dr U.L><¢¢(r7t)>7 .

where L = r x P represents the orbital angular momentum, and o =
oli+ 0%j+ o’k is (2 x 2)-Pauli matrices with

L _ (01 2 0—i 5 10 .
10)° i0 )’ 0-1

The spin operator is

. . N h - h .
S:§0'7 with Sa;:§0-17 Sy25027 Sz:§0'5.

IThere are, of cause, variant descriptions on this subject in popular textbooks, but they

(A.2)

are basically equivalent. The presentation of [Strange (2008)] is adopted in this book.
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And then we have
[Ly, Ly|=ihL., [Ly,L.]=ihL,, |L.,L,] =ihL,, [L* L] =0, (A.3)
[Sz, Sy =ihS., [Sy,S.]=ihSy, [S-,S.] = ihS,, [S%, S| =0

>
N>

with ¢ = x, y, z. The total angular momentum operator is:
s = - - .. -~ R
Jszi+Jyj+Jzk:L+S:L+§a. (A.5)
Equation (A.1) is an equation of form

0 A
Zh&w(rv t) = Hw(rv t)a (A6)

and so the variables can be separated in the usual way, giving us

rt) = Uy (r, 1) P (r) e—iBt/h _ ()= iEt/h
O I ) IR

¥y (r)
where FE is an eigenvalue of the Hamiltonian operator, and

(i@ CA@) V() 4 LAV g E) <¢T<f’t>> o

2m dm2c?r dr Py (r,t)

(A.8)

This is the eigenvalue form of the Pauli equation.

We know from the standard separation of the variables of Schrodinger
equation that the solutions in the absence of the spin-orbit coupling term
take the form

"/’nlm(r) = Rn (Tv E)Yim(f)a (A.Q)
where Y™ (¢) are the usual spherical harmonics and R, (e, E) are radial
functions. Clearly it would be desirable to have solutions to Eq.(A.8) that
are close to this form and reduce to Eq.(A.9) when the spin-orbit term tend
to zero (as ¢ — o00). We know that if the spin-orbit term in Eq.(A.8) is
omitted the Hamiltonian will commute with SQ, S’Z, EQ, and L.. It com-
mutes with the spin operators because there would be no spin dependence
in the Hamiltonian at all, and it commutes with the orbital angular mo-
mentum operators as we know it does from the non-relativistic theory (see,
e.g., [Gasiorowicz (1974)]).

Making use of Egs.(A.3) and (A.4), we have
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Now look what happens if we add Egs.(A.10) and (A.11) together

[S,,L-S]+[L.,L-S]=[L.+5.,L-S]=][J.,L-S]
= —ih(SyLy — SyLy) — ih(LsSy — LySs) = 0. (A.12)

Equations (A.10) and (A.11) show that neither S, nor L, commutes with
the Pauli Hamiltonian. However, Eq.(A.12) shows that, despite this, J.
does commute with the Pauli Hamiltonian. Clearly we could have gone
through the above mathematics for the 2- and y-components of J and found
that they also commute with the Hamiltonian. We know that if a quantity
commutes with Hamiltonian it is conserved and may have simultaneous
eigenfunctions with the Hamiltonian. Hence we expect our solutions to
Eq.(A.8) to be simultaneous eigenfunctions of H , J2 and J.. Furthermore,
Eqs.(A.10) to (A.12) (and their cyclic permutations) are proofs that in
relativistic quantum mechanics the spin angular momentum and orbital
angular momentum are not conserved separately, but that total angular

. (L.+K2 0

Jo(r) = ( 0 L.— h/2> ( )
(L.+n/2 0 ()
- < 0 zzh/2> ( ) = mih (wr)) (A13)

((/iz — (mj — 1/2)ﬁ)1/f¢(r)> _0 (A.14)

momentum is conserved.

Making use the matrix form of J, we have

1 (r
1 (r
+(r
1 (r

P (r)
¥y (r)
P (r)
¥y (r)

and then

(L2 = (mj + 1/2)R)y(r)

A solution of this is that 4+ and ¢ both have an angular dependence
which is defined by a spherical harmonic with the same value of the [
quantum number and with values of the m; quantum number differing by
one. If this is the case then the eigenfunctions of the Hamiltonian are also

eigenfunctions of L2. So we have

Ur(r) = g(r)Y™ (£),  y(r) = F(r)Y,™ (). (A.15)
Next we are going to define the operator K.

Ki=L-o+h (A.16)
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This turns out to be a useful operator, although here it has been defined
rather arbitrarily. The i in Eq.(A.16) is understood to be multiplied by
unit matrix.

Let us see what the eigenvalues of K 1 are. To discover this we will

operate with it on v, and use the square of equation (A.5).
N ~ 2 A
Kip=(L-o+h)= (ﬁL-S—i—h)w

= <}%(32 -12-8? +h> Y

= <j(j+1)l(l+1)+i> = —hk, (A.17)

where we have explicitly used the fact that s = 1/2 for all the particles
in which we are interested. In Eq.(A.17) we have defined the eigenvalues
of K as —kh, but the expression for them can be simplified considerably.
There are two possibilities, j =+ 1/2 and j =1 — 1/2. In each case it is
simple to use Eq.(A.17) to show that

j=141/2 = k=—1—1, (A.18)

j=1-1/2 = k=1. (A.19)
So we see that the eigenvalues of this operator are integers and an equivalent
representation of the total momentum to J. If k < 0 we have j=14+1/2
and if K > 0 we have j =1 —1/2. There are two values of x for every value
of [. Finally note that any integer value of x is permissible except k = 0.
Let us operate with K on (r)

K(r) = ( L ﬂ? Le = iLy) = —hk (‘/’T(r)> . (A.20)
Ly+ilL, L,—h Py (r)
The component form of (A.20) is:
(L + Bt + (Lo — iLy )0y = —hrtpy (A.21)
(=L + B)y + (L +iLy )y = — Ry (A.22)
It turns out that Eq.(A.22) is just a multiple of Eq.(A.21), so we only need
to work with one of them. Noting the following formulas
Li=1L,+ily, (A.23)
Lyoy™ = (U= m)" (L +my + 1)2Ry™ (A.24)
Loy;™ = (L+m) (1 — my + 1)V 2Ry, ™ (A.25)
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and substituting Eq.(A.15) into Eq.(A.21) we have
FOU A+ my+ 1)1 =m)]V2Y™ = g(r) (=5 —m = 1)Y,™. (A.26)

Here the spherical harmonics cancel, and this relation shows us that the
radial parts of ¢4 and 9 only differ from one another by a constant. For
k < 0 Eq.(A.26) gives

(I+mi+ DY) = (1 —m) Y %g(r), (k=—-1—1). (A27)
For k > 0 we have
(1- ml)l/Qf(r) =—(l4+m+ 1)1/29(7°)7 (k=1). (A.28)

These equations show that for a particular set of quantum numbers, the
radial parts of the eigenfunctions defined by Eq.(A.15) are the same except

for a simple multiplicative factor. So we can write

o(r) = £(r) ( ¥ (())> . (A.29)

CQY}mlJrl

We have shown the relative sizes of ¢; and ¢z in Eqgs.(A.27) and (A.28), but

their absolute values depend upon the normalization:

/ A (3 (0 (£) + 67 0y (1) = 1. (A.30)

There is still some arbitrariness in this integral because we can choose
the values of the constants ¢ and the radial part of the wavefunction in
Eq.(A.29) in an infinite number of ways and still satisfy Eq.(A.30), but the

usual choice is:

/r2|f(r)|2dr —1 (A.31)
and hence

ler |2 + |eof? = 1. (A.32)

Comparison of Eq.(A.32) and Eqs.(A.27) and (A.28) gives

I —my 1/2 Il+m;+1 1/2
= _— = _— : A
1 (2l+1) ,  Co ST (k<0);  (A.33)

l+m;+1 1/2 L —my 1/2
“@ ( 011 ) 2=\ (k> 0). (A-34)
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Finally, since function of Eq.(A.29) is a row function with two components,
and {V;, Y"1 are the common eigenfunctions of {L2, L.}, when we

introduce notations:

12 (1 ~12_ (0
X1/2—<O>a Xl/g —<1>a (A-35)

the function of (A.29) can be written to be
) = £ (e @x )5 + eV v y) . (A36)

In this case c¢1, c¢o could be understood as suitable Clebsch-Gordan
coefficients. We will show this issue below.

A.2 Relativistic quantum numbers and spin-angular
functions

In Eq.(A.17) we introduced the quantum number . Here we are going to
introduce two more numbers which turn out to be useful, and we will also

summarize all the relations between quantum numbers.
k=—-l—-1=—-(G+1/2) (J=1+1/2), (A.37)
k=1l=(G+1/2) (G=1-1/2). (A.38)

It will also be worthwhile to define the quantum number [, which is the
value of the [ quantum number associated with —x

=l+1=-r (k<0),

=l-1=k-1 (K>0). (A.39)

We also define
S = o, (A.40)
||

so that

S.=-1 (j=141/2), (A.41)

S, =+1 (j=1-1/2), A.42)
and
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We are now in a position to examine the properties of the angular part of
our solution to the Pauli equation in a central field. The symbol y.” (%) is
usually used to describe these quantities and they are commonly known as

spin-angular function. Using expressions of the spin eigenvectors

X1/2 = <(1)> ) X71/2 = (?) ) (A44)

and Eqs.(A.29) and (A.36) we have
m 1. myj—ms o\ m.,
U (1) = [(r) Y Cligdims — mem)Y,™ " ®)x™, (A45)

where we have replaced the subscripts 1 and 2 (in Eq.(A.29)) with the
quantum numbers j and m;, and C’(l%j; mj—mg, ms) is the Clebsch-Gordan
coefficients listed in Table A.1.

Table A.1 The Clebsch-Gordan coefficients
C(l%j;mj —Mms, Ms).

j ms =1/2 ms = —1/2
I4m;+1/2\1/2 I—m,+1/2\1/2

1—1/2 (ng) - (W)
I—m,+1/2\1/2 I+m;+1/2\1/2

e (e (g

Equation (A.45) can also been written in form:

Uy (r) = f(r)xi (2)

1/2
f(’r) Z Ci’:;jims; 1/27m5 }/imj —Mms (fv)Xm< , (A46)
ms=—1/2
where
1/2 4
wi(F) = Z Clo o Y0 (B (A.47)
ms=—1/2

with — x™ =2 = <(1)> , XM= <(1)> .

We further introduce notation:

X" (#)=—0, X1 (£),

0 sinfe i
with JTf‘~7< conv SHLTE ) (A.48)

sinfe'® —cos#
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A.3 Dirac equation for Hydrogen

The Dirac equation in Minkowski spacetime for a spherical potential V(r) =

V(r) is
(ca- P+ Bmc* + V(r))y(r) = Wi(r). (A.49)

0o I 0
=an) )

where o = o'i + 0%j + 0%k is (2 x 2)-Pauli matrix, and I is (2 x 2)-unit

where

matrix. For Hydrogen atom, m = m. and V(r) = e/r. The origin is
taken at the nucleus. For this problem it is most convenient to solve the
Dirac equation in spherical polar coordinates. Obviously the Smc? term is
independent of coordinate system and the potential is most easily written
in radial form. So we only have to transform the kinetic energy term. To
do this we use a vector identity

V=#F#V)—fx (xV), (A.50)

where T is a unit radial vector: ¥ = r/|r| = r/r. Equation (A.50) follows

directly from the vector identity:
Ax(BxC)=B(A-C)-C(A-B).

The orbital angular momentum operator is given by L = & x p = —ihr x V.
Here 1 is the vector operator defining the position of the electron relative
to the source of the field. For our case of a spherically symmetric potential,
Eq.(A.50) simplifies because 9/96 and 0/0¢ are both equal to zero sor-V =
rd/0r. Thus, with some trivial manipulation, Eq.(A.50) can be written

0 _if j, (A.51)

=F— — —— X
or  hlr|
We write using it the relativistic kinetic energy operator in radial form

0 1 .

a-p=—itha-V=—ih-t

Noting the operator L is perpendicular to r, i.e., Lipi = 0, and

k
o L - 0
ool =i pk 4 59 with Ek<a k)
0o
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we can see that
a-fa-L=iX #xL. (A.53)

We know that 75 commutes with the - and the X-matrices. Now, all
these matrices are closely related to one another through vsa = —X and
V52 = —a. So we can postmultiply each side of Eq.(A.53) by 5 to find

o-i¥-L=—a-ixL. (A.54)

.

Now we can substitute Eq.(A.54) into the second term of Eq.(A.52)

a~f>iha~f)%+ﬁa~f‘2~f‘. (A.55)

We define K operator:
K =82 -L+h). (A.56)

(note it is different from K, in Eq.(A.16)). This can be substituted into
Eq.(A.55) to give

a-p = —ihay + |—:‘|a,.(ﬁf( — 1) (A.57)

with a,. = a- t. This is form in which we want a - p to substitute into the
Dirac equation (A.49). Doing this and a little algebra leads to

e(r) = Wi(r), (A.58)

o h BK
icys 2y (h— + - - 6—) + Bmc® + V(r)
or r r

with ¥, = ¥ - . We make use of Eq.(A.45) and are going to insist that
the four-component eigenfunctions take on a form as similar as possible to

that found when we discussed two-component Pauli spinor, i.e.,

i [ el (@)
v (z'fﬁ<r>xmz; (f)) | )
where the y;.7 (£) and x""2 (£) are the spin-angular functions of Eqs.(A.47)
and (A.48). This is a reasonable form for the wavefunctions. The reason for
the negative x and the ¢ in the lower part of the wavefunction will become
clear shortly. This choice of eigenfunction means that the solutions are also
cigenfunction of J2, J, and K. If we substitute Eq.(A.59) into Eq.(A.58)
we obtain four equations, of cause, but it turns out that there are really
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only two separate equations. Remembering that the eigenvalue of the K

operator is —hk, these are

eh <§ + %;) 9u XL+ (W = V(1) +me®) fu(r)x"% =0, (A.60)

o <§+l B §) Fe(r X W = V(1) = me)gu(r)xi =0. (A61)

Now the x.” cancel nicely and the role of i in the solutions (A.59) is
apparent. It was inserted to ensure that the radial part of the eigenfunction

in manifestly real. We can write these equations in the form

Do) Ly ) W V) w0, (A62)

87’ r
3f5£7") == ; 1f;~:(7") + cih(W —V(r) —mc?)g.(r). (A.63)

This is the usual form of the radial Dirac equation. It is sometimes useful
to make the substitution u,(r) = rg.(r) and v,(r) = rf(r). In that case
Eqs.(A.62) and (A.63) become

Qug(r) K 1 2

o —;U;K(T) + E(” - V(?“) + mc )Un(r)a (A64)
Que(r) K 1 2

o = ;UH(T) - c_h(w —V(r) — mc*)ug(r). (A.65)

Let’s consider one-electron atoms. Namely, we are going to study the
motion of one electron of mass m moving under the influence of the spher-

ically symmetric Coulomb potential

A 2
Vir) = —Te. (A.66)
For ease of writing we put
Ze?
=— =Za. A.
£ 7 e’ (A.67)
Equations (A.64) and (A.65) become
ou(r K
% = f;uﬁ(r) + (WC + g + kc> v (1), (A.68)
Que(r) K I3
o ;’UK(’I‘) — (WC + o kc) e (1), (A.69)
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where ko = mc/h is the Compton wavevector, and W = W/(ch). Intro-
ducing ¢1(r), ¢=2(r) through following equations

un(r) = (ke + We)2e 2 (g1 + ¢o), (A.70)
0(r) = (ko + W) 2e™ (61 — ¢), (A.71)

where A\ = (k¢ — We)'/?, and substituting Eqs.(A.70) and (A.71) into
Eqs.(A.68) and (A.69) we find:

0 A W k
A oxegy + gy Wy ey o (amy)
or r r r
0 A W, k
)‘5@ LAy e, ke o, (A.73)
r r r r
Let us change to a dimensionless variable p = 2\r and then we have
¢ EWe k| ke
— (1= S (T A.74
ap ( Ap )¢1 (p+ o ) (A7)
9 We k| ke
i —— = . A.
e S+ (2 5 g (A.T5)

We solve them in the following.
A power series in p for ¢1(p) and ¢a(p) is:

610) =" 3 amp™, (A.76)
m=0

G2(p) = p° > Bmp™. (A.77)
m=0

(There should be no confusion between the coefficients ., and a-matrices
in Dirac equation (A.49) and etc.) Putting Eqs.(A.76) and (A.77) into
Eqgs.(A.74) and (A.75) is straightforward. Then if we compare coefficients
of equal powers of p in each term we find the following recursion relation

for the «, and f3,, coefficients:

A

Bm(m +s) = (—H + %) Oy, + @ . (A.79)

am(m—+8) = am-1 — Mozm - </~@ + ngC) Bins (A.78)

For m > 0 this determines all the «,, and (,, coefficients in terms of g
and (y. However, as yet we do not know these, nor do we know the correct
value of s. To find the latter we let m = 0 in Eqs.(A.78) and (A.79).
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Then, by definition, from Egs.(A.76) and (A.77), a—; = 0 and we have a
pair of simultaneous equations for ay and Sy. These equations will have a
non-trivial solution if the determinant of the coefficients is equal to zero.

S+Wc§/)\ K-i-Ekc/)\ _

=0, A.80
K —Eko/N s —WeE/A (4.80)
ie.,
W2 2
- ;f = k2 — KL /N2 (A.81)

But, by definition, A? = k2 — W2 and so we are left with
s =+/r2—E2 (A.82)

Here we give up s < 0-solution, because the positive square root in
Eq.(A.82) ensures the wavefunctions are always square integrable, but the
5 < 0 solution cannot. The next stage in this analysis is to find «,, in terms
of a;,—1 and B, in terms of §,,_1. This can be done using Eqgs.(A.78) and
(A.79). Rearranging Eq.(A.79) gives us

Bm Kk —Eke /A Kk —Eka /A
Pm _ = A.
am  Weé/A—m—s n—m ’ (A-83)
where n' = (We&/A) — s. Combining Eqs.(A.83) and (A.78) gives
n' —m
m=—— Q1. A84
“ m(2s + m) dm-t (A.84)

We now have «, in terms of «,,,_1, but m just represents an arbitrary term
in the expansions (A.76). Using Eq.(A.84) but reducing m by one means
we can find «,,_1 in terms of au,_o. This process can be continued down
to ap to give us

(n=1)(n' —=2)---(n" —m)
m!(2s +1)(2s+2)--- (25 + m)
We can also use Eq.(A.83) to eliminate o, and a;,—1 in Eq.(A.78). This

gives us an expression for 3, in terms of 3,1

m

Q. (A85)

am = (—1)

n'—m+41

P = m(2s + m)

Bm-1- (A.86)

and hence
n'(n’ —1)---(n —m+1)
ml(2s+1)(2s+2)--- (25 +m)

B = (=1)" Bo- (A.87)
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Now the only quantities we don’t know are oy and [y. However, these are
known in terms of each other from Eq.(A.83):
Bo = Mao,
n
This arbitrariness can be removed later by our choice of normalization.
Substituting Eqs.(A.85) and (A.86) into Eq.(A.76) gives

(A.88)

(1-=n)2-=n)---(m—n)
25+2)--(2s+m)"
1—n)(2—n) p?
2s+1)(2s+2)ﬂ+”')
=p’aoM (1 —n',25+1,p), (A.89)
n'(n=1)---(n —m+1)

m

= o
I

s -
~

~—

s
|~ ~—

o0

__ s n' nl(nl_l) P2

=r"Bo (1_ 2s+1" (25+1)(2s+2)5+m)

= p*BoM(—n',2s+ 1, p)

= ps%lfc/)\aoM(*n/,QS‘i’lap)a (Ago)

where M (a,b, p) is confluent hypergeometric functions which will be dis-
cussed in Appendix B, and Eq.(A.88) were used in the last step of Eq.(A.90).

Up to this moment we have not yet applied any boundary conditions.
The boundary condition we use is the usual one for such problems: the
wavefunction must remain finite as » — oco. To implement this we have
to look at the asymptotic behavior of the hypergeometric of the hyperge-
ometric functions. This is given by Eq.(B.4). At large z this expression is
dominated by the exponential and so diverges. As stated in Appendix B,
if —n/ is a negative integer and 2s + 1 is not a negative integer it is easy
to see from Eq.(B.2) that the confluent hypergeometric function becomes

a simple polynomial of order n’ in p. So
n=0,1,2,3,---. (A.91)

We see here that n’ can take on only integer values and it is closely related
to the principal quantum number defined in non-relativistic quantum
mechanics. There is a problem with the n’ = 0 : the confluent hypergeo-
metric function in Eq.(A.89) diverges; the first parameter is not a negative
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integer. Therefore ap = 0 and hence ¢1(p) = 0. In this case ap/n’ in
Eq.(A.90) is just a normalization constant. In general for n’ = 0, ¢2(p) is
non-zero unless
w =
A
As all quantities on the right hand side of Eq.(A.92) are positive by defini-

(A.92)

tion it can only be true for k > 1.

We have now solved the Dirac equation for the radial parts of the Hy-
drogen ic wavefunctions. Let us combine the definitions of u(r), v(r) and
p with Eqgs.(A.70), (A.71), (A.89) and (A.90) to give a final expressions for

g(r) and f(r):
fu(r)=2X(ke — W) 2e " (251)5 Loy
K—gko/A

X(M(l —n, 25+ 1,2\r) —
n

(—n' 25 +1, 2)\7“)> , (A.93)

i (r)=2X(kc + Wc)1/267AT(237)571a0

x(M(l — 0 25+ 1,2\r) + %{CC/)\M(—W, 25+ 1, 2)\7~)> L (A.94)

Now we have the eigenvectors, the next task is to find the eigenvalues. To
do this it is useful to define the principal quantum number:

n=n'+|x|. (A.95)

When n/ was defined earlier it was in the middle of finding the eigenvectors
of Egs.(A.93) and (A.94), and, so as not to divert attention of n’, which
gives us an expression for the energy eigenvalues. We remedy that omission
here. Recall that

ch WC&
’_ e — _
w=—= s 2 =W s. (A.96)
Rearranging this and substituting for n’ from (A.95) gives
& o
WE = k2 <1 + 7) , A.97
C C (TL — |:"€| ¥ 5)2 ( )
and from the definitions of k¢ and W we find
52 —1/2
W = mc? 1+7> , A.98
(1+ e 49

where £ = Za (see Eq.(A.67)).
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A.4 Explicit wave functions for one-electron atom with

principal quantum number n = 1 and 2

Recalling Eqgs.(A.59) with (A.47) and (A.48), we have known that the wave

functions for one-electron atom are in the form:
mg g (r)xi” ()
wrg ! (I‘) = . My ? (A99)
ifu(r)x i (F)
where f,;(r) and g.(r) have been given in Egs.(A.93) and (A.94) respec-
tively. Those two equations look exceedingly complicated, but they can be

simplified to some extent. Incorporating a factor of 1/n’ into o enables us
to rewrite Eqs.(A.93) and (A.94) in the following form

fli(r) == 2)\(kc —_ WC)1/26*AT(287,)5710[6

X <n’M(1 —n/, 25+ 1,2Ar) — (k — ngC)M(fn’,Zs +1, 2)\r)> )
(A.100)
9 (1) = 2X(ko 4+ We)Y2e™ 7 (257)° Loy
X (n’M(l —n' 25+ 1,2X\r) + (k — ngC)M(—nl,Qs +1, 2)\r)> ,
(A.101)

where of, = ap/n’. We write down explicit expressions for the lowest few
eigenfunctions of the one-electron atom here.
For the 1s state:

(2)‘)S+1/2 1/2,.s—1_—Ar

g(r) = hoT (33 T )12 (ke +We)2r5 e (bg + bir) (A.102)
(2)‘)S+1/2 1/2, s—1_—Ar

flr)=— (kT (25+1))172 (ke — We) ' r* = e™ " (ap+air) (A.103)

For the 2s state:

(N k(254 1) (ke + W)
9(r) = < 2We(2We + k)T (25 + 1)

(N ke@s+ (ke — W)\ P
/) __( SWe@We 1 ko)D(2s + 1) ) r*7le™(ao + arr) (A.105)

1/2
) 75 e (b + byr) (A.104)
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Table A.2 Parameters defining the eigenfunctions of the one-electron atom
for the principal numbers n = 1 and n = 2.

Orbital 1s 2s 2pt/2 2p3/2
n 1 2 2 2
n’ 1 1 0
K —1 -1 1 -2
l 0 0 1 1
l 1 1 0 2
s (1762)1/2 (1762)1/2 (1752)1/2 (4752)1/2

Wo sA/€ kg /2) €k /2 sA/€
—) 2W, 2 2W,
a1 0 2541 (1 + kcc) 2541 (1 - kcc) 0
We Wo
bo 1 - = 1
—) 2W, 2 2W,
by 0 2s+1 (1 + kcc) 2s+1 (1 - kcc) 0

For the 2p'/? state:
( ) _ (2)\)28+1kc(25 + 1)(/@’(] + We
O\ 2We(2We — ke)T(2s + 1)
20)2H ke (25 + 1) (ke — We)\ 2y o,
Jr) == <( 21)/1/0(2Wé — kc))1£(25 +1) )) r*lem M (ap + arr) (A.107)
For the 2p®/2 state?:
1/2

s+1/2
g(r) = ((2>\)2kcr((2110++1;/vc)) e M (bg + bir),  (A.108)

) 1/2
) ¥ e (by + i) (A.106)

1/2

o (2)‘)s+1/2(kc 7WC) s—1_—Ar
f(r)< 2rol(25 + 1) > £ )

All parameters defining the eigenfunctions in the above are in Table A.2.

A.5 Mathematica calculation for practice

“Mathematica” is a very convenient tool for practical calculations to the

2Some mistakes in writing of Eqgs.(8.53g) and (8.53h) in [Strange (2008)] have been
corrected.
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problems in relativistic quantum mechanics. Here we show a simple
example: to calculate the energy levels for n < 2 of one-electron atom
with Z = 92. The readers could understand others from it by analogy. The
programs and results are as follows:

1, Forn =1, kK = —1 case:
In[1]:= Z=92;
a = 1/137.003599911; (* fine-construct constant x)
mcc = 510998.918; (* mass of electron: mcc = mec? = 510998.918eV *)
n=1; (* principle quantum number )
k= —1; ( relativistic quantum number *)

s = (l€2 _ Z2a2)1/2;
levelenergy=mcc * (1 + Z"2a"2/(n — Abs[x] + s)"2)"(—1/2) — mcc
(* see Eq.(A.98) *)

Out[1]= -132353 (* unit: eV %)
2, For n =2, k = —1 case:
In[2]:= Z=92;
o = 1/137.003599911; (* fine-construct constant )
mcc = 510998.918; (* mass of electron: mcc = mec? = 510998.918eV *)
n=2; (* principle quantum number *)
k= —1; (* relativistic quantum number *)

s = (k2 — Z2a2)1/2,
levelenergy=mcc * (1 + Z"2a°2/(n — Abs[k] + s)"2)"(—1/2) — mcc
(* see Eq.(A.98) )

Out[2]= -34235.2 (* unit: eV x*)
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3, Forn =2, Kk =1 case:

In[3]:= Z=92;
o = 1/137.003599911; (* fine-construct constant )
mcc = 510998.918; (* mass of electron: mcc = mec? = 510998.918eV *)
n=2; (* principle quantum number *)
k=1 (* relativistic quantum number *)

s = (K]Q _ Z20¢2)1/2;
levelenergy=mcc * (1 + Z"2a*2/(n — Abs[k] + s)"2)"(—1/2) — mcc
(* see Eq.(A.98) )

Out[3]= -34235.2 (* unit: eV x)
4, For n =2, Kk = —2 case:
In[4]:= Z=92;
a = 1/137.003599911; (* fine-construct constant x)
mcc = 510998.918; (* mass of electron: mcc = mec? = 510998.918eV )
n =2, (* principle quantum number *)
k= —1; (* relativistic quantum number *)

s = (k2 — Z2a2)1/2,
levelenergy=mcc * (1 + Z"2a°2/(n — Abs[x] + s)"2)"(—1/2) — mcc
(* see Eq.(A.98) *)

Out[4]= -29664.3 (* unit: eV *)

These results are shown in Fig.8.9 in text.
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The Confluent Hypergeometric
Function

The confluent hypergeometric function is defined as the solution of the
differential equation

d*M dM
ZW—i—(b—z)——aM:O. (B.1)

dz
The solution of this is
2

M(a,b,2) =1+ a—bz + (;)(Z; 4o (;,)(Z)Zn (B.2)
where
(a)o=1, (a)p=ala+1)(a+2) - -(a+n—1). (B.3)

Note that Eq.(B.2) is an infinite series in general. However, it can be
terminated if a is equal to a negative integer —m and b is not equal to
a negative integer. In that case the m'™ term in the series for (a), and
all subsequent terms are zero. Useful asymptotic forms of the confluent

hypergeometric function are

Zlg{.lo M(a,b,z) = %ezza_b(l +0(lz]™Y), Rez>0, (B.4)
lim M(a,b,2) = — ) (C2)=0(1 4 0(|s|"Y), Rez <0, (B.5)

z—00 I'(b—a)
where T'(b) is the Gamma function and O(z) means terms of order x. Also
note that

M(0,b,2)=1, M(a,0,z2)= cc. (B.6)
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Appendix C

Spherical Harmonics

The spherical harmonics form a complete set of functions. The first few of
them for low values of quantum numbers are

1
Y90, 0) = T (C.1)
Y2(0,¢) = 41 cos @ (C.2)
77
Y8, ¢) :*,/43 e sinf (C.3)
0
5
Y3(0,¢) = ] —— o (4cos® 6 — 1) (C.4)
) 5 ., .
Y5 (0,0) =— 8_7r€ ?sinf cos b (C.5)
2 15 9ip . 2
Y5 (0, 9) = 35, sin 0 (C.6)
Y3(0,6) = %(5 cos® 0 — cos ) (C.7)
™
1 o214y 3
Y5 (0,0) = 2V ¢ sinf(5cos® 0 — 1) (C.8)
Y(0,¢) = i ge%ﬁ sin? @ cos 0 (C.9)
7r
Y2(0,6) = *i Z—5e3i¢ sin® @ (C.10)
77
0 L /9 2
Y (0,0) = 3 5(350059 —30cos” 0 + 3) (C.11)
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Y (0,6) = —% 4i€i¢ sin 0(7 cos® @ — 3 cosh) (C.12)
™
2 3 [D sip2 2
Yi(0,0) = 1\ g€ sin 0(7cos*0 —1) (C.13)
71'
Y2(0,¢) = f% 2—563i¢ sin® 6 cos 0 (C.14)
71'

Y0, ¢) = g,/ge‘*w sin® 0 (C.15)

Spherical harmonics with negative values of m are related to these by
Y0, ¢) = (=1)"Y™(0, ¢). (C.16)

The spherical harmonics are written in terms of Legendre functions as
20+ 1 (1 —m)!

Y™ (0,¢) =(—-1)™
The normalization is such that
27 s
/ qu/ sin Y, (0, 9)Y,7" (0, ¢)dO = 011 0 (C.18)
0 0

and it is this integral that often determines selection rules in physical pro-

1/2 _
) P™(cos@)e™?.  (C.17)

cesses involving electronic transitions. The integral of three spherical har-
monics is also a useful quality:

",

Choite = [ Yo" @7 @Y7 @i

’ 1/2
- (%) C(ll/l//;mvm/)C(ll/l”;070)5m//7m/+m,

(C.19)
where C(II'l"”;m,m’) and C(1I'l";0,0) are Clebsch-Gordan coefficients. The
spherical harmonic with argument r is related to the spherical harmonic
with argument —1 via the equation

V(=) = (—1)Y, T (5. (C.20)
Finally, it is well known and extremely useful in scattering theory that
the exponential function can be written as a sum of terms involving Bessel
functions and spherical harmonics
e = dr > il ji (k)Y (k)Y (), (C.21)
1,m

where j;(kr) is Bessel functions.



Appendix D

Electric Coulomb Law in
QSO-Light-Cone Space

Let’s derive Eq.(7.55). The action for deriving electrostatic potential of
proton located at Q" = {Q° = ct, Q', Q% =0, Q3 = 0} with background
space-time metric g, = By, (Q) of Eq.(7.9) in the Gaussian system of units
reads

g1 /d4Lw/_ngWF‘“’ - E/d“Lw/_fgj“Au, (D.1)
C

 167c

0A . . o -
where g = det(B;w)a Fm/ = gf;’i - BL“: and jt = {.70 = Cpproton/\/ By, .]} 1S

4-current density vector of proton (see, e.g, Ref.[Landau, Lifshitz (1987)]:
Chapter 4; Chapter 10, Eq.(90.3)). The explicit matrix-expressions for
B,,(Q) and B*(Q) up to O(1/R?) are follows:

0V2_(H1)2 01
1+2(Q )R2(Q ) _QRg 0
Qg _1420Q1°-(Q) 0
f— R R
B, (Q) 0 0 L (Q0)2R;<Q1)2 0 ,
0y2_(H1y2
0 0 0 1@ )R2(Q )
2 2
1- 2@’ (@) Q! 0
Qo0 1 - AQ2(@%)? 0
pv — R
B*"(Q) 0 0 _1+(Q0)2};2(Q1)2
0V2_ o132
0 0 0 71+(Q )R2(Q )

Making space-time variable change of L¥ — LM — Q" = a# = {2¥ =
cty, —ct, 2* = L' — Q'}, we have action S as
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1
S=— 16m/d4z. [~ det(B,u, (Q)) Fl F* — S/d‘*z. [~ det(B,, (Q))j" A,

~ (1 B QBQ) [ P (@ )

- [t @ a0 ) /- det(Bu @) (D.2)

and the equation of motion §S/6A, (z) = 0 as follows (see, e.g, [Landau,
Lifshitz (1987)], Eq.(90.6), pp.257)
4
0, F = B9, F!, = — =" jn, (D.3)
¢
In Beltrami space, A* = {¢p, A} (see, e.g., [Landau, Lifshitz (1987)],
Eq.(16.2) in pp.45) and 4-charge current j* = {cpproton//Boo, j}- Accord-
ing to the expression of charge density in curved space in Ref. [Landau,
Lifshitz (1987)], (pp.256, Eq.(90.4)), pproton = pp = =6 (x) and j = 0,

ﬂ
where

v = det(vij), (D.4)

di? = vy da'da? = (_gij + gzﬂ) dx'dx?  (see Eq.(84.7) in Ref.[37])
00

By, B, Co
= (—Bij + M) da' da? (D.5)
Boo
Noting BOl = BIO = —%, BOO ~ 17 and BOlBIO >~ 0(1/R4) ~ 0, we have
V7 = \/det('yij) ~ \/— det(B;), (D.6)
and hence
ed®) (x)
roton = - T j=0. D.7
Pproton = PB mrrrrem i (D.7)

(1) When p = 0 in Eq.(D.3), we have the Coulomb’s law (7.50), i.e.,

—BY(Q)0;0;¢5 (x):[(l — M) v+ @) 6—2)2]@ (x)

R? RZ 9(x!
4 —4
c V= det(B3;(Q)) Boo (Q)
where BY(Q) = 7Y + @0)21}75@1)251'153‘1 + @0)21%;2@1)251'25]‘2 +

@0)21%;2@1)252-35]-3 + O(R™*) has been used, and B;; was given in
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Eq.(7.9). Expanding (D.8), we have
0? N 0? N 0?
o' /[L+ )2 0@)? - O(?)?
4“03@%;;@33
X <1 - Q ) ( (&) )65(:51)5(12)5(13)

Noting §(z1) = §(x /[1+(Q1)?/2R?])(1—(Q')? /2R?), we rewrite above
equation as follows

82 o2 0?
lm 2+mﬁﬁ+mﬁA¢“w
= —4re |1 - )2])
Q—Z%)(VWN%NWﬁWﬁ
02 _ 12 1y2
= —4re (1 — W) Szt /[1+ (2QRZ N(z?)6(2?).
Setting
=l @')?
IR Pl 09)
the above equation becomes
0? 0? 0?
[+ e * gt (D10

0V2 _ 1\2
= —4re (1 — W) §(#H)8(z*)o(2%).  (D.11)

Then the solution is ¢p(x) = (1 — %) e/rp (see, e.g., [Lan-
dau, Lifshitz (1987)], Eq.(36.9) in pp.89) with
rp = V(@) + (22) + (2%)?
1\2 _ (0)\2 1/2
= <(1 — My(:ply + (2%)2 + (13)2> .

2R?
Therefore, we have
02 1)2
@:(LEQLLEQL)i, (D12)

2R2 B
which is the scalar potential in Eq.(7.55) in the text.
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(2) When =14 (i =1,2,3) in Eq.(D.3), we have

0'0, A" — B" 9,0, A" = 74?”]-1' =0. (D.13)
By means of the gauge condition
0, A" =0, (D.14)
we have
B* 9,0, A" = 0. (D.15)
Then
A" =0 (D.16)

is a solution that satisfies the gauge condition (D.14) (noting 9y A° =

%gf)B(TB) = 0 due to %;3? = ‘2;?; = 0). Equation (D.16) is the vector

potential in Eq.(7.55) in the text.



Appendix E

Adiabatic Approximative Wave
Functions in vacde Sitter—Dirac
Equation of Hydrogen

Now we derive the wave function of Eq.(7.76) in the text. We start with
Eq.(7.73), i.e.

ihopp = H(t)Y = [Ho(rp, h,me,e) + Hy(1)]1, (E.1)
where

H(t) = Ho(rp, h, me, e) + Hy(t), (E.2)
2
Hy(rp,li,me, e) = —ihicd - Vg +mec?3 — :— (see Eq.(7.26)) (E.3)
B
C2t2

H(t) = — (2—R2) Ho(rg, b, 3me, ). (E.4)

Suppose the modification of H(t) along with the time change is suffi-
ciently slow, the system could be quasi-stationary in any instant 6. Then,

in the Schrédinger picture, the quasi-stationary equation of H (6)
H(O)U,(x,0) = W,(0)U,(x,0) (E.5)

can be solved. By Egs.(E.2), (E.3) and (E.4) and ¢t — 6, the solutions are
as follows (similar to Eq.(8.11) in text)

2 —1/2
W, (0) = W, .(0) =m®c? (1 _* E.6
(6) = Wanl0) =m0 (14 s (E.6)
2 2 4p4
e e c*0 .
=0 ~ - - 1/2)=1,2,3 --
«Q 0C hC (R4)7 |K/| (]+ /) ? ’3
s=vVkZ—a? n=1,23
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where (see Egs.(7.68), (7.69) and (7.70) in text)

hg = (1 - %) A, (E.7)
m{® = (1 — %) Me, (E.8)
(1 - %) (E.9)

The complete set of commutative observables is {H, &, j2, j.}, so that
we have

Up(%,0) = thn ;i (v, Big,m?  eg), (E.10)

where j = L+ 23, hx = B(Z - L + h). [U,(x,0)] is a complete set and
satisfies

/ 2 (%, 0)U7% (%, 0) = Sy 1 = {1, K, .12 (E.11)

Thus, the solution of time-dependent Schrédinger equation (or Dirac equa-

tion) (E.1) can be expanded as follows

ZC (x,t) exp {z At wn(Q)dG] , wn(0) = W%(G)

Substituting Eq.(E.12) into Eq.(E.1), we have
t

ih Y (CulUp + CoUy) exp [—z/ wn(e)de] =0. (E.13)
.~ 0

Multiplying both sides of Eq.(E.13) by U} exp {z fot Win (H)dﬁ}, and
integrating x using Eq.(E.11), we have

t
Crn+Cy, / B U + Y ' C / BxU U, exp [z / (wn wm)dﬁ}o,
n 0

m=1,2,3, - (E.14)
where Y means that n # m in the summation over n. Noting Eq.(E.11),
we have

/U;Umd3x+/U;Umd3x =0, (E.15)
and hence

/ U Und®z =if/ (E.16)
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is a purely imaginary number. Denoting
O, = /U;Und3z, and Wy = Wy — Wi, (E.17)

then Eq.(E.14) becomes

t
Con + i Con + Z " Oy Oy €XP {—z/ wnde] =0. m=1,2,3,---
~ 0
(E.18)

To further simplify it, we set

Vn(x,t) = Un(x,t) exp [z /Ot ﬂ;(@)dﬂ} , (E.19)
then

bl t) = 37, (Vi (3, ) exp [—i /0 t wn(e)de] . (B20)

n

where C, (t) = C, (t) exp [ fo B0 } and

CL(#) = [Com + 8, Con exp( / 8.(0 d9> (E.21)

Substituting (E.21) into (E.18), we finally get
L ’ t
Con+ > Cpotmn exp [z/ w;mdﬁ} =0. m=1,23, - (B.22)
0
n

where

1
Wi = Wy — Wiy W = ﬁWn + By, (E.23)

Now let’s solve Eq.(E.22). Firstly, we derive ay,,,. By (E.5), we have

OH ) . )
7 Un + HUy = WUy + WU, (E.24)

By multiplying U;;, and integrating over x, we have
/ U: HU,d*z + / U:HU, 3z = W, / U U,diz,
ie,  Hpm + Wintmn = Wonttmn, (E.25)
so that
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Therefore Eq.(E.22) becomes

» ) H,pp exp <7i fot wgmdﬁ)
Cnt>.'C, =0. m=1,23,--- (E27)
n hwnm

Suppose at the initial time the system is in s-state, i.e., Cp,(0) = C’nl (0) =
8ns. For adiabatic process, H (t) — 0, then the Oth-order approximate
solution of Eq.(E.27) is

[Cor (D)0 = Oms. (E.28)
Substituting Eq.(E.28) into Eq.(E.27), we get the first order correction to
the approximation

[C) )= s exp <z/t w;ns(w) =0, m#s. (E.29)
hwms 0

Since the dependence on time t of U,(t) is weak for adiabatic process,
Eq.(E.16) indicates 8!, is small, and by Eq.(E.23), we have w/, . &~ wps.
Then, from Eq.(E.29), the first order correction to the solution is

[CT;L]I = iim,:s
Substituting Eqgs.(E.29) and (E.30) into Eq.(E.20) and neglecting f3,,, we
get the wave function as follows

(e"met —1), m#s. (E.30)

W Hps [t W
w(& t) = US(X, t)eiz% + o (ezwmst - 1) Uvm(X7 t)e(_’ Jo h(e) de).
ms ms
(E.31)
By using Eqgs.(E.10), (E.8), (E.7), (E.9), we finally obtain the desired results

'W‘St

W(t) = (v, i, mP e)e™in

Hl Doms . _i [t Wm(9)
+Z % (ezmet B 1) wm(rB, ht; mgt)v et) X 6( Zfo 3 d9);

2
m#s ms
(E.32)
where

2

By = (1 — 2—R2> A, (E.33)
1 + 2

m{) = (1 — %) Me, (E.34)

2t2
er=(1- Z—RQ . (E.35)

Equations (E.33), (E.34) and (E.35) are Eqs.(7.68), (7.69) and (7.70) in the
text. Equation (E.32) is just Eq.(7.76) in the text.



Appendix F

Matrix Elements of H in
(2s'/2-2p'/?)-Hilbert Space

Now we derive Eq.(7.109) and Eq.(7.115). We start with the dS-SR Dirac
spectrum equation of Hydrogen , which has been shown in Eqs.(7.89)—(7.93)
in the text:

H(dS—SR)w = ( H()(ra Ry, Ht, €t) +H' )1/) = E, (Fl)
where
2
Ho(’l", ht,ut, et) = —ihtCO_Z -V + /LtCQB — 6715, (FQ)
= %(H’T +H') = H, + H), (F.3)
with
1 QIQO 1 1
Hl - 4R2 (Oé HO(Tv 57/% 6) + HO(ra ha My 6)0& ) ) (F4)
w99 (T T .
9 = 4R2 (3 Cal‘l (3 Cam1 . .

mg, m
2L1/2 20/1/29
has been given in Egs.(7.106) and (7.107). The eigen values and eigen states

The definition of H'-elements in the Hy-eigenstate space, (H')

of Hy are given in the section IV.

243
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(I) Hi-matrix elements:

(1) (HD)L e e

281/2721)1/2'
1/2,-1/2  _ 2 1/2t ~1/2
(H1) g2 2pl/2 = /d”“ /dQ w(2s)j:1/2(r) Hi w(gp)jzl/g(r)

Ci];éQQ <(251/2)1/2|a1|(2p1/2)—1/2>

QIQ 2 / t/a
= LW e 2322y 01X @) a2y ) (X @)

% 0 0'1 g(2p1/2)(T)X;1/2(f‘)(2p1/2)
. —1/2 /4
o' 0 Zf(2p1/2)(r)xfn/ (%) (2p1/2)
. .QlQO >~ 2 1/2% (& 1. -1/2/4
=1 IR2 4 drr g(281/2)(7")f(2p1/2)(7’) dQX,i (I‘)(Qsl/z)d Xk (r)(2p1/2)
0

f(2$1/2)(r)g(2p1/2)(r)/dQXI—/ET(f‘)(Qsl/?)UlXKI/Q(f‘)(Qpl/Q)} (F.6)
where W = W(,,—3 .—+1), and the explicit expressions of 251/2- and
2p'/2 -wave functions of {90251/2)(1), fras1/2)(7)s Giaprr2y(1)s Faprrzy (1),

Xi’li/Q(f')(Qsl/Q), Xi,l{/2(f)(2p1/2)} are given in Eqs.(7.36)—(7.45) in the
text. From them, we have

/dQX}a/QT(f)(zsm)UlX:i/Q(f)(2p1/2)

27 T
:/ d¢/ dfsinf
0 0
2 cos Y, H(0¢) — /L sinfe @Y (0
X(YOO’O)<(1)(1)> /2 cos0Y7H(80) — | /L sin e (60)

\/gsin e e (= \/gcos oY (09)

1 /" 1
= 5/ df sin O(sin 6 cos 0 + cos® ) = 3’ (F.7)
0

/dQX /2 T( )(2 1/2)0’ Xf€ /Q(f)(2p1/2)

27 T
— [ a0 [ a0
0 0
. Y, H(09)
x sinf (— cos 9y, —sin Ge_wYO f 2
10 \/>y0 (09)

1 /" 1
:f—/ dfsinfcos®§ = —=, (F.8)
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where Y(0¢) = (/2 cosO, Y{(0p) = —/Ze?sing, Y, '(04) =
\/ e sinf and Y{(0$) = /7= have been used. Substituting
Egs.(F.7) (F.8) into (F.6), we get
1/2, —1/2
<H{>2£1/2’2p/1/2
‘QIQO W e <]
= iy drr? {912y (1) fiapir2) (1) + fiaair) (1)gapir2y (1) } -
iR 3 J,
(F.9)

Inserting the explicit expressions of the radial wave functions

9(281/2)(7"), f(281/2)(7“), and g(2p1/2)(7"), f(2p1/2)(7“) (i.e., Eqs.(7.37),
(7.38), (7.42) and (7.43) in the text) into the integral in Eq.(F.9), and
accomplishing the calculations, we have

/0 drr? { giasssay () fiaps/ay () + fiasssoy (M) (aptray ()}

W2 (We ke
= Jez e (Fo | fo g F.1
4W5—kg<k0 gt ) (F.10)

where formula fooo drr*~Yexp(—ur) = T'(v)/p” was used. Conse-
quently, we obtain upon substituting Eq.(F.10) into Eq.(F.9),

(H{)I/Q’ —1/2 _ _io,

251/2721)1/2 =

QW [k -WZ& (We ke
= — — _— = 1 F.11
e s\ wzoe e Tt ty ) 1Y
which is just the desired result Eq.(7.109). All above calculations have
been checked by the Mathematica.
By means of similar calculations we get also that

(H) Y212~ e, (F.12)

251/2,21;1/2

Since H| = H]', we have

(HD)gpif2 ol = (HD)3 D pn)" =01, (F13)

2p1/2,281/2 281/2,2p1/2

(HYgpis g e = (HY)gi2 gpt2)” = 101, (F.14)

2])1/2,281/2 251/2,21;1/2
Furthermore, for all other elements of Hj-matrix, since
fo% d¢ exp(+ing) = 0 and [ dfsinfcos® ™16 = 0 and etc, the
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explicit calculations show that all those Hj-matrix elements vanish.
Consequently, all elements of H| are calculated, and Eq.(7.109) is
proved.

(IT) Hj-matrix elements:
H/, has been given in Eqs.(7.113) and (7.114) in the text, which is as

follows

A% <—‘*
H) = Qe ihci - z'ﬁci (F.15)
27 4R Ot oxl )’
o sing 0
where Pl = 01 = mecosqb + cos@cosqb ~eng 36" (F.16)

We derive Eq.(7.115) now.

(1) (H3)L0 e e

251/2 2p1/2'
1/2, —1/2 1/2% —1/2
(H3) 251/2 opl/2 = /d”’ /dQ ¢(25)] 1/2 (r) H ¢(2p)]’:1/2(1‘)

@ ) . )
=~ gihe| drr? /dﬂ G212y XK T @) 1/2) = 20172y OXLZT (@) 0172, )

(=) (1o )

f(2p1/2)(7')X 5 (r)(2p1/2

Q'Q° - —1/2,
TR hc/d” A9 {92012 (PP o172 D T (0) 001/ X 2oy

+g(251/2)<r>g(2,,1/2)<r>x,£/2*<f~>(251/2)[alx:“Q(f«)@,,lm)]
+fa01/2y (D101 F a1 /2) (X 2T (®) 01720 X2 (8) (0172
+f(251/2)(r)f(2p1/2)(T)XL/QT(r)(231/2)[81X7K, (")(gpl/?)}
_[819(231/2)(T)]9(2p1/2)(T)Xi/ﬁ(f')(231/2)X:i/2(f')(2p1/2)
_ ( 1/2% /4 5 —1/2 /4
9(251/2)(1)g2p1/2) (T)XK (r)(251/2)[ WX (B) (2p1/2))
*[31f(251/2)(1")]f(2p1/2)(r)x ( )(251/2)X_ (r)(2p1/2)
35172y () a2 (X T (®) 172 (01X 2 ) 512}

1Q0 (1 oo 99(941/2)(T) 0ggp1/2(T)
= 7iQ Q hc{/ drr2 |:(26)g(2p1/2)(7“) - Lg(251/2)(7‘)
0

4R? 3 or or
8f 1/2 (7") 8f 1/2 (T)
(251/2) (2p/2)
PO g1 = T )
2

_5/0 drr [9(231/2)(7")9(2171/2)(7") - f(231/2)(7’)f(2p1/2)(7")] } ’ (F.l?)
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where the integrals for df) have been implemented in terms of the ex-

plicit expressions of Xli/j(f‘)@sl/z), x;,lf () (2p1/2) in Eqs.(7.39), (7.40),
(7.44), (7.45) and Eq.(F.16). Substituting expressions (7.37), (7.38),
(7.42) and (7.43) into Eq.(F.17), and finishing the integrals, we get

n1/2, -1/2 .
<H2>251/2’2p1/2 = —i0y

Q'Q° he) k2,
=1 _—
2R? 6,\/4WZ — kL \We

kcs

1 2
2(§ + Dke —We + —Wé) ;

(F.18)

which is just Eq.(7.115). And all above result can be checked by the

Mathematica calculations.

By means of similar calculations we get also that

(Hy), 2 2, = —i0,.

251/2,21;1/2
. !
Since H} = Hj', we have

()l alie = (HB) 05 00:)" = i€,

2p1/2,281/2 281/2,2])1/2

(H)yp7a ale = (H3)3 )3 giers)” = 105,

2p1/2,281/2 281/2,2])1/2

Furthermore, for all other elements of Hj-matrix,

(F.19)

(F.20)
(F.21)

since

fo% exp(+ing)d¢ = 0 and [ dfsinfcos® ™6 = 0 and etc, the ex-
plicit calculations show that all those Hj-matrix elements vanish. Con-

sequently, all elements of H) are calculated, and Eq.(7.115) is proved.
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Appendix G

Solutions of Exercises

Chapter 3

Section 3.1

(1) Problem 1:
Solution: From Eq.(3.6), we have

1 (xO)Q :L‘Oxl —1 (xl)Q
Boo@) =5+ pagzr P10) = "page P ="
where o = 1 — [(2°)? — (21)?]/R? with 20 = ct.
(2) Problem 2:
Solution: From Eq.(3.6), we have
ds%., = By (x)datdz”
R?(R? + r? 2rR%ct
= (F=+ 1) Adt? — rre cdtdr
(R2 + r2 — C2t2)2 (R2 + r2 — 62t2)2
2(R2 _ 242 2 p2
_ BARE =) ri (d6? + sin? 0dg?). (G.1)

(R2 + 12 — c242)2 U R2 + 12 — 242
Section 3.2

(1) Problem 1:
Solution: From Eq.(3.32), we have
m2ciR { —4z [R?(c? — %2) — x2%2 + (x - %)? + 2 (x — xt)?]
2LdS (R2 + X2 - C2t2)3
1

8x1 Lgs =

—221%2 4+ 2(x - %)2! + 22 (z! — @'t) } @2)
C2(R2 + x2 — c212)2 : :
(2) Problem 2:
Solution:
D41 Lus = m2ctR? —2R%2¢1 — 2x23! + 2(x - %)zt — 2¢%t(at — i1t) (G.3)

2Lg4s c2(R? 4 x2 — c2t2)2

249
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(3) Problem 3:

Solution:
) (a L ) _7m4CSR4 462t[R2(627}’(2)7X2}'(2+(X-).()2+62(x7}'(t)2]
t\Oz1L4ds) = 4L3S 02(R2 + x2 762252)3
4 M}
(R% + x2 — c212)2

m2ct R? { (—2)(—2c2t)[—2R?31 — 2x24! + 2(x - %)zl — 22t (2t — @1t)]
2L4s c2(R? + x2 — c2t2)3
—2c2(xt — @lt) + 2c2t2 5t } (G.4)
62(R2 +x2 _ 62t2)2

(4) Problem 4:
Solution:

—m*eBRY | [ 4zl [R?(c? — %x2) — x®%2 + (x - %)? + c?(x — xt)?]
4L, { (R? 4+ x2 — ¢2t?)3

—221%2 + 2(x - X)a! + 2¢2 (2t — @'t)

c2(R? + x2 — ¢2t2)2 }

m2ctR? | [ (—2)22[-2R2%i! — 2x23t + 2(x - X)z! — 2c%t(z! — 2]
2Lg4s { c2(R? + x2 — c2t2)3

—2ztal 4+ 2(x - %) — 2c2t} (@.5)

62(R2 + x2 _ 62t2)2 :

#19,1(9;1 Las) =

1'2812 (931 Las) = —m*c8 R4 42 { —422[R%(c? — x2) — x2%2 + (x - X)2 + 2(x — xt)?]

4L3 ¢ (R2 + x2 — c2¢2)3
—222%2 + 2(x - X)i2 + 2c2 (2% — i3t)
62(R2 + x2 — 62t2)2 }
m2ctR? , [ (=2)222[-2R?3' — 2x23! + 2(x - X)z! — 2c%t(2! — d1t)]
2Lg4s { c2(R? 4 x2 — c2t2)3
—4x%3! 4 23221 } (G.6)
c2(R2? + x2 — ¢212)2 '

igax:s (3¢1Lds) _ —mAcS R4 .3 { —47;3[}22(02 _ x?) —x2%2 4 (x- 5()2 + 02(x _ )'(t)Q}

4L3 (R? 4+ x2 — ¢?t?)3

—223%2 + 2(x - %)23 + 2¢2 (2% — @3t)

c2(R2 4+ x2 — ¢2t2)2 }

m2ctR? 3 { (—2)223[—2R2%i! — 2x231 + 2(x - %)zt — 2c2t(x! — 21¢)]
2Lg4s c2(R? 4+ x2 — c2t2)3

—4x33t + 23321
c2(R2 + x2 — c2{2)2 (G.7)
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(5) Problem 5:
Solution:
Substituting Egs.(G.2), (G.4), (G.5), (G.6), (G.7) into (3.34) gives a explicit verify
check to the identity (3.34).
(6) Problem 6:
Proof: Setting A = 3/R?, we have

2L e AT n 2L
det (3, d,s,) A {idet (8_615)}
0zt 0xI = n! [oA" 0z'0x7 ) | A—g

2 2
det 8' .Ld.s. ) + A i det 8' .Ld.s. +---
021017 ) | x—o oA 021017 ) | x—o

Since By (z)|a=0 = Nuv, from (3.24), we have

— Zipd
Lasla=0 = —mey/nuudrd? = *mCQV L+mig—5—
C

1 _— 1
= —mc? — —mn;;2t) 4 O(—Q),
2 c

and hence
0%Lys 3 1

det — = O(—= 0.

[ ¢ (amzw)hio m o) #
Therefore

2L
det(a,. d,s.) £0
ozt oxI
Section 3.4

(1) Problem 1:
Solution: Substituting

Ac\ (AT BT
BD) ~\cT pT (G-8)
into Eq.(3.50) gives

AAT —xcJgcT ABT —xcJDT\ (I 0© (G.9)
(ABT —XxcJDT)T BBT —ADJDT |~ \0 -)\J)~ '

Comparing two sides of above equation, we get Eq.(3.51). Nextly, substituting
Eq.(G.8) into Eq.(3.52) gives Eq.(3.53).

(2) Problem 2:
Proof: Start with the definition of the inverse

AlA=1, (G.10)
and differentiate, yielding
A7YdA +dATIA =0, (G.11)
rearranging the terms yields
dA™l = —A71dAATT, QED. (G.12)
which is just Eq.(3.79).
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Section 3.6

1)

2)

®3)

Problem 1:
Solution: Using Eq.(3.138) and letting (f, g) = (27, or 7;), we get Eq.(3.141).

Problem 2:
Solution:

.
Il
\

dF(t,x,7)  OF N 23: (aF dzt  OF dm)

dt ot = \ozi dt = Om; dt

oF OF OH, OF OH,
n Z ( ds qs)

ot = oxt O om; Oxt
oF
=5t {F,Hys}prB, QED

where Eqs.(3.135), (3.136) and (3.138) were used.

Problem 3:
Solution: From f = f(z,y), we use notations:
of of
U=, v=—.
ox dy

Now, treating u and y as two independent variables, then z = z(u,y), v = v(u,y),
we have

f@,y) = Flu,y) = flz(u, y),y]-

So, we have

of _of  0f o= oz
— =+ ——=v+tu—
oy dy Oz Oy dy
of _9fdz _ Oz (G.13)
ou Oz Ou ou
Rewriting (G.13) as follows:
0 - 0,
v=——(—f+ux)= %
Ay Ay
19} - 0
o= (—ftuz)= 2, (G.14)
u ou
where g = — f +ux, then the above equation indicates that the desired function with

independent variables u and y is:

of

glu,y) = —f +uz = —f+ —=x.
ox
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Chapter 5
Section 5.2

(1) Problem 1:
Solution:

Y =aa, T =aar?, T = aar?sin?6,

F(l)lzd/av F%2:77‘7
33 = —rsin®9, (G.15)
3, =a/a, ', =1/r, T'3; = —sinfcos,

T35 =a/a, T3y =1/r, T35 =cotd.

(2) Problem 2:

Solution:
Roo = 3d/a
Ri1 = —(ad + 2d2)
Raz = —r%(ad + 2a?) (G.16)
Raz = —r?sin? 0(ad + 2a3)
Ruv =0, for p#v.
6(a2 ..
R = M. (G.17)
a
Chapter 6
Section 6.2
(1) Problem 1:
Solution: From Eq.(6.27), we have
eam,) = eau,u + wabuebH — Ffwea/\. (G.18)
Substituting Egs.(6.56), (6.60), (6.64) and (3.8) into Eq.(G.18) gives
e“my = ea‘hy + wabyea - Ff‘“,ea)\
1 21y p?
=& (2f9“’u+ - u) oR2
F(=02nupx? — NudS ™ 4+ 268 %W )¥ SN
viIpp KV Y «@ rv RQ(lfo') T o
1 §a Pyt 53 59 2 §b 1 o> LY
TR Vayge T s ar IR G0t
1
*TRQ(WQUVPCEP + nﬁnup:v”)fsii (79 AT U“’ax\) . (G.19)
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Noting the notations in Egs.(8.44)—(8.39), the expression of e?,.,, of (G.19) can be

v
generally rewritten in following form:
Y = J1(0, R)S 20 + fa(o, R)S)Z, + f3(0, R)nuw 652
+fa(o, R)6G % wpw, (G.20)
where f1(o, R), f2(c, R), f3(0, R), fa(o, R) are scalar functions of o and R, which are

determined by Eq.(G.19). Expanding Eq.(G.19) and comparing it with Eq.(G.20),
we find that:

1 2 1

fi(o,R) = o o lE  Fovs =0, (G.21)
1 1 1
2o R = gy ( 07;)+R2 1+f)<73/273203/2
=0, (G.22)
1P = i (V5 )~ s vae = (@29
1 2 1 2 2 1
i = (724 *)R* w (2t arveve)
()
(G.24)
Therefore, substituting Egs.(G.21)—(G.24) into Eq.(G.20) gives
E—) (G.25)

which is the first equation in (6.66). Noting eb“ea” = 6, from Eq.(G.25) we have:
et ., =0. (G.26)

Thus the second equation in (6.66) is also proved.

Chapter 7
Section 7.4

(1) Problem 1:
Answer: Use Mathematica :

Parameters defining the eigenfunctions of the one-electron atom for the principal
numbers n = 1 and n = 2.
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k= —1;
o =1/137.003599911; (*fine — construct constantx)
¢ = 2.99792458 * 101°; (x cm/s *)

m = 510998.918/¢?; (¥mass of electron : m = 510998.918eV /%)
& =7 a;(x Eq.(A.67) %)

hb = 6.58211899 * 10716, (* unit : eV - s, hb = h/(27) %)

kC = m = c/hb; (x1/cmx)

s = (k2 — Z2a?)V/2;

W =mx* (1+ Z%a%/(n — Abs[k] + 5)>)" /2 —m

(*see equation (A.98)x)

A= (kC? — WC)V/2, (x1/cmx)

(xg2s[r] = Bs % r®~Y « BExp[—A % r] « (bs0 + bsl xr); Eq.(7.37)%)
(xf2s[r] = —As x rC~D « Exp[—A x 1] « (as0 + asl xr); Eq.(7.38)%)
as0 = WC/kC + 1,

bsO = WC/kC;

5 (2% X\)@*sHD) 4 kC * (25 + 1) * (kC 4+ WC)
s =
2% WC * (2 % WC + kC) * Gamma/[2s + 1]

(1/2)

)

(1/2)

)

N (2% X))t 4 kC % (25 + 1) % (kC — WC)
s =
2% WC x (2 % WC 4 kC) * Gamma|[2s + 1]

Out[21] = Null?
oo
(xTo check/ (g2$2 + f2$2) r2dr = 1, (see footnote :(*)) x)
0

Gamma/2s + 1]
— s — (Bs2 2 2 2
In[21] = Is = (Bs® x bs0® + As® x as0?) * (2)\)723_“
Out[25] = 0.99999
Gamma[2s + 2|
In[26] = IIs = 2 % (Bs? % bs0  bs1 + As® % as0 % as1) * BN
Out[26] = —2.99996
Gamma/|2s + 3]
2 112 2 a2
In27) = s = (Bs® % bs1® + As® x as1?) * o

Out[27] = 2.99997
In[28] = Is+ IIs 4 IIIs
Out[28] = 1. (x QED x)

i)

(@) We try to check e (g(251/2)('r)2 +f(251/2)(r)2) r2dr = 1, where g(251/2)(r),
f., 1/2.(r) have been given in (7.37) (7.38) (or (A.104) (A.105) in Appendix A). Note
(2s1/2)
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the calculations and notations used in the program:

/ (g2s 24 f252) r2dr
0
oo
= / (B32 % 287272 (hs0 4 bsl # r)% 4+ As? 1272672 M (as0 + asl * r)z) r2dr
0

T'(2s+1)

_ 2 2 2 2
_(Bs * bs0” + As :kasO)*(Q)\)TJrl

+ 2 % (B32 * bs0 * bsl + As? * as0 * asl)

(25 +2) ['(2s +3)
- (2X)2s+2 (2X)25+3

:=Is + IIs + IIIs, where notations Is, IIs, IIls are used in program.

+ (Bs2 x bs1? 4+ As? « asl2) *

1/2

Similarly, the normalization of 2p'/<-radial wave function (7.42) (7.43) can also be

verified in similar program.

Chapter 8

Section 8.3

(1) Problem 1:
Answer:

2
At~ % L 8.6 x 10719, (G.27)
ac

where Bohr radius ac = i/(mec) ~ 0.372m were used.

(2) Problem 2:
Answer:

Az = %At = H(2)(1+ 2)At

Ho\/ﬂmo(l +2)3 4+ 1— Qmo(1+ 2)At.

As z = 3, one gets

Az ~ 70,5 x \/0.274 x 43 + 1 — 0.274 x 4 x 8.6 x 10~ Ykm/Mpc
~ 1.04 x 10~ ¥ km/Mpc
~ 1.04 x 1071% x (km/(3.09 x 10%km))
~ 3.3 x 10734, (G.28)

which is extremely tiny, and indicates the movements of electrons in the atoms are
much faster than the evolutions of the Universe. And hence the adiabatic approx-
imations for the time-dependent QM equations in atom physics in cosmology are
legitimate .
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Section 8.6

(1) Problem 1:
Answer: The metric of B has been given in (8.35). The corresponding Maxwell
equations are (8.64). Noting = 0 gives the Coulomb law equation (8.71). Solved
this equation, we get answer (8.85).
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