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Preface

This book is a supplementary book in the form of a “problem book” or “student’s
manual” in special and general relativity consisting of a total of 300 problems
(150 problems each in special and general relativity) with complete and elaborate
solutions. It is intended as a companion text to a main textbook, but does not assume
any particular textbook. It may be used for self-study act as a source of problems
for classes, or as inspiration for teachers and examiners looking to construct new
problems for lectures, homework, or exams.

The problems have been collected over the course of about two decades from
homework and exams given at KTH Royal Institute of Technology, Stockholm,
Sweden, starting in the late 1990s. The extensive and fully worked-out solutions
are the main feature of the book and have been revised several times by the authors.

The book is divided into the following chapters:

“Notation, Concepts, and Conventions in Relativity Theory”;

1. Problems in “Special Relativity Theory”;
2. Problems in “General Relativity Theory”; and
3. “Solutions to Problems” in both special and general relativity,

where the first, unnumbered chapter introduces and sets the stage for both special
and general relativity and is intended to be a brief review. The structure of the book
is to first present the problems belonging to each main chapter (i.e., Chapters 1
and 2), which are further split into sections in order to obtain a better overview.
The solutions are then presented in Chapter 3 (i.e., they do not follow immediately
after the problem formulations). The main purpose of this is to suppress the urge
for the reader to look at the solution to a problem before making a proper attempt.
Some of the problems and solutions are illustrated by figures.

The target audience of the book is students and teachers of special and/or general
relativity courses at the master’s level that may benefit from it in the way described

ix



x Preface

above. It will generally be too advanced for the relativity covered by the typical
introductory modern physics courses at the bachelor’s level, and most likely not
advanced enough for an in-depth study at the PhD level.

Finally, we would like to acknowledge our colleagues Jouko Mickelsson, Håkan
Snellman, Edwin Langmann, and Teresia Månsson, who have given important con-
tributions to some of the problem statements included in this book. We would
also like to thank our editor, Vince Higgs, at Cambridge University Press for a
smooth and constructive process with the publication of this book, Torbjörn Bäck
for supporting us in developing this book, and Marcus Pernow for proofreading
earlier versions of the problem statements and solutions in special relativity. In
addition, the KTH Royal Institute of Technology in Stockholm, Sweden, and the
University of Iceland in Reykjavik, Iceland, are acknowledged for their hospitality
and financial support.



Notation, Concepts, and Conventions
in Relativity Theory

This chapter serves to briefly review the concepts relevant to the problems presented
in this book. Its purpose is to remind the reader of the basic concepts as well as
to introduce the notations and conventions that will be used. In particular, some
notations and conventions will vary throughout the different textbooks available on
the subject. Some of the different notations have been deliberately used in a number
of problems in order to familiarize the reader with the fact that different notations
occur in the literature.

General Notation

The components of a vector V will be written as V μ in contravariant form and
Vμ in covariant form with the index μ running over all the spacetime coordinates.
When referring to 3-vectors, Latin letters will be used for the spatial indices rather
than Greek ones, which we use for spacetime coordinates. In the case when an
explicit basis for a given vector space is needed, we will use the partial derivatives
∂μ to denote such a basis, i.e.,

V = V μ∂μ. (0.1)

Similarly, tensor components will be denoted with superscripts for contravariant
indices and subscripts for covariant indices. Tensors with n indices, all down, are
called covariant tensors of rank n and tensors with n indices, all up, are called con-
travariant tensors of rank n. Tensors with indices both up and down are so-called
mixed tensors. Thus, a vector is a tensor of rank 1 (one index) and a scalar is a tensor
of rank zero (no indices). The Einstein summation convention is used throughout
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2 Notation, Concepts, and Conventions in Relativity Theory

the book, implying that indices that are repeated are to be summed over the relevant
range. For example, in a four-dimensional spacetime, we have

V μUμ ≡
3∑

μ=0

V μUμ = V 0U0 + V 1U1 + V 2U2 + V 3U3, (0.2)

where U and V are vectors. Contravariant and covariant components are related by
lowering and raising with the metric tensor g = (gμν) and its inverse g−1 = (gμν),
respectively, i.e.,

Vμ = gμνV
ν and V μ = gμνVν . (0.3)

Partial derivatives of a given function f may be denoted in several ways, e.g.,

∂f

∂xμ
= ∂μf = f,μ. (0.4)

Several indices after the comma in the latter notation represent higher-order deriva-
tives and the notation may also be used for vector components, for which indices
belonging to the vector component are written before the comma and indices denot-
ing derivatives after the comma, i.e.,

∂μ∂νf = f,μν and ∂μVν = Vν,μ. (0.5)

Objects with two indices may be represented in matrix form. We will indicate
this by putting parentheses around the considered objects. For example, we can
write the object A with two indices as

A = (Aμν) =

⎛⎜⎜⎝
A00 A01 A02 A03

A10 A11 A12 A13

A20 A21 A22 A23

A30 A31 A32 A33

⎞⎟⎟⎠ . (0.6)

By convention, the first index represents the row of the matrix and the second index
represents the column. When this is used for one covariant index and one con-
travariant index, the contravariant index is taken as the row index and the covariant
index as the column index.

For objects with more than two indices, we may use matrix notation to represent
parts of such objects by inserting a bullet (‘•’) in place of the indices being con-
sidered. For example, the components A

μ

1ν of the three-index object A
μ
λν would be

represented as the matrix

A•1• = (A
μ

1ν) =

⎛⎜⎜⎝
A0

10 A0
11 A0

12 A0
13

A1
10 A1

11 A1
12 A1

13

A2
10 A2

11 A2
12 A2

13

A3
10 A3

11 A3
12 A3

13

⎞⎟⎟⎠ . (0.7)
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Special Relativity

In a flat 1+ 3-dimensional spacetime and in Cartesian coordinates, the Minkowski
metric is given by

ds2 = ημνdxμdxν = c2dt2 − dx2 − dy2 − dz2, (0.8)

where c is the speed of light in vacuum and x0 = ct . In units of c = 1, so-called
natural units, it holds that x0 = t . The metric tensor and its inverse, i.e., the inverse
metric tensor, can be written as

η = (ημν) =

⎛⎜⎜⎝
1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎞⎟⎟⎠ ⇔ η−1 = (ημν) =

⎛⎜⎜⎝
1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎞⎟⎟⎠ .

(0.9)

For any two vectors x = (xμ) = (x0,x1,x2,x3) and y = (yν) = (y0,y1,y2,y3) in
Minkowski space described by their contravariant components expressed in Carte-
sian coordinates, the Minkowski inner product is introduced as

x · y ≡ x0y0 − x1y1 − x2y2 − x3y3, (0.10)

which is obviously commutative, i.e., x · y = y · x. We also define the notation
x2 ≡ x · x = (x0)2 − (x1)2 − (x2)2 − (x3)2 for the squared norm (‘length’) of
the vector x, which is indefinite, since it can be either positive or negative.1 The
Minkowski metric η and its inverse η−1 fulfill the relation

ημλη
λν = η ν

μ = ην
μ = δν

μ, (0.11)

where δν
μ is the Kronecker delta such that δν

μ = 1 if μ = ν and δν
μ = 0 if μ �= ν.

We can write the Minkowski inner product in multiple ways as

x · y = xμημνy
ν = ημνx

μyν = xμyμ = x0y0 + xiyi = x0y0 − xiyi, (0.12)

where, e.g., xμ can be considered as the contravariant components of the vector x

and yμ the covariant components of the vector y, i.e., y0 = y0 and yi = −yi , and
it also holds that xμyμ = xνy

ν . Furthermore, we say that the vector x is timelike if
x2 > 0, lightlike if x2 = 0, and spacelike if x2 < 0. Note that lightlike vectors x

form a cone (x0)2 = (x1)2 + (x2)2 + (x3)2 and a nonspacelike vector x is future
pointing if x0 > 0 and past pointing if x0 < 0.

1 Note the abuse of notation – the symbol x2 denotes both the ‘length’ of the vector x and the second spatial
contravariant component of the vector x. Unfortunately, this type of abuse of notation is difficult to avoid in
relativity theory, since the notation would otherwise be too cumbersome.



4 Notation, Concepts, and Conventions in Relativity Theory

In general, a Lorentz transformation � between two coordinate systems S and
S ′ described by coordinates x and x ′, respectively, is given by

x ′ = �x ⇔ x ′μ = �μ
νx

ν . (0.13)

In particular, if the Lorentz transformation is a boost in the x1-direction, we can
write

�(01) =

⎛⎜⎜⎝
cosh θ − sinh θ 0 0
− sinh θ cosh θ 0 0

0 0 1 0
0 0 0 1

⎞⎟⎟⎠ =
⎛⎜⎜⎝

γ −βγ 0 0
−βγ γ 0 0

0 0 1 0
0 0 0 1

⎞⎟⎟⎠ , (0.14)

where θ is the rapidity, β ≡ v/c, and γ is the so-called gamma factor, i.e.,
γ ≡ γ (v) ≡ (1−v2/c2)−1/2, with v being the relative speed between the coordinate
systems S and S ′. Furthermore, it holds that

cosh θ = γ = 1√
1− v2/c2

, sinh θ = βγ = v

c

1√
1− v2/c2

, tanh θ = β = v

c
.

(0.15)

The formulas for (Lorentz) length contraction and time dilation are given by

�′ = �

γ (v)
= �

√
1− v2/c2, t = t ′γ (v) = t ′√

1− v2/c2
, (0.16)

respectively.
The relativistic energy–momentum dispersion relation is given by

E′ = mγ (v)c2 = mc2√
1− v2/c2

, (0.17)

where m is the mass of an object, v its speed, and E its energy. In the rest frame of
the object, it leads to Einstein’s famous formula

E = mc2. (0.18)

The relativistic addition of velocities for colinear velocities v and v′ is given by

v′′ = v + v′

1+ vv′/c2
. (0.19)

In the nonrelativistic limit, i.e., v,v′ � c, the classical formula v′′ � v + v′ is
recovered.

Consider radiation of light in a specific coordinate direction of the coordinate
system S. One should think of the radiation as coming from a fixed source in
this coordinate system, where the radiation has frequency ν. For an observer in a
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coordinate system S ′ moving along the same coordinate direction with the relative
velocity v, a frequency ν ′ is observed that is given by the relativistic Doppler
formula, i.e.,

ν ′ = ν

√
c − v

c + v
. (0.20)

If the observer is moving away from the source, there is a redshift in the frequency
of light, whereas if the observer is moving toward the source, there is a correspond-
ing blueshift.

For the (binary) reaction A + B −→ a + b + · · · , where two particles with
4-momenta pA and pB collide, using conservation of 4-momentum, we have

pA + pB = pa + pb + · · · , (0.21)

whereas for the decay A −→ a + b + · · · , we have the simpler relation

pA = pa + pb + pc + · · · . (0.22)

This can be generalized to any number of particles with corresponding 4-momenta
before and after a reaction, i.e.,

Pin =
∑

i=A,B,...

pi =
∑

j=a,b,...

pj = Pout . (0.23)

Note that P 2 is invariant for any P = ∑N
k=1 pk, where N is the number of par-

ticles, and actually, for any two 4-vectors A and B, the Minkowski inner product
A · B = ημνA

μBν =AμBμ is invariant under Lorentz transformations. Especially,
A2 = AμAμ is invariant. This is useful in many applications.

In electromagnetism, the electromagnetic field strength tensor F is defined as

Fμν = ∂μAν − ∂νAμ, (0.24)

where A = (Aμ) = (φ,cA) is the 4-vector potential with φ and A = A(x) being
the electric scalar potential and the magnetic 3-vector potential, respectively, and
can be written as

F = (F μν) =

⎛⎜⎜⎝
0 −E1 −E2 −E3

E1 0 −cB3 cB2

E2 cB3 0 −cB1

E3 −cB2 cB1 0

⎞⎟⎟⎠ , (0.25)

which is a real antisymmetric matrix, i.e., Fμν = −Fνμ, that combines both the
electric and magnetic field strengths, i.e., E = (E1,E2,E3) and B = (B1,B2,B3).
Using this tensor, Maxwell’s equations can be written as

∂μFμν = jν, ∂μF νλ + ∂νF λμ + ∂λFμν = 0, (0.26)
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where j = (jμ) = (ρ,j) is the 4-current density with ρ = ρ(x) and j = j(x)

being the charge density and the electric 3-current density, respectively. In addition,
we have the two Lorentz invariants

FμνFμν = 2
(
c2B2 −E2

)
, εμνλωFμνF λω = −8cB ·E, (0.27)

where εμνλω is the Levi-Civita tensor with ε0123 = −ε0123 = 1. Maxwell’s equa-
tions describe how sources (charges and currents) give rise to electric and magnetic
fields. Assuming a moving test charge q with rest mass m and parametrizing the
trajectory of the test charge as x = x(s), where s is the proper time parameter,
the Lorentz force law describes how the field strengths determine the trajectory of
the test charge and is given by

mc2ẍμ(s) = qẋν(s)F
μν(x(s)), (0.28)

which is covariant under Lorentz transformations. The energy–momentum tensor
T of the electromagnetic field is defined as

T μν = ε0F
μ
λF

λν + ε0

4
ημνFλωF λω, (0.29)

where ε0 is the electric constant (or permittivity of free space). It holds that
T is symmetric, i.e., T μν = T νμ, and T μ

μ = ημνT
μν = 0. Furthermore, using

Maxwell’s equations, we obtain

∂μT μν = ε0jμFμν = −f ν, (0.30)

where f = (f μ) = (j ·E/c,ρE + j ×B) is the Lorentz force density generated
by the 4-current j . Without (external) sources, i.e., when j = 0, T is conserved,
i.e., ∂μT μν = 0.

General Relativity

In a curved spacetime, the metric is defined as

ds2 = gμνdxμdxν, (0.31)

where the metric tensor and its inverse, i.e., the inverse metric tensor, are given by

g = (gμν), g−1 = (gμν), (0.32)

respectively. In the special case that the spacetime is flat (see Special Relativity),
we obtain

gμν = ημν, gμν = ημν, (0.33)

in Minkowski coordinates.
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The covariant derivatives of a covariant vector Aν and a contravariant vector Aν

are given by

∇μAν = Aν;μ = ∂μAν − �λ
μνAλ, ∇μAν = Aν

;μ = ∂μAν + �ν
μλA

λ, (0.34)

respectively. In particular, it holds that ∇μ∂ν = �λ
μν∂λ, where the coefficients �λ

μν

are called the Christoffel symbols of the second kind. Given a metric gμν = gνμ, the
Christoffel symbols of the Levi-Civita connection can be directly computed from

�λ
μν =

1

2
gλω

(
∂μgνω + ∂νgμω − ∂ωgμν

)
. (0.35)

In addition, it holds that �λ
μν = �λ

νμ, i.e., the Christoffel symbols are always
symmetric with respect to the two lower indices.

The parallel transport equation for a vector Aλ is given by

ẋμ∇μAλ = Ȧλ + �λ
μνẋ

μAν = 0, (0.36)

where the dot above (‘ ˙ ’) denotes differentiation with respect to the curve
parameter s. Furthermore, considering the Lagrangian density given by

L = gμνẋ
μẋν, (0.37)

and using the Euler–Lagrange equations, i.e.,

∂L
∂xμ

− d

ds

∂L
∂ẋμ

= 0, (0.38)

where μ = 0,1, . . . ,n, we obtain the geodesic equations as

ẍλ + �λ
μνẋ

μẋν = 0. (0.39)

Given three vector fields X, Y , and Z, the torsion T and the curvature R are
defined as

T (X,Y ) = ∇XY − ∇Y X − [X,Y ] , (0.40)

R(X,Y )Z = [∇X,∇Y ] Z − ∇[X,Y ]Z. (0.41)

Both the torsion and curvature are tensors and are therefore linear in all of the
arguments X, Y , and Z, including when the arguments are multiplied by a scalar
function f , e.g.,

T (f X,Y ) = T (X,f Y ) = f T (X,Y ), T (X,Y + Z) = T (X,Y )+ T (X,Z).
(0.42)

Furthermore, the torsion and curvature tensors are antisymmetric in the arguments
X and Y as defined above

T (X,Y ) = −T (Y,X) and R(X,Y )Z = −R(Y,X)Z. (0.43)
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In local coordinates, we have

T (∂μ,∂ν)
λ∂λ = T λ

μν∂λ, R(∂μ,∂ν)∂λ = Rω
λμν∂ω, (0.44)

and the components of the torsion tensor and the Riemann curvature tensor may
be computed as

T λ
μν = �λ

μν − �λ
νμ, (0.45)

Rω
λμν = ∂μ�ω

νλ − ∂ν�
ω
μλ + �ω

μρ�
ρ
νλ − �ω

νρ�
ρ
μλ, (0.46)

respectively. Note that the Levi-Civita connection is torsion free as �λ
μν = �λ

νμ. For
fixed μ and ν, we can write the Riemann curvature tensor in matrix form as

R••μν = ∂μ�•ν• − ∂ν�
•
μ• +

[
�•μ•,�

•
ν•
]

. (0.47)

Note that the Riemann curvature tensor is antisymmetric in μ and ν, i.e., R••μν =
−R••νμ, or in component form, Rω

λμν = −Rω
λνμ. If the torsion vanishes, i.e.,

T = 0, then we have the first Bianchi identity, i.e.,

R(X,Y )Z + R(Y,Z)X + R(Z,X)Y = 0, (0.48)

or in component form, we have

Rω
λμν + Rω

μνλ + Rω
νλμ = 0. (0.49)

Furthermore, we have the second Bianchi identity in matrix form, i.e.,

∂μR••νλ +
[
�•μ•,R

•
•νλ

]+ ∂νR
•
•λμ +

[
�•ν•,R

•
•λμ

]+ ∂λR
•
•μν +

[
�•λ•,R

•
•μν

] = 0.
(0.50)

Using the Riemann curvature tensor, the Ricci tensor can be defined as

Rμν = Rλ
μλν, (0.51)

which is symmetric, i.e., Rμν = Rνμ, and in turn, the Ricci scalar is defined as

R = gμνRμν = Rμ
μ . (0.52)

Finally, the Einstein tensor is defined in terms of the Ricci tensor, the Ricci scalar,
and the metric tensor as

Gμν = Rμν − 1

2
Rgμν . (0.53)

Note that it holds that the Einstein tensor is symmetric, i.e., Gμν = Gνμ, and con-
served, i.e., its covariant divergence vanishes ∇μGμν = 0. Under local coordinate
transformations y = y(x), we have
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g′μν(y) = ∂xα

∂yμ

∂xβ

∂yν
gαβ(x), (0.54)

�′λμν(y) = ∂xα

∂yμ

∂xβ

∂yν

∂yλ

∂xγ
�

γ

αβ(x)+ ∂yλ

∂xγ

∂2xγ

∂yμ∂yν
, (0.55)

T ′λμν(y) = ∂yλ

∂xγ

∂xα

∂yμ

∂xβ

∂yν
T

γ

αβ(x), (0.56)

R′ωλμν(y) = ∂yω

∂xδ

∂xγ

∂yλ

∂xα

∂yμ

∂xβ

∂yν
Rδ

γαβ(x). (0.57)

Symmetries of a spacetime metric are associated to so-called Killing vector
fields. Consider a vector field X. By definition, X is a Killing vector field if

∇μXν + ∇νXμ = 0, (0.58)

for all indices μ and ν. Given a Killing vector field Xμ and a geodesic described by
coordinate functions xμ(s), the quantity

Q = ẋμXμ = gμνẋ
μXν, (0.59)

is constant along the geodesic.
The dynamics of spacetime in vacuum are described in the Lagrange formalism

using the Einstein–Hilbert action, namely

SEH = −M2
Pl

2

∫
R
√
|ḡ| d4x, (0.60)

where MPl ≡ c2/
√

8πG is the Planck mass, R is the Ricci scalar, and ḡ = det(g)

is the determinant of the metric tensor. For the case of a spacetime not in vacuum,
a matter contribution to the action is necessary

Smatter =
∫

L
√
|ḡ| d4x, (0.61)

where L is the Lagrangian density of the matter contribution.
The Einstein gravitational field equations (or simply Einstein’s equations) follow

from the Euler–Lagrange equations for the action and are given by

Gμν = 8πG

c4
Tμν, (0.62)

where G is Newton’s gravitational constant and T μν is the energy–momentum
tensor (or the stress–energy tensor) that describes the distribution of energy in
spacetime. The energy–momentum tensor is generally given by

Tμν = 2√|ḡ|
δSmatter

δgμν
. (0.63)
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For example, an external electromagnetic field gives a contribution to T μν such that
(see Special Relativity)

T
μν

EM = ε0F
μ
λF

λν + ε0

4
gμνFλωF λω, (0.64)

whereas a perfect fluid (characterized by a 4-velocity u, a scalar density ρ0, and a
scalar pressure p) gives

T
μν

pf = (ρ0 + p)uμuν − pgμν . (0.65)

In vacuum, Einstein’s equations reduce to Gμν = 0.
In the Newtonian limit and the weak field approximation, i.e., gμν � ημν +

hμν , where hμν is a small perturbation, the solutions to Einstein’s equations are
given by

h00 = h11 = h22 = h33 = 2

c2
�, hμν = 0 ∀μ �= ν, (0.66)

where � is the gravitational potential for the matter distribution ρ and given
by � = −GM/r , that is the solution to the Newtonian equation ∇2� = 4πGρ.
Furthermore, the geodesic equations of motion become

d2xi

dt2
= ∂i� = −∂i�. (0.67)

The spherically symmetric vacuum solution to Einstein’s equations is the
Schwarzschild solution for which the Schwarzschild metric in spherical coordinates
is given by

ds2 = gμνdxμdxν =
(

1− 2GM

c2r

)
c2dt2 −

(
1− 2GM

c2r

)−1

dr2 − r2d�2,

(0.68)

where d�2 describes the metric on a sphere, i.e., d�2 = dθ2 + sin2 θdφ2. For
large r , the Schwarzschild metric approaches the Minkowski metric. The partic-
ular value r = r∗ ≡ 2GM/c2 represents the Schwarzschild event horizon (or the
Schwarzschild radius) and is a coordinate singularity, i.e., it can be removed by
a change of coordinates. Such a coordinate change is given by Kruskal–Szekeres
coordinates u, v, θ , and φ, where θ and φ are the ordinary spherical coordinates on
a unit sphere S2, the Kruskal–Szekeres metric is given by

ds2 = 16μ2

r
e(2μ−r)/(2μ)dudv − r2d�2, uv = (2μ− r)e(r−2μ)/(2μ) <

2GM

c2e
,

(0.69)

where μ ≡ GM/c2.
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For a static spacetime, the metric can be written on the form

ds2 = ϕ(x)2dt2 − gij (x)dxidxj . (0.70)

Given two static observers A and B in this spacetime, signals sent from A to B with
frequencies fA and fB , respectively, will be redshifted according to

z = fA

fB

− 1 = ϕ(xB)

ϕ(xA)
− 1. (0.71)

In particular, in the Schwarzschild spacetime, a signal sent from a static observer at
r to an observer at infinity will be gravitationally redshifted according to

z∞ ≡ 1√
1− 2GM

c2r

− 1 � GM

c2r
, (0.72)

where M is the mass of the gravitating body. More generally, the frequency f of a
light signal measured by an observer will be given by

f = gμνU
μNν, (0.73)

where U is the 4-velocity of the observer and N the 4-frequency of the light signal,
which is parallel transported along the worldline of the light signal.

In cosmology, the cosmological principles are encoded into the Robertson–
Walker metric, which is given by

ds2 = c2dt2 − a(t)2

(
dr2

1− kr2
+ r2d�2

)
, (0.74)

where a(t) is some function of the universal time t and k is a constant. By a suitable
coordinate transformation r �→ λr , one can always choose λ such that k takes one
of the three values k = 0,±1. If k = 0, then the spatial part for any fixed t becomes
the Euclidean space R3.

From Einstein’s equations, the assumption of the Robertson–Walker metric, and
the universe being filled by an ideal fluid, follow the two independent Friedmann
equations, namely

a′(t)2 + kc2

a(t)2
= 8πGρ +�c2

3
, (0.75)

a′′(t)
a(t)

= −4πG

3

(
ρ + 3p

c2

)
+ �c2

3
, (0.76)

where the first equation is derived from the 00-component of Einstein’s equations
and the second equation is derived from the first one together with the trace of
Einstein’s equations. Here � is the cosmological constant.
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Conventions

In this book, the following conventions will mainly be used in the presentation of
the problems and their corresponding solutions:

• Units: We will mostly use units in which the speed of light in vacuum c has been
set to c = 1, these are usually known as natural units. In some problems, we have
also set h̄ = 1, if relevant. Normally, we do not use units in which Newton’s
gravitational constant G has been set to G = 1. In some problems, it is useful to
use SI units.

• Vectors: In a four-dimensional spacetime, we will normally denote a 4-vector A

by its contravariant components as follows

A = (Aμ) = (A0,A1,A2,A3), (0.77)

where A0 is the temporal component and Ai (i = 1,2,3) are the spatial compo-
nents, which is related to the 4-vector expressed in its covariant components as
follows

(Aμ) = (A0,A1,A2,A3), (0.78)

where it holds that Aμ = gμνA
ν with (gμν) being the given metric tensor. In some

textbooks, the convention that the temporal component of a 4-vector is written
as the last component of the vector is used, i.e., A = (A1,A2,A3,A4), whereas
in other textbooks, the convention that the standard components of a 4-vector
are chosen as its covariant components might be used. We will not use these
conventions.

• Metrics: In four-dimensional spacetimes, we adopt the convention that the sig-
nature is + − −− and, when relevant, place the temporal direction first and
denote it by 0. Therefore, in standard coordinates on Minkowski space, the metric
tensor is (ημν) = diag(1,−1,−1,−1) (see Special Relativity) and its inverse is
given by (ημν) = diag(1,−1,−1,−1). Thus, we have Aμ = ημνA

ν , where
A0 = η00A

0 = A0 and Ai = ηiiA
i = −Ai (for fixed i = 1,2,3). In a gen-

eral coordinates, the metric is given by ds2 = gμνdxμdxν (see General Relativ-
ity) and the metric tensor components represented in matrix form as g = (gμν)

from which its corresponding inverse components g−1 = (gμν) can be computed.
It must hold that gg−1 = g−1g = 14, where 14 is the 4× 4 identity matrix.

• Sign convention of the Levi-Civita pseudotensor: We define ε0123 = +1 (see
Special Relativity), which means that with our convention for the Minkowski
metric, we have ε0123 = −1.

• Partial derivatives: We will mostly denote covariant and contravariant partial
derivatives as
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∂μ ≡ ∂

∂xμ
, ∂μ ≡ gμν∂ν, (0.79)

where (gμν) is the inverse metric tensor.
• Covariant derivatives and Christoffel symbols: For covariant derivatives (see

General Relativity), we will mostly use the notation ∇μ, but the notation Dμ will
sometimes be used. For Christoffel symbols of the second kind, we will only use
the notation �λ

μν (see General Relativity).
• Sign convention of the Ricci tensor: The Ricci tensor may sometimes be defined

as Rμν = Rλ
μνλ, which introduces a sign difference to our definition (see General

Relativity) due to the antisymmetry of the Riemann curvature tensor as

Rλ
μνλ = −Rλ

μλν . (0.80)

• Sign convention of Einstein’s equations: There is a sign convention in the
definition of Einstein’s equations, i.e., Gμν = ±8πGTμν/c

4, where we use the
positive sign.

In general, it is important to keep in mind that different texts may use different
conventions. In particular, the sign discrepancies in different expressions will often
be due to differing sign conventions of the metric, the Levi-Civita pseudotensor, the
Ricci tensor, and Einstein’s equations.



1

Special Relativity Theory

1.1 Basics

Problem 1.1 a) In Figure 1.1, a spacetime diagram for an observer O with an
inertial frame is shown along with another observer O′ with another inertial frame.
The 4-vectors �A, �B, �U , and �V are drawn. Which of the following statements are true?

1. In O’s inertial frame, the scalar product between �A and �B is zero.
2. In O′’s inertial frame, the scalar product between �A and �B is zero.
3. The scalar product between �A and �B is always nonzero.
4. In O’s inertial frame, the scalar product between �U and �V is zero.
5. In O′’s inertial frame, the scalar product between �U and �V is zero.
6. The scalar product between �U and �V is always nonzero.

b) Which of the 4-vectors in a) could be proportional to a 4-velocity? Explain why.

Problem 1.2 Show that
a) every 4-vector (i.e., vector in Minkowski space) that is orthogonal to a timelike

4-vector is spacelike.
b) the sum of two future directed time-like 4-vectors is another future directed

timelike 4-vector.
c) every space-like 4-vector can be written as the difference between two future-

directed lightlike 4-vectors.
d) the inner product of two future-directed timelike 4-vectors is positive.

Problem 1.3 In a particular inertial frame, two observers have the 3-velocities v1
and v2, respectively. Find an expression for the gamma factor of observer 2 in the
rest frame of observer 1 in terms of these velocities.

Problem 1.4 a) Can a rest frame be chosen for a photon? Explain why!

1. always
2. sometimes
3. never

14
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→

B
→

Figure 1.1 Spacetime diagram for observers O and O′.

b) Can a rest frame be chosen for the center of momentum for a system of two
photons? Explain why!

1. always
2. sometimes
3. never

1.2 Length Contraction, Time Dilation, and Spacetime Diagrams

Problem 1.5 a) State, explain, and derive the formula for length contraction in
special relativity.

b) State, explain, and derive the formula for time dilation in special relativity.

Problem 1.6 A rod with length of 1 m is inclined 45◦ in the xy-plane with respect
to the x-axis. An observer with the speed

√
2/3 c approaches the rod in the positive

direction along the x-axis. How long does the observer measure the rod to be and at
which angle does (s)he observe it to be inclined relative to its x-axis?

Problem 1.7 When the primary cosmic rays hit the atmosphere, muons are created
at an altitude between 10 km and 20 km. A muon in the laboratory lives on average
the time τ0 = 2.2 · 10−6 s before it decays into an electron (or a positron) and two
neutrinos. Even though a muon can only move τ0c ≈ 660 m under the time τ0, a large
fraction of the muons will reach the surface of the Earth. How can this be explained?
Make a numerical computation for a muon that moves with velocity 0.999c.

Problem 1.8 An express train passes a station with velocity v. A measurement of
the length of the train can be performed in the following different ways:

a) A “continuum” of linesmen is ordered to align along the track. The two men
that see the front or the end of the train pass in front of them when their watches
show 12:30 make a mark where they stand. The distance La between the marks is
measured.
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b) One conductor goes to the front of the train and another goes to the end. When
the watches of the conductors show 12:15, they quickly drive a nail into the track.
The linesmen measure the distance Lb between the nails.

c) The stationmaster inspects the receding train through a pair of binoculars.
Through the binoculars the stationmaster sees the front of the train to be at the
semaphore A at the same time as its end is at the railway point B. The linesmen
measure the distance Lc between A and B.

d) The stationmaster uses a radar to measure the length of the train. The arrival
times of the radar pulses reflected from the front and end of the receding train are t1
and t2, respectively. The distance Ld = (t1 − t2)c/2 is a measure of the length of the
train.

Express La,Lb,Lc, and Ld in terms of L0, the rest length of the train.

Problem 1.9 A hitchhiker in the Milky Way sits waiting on a small asteroid when
a formidably long express space cruiser passes very close to the asteroid. Just as the
rear end is opposite to the hitchhiker, (s)he sees lanterns in the front and in the rear
end of the cruiser go on simultaneously. Actually, the rear watchman also saw them
go on, but according to his hydrogen maser wristwatch he measured a small time
difference of 4 ·10−9 s between the lightening of the forward and rear lanterns. From
the type indication on the cruiser – X2000 – our hitchhiker realized that its length
was 2 · 103 m. Had they known what you know, they could have calculated the speed
of the cruiser. What was it, according to Einstein’s special theory of relativity?

Problem 1.10 Two lamps, which are separated by the distance � in an inertial
coordinate system K , are switched on simultaneously (in K). In another inertial
coordinate system K ′, an observer measures the distance between the lamps to be
�′ and observes the lamps go on with the time difference τ . Express � in terms of
�′ and τ . Assuming that the inertial coordinate system K ′ is moving along the axis
connecting the two lamps, also find the expression for the relative velocity v between
the two inertial coordinate systems.

Problem 1.11 A rod of length � lies in the xz-plane of a coordinate system. If the
angle between the rod and the x-axis is θ , calculate the length of the rod as seen by
an observer moving with velocity v along the x-axis.

Problem 1.12 Two events A and B with coordinates xA and xB are simultaneous
for an observer K with rest frame S. Another observer, K ′, moving with velocity −u

along the x-axis of S measures these events to not be simultaneous, but such that B

is earlier than A by the amount �t ′. What is the distance L between the events A and
B expressed in the frame of K if it is L′ in the rest frame of K?

Problem 1.13 An observer S with rest frame K observes two events xα and xβ .
The α event takes place at the origin and the β event 2 years later at a distance of
10 light years (ly) forward along the x1-axis. Another observer S′ with rest frame K ′
moves with velocity v along the x1-axis of K , passing S at the origin. The observer
S′ instead observes the β event 1 year later than the α event.

a) How far away does S′ find the β event?
b) What is the relative velocity between S and S′?
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Problem 1.14 The ratio R(μ/e) of muon neutrinos to electron neutrinos measured
at ground level from the cosmic radiation is R(μ/e) = 2 at low energies. These
neutrinos come from the decay of pions, created by the primary cosmic radiation,
which consists mostly of protons. The relevant reaction chain can be written in
simplified form as follows

π −→ μ+ νμ,

μ −→ e + νμ + νe.

As we can see there are two muon neutrinos νμ produced for every electron neutrino
νe. When the energy of the muon neutrinos, and therefore the muons, is high enough
this ratio goes up, since the muons hit the Earth before they decay, and no electron
neutrinos are produced. In the muon’s rest frame, the muon lifetime is τ0 = 2.2 µs.
The speed of light is 3 ·108 m/s. What is the smallest energy of the muons that hit the
ground before they decay substantially if they are produced at an altitude of 10 km
above ground? The rest mass of the muon is 106 MeV.

Problem 1.15 A circular accelerator has a radius of 50 m. How many turns can a
muon take on average in this ring before it decays if its energy is kept constant at
1 GeV? The average lifetime of the muon in its rest frame is 2.2 µs and the muon
mass is 106 MeV.

Problem 1.16 Consider a triangle at rest in the inertial system K with sides of
length a = 3�, b = 4�, and c = 5� in K .

a) Compute the lengths of the sides and the area of this triangle as measured in
an inertial frame K ′ moving with constant velocity v parallel to the a-side of the
triangle.

b) Same as in a), but now the observer K ′ moves parallel to the c-side of the
triangle.

Problem 1.17 Consider a pole of proper length L moving along the x-axis in the
negative direction with a constant velocity so that the pole is parallel to the x-axis (see
Figure 1.2). At a fixed time, an observer at rest at the spatial origin sees (the optical
effect is referred to) the front of the pole at an angle π/3 with the x-axis, a mark
on the pole at an angle π/4, and the end of the pole at an angle π/6. What is the
quotient r between the distance from the front of the pole to the mark and the full
length of the pole?

Problem 1.18 Two spaceships, which are initially at rest in some common rest
frame, are connected by a straight tensionless string. At time t = 0 in this frame,
both spaceships start to accelerate in the same direction, in the direction of the string,
such that their separation is constant in the initial rest frame. Both spaceships agree
to stop accelerating once a predetermined time t0 has passed in the initial rest frame.

a) Does the string break, i.e., does the distance between the two spaceships
increase in the new rest frame of the spaceships?

b) If the distance between the spaceships is originally 40 km, t0 = 30 s, and the
spaceships have constant acceleration of 1/50 c/s in the initial rest frame, what is the
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Figure 1.2 The pole is moving in the negative direction of the x-axis with a
constant velocity v. The z-direction is neglected.

distance between the two spaceships in the frame of the leading spaceship after the
engines are turned off?

Problem 1.19 Professor A. Einstein is traveling in a train on a rainy night. He is
situated in the exact middle of the train, and suddenly lightning strikes right next
to him. The train has reflectors in the rear and front, and since the reflections from
rear and front reach him at the same time, he falls into slumber convinced that the
reflections happened at the same time and that the speed of light is the same in
both directions. What he did not see was that Professor W. Wolf was standing on
the ground, also next to the lightning strike, observing the events. Draw spacetime
diagrams showing how the light signals travel in each of the professors’ rest frames.
Use these to answer (including motivation) the following

a) Does Professor Wolf see the light reflections reaching Professor Einstein at the
same time?

b) Would Professor Wolf agree with Professor Einstein that the light signals were
reflected at the same time?

c) Do the reflections reach Professor Wolf at the same time?

Problem 1.20 Two rockets with rest lengths L and 2L, respectively, move with
constant velocities on an interstellar highway. Since the velocities are different, the
rockets will pass each other. Call the event when the front of the faster rocket reaches
the slower rocket A and the event when the end of the faster rocket reaches the front
of the slower rocket B (see Figure 1.3). In each rocket there is an observer. Draw one
or more spacetime diagrams describing the events, and use it/them to deduce which
observer will consider time between A and B to be larger (the observer in the short
rocket or the observer in the long rocket).

Problem 1.21 Muons created by cosmic rays hitting the atmosphere have a life-
time of 2.2 · 10−6 s. If the muons are created at a height of 10 km, the time to
reach the surface of the Earth (measured in the rest frame of the Earth) is at least
10 km/c � 3 · 10−5 s, yet a large fraction of the muons can be measured at sea level.
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Figure 1.3 Two rockets with rest-lengths L and 2L, respectively. Part (a) of the
figure shows the event A, whereas part (b) shows the event B.
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Figure 1.4 Part (a) of the figure shows the dimensions of a guillotine blade in its
rest frame, whereas part (b) shows the event of the Scarlet Pimpernel riding by on
his horse at velocity v (S′ is the rest frame of the Scarlet Pimpernel and his horse)
and the guillotine blade falls at velocity u in its own rest frame.

Explain qualitatively why this occurs by describing the situation using spacetime
diagrams.

Problem 1.22 During the French Revolution, guillotines with a slanted blade were
used to decapitate nobility. The guillotine blade at rest has the dimensions shown in
Figure 1.4. Eager to save the nobility, the Scarlet Pimpernel rides by on his horse
at velocity v. How fast does he have to ride in order for the guillotine blade to be
horizontal in his rest frame S′ if it falls at velocity u in the guillotine rest frame?

Problem 1.23 In an inertial frame S, two lights located on the positive x-axis are
moving in the negative x-direction at speed v. An observer placed in the origin of S

looks at the light signals coming from the lights. What is the distance between the
seen positions of the lights if their separation in their common rest frame is �0?
Note: The problem is asking for the separation as seen by the observer, not the actual
distance between the lights at a given time.
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1.3 Lorentz Transformations and Geometry of Minkowski Space

Problem 1.24 Verify directly from the form of the Lorentz transformation repre-
senting a boost in the x-direction that any object traveling at speed c in an inertial
frame S travels at speed c in the boosted frame.

Problem 1.25 A train passes a station just after sunset. The length of the train
is L. In the front and in the rear, it has two lanterns. The lanterns are turned on
simultaneously in the train’s rest frame. A stationman observes the train pass with
velocity v. Does the stationman see the lanterns go on simultaneously? If not, what
is the time difference between the turning on of the two lanterns for the stationman,
expressed in terms of L and v?

Problem 1.26 An observer O on a train of length L and velocity v relative to the
ground is standing at a distance xL (0 ≤ x ≤ 1) from the front A of the train. When
the light from the lamps at A and B, at the rear, reach him/her simultaneously, (s)he
can calculate at which times t1(A) and t2(B) they turned on. Another observer O ′ on
the ground can also determine these two times t ′1 and t ′2 in his rest frame, where the
light reaches him as O just passes him. If (s)he then finds that t ′1 = t ′2, it turns out
that the velocity v of the train can be expressed as a rather simple function of x. Find
this function and show that if v = 0, then x = 1/2.

Problem 1.27 A particle of mass m and energy E falls from zenith to the Earth
along the z-axis in the rest frame of observer K . Another observer, K ′, moves with
velocity v along the positive x-axis of K and will observe the particle to approach K ′
with an angle θ relative to the z′-axis.

a) Calculate the angle θ expressed in terms of the velocity u of the particle and the
velocity v of K ′.

b) Based on the result of a) give a description of how the starry sky would look
like for a space cruiser moving with high speed in our galaxy.

Problem 1.28 Consider a particle with 4-velocity V = γ (v′)(c,v′,0,0). By making
a Lorentz transformation with velocity −v along the x1-axis, show that you can
obtain the formula for relativistic addition of velocities, by expressing the velocity
v′′ of the particle in the new system in terms of the velocity v′ in the old system and
the velocity v of the motion of the observer.

Problem 1.29 Consider an equilateral triangle with sides of length �, which is at
rest in the inertial coordinate system K . Assume that one of the sides in the triangle
is parallel to the x1-axis of K . In an inertial coordinate system K ′ moving relative to
K with velocity v along the positive x1-axis of K , an observer measures the lengths
of the sides and angles in the triangle. What expressions in � and v for the lengths and
angles does the observer find?

Problem 1.30 An observer K ′ is moving with constant speed v along the positive
x1-axis of an observer K . A thin rod is parallel to the x′1-axis and moving in the
direction of the positive x′2-axis with relative velocity u. Show that according to the
observer K the rod forms an angle φ with the x1-axis, with
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tan φ = − uv/c2√
1− v2/c2

. (1.1)

Problem 1.31 A cylinder is rotating around its axis with angular velocity ω (rad/s)
in an inertial system. A straight line is drawn along the length of the cylinder. Show
that the observer in an inertial system, which moves with velocity v parallel to the
direction of the cylinder axis, will measure the line as twisted around the cylinder.
Determine the twist angle per unit length.

Problem 1.32 A fast train (velocity v) is passing a station during the night. As
the train passes the station, all compartment lights are turned on simultaneously
with respect to the rest frame of the train. Relative to an observer standing at the
station, the lights seem to be turned on at various times. Compute the velocity u of
the line separating the illuminated and unilluminated parts of the train in the station
rest frame.

Problem 1.33 A planet is moving along a circular orbit (radius R and angular
velocity ω) around a star. A space ship is passing by the star, orthogonal with respect
to the plane of motion of the planet, with velocity v. Compute the orbit of the planet
in the rest frame coordinates of the space ship.

Problem 1.34 An observer B is moving with constant velocity v along the positive
x1-axis in the rest frame K of an observer A. An observer C is moving with constant
velocity v′ along the positive x′2-axis in the rest frame K ′ of the observer B. Compute
the absolute value of the relative velocity of C with respect to A. What is the time
interval �t between two events E1 and E2 that occur at the same spatial point with
time difference �t ′′ in the rest frame K ′′ of observer C.
Hint: It is sufficient to compute the time coordinate x′′0 of C as a function of the
coordinates xμ of A.

Problem 1.35 Let x be a lightlike vector in Minkowski space. Show that

u = N

(
x0 + x3

x1 + ix2

)
, (1.2)

where N is a real normalization factor, u is a spinor that satisfies X ∝ uu∗, where
X is a complex 2× 2 matrix, so that det X = det(uu∗) = 0. Normalize this spinor by
the requirement that tr X = 2x0.

A Lorentz transformation along the 3-axis is given by

a(v) =
(

e−θ/2 0
0 eθ/2

)
, (1.3)

where tanh θ = v/c. Show explicitly that this transformation satisfies

a(v)u = u(L(a(v))x), (1.4)

where L(a(v))x is the Lorentz-transformed vector and u is the normalized spinor.
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Problem 1.36 Use Einstein’s postulate to derive the expressions for a Lorentz boost
in the x-direction.

Problem 1.37 In an inertial frame S, rockets A and B traveling with velocities v

and −v, respectively, pass each other at time t = 0 at the spatial origin. A time t0
later, light signals are sent from the origin toward each of the spaceships. Compute
the time difference between the spaceships receiving the light signals in the rest frame
of one of the rockets.

1.4 Relativistic Velocities and Proper Quantities

Problem 1.38 a) Explain the concept of “relativity of simultaneity.” Illustrate it in
a spacetime diagram.

b) The worldline of a massive particle in Minkowski space is described by the
following equations in some inertial frame (xμ) = (ct,x,y,z),

x(t) = 3

2
at2, y(t) = 2at2, z(t) = 0, (1.5)

where a is constant and 0 ≤ t ≤ t0 for some value of t0. Compute the particle’s
4-velocity and 4-acceleration components. What values of t0 are possible and why?
Compute the proper time along this worldline from t = 0 to t = t0.

Problem 1.39 A rod moves with velocity v along the positive x-axis in an inertial
frame S. An observer at rest in S measures the length of the rod to be L. Another
observer moves with the velocity −v along the x-axis. What length, expressed as a
function of L and v, will this observer measure for the rod? The measurement is done
as usual with the endpoints being measured simultaneously for each observer in their
respective frames.

Problem 1.40 The worldline of a particle is described by the coordinates xμ(t) in
the system S. An observer at rest in the system S′, with velocity u along the positive
x2-axis relative to S, measures the velocity of the particle at time t ′. Express his result
as a function of the velocity of the particle in S and u.

Problem 1.41 A spaceship is moving away from Earth. The effect of the engines
is regulated so that the the passengers feel the constant acceleration g. Calculate
the distance between the Earth and the spaceship (measured in the rest frame of the
Earth) as a function of

a) the time on Earth.
b) the time on the spaceship.
The commander of the spaceship is 40 years of age at the beginning of the voyage.

How old is (s)he when the spaceship reaches the Andromeda Galaxy, which lies about
2 500 000 light years away from Earth?
Hint: 1 year ≈ π · 107 s and g ≈ 10 m/s2.

Problem 1.42 A rocket (with rest mass m0) starts from rest at the origin of a
coordinate system K . Its velocity along the positive x-axis is increased by shooting
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matter from the rocket with constant velocity w relative to the instantaneous rest
frame of the rocket in the negative x-direction. Compute the remaining mass m of
the rocket as a function of its velocity v with respect to the origin of K .

Problem 1.43 You and your friend are in intergalactic space (assume the Minkow-
ski metric). You leave simultaneously from a space station, with equal speeds v,
in orthogonal directions. Neglect acceleration. After a time T has passed in your
inertial frame, you want to send a message to your friend using a light signal. In
which direction (in your rest frame) should you send it?

Problem 1.44 a) In an inertial frame S, an object travels with 3-velocity u. A differ-
ent inertial frame S′ is moving in the negative x-direction relative to S with relative
speed v′. Write down the 4-velocities of the object and S′ in S.

b) Show that the gamma factor of an object in any inertial frame is given by the
inner product of the 4-velocity of the object and the 4-velocity of an object at rest in
the frame.

c) Express the gamma factor of the object in a) in the frame S′ using the result
from b).

Problem 1.45 Show that the 4-velocity V μ = dxμ/dτ and 4-acceleration Aμ =
dV μ/dτ of an object are always perpendicular, where τ is the proper time of the
object such that V 2 = 1.

Problem 1.46 You are traveling in your spaceship in flat intergalactic space such
that special relativity can be used. You are on your way to a space station when
you suddenly discover an enemy spaceship on your radar. You immediately send
out a light signal for help to the space station. When you send out your signal, the
distance in your coordinate system to the space station is 1 light day. You have
a relative speed of c/4 toward the space station. When the space station receives
your signal, they send out a rescue spaceship with a speed 3c/4 relative the space
station. How long does it take before you get help (as measured by your own clock)?
First, how long does it take your light signal to reach the space station, and second,
how long does it take for the rescue spaceship to reach you?

Problem 1.47 On an interstellar highway there is a speed limit of u relative to a
reference frame S. A member of the intergalactic police force is at rest in this system
when a spaceship passes at constant velocity v > u (see Figure 1.5). Eager to do the
job properly, the police officer starts the pursuit, accelerating with constant proper
acceleration a. The pursuit ends when the police officer catches up with the criminal.

a) How long does the pursuit take according to the criminal?
b) How long does the pursuit take according to the police officer?
c) What is the relative velocity between the police officer and the criminal at the

end of the pursuit?

Problem 1.48 An astronaut on an accelerated spaceship uses a coordinate system
(T ,X,Y,Z) related to an inertial system (t,x,y,z) as follows (we set c = 1)

t = X sinh(aT ), x = X cosh(aT ), y = Y, z = Z. (1.6)
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Figure 1.5 A space ship passing the intergalactic police at a relative constant
velocity v.

a) Compute the metric tensor in the astronaut’s coordinate system. (The metric in
the inertial system is, of course, ds2 = dt2 − dx2 − dy2 − dz2.)

b) Let (kμ) = (ω,ω cos(θ),0,ω sin(θ)) be the 4-wavevector of a photon emitted at
time t = t0 at the position x = x0, y = z = 0 in the abovementioned inertial system.
Compute the components of this 4-wavevector in the astronaut’s coordinate system.

c) Compute the duration of a trip of the spaceship on the astronaut’s watch (i.e.,
the proper time) if the trajectory of his spaceship on this trip is, in the astronaut’s
coordinate system, X(T ) = X0 = constant, Y (T ) = vT for some constant v > 0,
Z(T ) = 0, and 0 ≤ T ≤ T0.

Problem 1.49 A rocket A is accelerating with constant proper acceleration α such
that its worldline is given by t2− x2 = −1/α2 in the reference frame S. Assume that
S′ is a different reference frame related to S by a Lorentz transformation in standard
configuration with velocity v. What is the coordinate acceleration a′ in the system S′
at time t ′ = 0?

Problem 1.50 Two observers A and B are initially colocated at rest in the inertial
system S. At a given time in S, observer B starts accelerating with a proper acceler-
ation α. A time t0 later (as measured by A), a light signal is sent from A toward B.
Find an expression for the proper timed elapsed for observer B when B receives the
signal. Discuss the limiting cases.

Problem 1.51 Particles in a circular accelerator are accelerated by an electromag-
netic field in such a way that they are kept in a circular orbit with constant velocity.
What are the corresponding 4-acceleration and proper acceleration of the particle and
what is the eigentime required for the particles to complete one orbit? Introduce any
quantities required to solve the problem.

Problem 1.52 An object of internal energy M moving with 4-velocity V is being
acted upon by a force F = f U , where the known 4-vector U fulfills U2 = 1 and f

is a scalar. How fast is the internal energy of the object increasing (with respect to its
proper time) and what is the proper acceleration of the object?

Problem 1.53 Consider a 4-force Fμ = (0,f)μ acting on an object of rest energy
m with 3-velocity v. Compute the rate of change in the rest energy dm/dτ and the
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Figure 1.6 An observer o moving at velocity v and a particle p moving toward
the observer o at velocity u in a direction that makes an angle θ with the direction
of the velocity v.

proper acceleration α, where τ is the proper time of the object worldline. Discuss the
requirements on f for the 4-force to be a pure force.

Problem 1.54 Given an object with acceleration a0 in its instantaneous rest frame
S, find an expression for the acceleration in the inertial frame S′, which is moving in
the x-direction with velocity v relative to S. What is the maximal and minimal accel-
eration in S′ depending on the direction of the acceleration based on your expression?

Problem 1.55 A particle has 4-momentum P = (E,p) in an inertial frame S. An
observer is moving by with velocity v in the x-direction. Compute the total energy
this observer will measure for the particle and the velocity of the particle in the
x′-direction of the observer’s rest frame.

Problem 1.56 An object originally at rest with mass m(0) = m0 is affected by a
constant 4-force Fμ = f (1,1)μ. Find the object’s mass and the time elapsed in the
initial rest frame as a function of the object’s proper time τ .

Problem 1.57 An observer o is moving at velocity v in the x-direction in an
inertial frame S. In the same inertial frame, a particle p hits the observer while
traveling at a speed u in a direction that makes an angle θ with the negative x-
direction, see Figure 1.6. What is the speed and angle that the observer will measure
for the particle? Verify that your result is consistent with both the ultrarelativistic and
nonrelativistic limits, i.e., u→ 1 and u,v � 1, respectively.

Problem 1.58 In an inertial frame S an object starting at rest at t = 0 is moving
with constant coordinate acceleration a, i.e., x = at2/2. Determine the proper time
for the object to reach the speed v0 in S and the proper acceleration of the object as a
function of the time t in S.
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1.5 Relativistic Optics

Problem 1.59 In 1851, Fizeau measured the speed of light in running water. His
result can be summarized in the formula

u = u0 + kv, (1.7)

where u is the speed of light in water, that runs with velocity v. The speed of light in
water at rest is u0 and the drag coefficient k is given by

k = 1− 1

n2
, (1.8)

where n = c/u0 is the refractive index of water. Explain Fizeau’s result!

Problem 1.60 See Problem 1.59. Is Fizeau’s result still valid if the water runs
perpendicular to the motion of light? If not, what is the correction?

Problem 1.61 In 1965, Maarten Schmidt at the Mount Palomar Observatory could
identify the strongly redshift Lyman α line in the spectrum of the quasi-stellar radio
source 3C 9. Normally, this line has the wavelength 1 215 Å. Schmidt instead found
the value 3 600 Å for this line in this radio source. It is possible to explain the redshift
in terms of the Doppler effect. This would imply that 3C 9 moves with an enormous
speed relative to our galaxy. Determine a lower bound for the speed of 3C 9.

Problem 1.62 A plane electromagnetic wave moving along the x1-axis has the
form

E(x) = E0 sin

[
2π

(
x1

λ
− νt

)]
. (1.9)

Introduce the angular frequency ω = 2πν and show that the argument of the wave
can be written in the form −xμkμ, where k = (ω

c
, ω

c
,0,0

)
is the 4-wave vector of the

light wave traveling along the positive x1-axis. Show that this vector is lightlike
and deduce the formula for the Doppler shift by calculating the change in angular
frequency ω under a Lorentz transformation along the x1-axis. What does the formula
for the Doppler shift look like expressed in terms of the rapidity θ?

Problem 1.63 A gamma ray burst (GRB) observed in a cluster of faraway galaxies
is time dilated and therefore has a total duration about twice as long as GRBs in
nearby galaxies. According to the Hubble law, the recession speed is proportional
to the distance to the GRB. Calculate the Doppler redshift z = �λ/λ0 of a typical
spectral line from the distant GRB, where λ and λ0 are the observed and emitted
wavelengths, respectively.
Hint: All GRBs can be considered to have the same duration when measured in their
respective rest frames.

Problem 1.64 A person watches two objects with constant velocities on a collision
course, i.e., they approach each other on a straight line.
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a) Assuming that both objects’ velocities have the same absolute value c/2 in the
person’s frame of reference, compute the absolute value of the velocity with which a
person traveling with the first object sees the other object approaching.

b) Assume that the first object sends a light pulse from a ruby laser, which pro-
duces visible light with a wavelength λ0 = 694.3 nm, toward the second object.
Compute the wavelength of this light pulse as seen by an observer on the second
object.

Problem 1.65 A light source is moving at speed v and at an angle θ relative to the
separation between the source and a stationary observer.

a) Consider a light pulse with frequency ω0 in the rest frame of the source and
determine the frequency ω measured by the observer.

b) Compute the angle θ for which ω = ω0.

Problem 1.66 A large disk rotates at uniform angular speed � in an inertial frame
S. Two observers, O1 and O2, ride on the disk at radial distances r1 and r2, respec-
tively, from the center (not necessarily on the same radial line). They carry clocks,
C1 and C2, which they adjust so that the clocks keep time with clocks in S, i.e., the
clocks speed up their natural rates by the Lorentz factors

γ1 = 1√
1− r2

1�2/c2
, γ2 = 1√

1− r2
2�2/c2

, (1.10)

respectively. By the stationary nature of the situation, C2 cannot appear to gain or
lose relative to C1. Deduce that, when O2 sends a light signal to O1, this signal is
affected by a Doppler shift ω2/ω1 = γ2/γ1.
Note that, in particular, there is no relative Doppler shift between any two observers
equidistant from the center.

Problem 1.67 A light source is moving with speed v through an optical medium
with refractive index n. Derive an expression for the ratio between the frequency in
the frame of the medium and the frequency in the frame of the source as a function
of v, n, and the angle θ between the movement direction of the source and the
propagation direction of the light (in the frame of the medium).

Problem 1.68 In an inertial frame S, a mirror is oriented perpendicular to the x-
axis and moving with velocity v in the x-direction, see Figure 1.7. A light pulse with
frequency ω approaches the mirror at an angle θin in S. What is the scattering angle
θout and what frequency does the outgoing light have? Explain what happens when
v < − cos θin?

Problem 1.69 In an inertial frame S, a light pulse is being directed at an optical
medium with refractive index n which is moving with velocity v orthogonal to its
surface, see Figure 1.8. In the rest frame of the medium, the light pulse is refracted
according to Snell’s law. An observer in S makes the interesting observation that the
light pulse is still traveling in the same direction after entering the medium. Compute
the index of refraction for the medium in terms of the velocity v and the angle θ ′
between the initial direction of the light pulse and the direction of motion for S in the
rest frame of the medium.
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Figure 1.7 A mirror perpendicular to the x-axis moving with velocity v in the
x-direction. The ingoing light has frequency ω and makes an angle θin with the
x-axis, whereas the outgoing light has frequency ω′ and makes an angle θout with
the x-axis.
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Figure 1.8 An optical medium with refractive index n moving with velocity v
orthogonal to its surface. In the inertial frame S, an observer makes the observation
that a light pulse is traveling in the same direction (at an angle θ relative to the
velocity v) before and after entering the medium.

Problem 1.70 A sine wave propagating in a medium can be described by the func-
tion sin(N ·x) in the medium rest frame. Here, (Nμ) = (ω,k), where ω is the angular
frequency and k the wave number. Assuming the wave velocity in the medium is u,
the relationship between k and ω is ku = ω. A source with internal frequency ω0 is
moving through the medium with velocity v. Compute the Doppler shifted frequency
ω in the medium rest frame when the waves are traveling in the direction of motion.
Also discuss the special cases v = u and v = −u and make sure that your solution
reduces to the classical Doppler formula when v � 1.

Problem 1.71 Using the same setup as in Problem 1.50 and assuming that A

sends the light signal using a frequency ω, compute the frequency observed by B.
In addition, if B carries a mirror and reflects the signal back at A, find the frequency
observed by A for the reflected signal.
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1.6 Relativistic Mechanics

Problem 1.72 The rest energy of an electron is about 0.51 MeV, i.e., the energy a
charged particle, with charge equal to the electron charge, would receive when falling
down a potential difference of 0.51 MV. Assuming that the electron is accelerated
through a linear accelerator (starting from rest) with a potential difference of 106 V.
Compute the final velocity of the electron.

Problem 1.73 a) An electron e− (with mass me) collides with a positron e+ (i.e.,
the antiparticle of the electron with the same mass me as the electron). Show that they
cannot annihilate into a single photon γ (a photon has zero mass), i.e., the process
e− + e+ −→ γ is impossible due to conservation of energy and momentum.

b) Also show that an electron cannot spontaneously emit a photon.
c) Can an electron colliding with a positron annihilate into two photons? Justify

your answer.

Problem 1.74 An elementary particle with mass M decays into two particles a and
b with masses ma and mb, respectively. Calculate the momentum of particle a in the
rest frame of particle b.

Problem 1.75 A particle A with mass mA decays into two particles B and C with
masses mB and mC , respectively. Assume that particle A has speed vA before the
decay and that particle B is at rest after the decay, i.e., pB = 0. Express the speed vA

in the masses mA, mB , and mC .

Problem 1.76 Two particles, 1 and 2, with masses m1 and m2, respectively, collide
and form a new particle with mass M . Calculate the mass M and the velocity v of
this new particle in the rest frame of particle 2 as a function of the velocity v1 of
particle 1 in the rest frame of particle 2 and the masses m1 and m2.

Problem 1.77 a) Two particles with rest masses m1 and m2, respectively, move
along the x-axis in the inertial frame of some observer at uniform velocities u1 and
u2, respectively. They collide and form a single particle with rest mass m moving at
uniform velocity u. Assuming that c = 1, prove that

m2 = m2
1 +m2

2 + 2m1m2γ (u1)γ (u2)(1− u1u2), (1.11)

and also find u.
b) Show that the above expression can be written as

m2 = m2
1 +m2

2 + 2m1m2γ (v), (1.12)

when v is the velocity of particle 2 as measured in the rest frame of particle 1.
c) Consider two different situations and in both of the situations the relative veloc-

ity v as defined above is the same, and thus, the rest mass m is the same in both
situations, but in one u1 = 0 and in the other m1γ (u1)u1 = −m2γ (u2)u2. What is
the difference in total energy for the two situations in the frame of the observer?
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Problem 1.78 A pion with mass mπ and energy Eπ moves along the x-axis. It
decays into a muon with mass mμ and a neutrino with approximately zero mass.
Calculate the energy Eμ of the muon when it moves at a right angle relative to the
x-axis in terms of the velocity of the incoming pion and the masses.

Problem 1.79 A pion with mass mπ decays into an electron with mass m and an
antineutrino with mass mν . Calculate the velocity of the antineutrino in the rest frame
of the electron as a function of the masses of the particles and determine the limiting
value of this velocity as the mass of the antineutrino goes to zero.

Problem 1.80 In June 1998, the Super-Kamiokande Collaboration in Japan
reported that it had found evidence for massive neutrinos. Super-Kamiokande
measures so-called atmospheric neutrinos, which are produced in hadronic showers
resulting from collisions of cosmic rays with nuclei in the upper atmosphere. Two of
the dominating processes in the production of atmospheric neutrinos are

π+ −→ μ+ + νμ,

where π+ is a pion, μ+ is an antimuon, and νμ is a muon neutrino, followed by

μ+ −→ e+ + ν̄μ + νe,

where e+ is a positron, ν̄μ is an antimuon neutrino, and νe is an electron neutrino.
a) Calculate the kinetic energy of the antimuon, Tμ+ , and the absolute value of the

3-momentum of the muon neutrino, pνμ , when the pion decays at rest according to
the first decay. Despite the small mass of the muon neutrino, neglect it! The mass of
the pion is mπ and the mass of the antimuon is mμ.

b) How far will one of the antimuons, which are produced in the first decay, travel
(on average) in the pion rest frame before it decays according to the second decay?
The mean lifetime of an antimuon at rest is τμ.

Problem 1.81 The pions in the sky that are decaying into muons as in Problem 1.14
are produced in collisions between protons in the primary cosmic rays and nitrogen
or oxygen in the air. When a pion with energy of 2 GeV is produced, what energy
does the muon have if it continues in the same direction as the pion? The expression
can be simplified due to the high energy of the pion. What is the resulting expression?
What is the muon energy? The pion has a rest mass of 140 MeV, and the neutrino
mass can be neglected.

Problem 1.82 A beam of protons that are accelerated to a very high energy hits
a beryllium target and produces a shower of particles. Two detectors are placed in
a plane behind the target symmetrically around the proton beam axis. Each detector
makes an angle of 45◦ with this axis and detects μ+μ−-pairs, one type of particle in
each detector. When the momentum of each muon is 2.2 GeV, one sees an enhance-
ment in the muon rate. This is interpreted as the production of a resonance R of mass
MR that decays into the muons. What is the mass MR of this resonance? The muon
mass is 106 MeV.

Problem 1.83 A particle with mass M and 4-momentum p = (E,p) moves toward
a detector when it suddenly decays and emits a photon in the direction of motion.
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Figure 1.9 Scattering of two photons γ + γ −→ γ + γ .

The energy registered by the detector is ω. Determine what energy the photon had in
the rest frame of the decaying particle.

Problem 1.84 An electron moves with constant velocity toward a positron at rest
and they annihilate into two photons. The photons go out with angles φ and −φ

relative to the direction of the incoming electron.
a) Calculate the angle as a function of the total energy of the electron.
b) Show that in the nonrelativistic limit the angle is given by cos φ = v/(2c).

Problem 1.85 Two photons with wavelengths λ1 and λ2, respectively, are scattered
against each other according to Figure 1.9. Calculate the wavelength of the photon
with scattering angle θ , i.e., express λ as a function of λ1, λ2, and θ .

Hint: p = h
λ

, where h is Planck’s constant.

Problem 1.86 A K-meson with mass M decays at rest into two charged pions with
the same mass m and a photon according to the reaction formula

K0(P ) −→ π+(p1)+ π−(p2)+ γ (k).

The momenta of the particles are given in parentheses after each particle symbol.
Calculate the speed v of the pions in center-of-mass frame where (where p1+p2 = 0)
as a function of the masses of the particles and the photon energy k0 = ω in the rest
frame of the decaying particle.

Problem 1.87 A �0 particle with speed c/3 in the direction toward a gamma
detector suddenly decays into a � particle and a photon. The photon continues toward
the detector.

a) What energy does the �0 particle have in the system in which the detector is
at rest?

b) What energy does the photon have in the rest system of the �0 particle?
c) What energy will be registered in the detector?

The mass of the � is m� ≈ 1 115.7 MeV and that of �0 is m�0 ≈ 1 192.6 MeV.

Problem 1.88 In elastic scattering of two particles onto each other, the same type
of particles are present before and after the collision. Thus, in e+p −→ e+p elastic
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scattering of electrons on protons with corresponding 4-momenta pe, pp, p′e, and p′p,

one can form an invariant called t , defined as t = (pe − p′e)2.
a) Show that, in the center-of-mass system defined by the total 3-momentum

being 0, the quantity −t equals the square of the change of the 3-momentum, i.e.,
−t = (pe − p′e)2 and express this quantity in terms of the scattering angle θ between
the incoming and outgoing electrons and the modulus of the 3-momentum |pe| of the
incoming electron.

b) Calculate the kinetic energy, T ′p, of the outgoing proton in the laboratory
system, where the incoming proton is at rest before the collision, in terms of the
variable t .

Problem 1.89 What is the kinetic energy T of the pion required to create the
resonance �(1232) in the reaction

π + p −→ π +�,

where π is a pion and p is a proton? The proton is at rest before the collision. The
result should be expressed in terms of the masses of the particles involved.

Problem 1.90 The scattering probabilities for the reactions π + d −→ p + p

and for the reversed reaction p + p −→ π + d are related due to so-called time
reversal invariance. However, they must be compared at the same center-of-mass
energy. Calculate the relation between the kinetic energy Tπ of the pion (π ), in the
frame where the deuteron (d) is at rest before the collision in the first reaction, and
the kinetic energy Tp of one of the protons (p) in reversed reaction, when the other
proton is at rest, respecting the above condition on the center-of-mass energy.

Problem 1.91 Consider the reaction π+ + n −→ K+ + � in the rest frame of n.
The masses of the particles are mπ+ , mn, mK+ , and m�, respectively. What is the
kinetic energy T of the π+ when the K+ has total energy E and moves off at an
angle of 90◦ to the direction of the incident π+? (T should be expressed in mπ+ , mn,
mK+ , m�, and E.)

Problem 1.92 The mass of the meson π0 can be measured by the reaction

p + π− −→ π0 + n,

where p is a proton, π− is a negative pion, and n is a neutron. The uncharged
π0 meson decays very quickly into two photons and cannot be easily measured.
However, the velocity of the final neutron can be measured and is found to be vn =
(0.89418 ± 0.00017) cm/ns. Derive the formula that expresses the mass of the π0

meson as a function of the masses of the proton, the π−, the neutron, and the velocity
vn, assuming that the reaction takes place at rest for the incoming particles. Simplify
the result by showing that the velocity is small, so that we need to retain only lowest
nontrivial order in vn/c.

Problem 1.93 A thermal neutron is absorbed by a proton at rest and a deuteron is
formed together with a photon. This exothermic reaction is formally

p + n −→ d + γ .
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The binding energy B of the deuteron is about 2.23 MeV. Calculate, relativistically,
the energy of the emitted photon as a function of the masses of the particles and the
binding energy B.

Problem 1.94 A hydrogen atom H, consisting of an electron and a proton with
binding energy B = 13.6 eV, can disintegrate into its two constituent particles by
being hit by a photon. The reaction is

γ + H −→ p + e.

Calculate, relativistically, the smallest photon energy in the rest frame of H required
for this process to occur expressed in terms of B and the hydrogen mass mH.

Problem 1.95 Similarly to the cosmic microwave background (CMB) of photons
with a temperature of TCMB ∼ 2.7 K, there should be a cosmic neutrino background
(CNB) with a temperature of TCNB ∼ 1.9 K. At these temperatures, their kinetic
energy is very tiny. Suppose a very high-energy antineutrino would hit such a neutrino
and annihilate it. A result of this collision could be the production of a Z0 boson
which decays hadronically. The reaction is formally

ν̄ + ν −→ Z0.

What is the threshold energy for the antineutrino for this to occur? In particular,
consider the two limits

a) The CNB neutrinos have a mass of mν = 0.15 eV.
b) The CNB neutrinos have very small masses (mν/(kBT )→ 0).

Hint: In a gas of particles at temperature T , the mean kinetic energy of the particles
is given by Ek = 3kBT /2, where kB � 8.6 ·10−5 eV/K is Boltzmann’s constant. The
Z0 mass is mZ0 � 91 GeV.

Problem 1.96 Consider elastic scattering of photons on electrons

γ (k)+ e−(p) −→ γ (k′)+ e−(p′),

where k and p are the incoming photon and electron 4-momenta and k′ and p′ the
corresponding outgoing 4-momenta.

a) In the laboratory system, the incoming electron is at rest and the outgoing
photon is scattered at an angle θ with respect to the direction of the incoming photon.
Use invariants to derive the so-called “Compton formula,” i.e., the difference between
the outgoing and incoming photon wavelengths, as a function of θ , in units c = 1
and h̄ = 1.

b) Derive the angular frequency (energy) of the outgoing photon in the center-
of-mass system in terms of the incoming photon angular frequency (energy) in the
laboratory system.

Problem 1.97 In Compton scattering γ + e −→ e + γ , photons of a fixed energy
ω are scattered against electrons, which can be considered at rest in the laboratory
frame. Compute the kinetic energy of the outgoing electron as a function of the
scattering angle θ of the outgoing photon.
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Problem 1.98 Inverse Compton scattering occurs when low-energy photons collide
with high-energy electrons. Assuming that the photon and electron are originally
moving in the same direction, find an expression for the photon energy after the
collision as a function of the initial photon energy, the velocity and mass of the
electron, and the scattering angle θ of the photon.

Problem 1.99 An antimuon μ+ decays into a positron e+ and two neutrinos νe and
ν̄μ. The reaction is

μ+ −→ e+ + νe + ν̄μ.

Give an expression for the largest possible total energy of the electron neutrino νe

in the rest frame of the antimuon. You may assume that the neutrino masses are
negligible compared to lepton masses.

Problem 1.100 A ρ-meson with mass mρ � 770 MeV/c2 sometimes decays into a
pair of muons (μ− and μ+) with mass mμ− = mμ+ � 106 MeV/c2 and a photon, γ .
What is the maximal kinetic energy that the μ+ can have in this decay in the rest
frame of the ρ-meson?

Problem 1.101 There is a possibility that neutrinos are their own antiparticles. If
this is true, then the so-called neutrinoless double beta decay

76Ge −→ 76Se+ e− + e−,

is allowed. Derive expressions for the maximal and minimal possible values of the
sum of the kinetic energy of the electrons in the rest frame of 76Ge. Express your
answer in terms of the particle masses.

Problem 1.102 At the LHC (Large Hadron Collider), two photons are measured
with 4-momenta

p1 = ω1(1,1,0,0) and p2 = ω2(1, cos θ, sin θ,0), (1.13)

respectively. Assuming that the photon pair results from the decay of a new particle
φ such that φ −→ γ γ , what is the mass of the new particle?

Problem 1.103 In an accelerator, protons are accelerated until they reach a kinetic
energy of 8 000 MeV and are then made to collide with protons at rest. If the sum of
the kinetic energies of two colliding protons (measured in the center-of-mass system)
is larger than the rest energy of a proton-antiproton pair, then such a pair can be
formed according to the reaction formula

p + p −→ p + p + p + p̄,

where p is a proton and p̄ is an antiproton.
Is the energy 8 000 MeV sufficient for the reaction to go? The rest mass of the

proton is 938 MeV.
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Problem 1.104 Protons at rest are bombarded with π -mesons. How large kinetic
energy do the mesons need to have for the reaction

π− + p −→ π+ + π− + n,

to take place? The rest mass of the particles are mπ− = mπ+ ≈ 140 MeV, mp ≈
938 MeV, and mn ≈ 940 MeV.

Problem 1.105 In the CELSIUS ring at the The Svedberg Laboratory in Uppsala,
Sweden, one would like to study the reaction

p + d −→ p + p + n+ η.

The available kinetic energy of the protons is Tp = 700 MeV and the deuterons
(d) can be considered to be at rest. The rest masses of the particles are mp ≈ mn,
md ≈ mp +mn, mn = 940 MeV, and mη = 550 MeV.

a) Is the reaction possible?
b) If the kinetic energy of the protons in the beam is increased to Tp = 1 350 MeV,

what is the maximum kinetic energy that the η can get in the system in which the
nucleons are at rest after the reaction, expressed in terms of the rest masses and the
kinetic energies?

Problem 1.106 In neutrino detection, the quasi-elastic (νμ+X −→ μ+ Y , where
X and Y are different nuclei) and 1π (νμ + X −→ μ + Y + π0) processes are
relevant at relatively low energies. Compute the ratio between the neutrino threshold
energies for these processes in the rest frame of the nucleus X. Express your answer
in terms of the different particle masses (the neutrino may be considered massless for
the purposes of this problem).

Problem 1.107 Consider the particle collision e− + e− −→ e− + e− + e− + e+.
Compute the necessary total energy of one of the initial electrons in the rest frame of
the other for this process to occur. Also, compute the ratio between this energy and
the total required energy in the center-of-momentum frame.

Problem 1.108 We can produce neutral kaons in a proton collision through the
reaction p+p −→ p+p+K0. Find an expression for the threshold kinetic energy
of the protons of this reaction when

a) One proton is stationary in the lab frame (find the threshold kinetic energy of
the other proton).

b) Both protons have the same kinetic energy (quote the total kinetic energy of
both protons).

Problem 1.109 A particle χ hits a stationary proton p and undergoes inelastic
scattering to a new state χ∗ while keeping the proton intact. Determine the threshold
kinetic energy of χ for this scattering to occur if mχ∗ = mχ + δ > mχ . Discuss your
result in the limit when δ � mχ .
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Problem 1.110 Neutrinos are emitted from core collapse supernovae. If a core
collapse supernova occurs at a distance L from Earth and each neutrino has a total
energy E, how much more time would pass (in the rest frame of the Earth) until
the neutrinos reach us if they have a small mass m > 0 compared to if they were
massless (m = 0)? Give an exact answer as well as a reasonable approximation for
when m� E.

Problem 1.111 An elementary particle of charge e (e is the elementary charge) is
accelerated from rest in a 100 m long straight insulated vacuum cylinder (a linear
accelerator) with a constant electric field of 104 V/m across the endpoints.

a) What kinetic energy will the particle obtain after the acceleration?
b) How long time does it take for particle to pass through the tube if it starts from

rest? Hint: Use the energy as an integration variable.

1.7 Electromagnetism

Problem 1.112 Show by explicit calculation, using the chain rule for derivation
and the properties of the Lorentz transformations, that

�Aμ(x) = 0, (1.14)

is invariant under Lorentz transformations, i.e., if Aμ(x) is a solution to Eq. (1.14),
then A′μ(x′) is a solution to the same equation in the primed variables x′ = �x,
where � is a Lorentz transformation.

Problem 1.113 Show that the gauge transformation Aμ �→ A′μ = Aμ+∂μψ , where
ψ is an arbitrary scalar field, does not affect the field tensor Fμν = ∂μAν − ∂νAμ.

Problem 1.114 An inertial coordinate system K ′ is moving relative to another
inertial coordinate system K with constant velocity v along the positive x1-axis of K .

a) Assume that a stick of length � is at rest in K such that �x = (�,0,0). Calculate
�x′ in K ′.

b) Assume that there is a constant electric field E = (0,0,E) in K (no magnetic
field, i.e., B = 0 in K). Calculate E′ and B′ in K ′.

Problem 1.115 An observer at rest in a frame K experiences only an electric
field E. Another observer in another frame K ′, moving with velocity v along the
positive x-axis, will observe a magnetic field B′. Calculate this magnetic field for
small velocities (linear terms in v) and show that this field is perpendicular to both
the electric field E′ and the velocity of K relative to K ′.

Problem 1.116 Let K , K ′, and K ′′ be as in Problem 1.34. Assume that there is a
constant electric field E = (0,1,0) (in some given physical units) in the coordinate
system K . We assume that the magnetic field B vanishes in K . Compute the compo-
nents of both the electric and magnetic fields in the coordinate systems K ′ and K ′′.

Problem 1.117 Compute the electric and magnetic field components due to a point
charge q moving with velocity v along the positive x-axis.



1.7 Electromagnetism 37

Problem 1.118 A particle of mass m and electric charge q is moving in a constant
electric field E. Use the Lorentz force law to calculate the velocity of the particle as
a function of the displacement r from the origin along the direction of motion. The
particle starts off at rest.

Problem 1.119 A current I is flowing through a straight uncharged conductor.
Determine the electromagnetic field in an inertial system K ′ that moves parallel to
the conductor with velocity v

a) by transforming the electromagnetic field tensor from the rest frame K of the
conductor to K ′,

b) by transforming the current-density 4-vector from K to K ′, and then, knowing
the charge of the conductor and its current relative to K determine the field in K ′.

Problem 1.120 Maxwell’s equations can be expressed by means of the electro-
magnetic 4-vector potential A. When ∂μAμ = 0 (i.e., the Lorenz gauge), they take
on a simple form. What is this form? Assuming that Maxwell’s equations are in this
simple form, and furthermore, J = 0 (i.e., current free), show for a plane wave,
Aμ = εμeik·x , where ε is the polarization vector, that

E · k = B · k = 0, (1.15)

i.e., the electric and magnetic fields are perpendicular to the direction of motion.

Problem 1.121 Calculate the Lorentz invariants FμνF
μν and εμνωλF

μνFωλ for a
free electromagnetic plane wave Aμ(x) = εμeik·x , where ε is the polarization vector.
Give a physical interpretation of your result.

Problem 1.122 a) Prove that the scalar product E · B between the electric and
magnetic field vectors is invariant under Lorentz transformations.

b) Show that if the electric and magnetic fields E and B are orthogonal for one
observer, they are orthogonal for any observer.

c) Show that E and B are orthogonal for free plane waves with Aμ(x) = εμeik·x ,
where ε is the polarization vector.

d) Show for the plane waves that E ×B = Ak, where k is the wave vector and
A is a nonvanishing expression.

Problem 1.123 An electron with mass m0 is moving in a homogeneous magnetic
field B = (0,0,B) and no electric field. Calculate its trajectory if it has velocity
u = (u,0,0) at time t = 0.

Problem 1.124 In an inertial coordinate system K , there is a constant electric field
E = (cB,0,0) and a constant magnetic field B = (0,B,0). In another inertial system
K ′, the same fields are measured to be E′ = (0,2cB,cB) and the x-component B ′x =
0. Compute B ′y and B ′z.

Problem 1.125 Observer A measures the electric and magnetic field strengths
to be E = (α,−α,0) and B = (0,0,2α/c), respectively, where α �= 0. Another
observer, observer B, makes the same measurements and finds E′ = (0,0,2α) and
B′ = (B ′x,α/c,B ′z). Determine B ′x and B ′z.
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Problem 1.126 Observer A measures the electric and magnetic field strengths
to be E = (0,β,−β) and B = (2β/c,0,0), respectively, where β �= 0. Another
observer, observer B, makes the same measurements and finds E′ = (2β,0,0) and
B′ = (B ′x,B ′y,β/c). Determine B ′x and B ′y .

Problem 1.127 Observer A measures the electric and magnetic field strengths
to be E = (α,0,0) and B = (α/c,0,2α/c), respectively, where α �= 0. Another
observer, observer B, makes the same measurements and finds E′ = (E′x,α,0) and
B′ = (α/c,B ′y,α/c). Express E′x and B ′y in terms of α and c. Finally, a third observer,
observer C, is moving relative to observer B with constant velocity v along the
positive x-axis of observer B. Find the electric and magnetic field strengths, E′′ and
B′′, as observer C measures them.

Problem 1.128 Assume that a muon originally travels vertically down toward the
ground from an altitude of 10 km. There is a magnetic field coming from the Earth
of B = 50 μT affecting the motion of the muon. To make a simple model we take
the magnetic field to be constant all the way from 10 km altitude to ground level.
Suppose the field lines go from south to north and we are in Japan on the northern
hemisphere. How far in length and in which direction is the deviation from the point
where the muon would hit the ground without magnetic field, compared to where it
hits the ground due to the deviation induced by the magnetic field of the Earth, if it
has the energy of 2 GeV and is negatively charged?
Hint: The combination cB, where c is the speed of light, has the value cB = 300 V/m,
for B = 1 μT. The trajectory of a charged particle in a homogeneous magnetic field
is a circle, it is sufficient to compute the radius of the circle and then use geometric
arguments.

Problem 1.129 An observer in the system S has observed an electromagnetic field
tensor Fμν with nonvanishing E- and B-fields. Performing a Lorentz transformation
with velocity u along the positive x1-axis to another system S′ he finds that the
B-field is absent, i.e., all its components are equal to 0. What is the electric field
in this system expressed in u and the components of the electric field in S?

Problem 1.130 In an inertial frame S there is a constant time-independent magnetic
field B and no electric field (E = 0). Consider another inertial frame S′, which
moves with velocity v along the positive x1-axis of S.

a) What are the E′ and B′ fields in the system S′ expressed in the original B-field
and the velocity v?

b) Verify that the Lorentz invariants are indeed invariant under this transformation.

Problem 1.131 An electron in a linear particle accelerator of length L = 3 km
(e.g., SLAC in California, USA) is accelerated through an electric potential U .

a) Compute the trajectory x(t) of this electron for 0 < |x(t)| < L if its motion
starts at time t = 0 at rest at one end of the accelerator.

b) Compute the time it takes for this electron to pass through the whole accelerator.
c) Compute the time dependence of the energy of this electron in the accelerator.

Problem 1.132 a) Find the electric and magnetic fields E and B generated by a
particle with charge q moving with constant velocity v parallel with the x-axis in an
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inertial system S, using that the electric and magnetic potentials in the particle’s rest
frame are

φ(t ′,x′) = q

4π |x′|, A(t ′,x′) = 0, (1.16)

we use the notation A = (A1,A2,A3), and similarly for E, B, and x.
b) Explain why it is possible to check your result in a) by computing E ·B and

E2 −B2 in both inertial systems. Perform these checks!

Problem 1.133 Bubble chambers were frequently used in the 1960s in particle
collision experiments. In a bubble chamber, there is a strong constant magnetic field,
which bends the motion of charged particles. The charged particles give rise to bub-
bles, which make the trajectories of the charged particles visible.

a) In the lab frame of the bubble chamber, there is a strong magnetic field in the
z-direction and no electric field. Use the Lorentz force law to show that the trajectory
of a charge particle can be parametrized in the lab frame as

x = R cos ωτ, y = −R sin ωτ, (1.17)

and determine ω. Show that for a charged particle, you can obtain the 3-momentum
from knowing the radius of the trajectory and the strength of the magnetic field (any
energy losses can be neglect)

pip
i = q2R2BiB

i . (1.18)

b) In a bubble chamber, one can only see the traces of charged particles in terms
of bubbles. Consider the following process

�− −→ π− +X0,

where �− and π− are known charged particles. Here X0 is an unknown uncharged
particle, which we cannot see, since it does not give rise to bubbles. For the other two
particles, we know their rest masses and their trajectory radii R� and Rπ (therefore,
we also know their 3-momenta). From this information, derive an expression for the
rest mass of the unknown particle expressed in terms of the rest masses M� of �−
and Mπ of π−, and their respective 3-momenta, as well as the angle θ between the
recorded trajectories of the charged particles close to the collision.

Problem 1.134 Starting from the plane wave solution to Maxwell’s equations

Aμ = εμ sin(k · x), (1.19)

show that the electric and magnetic fields are orthogonal and have the same magni-
tude without referring to a particular gauge condition.

Problem 1.135 Assume that the electromagnetic field in an inertial frame S sat-
isfies |E| = |B| and that the angle between the electric and magnetic field is α.
In another inertial frame, the fields are E′ and B′ with a corresponding angle α′.
Show that

cos α′ = E2

E′2
cos α. (1.20)
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Problem 1.136 The 4-potential of a stationary point charge Q in its rest frame is
given by

Aμ = Q

4πr
(1,0)μ, (1.21)

where r =
√

x2 + y2 + z2 is the distance to the particle. Compute the electromag-
netic stress–energy tensor T μν in (x,y,z) = (1,0,0) and the corresponding trace T

μ
μ .

Problem 1.137 Starting from Maxwell’s equations and without assuming a partic-
ular gauge condition, show that the components of the electromagnetic field tensor
Fμν satisfy the sourced wave equation

�Fμν ≡ ∂σ ∂σ Fμν = Sμν, (1.22)

and express the source tensor Sμν in terms of the 4-current density Jμ.

Problem 1.138 The electromagnetic stress–energy tensor is given by

T ν
μ = −ε0

[
Fμσ F νσ − 1

4
δν
μ(Fρσ Fρσ )

]
. (1.23)

Given the electromagnetic plane wave solution for the 4-potential

Aμ = εμ sin(k · x), (1.24)

express T ν
μ in terms of the 4-vector k. You also need to assure that the wave actually

fulfills Maxwell’s equations in the absence of a source term ∂μFμν = 0.
Hint: You may assume the Lorenz gauge condition ∂μAμ = 0.

Problem 1.139 The 4-potential Aμ is not physical, but may be transformed accord-
ing to Aμ �→ Aμ + ∂μϕ, where ϕ is a scalar field, without changing the physical
observables. Show that the physical electromagnetic field tensor Fμν is invariant
under this transformation.

Problem 1.140 The electric field of an electric dipole with dipole moment
d = dez is given by

E = d

4πε0

(
3xz

r5
ex + 3yz

r5
ey + 3z2 − r2

r5
ez

)
, (1.25)

in its rest frame S. Compute the value of the quantity FμνF̃
μν = εμνσρFμνFσρ

as a function of time and position in the frame S′, which is moving in the positive
x-direction with velocity v relative to S′.

Problem 1.141 A particle at rest acting as an electric monopole and a magnetic
dipole has the electromagnetic fields

E = q

4πr2
er and B = 1

4πr3
[3(m · er )er −m] , (1.26)
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q q

S

d

Figure 1.10 Two particles (each with charge q) and the plane S equidistant from
both particles.

where r is the position vector relative to the particle, r its magnitude, q the charge
of the particle, and m its magnetic dipole moment. Determine whether or not there
exists a region of spacetime where the electric field is equal to zero in some inertial
frame (although that frame may generally be different for different points in the
region). If such a region exists, determine the shape of the region in the particle’s
rest frame.

Problem 1.142 Two particles with the same charge q are held fixed with a sep-
aration distance d (see Figure 1.10). Compute the stress–energy tensor of the static
electric field between the charges and use your result to find the total 4-force between
the electromagnetic fields on either side of the plane S that is equidistant from both
charges.

Problem 1.143 Compute the Lorentz 4-force between two electrons moving in
parallel with constant velocity v and a separation d orthogonal to the direction of
motion.

1.8 Energy–Momentum Tensor

Problem 1.144 Determine the momentum density of a gas consisting of massless
noninteracting particles in a frame which is moving with velocity v relative to the
gas rest frame. Express your result in terms of v and the energy density of the gas in
the frame where the gas is moving.

Problem 1.145 A star cruiser is moving through space with velocity v relative to
the galaxy. Suddenly it encounters a gas cloud of dust particles. What is the 4-force
from the dust cloud on the star cruiser at the moment it enters the cloud? You may
assume that the star cruiser has a cross sectional area A relative to the direction of
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motion and that all of the dust particles encountered will be absorbed in the hull of
the star cruiser. In addition to computing the 4-force, motivate and state whether it is
pure, heatlike, or neither.

Problem 1.146 The energy–momentum tensor of a string with tension t is
given by

(T μν) =
(

ρ0 0
0 −σ

)
, (1.27)

where ρ0 is the string density and σ = t/A < ρ0 is the stress across the string cross
section A.

a) Does a frame exist where the stress (T 11) is equal to zero?
b) Does a frame exist where the energy density is smaller than ρ0?

Your answers should be accompanied by solid argumentation.

Problem 1.147 A pure photon gas such as the cosmic microwave background
(CMB) can be described as a perfect fluid with pressure p = ρ0/3 in its rest frame.
In a frame moving with velocity v in relation to the rest frame of the CMB, compute
the energy density, momentum density, and stress tensors. In addition, comment on
whether the shear stress (off-diagonal elements of the stress tensor) in an arbitrary
frame is zero or not.

Problem 1.148 In a perfect fluid with proper density ρ0 and positive proper pres-
sure p, find an expression for the energy density ρ in an arbitrary inertial frame S′
and derive an upper bound on ρ/γ 2, where γ is the gamma factor between the fluid’s
rest frame and S′.

Problem 1.149 The energy density in the frame of an observer with 4-velocity V

is given by ρ = TμνV
μV ν . The weak energy condition is a condition requiring the

energy density to be nonnegative for all observers, i.e., ρ ≥ 0. For a perfect fluid,
determine the condition on the equation of state parameter w in the relation p = wρ0
that the weak energy condition implies.

1.9 Lagrange’s Formalism

Problem 1.150 The 4-momentum of a free particle of mass m is pμ = mcẋμ.
a) Show that the momentum is conserved (i.e., independent of time) by deriv-

ing the Euler–Lagrange variational equations for the Lagrangian L = p2/(2m) in
Minkowski space.

b) When the particle moves in an electromagnetic field, one can obtain the relevant
equations of motion by using the substitution p �→ p + qA/c, where A = A(x) is
the electromagnetic potential and q is the charge of the particle. Show that, to lowest
nontrivial order in q, the equations of motion for the particle give the equations of
the Lorentz force.
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General Relativity Theory

2.1 Some Differential Geometry

Problem 2.1 Show that the function f (x,y) = x2 + y is a smooth function on the
unit sphere S2 ⊂ R3.

Problem 2.2 On the unit sphere M = S2, we use the spherical coordinates θ

and φ, except at the poles θ = 0,π . A curve can then be parametrized as (θ(s),φ(s)).
A tangent vector v ∈ TpS

2 is given by its components v = (vθ,vφ) with vθ = θ̇ (s0),
vφ = φ̇(s0), and p = (θ(s0),φ(s0)). How would you describe a tangent vector at the
poles θ = 0,π?

Problem 2.3 Find the metric tensor and the Christoffel symbols in the two-
dimensional Euclidean plane in the following coordinates

a) s and t defined by x = set and y = se−t .
b) u and v defined by x = u and y = v2.

In both cases, discuss where in the Euclidean plane the new coordinates provide a
well-defined coordinate system.

Problem 2.4 Let α(t) and β(t) be a pair of smooth curves on a manifold M such
that α(t0) = β(t0). Show that the condition

d

dt
xi(α(t))

∣∣∣∣
t=t0

= d

dt
xi(β(t))

∣∣∣∣
t=t0

for i = 1,2, . . . ,n, (2.1)

is independent of the choice of local coordinates xi , i.e., if the curves are tangential
in one coordinate system, then they are tangential in any other coordinate system.

Problem 2.5 Show that the system of first-order ordinary differential equations

ẋk∇kY
i = Ẏ i (s)+ �i

kj (x(s))ẋk(s)Y j (s) = 0, i = 1,2, . . . ,n, (2.2)

defining the parallel transport along a curve on a manifold M is coordinate indepen-
dent in the sense that if the system is valid in one coordinate system, then it is also
valid in any other coordinate system.

43
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Problem 2.6 The distance between two points a and b on the unit sphere S2 along
a curve γ (s) = (θ(s),φ(s)) is given by

�[γ ] ≡
∫ b

a

√
gγ (s)(γ̇ (s),γ̇ (s)) ds =

∫ b

a

√
gθθ θ̇(s)2 + gφφφ̇(s)2 ds

=
∫ b

a

√
θ̇ (s)2 + sin2 θ(s) φ̇(s)2 ds. (2.3)

Use Euler–Lagrange equations to derive the geodesic equations on S2.

Problem 2.7 Compute the Christoffel symbols on the unit sphere S2 with metric
given by ds2 = dθ2 + sin2 θ dφ2

a) directly from the metric.
b) using the general formula for the geodesic equations.

Problem 2.8 We define the Christoffel symbols on the unit sphere S2, using spher-
ical coordinates (θ,φ). When θ �= 0,π , we find (see Problem 2.7)

�θ
φφ = −

1

2
sin 2θ, �

φ
θφ = �

φ
φθ = cot θ, (2.4)

and all other � are equal to zero. Show that the apparent singularity at θ = 0,π can
be removed by a better choice of coordinates at the poles of the sphere. Thus, the
above affine connection extends to the whole S2.

Problem 2.9 a) Let M = S2 and � be the affine connection in Problem 2.8. The
coordinates θ(s) and φ(s) of a geodesic then satisfy the geodesic equations, i.e.,

θ̈ (s)− 1

2
sin 2θ(s) φ̇(s)φ̇(s) = 0, (2.5)

φ̈(s)+ 2 cot θ(s) θ̇(s)φ̇(s) = 0. (2.6)

Find the general solution to the geodesic equations.
b) Let M and � be as in a). Furthermore, let (θ,φ) = (αs + β,φ0), where s is

the curve parameter and α, β, and φ0 are constants. Determine the parallel transport
equations for a vector field X = (Xθ,Xφ) and solve this set of equations. In addition,
if u is the tangent vector (1,1) at the point (θ,φ) = (π

4 ,0
)
, then determine the parallel

transported vector v at the point (θ,φ) = (π
2 ,0

)
.

Problem 2.10 Determine the shortest path on the conical surface r = −az which
connects the points z = −h, ϕ = 0 and z = −h, ϕ = π/2, where (r,ϕ,z) are
cylindrical coordinates and a > 0 and h > 0 constants.

Problem 2.11 A ship starts from a position in the Atlantic Ocean with coordinates
10◦ N 30◦ W (Cape Verde). It sails directly to the north to the 45◦ northern latitude
(Azores, Portugal) and then it turns abruptly to the west and sails until it hits the 60◦
western longitude (Nova Scotia, Canada). Suppose a vector is parallel transported
along the route of the ship (with the help of a gyroscope). Its initial direction is 45◦
(north-east). What is its final direction?
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Problem 2.12 A vector is first parallel transported along a great circle on a sphere
from a point A on the equator to the North Pole N , then again along a great circle
from N to another point B on the equator, and finally, along the equator back to the
point A. Use the standard Riemannian metric on the sphere and prove that the vector
is rotated in the above process by an angle θ , which is directly proportional to the
area of the geodesic triangle ANB.

Problem 2.13 Let M = S2 ⊂ R3. Determine the metric g on M in terms of the
spherical coordinates θ and φ. In particular, compute the inner product of the vectors
(1,2) and (2,−1) at the point (θ,φ).

Problem 2.14 Compute the Riemann curvature tensor R of the unit sphere S2.

Problem 2.15 Consider the vector fields

X = x
∂

∂y
− y

∂

∂x
and Y = x

∂

∂x
+ y

∂

∂y
, (2.7)

in the xy-plane.
a) Determine the commutator [X,Y ].
b) Assume that an affine connection in the plane satisfies ∇XX = −Y , ∇Y Y = Y ,

∇Y X = X, and that the torsion tensor T vanishes. Compute the Riemann curvature
tensor R.

Problem 2.16 Let x1 and x2 be a pair of local coordinates and

X = x2 ∂

∂x1
− x1 ∂

∂x2
, Y = x1 ∂

∂x1
+ x2 ∂

∂x2
, (2.8)

be a pair of vector fields in R2\{0}. Assume that

∇XX = 0, ∇XY = X + Y,

∇Y X = X − Y, ∇Y Y = 0. (2.9)

Compute the components R1
1ij in the local coordinate basis, where i,j = 1,2, of the

Riemann curvature tensor.

Problem 2.17 A manifold M of dimension 3 has a basis of orthonormal vector
fields {L1,L2,L3} with commutation relations[

Li,Lj

] = εijkLk, where i,j,k = 1,2,3. (2.10)

Determine the Levi-Civita connection ∇i = ∇Li
(1 ≤ i ≤ 3) and its Riemann curva-

ture tensor R.
Hint: The Levi-Civita connection is the unique metric-compatible torsion-free con-
nection. Use the symmetry properties of the Christoffel symbols coming from this,
several times, to evaluate them.

Problem 2.18 Let x and y be local coordinates on a surface S with x + y �= 0.
Define a metric tensor g by gxx = 1, gxy = gyx = x + y, and gyy = 1 + (x + y)2.
Let ∇ be an affine connection defined by
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∇x∂x = (x + y)∂x − ∂y, (2.11)

∇x∂y = [2+ (x + y)2]∂x − (x + y)∂y, (2.12)

∇y∂x = (x + y)(x + y + 1)∂x − (x + y + 1)∂y, (2.13)

∇y∂y = {(x + y + 1)[1+ (x + y)2]+ 1}∂x − (x + y)(x + y + 1)∂y . (2.14)

a) Compute the Christoffel symbols in the orthonormal basis

e1 = ∂x, e2 = −(x + y)∂x + ∂y . (2.15)

b) Consider the parallel transport of a pair of vectors starting from the point
(x,y) = (1,1), counterclockwise along the full circle with center at (x,y) = (2,2)

and radius r = √2. Assume that the initial angle between the vectors is π/3. What
is the angle after the parallel transport around the loop?

Problem 2.19 Three ants are walking on a two-dimensional surface embedded in a
flat three-dimensional Euclidean space as

x = r cos φ, y = r sin φ, z = 2

3
r3/2. (2.16)

Assume that the ants are walking on the surface along curves parametrized by λ

such that

• Ant #1: r = λ, φ = 0;
• Ant #2: r = λ2/3 − 1, φ = π/2, λ > 1;
• Ant #3: r = λ1/2, φ = ln λ, λ > 0.

a) Compute the induced metric on the two-dimensional surface.
b) Investigate if the ants are walking along geodesics or not.

Problem 2.20 Derive the explicit form of the geodesic equation on the hyperboloid
x2+ y2− z2 = a2 with x, y, and z being Cartesian coordinates on the flat Euclidean
three-dimensional space (i.e., the metric is ds2 = dx2 + dy2 + dz2) and a > 0 a
constant. Using the coordinates r and ϕ such that x = r cos(ϕ) and y = r sin(ϕ),
compute also all Christoffel symbols for this hyperboloid.

Problem 2.21 Consider the surface (ct)2−x2−y2 = −K2 in the three-dimensional
Minkowski space R3 with metric signature +−−.

a) Compute the metric tensor on the surface in a suitable coordinate system. Is it
positive definite? If not, of what type?

b) Find the geodesic equations. In particular, find a geodesic starting from the
point (0,0,K) and going in the direction of the tangent vector (c,0,0).

Problem 2.22 Consider the pseudo-Riemannian metric

ds2 = (dx1)2 + (dx2)2 − (dx3)2 − (dx4)2, (2.17)

in R4. This induces a pseudo-Riemannian metric g on the surface

S : (x1)2 + (x2)2 − (x3)2 − (x4)2 = 1. (2.18)
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a) Show that the metric g on S is Lorentzian, i.e., it has one timelike and two
spacelike directions at each point.

b) Construct a pair of constants of motions for freely falling bodies by integrating
the geodesic equations on S once.

Problem 2.23 The flow lines generated by a vector field X are smooth curves γ (t)

such that

γ̇ (t) = X(γ (t)), (2.19)

along the curve. Assume that all flow lines for a vector field X are geodesics with
respect to a connection determined by the Christoffel symbols �k

ij . Derive a set
of partial differential equations for the components of X giving a necessary and
sufficient condition for the above property of X.

Problem 2.24 Parametrize the points on the spin group SU(2) as

g(x) = ei(x1σ1+x2σ2+x3σ3) = 1 cos(r)+ i
sin(r)

r
x · σ, (2.20)

where x = (x1,x2,x3) ∈ R3, r = |x| and the σk’s are the Hermitian 2 × 2 Pauli
matrices

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i

i 0

)
, and σ3 =

(
1 0
0 −1

)
. (2.21)

We can identify the point g(x) as a point on the 3-dimensional unit sphere S3 ⊂ R4,
the first coordinate is cos(r) and the remaining three coordinates are sin(r)x/r . Show
that the 1-parameter subgroups t �→ eita·σ , where a ∈ R3, are geodesics with respect
to the standard metric on S3 coming from the Euclidean metric in R4.
Hint: It is more convenient to use the Euler–Lagrange equations coming from the
metric element (derive the formula!) in terms of the angular coordinates θ , φ of the
vector x ∈ R3 and the radial coordinate r .

Problem 2.25 a) Derive the relation between the Christoffel symbols �λ
μν and the

metric tensor gμν from the following conditions: (i) Dλgμν = 0, where Dλ is the
covariant derivative, and (ii) �λ

μν = �λ
νμ. (The result is the so-called “fundamental

theorem” in Riemannian geometry.)
b) Consider the vector field (V μ) = (x,−t), i.e., V 0 = x and V 1 = −t , in two-

dimensional Minkowski spacetime with coordinates (xμ) = (t,x) and metric ds2 =
dt2 − dx2. Compute all components of the tensor T

ν
μ = DμV ν in this coordi-

nate system. Compute also the component T ′ 1
0 of this tensor in Rindler coordinates

(x′μ) = (λ,a) defined as

t = a sinh(λ), x = a cosh(λ). (2.22)

Problem 2.26 a) Write the transformation law for a tensor with components Sμν

under a general coordinate transformation xμ �→ x′μ, i.e., give a general formula for
S′μν .

b) Write DμSμν in terms of partial derivatives and Christoffel symbols.
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c) Consider the tensor with components S12 = −S21 = 2xy and S11 = S22 = 0
on the two-dimensional plane with coordinates (xμ) = (x,y) and metric ds2 =
dx2 + dy2. (i) Compute the components S′μν of this tensor in polar coordinates
(x′μ) = (r,ϕ). (ii) Compute DμSμν .

Problem 2.27 Consider AdS2 which is a two-dimensional curved spacetime with
coordinates (xμ) = (x0,x1) = (t,r) and the metric given by

ds2 = v

[
(r2 − 1)dt2 − 1

r2 − 1
dr2

]
, (2.23)

where v > 0 is some constant. Consider also on AdS2 and in the coordinates xμ, a
tensor field Sμν with the following components S00 = a(r2−1), S11 = −a/(r2−1),
and S01 = S10 = 0 for some constant a > 0.

a) Compute all Christoffel symbols for AdS2 in the coordinates xμ.
b) Compute Sμν and DμSμν .
c) Consider another coordinate system (x′μ) = (x′0,x′1) = (θ,η) on AdS2 defined

by θ = at and r = cosh(η) with a being the same constant as above. Transform the
tensor Sμν to this new coordinate system, i.e., compute S′μν .

Problem 2.28 Consider the so-called Rindler coordinate system (x′μ)=
(x′0,x′1) = (λ,a) in two-dimensional Minkowski space defined by

t = a sinh(λ), x = a cosh(λ), a > 0,λ ∈ R, (2.24)

where (xμ) = (t,x) are the usual coordinates, i.e., ds2 = dt2 − dx2.
a) Find the metric tensor and the Christoffel symbols in this coordinate system.
b) Determine expressions for the divergence of a vector field and the Laplacian of

a scalar field in two-dimensional Minkowski space in Rindler coordinates.
c) A tensor of rank two on two-dimensional Minkowski space has the following

components in the coordinates (xμ) = (t,x): T 0
0 = −T 1

1 = x2 − t2 and T 1
0 =

T 0
1 = 0. Compute the component T ′00, i.e., T ′μν for μ = ν = 0, of this tensor in

Rindler coordinates.

Problem 2.29 Consider the metric

ds2 = dt2 − dr2 − r2dφ2. (2.25)

Find expressions for the covariant derivative ∇μVν and the divergence ∇μV μ.

Problem 2.30 The parallel transport of a vector V μ along a curve parametrized by
λ is given by the condition

dxμ

dλ
∇μV ν = 0. (2.26)

a) Obtain the geodesic equation

ẍμ + �
μ
νλẋ

ν ẋλ = 0, (2.27)

from parallel transporting a tangent vector.
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b) If one allows the tangent vector T μ to change in size, one can generalize the
condition dxμ

dλ
∇μV ν = 0 to

T μ∇μT ν = αT ν, where T μ = dxμ

dλ
. (2.28)

Show that one can get back the original condition, where one has zero on the right-
hand side, by making a reparametrization λ → τ(λ). Show also how the geodesic
equation is modified by the extra term on the right-hand side.

Problem 2.31 A conformal transformation of the metric tensor is defined as

gμν −→ f (x)gμν, (2.29)

for an arbitrary positive function f .
a) Show that a conformal transformation preserves the angle between any two

vectors.
b) A null curve is a curve for which all tangent vectors are null vectors. Show that

all null curves remain null curves after performing a conformal transformation.

Problem 2.32 A sphere is described locally by the two coordinates θ and ϕ is
embedded in R3 according to

x = R cos(ϕ) sin(θ), y = R sin(ϕ) sin(θ), z = Rα cos(θ), (2.30)

where R and 0 < α < 1 are constants (note that while the topology of this manifold
is a sphere, this is not the standard embedding of the sphere in Euclidean space).
Compute the induced metric tensor and the Christoffel symbols.

2.2 Christoffel Symbols, Riemann and Ricci Tensors,
and Einstein’s Equations

Problem 2.33 a) Let �λ
μν be the Levi-Civita connection associated to a metric

tensor gμν . Show that �
μ
μν = 1

2g−1∂νg, where g = det(gμν).
b) Derive from the definition of covariant differentiation the transformation rule

for the Christoffel symbols with respect to general coordinate transformations.
c) Show directly from the definition of parallel transport that in a parallel transport

defined by the Levi-Civita connection, �λ
μν = 1

2gλω(∂μgνω + ∂νgμω − ∂ωgμν), the
length of a parallel transported vector is constant.

Problem 2.34 For any two vector fields Uμ and V μ on a manifold with metric gμν

equipped with the Levi-Civita connection, show that if

Wν = Uμ∇μV ν, (2.31)

then

Wν ≡ gνσ Wσ = Uμ∇μVν . (2.32)

Problem 2.35 The nonzero Christoffel symbols on a unit sphere S2 in spherical
coordinates are
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�θ
φφ = −

1

2
sin 2θ, �

φ
θφ = �

φ
φθ = cot θ . (2.33)

a) Compute the Christoffel symbols �
j
θi and �

j
φi in the orthonormal basis e1 = ∂θ ,

e2 = 1
sin θ

∂φ , ∇θ ei = �
j
θiej , and ∇φei = �

j
φiej .

b) Prove that the parallel transport of a vector u = u1e1 + u2e2 =
(

u1
u2

)
around a

closed loop γ (t) on S2 is given by the operation u′ = Ru, where R is a rotation by
an angle � equal to the area of the region bounded by the loop γ .
Hint: First, write the solution as a line integral of the Christoffel symbols around the
loop, and then, apply Green’s formula in the plane.

Problem 2.36 The Christoffel symbols for the flat Euclidean metric in R3 vanish.
Compute the Christoffel symbols in the spherical coordinates (r,θ,ϕ).

Problem 2.37 A sphere can be projected onto a plane using stereographic
projection. We use the metric

ds2 = R2(dθ2 + sin2 θdφ2), (2.34)

for the sphere. The x and y coordinates of the plane can be expressed in terms of the
spherical coordinates as

x = 2R tan(θ/2) cos φ, y = 2R tan(θ/2) sin φ. (2.35)

a) Express the metric of the sphere in terms of the x and y coordinates.
b) Compute the Christoffel symbols using the metric obtained in a).
c) Draw a picture illustrating the stereographic projection.

Problem 2.38 A two-dimensional hyperbolic subspace x2 + y2 − t2 = 1, z = 0 is
embedded into the four-dimensional Minkowski space.

a) Parametrize the surface using only two parameters.
b) Compute the induced metric on the subspace.
c) Compute the Christoffel symbols in the subspace.

Problem 2.39 a) Starting from the definition of the curvature tensor

R(X,Y )Z = [∇X,∇Y ]Z − ∇[X,Y ]Z, (2.36)

derive the formula for the components Rω
μνλ in terms of the Christoffel symbols.

Prove the first Bianchi identity

Rω
μνλ + Rω

νλμ + Rω
λμν = 0, (2.37)

in the case when the torsion T = 0.
b) Prove the second Bianchi identity

Rαβμν;λ + Rαβνλ;μ + Rαβλμ;ν = 0, (2.38)
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and use this to show that the covariant derivative of the energy–momentum tensor
T μν in Einstein’s equations

Gμν = 8πG

c4
T μν, (2.39)

vanishes.
Motivate that the vanishing of the covariant derivative of T μν coincides with local

energy–momentum conservation for flat spacetime.

Problem 2.40 Derive the formula relating the Riemann curvature tensor to the
parallel transport around an infinitesimal parallelogram.

Problem 2.41 Fix a metric on the paraboloid z = x2 + y2 induced by the standard
Euclidean metric in R3. Compute the components of the Riemann curvature tensor
on the paraboloid.
Hint: Use polar coordinates in the xy-plane.

Problem 2.42 Consider the two-dimensional metric

ds2 = r2(dr2 + r2dφ2). (2.40)

a) Calculate the component Rr
φrφ of the Riemann tensor.

b) In flat Euclidean space, the relation between area and circumference of a circle
is C2 = 4πA. What is the relation for a circle around the origin for the above metric?
The area is given by the integral

∫ √
det(g) drdφ.

Problem 2.43 Let M be a Lorentzian manifold of dimension n = 3. Assume that
there is an orthogonal basis of vector fields X,Y,Z such that

1. g(X,X) = g(Y,Y ) = −g(Z,Z) = −1,
2. [X,Y ] = −Z, [Y,Z] = X, [Z,X] = Y ,

where g is the metric tensor. Compute the Christoffel symbols of the Levi-Civita
connection and the Riemann curvature tensor in this basis.
Hint: Use the symmetry properties of the Christoffel symbols coming from the
torsion-free property of the connection together with ∇Xg = ∇Y g = ∇Zg = 0.

Problem 2.44 a) Show that the Ricci tensor Rμν = Rλ
μλν (and thus also the

Einstein tensor) is symmetric when the Riemann curvature tensor Rα
μβν has been

constructed from a metric.
b) Show that in two spacetime dimensions the tensor Rμν − kgμνR vanishes for

some number k. Determine k.
c) Show that any metric in a 1+1-dimensional spacetime satisfies Einstein’s

equations in vacuum (Tμν = 0), i.e, Gμν = 0.

Hint: Use the (anti)symmetries

Rαβμν = −Rβαμν = −Rαβνμ = Rμναβ, (2.41)

of the Riemann curvature tensor.
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Problem 2.45 Consider the two-dimensional curved spacetime with the metric
given by

ds2 = 1

y2

(
dt2 − dy2), (2.42)

in coordinates (xμ) = (x0,x1) = (t,y) with t ∈ R and y ≥ 0.
a) Find the geodesic equations and the Christoffel symbols.
b) Compute the Riemann curvature tensor and the Ricci scalar.

Problem 2.46 Calculate the Christoffel symbols, the Riemann curvature tensor, the
Ricci tensor, and the Ricci scalar for the metric

ds2 = dρ2 + (a2 + ρ2)dφ2, (2.43)

where a > 0 is a constant and the coordinates ρ and φ vary in the intervals
−∞ < ρ <∞ and 0 ≤ φ < 2π , respectively.

Problem 2.47 Show by direct computation of the Riemann curvature tensor that
the curvature of the Rindler space with coordinates λ and a and line element

ds2 = a2dλ2 − da2, (2.44)

is zero.

Problem 2.48 Consider the curved two-dimensional spacetime t2 − x2 − y2 = −1
embedded in three-dimensional Minkowski spacetime with coordinates (xμ) =
(t,x,y) and the metric ds2 = dt2 − dx2 − dy2. Compute the metric tensor gμν and
the Ricci tensor Rμν for this two-dimensional spacetime and thus prove that

Rμν = −�gμν, (2.45)

for some constant � to be determined. Perform this computation in the coordi-
nate system (xμ) = (λ,ϕ), where t = sinh(λ), x = cosh(λ) cos(ϕ), and y =
cosh(λ) sin(ϕ).

Problem 2.49 Compute the Ricci tensor for the two-dimensional spacetime AdS2
and in the coordinates xμ as defined in Problem 2.27.

Problem 2.50 Consider the 2-dimensional manifold M defined by being the surface
t2 + u2 − x2 = α2 (with α > 0 being a constant) embedded in a 3-dimensional flat
manifold with coordinates t , u, and x, and line element ds2 = dt2 + du2 − dx2.

a) Introduce suitable coordinates on M and compute the line element for M in
terms of those coordinates.

b) Compute the Christoffel symbols in M in the coordinates introduced in a).
c) Compute the Ricci scalar in M .

Problem 2.51 a) Derive the geodesic equations and determine the metric tensor,
the Christoffel symbols, the Riemann curvature tensor, the Ricci tensor, and the Ricci
scalar for the spherically symmetric metric
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ds2 = gtt (t,r)c
2dt2 + grr (t,r)dr2 − r2(dθ2 + sin2 θdφ2), (2.46)

using the following parametrization

gtt = eν, grr = −eρ, (2.47)

with the arbitrary functions ν = ν(t,r) and ρ = ρ(t,r).
b) Derive the so-called Schwarzschild solution to Einstein’s equations in empty

space, i.e., solve Gαβ = 0 with the spherically symmetric metric given in a).
Hint: Assume that Birkhoff’s theorem holds, which states that any spherically sym-

metric solution to Gαβ = 0 must be static (and asymptotically flat), i.e.,
◦
ν = 0 and

◦
ρ = 0, where a circle denotes partial differentiation with respect to time t .

Problem 2.52 Prove Birkhoff’s theorem, i.e., prove that any spherically symmetric
solution to Einstein’s equations in empty space must be static.

2.3 Maxwell’s Equations and Energy–Momentum Tensor

Problem 2.53 The energy–momentum tensor associated with the electromagnetic
field strength tensor Fμν is

T μν = ε0F
μ
λF

λν + ε0

4
gμνFλωFλω, (2.48)

where gμν is the inverse of the metric tensor gμν . Maxwell’s equations in general rel-
ativity are written as in Minkowski space, except that partial derivatives are replaced
by covariant derivatives, i.e., ∇μFμν = J ν . Show that

∇μT μν = ε0JμFμν . (2.49)

Note that this does not violate the relation ∇μT
μν

tot = 0, since the T μν considered in
this problem is just the electromagnetic part of the total energy–momentum tensor.

Problem 2.54 Show that half of Maxwell’s equations, i.e.,

∂αFβγ + ∂βFγα + ∂γ Fαβ = 0, (2.50)

can be written precisely in the same form in general relativity; the equations trans-
form covariantly in general coordinate transformations. Why is it unnecessary to
write

∇αFβγ + ∇βFγα + ∇γ Fαβ = 0? (2.51)

Problem 2.55 Show that the covariant form ∇μjμ = 0 of the current conservation

law can be written as ḡ−
1
2 ∂μ

(
ḡ

1
2 jμ

) = 0, where ḡ = − det(gμν); gμν is a Lorentzian
metric. Show that this is compatible with the generally covariant form ∇μFμν = jν

of Maxwell’s equations.
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Problem 2.56 Assume that in a three-dimensional spacetime, there is a basis of
vector fields {X0,X1,X2} with orthogonality relations g(Xμ,Xν) = 0 for μ �= ν and
g(X0,X0) = −g(X1,X1) = −g(X2,X2) = 1. In this basis (which is not a coordinate
basis!), we define an affine connection by

∇X0X1 = −∇X1X0 = 1

2
X2, (2.52)

∇X1X2 = −∇X2X1 = −1

2
X0, (2.53)

∇X2X0 = −∇X0X2 = 1

2
X1. (2.54)

We also assume that [X0,X1] = X2, [X1,X2] = −X0, and [X2,X0] = X1.
a) Show that ∇ is the Levi-Civita connection associated to the metric g.
b) Compute the energy–momentum tensor Tμν corresponding to the metric g from

Einstein’s equations in the above basis.

Problem 2.57 The action for a point particle of mass M in a curved spacetime is
given by

SM = M

∫ √
g(γ̇ ,γ̇ ) dτ, (2.55)

where τ is the proper time and γ̇ the 4-velocity of the particle. What is the energy–
momentum tensor corresponding to such a point particle? Check that your expression
takes the expected form in the case of standard coordinates in Minkowski space.

Problem 2.58 The Lagrangian density for an electromagnetic field Aμ is given by

L = −1

4
FμνF

μν + JμAμ, (2.56)

where Fμν = ∂μAν − ∂νAμ and Jμ is an external 4-current density that does not
depend on Aμ. Use this to derive the equations of motion for an electromagnetic
field in a general spacetime.

Problem 2.59 The Lagrangian for a free massive scalar field φ in a general space-
time is given by

Lφ = 1

2

[
gμν(∂μφ)(∂νφ)−m2φ2

]
. (2.57)

Find the equation of motion for φ in the curved spacetime based on the principle of
stationary action.

Problem 2.60 A massless scalar field φ can be described by the Lagrangian density

L = 1

2
gμν(∂μφ)(∂νφ)− V (φ), (2.58)

where V (φ) is the potential density, which is a function of φ only (i.e., it does not
depend on the metric). Compute the components of the stress–energy tensor Tμν
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and then simplify your expression in the case where gμν(∂μφ)(∂νφ) is negligible
compared to V (φ).

Problem 2.61 Consider the Robertson–Walker spacetime with metric

ds2 = dt2 − cosh2(H t)dx2, (2.59)

where dx2 is the standard Euclidean line element in three dimensions. Show that this
spacetime is not a vacuum solution to Einstein’s field equations.

Problem 2.62 The Lagrangian density of a free electromagnetic field Aμ is
given by

L = −1

4
FμνF

μν . (2.60)

Starting from this Lagrangian density, determine the stress–energy tensor related to
the electromagnetic field.

2.4 Killing Vector Fields

Problem 2.63 A Killing vector field X by definition satisfies the differential
equation

∇iXj +∇jXi = 0. (2.61)

For a geodesic x(s), show that there is a conserved quantity

W(s) = Xμ(x(s))
dxμ

ds
, (2.62)

i.e., the derivative of W with respect to the curve parameter s vanishes.
Hint: Use the symmetry of the Christoffel symbols from the Levi-Civita connection.

Problem 2.64 The symmetries of a spacetime metric are associated to so-called
Killing vector fields. A vector field X is a Killing vector field if LXg= 0; this
means that

Xλ∂λgμν = −gλν∂μXλ − gμλ∂νX
λ, (2.63)

for all indices μ,ν.
a) Show that this condition can be written without reference to any specific choice

of local coordinates as

X · g(A,B) = g([X,A],B)+ g(A,[X,B]), (2.64)

for all vector fields A,B.
b) Show that the coordinate vector field X = ∂λ is a Killing vector field if and

only if

∂λgμν = 0, ∀μ,ν. (2.65)

c) Show that the vector fields Xμ in Problem 2.56 are all Killing vector fields.
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Problem 2.65 Find the flows of the following vector fields and determine if they
are Killing vector fields or not.

a) The field K = y∂x − x∂y in the Euclidean plane with Cartesian coordinates x

and y.
b) The field K = x∂t − t∂x in two-dimensional Minkowski space with standard

coordinates t and x.

Problem 2.66 Consider the paraboloid z = α(x2+y2) as a submanifold embedded
in Euclidean three-dimensional space (R3).

a) Using coordinates r and ϕ such that x = r cos(ϕ) and y = r sin(ϕ), compute
the induced metric tensor on the paraboloid.

b) Verify that the vector field K = ∂ϕ is a Killing vector field and find an expres-
sion for the corresponding conserved quantity for a geodesic in terms of the coordi-
nates and their derivatives along the geodesic.

Problem 2.67 A torus can be parametrized using two angles θ and ϕ. The metric
induced by a typical embedding in R3 corresponds to the line element

ds2 = [R + ρ sin(ϕ)]2dθ2 + ρ2dϕ2. (2.66)

a) Find the Christoffel symbols corresponding to the Levi-Civita connection of
this metric.

b) Find a Killing vector field for the torus and the corresponding conserved quan-
tity along geodesics of the Levi-Civita connection.

c) It is possible to introduce a flat connection ∇̃ with all connection coefficients
�̃c

ab = 0 in the θ -ϕ coordinate system. This connection is not metric compatible.
Compute the components of the derivative ∇̃ag for this connection.

Problem 2.68 A wavy two-dimensional surface locally described by the coordi-
nates ρ and ϕ is embedded in R3 according to

x = ρ cos(ϕ), y = ρ sin(ϕ), z = R0 cos(ρ/R0), (2.67)

where R0 > 0 is a constant.
a) Compute the induced metric tensor and the Christoffel symbols.
b) Find the flow for each of the following vector fields and determine whether or

not they are Killing vector fields:

K = ∂ρ, Q = ∂ϕ . (2.68)

Problem 2.69 The 2-dimensional de Sitter space dS2 may be defined as the surface
t2−x2−y2 = −r2

0 in 1+2-dimensional Minkowski space, where r0 > 0 is a constant.
a) Introduce suitable coordinates on dS2.
b) Compute the components of the metric tensor induced by the embedding in

Minkowski space in your selected coordinates.
c) Find (at least) two Killing vector fields on dS2.
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2.5 Schwarzschild Metric

Problem 2.70 The Schwarzschild metric, when restricted to the plane θ = π
2 , is

given by

ds2 =
(

1− α

r

)
(dx0)2 −

(
1− α

r

)−1
dr2 − r2dφ2. (2.69)

Derive the geodesic equations of motion for a test particle in this metric.

Problem 2.71 The Schwarzschild metric is normally written in terms of time
and spherical coordinates. Transform this metric to coordinates (x1,x2,x3)=
r(sin θ cos φ, sin θ sin φ, cos θ).

Problem 2.72 Consider the Schwarzschild metric

ds2 = c2dτ 2 =
(

1− 2GM

c2r

)(
dx0

)2 −
(

1− 2GM

c2r

)−1

dr2 − r2d�2, (2.70)

where τ is the proper time, x0 = ct , and d�2 = dθ2 + sin2 θdφ2.
a) Assuming circular motion in the equatorial plane, i.e., r = r0, where r0 is a

constant, derive Kepler’s third law

�t = 2π

√
r3

0

GM
, (2.71)

where �t is the period. Compare with the classical result.
b) Compute the proper time �τ for one period of circular motion.

Problem 2.73 The Schwarzschild metric is given by

ds2 =
(

1− r∗
r

)
(dx0)2 −

(
1− r∗

r

)−1
dr2 − r2d�2, (2.72)

where d�2 = dθ2 + sin2 θ dφ2 and r∗ ≡ 2GM/c2 is the Schwarzschild radius.
Find the worldlines for bodies, outside of the Schwarzschild horizon, radially freely
falling toward the black hole.

Problem 2.74 Show that there are no circular free fall orbits inside of the radius
r = 3r∗/2 in the Scwharzschild spacetime.

Problem 2.75 For the Schwarzschild solution in the limit r � r∗ and approx-
imately circular orbits such that r = r0 + ρ, where ρ � r0, determine the ratio
between the period of oscillations in ρ to the orbital period.

Problem 2.76 The optical size of a black hole is given by 4πb2, where b is the
minimal impact parameter such that the past-null geodesics originate at r → ∞.
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Find the optical size of the Schwarzschild black hole for which the line element is
given by

ds2 =
(

1− R

r

)
dt2 −

(
1− R

r

)−1

dr2 − r2d�2. (2.73)

Hint: For null geodesics in the Schwarzschild spacetime, the angular momentum is
equal to the impact parameter (i.e., b = L) for ṙ = 1 at r →∞.

Problem 2.77 Show that the Schwarzschild solution of Einstein’s equation

ds2 =
(

1− r∗
r

)
dt2 −

(
1− r∗

r

)−1
dr2 − r2

[
dθ2 + sin(θ)2dϕ2

]
, (2.74)

where r∗ = 2GM and c = 1, can be embedded in 5+1-dimensional Minkowski
spacetime with coordinates (Z1,Z2, . . . ,Z6) and metric

ds2 = dZ2
1 − dZ2

2 − dZ2
3 − dZ2

4 − dZ2
5 − dZ2

6. (2.75)

Hint: Make the ansatz Z1 = 2r∗ sinh(t/(2r∗))f (r), Z2 = 2r∗ cosh(t/(2r∗))f (r),
Z3 = g(r), Z4 = r sin(θ) cos(ϕ), Z5 = r sin(θ) sin(ϕ), and Z6 = r cos(θ) and
determine the functions f (r) and g(r) [see C. Fronsdal, Phys. Rev. 116, 778 (1959)].
The answer may contain an integral.

2.6 Metrics, Geodesic Equations, and Proper Quantities

Problem 2.78 The restriction of the Minkowski metric (ημν) to the three-
dimensional hyperboloid M3, i.e.,

(x0)2 − (x1)2 − (x2)2 − (x3)2 = −a2, (2.76)

defines a curved metric on M3. Determine the lightlike geodesics with constant spher-
ical angle φ (where x1 = r sin θ cos φ, x2 = r sin θ sin φ, and x3 = r cos θ as usual).

Problem 2.79 The Minkowski metric ds2 = (dx0)2 − (dx1)2 − (dx2)2 in R3

induces a nonflat Lorentzian metric on the surface S = {(x0,x1,x2) : (x0)2−(x1)2−
(x2)2 = −1

}
. Let φ be the polar angle in the (x1,x2)-plane. Compute the global time

difference �x0 needed for a light signal to travel from a point φ0 = 0 to a point
φ = π/2 on S.

Problem 2.80 Let (x0(s),r(s),θ(s),φ(s)) be a lightlike geodesic for the Schwarz-
schild metric, expressed in the spherical coordinates (r,θ,φ). Derive a differential
equation for r(s) in the form

dr

ds
= f (r), (2.77)

when restricted to the plane θ = π
2 .

Hint: The following nonzero Christoffel symbols for the Schwarzschild metric when
θ = π

2 might be useful: �0
0r = −�r

rr = 1
2α

dα
dr

, �r
00 = α

2
dα
dr

, �r
θθ = �r

φφ = −rα, and

�θ
rθ = �

φ
rφ = 1

r
, where α = α(r) = 1− 2GM

c2r
.
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Problem 2.81 Consider the metric ds2 = c2dt2 − S(t)2(dx2 + dy2 + dz2), where
S(t) is an increasing function of time t with S(0) = 0. Find the geodesic equations
of motion. In particular, construct explicitly the lightlike geodesic when S(t) = t/t0
for some constant t0 > 0. What are the points (ct,x,y,z) ∈ R4 for a fixed t > t0,
which are causally related to the event p = (ct0,ct0,0,0), i.e., the points which are
connected to p by a future-directed timelike (or lightlike) curve?

Problem 2.82 The line element on the unit sphere S2 is given by

ds2 = dθ2 + sin2(θ)dϕ2, (2.78)

and the nonzero Christoffel symbols are

�θ
ϕϕ = − sin(θ) cos(θ), �

ϕ
θϕ = �

ϕ
ϕθ = cot(θ). (2.79)

Consider two geodesics separated by a small distance δ and both orthogonal to the
equator θ = π/2, compute the rate of acceleration of the geodesics toward each other
through the geodesic deviation equation

Aa = Ra
bcd χ̇bχ̇ cXd, (2.80)

where Xd is the infinitesimal separation of the geodesics at the equator and χa are
the coordinates.

Problem 2.83 The metric for the de Sitter universe can be expressed in the form

ds2 = dt2 − e2t/R(dx2 + dy2 + dz2), (2.81)

where R > 0 is a constant and x, y, and z can be treated as rectangular coordinates
and t as time.

a) Show that the trajectories of freely falling particles and photons are straight
lines.

b) A body at a point x = X > 0 on the x-axis emits a photon toward the
origin at time t = 0. Show that, if X < R, the photon arrives at the origin at
t = −R log(1−X/R).

Problem 2.84 The de Sitter universe dS4 is defined as the hyperboloid

t2 − (x1)2 − (x2)2 − (x3)2 − (x4)2 = −T 2
0 , (2.82)

in units with c = 1 and where T0 > 0 is a constant. The metric on dS4 is defined by
restricting the five-dimensional Minkowski metric to the hyperboloid.

a) Find an explicit expression for the four-dimensional metric in a suitable coordi-
nate system on dS4.

b) Derive the geodesic equations in dS4.
c) Compare the metric tensor with the Robertson–Walker metric

ds2 = dt2 − S(t)2d�2, (2.83)

by writing down your metric in a coordinate system where the coefficient in front of
the timelike coordinate is identically equal to one.
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Problem 2.85 Consider AdS2 and the coordinates xμ defined in Problem 2.27.
a) Find the trajectory of a light ray in this spacetime.
b) A particle at rest in r = r0 > 2 starts to fall freely at t = 0. What is the proper

time it takes for the particle to freely fall and reach r = r1, where 1 < r1 < r0?
Also compute the coordinate time for this fall, i.e., the time t at which the particle
reaches r1. Discuss your result in the limit r1 → 1, and in particular, a possible
physical interpretation of what you find. (Your answers may contain integrals and
functions defined by implicit equations.)

Problem 2.86 Four-dimensional anti-de Sitter space, which is also called AdS4, is
a four-dimensional curved space that can be defined as follows: Consider the five-
dimensional space with coordinates (Xa) = (U,V ,X,Y,Z), where a = 1,2,3,4,5,
and metric

ds2 = dU2 + dV 2 − dX2 − dY 2 − dZ2 ≡ dXadXa . (2.84)

Then, AdS4 is the subspace of this space defined by the relation

XaXa = U2 + V 2 −X2 − Y 2 − Z2 = 1. (2.85)

Hint: Note that (Xa) = (U,V ,−X,−Y,−Z).
a) Compute the metric of AdS4 in the coordinate system (xμ) = (α,λ,θ,ϕ), where

μ = 0,1,2,3, defined as follows: Let (r,θ,ϕ) be spherical coordinates for (X,Y,Z),
i.e., X = r sin(θ) cos(ϕ), Y = r sin(θ) sin(ϕ), and Z = r cos(θ), and (t,α) polar
coordinates for (U,V ), i.e., U = t cos(α) and V = t sin(α). Then, t = cosh(λ) and
r = sinh(λ).

b) Compute all possible trajectories λ(α) of light rays on AdS4 moving along the
subspace Y = Z = 0.

c) Prove that all lightlike geodesics on AdS4 are straight lines in the embedding
space, i.e., they obey the equations

Ẍa = 0, (2.86)

with the dot indicating differentiation with respect to proper time τ .
Hint: You can find these trajectories by extremizing the functional

∫
L dτ with

L = 1

2
ẊaẊa + λ(XaXa − 1), (2.87)

and λ a Lagrange multiplier (explain why this is so!). One key step in the proof is to
show that ẊaẊa is conserved and you can assume that it is identically equal to zero
for a lightlike trajectory.

Problem 2.87 Consider the 1+ 1-dimensional Robertson–Walker spacetime
described by the metric

ds2 = dt2 − a(t)2dx2, (2.88)

for some function a(t).
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a) Compute the Ricci tensor Rμν for this spacetime.
b) Derive the trajectory x(t) of a light ray on this spacetime for a(t) = 1/(A2 +

B2t2) and some constants A and B. Assume that the light ray is emitted at t = 0
from x = x0 with dx/dt > 0.

Problem 2.88 Consider the 1+ 2-dimensional Robertson–Walker spacetime
described by the metric

ds2 = dt2 − a(t)2
(

dr2

1− kr2
+ r2dφ2

)
, (2.89)

where a(t) is some function and k is a constant. Derive the geodesic equations and
determine the Christoffel symbols.

Problem 2.89 The Robertson–Walker metric describing a particular closed uni-
verse is given by

ds2 = dt2 − e−2t/a

[
1

1+ (r/a)2
dr2 + r2(sin2 θdϕ2 + dθ2)

]
, (2.90)

for some parameter a > 0.
a) Determine all nonzero Christoffel symbols �r

μν , μ,ν = t,r,θ,ϕ for this metric.
Moreover, for the vector field with the components At = t/a, Ar = r/a, Aθ =
Aϕ = 0 in the coordinate vector basis, compute the components ∇μAr , μ = t,r , of
the covariant derivative.

b) Find the trajectory r(t) of a light pulse emitted at time t = 0 at r = a and
moving radially outward such that θ = π/2 and ϕ = 0 at all times.

Problem 2.90 The Robertson–Walker metric is defined by

ds2 = c2dt2 − S(t)2
(

dr2

1− kr2
+ r2d�2

)
, (2.91)

for some smooth function S(t) and d�2 = dθ2 + sin2 θdφ2. We consider the case
k = 1. After a coordinate transformation χ = arcsin r (with 0 ≤ χ ≤ π/2), this can
be written as

ds2 = c2dt2 − S(t)2(dχ2 + sin2 χd�2). (2.92)

a) Derive first integrals for the geodesic equations when d� = 0.
b) Derive a formula expressing the distance a light ray emitted at r = 0 at universal

time t0 travels (in the r coordinate) in the time interval [t0,t0 + T ].

Problem 2.91 A spaceship is freely falling (along a geodesic) toward the true
singularity at r = 0 in a Schwarzschild black hole. The initial velocity is θ̇ = φ̇ = 0,
ṙ = α, and ṫ = β, where the dot means differentiation with respect to the path
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parameter (which can be taken to be the proper time) and the standard Schwarzschild
metric is used, i.e.,

ds2 =
(

1− 2GM

c2r

)
c2dt2 −

(
1− 2GM

c2r

)−1

dr2 − r2d�2. (2.93)

The proper time τ needed to reach the singularity r = 0, when starting from r =
r0 < 2GM/c2, can be written as

τ =
∫ r0

0
f (r) dr . (2.94)

What is the function f (r)?

Problem 2.92 A Schwarzschild black hole has a mass M = 13.5 · 1030 kg (about
seven times the solar mass). An observer is freely falling (along a geodesic) radially
toward the black hole. The initial radial coordinate is r = r0 = 1010 km and the
initial coordinate velocity is c(dr/dx0) = −v0 = −10 km/s. Derive the formula for
the proper time needed to reach the Schwarzschild horizon and give the order of mag-
nitude of this time. Newton’s gravitational constant is G ≈ 6.67 · 10−11 m3/(kg · s2)

and the speed of light is c ≈ 3 · 108 m/s.
Hint: The following integral can be useful∫

dx√
a + b

x

= 1√
a

[√
x2 + bx

a
− b

2a
ln

(
x + b

2a
+
√

x2 + bx

a

)]
+ C, (2.95)

where a, b, and C are constants.

Problem 2.93 A particle of mass m > 0 is freely falling radially toward the horizon
of a Schwarzschild black hole of mass M . Show that p0 = mcg00ẋ

0 is a constant of
motion. Find the proper time �s (as a function of p0 = E/c) needed for the particle
to reach r = 2GM/c2 from r = 3GM/c2. Show that the result can be written as

�s =
∫ 3r∗/2

r∗

dr√(
E

mc2

)2 − (1− r∗
r

), (2.96)

where r∗ ≡ 2GM/c2.

Problem 2.94 An observer in the Schwarzschild spacetime moves with fixed radial
coordinate r = r0 and fixed angular velocity ϕ̇ = ω in the plane θ = π/2. Compute
the 4-acceleration A and the proper acceleration α of the observer as a function of
the proper period ω.

Problem 2.95 A particle of mass m > 0 is freely falling radially toward the event
horizon r = 2GM of a Schwarzschild black hole of mass M (we set c = 1), i.e., θ

and ϕ are constant in the standard coordinates where the metric is

ds2 =
(

1− 2GM

r

)
dt2 −

(
1− 2GM

r

)−1

dr2 − r2
[
dθ2 + sin(θ)2dϕ2

]
. (2.97)
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a) Compute the trajectory of this particle.
b) Find also formulas for the coordinate time �t and proper time �τ it takes for

the particle to reach the event horizon from some position r = r0. Determine for each
of these times if it is finite or infinite, and discuss the physical significance of your
results.

Integration constants can be fixed so that the results have a simple form, but if so
a physical interpretation of what the choice amounts to should be given.

Problem 2.96 Consider an observer in the Schwarzschild spacetime with line
element

ds2 =
(

1− r∗
r

)
dt2 −

(
1− r∗

r

)−1
dr2 − r2d�2. (2.98)

The observer starts out at r = r0 and initially moves tangentially with a local velocity
v0 relative to the stationary frame.

a) Determine the minimal value of v0 such that the observer does not fall into the
black hole region of the solution.

b) Assuming that v0 = 0, compute the proper time it takes for the observer to
reach the singularity.
Hint: The local velocity v of an observer relative to the stationary frame has a γ factor
of γ = V · U , where V is the 4-velocity of the observer, U = α∂t , and U2 = 1.

Problem 2.97 You are sending up a satellite around the Earth. You want it to be
directed such that when you turn off its engines, it will follow a geodesic around the
Earth with fixed radius. The metric around the Earth is

ds2 =
(

1− r∗
r

)
dt2 −

(
1− r∗

r

)−1
dr2 − r2dθ2 − r2 sin2 θdφ2, R0 > r∗, (2.99)

where R0 is the radius of the Earth. Your initial data when you turn off the engines at
τ = 0 are the following

dr

dτ

∣∣∣∣
τ=0

= 0,
dθ

dτ

∣∣∣∣
τ=0

= 0,
dφ

dτ

∣∣∣∣
τ=0

= B, (2.100)

r|τ=0 = R, θ |τ=0 = π/2, φ|τ=0 = 0.

Is this possible? If so, determine how your initial condition B, which you have to
choose, depends on R and r∗.

Problem 2.98 A satellite moves at a constant radial distance from the Earth with
a constant orbital coordinate speed v = rdφ/dt . Assume that the metric is the
Schwarzschild metric and let the orbit be in the plane with angle θ = π/2 such that

ds2 =
(

1− r∗
r

)
dt2 −

(
1− r∗

r

)−1
dr2 − r2dφ2, (2.101)

where r∗ ≡ 2GM is the Schwarzschild radius.
a) Calculate the proper time τ for the satellite to complete one orbit around the

Earth. Express the answer in terms of the coordinate speed v and the radius r .
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b) Use the result in a) to calculate t/τ and show that if this is series expanded to
first order in v and the gravitational potential, it holds that

t

τ
− 1 � v2

2
−�s, (2.102)

where �s is the gravitational potential at the satellite.

Problem 2.99 The spacetime outside of the Earth may be approximately described
by the Schwarzschild line element

ds2 =
(

1− r∗
r

)
dt2 −

(
1− r∗

r

)−1
dr2 − r2d�2, (2.103)

where r∗ is the Schwarzschild radius of the Earth (approximately 9 mm). A GPS
satellite is orbiting the Earth in free fall at a stationary radius r = r0. The motion is
assumed to occur in the plane θ = π/2.

a) Since r is constant, the motion will have a 4-velocity U = α∂t + β∂ϕ . Find the
values of the constants α and β.

b) Find an expression for the proper time it takes for the satellite to complete a full
orbit around the Earth.

c) An observer is stationary at r = r0 (note that this requires proper acceleration
of this observer). At what speed will the satellite pass by the observer?
Hint: The relative speed v between two objects with 4-velocities U and V ,
respectively, has a γ factor of γ = V · U .

Problem 2.100 Consider two observers in the exterior Schwarzschild spacetime
with line element

ds2 =
(

1− r∗
r

)
dt2 −

(
1− r∗

r

)−1
dr2 − r2d�2. (2.104)

Both observers can be assumed to move in the plane θ = π/2. The first observer is a
stationary observer with fixed spatial coordinates r = r0 > 3r∗ and ϕ = ϕ0, whereas
the second observer is moving on a circular geodesic with radius r = r0.

a) Give a parametrization of the worldline for each observer and use it to find the
proper acceleration of the observers.

b) The observers meet and synchronize their clocks when they pass each other.
Find the ratio between the times shown by the respective clocks when they pass each
other the next time.

c) Find the relative velocity of the observers as they pass each other.

Problem 2.101 You have reached a fast rotating neutron star with your spaceship.
You decide that you want to go around the neutron star once. Let your orbit be at
constant radial distance and your coordinate speed v = rdφ/dt .

a) Calculate the proper time τ it takes you to go around. Express your answer in
terms of the radius R and the speed v (set c = 1). The metric describing this neutron
star is given by the Kerr metric, i.e.,
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ds2 =
(

1− rr∗
ρ2

)
dt2 + 2arr∗ sin2 θ

ρ2
dtdφ − ρ2

�
dr2 − ρ2dθ2

−
(

r2 + a2 + a2rr∗ sin2 θ

ρ2

)
sin2 θdφ2, (2.105)

where ρ2 ≡ r2+a2 cos2 θ , � ≡ r2− rr∗ +a2, a ≡ J/M , and M and J are the mass
and the angular momentum of the neutron star, respectively. You choose to make the
orbit at a fixed angle of θ = π/2.

b) Now, use your result in a) to calculate T/τ , where T is the coordinate time of
your orbit, and show if you expand to first approximation in v and the gravitational
potential, you obtain

T

τ
� 1+ v2

2

[
1+

( a

R

)2
]
+ r∗

2R
, if r∗

R
∼ v2. (2.106)

Problem 2.102 At the time of inflation, consider a massive free-falling particle.
Assume that the metric of spacetime is

ds2 = dt2 − a(t)2
[
dρ2 + ρ2(dθ2 + sin2 θdφ2)

]
, a(t) = a0e

Ct, (2.107)

where a0 and C are constants. The initial values for the free-falling particle are
given by

dρ

dτ

∣∣∣∣
τ=0

= 1

4
,

dθ

dτ

∣∣∣∣
τ=0

= 1

4
,

dφ

dτ

∣∣∣∣
τ=0

= 1

4
,

t |τ=0 = 0, ρ|τ=0 = 1, θ |τ=0 = 0, φ|τ=0 = 0.

(2.108)

a) Is the spatial geometry curved or not (at each fixed value of time)? Justify your
answer.

b) Calculate the proper time for the free-falling particle between the coordinate
times t = 0 and t = t1.
Hint: Calculations might become simpler if another coordinate system is used! It is
also okay to give the answer expressed as an integral.

Problem 2.103 Assume a three-dimensional version of the Robertson–Walker met-
ric (with k = 0):

ds2 = dt2 − a(t)2(dr2 + r2dφ2). (2.109)

You are traveling in your spaceship in this universe. You decide to travel in a circle
around r = 0 on a fixed radius r = R0.

a) Calculate the proper time for the spaceship in this geometry going around
one time (let φ go from zero to 2π ) if you have the following constant velocity
v= a(t)R0

dφ
dt

and a(t) = exp(t). Let the initial time be t = 0.
b) Is it always possible to get around in a finite time?
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Problem 2.104 You are traveling in your spaceship in outer intergalactic space.
The metric can be assumed to be the Robertson–Walker metric with zero curvature:

ds2 = dt2 − a(t)2(dx2 + dy2 + dz2). (2.110)

To save fuel, you do not use the spaceship’s engines. You are moving according to
the following initial conditions

dx

dτ

∣∣∣∣
τ=0

= A,
dy

dτ

∣∣∣∣
τ=0

= 0,
dz

dτ

∣∣∣∣
τ=0

= 0,

x|τ=0 = X0, y|τ=0 = 0, z|τ=0 = 0.

(2.111)

Calculate the proper time it takes you to reach x = XD . It is sufficient to give your
answer in terms of an integral, which depends on the initial value A and the scale
factor a(t).

Problem 2.105 An observer (A) is stationary in Schwarzschild spacetime at a
radius r0. A second observer (B) is initially stationary at r = r1, but at some event
(which can be assigned t = τ = 0) suffers from a rocket failure and becomes freely
falling. On the way into the black hole, B passes right by A.

a) What is the relative velocity of A and B as they pass by each other?
b) What proper time has passed for B since the rocket failure when they pass by

each other?

Problem 2.106 For the two-dimensional spacetime with coordinates t and x and
line element ds2 = x2dt2 − dx2:

a) Compute the proper acceleration of an observer with worldline x = x0, where
x0 is a constant.

b) Compute the proper time for a free-falling observer starting at x = x0 with
dx/dt = 0 to reach the coordinate singularity at x = 0.

2.7 Kruskal–Szekeres Coordinates

Problem 2.107 Show that for r > 2μ the Kruskal–Szekeres metric

ds2 = 16μ2

r
e(2μ−r)/2μdudv − r2(dθ2 + sin2 θdφ2), (2.112)

is equivalent to the standard Schwarzschild metric through the relations

uv = (2μ− r)e(r−2μ)/2μ, t = x0

c
= 2μ ln

(
−v

u

)
. (2.113)

Here u < 0 and v > 0, and we use units with c = 1.

Problem 2.108 Show that a spaceship cannot get out from the black hole region
u > 0 and v > 0 in Kruskal–Szekeres coordinates.
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Problem 2.109 An observer is freely falling to the true singularity r = 0 of a
Schwarzschild black hole. We assume that the fall follows a radial ray d� = 0.
Since the standard (spherical) coordinates become singular at the Schwarzschild
event horizon r = 2GM/c2 ≡ 2μ, we express the initial condition of the observer in
terms of the Kruskal–Szekeres coordinates

t = x0

c
= 2μ ln

(v

u

)
, uv = (2μ− r)e

r−2μ
2μ , (2.114)

for u,v > 0. The initial conditions are

u(0) = 0, v(0) = v0, u̇(0) = E

cv0
, (2.115)

and v̇(0) is determined by the requirement of the 4-velocity being future-directed
with modulus one. Compute the proper time �s for the fall, expressed as an integral∫ 2μ

0
f (r) dr

for a certain function f (r) of the radius r expressed in terms of E and v0.
Hint: From the equations of motion, it can be shown that the quantity

u̇v − v̇u

r
exp

(
2μ− r

2μ

)
,

is a constant of motion.

Problem 2.110 Consider a Schwarzschild black hole with metric

ds2 =
(

1− r∗
r

)
dt2 −

(
1− r∗

r

)−1
dr2 − r2d�2. (2.116)

a) What conclusion can you draw about the singularity r = 0 of this metric from
the fact that

RμναβRμναβ = 3r2∗
r6

? (2.117)

Do not forget to motivate your answer.
b) Determine what radial light cones look like using the Schwarzschild metric,

i.e., how t depends on r .
c) Instead of using the Schwarzschild coordinates to describe black holes, it can

be useful to use Kruskal–Szekeres coordinates. The metric then takes the form

ds2 = 4r3∗
r

e−r/r∗(dV 2 − dU2)− r2d�2. (2.118)

Determine what radial light cones look like in these coordinates.
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2.8 Weak Field Approximation and Newtonian Limit

Problem 2.111 a) What are the equations of motion for a massive particle in
a gravitational potential according to Newton’s mechanics and general relativity,
respectively? Derive the former from the latter in the Newtonian limit.

b) What are tidal forces in Newton’s theory of gravity? How are they related to
the gravitational potential? Why are solar tidal forces slightly weaker than lunar
tidal forces? In general relativity, explain how the tidal forces are identified with
the curvature of spacetime.

Problem 2.112 a) Compute the Ricci tensor Rμν in the linear approximation for a
metric gμν = ημν + hμν , i.e., you can ignore all but the first-order terms in hμν .

b) Show that a coordinate transformation

xμ �→ xμ + χμ(x), |∂νχ
μ| � 1, (2.119)

in the linear approximation described in a) corresponds to a gauge transformation of
hμν given by

hμν �→ hμν − ∂μχν − ∂νχμ. (2.120)

c) Show that, by imposing the gauge condition

∂μh̄μν = 0, where h̄μν = hμν − h

2
ημν, h = ημνhμν, (2.121)

the linearized Einstein equations Rμν = 0 reduce to the wave equation for h̄μν .

Problem 2.113 The spacetime metric corresponding to a weak gravitational
potential |�(x)| � c2 is

ds2 =
[
c2 − 2�(x)

]
dt2 −

[
1+ 2�(x)

c2

]
(dx2 + dy2 + dz2). (2.122)

a) Find the geodesic equation for this metric in the nonrelativistic and weak field
(where you only keep the lowest-order terms in �) limits. Discuss your result.

b) Compute the redshift of a photon with angular frequency ω moving in the
Earth’s gravitational field �(x) = −gz (independent of x and y) from z = 0 to
z = h > 0 as observed by a stationary observer. You should give a detailed derivation
of your result. Discuss also how one can understand the result using the equivalence
principle.

Problem 2.114 Consider two massive particles moving freely on two close paths
on a curved spacetime with metric ds2 = gμνdxμdxν and assume that the positions
of these two particles at proper time τ are xμ(τ) and xμ(τ) + sμ(τ ), respectively,
with sμ small (i.e., only terms linear in sμ need to be taken into account and higher-
order terms can be ignored).

a) Derive the geodesic deviation equation

D2sμ

Dτ 2
= −R

μ
ανβsν dxα

dτ

dxβ

dτ
. (2.123)
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b) Show that in the Newtonian limit the geodesic deviation equation reduces to the
equation for tidal acceleration in Newton’s theory of gravitation, i.e.,

d2si

dt2
= − ∂2�

∂xi∂xj
sj . (2.124)

Hint: Recall that

DV μ

Dτ
= dV μ

dτ
+ �

μ
αβ

dxα

dτ
V β . (2.125)

To derive the equation in a) it is convenient, but not necessary, to work in a local
inertial frame.

Problem 2.115 Derive a relativistic generalization of the centrifugal force as fol-
lows: Consider the motion of a free particle in Minkowski space in a coordinate
system rotating with constant angular velocity ω around the z-coordinate axis.

a) Compute the Christoffel symbols and the geodesic equations in this coordinate
system.

Hint: It is convenient to use cylindrical coordinates (r,ϕ,z).
b) From your result in a), derive the equations of motion in this rotating frame in

the nonrelativistic limit (for ωr � 1).

Problem 2.116 a) Find the trajectory of a planet with mass m moving on a circle in
the gravitational potential V (r) = −GMm/|r|, according to Newton’s mechanics.

b) There is a natural generalization of the trajectory in a) to general relativity.
Explain what this generalization is. Find this generalized trajectory.
Hint: The trajectory can be computed from Hamilton’s principle

δ

∫ (
1

2
mṙ2 + GMm

r

)
dt = 0, (2.126)

using spherical coordinates (r,θ,ϕ) and assuming θ(t) = π/2 and r(t) = r0 =
constant. Recall that dx2+dy2+dz2 = dr2+r2(dθ2+sin2 θdϕ2). Find the relation
between r and the angular momentum L = mr2ϕ̇.

Problem 2.117 Consider the Einstein field equations.
a) What three approximations should be made to obtain the Newtonian limit?
b) Show that, in the Newtonian limit, the Einstein field equations reduce to

∇2� ∝ ρ, (2.127)

where � is the gravitational potential and ρ the mass density.

Problem 2.118 Consider a satellite in circular orbit around the Earth at a distance
R1 from the surface. The metric outside of the Earth can be considered to be

ds2 = (1+ 2�)dt2 − (1+ 2�)−1dr2 − r2d�2, (2.128)

where � = −GM/r is the classical gravitational potential and d�2 = dθ2 +
sin2 θdφ2. What is the eigentime required for the satellite to complete a full orbit
around the Earth? How does this compare with the global time t required for the
same orbit?
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2.9 Gravitational Lensing

Problem 2.119 Consider a spherical body with radius R0, constant density, and
total mass M0. Neutrinos traveling through this body have such small masses that
their worldlines can be roughly approximated as null geodesics. Find an expression
for the angular deflection of a neutrino with an impact parameter (smallest distance to
the body’s center) b < R0. Verify that your expression has the expected limit when
b → R0. You may work in the low-velocity and weak field limits for computing
the metric.

Problem 2.120 For large distances from the center of the halo, the Navarro–Frenk–
White (NFW) dark matter halo profile assumes that the matter density varies as
ρ(r) = k/r3. Find the deflection angle α due to gravitational lensing of light that
passes such a halo at a minimum distance r0. You may assume that the NFW density
profile is valid from some radius r = rs < r0 and that the mass inside this radius is
given by M0.

2.10 Frequency Shifts

Problem 2.121 a) Derive the formula for the gravitational redshift between station-
ary observers in a static spacetime with line element such that the metric components
gμν are independent of a global time coordinate t .

b) Explain the origin of the gravitational redshift in the case of the Schwarzschild
metric and derive the approximative formula

z ≡ λB − λA

λA

� GM

c2rA
, (2.129)

for the redshift observed far away at B, from a source at a radial coordinate r = rA.

Problem 2.122 A 1+1-dimensional universe is defined as the surface

(ct)2 − x2 − y2 = −K2 (where K > 0), (2.130)

in R3. The metric on the surface is induced by the Minkowski metric ds2 = c2dt2 −
dx2−dy2 in R3. Analyze the frequency shift in this mini-universe between comoving
observers.

Problem 2.123 A spaceship is moving radially toward a center of mass M with a
coordinate velocity dr/dt = −0.1c, where t is the Schwarzschild universal time and
c � 3 · 108 m/s2. An observer in the spaceship is measuring the wavelength of a light
signal from a distant star at rest. The light signal travels along the same radius as the
observer. The wavelength at r →∞ is assumed to be 4 000 Å. What is the observed
wavelength when GM = 1020 m3/s2 and r = 106 m?

Problem 2.124 Compute the redshift of starlight emitted from the surface of a
star with rstar = 7 · 108 m and mass M = 2 · 1030 kg. Use the approximate values
G ≈ 6.67 · 10−11 m3/(kg · s2) and c ≈ 3 · 108 m/s.
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Problem 2.125 Elements in the chromosphere of the Sun emit sharp spectral lines.
A student in relativity theory observes one such known spectral line in a spectrometer
on Earth. According to general relativity, the emitted light is affected by the mass of
the Sun. Calculate, using the general theory of relativity and to lowest order in the
gravitational constant, the magnitude and sign of the relative frequency shift �ν/ν

of this spectral line. The solar mass is about 2.0 · 1030 kg, Newton’s gravitational
constant is G ≈ 6.7 · 10−11 m3/(kg · s2), the speed of light is c ≈ 3.0 · 108 m/s,
the solar radius is about 7.8 · 108 m, and the average distance Sun-Earth is about
1.5 · 1011 m.

Problem 2.126 A spaceship is launched from the ground station on Earth and is
moving radially upward. When it is at an altitude of 1 000 km, its velocity is only
about 0.1 km/s. At that moment, a light signal is sent from the spaceship and is
observed at the ground station. Compute the red/blue shifts of the signal from the
two most important physical effects. Newton’s gravitational constant is G ≈ 6.67 ·
10−11 m3/(kg · s2) and the radius and the mass of the Earth are R ≈ 6.3 · 103 km
and M ≈ 5.98 · 1024 kg, respectively.

Problem 2.127 Compute the blueshift of a light signal sent from a very distant
spaceship and observed at the Earth. Assume that the spaceship is stationary in an
approximately static spacetime. Useful information: The distance between the Sun
and the Earth is approximately 1.5 · 1011 m, the speed of light is c � 3 · 108 m/s,
GM� � 1.3 · 1020 m3/s2 and the gravitational potential of the Earth on its surface
(normalized to zero at infinity) is −6.24 · 107 m2/s2.

Problem 2.128 A free-falling observer is moving radially away from a black hole
with a local velocity that is just large enough to escape the gravitational pull. The
free-falling observer is emitting light signals radially toward an observer stationary
at infinity. Compute the frequency of the light signal received by the second observer
if it was emitted with frequency f0 at radius r by the first observer.

Problem 2.129 In the two-dimensional spacetime introduced in Problem 2.106, a
series of light signals is emitted from a free-falling observer starting at x = x0 and
received by an observer with a worldline x = x1, where x1 is a constant. Find the
redshift z of the light signals as a function of the position x = xe where the signal
was emitted by the free-falling observer.

Problem 2.130 Consider the Robertson–Walker metric written as

ds2 = c2dt2 − S(t)2
[

dr2

1− kr2
+ r2d�2

]
, (2.131)

for some fixed parameter k > 0. We project the metric to two dimensions by setting
d� = 0. An observer A, located at (t0,r0) and at rest with respect to the coordinate r ,
sends a light signal. Another observer, located at (t1,r1) and also at rest with respect
to r , receives the light signal. After a short time ε, A sends another light signal, which
is received by B at the time t1 + ε′. Compute the ratio ε′/ε in terms of the unknown
function S(t) and deduce from this the cosmological redshift.



72 General Relativity Theory

Problem 2.131 The Robertson–Walker metric (for k = 1) can be written as

ds2 = c2dt2 − S(t)2[dχ2 + sin2 χ(dθ2 + sin2 θdφ2)
]
, (2.132)

where 0 ≤ χ ≤ π/2, 0 ≤ θ ≤ π , and 0 ≤ φ < 2π . Derive the differential equations
for the geodesics.

2.11 Gravitational Waves

Problem 2.132 Consider the weak field limit in the harmonic gauge, where gab =
ηab + εhab and gab∇a∇bχ

c = 0 for the coordinates χa .
a) Show that the harmonic gauge leaves a residual gauge freedom χa �→

χ ′a = χa + εξa , which also preserves the weak field approximation, as long as
gab∇a∇bξ

c = 0 and find an expression for h′ab in the coordinates χ ′a .
b) Defining h̄ab = hab − gabh/2, where h = ha

a , show that

∂ah̄ab = 0, (2.133)

in the harmonic gauge to leading order in ε.
c) A gravitational plane wave satisfies h̄ab = Aab exp(ikcχ

c), where the wave
equation can be used to conclude that ηabk

akb = 0. Using the residual gauge trans-
formation ξa = iCa exp(ikcχ

c), find an expression for the amplitude A′ab of the
gravitational wave in the χ ′a coordinates.

d) Choosing k0 = k3 = 1, compute the values of the constants Ca for which
A′0a = A′3a = 0 and A′aa = 0.
Hint: Note that the harmonic gauge condition in itself puts some constraints on the
form of Aab.

Problem 2.133 Consider gravitational waves described by perturbations hμν of
the metric gμν such that gμν = ημν + hμν , where ημν is the Minkowski metric and
|hμν | � 1.

a) In the transverse traceless gauge (TT gauge), the conditions h0i = 0 and
ημνhμν = 0 hold, which means that the Lorenz gauge condition reduces to ∂νh

ν
μ= 0.

Using the TT gauge conditions, show that the number of independent components of
hμν is two.

b) Consider two particles at rest at (x,y,z) = (0,0,0) and (x,y,z) = (L,0,0),
respectively. A plus-polarized gravitational wave h+ of frequency f and amplitude
h0 � 1 passes by, propagating in the z-direction, such that

(hμν(t,x,y,z)) =

⎛⎜⎜⎝
0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

⎞⎟⎟⎠

= h0 sin
[
2πf

(
t − z

c

)]⎛⎜⎜⎝
0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

⎞⎟⎟⎠ . (2.134)
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Show that the distance d measured along the x-axis between the two particles (i.e.,
the spatial separation along the equal t hypersurface), as the wave passes, is given by

d =
[

1− 1

2
h0 sin(2πf t)

]
L. (2.135)

Problem 2.134 Assuming a source described by the energy–momentum tensor
T μν , the linearized Einstein equations are given by

�h̄μν = 16πTμν, (2.136)

and the solutions in terms of Green’s functions can be written as

h̄μν(t,x) = 4
∫

Tμν(t − |x− x′|,x′)
|x− x′| d3x′ ∼ 4

r

∫
Tμν(t − r,x′) d3x′, (2.137)

where r ≡ |x| is far away from the source. Using the conservation law for the energy–
momentum tensor, i.e., ∇νT

μν = 0, show that the spatial components are

h̄ij (t,x) ∼ 2

r

d2

dt2

∫
ρ(t − r,x′)x′ix

′
j d3x′, (2.138)

where ρ = T 00 is the mass–energy density of the source.

Problem 2.135 a) For a neutron-star binary (with total mass M � 2.8M�) at
a distance of 5 kpc with orbital period P = 1 h, estimate the amplitude h of the
gravitational waves.

b) Again, for the same system, but now with P = 0.02 s (giving fGW = 2forbit =
100 Hz, which lies in the sensitive band of the gravitational wave observatory LIGO),
estimate h at a distance of 15 Mpc, which is approximately the distance to the Virgo
cluster of galaxies.

c) Estimate the orbital separation R when P = 0.02 s.
d) For a neutron star at 1 kpc with a nonspherical deformation of mass δM =

10−6M�, a spin frequency of 50 Hz, and a stellar radius of 10 km, determine the
gravitational wave amplitude h at Earth.

Problem 2.136 The first direct observation of gravitational waves was performed
on September 14, 2015. This was presented by the LIGO and Virgo Collaborations on
February 11, 2016, and was awarded the Nobel Prize in Physics in 2017. The original
signal was named GW150914 and it was also the first observation of a binary black
hole merger.

a) GW150914 had a maximal amplitude of h � 10−21 at a frequency of f �
200 Hz. Compute the corresponding energy flux at the Earth. The binary source of
GW150914 is situated at an estimated distance of about 400 Mpc.

b) Estimate the energy flux in electromagnetic waves that is received at Earth
from a full moon. Compare this energy flux to the gravitational wave energy flux of
GW150914.

Note:

c5

G
� 3.63 · 1052 W, (2.139)

is equal to 1 in geometric units, i.e., c = 1 and G = 1.
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2.12 Cosmology and Friedmann–Lemaı̂tre–Robertson–Walker Metric

Problem 2.137 Consider the linearly expanding spacetime with metric ds2=
dt2 − H 2t2dx2. You start at t = t0, x = 0 and want to arrive at x = L at t = t1
without accelerating at any time. Find an expression for your position x(t) as a
function of the global time t . What is the largest L you can arrive at in finite
global time?

Problem 2.138 In a 2-dimensional mini-universe the metric element is given by

ds2 = c2dt2 − S(t)2dχ2, (2.140)

where S(t) is some positive function of the time t , constant in the “space” variable χ .
Explain the cosmological redshift and derive an expression for it by studying the
emission and detection of light signals by comoving observers at two different loca-
tions χ0 and χ1.

Problem 2.139 Consider the two-dimensional de Sitter universe with the metric
(c = 1)

ds2 = dt2 − e2t/Rdx2, (2.141)

where R > 0 is a constant. Find an expression for the cosmological redshift between
comoving observers at x0 > 0 and x1 > x0.

Problem 2.140 Consider the two-dimensional de Sitter universe as defined in
Problem 2.139.

a) Compute all nonzero Christoffel symbols for this metric.
b) Find the explicit form of the wave equation gμν∇μ∇ν� = 0, where � is a

scalar field, in this universe.

Problem 2.141 Consider the Robertson–Walker spacetime described by the metric

ds2 = dt2 − e2t/tH
[
dr2 + r2(dθ2 + sin2 θdϕ2)

]
, (2.142)

with the coordinates (xμ) = (t,r,θ,ϕ), where t is the universal time and tH ≈ 14 Gyr
is the Hubble time.

a) Compute the path r(t) of a light pulse emitted at time t = t0 at the origin r = 0.
You may assume that the light ray moves along the line θ = π/2 and ϕ = 0 so that
dr/dt > 0.

b) Compute the proper distance between the origin r = 0 and a point r > 0 on the
line θ = π/2 and ϕ = 0 at fixed universal time t .

c) Compute the spectral shift of the light pulse in a) during the time between
emission at the origin and arrival at a point r > 0.
Hint: The spectral shift is defined as z = λrec/λem − 1, where λem is the wavelength
of the light at emission and λrec its wavelength when it arrives.
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Problem 2.142 a) Derive Hubble’s law

vp = ȧ(t)

a(t)
dp, (2.143)

where ȧ(t) = da/dt and vp and dp are the proper velocity and the proper distance,
respectively, from the Robertson–Walker metric

ds2 = dt2 − a(t)2Gijdxidxj . (2.144)

b) What are the physical consequences of Hubble’s law?

Problem 2.143 a) The first Friedmann equation can be written as

ȧ2

a2
+ k

a2
= 8πG

3
ρ, (2.145)

which can also be written as 1 − � = −k/ȧ2, where � = ρ/ρc. Assume now that
k is small compared to the energy density ρ, which mainly consists of the cosmolog-
ical constant ρ�, thus leading to an inflationary universe. Show that the longer this
scenario is assumed to last, the closer � gets to one.

b) Describe the flatness problem in words and how it is solved by inflation.

Problem 2.144 Our present universe can roughly be described by a spatially flat
Friedmann–Lemaı̂tre–Robertson–Walker spacetime with �� = 0.7, �m = 0.3,
�r � 10−4, being the density parameters of the cosmological constant (dark energy),
matter, and radiation, respectively.

a) How much smaller was the scale factor when the energy density of the dark
energy was equal to the energy density of matter?

b) At what redshift z did the matter–radiation equality (equal amounts of radiation
and matter energy density) occur?

Problem 2.145 Our current universe is roughly described by a dark energy compo-
nent �� = 0.7 and a matter component �m = 0.3. Determine an integral expression
for the future behavior of the scale factor a(t). You may assume that the scale factor
today is a0 = 1 and that the current Hubble parameter is H0. Plot the result of your
integral for 0 ≤ a(t) ≤ 100. Compare your result to the analytic result a(t) =
exp(H0(t − t0)) for �� = 1 and �m = 0 and determine the age of the universe t0 if
a(0) = 0.
Hint: You may use numerical integration.

Problem 2.146 A toy model 1+1-dimensional circular Robertson–Walker universe
has the line element

ds2 = dt2 − a(t)2dϕ2, (2.146)

where ϕ and ϕ + 2nπ (n ∈ N) correspond to the same spatial point. An object is
thrown from ϕ = ϕ0 at time t0 with a velocity v relative to a comoving observer.
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a) Find a condition that must be satisfied in order for the object to complete a
full lap around the universe to reach the comoving observer again from the other
direction.

b) What is the relative velocity between the object and a comoving observer at an
arbitrary time t?
You may assume that the scale factor a(t) has a known dependence on t .

Problem 2.147 Consider a flat universe containing only matter and radiation com-
ponents such that the radiation density today corresponds to �rad = x � 1. Find an
expression for the time that has passed since matter and radiation had equal energy
densities.

Problem 2.148 Consider a Friedmann–Lemaı̂tre–Robertson–Walker universe with
curvature parameter κ �= 0. Determine the condition on the equation-of-state param-
eter w = p/ρ such that the curvature parameter |�K | =

∣∣−1/(Ha)2
∣∣ decreases with

cosmological time t for an expanding universe (ȧ > 0).

Problem 2.149 For a flat single-component Friedmann–Lemaı̂tre–Robertson–
Walker universe with an arbitrary, but fixed, equation-of-state parameter w = p/ρ:

a) Compute the scale factor a(t) as a function of cosmological time t .
b) Compute the Hubble parameter H(t) as a function of t .

Hint: You may assume that, for some cosmological time t = t0, we normalize our
parameters such that a0 = a(t0) = 1 and H0 = H(t0) are known. Your answers
should be given in terms of ω, t0, and H0.

Problem 2.150 A scalar field φ with potential energy density V (φ) has a
Lagrangian density given by

L = 1

2
gμν(∂μφ)(∂νφ)− V (φ). (2.147)

a) Derive the equation of motion for the scalar field φ.
b) Assuming that the N+1-dimensional spacetime has a metric given by

ds2 = gμνdxμdxν = dt2 − a(t)2Gijdxidxj, (2.148)

where Gij are the metric components on an N -dimensional Riemannian manifold,
and that the scalar field φ only depends on the time coordinate t , show that the
scalar field is an ideal fluid and find the (time-dependent) equation-of-state parameter
w = p/ρ0.
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Solutions to Problems

3.1 Solutions to Problems in Special Relativity Theory

1.1
a) A scalar is always the same independent of the inertial frame. The scalar prod-

uct between the two 4-vectors �A and �B is zero in the inertial frame of the observer
O′ since they point in different coordinate directions. Thus, it is always zero. The
two 4-vectors �U and �V are lightlike in different directions. The scalar product
between two lightlike 4-vectors pointing in different directions is always nonzero.
Assume that U 0 = |α|, U 1 = −|α| and V 0 = |β|, V 1 = |β|, where α,β �= 0, then
we have

�U · �V = ημνU
μV ν = η00U

0V 0 + η11U
1V 1 = |α||β| − (−|α|)|β| = 2|αβ| > 0.

(3.1)

In conclusion, the statements 1, 2, and 6 are true.
b) The 4-vector �A can be proportional to a 4-velocity vector for a massive

particle, since �A is equal to (A0,0,0,0) in S ′ a 4-velocity vector of a massive particle
is given by (c,0,0,0), where c is the speed of light. The two 4-vectors �U and �V
are proportional to the worldline tangent vector of massless particles, since they
are null vectors. Vector �B is spacelike and cannot be the tangent of a worldline.

1.2
a) Let Aμ be the timelike 4-vector. There exists an inertial coordinate system K ′

such that A′μ = (A′0,0), where A′0 �= 0. If the 4-vector Bμ is orthogonal to Aμ,
then A′μB ′μ = A′0B ′0 = 0, which means that B ′0 = B ′0 = 0. Hence, it holds that

B2 = B ′2 = B ′μB ′μ = −B′2 < 0, (3.2)

which means that Bμ is spacelike. (We assume that Bμ �≡ 0.)

77
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b) Let Aμ and Bμ be the 4-vectors. There exists an inertial coordinate system
K ′ such that A′μ = (

A′0,0
)

and B ′μ = (
B ′0,B′), where A′0 > 0 and B ′0 > 0.

Therefore, it holds that(
A′μ + B ′μ

)(
A′μ + B ′μ

) = (A′0 + B ′0
)2 −B′2

= (A′0)2 + 2A′0B ′0 + (B ′0)2 −B′2 > 0, (3.3)

because
(
B ′0
)2 −B′2 > 0, since Bμ is timelike.

c) There exists an inertial coordinate system K ′ such that the spacelike 4-vector
has the components A′μ = (0,A′1,0,0) relative to K ′. Thus, we can set

A′μ = 1

2

(
A′1,A′1,0,0

)− 1

2

(
A′1,−A′1,0,0

)
. (3.4)

d) Introduce K ′ in the same way as in b). Then, it holds that

AμBμ = A′μB ′μ = A′0B ′0 > 0. (3.5)

1.3
The relative gamma factor between two observers is given by

γ12 = V1 · V2, (3.6)

where V1 and V2 are the 4-velocities of the observers. (This may be seen by going
to the rest frame of one of the observers, where the 4-velocity of two other is given
by V = γ12(1,vrel).) We find that

V1 = γ1(1,v1), V2 = γ2(1,v2), (3.7)

where

γi = 1√
1− v2

i

. (3.8)

Consequently, we obtain

γ12 = V1 · V2 = γ1γ2(1− v1 · v2) = 1√
1− v2

1

√
1− v2

2

(1− v1 · v2). (3.9)

1.4
a) The correct answer is: Statement 3 (never). This is due to the fact that a photon

is traveling at the speed of light relative to all inertial frames. Hence, it is impossible
to perform a Lorentz transformation to a frame where it is does not move.

b) The correct answer is: Statement 2 (sometimes). In order to have a rest frame
for the center of momentum for a system of two photons, it cannot be moving with
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the speed of light. This happens when the two photons are moving in directions
parallel to each other. However, in all other configurations, the center of momentum
will move at a speed slower than c, and then, we can find a rest frame for it.

1.5
a) The formula for length contraction (or Lorentz contraction) in special relativ-

ity is given by

�′ = �

γ (v)
, γ (v) ≡ 1√

1− v2

c2

, (3.10)

where � is the length of an object in its rest frame O and �′ is the corresponding
length of the object in a frame O′ moving with constant velocity v (0 ≤ v < c) rel-
ative to the rest frame O of the object. Note that 0 < �′ ≤ �, since 1 ≤ γ (v) <∞,
so the object appears to be shortened in the frame O′ moving relative to the rest
frame O.

The length contraction formula can be derived using the fact that the length of
the object in a given frame is the spatial distance between the ends of the object
measured at the same time in that frame. Consider the time t ′ in S ′ to be the time at
which we measure the position of the ends of the object, which are then separated
by �′. Calling the events at the ends of the object A and B, respectively, the spatial
distance between them in S ′ is therefore �′ and the temporal separation is zero. At
the same time, the spatial and temporal separations between the events in S are �

and �t , respectively, as the object is at rest in S. For the events to be simultaneous
in S ′, the Lorentz transformation requires

c�t ′ = γ

(
c�t − v�

c

)
= 0, (3.11)

and therefore,

�t = v�

c2
. (3.12)

As the spacetime interval between the events is invariant, we now find that

�′2 − c2�t ′2 = �′2 = �2 − c2�t2 = �2 − v2

c2
�2, (3.13)

or, once simplified,

�′ = �

√
1− v2

c2
= �

γ
, (3.14)

which is the length contraction formula.
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b) The formula for time dilation in special relativity is given by

t = γ (v)t ′, γ (v) ≡ 1√
1− v2

c2

, (3.15)

where t is the time in the frame O and t ′ is the corresponding time in the
frame O′ moving with constant velocity v (0 ≤ v < c) relative to the frame O.
Note that t > t ′, since 1 ≤ γ (v) < ∞, so an observer in the frame O measures a
longer time than an observer in O′ measures between two events which occur at
the same spatial point in the frame O′.

In order to derive the time dilation formula, we consider the worldline of an
observer at rest in S ′. In S ′, the spatial and temporal differences between two events
on the worldline are given by zero and t ′, respectively. In the frame S, the observer
is instead moving at speed v and the spatial and temporal separations are therefore
t and vt , respectively. As the spacetime interval between the events is invariant, we
find that

c2t ′2 − 02 = c2t2 − v2t2 �⇒ t ′ = t

√
1− v2

c2
, (3.16)

or, equivalently,

t = γ (v)t ′, (3.17)

which is the time dilation formula.

1.6
Length contraction in the x-direction yields (see Figure 3.1)

a′ = a

√
1− v2

c2
= {v = √2/3c

} = a

√
1− 2

3
= a√

3
, (3.18)

where a = 1/
√

2 m. Note that there is no length contraction in the y-direction.

x

y

1 m a

a

45◦ x′

y′

� a

a′
θ

v

Figure 3.1 A rod inclined 45◦ in the xy-plane with respect to the x-axis and the
angle θ in the x′y′-plane with respect to the x′-axis. The relative speed between
the two planes is v.
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Now, Pythagoras’ theorem gives

� =
√

a′2 + a2 = {a′ = a/
√

3
} = √a2

3
+ a2 = 2a√

3
= {a = 1/

√
2 m

} = √2

3
m.

(3.19)

Thus, the angle θ is given by

θ = arctan
a

a′
= {a′ = a/

√
3
} = arctan

√
3 = π

3
= 60◦. (3.20)

In conclusion, the answer is � =
√

2
3 m and θ = 60◦.

1.7
The lifetime τ0 is measured in the rest frame of the muon. Due to time dilation, the
lifetime in the rest frame of the Earth will be

τ = τ0γ (v), (3.21)

where v is the velocity of the muon relative to Earth. With v = 0.999c, one obtains

τ = τ0√
1− v2

c2

≈ 22τ0. (3.22)

During this time, the muon will move the distance

τv ≈ 22 · 660 · 0.999 m ≈ 15 km, (3.23)

in the rest frame of the Earth, which explains that many muons arrive at the surface.
This can also be derived in the muons’ rest frame: Due to length contraction, the

thickness of the atmosphere (10 km) in the rest frame of the Earth will correspond
to 104/22 m ≈ 450 m in the rest frame of the muon. During the lifetime of the
muon, the Earth will move the distance τ0v = 660 · 0.999 m ≈ 660 m in the rest
frame of the muon, which is larger than 450 m.

1.8
Introduce the rest frames of the station and the train as K and K ′, respectively.

a) For the two events that involve the markings on the track, we have

�t = 0, �x = La, and �x ′ = L0. (3.24)

When this is inserted into

�x ′ = γ (v)(�x − v�t), (3.25)

we obtain

La = L0/γ (v). (3.26)
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b) For the nailings, we have

�t ′ = 0, �x = Lb, and �x ′ = L0. (3.27)

Inserting into

�x = γ (v)(�x ′ + v�t ′), (3.28)

gives

Lb = γ (v)L0. (3.29)

c) We introduce the events E1: the end passes B, and E2: the front passes A. For
these events, we have

�t = −Lc/c, �x = Lc, and �x ′ = L0. (3.30)

The relation �x ′ = γ (v)(�x − v�t) gives

Lc =
√

1− v/c

1+ v/c
L0. (3.31)

d) We let the events E1 and E2 be the radar pulses reflection against the front
and end, respectively. For these events, we have

�t = (t2 − t1)/2, �t ′ = −L0/c, and �x ′ = −L0. (3.32)

Inserting into �t = γ (v)(�t ′ + v�x ′/c2) gives

Ld = (t1 − t2)
c

2
=
√

1+ v/c

1− v/c
L0. (3.33)

1.9
Let the coordinates of the front and rear end of the express space cruiser be xF =
(−τc,L,0,0) and xR = (0,0,0,0), respectively, in the rest frame of the cruiser at the
time when the rear watchman sees the rear light go on. The difference between these
are �x = (−τc,L,0,0). In the rest frame of the hitchhiker, this difference is given
by an inverse Lorentz transformation to the rest frame of the asteroid with velocity
−v, v being the velocity of the cruiser in the rest frame of the asteroid. His/her
time difference for the lightening of the lanterns is then �x ′0/c = −τ cosh θ +
(L/c) sinh θ . However, this time difference is equal to zero. Thus, we have

τ = L

c
tanh θ = vL

c2
, (3.34)

from which we obtain

v = τc2

L
= 1.8 · 105 m/s ≈ 0.0006c. (3.35)
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1.10
Using the fact that the interval between two points in spacetime is invariant, i.e.,
�s2 = �s ′2 or c2�t2−�x2 = c2�t ′2−�x′2, gives together with the information
in the problem text

c2 · 02 − �2 = c2τ 2 − �′2. (3.36)

Thus, we find

� =
√

�′2 − c2τ 2. (3.37)

Now, using the length contraction formula �′ = �γ (v), where γ (v) = 1√
1−v2/c2

,

one obtains

�′ =
√

�′2 − c2τ 2
1√

1− v2/c2
, (3.38)

from which it follows that

v = ±c2τ

�′
. (3.39)

1.11
Lorentz contraction only takes place for the projection of the rod that lies along the
x-axis. This projection is � cos θ . The orthogonal component is � sin θ . Lorentz con-
traction of the x-component is then � cos θ

√
1− v2/c2. Therefore, to the moving

observer, the length of the rod is

�′ =

√√√√(
� cos θ

√
1− v2

c2

)2

+ (� sin θ)2 = �

√
1−

(v

c

)2
cos2 θ . (3.40)

Thus, the answer is �′ = �

√
1− ( v

c

)2
cos2 θ .

1.12
The spacetime interval of the two events A and B with coordinates xA and xB is
s = (xA − xB)2. For observer K in S, this is s = −L2. In the rest frame of K ′ we
have s = c2�t ′2−L′2. Therefore, we obtain L =

√
L′2 − c2�t ′2. Thus, the answer

is L =
√

L′2 − c2�t ′2.

1.13
The invariant interval is (xα − xβ)2 = (x ′α − x ′β)2.

a) Denote the distance to the β event for S ′ by L′. We set c = 1 and calculate the
length in ly. Then, we have

22 ly2 − 102 ly2 = 12 ly2 − L′2. (3.41)
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Solving this equation gives

L′ = √100+ 1− 4 ly =
√

97 ly ≈ 9.85 ly. (3.42)

b) The Lorentz transformation from K to K ′ gives

1 = 2γ − 10vγ, (3.43)

L′/ly = −2vγ + 10γ, (3.44)

where γ = 1/
√

1− v2. Solving this equation yields v ≈ 0.1 as the permissible
root.

1.14
The smallest energy required for a muon to hit the ground within its mean life in
the rest frame of the Earth is given when the direction of the muon is vertical. In
this case, the muon must travel the distance � = 10 km in the time τ , which is the
time dilated mean life τ0 of the muon in its rest frame. It follows that

� ≤ vτ = vγ (v)τ0. (3.45)

The velocity of the muon is given by v = pc2/E, and thus, we have

γ (v) = 1√
1− (v/c)2

= E√
E2 − p2c2

= E

mc2
. (3.46)

Inserting this into the above inequality, we obtain

� ≤ pc

mc2
cτ0. (3.47)

Inserting the numerical values, we find that pc � 15mc2 � 1.6 GeV, and thus, it
holds that E � pc � 1.6 GeV.

1.15
A time interval for a muon and a time interval for an observer in the lab frame are
related through the time dilation formula

γ (v)dτ = dt, (3.48)

where dτ is the time interval for the muon, dt is the time interval for the observer
in the lab frame, and v is the muon velocity. The muon velocity is constant (since
the total energy is constant) and given by

v = p

E
=
√

E2 −m2

E
=
√

1− m2

E2
, (3.49)
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where p is the muon momentum, E is the muon energy, and m is the muon mass.
It follows that

γ (v) = E

m
, (3.50)

and thus, we obtain

t = E

m
τ = 1 GeV

106 MeV
τ � 10 τ . (3.51)

The average lifetime of the muon in the lab frame is therefore 22 µs. Since the muon
is highly relativistic (E � m), the length traveled by the muon in the lab frame in
the average lifetime is given by

� = vt � ct � 3 · 108 m/s · 22 · 10−6 s = 6 600 m. (3.52)

The circumference of the circular accelerator is given by

L = 2πr � 300 m. (3.53)

Thus, the average number of turns taken by a muon is given by

N = �

L
� 22. (3.54)

1.16
We let � = 1 to simplify the notation.

a) We use the standard formulas for Lorentz contractions, and thus, we have

a′ = a/γ = 3/γ, b′ = b = 4, c′ =
√

(a′)2 + (b′)2 =
√

9/γ 2 + 16, (3.55)

where γ = 1/
√

1− (v/c)2, and thus, the area becomes

A′ = a′b′/2 = 6/γ = A/γ, (3.56)

where A = 6 is the area in K .
b) Let h be the height of the triangle in K ′. Since A = 6 = ch/2, we get h =

12/5. We have c′ = c/γ , h′ = h, and thus, the area becomes A′ = c′h′/2 = A/γ

as in a). Let c1 be the distance in K from the corner, where the a- and c-sides of
the triangle meet in the point, where the height intersects the c-side in a right angle.
Obviously, c1 =

√
a2 − h2. In K ′, the same distance is c′1 = c1/γ , and thus, we

obtain

a′ =
√(

c′1
)2 + (h′)2 =

√
(a2 − h2)/γ 2 + h2 =

√
9/γ 2 + (144/25)(1− 1/γ 2),

(3.57)

and similarly, we find that

b′ =
√

16/γ 2 + (144/25)(1− 1/γ 2). (3.58)
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1.17
The rest frame of the pole is denoted S with coordinates X = (t,x,y,z), where the
pole has length L. The lab frame is denoted S ′ with coordinates X′ = (t ′,x ′,y ′,z′),
in which the pole length is L′ = L/γ , where γ = 1/

√
1− v2/c2. In the lab frame,

the pole is moving in the negative x-direction with speed v, parallel to the x-axis at
some distance y. Everything occurs in the spatial plane z = 0, so we can ignore the
z-direction. Denote the events at which light is emitted from front of the pole by A,
from the mark on the pole by B, and from the end of the pole by C. The three rays
of light all reach the origin event in S ′, i.e., the spatial origin at t ′ = 0. Since the
three light rays are emitted from different positions, but all reach the origin at the
same time, the light rays were emitted at different times t ′. We now consider each
of the three light rays separately.

Event A: Let X′
A = (t ′,x ′,y ′) denote the coordinates in S ′ of the event A. Since

the line element along the 4-path of a light signal vanishes, we have

t ′2 = x ′2 + y ′2. (3.59)

The light ray defines an angle π/3 with the x-axis, and therefore, we find

y ′

x ′
= tan

π

3
=
√

3. (3.60)

Combining the two equations, we get

t ′2 = 4x ′2, y ′ =
√

3x ′. (3.61)

Defining the time at which the event A occurs to be t ′ = −δA, we obtain the
coordinates of A in S ′ as

X′
A =

(
−1,

1

2
,

√
3

2

)
δA. (3.62)

Event B: Let X′
B = (t ′,x ′,y ′) denote the coordinates in S ′ of the event B. In this

case, the angle is π/4, so we have

t ′2 = x ′2 + y ′2,
y ′

x ′
= tan

π

4
= 1, (3.63)

which means that

t ′2 = 2x ′2, y ′ = x ′. (3.64)

Thus, defining the time of the event B as t ′ = −δB, we obtain

X′
B =

(
−1,

1√
2
,

1√
2

)
δB. (3.65)
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Event C: Let X′
C = (t ′,x ′,y ′) denote the coordinates in S ′ of the event C. Similar

to events A and B, defining the time of the event C as t ′ = −δC, we obtain

X′
C =

(
−1,

√
3

2
,

1

2

)
δC. (3.66)

Since the values of y ′ are all equal for the three events A, B, and C, we find that
√

3

2
δA = 1√

2
δB = 1

2
δC, (3.67)

which means that the coordinates of all three events can be expressed in the time
δA only, i.e.,

X′
A =

(
−1,

1

2
,

√
3

2

)
δA, X′

B

(
−
√

3

2
,

√
3

2
,

√
3

2

)
δA, X′

C =
(
−
√

3,
3

2
,

√
3

2

)
δA.

(3.68)

The event A occurs at the front of the pole at x ′ = δA/2 at time −δA, whereas
the event C occurs at the end of the pole at x ′ = 3δA/2 at time −√3δA. The pole
moves at speed v in the negative x-direction. Therefore, at time−δA, the end of the
pole is located at

x ′C − v(t ′A − t ′C) =
[

3

2
− v

(√
3− 1

)]
δA. (3.69)

In S ′, we find that the length of the pole is the difference between this and
x ′A = δA/2, which occurs simultaneously at the front, so

L′ =
[
1− v

(√
3− 1

)]
δA. (3.70)

However, in S ′, we know that the length of the pole is L′ = L/γ , which means that
we have determined δA to be

δA = L′

1− v
(√

3− 1
) = L

γ
[
1− v(

√
3− 1)

], (3.71)

and therefore, we have determined all coordinates of the events A, B, and C in S ′.
Now, we determine the distance between the front of the pole and the mark on

the pole. At time −δA, the x ′-coordinate of the mark is given by

x ′B − v(t ′A − t ′B) =
[√

3

2
− v

(√
3

2
− 1

)]
δA. (3.72)
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Thus, the distance between the front and the mark is

L̃′ =
[√

3

2
− 1

2
− v

(√
3

2
− 1

)]
δA. (3.73)

Therefore, in S ′, the ratio r between the distance from the front of the pole to the
mark on the pole and the length of the whole pole is

r ≡ L̃′

L′
=

√
3

2 − 1
2 − v

(√
3
2 − 1

)
1− v(

√
3− 1)

≈ 0.37− 0.22v

1− 0.73v
. (3.74)

Note that r is the same in all inertial frames due to the linearity of Lorentz transfor-
mations. For example, in the rest frame of a pole with length L and the front at the
origin, the mark would be located at the x-coordinate rL.

1.18
a) In the initial rest frame of the spaceships, they are at a constant distance L

from each other during the entire accelerating phase. However, this length is the
length contraction of the string in the new rest frame and the proper length will
then be L′ = γL. Trying to force the string to be of length L in the initial rest
frame will therefore break it.

b) The initial distance between the two spaceships is 40 km. The spaceships
accelerate with a constant acceleration a = 1/50 c/s. When the spaceships stop
after 30 s in the initial rest frame, the speed of the spaceships will then be
v = at = 3c/5. Hence, the gamma factor can be computed to be

γ = 1√
1− v2

c2

= 1√
1− ( 3

5

)2
= 5

4
. (3.75)

Thus, the distance between the two spaceships is L′ = γL = 5/4 ·40 km = 50 km.

1.19
Spacetime diagrams showing the events described in the problem are shown in
Figure 3.2. Part (a) of the diagram depicts the events using the time and x axes
of the rest frame of Professor Einstein as orthogonal, while part (b) is the same
spacetime diagram with the axes of Professor Wolf orthogonal. The coordinate axes
of Professor Einstein are marked by tE and xE, respectively, while those of Professor
Wolf are marked by tW and xW, respectively. The light gray shaded region is the
train, the thick black lines and the thick dark gray lines represent the worldlines
of Professor Einstein and Professor Wolf, respectively, while the thick white lines
represent the light signals.
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Figure 3.2 Spacetime diagrams describing the events of Problem 1.19.

From the diagrams it is clear that

a) The light signals will always reach Professor Einstein at the same time. This is
something physically observable and cannot depend on the set of coordinates
used to describe the events. (In fact, a light signal reaching Professor Einstein is
an event and both light signals reach him at the same event).

b) Professor Wolf sees the light signals being reflected at different times. This can
be seen as the line between the reflection points is not parallel to the spatial axis
in Professor Wolf’s rest frame, i.e., it is not a simultaneity in that frame.

c) The signals will reach Professor Wolf at different times. The signal from the
back of the train has already reached Professor Wolf before it reaches Professor
Einstein, while the signal from the front reflection will reach him after it reaches
Professor Einstein.

1.20
Let us consider the situation seen in the frame S where the two spaceships have
equal but opposite velocities. The situation can then be described through the space-
time diagram in Figure 3.3. Since the velocities of both spaceships relative to this
frame are the same, they are equally Lorentz contracted and the ship with rest length
2L is twice as long (i.e., light gray shaded region) as the ship with rest length L (i.e.,
dark gray shaded region). The coordinates have been chosen such that A occurs in
the spacetime origin and the event B has been marked in the diagram. The time
axes of both the frame S ′, in which the shorter ship is at rest, and S ′′, in which the
longer is at rest, are also shown. The dark (light) gray line represents the surface
simultaneous with B in S ′ (S ′′) and the intersection with the t ′ (t ′′)-axis has been
marked. Since the t ′ and t ′′ axes are tilted with the same angle relative to the t-axis,
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Figure 3.3 The spacetime diagram describing the situation in Problem 1.20.
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Figure 3.4 Spacetime diagrams describing the situation in Problem 1.21.

they both have the same normalization. Thus, t2L > tL, i.e., the time measured in
the rest frame of the shorter rocket is shorter.

1.21
The situation is described by the spacetime diagrams in Figure 3.4. In part (a) of
the diagram, we see the situation described in S, the rest frame of the Earth. The
light gray thick line (marked by μ) corresponds to the muon worldline, the length
of which is the muon eigentime to reach the Earth’s surface. The black solid curve
is a hyperbolic curve, which means that straight worldlines from the origin to that
curve will have the same length, i.e., eigentime. From this we draw the conclusion
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that the eigentime experienced by the muons will be significantly smaller than the
time taken to perform the travel from the top of the atmosphere to the surface and
the muons thus will not have sufficient time to decay. More quantitative statements
cannot be made without further information. The t ′- and x ′-axes of S ′, the muon
rest frame, are also shown along with the light gray thin line, which shows the light
cone. For completeness, we also show how the situation looks in S ′ in part (b) of
the figure.

1.22
The problem is most easily solved by considering the two events when the ends of
the blade reaches the y ′ = y = 0 plane. Letting the tip of the guillotine cutting the
plane be the origin x = x ′ = t = t ′ = 0, the other end of the guillotine cutting
the plane will have the coordinates

t = �

u
= �0

uγu

, x = L, (3.76)

where we have taken into account that the blade is length contracted in the y-
direction in S with a factor γu = 1/

√
1− u2. Transforming this to the S ′ frame,

we find that

t ′ = γv(t − vx) = γv

(
�0

uγu

− vL

)
. (3.77)

If the blade edge is horizontal in S ′, then all points on the edge will cut the y ′ = 0
plane at the same time and since t ′ = 0 for the point cutting it, we find that

�0

uγu

− vL = 0 �⇒ v = �0

uLγu

. (3.78)

1.23
The spacetime diagram in Figure 3.5 shows the worldlines of the observer, the two
lights, and a light signal from the lights that arrives to the observer at the same time.

The positions where the lights were when this signal was emitted will be the
positions seen by the observer at t = t∗ and the seen separation L will be given by
the difference of these positions.

The worldlines of the lights are given by

x1(t) = x1,0 − vt, x2(t) = x2,0 − vt . (3.79)

If the time coordinate is chosen such that the signal is emitted from x2(0) at t = 0,
the signal worldline is given by

xs(t) = x2,0 − t, (3.80)
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Figure 3.5 Spacetime diagram showing the worldlines of an observer, two lights
(L1 and L2), and a light signal arriving to the observer at t = t∗.

and intersects the worldlines of light 2 at x2,0. The intersection of the worldline of
light 1 is given by

x1(t1) = xs(t1) ⇒ x1,0 − vt1 = x2,0 − t1 ⇒ x2,0 − x1,0 = (1− v)t1

⇒ t1 = x2,0 − x1,0

1− v
= �0

γ (1− v)
= �0

√
1+ v

1− v
, (3.81)

where we have used that x2,0−x1,0 = �0
γ

by Lorentz contraction. The seen distance
between the lights is therefore

L = xs(0)− xs(t1) = x2,0 − x2,0 + t1 = �0

√
1+ v

1− v
. (3.82)

1.24
The Lorentz transformation representing a boost in the x-direction is given by

ct ′ = γ
(
ct − v

c
x
)
, x ′ = γ (x − vt), y ′ = y, z′ = z. (3.83)

An object traveling at speed c in the frame S has a position given by x = cnt+x0,
where n2 = 1. The Lorentz transform then becomes

ct ′ = γ (c − vn1)t + ct ′0, x ′ = γ (cn1 − v)t + x ′0,

y ′ = cn2t + y ′0, z′ = cn3t + z′0. (3.84)

The velocity in the new inertial frame S ′ is given by

v′ = dx′

dt ′
= dx′/dt

dt ′/dt
= (γ (cn1 − v),cn2,cn3)

γ (1− vn1/c)
. (3.85)
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Squaring this relation leads to

v′2 = γ 2
(
c2n2

1 − 2cn1v + v2
)+ c2

(
n2

2 + n2
3

)
γ 2
(
1− 2vn1/c + v2n2

1/c
2
)

= γ 2
[
c2n2

1 − 2cn1v + v2 + (c2 − v2)
(
n2

2 + n2
3

)]
γ 2(1− 2vn1/c + v2n2

1/c
2)

= c2 − 2cn1v + v2n2
1

1− 2vn1/c + v2n2
1/c

2
= c2, (3.86)

where we have used that n2
1 + n2

2 + n2
3 = 1. Thus, the object travels at speed c

also in S ′.

1.25
Let F and R denoted the front and the rear of the train, respectively. In the rest
frame of the train at the time of passing of the rear in front of the station man, we
take the coordinates to be x ′F = (0,L) and x ′R = (0,0). For the stationman, these
coordinates are instead xF = (x0

F,x1
F ) and xR = (x0

R,x1
R), which are obtained from

the first ones by means of an inverse Lorentz transformation along the x-axis, the
direction of motion of the train, given by{

x0
i = x ′i

0 cosh θ + x ′i
1 sinh θ

x1
i = x ′i

0 sinh θ + x ′i
1 cosh θ

, where i = F,R and tanh θ = v
c
. (3.87)

It then holds that

�x0 = x0
F − x0

R = L sinh θ = Lβγ = L
v

c

1√
1− v2/c2

. (3.88)

The time difference, in the rest frame of the stationman, is therefore

�t = �x0

c
= vL

c2
√

1− v2/c2
. (3.89)

1.26
Let A and B be the front and rear end of the train, respectively. Since the
velocity of light is c for all observers, the times are given by t1 = −Lx/c and
t2 = −L(1− x)/c. These times are related to the times t ′1 and t ′2 determined by the
observer on the ground by a Lorentz transformation

ct ′2 = ct2 cosh θ + [−L(1− x)] sinh θ, (3.90)

ct ′1 = ct1 cosh θ + xL sinh θ, (3.91)

where we have put the origin at O = O ′. This gives c(t ′2− t ′1) = c(t2− t1) cosh θ −
L sinh θ . If t ′2 − t ′1 = 0, we obtain v = c tanh θ = (2x − 1)c, and v = 0 therefore
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implies x = 1/2. This means that if x < 1/2 the train has to move in opposite direc-
tion to when x > 1/2, for the situation to occur, i.e., A and B change roles of being
rear and front, respectively.

One can also calculate the invariant interval s2 = c2(t2 − t1)
2 − L2 = c2(t ′2 −

t ′1)
2 − L′2 in the two frames and use the length contraction formula to obtain the

velocity. In this treatment, the sign of the velocity must be discussed separately.

1.27
a) Suppose the particle moves through the origin of K . Then, the event A=

(ct,0,0,−ut) belongs to the worldline of the particle. Transforming A to K ′ using
the standard Lorentz transformation, we find that A′ = (ctγ (v),−vtγ (v),0,−ut).
The angle is therefore given by

tan θ = γ (v)
v

u
⇒ θ = arctan

(
γ (v)

v

u

)
. (3.92)

b) The stars will all seem to gather in front of the spaceship.

1.28
The Lorentz transformation of the 4-velocity to the new system gives for the non-
trivial components

V ′0 = cγ (v′′) = cγ (v′) cosh θ + γ (v′)v′ sinh θ, (3.93)

V ′1 = v′′γ (v′′) = cγ (v′) sinh θ + γ (v′)v′ cosh θ, (3.94)

where v = c tanh θ . Calculating v′′ = V ′1/v′0 yields

v′′ = c
sinh θ + v′

c
cosh θ

cosh θ + v′
c

sinh θ
= v + v′

1+ vv′
c2

, (3.95)

which is the desired formula for relativistic addition of velocities.

1.29
The standard configuration Lorentz transformation (in one temporal and two spatial
dimensions) is given by x ′ = �x, where

x =
⎛⎝x0

x1

x2

⎞⎠ and � =

⎛⎜⎝ γ (v) − v
c
γ (v) 0

− v
c
γ (v) γ (v) 0

0 0 1

⎞⎟⎠ . (3.96)

Here γ (v) = 1√
1−( v

c )
2
. This means that

x ′0 = γ (v)
(
x0 − v

c
x1
)
, (3.97)
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x ′1 = γ (v)
(
x1 − v

c
x0
)
, (3.98)

x ′2 = x2. (3.99)

The observer in K ′ measures the triangle at time x ′0 = 0. Using Eq. (3.97) together
with x ′0 = 0, implies that x0 = v

c
x1. Inserting x0 = v

c
x1 into Eq. (3.98), yields

x ′1 = γ (v)
(
x1 − v

c
· v
c
x1
)
= γ (v)

(
1− v2

c2

)
x1 = γ (v)

1

γ (v)2
x1 = 1

γ (v)
x1,

(3.100)

i.e., x ′1 = 1
γ (v)

x1, which is the Lorentz length contraction formula.

In K:
All three sides of the triangle have length � and all three angles in the triangle

are 60◦
(
i.e., π

3

)
. One of the sides in the triangle (the base b = �) is parallel to the

x1-axis. Using Pythagoras’ theorem, �2 = (
b
2

)2 + h2, one finds the length of the

altitude (the height) of the triangle to be h =
√

3
2 �.

In K ′:
The length of base of the triangle is: b′ = 1

γ (v)
b = 1

γ (v)
�. The length of the

altitude (the height) of the triangle is: h′ = h =
√

3
2 � [using Eq. (3.99)]. Assume

that the length of the two other sides of the triangle is �′. Again, using Pythagoras’

theorem, �′2 =
(

b′
2

)2
+ h′2, one finds the length of the two other sides as

�′ =
√(

b′

2

)2

+ h′2 =

√√√√[ �

2γ (v)

]2

+
(√

3

2
�

)2

= �

2

√
3+ 1

γ (v)2
. (3.101)

The base angle α can be obtained from the relation �′ · cos α = b′
2 and the apex

angle β from the relation �′ · sin β

2 = b′
2 . The results are: α = arccos 1√

1+3γ (v)2
and

β = 2 arcsin 1√
1+3γ (v)2

.

1.30
For two events, E1 and E2 that occur at the left and right endpoints of the rod,
respectively, we have

�x ′2 = u�t ′. (3.102)
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By using the standard configuration Lorentz transformation, this can reformu-
lated as

�x2 = uγ (v)
(
�t − v

c2
�x1

)
. (3.103)

When �t = 0, we obtain

tan φ = �x2

�x1
= −uv

c2
γ (v) = − uv/c2√

1− v2/c2
. (3.104)

1.31
Let the axis of the cylinder coincide with the x-axis in K . The straight line on the
cylinder surface is described by the equation

ϕ = ωt, (3.105)

where ϕ is the angle of rotation around the x-axis. We now transform the equation
ϕ = ωt to K ′, that moves with velocity v in the x-direction. We find that

ϕ = ϕ′ and t = γ (v)

(
t ′ + vx ′

c2

)
, (3.106)

which means that the equation of motion of the straight line relative to K ′ is
described by the equation

ϕ′ = ωγ (v)

(
t ′ + vx ′

c2

)
. (3.107)

The twist per unit length for a fixed t ′ is therefore given by

∂ϕ′

∂x ′
= ωγ (v)

v

c2
, (3.108)

so that to the observer in K ′, the straight line appears as a twisted line around the
cylinder.

1.32
Let E1 and E2 be the events of turning on two compartment lights. If K and K ′ are
the rest frames of the station and the train, respectively, then

�t ′ = γ (v)
(
�t − v

c2
�x
)
= 0. (3.109)

However, it holds that �x = u�t , which gives u = c2/v.

1.33
Let K and K ′ be the rest frames of the star and spaceship, respectively. Further-
more, let the planet have its orbit in the xy-plane in the coordinate system K ,
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i.e., z = 0 for the planet. The spacetime trajectory of the planet in K is then
x = (x0,x) = (ct,x), where x = (R cos ωt,R sin ωt,0). The orbit of the planet in
K ′ is now given by the Lorentz transformation:⎧⎪⎪⎪⎨⎪⎪⎪⎩

t ′ = γ (v)
(
t − v

c2 z
)

x ′ = x

y ′ = y

z′ = γ (v) (z− vt)

, (3.110)

where γ (v) = 1√
1−v2/c2

. The spaceship is moving along the positive z-axis with

velocity v. Therefore, we have

t ′ = γ (v)t, (3.111)

x ′ = R cos ωt = R cos ω
t ′

γ (v)
= R cos ω′t ′, (3.112)

y ′ = R sin ωt = R sin ω
t ′

γ (v)
= R sin ω′t ′, (3.113)

z′ = −γ (v)vt = −vt ′, (3.114)

where ω′ = ω/γ (v). Thus, the spacetime trajectory of the planet in K ′ is given by
x ′ = (x ′0,x′) = (ct ′,x′), where

x′(t ′) =
(

R cos
ωt ′

γ (v)
, R sin

ωt ′

γ (v)
,−vt ′

)
. (3.115)

1.34
Let xμ, x ′μ, and x ′′μ be the rest coordinates of the observers A, B, and C,
respectively.

The Lorentz transformation between A and B (B is moving with velocity v along
the positive x1-axis in K) is given by⎧⎪⎪⎪⎨⎪⎪⎪⎩

x ′0 = x0 cosh θ − x1 sinh θ

x ′1 = −x0 sinh θ + x1 cosh θ

x ′2 = x2

x ′3 = x3

, (3.116)

where tanh θ = v
c
, and the Lorentz transformation between B and C (C is moving

with velocity v′ along the positive x ′2-axis in K ′) is given by
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x ′′0 = x ′0 cosh θ ′ − x ′2 sinh θ ′

x ′′1 = x ′1

x ′′2 = −x ′0 sinh θ ′ + x ′2 cosh θ ′

x ′′3 = x ′3

, (3.117)

where tanh θ ′ = v′
c

.
Inserting the equations for x ′0 and x ′2 into the equation for x ′′0, we obtain

x ′′0 = x0 cosh θ cosh θ ′ − x1 sinh θ cosh θ ′ − x2 sinh θ ′ ≡ x0 cosh θ ′′ − · · · ,
where tanh θ ′′ ≡ v′′

c
. The velocity v′′ is the (magnitude of) the relative velocity

between A and C. Using the hint, this means that

cosh θ ′′ = cosh θ cosh θ ′, (3.118)

i.e.,

θ ′′ = arcosh (cosh θ cosh θ ′). (3.119)

Thus, we have

v′′ = c tanh θ ′′ = c tanh arcosh (cosh θ cosh θ ′), (3.120)

or with the rapidities inserted

v′′ = c tanh arcosh

(
cosh artanh

v

c
cosh artanh

v′

c

)
. (3.121)

We know that γ (v′′) = cosh θ ′′. It follows that γ (v′′)= cosh θ cosh θ ′ =
γ (v)γ (v′), and thus, the time dilation formula between the time intervals �t ≡
tE2 − tE1 and �t ′′ ≡ t ′′E2

− t ′′E1
is given by

�t ′′ = �t

γ (v)γ (v′)
=
√

1− v2

c2

√
1− v′2

c2
�t . (3.122)

1.35
Using

u = N

(
x0 + x3

x1 + ix2

)
⇔ u∗ = N

(
x0 + x3 x1 − ix2

)
, (3.123)

so we have

uu∗ = N2

(
(x0 + x3)2 (x0 + x3)(x1 − ix2)

(x1 + ix2)(x0 + x3) (x1)2 + (x2)2

)

= N2(x0 + x3)

(
x0 + x3 x1 − ix2

x1 + ix2 (x1)2+(x2)2

x0+x3

)
. (3.124)
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However, x2 = 0 implies that (x0)2 = (x1)2 + (x2)2 + (x3)2, so we can write
(x1)2 + (x2)2 = (x0)2 − (x3)2 = (x0 − x3)(x0 + x3). Therefore, we obtain

uu∗ = N2(x0 + x3)

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
, (3.125)

and we find that

tr (uu∗) = N2(x0 + x3) · 2x0 ≡ 2x0 ⇔ N = ± 1√
x0 + x3

. (3.126)

Thus, it holds that

u =

⎛⎜⎝ x0+x3√
x0+x3

x1+ix2√
x0+x3

⎞⎟⎠ is normalized,

uu∗ =
(

x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
, (3.127)

and

det(uu∗) = (x0)2 − (x1)2 − (x2)2 − (x3)2 = 0. (3.128)

Consider the Lorentz transformation of u, i.e.,

a(v)u =
(

e−θ/2 0
0 eθ/2

)⎛⎜⎝ x0+x3√
x0+x3

x1+ix2√
x0+x3

⎞⎟⎠ =
⎛⎜⎝e−θ/2 x0+x3√

x0+x3

eθ/2 x1+ix2√
x0+x3

⎞⎟⎠ =
⎛⎜⎝ e−θ (x0+x3)√

e−θ (x0+x3)

x1+ix2√
e−θ (x0+x3)

⎞⎟⎠ .

(3.129)

Now, the Lorentz transformation of x is given by⎧⎪⎪⎪⎨⎪⎪⎪⎩
x ′0 = x0 cosh θ − x3 sinh θ

x ′1 = x1

x ′2 = x2

x ′3 = −x0 sinh θ + x3 cosh θ

. (3.130)

Therefore, we find that

x ′0 + x ′3 = x0(cosh θ − sinh θ)+ x3(− sinh θ + cosh θ)

= (cosh θ − sinh θ)(x0 + x3) (3.131)

and so we have

cosh θ − sinh θ = eθ + e−θ

2
− eθ − e−θ

2
= e−θ . (3.132)
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Thus, we obtain

a(v)u =

⎛⎜⎝ x′0+x′3√
x′0+x′3

x′1+ix′2√
x′0+x′3

⎞⎟⎠ = u(x ′) = u(L(a(v))x). (3.133)

1.36
A Lorentz transformation is linear and we will derive the expressions for a boost in
the x-direction. The general linear transformation is given by

x ′ = γ x + bt, (3.134)

t ′ = Ax + Bt, (3.135)

for a transformation from an inertial frame S to an inertial frame S ′ moving with a
speed v relative to S. In the case that x = vt , i.e., moving along with S ′, we must
have x ′ = 0. Hence, we have

x ′ = γ vt + bt = (γ v + b)t = 0 ⇒ b = −γ v, (3.136)

and thus, we obtain

x ′ = γ (x − vt), (3.137)

x = γ (x ′ + vt ′), (3.138)

where for the second equation we have assumed that the situation must be symmet-
ric to the first one. Furthermore, we must have t = x/c and t ′ = x ′/c for a light
ray. Therefore, we find that

x ′ = γ
(

1− v

c

)
x, (3.139)

x = γ
(

1+ v

c

)
x ′. (3.140)

Thus, inserting the first equation into the second one, we obtain

x = γ 2

(
1− v2

c2

)
x ⇒ γ = 1√

1− v2

c2

. (3.141)

In addition, we can determine the parameters A and B to be A = −γ v

c2 and B = γ

by requiring the inverse transformation to take a similar form.

1.37
Calling the events where the light signals reach the rockets 1 and 2, respectively
(with 2 being the event for the rocket traveling with velocity v), event 2 is given by
the intersection of the worldlines

x = vt and x = t − t0. (3.142)
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This leads to

t2 = t0

1− v
and x2 = vt2 = vt0

1− v
. (3.143)

By symmetry, t1 = t2 and x1 = −x2. It follows that the spacetime separation
between the events is given by

�x = x2 − x1 = 2vt0

1− v
and �t = t2 − t1 = 0. (3.144)

Lorentz transforming this to the rest frame S ′ of rocket 2, we find that

�t ′ = t ′2 − t ′1 = γ (�t − v�x) = −2v2γ t0

1− v
. (3.145)

Thus, in the rest frame of one of the rockets, the other rocket receives the signal a
time

−�t ′ = 2v2γ t0

1− v
, (3.146)

later.

1.38
a) Relativity of simultaneity means that it is possible for two events that are

simultaneous in one inertial frame to not be simultaneous in a different frame. This
occurs if there is a spatial separation between the events in the direction of the
relative velocity between the frames.

The concept of relativity of simultaneity can be illustrated by the spacetime
diagram shown in Figure 3.6. In this spacetime diagram, there are two events A
and B, where A occurs at the origin of both frames O and O′, i.e., xA = x ′A = 0, at
equal times tA = t ′A = 0, whereas B occurs at xB in O at time tB = tA = 0, but at x ′B

x

A B

t¢t

x¢
t¢  =

 tA
¢

t¢  =
 tB

¢

t = tA = tB

Figure 3.6 Relativity of simultaneity: tA = tB, but t ′A > t ′B.
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in O′ at time t ′B �= t ′A. In fact, the two events are simultaneous in O, since tA = tB,
but they are not simultaneous in O′, since t ′A > t ′B. In mathematical language, using
the Lorentz transformation between O and O′ (assuming that the frames are moving
with constant speed v relative to each other), we obtain the relations for B as
x ′B = γ (v)xB and t ′B = −γ (v)vxB/c2, where γ (v) ≡ 1/

√
1− v2/c2. Note that

x ′B ≥ xB, since γ (v) ≥ 1, and t ′B ≤ 0 and directly proportional to the spatial
coordinate xB.

b) We compute

v =
(

dx

dt
,
dy

dt
,
dz

dt

)
= at (3,4,0), (3.147)

and thus, we find that v2 = (5at)2. The condition |v| < c implies t0 < c/(5a). We
also find

γ = 1√
1− (v/c)2

= 1√
1− (5at/c)2

. (3.148)

Thus, we can compute the 4-velocity and the 4-acceleration to be

(V μ) =
(

cγ,γ
dx

dt
,γ

dy

dt
,γ

dz

dt

)
= γ (c,3at,4at,0), (3.149)

(Aμ) = γ
d

dt
(V μ) = γ

(
c
dγ

dt
,3a

d(γ t)

dt
,4a

d(γ t)

dt
,0

)
= aγ 4(25at/c,3,4,0),

(3.150)

respectively. The proper time along the trajectory is

τ =
∫ t0

0

√
1− (v(t)/c)2 dt =

∫ t0

0

√
1− (5at/c)2 dt

= t0

2

√
1− (5at0/c)2 + c

10a
arcsin(5at0/c). (3.151)

1.39
Solution 1: Denote the inertial frame of the observer who measures the length of
the rod to be L by S, the rest frame of the other observer by S ′, and the rest frame
of the rod by S ′′. By the Lorentz contraction formula, the length of the rod in S ′′ is
given by

L′′ = γ (v)L. (3.152)

The relative velocity v′ between S ′ and S ′′ is given by relativistic addition of
velocities

v′ = 2v

1+ v2
. (3.153)
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By the Lorentz contraction formula, the length of the rod in S ′ is given by

L′ = L′′

γ (v′)
= γ (v)L

γ (v′)
=
√

1− v2

1+ v2
L. (3.154)

Solution 2: Let xA(tA) = (tA,vtA) and xB(tB) = (tB,vtB + L) be the worldlines of
the ends of the rod. Also, let x ′A and x ′B be events on those worldlines which
are simultaneous in S ′. Without loss of generality, we can choose x ′A = (0,0). By
Lorentz transformation, we find that the worldline xB is given by

x ′B(tB) = γ (v)(tB(1+ v2)+ Lv,2vtB + L), (3.155)

in the S ′ frame. Using that x ′A and x ′B are simultaneous in S ′, we obtain that x ′B =
x ′B(τ) where τ = −Lv/(1 + v2). Thus, after simplification, the expression for the
length of the rod for an observer at rest in S ′ is given by

L′ = x ′B
1 − x ′A

1 =
√

1− v2

1+ v2
L. (3.156)

1.40
The 4-velocity of the particle in S can be written as

V μ = dxμ

ds
= γ (v)(1,v) = γ (v)(1,v1,v2,v3). (3.157)

This is related to the 4-velocity in S ′ by the Lorentz transformation

V ′μ = �μ
νV

ν, (3.158)

where

(�μ
ν) =

⎛⎜⎜⎝
γ (u) 0 −uγ (u) 0

0 1 0 0
−uγ (u) 0 γ (u) 0

0 0 0 1

⎞⎟⎟⎠ . (3.159)

Thus, we find that

V ′μ = γ (v)(γ (u)(1− uv2),v1,γ (u)(v2 − u),v3). (3.160)

By using the relation v′ = V ′/V ′0, we obtain the velocity of the particle in S ′ as

v′ = 1

1− uv2

(
v1
√

1− u2,v2 − u,v3
√

1− u2
)

. (3.161)
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1.41
Let K and be the rest frame of the Earth and let K ′ be the momentary rest frame
of the spaceship. Relative to K ′, the space ship has the velocity u′ = 0 at the con-
sidered time, which, according to transformations of velocities and accelerations,
i.e.,

u′ = dx ′

dt ′
= u− v

1− uv

c2

, a′ = du′

dt ′
= d2x ′

dt ′2
= a

γ (v)3
(
1− uv

c2

)3 , γ (v) ≡ 1√
1− v2

c2

,

(3.162)

where u = dx
dt

and a = du
dt
= d2x

dt2 , means that

u = v and a = a′
(

1− v2

c2

)3/2

. (3.163)

Since a = du
dt

and a′ = g, it follows that

du

dt
= g

(
1− u2

c2

)3/2

, (3.164)

which with the initial condition u(0) = 0 has the solution

u = dx

dt
= gt√

1+ ( gt

c

)2
. (3.165)

a) Integration of Eq. (3.165) with the initial condition x(0) = 0 gives

x = c2

g

⎡⎣√1+
(

gt

c

)2

− 1

⎤⎦ , (3.166)

which is a hyperbola in the Minkowski diagram; the motion is said to be hyperbolic.
b) According to the clock hypothesis, it holds that dτ = dt ′, where τ is the

proper time of the spaceship and t ′ is the time relative to K ′. This means that

dτ

dt
= dt ′

dt
= 1

γ (u)
= {Eq. (3.165)} = 1√

1+ ( gt

c

)2
. (3.167)

After the substitution gt

c
= sinh φ, Eq. (3.167) is easily integrated. If τ(0) = 0,

then the solution is

t = c

g
sinh

gτ

c
. (3.168)

Inserting Eq. (3.168) into Eq. (3.166) gives

x = c2

g

(
cosh

gτ

c
− 1

)
. (3.169)
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If we measure distances in light years and times in years, then c = 1 light year/
year and g � 1.05 light years/(year)2. For xA = 2 500 000 light years, Eq. (3.169)
gives the proper time

τA = c

g
arcosh

(
1+ gxA

c2

)
� c

g
ln

2gxA

c2

≈ 1

1.05
ln(2 · 1.05 · 2.5 · 106) years ≈ 14.7 years.

(3.170)

Thus, the commander of the spaceship will be almost 55 years old when the
spaceship reaches the Andromeda Galaxy.

1.42
With dm < 0 being the decrease in mass of the rocket and dm′ the mass of the
ejecta, the conservation of energy and momentum in the instantaneous rest frame
of the rocket takes the form

mc2 = (m+ dm)γ (du)c2 + dm′γ (−w)c2

� (m+ dm)c2 + dm′c2γ (w), (3.171)

0 = (m+ dm)γ (du)du− wdm′γ (−w)

� m du− w dm′γ (w), (3.172)

where we have kept only terms to linear order in small quantities and du is the
change in velocity of the rocket in the instantaneous rest frame. Solving for du in
terms of dm, we find that

du = −w

m
dm. (3.173)

With the relative velocity of the instantaneous rest frame and K being v, we find
that the change in velocity is given by relativistic addition of velocity

v + dv = v + du

1+ v du

c2

� (v + du)

(
1− v du

c2

)
� v + du

(
1− v2

c2

)

= v − w

(
1− v2

c2

)
dm

m
, (3.174)

where we again keep only linear terms in the small quantities. It follows that

dm

m
= − dv

w(1− v2/c2)
. (3.175)

Integrating this equation with the condition m = m0 when v = 0 leads to

m(v) = m0

(
c − v

c + v

) c
2w

. (3.176)
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Figure 3.7 Space-station frame (a) and my frame (b).

1.43
In order to obtain the velocity that my friend has in my frame, which will give

me the direction, use the formula for relativistic addition of velocities with ux = 0
and uy = v (which are measured in the space-station frame), i.e.,

u′x =
ux + (−v)

1+ ux(−v)/c2
= −v, u′y =

uy

γ (1+ ux(−v)/c2)
= v

γ
, (3.177)

where −v is also the velocity (along the x-axis) of the space station in my frame
and γ = (1− v2/c2)−1/2. The angle θ is given by (see Figure 3.7)

tan θ = u′x
u′y
= −v

v/γ
= −γ . (3.178)

Thus, I should send the message to my friend in the direction

θ = − arctan γ = −arccot
√

1− v2/c2, (3.179)

defined in my frame. Note that in the nonrelativistic limit (i.e., v � c), the direction
is θnr = −π/4 = −45◦.

1.44
a) The 4-velocity of the object is given by U = γ (u)(c,u) while the 4-velocity

of the frame S ′ is given by V = γ (v)(c,−v,0,0).
b) In any inertial frame, the 4-velocity of an object traveling at velocity u is given

by U = γ (u)(c,u) as given in a). An object at rest in the inertial frame therefore
has 4-velocity V = (c,0) and as a result

U · V = c2γ (u). (3.180)

As this inner product is a Lorentz invariant, it may be computed in any frame.
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c) Taking the inner product of U and V as defined in a) we obtain

U · V = c2γ (u′) = γ (u)γ (v)(c2 − vu1) �⇒ γ (u′) = γ (u)γ (v)
(

1− vu1

c2

)
.

(3.181)

1.45
From the definition of the 4-velocity, we know that V 2 = 1. Differentiating this
relation with respect to the proper time τ leads to

0 = d1

dτ
= dV 2

dτ
= V · dV

dτ
= V · A. (3.182)

It follows that the 4-velocity V and the 4-acceleration A are always perpendicular
as V · A = 0.

1.46
a) With the distance to the space station being 1 light day in my rest frame and the

station moving toward me with speed c/4 in the same frame. The distance between
the signal and the station will decrease at 5c/4. Hence, it will take

1 light day

5c/4
= 0.8 days, (3.183)

for the signal to reach the station in my rest frame. The station will then be at a
distance of 0.8 light days away from me as this is the distance the signal traveled.
The rescue ship then travels toward me with speed 3c/4 in the station’s rest frame.
Using relativistic addition of velocities, the rescue ship’s speed relative to me is

v′ = 3c/4+ c/4

1+ 3/16
= 16c

19
. (3.184)

The time taken for the rescue ship to reach me is therefore

0.8 light days

16c/19
= 0.95 days. (3.185)

In total, it therefore takes the rescue ship 0.8 + 0.95 = 1.75 days to reach me
according to my clock.

1.47
Let us assume that the criminal passes the police officer at t = 0 and describe the
events from the inertial frame S. We use a coordinate system such that the worldline
of the police ship is given by

x2
p − t2 = 1

a2
, (3.186)
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as this corresponds to a worldline with proper acceleration of a (this may be
shown by studying the dependence of xp on t for small t). As this worldline
has xp(t = 0) = 1

a
, the worldline of the criminal must also fulfill xc(t = 0) = 0

and correspond to the worldline of an object with constant velocity v. Thus, the
criminal’s worldline is

xc = vt + 1

a
. (3.187)

In order to deduce where the two worldlines intersect, we set xc = xp and solve for
the time t at which this happens, we obtain

t
[
2
v

a
− (1− v2)t

]
= 0 ⇒ t1 = 0 or t2 = 2

vγ 2

a
. (3.188)

The solution t1 corresponds to the pass where the pursuit starts and t2 to that where
it ends.

a) The criminal is moving with velocity v relative to S and is therefore simply
time dilated by a factor 1/γ . Thus, the pursuit takes

�tc = t2 − t1

γ
= 2

vγ

a
, (3.189)

according to the criminal.
b) We can parametrize the police officer’s worldline using hyperbolic

functions as

xp = 1

a
cosh(aτ), t = 1

a
sinh(aτ), (3.190)

which fulfills x2
p − t2 = 1/a2. The line element ds is then given by

ds2 = dt2 − dx2 = dτ 2[cosh2(aτ)− sinh2(aτ)] = dτ 2. (3.191)

It follows that the parameter τ can be taken as the proper time of the police officer.
We obtain

�tp = τ2 − τ1 = 1

a
arsinh(at2)− 1

a
arsinh(at1) = 1

a
arsinh

(
2vγ 2

)
. (3.192)

c) By time reversal symmetry in the criminal’s rest frame, the relative velocity
between the two at the end of the pursuit must be v (in the opposite direction to
when the pursuit started).

For peace of mind, we note that for v → 0, we find that

�tc � 2
v

a
� 1

a
arsinh

(
2vγ 2

)
, (3.193)

as expected in the nonrelativistic limit.
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1.48
a) The relations dt = dX sinh(aT ) + Xa cosh(aT )dT , dx = dX cosh(aT ) +

Xa sinh(aT )dT , dy = dY , dz = dZ give

ds2 = dt2 − dx2 − dy2 − dz2 = · · · = (Xa)2dT 2 − dX2 − dY 2 − dZ2,

(3.194)

i.e., the nonzero components of the metric tensor are gT T = (Xa)2 and gXX =
gYY = gZZ = −1.

b) The components of this vector in the astronauts coordinate system are

(k′)μ′ = ∂(x ′)μ′

∂xν
kν, (3.195)

with (x ′)μ′ = (T ,X,Y,Z) and (xν) = (t,x,y,z). We compute the matrix

� =
(

∂(x ′)μ′

∂xν

)
=

⎛⎜⎝
∂T
∂t

· · · ∂T
∂z

...
. . .

...
∂Z
∂t

· · · ∂Z
∂z

⎞⎟⎠ . (3.196)

To find this we note that x2 − t2 = X2 and t/x = tanh(aT ), i.e.,

X =
√

x2 − t2, T = 1

a
artanh(t/x), Y = y, Z = z. (3.197)

Using this we find that

� =

⎛⎜⎜⎜⎜⎝
x

a(x2−t2)
− t

a(x2−t2)
0 0

− t√
x2−t2

x√
x2−t2

0 0

0 0 1 0
0 0 0 1

⎞⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎝

cosh(aT )

aX
− sinh(aT )

aX
0 0

− sinh(aT ) cosh(aT ) 0 0
0 0 1 0
0 0 0 1

⎞⎟⎟⎟⎠ ,

(3.198)

and thus, we obtain⎛⎜⎜⎝
(k′)T

(k′)X

(k′)Y

(k′)Z

⎞⎟⎟⎠ = �

⎛⎜⎜⎝
ω

ω cos(θ)

0
ω sin(θ)

⎞⎟⎟⎠ = ω

⎛⎜⎜⎜⎝
(1/aX)[cosh(aT )− sinh(aT ) cos(θ)]

− sinh(aT )+ cosh(aT ) cos(θ)

0

sin(θ)

⎞⎟⎟⎟⎠ .

(3.199)

c) Inserting t (T ) = X0 sinh(aT ), x(T ) = X0 cosh(aT ), y(T ) = vT , and
z(T ) = 0, we obtain

τ =
∫ T0

0

√
t ′(T )2 − x ′(T )2 − y ′(T )2 dT = T0

√
(X0a)2 − v2. (3.200)
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1.49
By Lorentz invariance of the quantity x2 − t2 = 1/α2, it follows that x ′2 − t ′2 =
1/α2. Differentiating this once with respect to t ′ gives

2x ′
dx ′

dt ′
− 2t ′ = 0 �⇒ v′ = t ′

x ′
. (3.201)

A second differentiation with respect to t ′ results in

v′2 + x ′a′ − 1 = 0 �⇒ a′ = 1− v′2

x ′
. (3.202)

For t ′ = 0, we find that x ′ = 1/α and v′ = 0. It follows that

a′ = α, (3.203)

for t ′ = 0. Thus, the acceleration in S ′ at time t ′ = 0 is the proper acceleration
regardless of the relative velocity between the frames S and S ′.

1.50
The worldline of observer B may be described as

x2 − t2 = 1

α2
�⇒ x(τ) = 1

α
cosh(ατ), t (τ ) = 1

α
sinh(ατ), (3.204)

where τ is the proper time since the start of acceleration and the acceleration starts
at time t = 0. We may of course add an arbitrary constant to the x-coordinate, but
this is irrelevant for our purposes as we can simply put observer A at x = 1/α. With
the light signal being sent from A at t = t0, the worldline of the signal is given by

x = 1

α
+ t − t0. (3.205)

The signal is received by B at the event where these worldlines cross and so we
find that (

1

α
+ t − t0

)2

− t2 = 1

α2
�⇒ t = t0

2

2− αt0

1− αt0
. (3.206)

Using the expression for t in terms of the proper time, this leads to

τ = 1

α
arsinh

(
αt0

2

2− αt0

1− αt0

)
. (3.207)

For the case where αt0 � 1, we can find a good approximation for the proper
time τ by expanding in this parameter with the result

τ � t0

(
1+ αt0

2

)
. (3.208)
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This is no surprise to us as the physical interpretation of the condition is that
observer B has not had enough time to accelerate to a significant velocity, thus
the main contribution to the proper time is given by the time t0.

In the case αt0 → 1, the time t as well as the proper time τ for the signal arriving
at B diverge. This is also relatively straightforward to understand as the asymptote
of x2− t2 = 1/α2 is the line x = t . Therefore, if αt0 ≥ 1, then the signal will never
reach B.

Note that the solutions obtained for αt0 > 1 are unphysical. They correspond to
the intersections of the straight line with the other branch of x2 − t2 = 1/α2.

1.51
The particles are moving in a circle with constant angular velocity ω. Thus, we can
write down an expression for the worldline (in the lab frame) of the particles by
using the time t in the lab frame as the parameter

xμ = (t,R cos(ωt),R sin(ωt))μ, (3.209)

where we have assumed the accelerator to have radius R and suppressed the
z-coordinate which is constant. The velocity of the particles in the lab frame is

v = dx

dt
= Rω(− sin(ωt), cos(ωt)) �⇒ v = |v| = Rω = const. (3.210)

We now use the differential relation between the time in the lab frame and the
eigentime of the particles

dt

dτ
= γ (v) = 1√

1− v2
= 1√

1− R2ω2
, (3.211)

to obtain an expression for the 4-velocity

V μ = dxμ

dτ
= dt

dτ

dxμ

dt
= γ (1,−Rω sin(ωt),Rω cos(ωt))μ. (3.212)

Repeating the procedure to obtain the 4-acceleration, we get

Aμ = dV μ

dτ
= dt

dτ

dV μ

dt
= −γ 2Rω2(0, cos(ωt), sin(ωt))μ, (3.213)

since γ is a constant. Note that this may also be written in terms of the orbital
velocity v as

Aμ = −γ 2 v2

R
(0, cos(vt/R), sin(vt/R))μ, (3.214)

if using v as a parameter instead of ω. The proper acceleration a is given by
−a2 = A2 and thus

a =
√
−A2 = γ 2Rω2. (3.215)



112 3 Solutions to Problems

The eigentime required for the particles to complete one orbit is simply given by
the relation between the eigentime and the lab time

τ0 = T

γ
= 2π

γω
, (3.216)

where T = 2π/ω is the time to complete the orbit as measured in the lab, by
integrating the differential relation taking into account the fact that γ is constant.

1.52
The definition of the 4-force is

F = dP

dτ
, (3.217)

where P = MV is the 4-momentum and τ the proper time of the object. The
internal energy can be found by squaring the 4-momentum P 2 = M2V 2 = M2,
since the square of the 4-velocity is equal to one. It follows that

dP 2

dτ
= 2P · dP

dτ
= 2M

dM

dτ
, (3.218)

where dP/dτ = F is the 4-force and dM/dτ is the sought derivative of the internal
energy with respect to the proper time. Using P = MV , we can solve for this
quantity as

dM

dτ
= V · F = f V · U = f γ, (3.219)

where γ = V · U is the gamma factor for the relative velocity v between objects
moving with the 4-velocities U and V . (Alternatively, we note that there is a frame
where U = (1,0). In this frame, V = γ (1,v), where v is the velocity of the object
in this frame.)

By using the product rule on the derivative F = dP/dτ , we find that

F = dM

dτ
V +M

dV

dτ
= f γV +MA �⇒ A = f

M
(U − γV ), (3.220)

where A = dV/dτ is the 4-acceleration of the object. The relation between the
4-acceleration A and the proper acceleration α is

α2 = −A2 = − f 2

M2
(U − γV )2 = − f 2

M2
(U 2 − 2γV · U + γ 2V 2)

= − f 2

M2
(1− 2γ 2 + γ 2) = f 2

M2
(γ 2 − 1) = f 2

M2
γ 2v2. (3.221)
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Thus, the proper acceleration is

α = f

M
γv. (3.222)

In particular, we note that α = 0 if v = 0, which is stating that the object is not
accelerating if the 4-force is parallel to the 4-velocity, as expected.

1.53
With the 4-force being the derivative of the 4-momentum with respect to the proper
time, we find that

Fμ = dP μ

dτ
= d(mV μ)

dτ
= dm

dτ
V μ +mAμ, (3.223)

where V μ is the 4-velocity and Aμ the 4-acceleration. We can find the rate of
change in the rest energy by taking the inner product with the 4-velocity, resulting in

F · V = dm

dτ
V 2 +mA · V = dm

dτ
, (3.224)

since V 2 = 1 and A · V = 0. Using the given expression for Fμ and that
V μ= γ (1,v)μ, we now obtain

dm

dτ
= (0,f) · γ (1,v) = −γf · v. (3.225)

Squaring the 4-force, we find the relation

F 2 =
(

dm

dτ
V +mA

)2

=
(

dm

dτ

)2

+m2A2 = γ 2(f · v)2 −m2α2. (3.226)

Obviously, we also have F 2 = −f 2 and so we can solve for the proper acceleration
α as

α2 = 1

m2

[
f 2 + γ 2(f · v)2

]
. (3.227)

The force is a pure force only if the rate dm/dτ = 0, corresponding to f · v = 0.
Therefore, the force is a pure force if f and v are orthogonal.

1.54
The 4-acceleration is generally given by

A = dV

dτ
= γ

[
dγ

dt
(1,v)+ γ (0,a)

]
= γ 4v · a(1,v)+ γ 2(0,a). (3.228)

In the instantaneous rest frame, the 4-acceleration is therefore given by

A = (0,a0) = (0,a0x,a0y), (3.229)
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where we have suppressed the z-direction, which will behave just as the y-direction.
By Lorentz transforming this to S ′, we find that

A′ = (−vγ a0x,γ a0x,a0y). (3.230)

We now use that the 4-velocity in S ′ is given by V = γ (1,−v,0) to identify this
with the general expression for the 4-acceleration

A′ = −vγ 4a′x(1,−v,0)+ γ 2(0,a′x,a
′
y), (3.231)

which gives us

a′x = γ−3a0x, a′y = γ−2a0y . (3.232)

For a fixed proper acceleration α, the acceleration in the instantaneous rest frame
is given by a0x = α cos(θ) and a0y = α sin(θ), where θ is the angle between the
acceleration and the x-direction. This results in an acceleration

a′2 = a′2 = a′2x + a′2y = γ−4α2[γ−2 cos2(θ)+ sin2(θ)]. (3.233)

Since γ ≥ 1, the expression in the parenthesis varies between one [when sin2(θ)= 1]
and γ−2 [when cos2(θ) = 1]. Consequently, we find that

a′max = αγ−2, a′min = αγ−3. (3.234)

1.55
In the S ′ frame, we can extract the energy of the particle by taking the inner product
of the 4-momentum with the 4-vector

V ′ = (1,0,0,0), (3.235)

which is the 4-velocity of an object at rest in S ′. Similarly, the x ′-component of the
3-momentum can be obtained by taking the inner product with the 4-vector

T ′ = (0,−1,0,0). (3.236)

To see this, we note that the 4-momentum in S ′ is given by P ′ = (E′,p′),
resulting in

V ′ · P ′ = (1,0,0,0) · (E′,p′) = E′, (3.237)

T ′ · P ′ = (0,−1,0,0) · (E′,p′) = −(−1)p′x = p′x . (3.238)

Lorentz transforming V ′ and T ′ to the S frame, we find that

V = γ (1,v,0,0), T = −γ (v,1,0,0). (3.239)

Since the inner products are Lorentz invariant, we can directly compute that

E′ = V · P = γ (1,v,0,0) · (E,p) = γ (E − vpx). (3.240)
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In the same fashion, we also find that

p′x = T · P = −γ (v,1,0,0) · (E,p) = γ (px − vE). (3.241)

Furthermore, the velocity of a particle in an arbitrary frame is given by v = p/E,
where p is the 3-momentum and E the energy. In particular, in S ′, this results in the
velocity component in the x ′-direction being

v′x =
p′x
E′ =

px − vE

E − vpx

. (3.242)

1.56
By definition of the 4-force, we know that

Fμ = dP μ

dτ
= f (1,1)μ. (3.243)

Integrating this relation with the initial condition P μ(0) = (m0,0)μ leads to

P μ(τ) = (f τ +m0,fτ)μ. (3.244)

The mass of the object at proper time τ is therefore given by

m(τ) =
√

P(τ)2 =
√

(f τ +m0)2 − f 2τ 2 =
√

m0(2f τ +m0). (3.245)

The relation between the coordinate time t and the proper time τ is given by

dt

dτ
= γ = E

m
= f τ +m0√

m0(2f τ +m0)
. (3.246)

Integrating this differential equation with the initial condition t (0) = 0 leads to

t (τ ) =
(

τ

3m0
+ 2

3f

)√
m0(2f τ +m0)− 2m0

3f
. (3.247)

Note that the integral can be performed by making the ansatz that a primitive
function of the integrand is given by

g(τ) = (Aτ + B)
√

m0(2f τ +m0), (3.248)

and fixing A and B by comparing g′(τ ) with the integrand.

1.57
The 4-velocity of p is given by

Uμ = γ (u)(1,−u cos(θ),−u sin(θ))μ, (3.249)

in S. Lorentz transforming this to the rest frame S ′ of the observer o, we find that

Uμ′ = γ (v)γ (u)(1+ vu cos(θ),−u cos(θ)− v,−u sin(θ)γ (v)−1)μ′ . (3.250)
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The speed u′ of p in S ′ can be found by considering the time component of the
4-velocity U in S ′ as

γ (u′) = 1√
1− u′2

�⇒ u′ =
√

1− 1

γ (u′)2
. (3.251)

From the expression for U in S ′, we therefore have

γ (u′)2 = [1+ vu cos(θ)]2

(1− v2)(1− u2)
�⇒ u′ =

√
[1+ vu cos(θ)]2 − (1− v2)(1− u2)

1+ vu cos(θ)
.

(3.252)

The tangent of the angle θ ′, can be expressed as the ratio between U 2′ and U 1′ , i.e.,

tan(θ ′) = U 2′

U 1′ =
u sin(θ)

γ (v)[u cos(θ)+ v]
. (3.253)

In the nonrelativistic limit u,v � 1, the above expressions become

u′ =
√

v2 + u2 + 2vu cos(θ) and tan(θ ′) = u sin(θ)

u cos(θ)+ v
, (3.254)

to leading order. The relation for the speed u′ is just the cosine theorem for classi-
cal addition of velocities and the expression for tan(θ ′) is the classical aberration
formula.

In the limit u→ 1, we find that

u′ → 1 and tan(θ ′)→ sin(θ)

cos(θ)+ v
. (3.255)

The first relation represents the invariance of the speed of light and the second is
the relativistic aberration formula for light.

1.58
In S, the object’s worldline is given by

x(t) = at2

2
, (3.256)

and its velocity by v(t) = dx
dt
= at . The speed v0 is obtained at time t0 = v0

a
. The

proper time to reach this speed is therefore

τ(v0) =
∫ t0

0

√
1− v(t)2 dt =

∫ t0

0

√
1− a2t2 dt . (3.257)

Substituting at = sin θ , we find that dt = 1
a

cos θ dθ , and therefore,

τ(v0) = 1

a

∫ θ0

0
cos2 θ dθ = 1

2a

∫ θ0

0
(1+ cos 2θ) dθ = θ0

2a
+ 1

4a
sin 2θ0

= 1

2a
(θ0 + sin θ0 cos θ0), (3.258)
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where θ0 = arcsin(at0) = arcsin v0. Inserting the expression for θ0 leads to

τ(v0) = 1

2a

(
arcsin v0 + v0

√
1− v2

0

)
. (3.259)

The proper acceleration of the object is given by the square of its 4-acceleration.
We find that

A = dV

dτ
= d2X

dτ 2
= dt

dτ

d

dt

(
dt

dτ

dX

dt

)
=
(

dt

dτ

)2
d2X

dt2
+ dX

dt

dt

dτ

d

dt

(
dt

dτ

)
= γ 2(0,a)+ V

dγ

dt
. (3.260)

This leads to A− V
dγ

dt
= γ 2(0,a) and squaring this expression, we find

A2 + V 2

(
dγ

dt

)2

= −α2 +
(

dγ

dt

)2

= −γ 4a2, (3.261)

where α is the proper acceleration and we have used that A · V = 0. It follows that

α2 = γ 4a2 +
(

dγ

dt

)2

. (3.262)

Inserting the expression for γ into the derivative leads to

dγ

dt
= d

dt

1√
1− a2t2

= − 1√
1− a2t2

a2t = −γ 3va. (3.263)

We therefore find

α2 = γ 4a2 + γ 6v2a2 = γ 4a2(1+ γ 2v2)

= γ 4a2 1− v2 + v2

1− v2
= γ 4a2 1

1− v2
= γ 6a2. (3.264)

Taking the square root of this, we obtain

α = γ 3a = a
√

1− a2t23 . (3.265)

1.59
The speed of a light signal relative to the water is given by u0 = c/n, where n is
the refractive index of water. Meanwhile, the speed of the water relative to the lab
frame is v and application of the formula for relativistic addition of velocities then
results in the speed of the light signal relative to the lab frame

u = u0 + v

1+ u0v

c2

� u0 + kv, (3.266)

where k = 1− u2
0

c2 = 1− 1
n2 and only linear terms in v � c have been kept, which

is Fizeau’s result.
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1.60
See the solution to Problem 1.59, i.e., Fizeau’s result. In the case of the water
moving perpendicular to the light, we assume that the water is moving in the
x-direction with speed v and the light is moving in the y-direction with speed c/n

(when the water is standing still). In this case, the formula for addition of velocities
reads

u2 = u′

γ (1+ u1v/c2)
= {u1 = 0} = u′

γ
� u′

(
1+ v2

2c2

)
≈ u′ = c

n
. (3.267)

In other words, the correction enters only at second order in the water speed.

1.61
The redshift is maximal for when the source moves directly away from the observer.
A lower bound for the speed of 3C 9 is therefore determined as

umin = x2 − 1

x2 + 1
c � 0.80c, where x = 3 600

1 215
, (3.268)

is the ratio of the observed and emitted wavelengths, by solving for x from the
relativistic Doppler shift formula.

1.62
The electromagnetic wave is E(x) = E0 sin 2π

(
x1

λ
− νt

)
= sin

(
2πx1

λ
− 2πνt

)
.

The argument can be rewritten as follows

2πx1

λ
− 2πνt = −2πνt + 2πx1

λ
= −

(
2πνt − 2πx1

λ

)
= −

(
2πνt − 2πν

λν
x1

)
= {ω = 2πν and c = λν} = −

(
ωt − ω

c
x1
)
= −

(ω

c
ct − ω

c
x1
)

= {x0 = ct} = −
(ω

c
x0 − ω

c
x1
)

= −
(ω

c
,
ω

c
,0,0

)
· (x0,x1,x2,x3) = −kμxμ, (3.269)

where k = (ω
c
, ω

c
,0,0

)
and x = (x0,x1,x2,x3). Thus, we can write E(x)=

sin(−kμxμ) = − sin kμxμ.
The wave vector k is lightlike, since k2 = kμkμ = (

ω
c
, ω

c
,0,0

) · (ω
c
, ω

c
,0,0

) =(
ω
c

)2 − (ω
c

)2 − 02 − 02 = 0.
In K ′, we have E′(x ′) = −E0 sin k′μx ′μ = −E0 sin kμxμ = E(x). Since this is

Lorentz invariant, we find that k′ = �k, where � is a Lorentz transformation, and

ω′

c
= k′0 = k0 cosh θ − k1 sinh θ = ω

c
cosh θ − ω

c
sinh θ = ω

c
(cosh θ − sinh θ) .

(3.270)



3.1 Solutions to Problems in Special Relativity Theory 119

Using the definitions of the hyperbolic functions and the fact that ω = 2πν and
ω′ = 2πν ′, we obtain the answer

ν ′ = νe−θ, (3.271)

which is the formula for the Doppler shift. If we instead use the relations cosh θ =
γ (v) and sinh θ = v

c
γ (v), where γ (v) ≡ 1√

1−( v
c )

2
, we instead obtain

ν ′ = ν
[
γ (v)− v

c
γ (v)

]
= νγ (v)

(
1− v

c

)
= ν

√
c − v

c + v
, (3.272)

which is the usual formula for the Doppler shift.

1.63
From the statement that the GRB has twice the duration as a nearby GRB, we
conclude that the GRB is time dilated due to its motion and that γ = 2. From this
relation, we can solve for the velocity of the GRB and obtain

v =
√

3

2
. (3.273)

The quotient between the observed and emitted wavelengths is then given by the
formula for the Doppler shift, i.e.,

λ

λ0
=
√

1+ v

1− v
= 2+

√
3. (3.274)

Computing the redshift z, we obtain

z ≡ λ− λ0

λ0
= 1+

√
3. (3.275)

1.64
The trajectories of objects 1 and 2 in the person’s frame of reference K(t,x,y,z) are

x1(t) = ct

2
, x2(t) = L− ct

2
, (3.276)

where we assume, without loss of generality, that the objects move parallel to the
x-axis and that the first object is at the origin at time t = 0; yj (t) = zj (t) = 0, for
j = 1,2, and L > 0 is the distance between the objects at time t = 0, of course.
The frame of reference K ′ of the observer on the first object is related to K by a
Lorentz transformation

t ′ = γ (t − vx/c2), x ′ = γ (x − vt), γ = 1
√

1− v2/c2, (3.277)

and y ′ = y, z′ = z with v = c/2 so that x ′1(t) = 0.
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a) We parametrize the trajectory of the second object in K as

t (s) = s, x(s) = L− cs

2
, (3.278)

and Lorentz transform this to K ′ such that

t ′(s) = γ
[
t (s)− (c/2)x(s)/c2

]
, x ′(s) = γ

[
x(s)− (c/2)t (s)

]
,

γ = 1√
1− (1/2)2

= 2√
3
, (3.279)

i.e.,

t ′(s) = 2√
3

[
5s

4
− L

2c

]
, x ′(s) = 2√

3
(L− cs). (3.280)

We now can compute the velocity of the second object in K ′ such that

dx ′

dt ′
= dx ′/ds

dt ′/ds
= −c

5/4
= −4c

5
. (3.281)

Note that a faster way to obtain this answer is to use relativistic addition of
velocities

v = v1 + v2

1+ v1v2/c2
, (3.282)

with v1 = v2 = −c/2.
b) The 4-wavevector of the photon in the first object’s rest frame is

(k′μ) = (k′0,k′1,0,0), (3.283)

where k′0 = k′1 = 2π/λ0. The corresponding 4-wavevector in the second object’s
rest frame is

(k′′μ) = (k′′0,k′′1,0,0), (3.284)

where

k′′0 = γ̃
(
k′0 + ṽk′1/c

)
, k′′1 = γ̃

(
k′1 + ṽk′0/c

)
, γ̃ = 1/

√
1− (ṽ/c)2,

(3.285)

with ṽ = 4c/5, i.e.,

(k′′μ) = (k,k,0,0), k = 2π

λ0
γ̃ (1+ ṽ/c) = 2π

λ0

√
1+ ṽ/c

1− ṽ/c
= 2π

λ0
· 3 = 2π

λ
,

(3.286)

Thus, the observer on the second object assigns the wavelength
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λ = λ0

√
1− ṽ/c

1+ ṽ/c
= λ0

3
� 231.4 nm, (3.287)

to the photon. The wavelength is shorter: it has been shifted from red to UV, i.e.,
the frequency of the photon is higher.

1.65
a) In the rest frame of the observer, we can choose coordinates such that the

light source is on the positive x-axis. The 4-velocity of the light source can then be
written as V = γ (v)(1,v cos(θ),v sin(θ),0) and the 4-frequency of the light pulse
is given by N = ω(1,−1,0,0). The frequency in the rest frame of the source is then
obtained as

ω0 = V ·N = γ (v)ω[1+ v cos(θ)]. (3.288)

Consequently, we find that

ω = ω0

√
1− v2

1+ v cos(θ)
. (3.289)

In particular, when the light source is moving directly away from the observer, we
have cos(θ) = 1 and therefore recover the relativistic Doppler formula

ω = ω0

√
(1− v)(1+ v)

1+ v
= ω0

√
1− v

1+ v
. (3.290)

b) Requiring that ω = ω0 results in

1 =
√

1− v2

1+ v cos(θ)
. (3.291)

Solving for cos(θ) yields the result

cos(θ) =
√

1− v2 − 1

v
. (3.292)

Note that for v � 1, this may be approximated by

cos(θ) � 1− v2/2− 1

v
= −v

2
, (3.293)

while for v = 1− ε, where ε � 1, leads to

cos(θ) �
√

1− (1− 2ε)− 1

1− ε
� −1+

√
2ε. (3.294)
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Thus, for small velocities, the angle θ is close to 90◦, but the source must move
slightly toward the observer, whereas for velocities close to the speed of light, the
source must move almost straight toward the observer.

1.66
We have a rotating disk with two observers O1 and O2 at different radii r1 and r2,
respectively. Setting c = 1 and omitting the trivial z-direction, introducing polar
coordinates on the inertial frame leads to

ds2 = dt2 − dr2 − r2dφ2. (3.295)

We now introduce a rotating frame with φr = φ+�t , which leads to φ = φr −�t

and find that

ds2 = dt2 − dr2 − r2dφ2 = dt2 − dr2 − r2(dφr −�dt)2

= (1− r2�2)dt2 + r2�dtdφr − dr2 − r2dφ2
r . (3.296)

Thus, we observe that we have a nontrivial time–time component of the metric, i.e.,

g00 = 1− r2�2. (3.297)

For a light wave sent from O2 to O1, the observed proper times between consecutive
wave fronts are therefore given by

�τ1 =
√

g00(r1)�t, �τ2 =
√

g00(r2)�t, (3.298)

where �t is the time difference between the emission of the wave fronts in the
inertial frame. Therefore, using that the observed angular frequency ω is inversely
proportional to the time period, we obtain

ω2

ω1
= �τ1

�τ2
=
√

g00(r1)√
g00(r2)

=
√

1− r2
1�2√

1− r2
2�2

= γ2

γ1
. (3.299)

1.67
In the rest frame of the medium S, the waves in direction θ have a 4-frequency
given by

(Nμ) = ν(1, cos(θ)/n, sin(θ)/n), (3.300)

where the coordinate system has been arranged such that the third spatial compo-
nent is zero (which is why it has been omitted). Here, ν is the frequency of the wave
in the rest frame of the medium. In the rest frame of the source S ′, the frequency is
given by the zeroth component of the 4-frequency in that frame

ν0 = (1,0,0)μN ′μ = V ′
μN ′μ, (3.301)
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where V is the 4-velocity of the source itself. This expression is a Lorentz scalar and
may be computed in any frame. In particular, in S, the 4-velocity of the source is

(V μ) = γ (1,v,0), ν0 = V ·N = γ ν

(
1− v

cos θ

n

)
. (3.302)

It follows that
ν

ν0
=
√

1− v2
n

n− v cos θ
. (3.303)

In particular, when n→ 1, we recover

ν

ν0
=

√
1− v2

1− v cos θ
−→
θ→0

√
1+ v

1− v
, (3.304)

which is the usual Doppler formula in vacuum.

1.68
In the frame S, where the mirror is moving, the 4-frequency of the incoming light
p and that of the outgoing light k are given by

p = ω(1,−ci,−si), k = ω′(1,co,−so), (3.305)

where we have introduced ci = cos θin, si = sin θin, co = cos θout, so = sin θout,
and used a coordinate system such that the mirror is moving in the x-direction and
the light is not propagating in the z-direction, which we therefore have omitted. In
the rest frame of the mirror S ′, the incident angle is equal to the reflected angle.
Furthermore, the frequencies of the incoming and reflected light are the same,
which means that

p′ = ω′′(1,−c′,−s ′), k′ = ω′′(1,c′,−s ′), (3.306)

where c′ = cos θ ′, s ′ = sin θ ′. Since p and k are related to p′ and k′ by Lorentz
transformation, we also have

p′ = ωγ (1+ vci,−ci − v,si/γ ), k = ω′′γ (1+ vc′,c′ + v,s ′/γ ), (3.307)

where γ = 1/
√

1− v2. By identification, it follows (using p′) that

ω′′ = ωγ (1+ vci), c′ = ci + v

1+ vci

, (3.308)

and (using k) that

ω′ = ω′′γ (1+ vc′) = ω
1+ 2vci + v2

1− v2
, (3.309)

co = ω′′γ
ω′

(c′ + v) = c′ + v

1+ vc′
= ci + 2v + v2ci

1+ 2vci + v2
. (3.310)
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For v = −ci = − cos θin, the mirror is moving away from the light at the same
speed that the light is approaching the mirror. As a result, the light never reaches
the mirror. In S ′, the light is moving parallel to the mirror. The reflection angle in S

approaches co = −ci , which simply means that the light continues in a straight
line. For values v ≤ ci , the mirror outruns the light and there is no reflection.

1.69
In the rest frame S ′ of the medium, the 4-frequencies of the light waves are given by

Nμ′ = f0(1,−c′,−s ′)μ′, N μ′ = f0

(
1,−c′′

n
,−s ′′

n

)μ′

, (3.311)

where c′ = cos θ ′, s ′ = sin θ ′, s ′′ = sin θ ′′, c′′ = cos θ ′′ and the relation between
θ ′ and θ ′′ is given by Snell’s law sin θ ′ = n sin θ ′′. Here N is the 4-frequency of
the wave before entering the medium and N is the 4-frequency after entering the
medium. Expressing θ ′′ in terms of θ ′, we obtain

Nμ′ = f0

(
1,−1

n

√
1− s ′2

n2
,− s ′

n2

)μ′

. (3.312)

Lorentz transforming this to the frame S, we obtain

Nμ = f0γ

(
1− vc′,−c′ + v,−s ′

γ

)μ

, (3.313)

N μ = f0γ

(
1− v

n

√
1− s ′2

n2
, + v − 1

n

√
1− s ′2

n2
,− s ′

n2γ

)μ

. (3.314)

In order for the observer in S to observe the light traveling in the same direction
after entering the medium, the relation

N 1

N1
= N 2

N2
, (3.315)

must be fulfilled (the spatial part of the 4-frequencies must be in the same
direction). We obtain

N 1

N1
=

1
n

√
1− s′2

n2 − v

c′ − v
, (3.316)

N 2

N2
=

s′
n2γ

s′
γ

= 1

n2
. (3.317)

This leads to the relation

c′ − v =
√

n2 − s ′2 − n2v ⇒ c′ + v(n2 − 1) =
√

n2 − 1+ c′2. (3.318)
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Squaring this, we obtain

(n2 − 1)[2c′v − (1− v2)(n2 − 1)] = 0, (3.319)

which has the solutions n2 = 1 and n2 = 1 + 2c′vγ 2. Since n > 1 was given, the
latter of these is the sought solution and we obtain

n =
√

1+ 2c′vγ 2. (3.320)

Note that the solution n = 1 corresponds to the scenario where the medium has
the same refractive index as vacuum, i.e., is vacuum. In this case, it does not matter
how fast the medium moves and the light wave will continue undisturbed.

1.70
We can find the angular frequency ω0 of the wave in the source rest frame by
multiplying the 4-frequency N by the 4-velocity of the source. This results in

ω0 = N · V = γ (ω,k) · (1,v) = γω
(

1− v

u

)
. (3.321)

Solving for the Doppler shifted frequency ω results in

ω = ω0u

(u− v)γ
. (3.322)

When v → u, the source is moving essentially at the same velocity as the wave
speed in the medium and in the same direction as the wave. As a result, the
wave train is compressed and the frequency approaches infinity. This is the same
behavior as obtained for the classical Doppler shift. When v → −u, the source
moves in the opposite direction to the wave, resulting in a frequency ω → ω0/(2γ ).
The γ factor appears due to the time dilation of the source, while the factor of two
results from the wavelength being doubled due to the motion of the source. The
only difference here to the classical Doppler shift is the appearance of the factor γ ,
describing the time dilation due to the motion of the source.

1.71
From the form of the worldline for observer B, we find that

xẋ − t ṫ = 0, (3.323)

by differentiating with respect to the proper time. It directly follows that v=
ẋ/ṫ = t/x. Solving for x in terms of t and inserting it into this expression now
gives

v2 = α2t2

1+ α2t2
. (3.324)
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The 4-frequency of the signal is given by � = ω(1,1) in S and the frequency
observed by B can be found by taking the inner product of this 4-frequency with
the 4-velocity of B. We find that

ωB = � · VB = ωγ (1− v). (3.325)

Inserting the expression we have found for v into this results in

ωB = ω
(√

1+ α2t2 − αt
)

. (3.326)

In general, this expression can also be found as

ωB = ω

√
1− v

1+ v
, (3.327)

while the frequency ωA of the reflected signal is given by

ωA = ω
1− v

1+ v
. (3.328)

Direct comparison therefore results in

ωA = ω
(√

1+ α2t2 − αt
)2

. (3.329)

1.72
The rest energy of an electron is E0 = m0c

2 � 0.51 MeV, where m0 is the rest
mass of the electron. Thus, the total energy after acceleration is therefore given by

E = m0c
2√

1− v2

c2

= E0√
1− v2

c2

= E0 + 1 MeV � 1.51 MeV. (3.330)

Solving for v, we obtain

v = c

√
1−

(
E0

E

)2

= c

√
1−

(
0.51

1.51

)2

� 0.94 c, (3.331)

i.e., the final velocity of the electron is v � 0.94 c.

1.73
a) If the equation pe− + pe+ = kγ i.e., conservation of 4-momentum (where

pe− is the 4-momentum of the electron, pe+ is the 4-momentum of the positron,
and kγ is the 4-momentum of the photon), is squared and the left-hand side is
calculated in the rest frame of the electron, then the relation

2m2
e + 2meEe+ = 0, (3.332)
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is obtained, where me is the rest mass of the electron (or positron) and Ee+ is the
total energy of the positron relative to the rest frame of the electron. This proves that
this process is incompatible with conservation of 4-momentum (i.e., conservation
of energy and momentum) as all of the quantities on the left-hand side are strictly
positive.

Alternatively, this can also be seen in an inertial frame where the spatial parts
of the total momenta (i.e., the 3-momenta) of the electron and the positron are
zero before the collision. In this frame, the 4-momenta of the electron and the
positron before the collision are

pe− =
(√

m2
e + p2,p

)
and pe+ =

(√
m2

e + p2,−p
)

, (3.333)

where p = (p1,p2,p3). Let kγ = (|k|,k) be the lightlike 4-momentum of the
photon. Then, conservation of 4-momentum pe− + pe+ = kγ implies that

2
√

m2
e + p2 = |k| and 0 = k. (3.334)

These two conditions clearly contradict each other.
b) Now, let pin and pout be the 4-momentum of an electron before and after

emitting a photon, respectively. In addition, let the photon have 4-momentum k.
For this process to conserve the total 4-momentum, the relation

pin = pout + k, (3.335)

must hold. However, squaring this expression gives

m2
e = m2

e + 2pout · k = m2
e + 2meω, (3.336)

where ω is the photon energy in the rest frame of the electron after emitting the
photon. This cannot hold for any nonzero photon energy ω.

c) In this case, we have pμ + p′μ = kμ + k′μ, where (kμ) = (|k|,k) and (k′μ) =
(|k′|,k′) are the 4-momenta of the two photons, respectively. This implies that

2
√

m2
e + p2 = |k| + |k′| and 0 = k + k′, (3.337)

which clearly has a nontrivial solution k′ = −k and |k| = √
m2

e + p2. Thus, the
answer to the question is “yes.”

1.74
It holds that M2 = P 2

before = P 2
after = (pa + pb)

2, where pa = (Ea,pa) and pb =
(mb,0) in the rest frame of b. Solving this equation for |pa|, using Ea =

√
m2

a + p2
a ,

gives

|pa| = 1

2mb

√[
M2 − (ma −mb)2

] [
M2 − (ma +mb)2

]
. (3.338)
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1.75
Consider the reaction A −→ B + C. Conservation of 4-momentum yields

PA = PB + PC . (3.339)

The redundant information about particle C can be removed by rewriting this as

PC = PA − PB, (3.340)

and squaring both sides, leading to

P 2
C = (PA − PB)2 = P 2

A + P 2
B − 2PA · PB . (3.341)

Using the fact that P 2 = m2 we find

m2
C = m2

A +m2
B − 2PA · PB . (3.342)

In the rest frame of particle B (i.e., pB = 0), it holds that

PA = (EA,pA) and PB = (mB,0), (3.343)

which gives

m2
C = m2

A +m2
B − 2EAmB . (3.344)

Using EA =
√

m2
A + p2

A and rearranging the above equation, we find that

p2
A =

(
m2

A +m2
B −m2

C

2mB

)2

−m2
A. (3.345)

Particle A has speed vA before the decay (relative to the rest frame of particle B

after the decay), which means that

pA = mvA = mA√
1− v2

A

vA, (3.346)

i.e.,

p2
A =

m2
Av2

A

1− v2
A

. (3.347)

Combining the two expressions for p2
A yields

m2
Av2

A

1− v2
A

=
(

m2
A +m2

B −m2
C

2mB

)2

−m2
A. (3.348)

Solving for v2
A, we obtain

v2
A =

m4
A +m4

B +m4
C − 2m2

Am2
B − 2m2

Am2
C − 2m2

Bm2
C(

m2
A +m2

B −m2
C

)2 . (3.349)
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1.76
Conservation of 4-momentum tells us that P = p1 + p2, where P is the
4-momentum of the new particle and p1 and p2 that of the initial two particles.
Squaring this relation we find that

M2 = P 2 = (p1 + p2)
2 = m2

1 +m2
2 + 2p1 · p2. (3.350)

In the rest frame of particle 2, we have p1 = mγ (1,v1) and p2 = (m,0), leading to

M =
√√√√m2

1 +m2
2 +

2m1m2√
1− v2

1

. (3.351)

In addition, using that v = p/E for any particle and that the final 3-momentum is
equal to the 3-momentum of particle 1 in the rest frame of particle 2, we obtain

v = p

E
= p1

E
= E1v1

E1 +m2
= v1

1+m2/E1
= m1

m1 +m2

√
1− v2

1

v1. (3.352)

1.77
a) Conservation of 4-momentum yields

p = p1 + p2 ⇒ p2 = (p1 + p2)
2 = p2

1 + p2
2 + 2p1 · p2, (3.353)

which implies that

m2 = m2
1 +m2

2 + 2

(√
m2

1 + p2
1

√
m2

2 + p2
2 − p1 · p2

)
. (3.354)

Assuming that the two particles move along the x-axis in the frame of some
observer, we can express the 3-momenta of the two particles as

p1 = m1γ (u1)u1ex, p2 = m2γ (u2)u2ex, (3.355)

where γ (ui) ≡ 1/

√
1− u2

i , i = 1,2. The energies of the two particles can then be
rewritten as√

m2
i + p2

i =
√

m2
i +m2

i γ (ui)2u2
i = mi

√
1+ γ (ui)2u2

i = mi

√
1+ u2

i

1− u2
i

= mi

√
1− u2

i + u2
i

1− u2
i

= mi√
1− u2

i

= miγ (ui). (3.356)

Inserting the 3-momenta and the energies, we obtain

m2 = m2
1 +m2

2 + 2
[
m1γ (u1) ·m2γ (u2)−m1γ (u1)u1 ·m2γ (u2)u2

]
= m2

1 +m2
2 + 2m1m2γ (u1)γ (u2) (1− u1u2) , (3.357)

which is what we wanted to prove.
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Now, we want to find u. Conservation of 3-momentum yields

p = p1 + p2. (3.358)

Assuming that the two particles move along the x-axis in the frame of the observer
and using the expressions for the 3-momenta of the two particles, we find that

mγ (u)u = m1γ (u1)u1 +m2γ (u2)u2

⇒ [mγ (u)u]2 = m2 u2

1− u2
= [m1γ (u1)u1 +m2γ (u2)u2]2, (3.359)

where we have used γ (u) ≡ 1/
√

1− u2. This implies that

u2

1− u2
= [m1γ (u1)u1 +m2γ (u2)u2]2

m2
≡ M2. (3.360)

Solving for u, we obtain

u2 = M2

1+M2
⇒ u = ±

√
M2

1+M2
, (3.361)

and reinserting M , we find the velocity

u = ±
√√√√ [m1γ (u1)u1+m2γ (u2)u2]2

m2

1+ [m1γ (u1)u1+m2γ (u2)u2]2

m2

= ± m1γ (u1)u1 +m2γ (u2)u2√
m2 + [m1γ (u1)u1 +m2γ (u2)u2]2

.

(3.362)

Note that only the positive root is permissible.
b) In the rest frame of particle 1, we have

u1 = 0, u2 = vex . (3.363)

Inserting this into the expression for m from a), we find that

m2 = m2
1 +m2

2 + 2m1m2γ (0)γ (v)(1− 0v) = m2
1 +m2

2 + 2m1m2γ (v), (3.364)

which is the required expression in terms of the relative velocity v.
c) In situation 1 (u1 = 0) we have u2 = v. The total energy is therefore

Etot,1 = E1 + E2 = m1 + m2√
1− v2

. (3.365)

In situation 2 (m1γ (u1)u1 = −m2γ (u2)u2), our frame is instead the rest frame of
the new particle and the total energy is therefore

Etot,2 = m =
√

m2
1 +m2

2 + 2m1m2γ (v). (3.366)
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We find the difference between the energies to be

�E = Etot,1 − Etot,2 = m1 + m2√
1− v2

−
√

m2
1 +m2

2 + 2
m1m2√
1− v2

. (3.367)

This may be rewritten as

�E = m1 +m2γ −
√

(m1 +m2γ )2 − m2
2v

2

1− v2
≥ 0, (3.368)

where γ = γ (v), with equality only if v = 0. Therefore, more energy will be
required in the rest frame of one of the particles than in the center-of-mass frame.
For v � 1, keeping only terms up to second order in v, we find that

�E � (m2 − μ)
v2

2
= m2

2v
2

2(m1 +m2)
, (3.369)

where μ is the reduced mass μ = m1m2/(m1 +m2) of the two-particle system.

1.78
Conservation of 4-momentum gives pπ = pμ + pν , where pπ = (Eπ,p,0,0) and
pμ = (Eμ,0,p̂,0). Here (p,0,0) and (0,p̂,0) are the 3-momenta of the pion (in the
x-direction) and the muon (in the y-direction), respectively, which are, however,
not important for this problem. Taking the square of the 4-momentum relation after
moving pμ to the left-hand side, we find that

(pπ − pμ)2 = p2
π + p2

μ − 2pπ · pμ = p2
ν = m2

ν = 0

⇒ m2
π +m2

μ − 2EπEμ = 0. (3.370)

Hence, we obtain the energy of the muon as

Eμ =
m2

π +m2
μ

2Eπ

= m2
π +m2

μ

2mπγ (v)
, (3.371)

where γ (v) ≡ 1/
√

1− v2 and v is the velocity of the incoming pion.

1.79
Let the 4-momenta of the pion, the electron, and the antineutrino be pπ , pe, and pν ,
respectively. We find from energy–momentum conservation the relation

m2
π = pπ

2 = (pe + pν)
2. (3.372)

In the rest frame of the electron, we have pe = (m,0) and pν = (Eν,p), where m

is the mass of the electron and Eν =
√

m2
ν + p2 and p are the total energy and the
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3-momentum of the antineutrino, respectively, mν being the mass of the antineu-
trino. Thus, we obtain

m2
π = (pe + pν)

2 = p2
e + p2

ν + 2pe · pν = m2 +m2
ν + 2mEν, (3.373)

and hence, we have Eν = �/(2m), where � ≡ m2
π −m2 −m2

ν . Using that the
absolute value of the 3-momentum of the antineutrino is

|p| =
√

E2
ν −m2

ν =
√

�2

4m2
−m2

ν, (3.374)

we can calculate the velocity of the antineutrino as v = |p|/Eν . The result is
given by

v = |p|
Eν

=
√

1− m2
ν

E2
ν

=
√

1− 4m2m2
ν

�2
=
√

1− 4m2m2
ν

(m2
π −m2 −m2

ν)
2

. (3.375)

For the limiting value of v as the rest mass of the antineutrino goes to zero, since
limmν→0 � = mπ

2 −m2, we find that v → 1 as mν → 0.

1.80
a) Consider the reaction π+ −→ μ+ + νμ. Conservation of 4-momentum

gives that

Pπ+ = Pμ+ + Pνμ
. (3.376)

Subtracting Pμ+ from both sides and squaring results in

0 = P 2
νμ
= (Pπ+ − Pμ+)

2 = m2
π +m2

μ − 2Pπ+ · Pμ+ . (3.377)

In the rest frame of the pion, we find that Pπ+ · Pμ+ = mπEμ and therefore

m2
π +m2

μ − 2mπEμ = 0. (3.378)

Solving for the total energy Eμ of the muon in the pion rest frame now results in

Eμ =
m2

π +m2
μ

2mπ

. (3.379)

The kinetic energy of the muon is the difference between its total energy and its
mass and we therefore find

Tμ+ = Eμ −mμ =
m2

π +m2
μ

2mπ

−mμ = (mπ −mμ)2

2mπ

. (3.380)

Since the pion decays at rest, the absolute value of the neutrino momentum must
equal that of the muon momentum. The energy–momentum relation for the pion
therefore yields
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E2
μ = m2

μ + p2
ν �⇒ pν =

m2
π −m2

μ

2mπ

, (3.381)

after inserting the expression for Eμ and solving for pν .
b) In the rest frame of the pion, the muon will travel the distance s≡ γ (vμ)vμτμ=

pμτμ/mμ before it decays. We therefore find that

s = m2
π −m2

μ

2mπmμ

τμ, (3.382)

since the muon and neutrino momenta are equal in magnitude.

1.81
In the rest frame of the decaying pion, the solution to Problem 1.80 resulted in

Eμ =
m2

π +m2
μ

2mπ

and p = m2
π −m2

μ

2mπ

, (3.383)

for the muon energy and momentum, respectively. It follows that the 4-momentum
of the muon in the rest frame of the pion is given by pμ = (Eμ,p). However, we
want to compute the energy of the muon in the rest frame of the Earth, and thus,
we must Lorentz transform pμ to this frame. The Lorentz transformation is in the
opposite direction of the motion of the muon in the rest frame of the pion with
velocity v = √

E2
π −m2

π/Eπ , where Eπ is the energy of the pion in the rest frame
of the Earth. It follows that in the rest frame of the Earth, we have

E′
μ = γ (v)(Eμ + vp) = Eπ

mπ

(
m2

π +m2
μ

2mπ

+ m2
π −m2

μ

2mπ

√
1− m2

π

E2
π

)
. (3.384)

If we series expand the square root in the small quantity mπ/Eπ and keep the zeroth
order term only, we obtain

E′
μ � Eπ = 2 GeV. (3.385)

1.82
We study the decay R −→ μ+ +μ−. In this decay, the total 4-momentum must be
preserved, and thus, we have

pR = pμ+ + pμ− . (3.386)

The square of the mass MR of the resonance is given by the square of its
4-momentum, i.e.,

M2
R = p2

R = p2
μ+ + p2

μ− + 2pμ+ · pμ− = 2
(
m2

μ + pμ+ · pμ−
)
. (3.387)
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If we place our coordinate system in such a way that the μ+ is traveling in the
x-direction and the μ− in the y-direction (this is possible, since the angle between
the directions is 90◦), then the 4-momentum of the muons will be

pμ+ = (E,p,0,0) and pμ− = (E,0,p,0), (3.388)

respectively, where p = 2.2 GeV and E =
√

p2 +m2
μ. It follows that

pμ+ · pμ− = E2 = p2 +m2
μ, (3.389)

and thus, we obtain

M2
R = 2

(
p2 + 2m2

μ

) � 2p2 ⇒ MR �
√

2p � 3 GeV, (3.390)

since p � mμ.

1.83
There are several methods of solving this problem.

Method 1. We use the Doppler effect. In the system of the detector, the frequency
of the photon is ω/h. This frequency is related to the frequency ω′/h of the photon
in the system of the decaying particle, from which it is emitted, according to the
formula for the Doppler shift as

ω

h
= ω′

h

√
1+ v

1− v
, (3.391)

where v is the velocity of the decaying particle before it emits the photon. The fre-
quency must be blueshifted, since the emitting particle moves toward the detector.
Now, we have v = |p|/E. Inserting this into the Doppler formula above gives, after
some simplifications,

ω

h
= ω′

h

E + |p|
M

, (3.392)

since E2 − p2 = M2. Thus, solving for ω′ gives the answer

ω′ = ω
M

E + |p| . (3.393)

Method 2. Conservation of energy and momentum says that if the decaying particle
emits a photon with 4-momentum k = (w,k) and a rest product (which can be
several particles) of momentum p′ = (E′,p′), then we have, in the rest frame of the
decaying particle,

M = E′ + ω′. (3.394)
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In this system, conservation of momentum reads p′ = −k. We then obtain

(M − ω′)2 = E′2 = p′2 + (p′)2 = p′2 + ω′2, (3.395)

where p′2 is the 4-momentum squared of p′. However, conservation of 4-momentum
also gives

p = p′ + k, (3.396)

whence p′2 = (p − k)2 = M2 − 2p · k, where we have used k2 = 0. Inserting this
into the first relation gives

(M − ω′)2 = M2 − 2p · k + ω′2. (3.397)

If we solve for ω′, we obtain ω′ = p ·k/M . By inserting p = (E,p) and k = (ω,k)

with p parallel to k, we obtain the same answer as with Method 1.

Method 3. The previous method suggests that one can solve the problem by study-
ing the relativistic invariant p ·k. In the rest frame of the decaying particle, its value
is Mω′. In the frame of the detector, its value is

p · k = Eω − p · k = ω(E − |p|). (3.398)

Since the value of the invariant is independent of the frame, one finds Mω′ =
ω(E − |p|), which, after simplifications, leads to the same answer as with the
previous two methods.

Method 4. Lastly, one can also simply make a Lorentz transformation of k=
(ω′,ω′,0,0), which is 4-wavevector of the photon in the rest frame of the decaying
particle and where we have put the direction to the detector to coincide with the
x-axis to the detector system in which the particle moves with speed v = |p|/E
toward the detector. The detector then moves with speed−v relative to the particle.
For the 0-component, one then finds that

ω = ω′γ + ω′γ v = ω′γ (1+ v), (3.399)

where γ ≡ 1/
√

1− v2. Inserting the value of v above gives, after simplifications,
the same result as obtained by the other three methods.

1.84
In the rest frame of the positron, let the 4-momenta be pe = (Ee/c,0,0,p) and
pp = (mec,0,0,0) for the electron and the positron, respectively, where Ee is
the total energy of the electron, (0,0,p) is the 3-momentum of the electron, and
me is the mass of an electron or a positron. The 4-momenta of the photons are
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k1 = (ω1,ω1 sin φ,0,ω1 cos φ) and k2 = (ω2,−ω2 sin φ,0,ω2 cos φ), respectively.
Conservation of 4-momentum gives

pe + pp = k1 + k2, (3.400)

i.e., in the rest frame of the positron, we have

Ee

c
+mec = ω1 + ω2, (3.401)

0 = ω1 sin φ − ω2 sin φ, (3.402)

p = ω1 cos φ + ω2 cos φ. (3.403)

Hence, we find that ω1 = ω2.
a) From the relations above, we obtain the angle φ as a function of the total

energy of the electron Ee as

cos φ = p

k1 + k2
= p

ω1 + ω2
= p

Ee

c
+mec

=
√

E2
e

c2 −m2
ec

2

Ee

c
+mec

=
√

Ee −mec2

Ee +mec2

⇒ φ = arccos

√
Ee −mec2

Ee +mec2
. (3.404)

b) In the nonrelativistic limit, i.e., Ee � mec
2 + p2/(2me), with p � m2, we

find that

cos φ �
√

p2

4m2
ec

2 + p2
� p

2mec
= {p � mev} = v

2c
. (3.405)

1.85
Conservation of 4-momentum gives

P1 + P2 = P + P ′, (3.406)

which implies that P ′ = P1 + P2 − P . Now, photons are lightlike. Thus, we find
that

P ′2 = 0 = (P1 + P2 − P)2 = 2 (P1 · P2 − P1 · P − P2 · P), (3.407)

since P1
2 = P2

2 = P 2 = 0. Therefore, we have

P1 · P2 − P1 · P − P2 · P = 0. (3.408)

The energy for a photon is E = pc = {
p = h

λ

} = hc
λ

. Using P1 = h
λ1

(1,1,0),

P2 = h
λ2

(1,−1,0), and P = h
λ
(1, cos θ, sin θ), we obtain
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2h2

λ1λ2
= P1 · P2 = P · (P1 + P2) = h2

λ

[
1− cos θ

λ1
+ 1+ cos θ

λ2

]
. (3.409)

Solving for λ now results in

λ = 1

2
[λ2(1− cos θ)+ λ1(1+ cos θ)] . (3.410)

1.86
First, define the Lorentz invariant total 4-momentum squared of the pions as
s = (p1 + p2)

2. Using conservation of 4-momentum, i.e., P = p1 + p2 + k, we
can then calculate s to be s = (P − k)2 = M(M − 2ω). However, in the rest frame
of the pions, we know that

√
s = 2E, where E =

√
m2 + p2 and p2 = p2

1 = p2
2.

Therefore, using the two expressions for s, we obtain M2 − 2Mω = 4(m2 + p2),
which can be solved for p to give

p = 1

2

√
M2 − 2Mω − 4m2. (3.411)

Finally, the speed of the pions relative to their center-of-mass frame is v = p/E,
so inserting the expression for p and E = 1

2

√
s = 1

2

√
M2 − 2Mω, we find that

v = p

E
=
√

M2 − 2Mω − 4m2

M2 − 2Mω
=
√

1− 4m2

M(M − 2ω)
. (3.412)

1.87
Before the decay, the �0 particle moves with 4-momentum (E,p) toward the detec-
tor. After the decay, the � particle moves toward the detector with 4-momentum
(E′,p′) and the photon with momentum (ω′,k′).

a) The total energy of the �0 particle is given by

E� = m�√
1− v2

= m�√
1− 1/32

= 3m�

2
√

2
. (3.413)

b) Conservation of 4-momentum gives the relation

P� = Pγ + P�. (3.414)

Subtracting Pγ from both sides and squaring results in

m2
� = P 2

� = m2
� − 2P� · Pγ = m�(m� − 2Eγ ), (3.415)

where Eγ is the energy of the photon in the rest frame of the �0 particle. Solving
for Eγ results in

Eγ = m2
� −m2

�

2m�

. (3.416)
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c) Since the �0 particle is moving straight toward the detector, the energy of the
photon as registered by the detector will be given by the relativistic Doppler shift
formula

E′
γ = Eγ

√
1+ v

1− v
= Eγ

√
1+ 1/3

1− 1/3
= Eγ

√
2 = m2

� −m2
�√

2m�

. (3.417)

1.88
a) In the center-of-mass system, we have by definition pe + pp = 0 and con-

servation of 3-momentum then leads to p′e + p′p = 0. Due to conservation of
energy, we have for elastic scattering that |pe| = |pp| = |p′e| = |p′p| ≡ p.
Therefore, we have Ee = E′

e. Using these results, we find that t = (pe − p′e)
2 =

(Ee − E′
e)

2 − (pe − p′e)
2 = −(pe − p′e)

2, and thus, we obtain −t = (pe − p′e)
2.

Introducing the scattering angle θ by pe · p′e = p2 cos θ , we find that

−t = p2
e + p′e

2 − 2pe · p′e = p2 + p2 − 2p2 cos θ

= 2p2(1− cos θ) = 4p2 sin2 θ

2
. (3.418)

Thus, the result is −t = 4p2 sin2(θ/2).
b) Since conservation of 4-momentum holds, we also have pe − p′e = p′p − pp,

which means that t = (p′p − pp)2. In the laboratory system, we have pp = (mp,0)

and p′p = (mp + T ′p,pp). Therefore, we find that

t = (p′p − pp)2 = p′p
2 + p2

p − 2p′p · pp = 2m2
p − 2pp · p′p

= 2m2
p − 2mp(mp + T ′p) = −2mpT ′p. (3.419)

Thus, the result is T ′p = −t/(2mp).

1.89
The energy of the pion before the collision is E = mπ +T . Now, s0 = (mπ +m�)2

gives the minimal center-of-mass energy squared for production of the �. However,
this is also given by s0 = ((E,p) + (mp,0))2 = (E + mp)2 − p2 = (T + mπ +
mp)2 − p2. From E2 = (m+ T )2 = m2 + p2 follows that p2 = T 2 + 2mT . Thus,
the kinetic energy T of the pion required to create the � is given by

(mπ +m�)2 = (T +mπ +mp)2 − (T 2 + 2mπT )

�⇒ T = (mπ +m�)2 − (mπ +mp)2

2mp

. (3.420)
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1.90
The square of the center-of-mass energy is given by

P 2
tot = (pπ + pd)

2 = (pp1 + pp2)
2. (3.421)

In the case when the pion hits a deuteron at rest, we have

pπ = (mπ + Tπ,pπ) and pd = (md,0). (3.422)

This gives the square of the center-of-mass energy, i.e.,

P 2
tot = p2

π + p2
d + 2pπ · pd = (mπ +md)

2 + 2mdTπ . (3.423)

Similarly, we have, in the case of one proton hitting another proton at rest,

pp1 = (mp + Tp,pp1) and pp2 = (mp,0), (3.424)

resulting in

P 2
tot = 4m2

p + 2mpTp. (3.425)

Requiring the two expressions for the square of the center-of-mass energy to be the
same, we obtain

Tp = (mπ +md)
2

2mp

− 2mp + md

mp

Tπ . (3.426)

1.91
Consider the reaction π++n −→ K++�. Let θ = [π+,K+] = 90◦. Conservation
of 4-momentum gives

pπ+ + pn = pK+ + p�. (3.427)

The unknown kinematics of the � particle can be removed by isolating p� and
squaring such that

p� = pπ+ + pn − pK+, (3.428)

p2
� = (pπ+ + pn − pK+)2

= p2
π+ + p2

n + p2
K+ + 2pπ+ · pn − 2pπ+ · pK+ − 2pn · pK+ . (3.429)

Using the fact that p2 = m2 implies that

m2
� = m2

π+ +m2
n +m2

K+ + 2pπ+ · pn − 2pπ+ · pK+ − 2pn · pK+ . (3.430)

In the rest frame of n, one has

pπ+ = (Eπ+,pπ+), pn = (mn,0), and pK+ = (EK+,pK+). (3.431)
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This leads to

m2
� = m2

π+ +m2
n +m2

K+ + 2Eπ+ ·mn − 2 (Eπ+EK+ − pπ+ · pK+)− 2mn · EK+ .
(3.432)

Using pπ+ · pK+ = |pπ+||pK+| cos θ = |pπ+||pK+| · 0 = 0 yields

m2
� = m2

π+ +m2
n +m2

K+ + 2Eπ+ ·mn − 2Eπ+EK+ − 2mn · EK+ . (3.433)

Solving the above equation for Eπ+ , we find that

Eπ+ =
m2

� −m2
π+ −m2

n −m2
K+ + 2EK+mn

2 (mn − EK+)
. (3.434)

The kinetic energy of π+ is given by Tπ+ = Eπ+ −mπ+ . Thus, one obtains

Tπ+ =
m2

� −m2
π+ −m2

n −m2
K+ + 2EK+mn

2 (mn − EK+)
−mπ+ . (3.435)

Using the given quantities T and E, i.e., Tπ+ = T and EK+ = E, this gives the
result

T = m2
� −m2

π+ −m2
n −m2

K+ + 2Emn

2 (mn − E)
−mπ+ . (3.436)

1.92
Let the 4-momenta of the different particles be indexed by their respective symbols.
Then, conservation of 4-momentum gives

pp + pπ− = pn + pπ0 . (3.437)

Since we have no information on the π0 meson, we solve for its 4-momentum and
square it, which leads to

m2
π0 = (pp + pπ− − pn)

2. (3.438)

Thus, in the common rest frame of the incoming particles, we obtain

mπ0 =
√

(mp +mπ− − En)2 − p2
n =

√
(mp +mπ−)2 +m2

n − 2En(mp +mπ−).

(3.439)

Now, we have vn ≈ 3 · 10−2, which is small compared to 1. Therefore, we can
approximate

En = mn√
1− v2

n

� mn

(
1+ 1

2
v2

n

)
, (3.440)
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which yields

mπ0 �
√

(mp +mπ−)2 +m2
n − 2(mp +mπ−)mn

(
1+ 1

2
v2

n

)
=
√

(mp +mπ− −mn)2 −mn(mp +mπ−)v2
n

= (mp +mπ− −mn)
2

√
1− mn(mp +mπ−)

(mp +mπ− −mn)2
v2

n, (3.441)

and finally, we find that

mπ0 � mp +mπ− −mn − 1

2

mn(mp +mπ−)

mp +mπ− −mn

v2
n. (3.442)

1.93
The kinetic energy of the neutron is negligible (the kinetic energy of a thermal neu-
tron is of the order 25 meV), so both the neutron and the proton can be considered
at rest before the reaction. By conservation of 4-momentum, we have the relation

pp + pn − pγ = pd ⇒ (pp + pn)
2 − 2(pp + pn) · pγ = p2

d . (3.443)

If we let M = mp + mn, then pp + pn = (M,0) and pγ = (Eγ,pγ ) in the lab
frame, while pd = (M − B,0) in the rest frame of the deutron. It follows from the
Lorentz invariance of the Minkowski product that

M2 − 2MEγ = M2 − 2MB + B2

⇒ Eγ = B

(
1− B

2M

)
= B

(
1− B

2(mp +mn)

)
. (3.444)

The difference between the energies B and Eγ is due to the recoil energy of the
deutron.

1.94
Let the 4-momenta for the particles in the reaction be k, pH, pp, and pe. Since
4-momentum is conserved, we have k + pH = pp + pe. From Lorentz invariance,
we also have (k + pH)2 = (pp + pe)

2. Now, since both sides of this relation are
Lorentz invariants, we can calculate them in different inertial systems. In the system
where H is at rest, we can take k = (ω,ω,0,0) and pH = (mH,0,0,0). Thus, we
obtain (k + pH)2 = 2ωmH + m2

H. For the final particles, we choose the center-of-
mass frame, where the particles are at rest at threshold for the reaction to occur.
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Thus, we find that (pp +pe)
2 = (mp +me)

2 = (mH+B)2. Finally, combining the
above expressions and solving for ω, we obtain

ω = B

(
1+ B

2mH

)
. (3.445)

1.95
In order for the collision of the two neutrinos to produce a Z0 boson, the center-of-
momentum energy must be equal to the Z0 mass, i.e.,

(p1 + p2)
2 = m2

Z0, (3.446)

where p1 is the 4-momentum of the CNB neutrino and p2 is the 4-momentum of
the UHE neutrino. The two 4-momenta are given by

p1 =
(
mν + Ek,

√
Ek(Ek + 2mμ)a

)
, (3.447)

p2 = (E,Eb), (3.448)

where mν is the neutrino mass, Ek is the thermal energy of the CNB neutrino,
E is the energy of the UHE neutrino, and a and b are 3-vectors with modulus
one (|a| = |b| = 1). Note that we have neglected the neutrino mass compared
to the UHE neutrino energy. In general, we now need to take care if we obtain
an expression, where terms including E cancel (since the corrections of the small
parameter mμ/E would then become the leading terms). However, this will not be
the case in this problem.

Summing and then squaring the 4-vectors results in

m2
Z0 = (p1 + p2)

2 = 2p1 · p2 + p2
1 + p2

2︸ ︷︷ ︸
�p1·p2

� 2p1 · p2

= E
[
mν + Ek −

√
Ek(Ek + 2mν)a · b

]
. (3.449)

Furthermore, since |a · b| ≤ 1, we obtain

m2
Z0 ≤ E

[
mν + Ek −

√
Ek(Ek + 2mν)

]
⇒ E ≥ m2

Z0

2

1

mν + Ek +
√

Ek(Ek + 2mν)
. (3.450)

For the case when mν = 0.15 eV � Ek, this simplifies to

E ≥ m2
Z0

2mν

� 28 · 1021 eV = 28 ZeV. (3.451)

Similarly, in the case when Ek � 3kBT /2 � mν , we have

E ≥ m2
Z0

4Ek

� 8 · 1024 eV = 8 YeV. (3.452)
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1.96
a) Conservation of 4-momentum yields k + p = k′ + p′. We can remove the

redundant information about p′ as follows

(p + k − k′)2 = p′2 = m2. (3.453)

Using k2 = k′2 = 0 and simplifying gives

p · k − p · k′ − k · k′ = 0. (3.454)

Inserting p = (m,0), k = (ω,k), and k′ = (ω′,k′), this leads to

ω − ω′ = 2

m
ωω′ sin2 θ

2
, (3.455)

in the rest frame of the initial electron. We then use ω = 2πν = {ν = 1/λ} = 2π/λ

and similar for ω′ to obtain the Compton formula, i.e.,

λ′ − λ = 4π

m
sin2 θ

2
. (3.456)

b) We use the Mandelstam variable s defined as

s ≡ (p + k)2 = p2 + k2 + 2p · k = m2 + 2mω. (3.457)

On the other hand, due to conservation of 4-momentum, we also have, in the center-
of-mass system (i.e., p′ + k′ = 0), the expression

s = (p′ + k′)2 = (E′ + ω′)2 =
(√

m2 + ω′2 + ω′
)2

, (3.458)

where E′ =
√

m2 + p′2 is the energy of the outgoing electron and p′2 = k′2 = ω′2.
Now, since s is Lorentz invariant, equating the two expressions for s and solving
for ω′, we obtain

m2 + 2mω =
(√

m2 + ω′2 + ω′
)2

⇔ ω′ = ω√
1+ 2ω

m

. (3.459)

1.97
Denoting the incoming 4-momenta of the electron and photon pe and pγ , respec-
tively, and the corresponding outgoing quantities by ke and kγ , we have

pe = (me,0), pγ = ω(1,1,0), ke = (Ee,pe), kγ = ω′(1, cos θ, sin θ), (3.460)

in the laboratory frame, where we have oriented our coordinate system such
that there is no momentum in the z-direction either before or after the collision.
Thus, we have also omitted the z-components of the 4-vectors. Conservation of
4-momentum yields
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pe + pγ = ke + kγ �⇒ pe + pγ − kγ = pe. (3.461)

Squaring this relation, we obtain

m2 + 2pe · pγ − 2pe · kγ − 2pγ · kγ = m2 �⇒ mω = mω′ + ωω′(1− cos θ).
(3.462)

Solving for ω′, we have

ω′ = ω

1+ ω
m
(1− cos θ)

. (3.463)

Furthermore, the total energy of the outgoing electron Ee is given by Ee = m +
ω − ω′ from the time component of the 4-momentum conservation (i.e., energy
conservation). Since the kinetic energy is Te = Ee − m = ω − ω′, we insert our
result for ω′ and simplify

Te = ω − ω′ = ω

[
1− 1

1+ ω
m
(1− cos θ)

]
= ω2(1− cos θ)

m+ ω(1− cos θ)
. (3.464)

1.98
The setup is shown in Figure 3.8. The 4-momenta of the particles are given by
(suppressing the z-component):

k = E0(1,1,0), p = mγ (1,v,0), k′ = E(1, cos θ,− sin θ), p′ = mV ′
e,

(3.465)

where E0 is the initial photon energy, v is the initial speed of the electron, and E is
the sought energy of the photon after scattering. By conservation of 4-momentum,
we find that

p + k − k′ = p′ ⇒ (p + k − k′)2 = m2. (3.466)

This leads to

m2 + 2p · k − 2(p + k) · k′ = m2 ⇒ p · k = (p + k) · k′
⇒ mγE0(1− v) = mγE(1− v cos θ)+ EE0(1− cos θ). (3.467)

x

k

p¢

k¢

After

θ

Before

v

p

g

y

Figure 3.8 Setup of inverse Compton scattering γ + e− −→ γ + e− before and
after scattering.
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Solving for E leads to

E = mγE0(1− v)

mγ (1− v cos θ)+ E0(1− cos θ)
. (3.468)

1.99
Consider the reaction μ+ −→ e+ + νe + ν̄μ. Let pμ, pe, pνe

, and pν̄μ
be the

4-momenta of the antimuon, positron, electron neutrino, and antimuon neutrino,
respectively. Conservation of 4-momentum gives pμ = pe + pνe

+ pν̄μ
, so that

pμ − pνe
= pe + pν̄μ

≡ P . Squaring both sides yields

P 2 = p2
μ − 2pμ · pνe

+ p2
νe
= m2

μ − 2pμ · pνe
+m2

νe

= (pe + pν̄μ
)2 = m2

e + 2pe · pν̄μ
+m2

ν̄μ
. (3.469)

Neglecting the neutrino masses compared to lepton masses yields the relation

m2
μ − 2pμ · pνe

� m2
e + 2pe · pν̄μ

. (3.470)

All of the terms in this relation are Lorentz invariant and may be calculated in any
inertial system. Calculating pe · pν̄μ

in the rest frame of the positron, it is easy to
obtain pe · pν̄μ

≥ memν̄μ
, which is negligible compared to m2

e . In the rest frame of

the antimuon, we have pμ = (mμ,0) and pνe
= (E,p), where |p| =

√
E2 −m2

νe

and E being the total energy of the electron neutrino. Inserting this into the equation
above results in the inequality

m2
μ − 2mμE ≥ m2

e ⇒ E ≤ m2
μ −m2

e

2mμ

. (3.471)

Thus, the largest possible total energy of the electron neutrino in the rest frame of
the antimuon is given by

Emax =
m2

μ −m2
e

2mμ

. (3.472)

1.100
Consider the decay ρ −→ μ− + μ+ + γ . Conservation of 4-momentum gives the
relation

pρ − pμ+ = pμ− + pγ . (3.473)

Squaring this expression yields

(pρ − pμ+)
2 = (pμ− + pγ )2, (3.474)

where both sides are clearly Lorentz invariant. In the rest frame of the ρ-meson, the
left-hand side of this expression is given by

(pρ − pμ+)
2 = m2

ρ +m2
μ − 2pρ · pμ+ = m2

ρ +m2
μ − 2mρ(Tμ +mμ), (3.475)
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where mμ ≡ mμ− = mμ+ and Tμ is the kinetic energy of the μ+. In the rest frame
of the μ−, the right-hand side becomes

(pμ− + pγ )2 = mμ(mμ + 2k) ≥ m2
μ, (3.476)

where k is the energy of the γ . It follows that

m2
ρ +m2

μ − 2mρ(Tμ +mμ) ≥ m2
μ ⇒ Tμ ≤ mρ

2
−mμ � 279 MeV. (3.477)

Alternatively, one may realize that the maximal energy of the muons is given when
the energy of the photon goes to zero. In that case, since the muons have identical
masses, the total energy of the ρ-meson will be evenly divided to the total energy of
the muons. The kinetic energy of one of the muons is then given by Tμ = Eμ−mμ,
where Eμ = mρ/2 is the total energy of one of the muons. Thus, the maximal
kinetic energy that one of the muons can have in this decay in the rest frame of the
ρ-meson is Tμ = mρ/2−mμ.

1.101
Giving all quantities in the rest frame of the 76Ge, we have that

pGe = (mGe,0), (3.478)

pSe = (ESe,pSe), (3.479)

pe1 = (E1,p1), (3.480)

pe2 = (E2,p2). (3.481)

The conservation of 4-momentum states that

pGe = pSe + pe1 + pe2. (3.482)

In particular, the time component of this relation states that

mGe − ESe = E1 + E2 = E = T + 2me, (3.483)

where E is the total energy of the two electrons and T is their total kinetic
energy, the quantity in which we are interested. Since the masses are invariant, we
deduce that

T = mGe − ESe − 2me (3.484)

is a function of ESe only. In order to maximize T , ESe =
√

m2
Se + p2

Se must take
its minimum allowed value, i.e., ESe = mSe. It is necessary to check that this
is kinematically allowed, which is the case since the momentum conservation is
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solved by p1 = −p2, which leaves the energy of the electrons as a free parameter,
which may be adjusted to solve the energy conservation. It follows that

T ≤ mGe −mSe − 2me ≡ Tmax. (3.485)

The minimal energy of the electrons is instead obtained when the 76Se obtains
its maximal energy. Conservation of 4-momentum gives

(pGe − pSe)
2 = (pe1 + pe2)

2 ≥ 4m2
e . (3.486)

The left-hand side of this equation evaluates to

(pGe − pSe)
2 = m2

Ge +m2
Se − 2mGeESe. (3.487)

Solving for ESe, we obtain

ESe ≤ m2
Ge +m2

Se − 4m2
e

2mGe
, (3.488)

and thus, we have

T ≥ (mGe − 2me)
2 −m2

Se

2mGe
≡ Tmin. (3.489)

It is of interest to note that

Tmax − Tmin

Tmax
= mGe −mSe + 2me

2mGe
, (3.490)

which is typically a very small number since the the difference between the masses
of the nuclei is relatively small. Thus, the electron spectrum for the neutrinoless
double beta decay is very peaked. This is in sharp contrast to the case of the more
common double beta decay (X −→ Y + 2e− + 2ν̄e), where the electron spectrum
is continuous and broad due to the possibility of the neutrinos taking some of the
energy.

1.102
According to the conservation of 4-momentum, the 4-momentum of the new parti-
cle φ must be given by

pφ = p1 + p2. (3.491)

In general, the magnitude of a particle’s 4-momentum is its mass, and therefore, we
find that

m2
φ = p2

φ = (p1 + p2)
2 = 2p1 · p2, (3.492)
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since p2
1 = p2

2 = 0. Computing the remaining inner product in the lab frame, we
find that

m2
φ = 2ω1ω2(1− cos θ). (3.493)

1.103
The total 4-momentum is:

1. In the laboratory (lab) system: plab = (E +mp,p,0,0),
2. In the center-of-mass (CM) system: pCM = (E∗,0,0,0),

where E and p are the energy and the momentum of the incoming proton, respec-
tively, E∗ is the energy in the CM system, and mp is the rest energy (mass) for a
proton (or antiproton).

The 4-momentum squared is an invariant, and thus, the same in the two systems.
Therefore, we have

p2
lab = p2

CM, (3.494)

which gives

(E +mp)2 − p2 = E∗2. (3.495)

Inserting E2 = m2
p + p2 and T = E −mp, i.e., the kinetic energy of the incoming

proton, we obtain

E∗ =
√

2mp(T + 2mp). (3.496)

A necessary condition for production of a proton-antiproton pair is E∗ ≥ 4mp, i.e.,

T ≥ 6mp � 6 · 938 MeV ≈ 5 628 MeV. (3.497)

The kinetic energy 8 000 MeV is therefore sufficient.

1.104
The same method as in Problem 1.103 gives that the kinetic energy of the negative
pion must satisfy the inequality

Tπ >
1

2mp

(
3m2

π + 4mπmn +m2
n −m2

p

)−mπ ≈ 174 MeV. (3.498)

1.105
a) Before the reaction, we have

P 2
in = (pp + pd)

2 = (mp +md)
2 + 2Tpmd � 9m2 + 4mTp, (3.499)
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where m is the nucleon mass. On the other hand, after the reaction, we have

P 2
out = (pp + pp′ + pn + pη)

2 ≥ (mp +mp +mn +mη)
2 � (3m+mη)

2

= 9m2 + 6mmη +m2
η. (3.500)

Using P 2
in = P 2

out, this gives

Tp � mη(6m+mη)

4m
≥ 13

8
mη ≈ 900 MeV > 700 MeV. (3.501)

The reaction is therefore not possible at this kinetic energy.
b) Let the 4-momentum of the η be pη = (mη + T ,pη), where T is the kinetic

energy and pη is the 3-momentum in the rest frame of the nucleons. Squaring the
relation from conservation of 4-momentum now results in

9m2 + 4mTp = [(3m,0)+ pη]2 = 9m2 + 6m(mη + T )+m2
η. (3.502)

Solving for T results in

T = 2Tp

3
−mη −

m2
η

6m
� 300 MeV. (3.503)

1.106
In general, we have the relation(∑

i

pi

)2

≥
(∑

i

mi

)2

, (3.504)

for an arbitrary sum of particle 4-momenta pi . For our two reactions, the conserva-
tion of 4-momentum yields

pν + pX = pμ + pY [+pπ ], (3.505)

where the term in brackets only appears in the 1π reaction. Squaring this relation
gives us

p2
ν + 2pν · pX + p2

X = 2pν · pX +m2
X = (pμ + pY [+pπ ])2 ≥ (mμ +mY [+mπ ])2.

(3.506)

In the rest frame of X, the product pν · pX evaluates to

pν · pX = EνmX, (3.507)

and we therefore obtain

Eν ≥ 1

2mX

{(
mμ +mY [+mπ ]

)2 −m2
X

}
, (3.508)
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where the lower limit is the threshold energy for the reaction to be possible. Divid-
ing the two threshold energies, we obtain the ratio

Eν,th,1π

Eν,th, QE
= (mμ +mY +mπ)2 −m2

X

(mμ +mY )2 −m2
X

. (3.509)

1.107
We denote the incoming momenta p1 and p2, respectively, while we call the out-
going momenta ki , i = 1,2,3,4. Since all of the particles have the same mass, we
have the relation p2

i = k2
i = m2. By conservation of 4-momentum, we have

p1 + p2 = k1 + k2 + k3 + k4. (3.510)

Squaring this relation and using the inequality A · B ≥
√

A2B2 for any timelike
vectors A and B, we find that

2m2 + 2p1 · p2 ≥ (4m)2, (3.511)

where the equality holds only if all of the outgoing particles are at relative rest, i.e.,
at the reaction threshold. At threshold, we therefore have

p1 · p2 = 7m2. (3.512)

In the rest frame of one of the initial electrons (say the one with 4-momentum p1),
we can write down the 4-momenta as

p1 = m(1,0), p2 = (E,p), (3.513)

where E is the total energy of the other electron. It follows that

mE = 7m2 ⇒ E = 7m. (3.514)

On the other hand, in the center-of-momentum frame, the total energy squared is
the square of the total 4-momentum. Thus, the total center-of-mass (CM) energy is
given by

ECM =
√

(4m)2 = 4m, (3.515)

at threshold. The ratio E/ECM is therefore 7/4. Note that the total energy in the
frame where one of the electrons is at rest is E +m = 8m.

1.108
In general, conservation of 4-momentum gives

p1 + p2 = p′1 + p′2 + p′K, (3.516)
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where pi are the 4-momenta of the incoming protons, p′i are the 4-momenta of the
outgoing protons, and p′K is the 4-momentum of the kaon. By squaring this relation,
we obtain

p2
1 + p2

2 + 2p1 · p2 = 2m2
p + 2p1 · p2 = (p′1 + p′2 + p′K)2 ≥ (2mp +mK)2,

(3.517)

where the equality holds at the threshold energy. In the first case where one of the
protons is at rest, we find that

p1 = (mp,0), p2 = (T +mp,p), (3.518)

where T is the kinetic energy of the moving proton and p is its momentum. This
results in

p1 · p2 = m2
p + T mp. (3.519)

Inserting this into the relation above, we find that

Tth = m2
K

2mp

+ 2mK . (3.520)

On the other hand, in the second case where both protons are moving with the
same velocity, we have

p1 = (T +mp,p), p2 = (T +mp,−p), (3.521)

where T is the kinetic energy of one proton. As a result, we find

p1 + p2 = 2(T +mp,0) �⇒ (p1 + p2)
2 = (2T + 2mp)2 ≥ (2mp +mK)2.

(3.522)

We conclude that

2T ≥ mK, (3.523)

and, thus, the total threshold kinetic energy is given by

Tth, tot = mK . (3.524)

1.109
By conservation of 4-momentum, we have the relation

pχ + pp = kp + kχ∗, (3.525)

where the pi are the incoming and the ki the outgoing 4-momenta. By squaring this
relation, we find that

p2
χ + 2pχ · pp + p2

p = m2
χ +m2

p + 2(mχ + T )mp

= (kp + kχ∗)
2 ≥ (mp +mχ + δ)2. (3.526)
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Rearranging this inequality leads to

T ≥
(

1+ mχ

mp

)
δ + δ2

2mp

. (3.527)

In the limit δ � mχ , we can neglect the δ2 term and obtain

T ≥
(

1+ mχ

mp

)
δ. (3.528)

As long as δ/T � mχ/mp, the threshold energy T will be in the classical limit and
given by T = mχv2/2. This leads to

v ≥
√

2
mp +mχ

mpmχ

δ =
√

2δ

μ
, (3.529)

where μ ≡ mpmχ/(mp +mχ) is the reduced mass of the proton-χ system.

1.110
Since, for a particle of mass m, pμ = (E,p)μ = mV μ = mγ (1,v)μ, it follows that

v = p

E
, v = |p|

E
. (3.530)

It also holds that

m2 = p2 = E2 − p2 �⇒ p = E

√
1− m2

E2
. (3.531)

Thus, the time t (m) for neutrinos of mass m and energy E to reach the Earth is
given by

t (m) = L

v
= L√

1− m2

E2

, (3.532)

and the difference compared to if they were massless by

�t ≡ t (m)− t (0) = L

⎛⎝ 1√
1− m2

E2

− 1

⎞⎠ � m2L

2E2
, (3.533)

where the last approximation holds when m� E.

1.111
a) From conservation of energy, it follows that the total energy of the elementary

particle after acceleration is given by

E = Ein + Eacc, (3.534)
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where Ein is the initial total energy, and Eacc is the energy added by acceleration.
Since the particle was initially at rest, we have Ein = mc2, where m is the mass of
the particle. From the relation

E = mc2 + T , (3.535)

where T is the kinetic energy, it immediately follows that T = Eacc. The energy
added by the accelerator is given by

Eacc = Q�U, (3.536)

where Q = e is the charge of the particle and �U is the difference in the electric
potential at the start and end of the acceleration. Since the electric field is known,
we can easily compute �U as

�U = E′L = 104 V/m · 100 m = 106 V, (3.537)

where E′ is the electric field strength. Thus, the kinetic energy after the
acceleration is

T = e�U = 106 eV = 1 MeV. (3.538)

b) The time for the particle to travel the distance dx in the tube is given by

dt = dt

dx
dx = 1

v
dx. (3.539)

Thus, the total time for the particle to pass through the tube is

t =
∫ L

0

1

v
dx, (3.540)

where L is the detector length. However, the length traveled in the detector is related
to the total energy as

E = eE′x +mc2, (3.541)

cf., problem a). Thus, we change the variable of integration to the total energy E

and obtain

t =
∫ mc2+Eacc

mc2

dE

veE′ . (3.542)

The velocity v can be expressed as a function of the total energy through the relation

v = pc2

E
= c

√
1− m2c4

E2
, (3.543)



154 3 Solutions to Problems

which yields

t = 1

ceE′

∫ mc2+Eacc

mc2

E dE√
E2 −m2c4

, (3.544)

when inserted into the integral. A new change of variables to α = E2 results in the
formula

t = 1

ceE′

∫ (mc2+Eacc)
2

m2c4

dα

2
√

α −m2c4
= 1

ceE′

[√
α −m2c4

](mc2+Eacc)
2

m2c4

= 1

ceE′
√

Eacc(2mc2 + Eacc) = 1

ceE′
√

eE′L(2mc2 + eE′L). (3.545)

1.112
Let Aμ = Aμ(x) be the solution to �Aμ(x) = 0. Calculate �′A′μ(x ′), where
x ′ = �x and A′μ(x ′) = �μ

νA
ν(x). An explicit calculation yields

�′A′μ(x ′) = ∂ ′ν∂
′νA′μ = � α

ν ∂α�
ν
β∂β�μ

γ Aγ (x) = � α
ν �ν

β�μ
γ ∂α∂

βAγ

= (�T )α
ν�

ν
β�μ

γ ∂α∂
βAγ = (�T �)α

β�μ
γ ∂α∂

βAγ = ηα
β�μ

γ ∂α∂
βAγ

= �μ
γ ∂α∂

αAγ = �μ
γ �Aγ = {�Aμ = 0} = �μ

γ · 0 = 0, (3.546)

i.e., �′A′μ(x ′) = 0. Thus, the equation �Aμ(x) = 0 is invariant under Lorentz
transformations.

1.113
Inserting the definition A′μ = Aμ + ∂μψ into F ′

μν = ∂μA′ν − ∂νA
′
μ, we obtain

F ′
μν = ∂μAν + ∂μ∂νψ − ∂νAμ − ∂ν∂μψ = Fμν + (∂μ∂ν − ∂ν∂μ)ψ︸ ︷︷ ︸

=0

= Fμν .

(3.547)

Thus, the gauge transformation results in the same field tensor Fμν .

1.114
The standard configuration Lorentz transformation is given by

x ′0 = x0 cosh θ − x1 sinh θ, (3.548)

x ′1 = −x0 sinh θ + x1 cosh θ, (3.549)
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x ′2 = x2, (3.550)

x ′3 = x3, (3.551)

where tanh θ = v/c. This means that the Lorentz transformation in matrix from is

� =

⎛⎜⎜⎝
cosh θ − sinh θ 0 0
− sinh θ cosh θ 0 0

0 0 1 0
0 0 0 1

⎞⎟⎟⎠ , (3.552)

such that x ′ = �x.
a) The observer in K ′ must measure the stick simultaneously in both endpoints.

This means at time x ′0 = 0 in his/her coordinate system. Without loss of generality,
we can put one of the endpoints of the stick at the origin in K ′. Thus, we have
(0,0,0) in K ′ at time x ′0 = 0 and (�,0,0) in K ′ at time x ′0 = 0. Therefore, it holds
that �x ′0 = 0 = �x0 cosh θ − � sinh θ , which leads to

�x0 = � sinh θ

cosh θ
= � tanh θ . (3.553)

However, �′ = −�x0 sinh θ + � cosh θ , so we have

�′ = −� sinh θ

cosh θ
sinh θ + � cosh θ = �

cosh2 θ − sinh2 θ

cosh θ
= {cosh2 θ − sinh2 θ = 1}

= �

cosh θ
. (3.554)

The relation cosh θ = 1/
√

1− v2/c2 implies that �′ = �
√

1− v2/c2. Thus, the
result is

�x′ = (�′,0,0) =
(
�
√

1− v2/c2,0,0
)

. (3.555)

b) The electric and magnetic fields E = (0,0,E) and B = (0,0,0) in K implies
that the electromagnetic field strength tensor in K is

F =

⎛⎜⎜⎝
0 0 0 −E

0 0 0 0
0 0 0 0
E 0 0 0

⎞⎟⎟⎠ . (3.556)
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The electromagnetic field strength tensor in K ′ is given by F ′ = �F�T . Thus,
we find

F ′ = �F�T =

⎛⎜⎜⎝
cosh θ − sinh θ 0 0
− sinh θ cosh θ 0 0

0 0 1 0
0 0 0 1

⎞⎟⎟⎠
⎛⎜⎜⎝

0 0 0 −E

0 0 0 0
0 0 0 0
E 0 0 0

⎞⎟⎟⎠

×

⎛⎜⎜⎝
cosh θ − sinh θ 0 0
− sinh θ cosh θ 0 0

0 0 1 0
0 0 0 1

⎞⎟⎟⎠

=

⎛⎜⎜⎝
0 0 0 −E cosh θ

0 0 0 E sinh θ

0 0 0 0
E cosh θ −E sinh θ 0 0

⎞⎟⎟⎠

=

⎛⎜⎜⎜⎝
0 −E′1 −E′2 −E′3

E′1 0 −cB ′3 cB ′2

E′2 cB ′3 0 −cB ′1

E′3 −cB ′2 cB ′1 0.

⎞⎟⎟⎟⎠ . (3.557)

Therefore, E′1 = E′2 = 0, E′3 = E cosh θ , B ′1 = B ′3 = 0, and B ′2 = E
c

sinh θ .
Using the relations cosh θ = γ (v) and sinh θ = v

c
γ (v), where γ (v) = 1√

1−( v
c )

2
,

we obtain the electric and magnetic fields in K ′ as

E′ =
(
E′1,E′2,E′3

)
= (0,0,Eγ (v)) , (3.558)

B′ =
(
B ′1,B ′2,B ′3

)
=
(

0,E
v

c2
γ (v),0

)
. (3.559)

1.115
For small velocities, i.e., β = v/c � 1, we have

γ � 1+ 1

2

v2

c2
� 1, βγ � v

c

(
1+ 1

2

v2

c2

)
� v

c
. (3.560)

Consider the electric and magnetic fields in K , i.e., E = (E1,E2,E3) and B = 0.
Thus, the corresponding electromagnetic field strength tensor in K ′ is given by
F ′ = �F�T , where

F = (Fμν) =

⎛⎜⎜⎝
0 −E1 −E2 −E3

E1 0 0 0
E2 0 0 0
E3 0 0 0

⎞⎟⎟⎠ , � = (�μ
ν) �

⎛⎜⎜⎝
1 −β 0 0
−β 1 0 0
0 0 1 0
0 0 0 1

⎞⎟⎟⎠ ,

(3.561)



3.1 Solutions to Problems in Special Relativity Theory 157

are the electromagnetic field strength tensor in K and the Lorentz transformation
in the x1-direction with velocity v, respectively. Therefore, we find that

F ′ �

⎛⎜⎜⎝
0 −E1 −E2 −E3

E1 0 βE2 βE3

E2 −βE2 0 0
E3 −βE3 0 0

⎞⎟⎟⎠ =
⎛⎜⎜⎜⎝

0 −E′1 −E′2 −E′3

E′1 0 −cB ′3 cB ′2

E′2 cB ′3 0 −cB ′1

E′3 −cB ′2 cB ′1 0

⎞⎟⎟⎟⎠ ,

(3.562)

to linear order in β. Thus, the magnetic field in K ′ is

B′ = (B ′1,B ′2,B ′3) = v

c2
(0,E3,−E2). (3.563)

In addition, the electric field in K ′ is E′ = (E′1,E′2,E′3) = (E1,E2,E3) = E.
Clearly, B′ is perpendicular to both the x1-axis (i.e., the direction of the velocity
v = −ve1 of K in K ′) and E′, since it holds that

B′ · e1 = v

c2
(0,E3,−E2) · (1,0,0) = 0, (3.564)

B′ · E = v

c2
(0,E3,−E2) · (E1,E2,E3) = 0. (3.565)

Thus, one finds that the magnetic field in K ′ for small velocities is

B′ � v

c2
(0,E3,−E2) = − 1

c2
(v× E). (3.566)

It holds that B′ · E ∝ (v× E) · E = 0 and B′ · v ∝ (v× E) · v = 0.

1.116
Consider the electric and magnetic fields in a coordinate system of K , i.e., E =
(0,1,0) and B = 0, which means that the electromagnetic field components are

E1 = 0, E2 = 1, E3 = 0, B1 = 0, B2 = 0, B3 = 0. (3.567)

Inserting the electromagnetic field components in the coordinate system of K into
the Lorentz transformation corresponding to a velocity boost vx in the x1-direction,
namely

E′1 = E1, (3.568)

E′2 = γ (vx)
(
E2 − vxB

3
)
, (3.569)

E′3 = γ (vx)
(
E3 + vxB

2
)
, (3.570)

B ′1 = B1, (3.571)

B ′2 = γ (vx)
(
B2 + vx

c2
E3
)
, (3.572)

B ′3 = γ (vx)
(
B3 − vx

c2
E2
)
, (3.573)
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the electromagnetic field components in the coordinate system of K ′ are

E′1 = 0, E′2 = γ (vx), E′3 = 0, B ′1 = 0, B ′2 = 0, B ′3 = −vx

c2
γ (vx),

(3.574)

where γ (v) ≡ 1√
1−v2/c2

. Similarly, with a velocity boost vy in the x ′2-direction, the

electromagnetic field components in the coordinate system of K ′′ are given by

E′′1 = −vxvy

c2
γ (vx)γ (vy), (3.575)

E′′2 = γ (vx), (3.576)

E′′3 = 0, (3.577)

B ′′1 = 0, (3.578)

B ′′2 = 0, (3.579)

B ′′3 = −vx

c2
γ (vx)γ (vy). (3.580)

1.117
The electric field E due to a point charge q at the origin is known to be

E(x) = qx

4πε0r3
. (3.581)

After giving an observer a boost to velocity v along the positive x1-axis, the field is
transformed to

E′(x ′) = q

4πε0r3

(
x1,x2 cosh θ,x3 cosh θ

)
, (3.582)

cB′(x ′) = q

4πε0r3

(
0,x3 sinh θ,−x2 sinh θ

)
, (3.583)

where cosh θ = γ (v) ≡ 1/
√

1− v2/c2, sinh θ = vγ (v)/c, and r =√
(x1)2 + (x2)2 + (x3)2.
Note that in order to compute the electromagnetic field strengths at the point x ′,

we have to write the x-coordinates on the right-hand side of the equations in terms
of the new x ′-coordinates. After doing so, we obtain

E′(x ′) = q

4πε0r3

(
x ′1 + vt ′,x ′2,x ′3

)
cosh θ, (3.584)

cB′(x ′) = q

4πε0r3

(
0,x ′3,−x ′2

)
sinh θ, (3.585)

where r =
√

cosh2 θ
(
x ′1 + vt ′

)2 + (x ′2)2 + (x ′3)2
.
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For small velocities, i.e., v � c, we recover the classical formulas

E′1(x ′) = q

4πε0

(
x ′1 + vt ′

) [(
x ′1 + vt ′

)2
+
(
x ′2
)2
+
(
x ′3
)2
]−3/2

, (3.586)

E′2(x ′) = q

4πε0
x ′2
[(

x ′1 + vt ′
)2
+
(
x ′2
)2
+
(
x ′3
)2
]−3/2

, (3.587)

E′3(x ′) = q

4πε0
x ′3
[(

x ′1 + vt ′
)2
+
(
x ′2
)2
+
(
x ′3
)2
]−3/2

, (3.588)

B ′1(x ′) = 0, (3.589)

B ′2(x ′) = q

4πε0
x ′3

v

c2

[(
x ′1 + vt ′

)2
+
(
x ′2
)2
+
(
x ′3
)2
]−3/2

, (3.590)

B ′3(x ′) = − q

4πε0
x ′2

v

c2

[(
x ′1 + vt ′

)2
+
(
x ′2
)2
+
(
x ′3
)2
]−3/2

(3.591)

for the electromagnetic field of a point charge moving along the negative x ′1-axis
with velocity v, i.e., we have an electric current in the negative x ′1-direction.

1.118
Maxwell’s equations describe how sources (charges and currents) give rise to elec-
tric and magnetic fields, whereas the Lorentz force law describes how the field
strengths determine the trajectory of a moving test particle with rest mass m and
electric charge q. Let us parametrize the trajectory of the particle as x = x(s),
where s is the proper time parameter. The Lorentz force law is then given by

mc2ẍμ(s) = qẋν(s)F
μν(x(s)), (3.592)

which is covariant under Lorentz transformations, i.e., both sides of the equation
transform as 4-vectors, and where Fμν is the electromagnetic field strength tensor.
In order to understand the physical meaning of the Lorentz force law, we will first
replace proper time derivatives by ordinary time derivatives, using x0 = ct . For the
time derivatives of the spatial components of x = x(s), we have

ẋ = dx

ds
= dx

dt

dt

ds
= u

1

c

dx0

ds
= 1

c
uẋ0. (3.593)

Then, from the spatial part of the Lorentz force law and using the definitions of the
electromagnetic field strengths, we obtain

mc2ẍi = mc2 dẋi

ds
= mc2 dt

ds

d

dt

(
dxi

dt

dt

ds

)
= m

dx0

ds

d

dt

(
ui dx0

ds

)
= dx0

ds

d

dt

(
muiẋ0

)
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= qẋνF
iν = q

(
ẋ0F

i0 + ẋjF
ij
) = q

(
dx0

ds
Ei + dt

ds
(u× cB)i

)
= q

(
dx0

ds
Ei + dx0

ds
(u×B)i

)
= dx0

ds
q (E + u×B)i . (3.594)

Thus, the factors dx0

ds
cancel of both sides of this equation to give

d

dt

(
muẋ0

) = q (E + u×B) . (3.595)

Now, what is muẋ0? The relativistic 4-momentum is defined as pμ = mcẋμ, so we
have p = mcẋ = muẋ0 (note that p �= mu), using ẋ = 1

c
uẋ0. Thus, the Lorentz

force law for the spatial components is given by

dp

dt
= q (E + u×B) , (3.596)

where p is the relativistic 3-momentum and E and B are the electric and magnetic
fields, respectively. Furthermore, what is ẋ0? The proper time parameter s is defined
such that ẋ2 = (ẋ0

)2 − ẋ2 = 1. Combining this with cẋ = uẋ0, we deduce

u = |u| = c

ẋ0
|ẋ| = c|ẋ|√

1+ |ẋ|2
⇒ |ẋ| = u/c√

1− u2/c2
. (3.597)

Thus, we have

ẋ0 =
√

1+ ẋ2 = 1√
1− u2/c2

≡ γ (u). (3.598)

Assuming E is a constant electric field and B = 0 as well as multiplying both
sides with dr, we find that

dp

dt
· dr = qE · dr = qE · u dt . (3.599)

The left-hand side is then

dp

dt
· dr = d

dt
(muẋ0) · udt = d(muẋ0) · u = mu · d(uẋ0). (3.600)

Inserting ẋ0 = 1/
√

1− u2/c2 and using straightforward differential calculus, gives
for the left-hand side

dp

dt
· dr = mu · d

(
u√

1− u2/c2

)
= mu · du

(1− u2/c2)3/2
= d

(
mc2√

1− u2/c2

)
.

(3.601)
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Integrating both sides from the origin, where u = 0, to the displacement r , where
the velocity momentarily is u, we find that∫ u(r)

u(0)=0

dp

dt
· dr =

∫ r

r=0
qE · dr ⇒ mc2√

1− u2/c2
−mc2 = qEr

⇒ 1√
1− u2/c2

= 1+ qEr

mc2
, (3.602)

since the electric field E is constant along the trajectory. Finally, introducing x ≡
1+ qEr

mc2 and solving for u, we obtain

u(r) = c
√

1− x−2 = c

√
1−

(
1+ qEr

mc2

)−2

, (3.603)

which is the velocity u(r) of the particle as a function of the displacement r from
the origin along the direction of motion.

An alternative solution is to note that the electric field in the momentary rest

frame
◦
K of the electron is, according to the transformation equations for the field

tensor, equal to the electric field in the laboratory system. Using units with c = 1,

the acceleration of the electron relative to
◦
K is therefore

◦
a = eE/m0, where e is the

electron charge and m0 is the electron rest mass. We obtain the answer by changing
g → eE/m0 in the formula [see Problem 1.41, Eq. (3.166)]

x = 1

g

[√
1+ (gt)2 − 1

]
. (3.604)

The answer is

x = m0

eE

⎡⎣√1+
(

eEt

m0

)2

− 1

⎤⎦ . (3.605)

We now want to calculate the velocity as a function of the displacement, we
multiply the Lorentz force f = e(E + u × B) by u and use that the change in
kinetic energy is dT = f · dr. We then introduce the electrostatic potential �

(E = −∇�):

dT

dt
= −e∇� · u = −e∇� · dr

dt
= −e

d�

dt
. (3.606)

Integration with respect to t gives

T = m0(γ (u)− 1) = −e�� = eEr, (3.607)
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x1

x3

⊗
x2

∗P

x′1

x′3

⊗
x′2

v

I

Figure 3.9 A straight uncharged conductor with current I as viewed in the inertial
systems K and K ′. Note that K ′ is moving with velocity v relative to K along the
x1-axis.

i.e.,

u(r) =
√

1−
(

1+ eEr

m0

)−2

. (3.608)

1.119
Introduce K and K ′ according to Figure 3.9.

a) The components of the electromagnetic field in K at the point P = (0,0,r)
are given by

Ei = B1 = B3 = 0,

B2 = −μ0I

2πr
. (3.609)

According to the Lorentz transformation formulas for the electromagnetic field

E′1 = E1, E′2 = γ (v)
(
E2 − vB3

)
, E′3 = γ (v)

(
E3 + vB2

)
,

B ′1 = B1, B ′2 = γ (v)
(
B2 + v

c2
E3
)
, B ′3 = γ (v)

(
B3 − v

c2
E2
)
, (3.610)

the corresponding components of the electromagnetic field in K ′ are therefore

E′1 = E′2 = 0, E′3 = −vγ (v)μ0I

2πr
,

B ′1 = B ′3 = 0, B ′2 = −γ (v)μ0I

2πr
. (3.611)

b) The current-density 4-vector in the conductor has the components Jμ=
(0,cμ0I/A,0,0) in K and J ′μ = (ρ ′/ε0,cμ0j

′1,cμ0j
′2,cμ0j

′3) in K ′, where
J ′μ = �μ

νJ
ν , � being the Lorentz transformation from K to K ′ and A the cross-

sectional area of the conductor. We then obtain
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ρ ′ = −vγ (v)

c2

I

A
and j ′1 = γ (v)

I

A
. (3.612)

Since the cross-sectional area A′ relative to K ′ is A, the current relative to K ′

becomes

I ′ = A′j ′1 = γ (v)I . (3.613)

Now, ρ ′ and I ′ generate the components of the electromagnetic field in K ′ as

E′1 = E′2 = 0, E′3 = ρ ′A′

2πr ′ε0
= −vγ (v)Iμ0

2πr ′
,

B ′1 = B ′3 = 0, B ′2 = −μ0I
′

2πr ′
, (3.614)

which is the same result as we obtained in a).

1.120
Inserting the definition of the electromagnetic field strength tensor, i.e., Fμν =
∂μAν − ∂νAμ, into Maxwell’s equations ∂μFμν = J ν , one obtains

∂μFμν = ∂μ(∂μAν − ∂νAμ) = {∂μ∂μ = � and ∂μ∂ν = ∂ν∂μ}
= �Aν − ∂ν(∂μAμ) = J ν . (3.615)

Using the Lorenz gauge condition, i.e., ∂μAμ = 0, yields

�Aν = J ν . (3.616)

This is the simple form of Maxwell’s equations and is a wave equation for A

with source term J . Assuming that J = 0, which implies that J ν = 0, one finds
�Aν = 0. A useful formula is given by

∂μAν = ∂μ(ενeik·x) = εν∂μeik·x = ενeik·xikμ = ikμενeik·x = ikμAν . (3.617)

Using Eq. (3.617), one obtains the electric and magnetic field components as

Ei = F i0 = ∂iA0 − ∂0Ai = ikiε0eik·x − ik0εieik·x = i(kiε0 − k0εi)eik·x,
(3.618)

Bi = (∇ ×A)i = εijk∂jAk = iεijkkjAk. (3.619)

Multiplying Eqs. (3.618) and (3.619) with ki , one finds that

E · k = Eiki = i(kiε0 − k0εi)eik·xki = i(kikiε0 − k0kiεi)eik·x

= i(k2ε0 − k0k · ε)eik·x, (3.620)

B · k = Biki = εijkikjAkki = iεijkkikjAk

= {εijk is antisymmetric and kikj is symmetric
} = 0. (3.621)
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Multiplying Eq. (3.617) with ημν , one has

∂μAμ = ημν∂
μAν = ημνik

μAν = ikμAμ = ikμεμeik·x = i(k0ε
0 − k · ε)eik·x,

(3.622)

but ∂μAμ = 0 (Lorenz gauge), so i(k0ε
0 − k · ε)eik·x = 0, i.e.,

ε0 = k · ε
k0

, (3.623)

since eik·x �= 0. Inserting Eq. (3.623) into Eq. (3.620) yields

E · k = i

(
k2k · ε

k0
− k0k · ε

)
eik·x = −i

k · ε
k0

(
k0k

0 − k2
)
eik·x = −i

k · ε
k0

k2eik·x .

(3.624)

Taking the partial derivative with respect to xμ of Eq. (3.617), one finds

�Aν = ∂μ∂μAν = ∂μ(ikμAν) = ikμ∂μAν = ikμ(ikμAν) = −kμkμAν = −k2Aν,

(3.625)

but �Aν = 0, so −k2Aν = 0, i.e., k2 = 0, since Aν �= 0. Inserting k2 = 0 into
Eq. (3.624) yields

E · k = −i
k · ε
k0

· 0 · eik·x = 0. (3.626)

Thus, one obtains

E · k = B · k = 0. (3.627)

1.121
Inserting the expression for the free electromagnetic plane wave Aμ(x) = εμeik·x

into the definition of the electromagnetic field strength tensor Fμν = ∂μAν−∂νAμ,
one obtains

Fμν = ikμενeik·x − ikνεμeik·x = i (kμAν − kνAμ) . (3.628)

Thus, we find that

FμνF
μν = − (kμAν − kνAμ

)
(kμAν − kνAμ)

= −k2A2 + (k · A)2 + (k · A)2 − k2A2

= 2
[
(k · A)2 − k2A2

]
. (3.629)

Now, Maxwell’s equations ∂μFμν = J ν expressed in the 4-vector potential A when
the 4-current J = 0, i.e., the free case, are �Aν − ∂ν∂ · A = 0 and in k-space

−k2Aν + kνk · A = 0. (3.630)

Therefore, multiplying the above equation with Aν , one has

(k · A)2 − k2A2 = 0. (3.631)
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Thus, one obtains

FμνF
μν = 2 · 0 = 0, (3.632)

i.e., the invariant FμνF
μν is zero. Finally, by writing out the invariant εμνωλF

μνFωλ

explicitly, one finds that

εμνωλF
μνFωλ = −εμνωλ(k

μεν − kνεμ)(kωελ − kλεω)e2ik·x

= −εμνωλ(k
μkωενελ − kμkλενεω − kνkωεμελ + kνkλεμεω)e2ik·x

= 0, (3.633)

since εμνωλ is totally antisymmetric and each term inside the parenthesis has two
pairs of symmetric indices, i.e., the invariant εμνωλF

μνFωλ is also zero.
The result shows that for a plane wave solution of Maxwell’s equations, the

electric and magnetic fields oscillate in such a way that their magnitude is always
equal (if multiplying the magnetic field with c2 to get the correct units, the invari-
ant FμνF

μν is proportional to E2 − c2B2) and that they are always orthogonal
(εμνωλF

μνFωλ is proportional to E ·B).

1.122
a) Using the Lorentz invariant εμνλωFμνF λω = −8cE ·B, one finds

E ·B = − 1

8c
εμνλωFμνF λω, (3.634)

where εμνλω is a totally antisymmetric fourth rank tensor with ε0123 = 1. For any
vector index μ, the inner product AμBμ is Lorentz invariant, and for a Lorentz
transformation � with det � = 1, it holds that ε′μνλω = εμνλω. Thus, one has

ε′μνλωF ′μν
F ′λω = εμνλωF ′μν

F ′λω = εμνλωFμνF λω. (3.635)

Finally, using Eq. (3.634), one obtains

E′ ·B′ = E ·B. (3.636)

b) The expression εαβγ δF
αβF γ δ is Lorentz invariant and equal to −8cE · B.

Thus, if E · B = 0 for one observer, then it is zero for any observer in inertial
frames.

c) From Problem 1.120 we have Ei = i(kiε0−k0εi)eik·x and Bi = iεijkkj εkeik·x .
This gives immediately that E ·B = EiBi = 0, since εijk is antisymmetric.

d) The components of E ×B can be written as (E ×B)i = e2ik·x(kiM + εiN)

with M = k0ε2 − k · εε0 and N = k2ε0 − k0k · ε. Choose k = (k0,k0,0,0)

and ε = (0,0,1,0) or ε = (0,0,0,1). Then, it holds that E ×B = k0(k0,0,0)e2ik·x ,
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showing that only the 1-component of E×B is nonvanishing, and thus, the product
is proportional to k = (k0,0,0).

1.123
Using the Lorentz force law, we have

dp

dt
= −e(u×B), (3.637)

where e is the electron charge and p = m0cẋ = m0uγ with γ ≡ 1/
√

1− u2/c2.
From the Lorentz force law, we deduce that

dp

dt
· p = 0, (3.638)

which implies that p2 = m2
0u

2γ 2 = const. Since |u| is constant and the magnetic
field B = (0,0,B) is symmetric around the z-axis, we make the ansatz

u(t) = (u cos(αt),u sin(αt),0), (3.639)

which is automatically consistent with the initial condition u(t = 0) = (u,0,0).
Now, the Lorentz force law for the components is

dpx

dt
= −eBuy,

dpy

dt
= eBux,

dpz

dt
= 0, (3.640)

which after inserting the ansatz yields

dpx

dt
= −eBu sin(αt),

dpy

dt
= eBu cos(αt),

dpz

dt
= 0. (3.641)

Then, integrating these components leads to

px = eBu

α
cos(αt)+ c1, py = eBu

α
sin(αt)+ c2, pz = c3, (3.642)

where c1, c2, and c3 are integration constants. Consistency with p = m0uγ means
that c1 = c2 = c3 = 0 and α = eB/(m0γ ). Thus, integrating the expression for u,
we obtain the trajectory of the electron as

x(t) = um0γ

eB

(
sin

eBt

m0γ
,− cos

eBt

m0γ
,0

)
+ x0, (3.643)

where x0 is an integration constant. This trajectory is the equation for a circle
perpendicular to the z-axis with center at x0 and radius r = |x−x0| = um0γ /(eB).
The time for one revolution is t0 = 2πm0γ /(eB).

1.124
The two quantities E · B and E2 − c2B2 are Lorentz invariants, where E · B = 0
and E2 − c2B2 = 0, since E = (cB,0,0) and B = (0,B,0). Therefore, one has
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E′ · B′ = 0 and E′2 − c2B′2 = 0. Inserting E′ = (0,2cB,cB) and B′ = (0,B ′y,B
′
z),

one obtains {
B ′y

2 + B ′z
2 = 5B2

2B ′y + B ′z = 0
. (3.644)

Solving this system of equations, one finds that B ′y = ±B and B ′z = ∓2B. Thus,
the answer is B′ = ±(0,B,−2B).

1.125
The two quantities E2− c2B2 and E ·B are Lorentz invariants, where E2− c2B2 =
−2α2 and E · B = 0, since E = (α,−α,0) and B = (0,0,2α/c), where α �= 0.
Therefore, one has E′2 − c2B′2 = −2α2 and E′ · B′ = 0. Inserting E′ = (0,0,2α)

and B′ = (B ′x,α/c,B ′z), one obtains{
B ′x

2 + B ′z
2 = 5α2

c2

2αB ′z = 0
. (3.645)

Solving this system of equations, one finds that B ′x = ±α
√

5
c

and B ′z = 0. Thus, it
follows that B′ = (±α

√
5/c,α/c,0).

1.126
The two quantities E2− c2B2 and E ·B are Lorentz invariants, where E ·B = 0 and
E2−c2B2 = −2β2. Therefore, one has E′ −c2B′ = −2β2 and E′ ·B′ = 0. Inserting
E′ = (2β,0,0) and B′ = (B ′x,B

′
y,β/c), one obtains{

c2(B ′x
2 + B ′y

2
) = −5β2

2βB ′x = 0
. (3.646)

Solving this system of equations, one finds that B ′x = 0 and B ′y = ±
√

5 β/c. Thus,

it follows that B′ = (0, ±√5 β/c,β/c).

1.127
Observer A measures the electric and magnetic fields to be E = (α,0,0) and B =
(α/c,0,2α/c), respectively, where α �= 0. The two quantities E2 − c2B2 and E · B
are Lorentz invariants, where E2 − c2B2 = −4α2 and E · B = α2/c. Therefore,
one has E′2 − c2B′2 = −4α2 and E′ · B′ = α2/c. Inserting E′ = (E′

x,α,0) and
B′ = (α/c,B ′y,α/c), one obtains{

E′
x

2 − c2B ′y
2 = −3α2

E′
x + cB ′y = α

. (3.647)
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Solving this system of equations, one finds that E′
x = −α and B ′y = 2α/c. Thus,

it holds that E′ = (−α,α,0) and B′ = (α/c,2α/c,α/c), which are the electric and
magnetic fields as measured by observer B.

The electric and magnetic fields E′ = (−α,α,0) and B′ = (α/c,2α/c,α/c) imply
that the electromagnetic field strength tensor as seen by observer B is given by

F ′ =

⎛⎜⎜⎝
0 α −α 0
−α 0 −α 2α

α α 0 −α

0 −2α α 0

⎞⎟⎟⎠ . (3.648)

The electromagnetic field strength tensor as seen by observer C is then given by
F ′′ = �F ′�T , where

� =

⎛⎜⎜⎝
γ −βγ 0 0
−βγ γ 0 0

0 0 1 0
0 0 0 1

⎞⎟⎟⎠ . (3.649)

Here β = β(v) ≡ v
c

and γ = γ (v) ≡ 1√
1−β2

= 1√
1− v2

c2

. Thus, one obtains

F ′′ = �F ′�T =

⎛⎜⎜⎝
0 α −α(1− β)γ −2αβγ

−α 0 −α(1− β)γ 2αγ

α(1− β)γ α(1− β)γ 0 −α

2αβγ −2αγ α 0

⎞⎟⎟⎠

=

⎛⎜⎜⎜⎝
0 −E′′1 −E′′2 −E′′3

E′′1 0 −cB ′′3 cB ′′2

E′′2 cB ′′3 0 −cB ′′1

E′′3 −cB ′′2 cB ′′1 0

⎞⎟⎟⎟⎠ . (3.650)

Therefore, one finds that E′′1 = −α, E′′2 = α(1−β)γ = α
√

c−v
c+v

, E′′3 = 2αβγ =
2α v√

c2−v2
, B ′′1 = α/c, B ′′2 = 2αγ/c = 2α 1√

c2−v2
, and B ′′3 = α(1 − β)γ /c =

α
c

√
c−v
c+v

. Summarizing, the electric and magnetic fields as measured by observer C

are

E′′ =
(
E′′1,E′′2,E′′3

)
=
(
−α,α

√
c − v

c + v
,2α

v√
c2 − v2

)
, (3.651)

B′′ =
(
B ′′1,B ′′2,B ′′3

)
=
(

α

c
,2α

1√
c2 − v2

,
α

c

√
c − v

c + v

)
. (3.652)
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1.128
For the negatively charged muon, the Lorentz force equation is

dp

dt
= −eu×B, (3.653)

where p = muγ (u) is the relativistic 3-momentum, e is the elementary charge
(i.e., −e, since the muon is negatively charged), u is the velocity of the muon, and
B is the magnetic field. By scalar multiplication of the Lorentz force equation with
p, we obtain dp2/dt = 0, which is equivalent to have u = constant. If we assume
that there is no motion in the z-direction, then we find that

u = u(cos(ωt), sin(ωt),0) ⇒ x = u

ω
(sin(ωt),− cos(ωt),0)+ x0, (3.654)

i.e., the particle trajectory is a circle with radius R = u/ω. By solving the Lorentz
force equation, we obtain

ω = eB

mγ (u)
⇒ R = muγ (u)

eB
. (3.655)

By geometric considerations, it is easy to find that the deviation is given by

�x = R −
√

R2 − h2, (3.656)

where h is the altitude of the muon production. If R � h (which is the case for our
numerical values), then this simplifies to

�x � h2

2R
, (3.657)

by a simple series expansion. By applying the correct right-hand rule, we find that
the deviation is westward. Inserting the numerical values, we obtain �x � 380 m.

1.129
By Lorentz transformation of the electromagnetic field tensor, we can deduce that

E′ = (E1,E2 cosh θ − B3 sinh θ,E3 cosh θ + B2 sinh θ), (3.658)

B′ = (B1,B2 cosh θ + E3 sinh θ,B3 cosh θ − E2 sinh θ). (3.659)

Since the magnetic field in S ′ vanishes, we must have B′ = 0, which implies that

B1 = 0, B2 = −E3 tanh θ, B3 = E2 tanh θ . (3.660)

Inserting this into the expression for the E′ field, we obtain

E′ =
(

E1,
E2

cosh θ
,

E3

cosh θ

)
= 1

γ
(γE1,E2,E3). (3.661)
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1.130
a) By applying the transformation law F ′μν = �μ

ω�ν
λF

ωλ for an electromag-
netic field tensor Fωλ with vanishing electric field E, we obtain

E′ = vγ (0,−B3,B2) = v ×Bγ, (3.662)

B′ = (B1,γB2,γB3), (3.663)

where γ = 1/
√

1− v2.
b) The original Lorentz invariants are given by

B2 −E2 = B2 and E ·B = 0. (3.664)

In the new frame, we obtain

B′2 −E′2 = (B1)2 + c2
[
(B2)2 + (B3)2

]− s2
[
(B2)2 + (B3)2

] = B2, (3.665)

as well as

E′ ·B′ = cs(−B3B2 + B2B3) = 0. (3.666)

Thus, the Lorentz invariants are indeed invariant under the given boost.

1.131
a) The equation of motion is

d

dt
(γmeu) = qE, γ = (1− u2/c2)−1/2. (3.667)

Integrating this equation gives

meu√
1− u2/c2

= qEt, (3.668)

where we fixed the integration constants so that u = 0 at t = 0. We find that

u2 = (qEct)2

(mec)2 + (qEt)2
. (3.669)

Choosing a coordinate system with E = (E,0,0) with E = U/L, we obtain x(t) =
(x(t),0,0) and u = dx/dt = (u,0,0) with u = dx/dt . Thus, we have

dx(t)

dt
= qEct√

(mec)2 + (qEt)2
and x(t) =

∫ t

0

qEcs√
(mec)2 + (qEs)2

ds. (3.670)

The integral can be performed and gives

x(t) = c

qE

[√
(mec)2 + (qEt)2 −mec

]
, (3.671)
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where we used the initial condition x(0) = 0. For times so small that qEt � mec,
this gives

x(t) � xnr(t) ≡ qEt2

2me

, (3.672)

which is the correct nonrelativistic limit.
b) The time t∗ it takes to pass through the accelerator is determined by x(t∗) = L.

By using q = e and E = U/L, we find

t∗ = L

c

√
2mec2 + |eU |

|eU | . (3.673)

In the nonrelativistic limit, this gives t∗ � L
√

2me/|eU |, identical with the solution
of xnr(t

∗) = L.
c) The energy of the particles is

cp0 = mec
2√

1− u2/c2
= c

√
(mec)2 + (qEt)2. (3.674)

In the nonrelativistic limit, this gives

p0 −mec � 1

2
(qEt)2, (3.675)

which is the kinetic energy acquired by a nonrelativistic particle moving a time t in
a constant electric field E.

1.132
a) Let S ′ be the particle’s rest frame. We have (A′)0 = φ and (A′)i = 0, for

i = 1,2,3, and thus, in this frame, we have

(E′)i(x′,t ′) = (F ′)i0 = (∂ ′)i(A′)0 = −∂ ′iφ =
q(x ′)i

4π |x′|3 and (B ′)i = · · · = 0.

(3.676)

The transformation matrix from S ′ to S is

(�μ
ν) =

⎛⎜⎜⎝
γ −βγ 0 0
−βγ γ 0 0

0 0 1 0
0 0 0 1

⎞⎟⎟⎠ , (3.677)

where β = v/c and γ = 1/
√

1− β2, and thus, we obtain

Fμν(x) = �μ
α�

ν
β(F ′)αβ(x ′(x)), (3.678)
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where x is short for (xλ) and x ′(x) means x ′ expressed in terms of the coordinates
in S, i.e.,

(x ′)0 = γ (x0 + βx1), (x ′)1 = γ (x1 + βx0), (x ′)2 = x2, (x ′)3 = x3.
(3.679)

We get (suppressing arguments for simplicity)

Fμν = (�
μ

i�
ν

0 −�
μ

0�
ν
i)(E

′)i, (3.680)

and this leads to

Ej = F 0j = (�0
i�

j

0 −�0
0�

j

i)(E
′)i, (3.681)

i.e., we have

(E1,E2,E3) = ((E′)1,γ (E′)2,γ (E′)3) = q

4π |x′|3 ((x ′)1,γ (x ′)2,γ (x ′)3)

= qγ

4π
[
γ 2(x1 + vt)2 + (x2)2 + (x3)2

]3/2 ((x1 + vt),x2,x3). (3.682)

A similar computation gives

(B1,B2,B3) = (0,−βγ (E′)3,βγ (E′)2) = qβγ

4π |x′|3 (0,−(x ′)3,(x ′)2)

= qβγ

4π
[
γ 2(x1 + vt)2 + (x2)2 + (x3)2

]3/2 (0,−x3,x2). (3.683)

b) E ·B and E2 −B2 are Lorentz invariant, and thus, we should get E ·B =
E′ ·B′ = 0 and

E2 −B2 = (E′)2 = q2

16π2|x′|4 . (3.684)

Using the formulas above, it is straightforward to check that this is indeed the case.

1.133
a) The equation of motion follows from the Lorentz force law, i.e.,

dP μ

dτ
= q

c2
FμνUν, (3.685)

with P μ = m0U
μ = m0cdxμ/dτ . The force is pure, and thus, we have

m0c
d2xμ

dτ 2
= q

c
Fμ

ν

dxν

dτ
, (3.686)

which leads to

m0c
d2x1

dτ 2
= q

c
F 1

2

dx2

dτ
= qB3 dx2

dτ
, (3.687)
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since F 1
2 = cB3 and F 1

0 = F 1
1 = F 1

3 = 0. Now, using x1 = x = R cos ωτ and
x2 = y = −R sin ωτ , we find that

m0cR
d2

dτ 2
cos ωτ = −m0cRω2 cos ωτ = −qB3R

d

dτ
sin ωτ = −qB3Rω cos ωτ,

(3.688)

which means that

ω = qB3

m0c
. (3.689)

In order to calculate pip
i , we use P i = pi = −pi and (B3)2 = (Bi)2 = −BiB

i as
well as we set c = 1. Furthermore, we have

P 1 = m0
dx1

dτ
= m0

d

dτ
R cos ωτ = −m0ωR sin ωτ, (3.690)

P 2 = m0
dx2

dτ
= −m0

d

dτ
R sin ωτ = −m0ωR cos ωτ . (3.691)

Thus, using ω = qB3/m0, we obtain

pip
i = −(P i)2 = −[(P 1)2 + (P 2)2

] = −m2
0ω

2R2

= −m2
0

(
qB3

m0

)2

R2 = −q2R2(B3)2 = q2R2BiB
i, (3.692)

which is what we wanted to show.
b) Using conservation of 4-momentum, we have

p� = pπ + pX, (3.693)

which implies that

M2
X = p2

X = (p� − pπ)2 = p2
� + p2

π − 2p� · pπ

= M2
� +M2

π − 2(p0
�p0

π − |p�||pπ | cos θ)

= M2
� +M2

π − 2

(√
M2

� + p2
�

√
M2

π + p2
π − |p�||pπ | cos θ

)
, (3.694)

where MX is the mass of the unknown uncharged particle X0. Thus, solving for
MX, we obtain

MX =
√

M2
� +M2

π − 2

(√
M2

� + p2
�

√
M2

π + p2
π − |p�||pπ | cos θ

)
. (3.695)

1.134
We start from the expression of the electromagnetic field tensor

Fμν = ∂μAν − ∂νAμ = (kμεν − kνεμ) cos(k · x). (3.696)
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We can now compute the invariants I1 = FμνF̃
μν = εμνσρFμνFσρ ∝ E · B and

I2 = FμνF
μν ∝ E2 −B2

I1 = εμνσρ(kμεν − kνεμ)(kσ ερ − kρεσ ) cos2(k · x)

= 4εμνσρkμενkσ ερ cos2(k · x)

= 0, (3.697)

where we have used the totally antisymmetric property of εμνσρ and that kμkσ is
symmetric under the index change μ ↔ σ (we can also get the zero by using
the symmetry of ενερ under ν ↔ ρ). For I2, we obtain

I2 = (kμεν − kνεμ)(kμεν − kνεμ) cos2(k · x)

= 2(k2ε2 − (k · ε)2) cos2(k · x). (3.698)

We now apply Maxwell’s equation in vacuum, which state that

∂μFμν = 0 �⇒ −kμ(kμεν − kνεμ) sin(k · x) = 0. (3.699)

Multiplying this relation with εν , we obtain

k2ε2 − (k · ε)2 = 0 �⇒ I2 = 0. (3.700)

Thus, from I1 = 0 we have E · B = 0 and from I2 = 0 we have E2 = B2. It
follows that E and B are orthogonal with the same magnitude.

1.135
We start by noting that FμνF

μν ∝ E2 −B2 is a Lorentz invariant. Thus, if |E| =
|B| in one inertial frame, then FμνF

μν = 0 in all inertial frames, and therefore, in
the frame S ′,

E′2 −B′2 = 0 �⇒ |E′| = |B′|. (3.701)

Furthermore, the quantity FμνF̃
μν ∝ E · B, where F̃ μν is the dual field tensor,

is also a Lorentz invariant. It follows that

E ·B = |E|2 cos α = E′ ·B′ = |E′|2 cos α′, (3.702)

where we have used that α (α′) is the angle between E and B (E′ and B′) in S

(S ′). From this equality, it is straightforward to solve for cos α′:

cos α′ = E2

E′2 cos α. (3.703)

1.136
The electromagnetic field tensor is given by

Fμν = ∂μAν − ∂νAμ �⇒ F0i = −∂iA0 = −(∇A0)i . (3.704)



3.1 Solutions to Problems in Special Relativity Theory 175

In the (x,y,z) = (1,0,0), we have

−∇ Q

4πr
= Q

4πr2
er = Q

4π
ex . (3.705)

It follows that

F = (Fμν) = Q

4π

⎛⎜⎜⎝
0 1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎠ , F ′ = (Fμν) = Q

4π

⎛⎜⎜⎝
0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎠ .

(3.706)

The electromagnetic stress–energy tensor is given by

T μ
ν = −ε0

(
FνσFμσ − 1

4
δμ
ν FρσF ρσ

)
. (3.707)

Computing the individual contributions, we have

(FνσFμσ ) = FF ′T = Q2

16π2

⎛⎜⎜⎝
−1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎠ , (3.708)

and

FρσF ρσ = tr(FF ′T ) = Q2

16π2
= −2

Q2

16π2
. (3.709)

Thus, we have

(T μ
ν ) = Qε0

32π2

⎛⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎞⎟⎟⎠ , (3.710)

or equivalently

(T μν) = Qε0

32π2

⎛⎜⎜⎝
1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

⎞⎟⎟⎠ . (3.711)

From here it is straightforward to obtain

T μ
μ = 0. (3.712)

However, we note that this is always the case as

T μ
μ = −ε0

(
FμσFμσ − 1

4
δμ
μFσρF

σρ

)
= −ε0FμσFμσ (1− 1) = 0, (3.713)

as a direct result of δμ
μ = 4.
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1.137
Maxwell’s equations state that

∂σF σμ = Jμ, ∂σ F̃ σμ = 0. (3.714)

The latter of these equations can be rewritten as

∂σFμν + ∂μF νσ + ∂νF σμ = 0. (3.715)

It follows that

∂σFμν = ∂μF σν − ∂νF σμ, (3.716)

due to the antisymmetry of F . Using this, we find that

�Fμν = ∂σ ∂σFμν = ∂σ (∂μF σν − ∂νF σμ). (3.717)

We now change the order of the partial derivatives in each term, which leads to

�Fμν = ∂μ∂σF σν − ∂ν∂σF σμ = ∂μJ ν − ∂νJ μ ≡ Sμν, (3.718)

where we have used the first of Maxwell’s equations in the second step. Thus,
the components of the field tensor fulfill the wave equation with the source term
Sμν = ∂μJ ν−∂νJ μ. Note that S is antisymmetric as it must be due to the antisym-
metry of F .

1.138
By imposing the Lorenz gauge ∂μAμ = 0, we find that

kμεμ cos(k · x) = 0, (3.719)

which is only fulfilled if k and ε are orthogonal, i.e., k · ε = 0. For the electromag-
netic field tensor, we find that

Fμν = ∂μAν − ∂νAμ = (kμεν − kνεμ) cos(k · x). (3.720)

The requirement of fulfilling Maxwell’s equations is thus given by

−kμ(kμεν − kνεμ) sin(k · x) = 0. (3.721)

Again, the sine function is nonzero, which results in

k2εν = kν(k · ε) = 0. (3.722)

For nontrivial solutions, the amplitude ε �= 0, resulting in k2 = 0, i.e., the wavevec-
tor k is light-like.

We now find that

FμσF νσ = (kμεσ − kσ εμ)(kνεσ − kσ εν) cos2(k · x) = ε2kμkν cos2(k · x).
(3.723)
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Contracting μ and ν, we also arrive at

FρσF ρσ = ε2k2 cos2(k · x) = 0. (3.724)

Thus, the electromagnetic stress–energy tensor is therefore given by

T ν
μ = −ε0ε

2kνkμ cos2(k · x). (3.725)

Note that the requirement k · ε = 0 where k is lightlike necessarily implies that
ε2 < 0, i.e., ε is spacelike and the 00-component of T is positive.

1.139
The electromagnetic field tensor is given by

Fμν = ∂μAν − ∂νAμ. (3.726)

By defining the new 4-potential Ãμ = Aμ + ∂μϕ, we find that the new electromag-
netic field tensor is

F̃μν = ∂μÃν − ∂νÃμ = ∂μAν − ∂νAμ + (∂μ∂ν − ∂ν∂μ)ϕ = Fμν + (∂μ∂ν − ∂ν∂μ)ϕ.
(3.727)

The additional term on the right-hand side disappears since the partial derivatives
commute and we therefore end up with

F̃μν = Fμν, (3.728)

i.e, the electromagnetic field tensor is invariant under this transformation.

1.140
The quantity FμνF̃

μν is a Lorentz invariant and it therefore does not matter which
inertial frame we compute it in. Furthermore, writing it out, we find that

FμνF̃
μν ∝ E ·B. (3.729)

In S, the electric field E is nonzero, but the magnetic field B is not. It follows
directly that

FμνF̃
μν = 0, (3.730)

which therefore also holds in S ′.

1.141
In order for a frame where E = 0 to exist, we must have E ·B = 0, since E ·B
is a Lorentz invariant. Furthermore, the invariant E2 −B2 requires E2 < B2. We
find that

E ·B = q

8πr5
m · er = 0, (3.731)
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implies that m · er = 0. This is only possible in the plane perpendicular to the
magnetic moment m. Furthermore, we find that, in this plane,

E2 = q2

16π2r4
< B2 = m2

16πr6
�⇒ r <

m

q
, (3.732)

where m is the magnitude of the magnetic moment m. The set of points that fullfils
the requirement is therefore the disk described by

m · er = 0 and r <
m

q
. (3.733)

1.142
The electric field is given by

E = q

4π

(
r1

r3
1

+ r2

r3
2

)
, (3.734)

where we have introduced

r1 = x− d

2
e1 and r2 = x+ d

2
e1. (3.735)

This implies that

E2 = q2

16π2

(
1

r4
1

+ 1

r4
2

+ 2r1 · r2

r3
1 r3

2

)
. (3.736)

Since there is no magnetic field, the components of the stress–energy tensor can
now be identified as

T 00 = 1

2
E2 = q2

32π2

(
1

r4
1

+ 1

r4
2

+ 2r1 · r2

r3
1 r3

2

)
, (3.737)

g = E ×B = 0, (3.738)

σij = 1

2
E2δij − EiEj

= T 00δij − q2

16π2

(
xi − dδi1/2

r3
1

+ xi + dδi1/2

r3
2

)
×
(

xj − dδj1/2

r3
1

+ xj + dδj1/2

r3
2

)
. (3.739)

In particular, on the surface x1 = 0, we can introduce polar coordinates ρ and φ in
the x2-x3-plane, leading to r1 = r2 = r =

√
ρ2 + d2/4 and

σij = δij q
2ρ2

8π2(ρ2 + d2/4)3
− q2xixj

16π2(ρ2 + d2/4)3
. (3.740)
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Computing the force across the surface x1 = 0 with normal e1, the second term in
this expression will be proportional to x1 = 0 and we find that

Fj =
∫

x1=0
σ1j dx2dx3. (3.741)

Computing the integral leads to

Fj = q2δ1j

4π

∫ ∞

0

ρ3 dρ

(ρ2 + d2/4)3
= q2δ1j

8π

∫ ∞

d2/4

(
1

t2
− d2

4t3

)
dt = q2

4πd2
δ1j .

(3.742)

It follows that the force on the electromagnetic field in the region x1 > 0 from the
electromagnetic field in the region x1 < 0 is given by

F = q2e1

4πd2
, (3.743)

as expected. The time-component of the 4-force must be equal to zero as the energy
current is given by g = 0.

1.143
In the frame S, two electrons are moving in parallel with constant velocity v in
the x-direction and a separation d orthogonal to the direction of motion, i.e., the
y-direction. (In this problem, the z-direction can be neglected.) Consider the frame
S ′ in which the electrons are at rest. In this frame, the separation is also d, since
the motion of the electrons in the original frame S is orthogonal to the motion. See
Figure 3.10 for the two frames S and S ′.
In S ′, the force on the upper electron is given by

F ′ = q2

4πd2
ey′ . (3.744)

The 4-force on that electron is therefore

F ′ = q2

4πd2
(0,0,1), (3.745)

v

v

y

d d

x

S: S¢:

x

y

Figure 3.10 Two frames S and S′ describing the two electrons.
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where the z-component has been omitted. Lorentz transforming this 4-force to S,
we find that

F = q2

4πd2
(0,0,1), (3.746)

since the only force component is in the y-direction.

1.144
In the rest frame of the gas, the energy tensor is given by

T = (T μν) = ρ0

⎛⎜⎜⎝
1 0 0 0
0 1/3 0 0
0 0 1/3 0
0 0 0 1/3

⎞⎟⎟⎠ , (3.747)

since the equation of state for a relativistic gas gives ρ0 = 3p0 for the rest frame
energy density and pressure. Without loss of generality, we can assume that the gas
is moving in the negative x-direction. Thus, we can perform a Lorentz transforma-
tion from the gas rest frame to this frame which is given by

� = (�μ
ν) =

⎛⎜⎜⎝
cosh θ sinh θ 0 0
sinh θ cosh θ 0 0

0 0 1 0
0 0 0 1

⎞⎟⎟⎠ , (3.748)

where tanh θ = v. By matrix multiplication, we can now obtain the components of
T μν in the frame where the gas is moving

T ′ = (T ′μν
) = �T �T = ρ0

⎛⎜⎜⎜⎜⎝
cosh2 θ + 1

3 sinh2 θ 4
3 cosh θ sinh θ 0 0

4
3 cosh θ sinh θ sinh2 θ + 1

3 cosh2 θ 0 0

0 0 1
3 0

0 0 0 1
3

⎞⎟⎟⎟⎟⎠ .

(3.749)

Thus, the momentum density in the frame where the gas is moving is given by

g = 4

3
ρ0 sinh θ cosh θ (1,0,0) = −4

3
ρ0vγ 2, (3.750)

since v was directed in the negative x-direction. However, this is expressed in terms
of the energy density in the rest frame of the gas. From the expression for the energy
tensor in the moving system, we also find that the energy density in this system is

ρ = ρ0

(
cosh2 θ + 1

3
sinh2 θ

)
= ρ0γ

2

(
1+ v2

3

)
�⇒ ρ0 = ρ

γ 2
(

1+ v2

3

) .

(3.751)
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After insertion, it follows that

g = −4

3

ρv

1+ v2

3

. (3.752)

For large velocities v → 1, we obtain

g→−ρv �⇒ |g| → ρ, (3.753)

which is in agreement with having an ensemble of photons traveling in the same
direction (due to aberration).

1.145
The 4-force on the star cruiser is given by

Fμ = dP μ

dτ
, (3.754)

where P is the star cruiser 4-momentum and τ the star cruiser proper time. We can
rewrite this as

dP μ

dτ
= dt

dτ

dP μ

dt
= γ

dP μ

dt
. (3.755)

The change in momentum during a time dt is given by the momentum stored in the
gas that is absorbed by the cruiser. This can be obtained as

dP μ = T μ0dV = ρ0(1,0)μAv dt = ρ0V
μ

gasAv dt, (3.756)

where we have used that T μ0 = ρ0(1,0)μ in the rest frame of the gas and that
dV = Av dt . We have also used that (1,0)μ is the 4-velocity of the gas rest frame
Vgas in the gas rest frame. We thus obtain for the 4-force

Fμ = ρ0V
μ

gasAv. (3.757)

Since Vgas is not parallel to Vcruiser as long as v �= 0, the force is not heat-like. We
also have

F · Vcruiser = ρ0AvVgas · Vcruiser �= 0, (3.758)

which means that it is also not orthogonal to Vcruiser and thus not pure. Thus, it is
neither pure nor heatlike (the cruiser is being both heated and accelerated by the
force).

1.146
The transformation of the energy–momentum tensor is given by

(T ′) = �(T )�T , (3.759)
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where � is the matrix

� = γ

(
1 −v

−v 1

)
, (3.760)

related to the Lorentz transformation with velocity v. We find that

(T ′) = 1

1− v2

(
ρ0 − v2σ v(σ − ρ0)

v(σ − ρ0) v2ρ0 − σ

)
. (3.761)

For the stress T 11 to be equal to zero, we must fulfill

σ = v2ρ ⇒ v =
√

σ

ρ
< 1. (3.762)

Thus, there exists a frame where the stress is zero.
For the energy density T 00, we find that

T 00 = ρ0 − v2σ

1− v2
≥ ρ0

1− v2

1− v2
= ρ0, (3.763)

with equality only when v2 = 0. Thus, there exists no frame where the energy
density is smaller than ρ0.

1.147
The general form of the energy–momentum tensor of a perfect fluid is given by

T μν = (ρ0 + p)UμUν − pημν, (3.764)

where U is the 4-velocity of the fluid. For our photon gas, the equation of state
p = ρ0/3 therefore leads to

T μν = ρ0

(
4

3
UμUν − 1

3
ημν

)
. (3.765)

The energy density, momentum density, and stress tensor are therefore given by

ρ = T 00 = ρ0

(
4

3
γ 2 − 1

3

)
= ρ0γ

2

(
1+ v2

3

)
, (3.766)

gi = T 0i = −4

3
ρ0γ

2vi, (3.767)

σ ij = ρ0

(
4

3
γ 2vivj + 1

3
δij

)
. (3.768)

Clearly, the shear stress in a general frame is not going to be zero unless the
3-velocity v has at most one nonzero component. However, it is always possible
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to find such a frame by simple rotations. Note that the 4-velocity of the gas in the
frame moving with velocity v in the gas rest frame is −v.

1.148
The energy–momentum tensor of a perfect fluid is generally given by

T μν = (ρ0 + p)UμUν − pημν, (3.769)

where U is the 4-velocity of the fluid. In an arbitrary frame, the energy density is
given by the 00-component of the energy–momentum tensor and so

ρ = (ρ0 + p)(U 0)2 − pη00 = (ρ0 + p)γ 2 − p. (3.770)

The energy density divided by γ 2 is hence given by

ρ

γ 2
= ρ0 + p − p

γ 2
. (3.771)

Since 1 ≤ γ <∞, we find that

ρ

γ 2
< ρ0 + p. (3.772)

1.149
The stress–energy tensor of a perfect fluid is given by

T μν = (ρ0 + p)UμUν − pημν, (3.773)

where U is the 4-velocity of the fluid. For an observer with 4-velocity V , we
therefore find that

ρ = T μνVμVν = (ρ0 + p)(U · V )2 − pV 2 = γ 2ρ0(1+ w)− wρ0, (3.774)

where γ = U · V ≥ 1, since U and V are 4-velocities. The weak energy condition
when U = V is given by

ρ = ρ0 ≥ 0. (3.775)

When U �= V , we now obtain

γ 2(1+ w)− w ≥ 0 ⇒ (γ 2 − 1)w ≥ −γ 2 w ≥ −γ 2

γ 2 − 1
, (3.776)

since γ 2 > 1 in those situations. The right-hand side grows monotonously as γ 2

increases and the strongest limit is therefore obtained by letting γ →∞. Doing so,
we obtain the condition

w ≥ −1. (3.777)
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The weak energy condition therefore implies that

ρ0 ≥ 0 and w ≥ −1. (3.778)

1.150
a) Variation of the action

S =
∫ s1

s0

1

2
mc2ẋμẋμ ds =

∫ s1

s0

L ds, (3.779)

yields

d

ds

(
mc2ẋμ

) = c
d

ds
pμ = 0. (3.780)

Integration gives pμ = cμ, where cμ is a constant 4-vector.
b) Inserting the substitution p �→ p + qA/c leads to the action

S ′ =
∫ s1

s0

1

2m

(
p2 + 2

pqA

c
+ q2A2

c2

)
ds

=
∫ s1

s0

[
1

2
mc2ẋ2 + qẋA+O(q2)

]
ds =

∫ s1

s0

L ′ ds. (3.781)

Variation of this action, neglecting terms of order q2, yields

∂L ′

∂xμ
= qẋν

∂

∂xμ
Aν,

∂L ′

∂ẋμ
= mc2ẋμ + qAμ. (3.782)

Thus, inserting this into the Euler–Lagrange variational equations, we find that

d

ds
(mc2ẋμ)+ q

d

ds
Aμ − qẋν

∂

∂xμ
Aν = 0. (3.783)

However, we have d
ds

Aμ = ẋν∂νAμ, from which we obtain

mc2ẍμ = qẋν(∂μAν − ∂νA
μ) = qẋνFμ

ν = qẋνF
μν, (3.784)

which is the desired result, i.e., the equations of the Lorentz force.
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3.2 Solutions to Problems in General Relativity Theory

2.1
Using spherical coordinates θ and φ on the unit sphere, the function f (x,y)

restricted to S2 is given by

f = x2 + y = sin2(θ) cos2(φ)+ sin(θ) sin(φ), (3.785)

which is a smooth function of the coordinates everywhere where the spherical
coordinates are well defined, which is everywhere except the poles where θ = 0
and π , respectively, as the coordinate system is singular in those points. In order
to see that the function is smooth also at those points, we can pick another smooth
coordinate system, such as basing a spherical coordinate system on the x-axis rather
than the z-axis

x = cos(α), y = sin(α) cos(β), z = sin(α) sin(β). (3.786)

In this coordinate system, we find that

f = cos2(α)+ sin(α) cos(β), (3.787)

which is again a smooth function of the coordinates.

2.2
The problem of defining tangent vectors at the poles is that the spherical coordinate
system is not one-to-one at the poles, so a curve crossing a pole does not correspond
to a continuous curve in the (θ,φ)-plane. The spherical coordinates are therefore not
a good coordinate system for describing situations at the poles, instead we should
use a different coordinate system. One possible coordinate system is a stereographic
projection, which has no singularity at one pole. In this coordinate system, we can
describe vectors at the poles without any problems, since it is one-to-one.

2.3
a) The Euclidean metric is d�2 = dx2 + dy2. Differentiating the coordinate

relations, we obtain

dx = et (ds + s dt), dy = e−t (ds − s dt), (3.788)

leading to

d�2 = e2t (ds2 + 2s ds dt + s2dt2)+ e−2t (ds2 − 2s ds dt + s2dt2)

= 2 cosh(2t)ds2 + 4s sinh(2t)ds dt + 2s2 cosh(2t)dt2 = gabdξadξb.
(3.789)

The components of the metric tensor are therefore given by

gtt = 2s2 cosh(2t), gts = gst = 2s sinh(2t), gss = 2 cosh(2t). (3.790)



186 3 Solutions to Problems

The Christoffel symbols can be found through the geodesic equations. In Cartesian
coordinates, they take the form ẍ = ÿ = 0, which leads to

ẋ = et (ṡ + sṫ), (3.791)

ẍ = et (s̈ + sẗ + 2ṡ ṫ + sṫ2) = 0, (3.792)

ẏ = e−t (ṡ − sṫ), (3.793)

ÿ = e−t (s̈ − sẗ − 2ṡ ṫ + sṫ2) = 0. (3.794)

Solving for s̈ and ẗ , we find that

s̈ + sṫ2 = 0, ẗ + 2
ṡ ṫ

s
= 0. (3.795)

Comparing with the geodesic equations ξ̈ a + �a
bcξ̇

bξ̇ c = 0 and keeping in mind
that the Christoffel symbols are symmetric, the nonzero Christoffel symbols can be
identified as

�s
tt = s and �t

st = �t
ts =

1

s
. (3.796)

The coordinates refer to the same point for all t when s = 0, they are singular at
this point. We can choose to describe the part of Euclidean space, where s > 0 and
t ∈ R. Since et and e−t are both larger than zero for all t and cosh(t) > 0, this
refers to the region x,y > 0.

Note that the geodesic equations can also be found by requiring the integral

L[ξ ] =
∫

gabξ̇
aξ̇ bdτ = 2

∫
[cosh(2t)ṡ2 + 2s sinh(2t)ṡ ṫ + s2 cosh(2t)ṫ2]dτ,

(3.797)

to be extremal (i.e., through the corresponding Euler–Lagrange equations). How-
ever, the computations become a bit lengthier.

b) As an alternative to the method presented in a), we can compute the tangent
basis Ei = ∂x/∂xi in order to find the metric. We obtain

Eu = ∂x

∂u
= e1, Ev = ∂x

∂v
= 2ve2. (3.798)

The components of the metric tensor are then generally given by gij = Ei ·Ej , and
therefore,

guu = e1 · e1 = 1, gvv = 2ve2 · 2ve2 = 4v2, guv = gvu = e1 · 2ve2 = 0.
(3.799)

The Christoffel symbols in Euclidean space may be computed through ∂iEj =
�k

ijEk. Since Eu is constant and Ev only depends on v, we find that the only
nonzero derivative is

∂vEv = 2e2 = 1

v
Ev. (3.800)
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It follows that the only nonzero Christoffel symbol is

�v
vv =

1

v
. (3.801)

Regarding where the coordinate system can be used, we note that, by definition,
y = v2 ≥ 0. We also note that along y = 0, Ev = 0 and therefore the coordinate
system is singular along this line. The coordinate system is therefore only well
defined for y > 0 and we can choose to use coordinates such that v > 0 in this
regime.

2.4
We must show that if the condition

d

dt
xi(α(t))

∣∣∣∣
t=t0

= d

dt
xi(β(t))

∣∣∣∣
t=t0

for i = 1,2, . . . ,n, (3.802)

holds in a coordinate system y, then it also holds in another coordinate system
x. Let xi and yi be two different local coordinates on the manifold M , i.e., x

and y are smooth maps with smooth inverses. This means that the coordinates yi

may be written as functions yi(x) of the coordinates xi , which are smooth with
smooth inverses. Assume that α(t0) = β(t0), then α(t0) can be described in both
the coordinates of x and y and we have

d

dt
yi(x(α(t)))

∣∣∣∣
t=t0

= ∂yi

∂xj

d

dt
xj (α(t))

∣∣∣∣
t=t0

. (3.803)

If the condition (3.802) holds in the coordinate system y, then using Eq. (3.803),
we find that

d

dt
yi(α(t))

∣∣∣∣
t=t0

= d

dt
yi(β(t))

∣∣∣∣
t=t0

⇔ ∂yi

∂xj

d

dt
xj (α(t))

∣∣∣∣
t=t0

= ∂yi

∂xk

d

dt
xk(β(t))

∣∣∣∣
t=t0

. (3.804)

Since y(x) is an invertible map, the matrix Ai
j ≡ ∂yi/∂xj is also invertible. Thus,

multiplying Eq. (3.804) by A−1, we obtain

d

dt
xj (α(t))

∣∣∣∣
t=t0

= d

dt
xj (β(t))

∣∣∣∣
t=t0

, (3.805)

which means that the condition in Eq. (3.802) is independent of the choice of
coordinate system.

2.5
We show that if the system of first-order ordinary differential equations defining
the parallel transport is fulfilled in a coordinate system, then it is also fulfilled in
another coordinate system. First, we investigate the Christoffel symbols, and then,
the parallel transport.
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In a coordinate system, we have a set of basis vectors {∂i}ni=1, where the basis
vectors depend on the coordinate x, which span TxM for all x, so that all other
vectors can be written as linear combinations of them. In particular, we have

∇j ∂i = �k
ij ∂k, (3.806)

where the coefficients �k
ij are the Christoffel symbols of the second kind. The

derivative of a vector field V = V i∂i is then given by

∇jV = ∇j (V
i∂i) = (∂jV

i + �i
jkV

k)∂i ≡ (∇jV
i)∂i . (3.807)

It follows that the parallel transport equation is on the form

ẋk∇kY
i = ẋk∂kY

i + �i
kj ẋ

kY j = Ẏ i + �i
kj ẋ

kY j = 0. (3.808)

Defining a new coordinate system ya and referring to quantities in this coordinate
system using primes, the transformation rules are given by

ẋk = dxk

ds
= dya

ds

∂xk

∂ya
= ẏa ∂xk

∂ya
, (3.809)

Y j = ∂xj

∂ya
Y ′a, (3.810)

�′abc = �i
jk

∂ya

∂xi

∂xj

∂yb

∂xk

∂yc
+ ∂2xi

∂yb ∂yc

∂ya

∂xi
. (3.811)

Inserting these relations into the parallel transport equation results in

0 = ẏa ∂xk

∂ya

∂

∂xk

(
∂xi

∂yb
Y ′b
)
+ �i

jkẏ
d ∂xk

∂yd

∂xj

∂ye
Y ′e

= ẏa ∂

∂ya

(
∂xi

∂yb
Y ′b
)
+ �i

jkẏ
d ∂xj

∂yd

∂xk

∂ye
Y ′e

= ∂xi

∂yb
ẏa∂aY

′b + ∂2xi

∂ya ∂yb
ẏaY ′b + �i

jk

∂xj

∂ya

∂xk

∂yb
ẏaY ′b. (3.812)

Multiplying both sides by ∂yc/∂xi results in

0 = ∂yc

∂xi

(
∂xi

∂yb
ẏa∂aY

′b + ∂2xi

∂ya ∂yb
ẏaY ′b + �i

jk

∂xj

∂ya

∂xk

∂yb
ẏaY ′b

)
= ẏa∂aY

′c +
(

�i
jk

∂xj

∂ya

∂xk

∂yb

∂yc

∂xi
+ ∂yc

∂xi

∂2xi

∂ya ∂yb

)
ẏaY ′b

= ẏa∂aY
′c + �c

abẏ
aY ′b, (3.813)



3.2 Solutions to Problems in General Relativity Theory 189

which is the parallel transport equation in the ya coordinates. Thus, the parallel
transport equations in the xi-coordinates imply the parallel transport equation in the
ya-coordinates, i.e., the parallel transport equations are preserved under coordinate
transformations.

2.6
Consider the distance

�[γ ] =
∫ b

a

√
θ̇ (s)2 + sin2 θ(s) φ̇(s)2 ds ≡

∫ b

a

√
L(s) ds, (3.814)

where the Lagrangian is

L = θ̇2 + sin2 θ φ̇2. (3.815)

Using Euler–Lagrange equations for the coordinates θ and φ and reparametrizing
the curve such that dL/ds = 0, we find that

0 = ∂L
∂θ
− d

ds

∂L
∂θ̇
= sin 2θ φ̇2 − d

ds

(
2θ̇
) = sin 2θ φ̇2 − 2θ̈, (3.816)

0 = ∂L
∂φ
− d

ds

∂L
∂φ̇

= 0− d

ds

(
2 sin2 θ φ̇

) = −4 sin θ cos θ θ̇ φ̇ − 2 sin2 θ φ̈,

(3.817)

which imply the two geodesic equations on S2 for θ and φ, namely

θ̈ − 1

2
sin 2θ φ̇2 = 0, φ̈ + 2 cot θ θ̇ φ̇ = 0. (3.818)

2.7
a) In spherical coordinates, the metric on the unit sphere S2 is given by

ds2 = gijdxidxj = d�2 = dθ2 + sin2 θ dφ2, (3.819)

where

g = (gij ) =
(

gθθ gθφ

gφθ gφφ

)
=
(

1 0
0 sin2 θ

)
⇔ g−1 = (gij ) =

(
gθθ gθφ

gφθ gφφ

)
=
(

1 0
0 1

sin2 θ

)
. (3.820)

Using the formula for the Christoffel symbols in terms of the components of the
metric tensor, i.e.,

�i
jk =

1

2
gi�
(
∂jg�k + ∂kg�j − ∂�gjk

)
, (3.821)
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we explicitly find that the eight Christoffel symbols on S2 are

�θ
θθ =

1

2
gθθ∂θgθθ = 0, �

φ

φφ =
1

2
gφφ∂φgφφ = 0,

�
φ

θθ = −
1

2
gφφ∂φgθθ = 0, �θ

φφ = −
1

2
gθθ∂θgφφ

= −1

2
· 1 · 2 sin θ cos θ = −1

2
sin 2θ,

�θ
φθ =

1

2
gθθ∂φgθθ = 0, �

φ

θφ =
1

2
gφφ∂θgφφ = 1

2
· 1

sin2 θ
· 2 sin θ cos θ = cot θ,

�θ
θφ =

1

2
gθθ∂φgθθ = 0, �

φ

φθ =
1

2
gφφ∂θgφφ = 1

2
· 1

sin2 θ
· 2 sin θ cos θ = cot θ,

(3.822)

Thus, the three nonzero Christoffel symbols on S2 are

�θ
φφ = −

1

2
sin 2θ, �

φ

θφ = cot θ, �
φ

φθ = cot θ . (3.823)

b) Using the metric, we can write the Lagrangian as

L = gij ẋ
i ẋj = θ̇2 + sin2 θ φ̇2. (3.824)

Applying Euler–Lagrange equations to L for the θ and φ coordinates, we find that
the geodesic equations are

0 = ∂L
∂θ
− d

dτ

∂L
∂θ̇
= sin 2θ φ̇2 − d

dτ

(
2θ̇
) = sin 2θ φ̇2 − 2θ̈

⇒ θ̈ − 1

2
sin 2θ φ̇2 = 0, (3.825)

0 = ∂L
∂φ
− d

dτ

∂L
∂φ̇

= 0− d

dτ

(
2 sin2 θ φ̇

) = −4 sin θ cos θ θ̇ φ̇ − 2 sin2 θ φ̈

⇒ φ̈ + 2 cot θ θ̇ φ̇ = 0. (3.826)

Thus, comparing the two geodesic equations with the general formula for the
geodesic equations ẍi + �i

jkẋ
j ẋk = 0, we obtain the three nonzero Christoffel

symbols as

�θ
φφ = −

1

2
sin 2θ, �

φ

θφ = cot θ, �
φ

φθ = cot θ . (3.827)

Of course, the result is exactly the same as the solution to a).

2.8
We must show that the fact that two of the Christoffel symbols on the unit sphere
S2 diverge in spherical coordinates θ and φ, i.e.,
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lim
θ→0,π

�
φ

θφ = lim
θ→0,π

�
φ

φθ = ±∞, (3.828)

is only due to our choice of coordinate system. If we can find another coordinate
system, where the Christoffel symbols do not diverge as we approach the North or
South Pole, we have shown that the singularities are only coordinate singularities.
The problem with the spherical coordinates is that φ is undetermined for θ = 0 and
θ = π , which means that φ can have any value at these two values of θ .

We can pick a coordinate system that is nonsingular at the poles by instead basing
our spherical coordinate system on the x-axis, i.e., the embedding of the sphere in
R3 would, instead, be given by

x = cos(α), y = sin(α) cos(β), z = sin(α) sin(β). (3.829)

The poles where the (θ,ϕ) coordinates are singular are now represented by the
new coordinates (α,β) = (π/2, ± π/2) for z = ±1, respectively. The nonzero
Christoffel symbols in the new coordinates are

�α
ββ = −

1

2
sin(2α), �

β

αβ = �
β

βα = cot(α), (3.830)

by the same computations that give the Christoffel symbols in regular spherical
coordinates. Hence, at the points where the regular spherical coordinates lead to
diverging Christoffel symbols, our new coordinate system results in

�α
ββ = −

1

2
sin(π) = 0, �

β

αβ = �
β

βα = cot(π/2) = 0. (3.831)

Thus, the singularities of the Christoffel symbols at the poles in spherical coordi-
nates can be concluded to be coordinate singularities.

2.9
a) We note that if we assume θ to be constant, then the geodesic equations take

the form

sin(2θ)φ̇2 = 0, φ̈ = 0. (3.832)

Since θ is constant, we are only dealing with an actual curve is φ̇ �= 0, and therefore,
we must have θ = π/2 and φ̈ = 0 then implies φ = αs + β, which describes a
great circle. Due to the symmetry of the sphere, any great circle will be a geodesic.

b) Using the general form for the set of first-order ordinary differential equa-
tions defining the parallel transport in Problem 2.5 and the Christoffel symbols in
Problem 2.8 (or the solution to Problem 2.7) as well as that (θ,φ) = (αs + β,φ0),
we find that

Ẋθ = 0, (3.833)

Ẋφ + cot(θ) θ̇Xφ = Ẋφ + α cot(αs + β) = 0. (3.834)
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This set of equations has the solution

Xθ = const., Xφ = const. · [sin(αs + β)]−1 = const. · (sin θ)−1. (3.835)

We now assume X = (1,1) at (θ,φ) = (π/4,0) as the initial condition for the
vector field. We find that

Xθ = 1, Xφ(θ) = 1 · sin π
4 · (sin θ)−1 = 1√

2
(sin θ)−1. (3.836)

Then, parallel transporting this to the point (θ,φ) = (π
2 ,0
)

yields

Xθ = 1, Xφ
(

π
2

) = 1√
2

(
sin π

2

)−1 = 1√
2

. (3.837)

Thus, the parallel-transported vector is determined to be

X(π/2,0) =
(

1,
1√
2

)
. (3.838)

2.10
We use cylindrical coordinates and determine the path z(ϕ) that minimizes

L[z] =
∫ π/2

0

√
a2z(ϕ)2 + (1+ a2)z′(ϕ)2 dϕ, (3.839)

and goes through the start and end points. The solution is

z(ϕ) = −h

cos aπ/4√
1+a2

cos a(ϕ−π/4)√
1+a2

. (3.840)

2.11
Short solution: The first section of the path is part of a great circle, i.e., a geodesic,
on the sphere (here: Earth), and therefore, the angle between the parallel transported
vector and the tangent to the circle is constant.

From the metric ds2 = R2
(
dθ2 + sin2 θdφ2

)
on a sphere, one obtains the

Christoffel symbols �θ
φφ = − 1

2 sin 2θ , �
φ

θφ = �
φ

φθ = cot θ , and all other �’s are
equal to zero; here 0 ≤ θ ≤ π and 0 ≤ φ < 2π . For the second part of the journey,
we can choose the angle φ as the path parameter. Thus, the equations for parallel
transport of a vector X = (Xθ,Xφ) are{

Ẋθ − 1
2 sin(2θ)Xφ = 0

Ẋφ + cot(θ)Xθ = 0
, (3.841)

or {
u̇− cos(θ)v = 0
v̇ + cos(θ)u = 0

, (3.842)
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where u = Xθ and v = sin θXφ . Now, θ = 45◦ = const. and −60◦ ≤ φ ≤ −30◦,
so the solution is given by(

u

v

)
=
(

cos[α(φ − φ0)] sin[α(φ − φ0)]
− sin[α(φ − φ0)] cos[α(φ − φ0)]

)(
u0

v0

)
, (3.843)

with α ≡ cos θ = 1√
2

and φ0 = −30◦. Thus, the vector (u,v) is rotated by the angle

α(−60◦ − φ0) = 1√
2

[−60◦ − (−30◦)] = − 1√
2
· 30◦ = − π

6
√

2
, (3.844)

and the final direction is: 45◦ − 30◦√
2
≈ 23.8◦

(
3−√2

12 π ≈ 0.415
)
.

Note the sign: Compass directions are taken clockwise.

Detailed solution: In order to find how the vector is parallel transported, we must
solve the parallel transport equations, which are given by{

Ẋθ − sin(θ) cos(θ)Xφφ̇ = 0
Ẋφ + cot(θ)(Xφθ̇ +Xθφ̇) = 0

. (3.845)

First, we choose our coordinate system such that Cape Verde has the coordinates
θ = π

2 and φ = 0. Then, we have

1. Cape Verde: θ = π
2 , φ = 0,

2. Azores: θ = π
4 , φ = 0,

3. Nova Scotia: θ = π
4 , φ = −π

6 .

For the trip from 1 to 2, we set θ = π
2 − τ and φ = 0 when 0 ≤ τ ≤ π

4 . The
parallel transport equations then become{

Ẋθ = 0
Ẋφ − cot(θ)Xφ = 0

, (3.846)

with initial conditions {
Xθ(0) = 1√

2

Xφ(0) = 1√
2

. (3.847)

The first equation can be easily solved giving Xθ
(

π
4

) = Xθ(0) = 1√
2
, whereas the

second equation can be integrated and we find that∫ π
4

0

Ẋφ

Xφ
dτ = ln Xφ

(
π
4

)− ln Xφ(0) = ln
Xφ

(
π
4

)
Xφ(0)

=
∫ π

4

0
cot

(
π
2 − τ

)
dτ = [− ln

∣∣sin
(

π
2 − τ

)∣∣]π
4

0

= − ln

(
1/
√

2

1

)
= ln

√
2, (3.848)
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which yields Xφ
(

π
4

) = √2Xφ(0) = 1. Thus, we obtain

Xθ
(

π
4

) = 1√
2
, Xφ

(
π
4

) = 1. (3.849)

Note that the vector still has the same length as

gμνX
μXν

∣∣
τ=0 =

(
1√
2

)2

+ sin2 π

2
·
(

1√
2

)2

= 1, (3.850)

gμνX
μXν

∣∣
τ=π

4
=
(

1√
2

)2

+ sin2 π

4
· 12 = 1. (3.851)

For the trip from 2 to 3, we set θ = π
4 and φ = −τ when 0 ≤ τ ≤ π

6 . The parallel
transport equations then become{

Ẋθ + 1
2X

φ = 0

Ẋφ −Xφ = 0
, (3.852)

with the initial conditions {
Xθ(0) = 1√

2

Xφ(0) = 1
. (3.853)

Now, we can write the two equations as(
Ẋθ

Ẋφ

)
=
(

0 1
2

−1 0

)(
Xθ

Xφ

)
≡ A

(
Xθ

Xφ

)
. (3.854)

There are many ways to solve these equations, e.g.,

• Differentiate the equations once more to obtain uncoupled second-order equa-
tions, solve them, and check consistency with the first-order equations.

• Diagonalize the matrix A and solve the uncoupled first-order equations, and then
transform back to the original basis to find the solution.

• Compute the matrix exponential of the matrix A to find the solution.

Here, we will use the third method, but the choice of method depends on the
problem. We have

A =
(

0 1
2

−1 0

)
, (3.855)

so the exponential becomes

exp(Aτ) =

⎛⎜⎝ cos
(

1√
2
τ
)

1√
2

sin
(

1√
2
τ
)

−√2 sin
(

1√
2
τ
)

cos
(

1√
2
τ
)
⎞⎟⎠ , (3.856)



3.2 Solutions to Problems in General Relativity Theory 195

and we find that(
Xθ
(

π
6

)
Xφ

(
π
6

)) = exp
(

π
6 A
) (Xθ(0)

Xφ(0)

)
=
⎛⎝ cos

(
π

6
√

2

)
1√
2

sin
(

π

6
√

2

)
−√2 sin

(
π

6
√

2

)
cos

(
π

6
√

2

)
⎞⎠( 1√

2

1

)
.

(3.857)

Thus, we obtain

Xθ
(

π
6

) = 1√
2

[
cos

(
π

6
√

2

)
+ sin

(
π

6
√

2

)]
, (3.858)

Xφ
(

π
6

) = − sin

(
π

6
√

2

)
+ cos

(
π

6
√

2

)
. (3.859)

At 3, i.e., at Nova Scotia, the unit vector pointing 45◦ north-east is w=
(wθ,wφ) = ( 1√

2
,1
)
. Therefore, the inner product of v and w is

gμνv
μwν = 1 · 1√

2
· 1√

2

[
cos

(
π

6
√

2

)
+ sin

(
π

6
√

2

)]
+ sin2 π

4
· 1 ·

[
− sin

(
π

6
√

2

)
+ cos

(
π

6
√

2

)]
= cos

(
π

6
√

2

)
,

(3.860)

which means that the transported vector has deviated an angle π

6
√

2
� 21.2◦ during

the parallel transport. Thus, its final direction is π
4 − π

6
√

2
� 23.8◦.

2.12
In a parallel transport all angles and lengths are preserved; on the other hand,
the tangent vectors of a geodesic are parallel transported by definition. Let vA

be the unit tangent vector to the great circle AN , at the point A, pointing toward
the North Pole N . After parallel transport to the position N , it becomes a unit
tangent vector to the curve AN at N . This vector vN forms an angle π − θ with the
tangent vector to the curve NB at N . After parallel transport to the position B, it
becomes a vector vB that forms an angle (π − θ) − π

2 = π
2 − θ with the equator.

Thus, the final vector v′A at A forms an angle π
2 − θ with the equator, i.e., an angle

π
2 −

(
π
2 −θ

) = θ with the vector vA. However, the area of ANB is θR2. The parallel
transports described here are depicted in Figure 3.11.

2.13
The line element in R3 is ds2 = dx2 + dy2 + dz2. With the standard coordinates
on the unit sphere given by

x = sin(θ) cos(φ), y = sin(θ) sin(φ), z = cos(θ), (3.861)
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vN

vB

vA

vA
�

N

A

B

θ
θ

θ

θ

π�θ

π�θ

Figure 3.11 Illustration of the parallel transports in the solution to Problem 2.12.

we find that the induced line element on the sphere becomes

ds2 = dθ2 + sin2(θ)dφ2. (3.862)

Thus, the nonzero components of the metric tensor on the sphere are gθθ = 1 and
gφφ = sin2(θ).

We compute the inner product of the vectors u = (uθ,uφ) = (1,2) and v =
(vθ,vφ) = (2,−1) (in the θ - and φ-coordinates) to be

g(u,v) = giju
ivj = gθθu

θvθ + gφφuφvφ

= 1 · 1 · 2+ sin2 θ · 2 · (−1) = 2(1− sin2 θ), (3.863)

at the point given by the coordinates (θ,φ).

2.14
Since there are only two independent coordinates, i.e., θ and φ, all nonzero com-
ponents of R are in fact determined by the single independent component

Rθφθφ = gθθR
θ
φθφ = Rθ

φθφ, (3.864)

where the last equality uses gθθ = 1. From the definition of the Riemann curvature
tensor, we find that

Ri
φθφ∂i = ∇θ∇φ∂φ − ∇φ∇θ ∂φ = ∇θ

(
�θ

φφ∂θ

)− ∇φ

(
�

φ

θφ∂φ

)
= (∂θ�

θ
φφ

)
∂θ − �

φ

θφ�θ
φφ∂θ = −1

2
[∂θ sin(2θ)]∂θ + 1

2
cot(θ) sin(2θ)∂θ
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= − cos(2θ)∂θ + cos(θ) sin(θ) cos(θ)

sin(θ)
∂θ

= [− cos2(θ)+ sin2(θ)+ cos2(θ)]∂θ = sin2(θ)∂θ . (3.865)

We conclude that Rθφθφ = sin2(θ). From this, all of the nonzero components of the
Riemann curvature tensor may be determined as

Rθ
φθφ = −Rθ

φφθ = gθθRθφθφ = sin2(θ), R
φ

θφθ = −R
φ

θθφ = gφφRφθφθ = 1.
(3.866)

2.15
a) Inserting the vector fields

X = x
∂

∂y
− y

∂

∂x
and Y = x

∂

∂x
+ y

∂

∂y
, (3.867)

into the definition of the commutator [X,Y ], one obtains

[X,Y ] = XY − YX

=
(

x
∂

∂y
− y

∂

∂x

)(
x

∂

∂x
+ y

∂

∂y

)
−
(

x
∂

∂x
+ y

∂

∂y

)(
x

∂

∂y
− y

∂

∂x

)
=
(

x2 ∂2

∂y∂x
+ x

∂

∂y
+ xy

∂2

∂y2
− y

∂

∂x
− yx

∂2

∂x2
− y2 ∂2

∂x∂y

)
−
(

x
∂

∂y
+ x2 ∂2

∂x∂y
− xy

∂2

∂x2
+ yx

∂2

∂y2
− y

∂

∂x
− y2 ∂2

∂y∂x

)
=
{

∂2

∂x∂y
= ∂2

∂y∂x

}
= 0, (3.868)

i.e., [X,Y ] = 0.
Note that in polar coordinates the vector fields can be written as

X = x
∂

∂y
− y

∂

∂x
= ∂

∂φ
and Y = x

∂

∂x
+ y

∂

∂y
= r

∂

∂r
, (3.869)

which means that

[X,Y ] =
[

∂

∂φ
,r

∂

∂r

]
= ∂

∂φ

(
r

∂

∂r

)
− r

∂

∂r

∂

∂φ
= r

∂

∂φ

∂

∂r
− r

∂

∂φ

∂

∂r
= 0.

(3.870)

b) Using the definition of the torsion, namely

T (X,Y ) = ∇XY −∇Y X − [X,Y ] , (3.871)

together with the facts that the torsion is zero, ∇Y X = X, and [X,Y ] = 0, one
obtains

0 = ∇XY −X − 0, (3.872)

i.e., ∇XY = X.
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Now, using the definition of the curvature, namely

R(X,Y )Z = [∇X,∇Y ] Z −∇[X,Y ]Z, (3.873)

we obtain

R(X,Y )X = ∇X(∇Y X)− ∇Y (∇XX)− ∇[X,Y ]X

= ∇XX − ∇Y (−Y ) = −Y + Y = 0, (3.874)

R(X,Y )Y = ∇X(∇Y Y )− ∇Y (∇XY )− ∇[X,Y ]Y = ∇XY − ∇Y X = X −X = 0,
(3.875)

which implies that R(X,Y ) = 0, since {X,Y } is a basis of vector fields at all points
(x,y) �= (0,0).

2.16
In the XY -basis, the Christoffel symbols are given by the 2× 2-matrices

�•X• =
(

0 1
0 1

)
and �•Y• =

(
1 0
−1 0

)
. (3.876)

Thus, for the Riemann curvature tensor, we have

R••XY = X · �•Y• − Y · �•X• + [�X,�Y ] =
(−1 −1
−1 1

)
. (3.877)

Note that R••YX = −R••XY and R••XX = R••YY = 0. Furthermore, we can express
the vector fields as(

X

Y

)
=
(

a11 a12

a21 a22

)(
∂1

∂2

)
=
(

x2 −x1

x1 x2

)(
∂1

∂2

)
, (3.878)(

∂1

∂2

)
=
(

b11 b12

b21 b22

)(
X

Y

)
= 1

r2

(
x2 x1

−x1 x2

)(
X

Y

)
, (3.879)

where r2 = (x1)2 + (x2)2.
Let us denote the Riemann curvature tensor in the XY -system as R̃�

ijk, where
i,j,k,� = 1,2 corresponds to XY . Then, in the x1x2-coordinates, we have

R�
ijk = aα�biβbjγ bkωR̃α

βγω. (3.880)

Inserting the matrices a and b above as well as the components of R̃ into this
formula for R = (R�

ijk), we obtain

R1
112 =

1

r4

[
(x1)2 − 2x1x2 − (x2)2

]
. (3.881)

Note that R1
121 = −R1

112 and always R1
1ii = 0 (no summation).
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2.17
The commutation relations of the vector fields are given by[

Li,Lj

] = εijkLk. (3.882)

Now, by definition

∇iLj = �k
ijLk. (3.883)

On the other hand, the torsion is zero, i.e.,

Tij = ∇iLj −∇jLi −
[
Li,Lj

] ≡ 0. (3.884)

Inserting Eqs. (3.883) and (3.882) into Eq. (3.884) yields

�k
ij = �k

ji + εijk. (3.885)

The orthonormal metric is given by g(Li,Lj ) = δij , which implies that

Lig(Lj,Lk) = 0 = g(∇iLj,Lk)+ g(Lj,∇iLk). (3.886)

Using Eq. (3.886), we obtain

�k
ij = −�

j

ik. (3.887)

Working out the symmetries gives the relations

�k
ij = −�

j

ik = −�
j

ki − εikj = �i
kj − εikj = �i

jk = −�k
ji = −�k

ij − εjik. (3.888)

From this, we obtain

2�k
ij = −εjik, (3.889)

and finally, we find that

�k
ij =

1

2
εijk. (3.890)

Define the matrix �i ≡
(
�k

ij

)
. Then, we have the commutation relations

[�1,�2] = 1

2
�3, (3.891)

etc. From this, we obtain the Riemann curvature tensor R as

R(L1,L2) = [∇1,∇2]− ∇[L1,L2] = [�1,�2]− �3 = −1

2
�3, (3.892)

etc.
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2.18
a) We have that

∇1e1 = ∇x

∂

∂x
= (x + y)e1 − ∂

∂y
= (x + y)e1 − e2 − (x + y)e1 = −e2,

(3.893)

∇1e2 = ∇x

[
−(x + y)

∂

∂x
+ ∂

∂y

]
= − ∂

∂x
− (x + y)

[
(x + y)

∂

∂x
− ∂

∂y

]
+ [2+ (x + y)2]

∂

∂x
− (x + y)

∂

∂y

= ∂

∂x
= e1, (3.894)

∇2e1 = [−(x + y)∇x +∇y]
∂

∂x

= −(x + y)

[
(x + y)

∂

∂x
− ∂

∂y

]
+ (x + y)(x + y + 1)

∂

∂x
− (x + y + 1)

∂

∂y

= (x + y)
∂

∂x
− ∂

∂y
= −e2, (3.895)

∇2e2 = [−(x + y)∇x +∇y]

[
−(x + y)

∂

∂x
+ ∂

∂y

]
= {. . . } = ∂

∂x
= e1. (3.896)

We have used that ∇αX+βY Z = α∇XZ + β∇Y Z for all vector fields X, Y , and Z

and smooth functions α, β, and ∇XαY = (X · α)Y + α∇XY .
b) Now, ∇1 and ∇2 are represented by antisymmetric matrices(

0 1
−1 0

)
,

in the orthogonal bases {e1,e2}. It follows that the metric gij is compatible with the
connection ∇, i.e.,

∇igjk = 0 in this basis or

ei · gjk = 0 = g(∇iej,ek)+ g(ej,∇iek). (3.897)

Therefore, angles and lengths are preserved in parallel transport. Thus, the final
angle is π/3.

2.19
The two-dimensional surface is given by the parametrization

x = r cos φ, y = r sin φ, z = 2

3
r3/2. (3.898)
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a) Using the differentials of this parametrization

dx = ∂x

∂r
dr + ∂x

∂φ
dφ = cos φ dr − r sin φ dφ, (3.899)

dy = ∂y

∂r
dr + ∂y

∂φ
dφ = sin φ dr + r cos φ dφ, (3.900)

dz = ∂z

∂r
dr + ∂z

∂φ
dφ = 2

3
· 3

2
r1/2 dr + 0 dφ = √r dr, (3.901)

we find that the flat three-dimensional Euclidean metric induces the two-dimensional
metric on the surface such that

ds2 = dx2 + dy2 + dz2

= (cos φ dr − r sin φ dφ)2 + (sin φ dr + r cos φ dφ)2 + (√r dr
)2

= cos2 φ dr2 + r2 sin2 φ dφ2 − 2r sin φ cos φ drdφ

+ sin2 φ dr2 + r2 cos2 φ dφ2 + 2r sin φ cos φ drdφ

+ r dr2

= dr2 + r2 dφ2 + r dr = (1+ r) dr2 + r2dφ2 ≡ gij dxidxj . (3.902)

Thus, we obtain the induced metric on the surface as

g = (gij ) =
(

grr grφ

gφr gφφ

)
=
(

1+ r 0
0 r2

)
= diag(1+ r,r2). (3.903)

b) In order to investigate if the three different curves are geodesics, we consider
the Lagrangian

L =
√

gij ẋi ẋj = [(1+ r)ṙ2 + r2φ̇2
]1/2

, (3.904)

where a dot indicates differentiation with respect to the curve parameter λ. Inserting
this Lagrangian into the Euler–Lagrange equations for the two coordinates r and φ,
we find the two geodesic equations

∂L
∂r
− d

dλ

∂L
∂ṙ
= 0,

∂L
∂r
= 1

2L
(
ṙ2 + 2rφ̇2

)
,

∂L
∂ṙ
= 1

L(1+ r)ṙ

⇒ r̈ + 1

2(1+ r)
ṙ2 − r

1+ r
φ̇2 − ṙ

2L2

[
ṙ3 + 2(1+ r)ṙ r̈ + 2rṙφ̇2 + 2r2φ̇φ̈

] = 0,

(3.905)

∂L
∂φ
− d

dλ

∂L
∂φ̇

= 0,
∂L
∂φ

= 0,
∂L
∂φ̇

= 1

Lr2φ̇ ⇒ d

dλ

(
1

Lr2φ̇

)
= 0.

(3.906)
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First, for Ant #1, we have r = λ and φ = 0, which lead to ṙ = 1, r̈ = 0, φ̇ = 0,
and φ̈ = 0. Therefore, the geodesic equation for the r-coordinate becomes

1

2(1+ λ)
− 1

2L2
= 0. (3.907)

Now, inserting r = λ, ṙ = 1, and φ̇ = 0 into the Lagrangian, we find that L =√
1+ λ, which implies that the geodesic equation for the r-coordinate is imme-

diately satisfied. The geodesic equation for the φ-coordinate is trivially satisfied,
since φ̇ = 0. Thus, Ant #1 follows a geodesic.

Second, for Ant #2, we have r = λ2/3 − 1 and φ = π/2, which lead to ṙ =
2λ−1/3/3, r̈ = −2λ−4/3/9, φ̇ = 0, and φ̈ = 0. Therefore, the geodesic equation for
the r-coordinate becomes

− 2

9
λ−4/3 + 1

2
λ−2/3 · 4

9
λ−2/3

− 1

3
λ−1/3 · 1

L2

[
8

27
λ−1 + 2λ2/3 · 2

3
λ−1/3 ·

(
−2

9
λ−4/3

)]
= 0, (3.908)

which turns out to be trivially satisfied for all λ > 1. Again, the geodesic equation
for the φ-coordinate is trivially satisfied, since also φ̇ = 0. Thus, Ant #2 follows a
geodesic.

Note that the curves for Ants #1 and #2 are indeed similar. In principle, the two
curves just differ by different values of the φ-coordinate, but they do have different
parametrizations for the r-coordinate.

Finally, for Ant #3, we have r = λ1/2 and φ = ln λ with λ > 0, which lead to
ṙ = λ−1/2/2 and φ̇ = λ−1. Therefore, we find that

L = 1

2

(
5λ−1 + λ−1/2

)1/2
,

∂L
∂φ̇

= λ · λ−1

L = 1

L = 2
(
5λ−1 + λ−1/2

)−1/2
,

(3.909)

so that the left-hand side of the geodesic equation for the φ-coordinate becomes

d

dλ

∂L
∂φ̇

= 5λ−2 + 1
2λ
−3/2(

5λ−1 + λ−1/2
)3/2 �= 0, (3.910)

which means that the geodesic equations are not satisfied. Thus, Ant #3 does not
follow a geodesic. In conclusion, Ants #1 and #2 are walking on geodesics, whereas
Ant #3 is not.

2.20
Since z2 = r2− a2, we get zdz = rdr , i.e., dz = ±rdr/

√
r2 − a2 and the induced

metric is therefore given by



3.2 Solutions to Problems in General Relativity Theory 203

dz2 = dr2 + r2dϕ2 + dz2 =
(

1+ r2

r2 − a2

)
dr2 + r2dϕ2. (3.911)

Thus, we can compute the geodesic equation using Euler–Lagrange equations for
the following Lagrangian

L = 1

2

(
2r2 − a2

r2 − a2
ṙ2 + r2ϕ̇2

)
. (3.912)

We get

d

dτ

∂L
∂ṙ
− ∂L

∂r
= d

dτ

(
2r2 − a2

r2 − a2
ṙ

)
+ a2r

(r2 − a2)2
ṙ2 − rϕ̇2 = 0, (3.913)

d

dτ

∂L
∂ϕ̇
− ∂L

∂ϕ
= d

dτ

(
r2ϕ̇

) = 0, (3.914)

or equivalently, we have

r̈ − a2r

(r2 − a2)(2r2 − a2)
ṙ2 − (r2 − a2)r

2r2 − a2
ϕ̇2 = 0, (3.915)

ϕ̈ + 2

r
ṙϕ̇ = 0. (3.916)

Comparing with the general form of the geodesic equation ẍμ + �
μ
αβẋαẋβ = 0, we

obtain the following nonzero Christoffel symbols

�r
rr = −

a2r

(r2 − a2)(2r2 − a2)
, �r

ϕϕ = −
(r2 − a2)r

2r2 − a2
, �ϕ

rϕ = �ϕ
ϕr =

1

r
. (3.917)

2.21
a) In order to find the metric tensor on the given surface, we first parametrize this

surface. We set c = 1, so the equation for the surface becomes t2−x2−y2 = −K2.
We choose the parametrization to be t = K sinh(θ), x = K cosh(θ) cos(ϕ), and
y = K cosh(θ) sin(ϕ). Next, we set X = (t,x,y). Thus, the tangent vectors of the
manifold are

∂X

∂θ
= K(cosh(θ), sinh(θ) cos(ϕ), sinh(θ) sin(ϕ)), (3.918)

∂X

∂ϕ
= K cosh(θ)(0,− sin(ϕ), cos(ϕ)). (3.919)

Now, the metric tensor of the embedded surface (gμν) is given by

gμν = ηij

∂Xi

∂xμ

∂Xj

∂xν
, (3.920)
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where (ηij ) is the metric tensor of the embedding space, i.e., the three-dimensional
Minkowski metric (ηij ) = diag(+1,−1,−1). We find that

gθθ = ∂X

∂θ
· ∂X

∂θ
= K2(cosh2(θ)− sinh2(θ) cos2(ϕ)− sinh2(θ) sin2(ϕ)) = K2,

(3.921)

gθϕ = ∂X

∂θ
· ∂X

∂ϕ
= K2 sinh(θ) cosh(θ)(0+ cos(ϕ) sin(ϕ)− sin(ϕ) cos(ϕ)) = 0,

(3.922)

gϕθ = gθϕ = 0, (3.923)

gϕϕ = ∂X

∂ϕ
· ∂X

∂ϕ
= K2 cosh2(θ)(− sin2(ϕ)− cos2(ϕ)) = −K2 cosh2(θ),

(3.924)

which imply that the metric tensor of the embedded surface is

(gμν) =
(

K2 0

0 −K2 cosh2(θ)

)
. (3.925)

Therefore, we obtain

ds2 = gμνdxμdxν = K2(dθ2 − cosh2(θ) dϕ2), (3.926)

which means that the metric on the given surface is not positive definite but indefi-
nite and has signature +−.

b) The tangent vector is proportional to (1,0,0). Solving (t,x,y) = (0,0,K) =
p, we find that θ = 0 and ϕ = 0, and using

K(1,0,0) = θ̇ (0)
∂X

∂θ

∣∣∣∣
p

+ ϕ̇(0)
∂X

∂ϕ

∣∣∣∣
p

= θ̇ (0)K(1,0,0)+ ϕ̇(0)K(0,1,0)

= K(θ̇(0),ϕ̇(0),0), (3.927)

we obtain θ̇ (0) = 1 and ϕ̇(0) = 0. The Euler–Lagrange equations of the Lagrangian

L = gμνẋ
μẋν = K2(θ̇2 − cosh2(θ) ϕ̇2), (3.928)

are the geodesic equations. We find the equations

∂L
∂θ
− d

dτ

∂L
∂θ̇
= K2

[
−2 cosh(θ) sinh(θ) ϕ̇2 − d

dτ

(
2 θ̇
)] = 0

⇒ θ̈ + cosh(θ) sinh(θ) ϕ̇2 = 0, (3.929)

∂L
∂ϕ
− d

dτ

∂L
∂ϕ̇

= 0− d

dτ

(−2K2 cosh2(θ) ϕ̇
) = 0 ⇒ ϕ̈ + 2 tanh(θ) θ̇ ϕ̇ = 0,

(3.930)

which mean that the geodesic equations are
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θ̈ + cosh(θ) sinh(θ) ϕ̇2 = 0, ϕ̈ + 2 tanh(θ) θ̇ ϕ̇ = 0, (3.931)

with the initial conditions

θ(0) = 0, ϕ(0) = 0, θ̇ (0) = 1, ϕ̇(0) = 0. (3.932)

When we derived the Euler–Lagrange equation for ϕ, we found that cosh2(θ) ϕ̇ =
I = const. Inserting the initial conditions, we find that I = 0. Since cosh(θ) �= 0,
this implies that ϕ̇(τ ) = 0 for all τ , which means that ϕ(τ) = 0, since ϕ(0)= 0.
Therefore, the Euler–Lagrange equation for θ becomes θ̈ = 0, which has the
solution θ(τ ) = θ̇ (0)τ + θ(0) = τ , since θ(0) = 0 and θ̇ (0) = 1. Thus, the
geodesic equations have the solution

θ(τ ) = τ, ϕ(τ) = 0. (3.933)

One can easily check that this is a solution to the geodesic equations.

2.22
Introduce (x1,x2) = R(cos θ, sin θ) and (x3,x4) = r(cos φ, sin φ). We then have
R2 − r2 = 1 on S, and thus, we can write R = √1+ r2. The pseudo-Riemannian
metric in R4 then induces the pseudo-Riemannian metric on S such that

ds2 = dR2 + R2dθ2 − dr2 − r2dφ2 =
(

rdr√
1+ r2

)2

+ R2dθ2 − dr2 − r2dφ2

= (1+ r2)dθ2 − 1

1+ r2
dr2 − r2dφ2, (3.934)

which has one positive sign and two negative signs. Using Euler–Lagrange varia-
tional equations for the Lagrangian L = (1+ r2)θ̇2 − 1

1+r2 ṙ
2 − r2φ̇2, the geodesic

equations for θ , φ, and r become

d

ds

(
R2θ̇

) = 0, (3.935)

d

ds

(
r2φ̇

) = 0, (3.936)

d

ds

(
2ṙ

1+ r2

)
+ ∂L

∂r
= 0, (3.937)

respectively. Thus, the first two equations give the pair of constants of motion, i.e.,
kθ ≡ (1+ r2)θ̇ and kφ ≡ r2φ̇.

2.23
In local coordinates, the differential equation describing the flow lines are given by

ẋi = Xi . (3.938)
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By differentiating this relation once with respect to the curve parameter, we obtain

ẍi = d

ds
Xi = dxj

ds
∂jX

i = ẋj ∂jX
i = Xj∂jX

i . (3.939)

For the flow lines to be geodesics, they must fulfill the geodesic equations

ẍi + �i
jkẋ

j ẋk = 0. (3.940)

If inserting our expressions for ẍi and ẋi in terms of the vector field components
Xi into this equation, then we obtain

Xj(∂jX
i + �i

jkX
k) = 0, (3.941)

which is a necessary and sufficient condition for the flow lines to be geodesics.
(This can be rewritten as

∇XX = 0, (3.942)

without any reference to local coordinates, i.e., the directional derivative of the
vector X in the direction of X vanishes.)

2.24
The metric induced by the given embedding into R4 is given by

ds2 =
∑

i

dy2
i = [d cos(r)]2 +

{
d

[
sin(r)

r
x

]}2

, (3.943)

where yi are the coordinates in R4. Computing this metric in terms of the coordi-
nates r , θ , and φ, we obtain

ds2 = dr2 + sin2(r)[dθ2 + sin2(θ)dφ2]. (3.944)

By using the Euler–Lagrange equations for L = gμνẋ
μẋν , we find the geodesic

equations

r̈ = 1

2
sin(2r)

[
θ̇2 + sin2(θ)φ̇2

]
, (3.945)

d

ds
sin2(r)θ̇ = 1

2
sin2(r) sin(2θ)φ̇2, (3.946)

d

ds
sin2(r) sin2(θ)φ̇ = 0. (3.947)

The given one-parameter subgroups are given by the coordinates r(t) = at ,
θ(t) = θ0, and φ(t) = φ0, and thus, ṙ = a, r̈ = 0, θ̇ = 0, and φ̇ = 0. By
insertion, we observe that the geodesic equations are fulfilled.
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2.25
a) Using the definition of the covariant derivative DμAν = ∂μAν − �λ

μνAλ and
the fact that the metric tensor is covariantly constant, i.e., Dμgαν = 0 [the given
condition (i)], we have

Dμgαν = ∂μgαν − �ρ
μαgρν − �ρ

μνgαρ = 0. (3.948)

Furthermore, permuting the indices μ, α, and ν cyclically, we obtain

Dνgμα = ∂νgμα − �ρ
νμgρα − �ρ

ναgμρ = 0, (3.949)

−Dαgνμ = −∂αgνμ + �ρ
ανgρμ + �ρ

αμgνρ = 0. (3.950)

Adding the three equations and using that the Christoffel symbols are symmetric
with respect to the two lower indices, i.e., �ρ

μν = �ρ
νμ [the given condition (ii)], we

find that

∂μgαν + ∂νgμα − ∂αgνμ − 2�ρ
μνgαρ = 0, (3.951)

and contracting with gλα, we finally obtain

�λ
μν =

1

2
gλα

(
∂μgαν + ∂νgαμ − ∂αgμν

)
, (3.952)

which is the fundamental theorem in Riemannian geometry.
b) We have

T 0
0 = 0, T 1

0 = −1, T 0
1 = 1, T 1

1 = 0, (3.953)

since DμV ν = ∂μV ν in Minkowski coordinates. Furthermore, we have

T ′ 1
0 =

∂xμ

∂x ′0
∂x ′1

∂xν
T ν

μ = ∂x1

∂x ′0
∂x ′1

∂x0
− ∂x0

∂x ′0
∂x ′1

∂x1
= ∂x

∂λ

∂a

∂t
− ∂t

∂λ

∂a

∂x
. (3.954)

Now, since t = a sinh λ and x = a cosh λ, the inverse coordinate transformation is
given by λ = artanh(t/x) and a = √x2 − t2, which leads to

∂x

∂λ
= a sinh λ,

∂a

∂t
= − t√

x2 − t2
= − sinh λ,

∂t

∂λ
= a cosh λ,

∂a

∂x
= x√

x2 − t2
= cosh λ. (3.955)

Thus, we obtain

T ′ 1
0 = a sinh λ · (− sinh λ)− a cosh λ · cosh λ

= −a(sinh2 λ+ cosh2 λ) = −a cosh 2λ. (3.956)
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2.26
a) The general formula is given by

Sμν �→ S ′μν = ∂x ′μ

∂xα

∂x ′ν

∂xβ
Sαβ . (3.957)

b) The covariant derivative DμSμν in terms of partial derivatives and Christoffel
symbols is given by

DμSμν = ∂μSμν + �μ
μαS

αν + �ν
μαS

μα. (3.958)

c) (i) Using the general formula in a), we have

S ′μν = ∂x ′μ

∂xα

∂x ′ν

∂xβ
Sαβ = ∂x ′μ

∂x1

∂x ′ν

∂x2
S12 + ∂x ′μ

∂x2

∂x ′ν

∂x1
S21

=
(

∂x ′μ

∂x1

∂x ′ν

∂x2
− ∂x ′μ

∂x2

∂x ′ν

∂x1

)
S12. (3.959)

Thus, we obtain

S ′12 =
(

∂x ′1

∂x1

∂x ′2

∂x2
− ∂x ′1

∂x2

∂x ′2

∂x1

)
S12 =

(
x

r

x

r2
− y

r

−y

r2

)
2xy

= 1

r2
(x2 + y2)2r2 cos ϕ sin ϕ = r sin 2ϕ = −S ′21

, (3.960)

S ′11 = S ′22 = 0. (3.961)

(ii) In this case, we have

DμSμν = ∂μSμν = ∂1S
1ν + ∂2S

2ν, (3.962)

which implies that DμSμ1 = ∂2S
21 = −2x and DμSμ2 = ∂1S

12 = 2y and can be
formally written as (DμSμν) = (−2x,2y).

2.27
a) We can compute the geodesic equations from the Lagrangian

L = 1

2

[
(r2 − 1)ṫ2 − 1

r2 − 1
ṙ2

]
, (3.963)

where ṫ = dt/dτ , ṙ = dr/dτ , and τ is the proper time. Using Euler–Lagrange
equations for this Lagrangian

d

dτ

∂L
∂ṫ
− ∂L

∂t
= 0 ⇒ d

dτ

[
(r2 − 1)ṫ

] = (r2 − 1)ẗ + 2rṙ ṫ = 0, (3.964)

d

dτ

∂L
∂ṙ
− ∂L

∂r
= 0 ⇒ d

dτ

(
− ṙ

r2 − 1

)
− r ṫ2 − rṙ2

(r2 − 1)2
= 0, (3.965)
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we obtain the geodesic equations

ẗ + 2r

r2 − 1
ṫ ṙ = 0, (3.966)

r̈ + r(r2 − 1)ṫ2 − r

r2 − 1
ṙ2 = 0. (3.967)

Comparing the two geodesic equations with the general form of the geodesic
equations

ẍμ + �
μ
νλẋ

ν ẋλ = 0, (3.968)

we find the following nonzero Christoffels symbols

�0
01 = �0

10 =
r

r2 − 1
, �1

00 = r(r2 − 1), �1
11 = −

r

r2 − 1
. (3.969)

b) Note that Sμν = (a/v)gμν , where gμν is the metric tensor with the components
g00 = v(r2 − 1), g11 = −v/(r2 − 1), and g01 = g10 = 0. Thus, we have

g00 = 1

v(r2 − 1)
, g11 = −r2 − 1

v
, g01 = g10 = 0, (3.970)

and therefore, we obtain Sμν = (a/v)gμν . Moreover, Dλg
μν = 0 implies that

DμSμν = 0. (3.971)

c) Using the given coordinate transformations, we obtain

dθ = a dt, dr = sinh(η)dη, (3.972)

and thus, we have the metric

ds2 = v

[
(cosh(η)2 − 1)dθ2/a2 − 1

cosh(η)2 − 1
sinh(η)2dη2

]
= v

a2
sinh2 ηdθ2 − vdη2. (3.973)

This gives

g′00 =
v

a2
sinh2 η, g′11 = −v, g′01 = g′10 = 0, (3.974)

and S ′μν = (a/v)g′μν .

2.28
a) Using the Rindler coordinate system, we have

dt = a cosh(λ) dλ+ sinh(λ) da, dx = a sinh(λ) dλ+ cosh(λ) da, (3.975)



210 3 Solutions to Problems

and thus, we obtain the line element in Rindler coordinates λ and a as

ds2 = dt2 − dx2 = a2dλ2 − da2, (3.976)

which means that g00 = gλλ = a2, g11 = gaa = −1, and g01 = g10 = 0. The
nonzero Christoffel symbols can be computed using the Lagrangian given by

L = 1

2

(
a2λ̇2 − ȧ2

)
. (3.977)

Using Euler–Lagrange equations for this Lagrangian yields

λ̈+ 2

a
λ̇ȧ = 0, ä + aλ̇2 = 0, (3.978)

which can be compared with the general form of the geodesic equations ẍμ +
�μ

νρẋ
ν ẋρ = 0 to identify the Christoffel symbols. Thus, we find the following

nonzero Christoffel symbols in Rindler coordinates λ and a

�λ
λa = �λ

aλ =
1

a
, �a

λλ = a. (3.979)

b) The divergence of a vector field V μ is given by

DμV μ = 1√−ḡ
∂μ

(√
−ḡV μ

)
= ∂μV μ + 1√−ḡ

∂μ

(√
−ḡ
)

V μ, (3.980)

whereas the Laplacian of a scalar field � is

Dμ∂μ� = 1√−ḡ
∂μ

(√
−ḡgμν∂ν�

)
= 1√−ḡ

∂μ

(√
−ḡ∂μ�

)
= ∂μ∂μ�+ 1√−ḡ

(
∂μ

√
−ḡ
)

∂μ�. (3.981)

In Rindler coordinates, it holds that ḡ ≡ det g = a2·(−1)−02 = −a2, which means
that

√−ḡ = a. Furthermore, it holds that g00 = gλλ = 1/a2 and g11 = gaa = −1.
Thus, in Rindler coordinates, we obtain

DμV μ = ∂λV
λ + ∂aV

a + 1

a

[
(∂λa)V λ + (∂aa)V a

] = ∂λV
λ + ∂aV

a + 1

a
V a,

(3.982)

Dμ∂μ� = ∂λ∂
λ�+ ∂a∂

a�+ 1

a
∂a� = ∂λg

λλ∂λ�+ ∂ag
aa∂a�+ 1

a
gaa∂a�

=
(

1

a2
∂2
λ − ∂2

a −
1

a
∂a

)
�. (3.983)

c) In general, the transformation rule for a tensor of rank two from T μ
ν(t,x) to

T ′μν(λ,a) is given by

T ′μν(λ,a) = ∂x ′μ

∂xα

∂xβ

∂x ′ν
T α

β(t (λ,a),x(λ,a)). (3.984)
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In particular, for the T ′00 component, we have

T ′00 =
∂x ′0

∂xα

∂xβ

∂x ′0
T α

β =
∂x ′0

∂x0

∂x0

∂x ′0
T 0

0 +
∂x ′0

∂x1

∂x0

∂x ′0
T 1

0

+ ∂x ′0

∂x0

∂x1

∂x ′0
T 0

1 +
∂x ′0

∂x1

∂x1

∂x ′0
T 1

1. (3.985)

Now, the components of the given tensor (in the coordinates t and x) are

T 0
0 = −T 1

1 = x2 − t2, T 1
0 = T 0

1 = 0, (3.986)

which means that

T ′00 =
∂x ′0

∂x0

∂x0

∂x ′0
T 0

0 +
∂x ′0

∂x1

∂x1

∂x ′0
T 1

1 =
(

∂λ

∂t

∂t

∂λ
− ∂λ

∂x

∂x

∂λ

)
(x2 − t2). (3.987)

Then, since t = a sinh λ and x = a cosh λ in Rindler coordinates, we have
x2 − t2 = a2. Furthermore, the inverse coordinate transformation is given by
λ = artanh(t/x) and a = √x2 − t2, which leads to

∂λ

∂t
= 1

a
cosh λ,

∂t

∂λ
= a cosh λ,

∂λ

∂x
= −1

a
sinh λ,

∂x

∂λ
= a sinh λ. (3.988)

Thus, we obtain the T ′00 component of the tensor in Rindler coordinates λ and a as

T ′00 =
[

1

a
cosh λ · a cosh λ−

(
−1

a
sinh λ

)
· a sinh λ

]
a2

= a2(cosh2 λ+ sinh2 λ) = a2 cosh 2λ. (3.989)

2.29
Using the given metric ds2 = dt2 − dr2 − r2dφ2, we find that

gtt = gtt = 1, grr = grr = −1, gφφ = 1

gφφ
= −r2, (3.990)

which only give rise to one nonzero ordinary derivative, i.e., ∂rgφφ = −2r . Using
the general expression for the Christoffel symbols, we obtain the following nonzero
Christoffel symbols

�
φ

rφ = �
φ

φr =
1

r
, �r

φφ = −r . (3.991)

Using the definition of the covariant derivative ∇μVν = ∂μVν − �λ
μνVλ, we obtain

the components of the covariant derivative



212 3 Solutions to Problems

∇tVν = ∂tVν, (3.992)

∇rVt = ∂rVt, (3.993)

∇rVr = ∂rVr, (3.994)

∇rVφ = ∂rVφ − �
φ

rφVφ = ∂rVφ − 1

r
Vφ, (3.995)

∇φVt = ∂φVt, (3.996)

∇φVr = ∂φVr − �
φ

φrVφ = ∂φVr − 1

r
Vφ, (3.997)

∇φVφ = ∂φVφ − �r
φφVr = ∂φVφ + rVr, (3.998)

which imply the divergence

∇μV μ = ∇tV
t + ∇rV

r + ∇φV φ = ∂tV
t + ∂rV

r + �r
rνV

ν + ∂φV φ + �
φ

φνV
ν

= ∂μV μ + �
φ

φrV
r = ∂μV μ + 1

r
V r, (3.999)

where we used that ∂tV
t + ∂rV

r + ∂φV φ = ∂μV μ, �r
rν = 0 and �

φ

φt = �
φ

φφ = 0.

2.30
a) First, let us write the tangent vector as T μ = dxμ

dλ
and the vector field as

V ν = dxν

dλ
, then we insert this into the given condition, so that

0 = T μ∇μV ν = dxμ

dλ
∇μ

dxν

dλ
= dxμ

dλ

(
∂μ

dxν

dλ
+ �ν

μα

dxα

dλ

)
= d2xν

dλ2
+ �ν

μα

dxμ

dλ

dxα

dλ
, (3.1000)

where we used ∇μV ν = ∂μV ν + �ν
μαV

α and the chain rule for differentiation,
i.e., d

dλ
= dxμ

dλ
∂

∂xμ . Finally, if we set the parameter λ equal to the proper time
τ , i.e., λ= τ , we obtain the geodesic equation ẍν + �ν

μαẋ
μẋα = 0.

b) Using the generalized condition T μ∇μT ν = αT ν and T μ = dxμ

dλ(T )
, we find

that

dxμ

dλ(τ)
∇μ

dxν

dλ(τ)
= α

dxν

dλ(τ)
⇒ dτ

dλ

dxμ

dτ
∇μ

(
dτ

dλ

dxν

dτ

)
= α

dτ

dλ

dxν

dτ
,

(3.1001)

where we again used the chain rule of differentiation. Now, removing the common
factor dτ

dλ
and using Leibniz’ rule of differentiation, we obtain

dxμ

dτ

[
dxν

dτ
∂μ

dτ

dλ
+ dτ

dλ
∇μ

(
dxν

dτ

)]
= α

dxν

dτ
, (3.1002)
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which means that

dxμ

dτ
∇μ

(
dxν

dτ

)
= 0, (3.1003)

is equivalent to

d

dτ

dτ

dλ
= α, (3.1004)

which may be solved. Adding the extra term to the calculation in a) gives

ẍμ + �
μ
νλẋ

ν ẋλ = αẋμ. (3.1005)

2.31
a) The definition of the angle θ between the vectors Aμ and Bμ is given by

cos θ = A · B√
A2B2

. (3.1006)

If we transform the metric according to gμν �→ f (x)gμν , then the inner product
changes accordingly as

A · B = gμνA
μBν �→ f (x)gμνA

μBν . (3.1007)

Thus, it follows that

cos θ �→ f (x)gμνA
μBν√

f (x)2gμνAμAνgσρBσBρ
= gμνA

μBν√
gμνAμAνgσρBσBρ

. (3.1008)

Thus, the angle does not change under this transformation.
b) For a null curve, the tangent vector given by V μ = dxμ/dτ fulfills

gμνV
μV ν = 0. If we change the metric according to the conformal transformation,

we instead obtain

V 2 = f (x)gμνV
μV ν = f (x) · 0 = 0. (3.1009)

Thus, null curves are still null curves after a conformal transformation.

2.32
The metric tensor in R3 is given by the line element

ds2 = dx2 + dy2 + dz2. (3.1010)

In order to compute the induced metric on the sphere from the given embedding,
we therefore compute dx, dy, and dz

dx = R[cos(θ) cos(ϕ)dθ − sin(θ) sin(ϕ)dϕ], (3.1011)
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dy = R[cos(θ) sin(ϕ)dθ + sin(θ) cos(ϕ)dϕ], (3.1012)

dz = −αR sin(θ)dθ . (3.1013)

Squaring and summing leads to

ds2 = R2{[cos2(θ)+ α2 sin2(θ)]dθ2 + sin2(θ)dϕ2}. (3.1014)

The metric components can thus be identified as

gθθ = R2[cos2(θ)+ α2 sin2(θ)], gϕϕ = R2 sin2(θ), gθϕ = gϕθ = 0. (3.1015)

In order to identify the Christoffel symbols, we find the geodesic equations by
variation of

S = 1

2

∫
gij ẋ

i ẋj dt = R2

2

∫ {
[cos2(θ)+ α2 sin2(θ)]θ̇2 + sin2(θ)ϕ̇2

}
dt .

(3.1016)

The variation yields the Euler–Lagrange equations

d

dt

{
[cos2(θ)+ α2 sin2(θ)]θ̇

} = θ̈ [cos2(θ)+ α2 sin2(θ)]+ (α2 − 1) sin(2θ)θ̇2

= 1

2
(α2 − 1) sin(2θ)θ̇2 + 1

2
sin(2θ)ϕ̇2, (3.1017)

d

dt
[sin2(θ)ϕ̇] = sin2(θ)ϕ̈ + sin(2θ)ϕ̇θ̇ = 0. (3.1018)

Dividing by the multipliers of θ̈ and ϕ̈, respectively, leads to the geodesic equations

θ̈ + 1

2

(α2 − 1) sin(2θ)

cos2(θ)+ α2 sin2(θ)
θ̇2 − sin(2θ)

2[cos2(θ)+ α2 sin2(θ)]
ϕ̇2 = 0, (3.1019)

ϕ̈ + 2 cot(θ)ϕ̇θ̇ = 0. (3.1020)

Identifying these equations with the geodesic equations, assuming that the connec-
tion is torsion free, we find that the nonzero Christoffel symbols are given by

�θ
θθ =

(α2 − 1) sin(2θ)

cos2(θ)+ α2 sin2(θ)
→ 0, (3.1021)

�θ
ϕϕ = −

sin(2θ)

2[cos2(θ)+ α2 sin2(θ)]
→−sin(2θ)

2
, (3.1022)

�
ϕ
θϕ = �

ϕ
ϕθ = cot(θ) → cot(θ), (3.1023)

where the limits shown correspond to the limit as α → 1, where we recover the
regular embedding of the sphere of radius R in R3.
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2.33
a) Using the definition of the Levi-Civita connection in local coordinates, i.e.,

�λ
μν =

1

2
gλω

(
∂μgνω + ∂νgμω − ∂ωgμν

)
, (3.1024)

with λ = μ, one obtains

�μ
μν =

1

2
gμω

(
∂μgνω + ∂νgμω − ∂ωgμν

) = 1

2
∂ωgνω + 1

2
gμω∂νgμω − 1

2
∂μgμν

= {gμν symmetric} = 1

2
gωμ∂νgμω = 1

2
tr (g−1∂νg) = 1

2
tr ∂ν ln g

= 1

2
∂ν tr ln g = 1

2
∂ν ln det g = 1

2
(det g)−1∂ν det g = 1

2
g−1∂νg. (3.1025)

b) Let us investigate how the Christoffel symbols �λ
μν = �λ

μν(x) change under
a general coordinate transformation y = y(x). Let us denote by ∇μ the covariant
derivative such that ∇μ = ∇ ∂

∂xμ
= ∇∂μ

. We then have

∇μ∂ν = �λ
μν∂λ. (3.1026)

Denoting ∂ ′μ = ∂
∂yμ and using ∇′μ = ∂xα

∂yμ∇α (since ∇f XY = f∇XY for any vector
fields X and Y and any smooth real valued function f ), we find that

∇′μ∂ ′ν = �′λμν∂
′
λ =

∂xα

∂yμ
∇α

(
∂xβ

∂yν
∂β

)
= ∂xα

∂yμ

[
∂xβ

∂yν
∇α∂β + ∂α

(
∂xβ

∂yν

)
∂β

]
= ∂xα

∂yμ

∂xβ

∂yν
�

γ

αβ∂γ + ∂2xβ

∂yμ∂yν
∂β

= ∂xα

∂yμ

∂xβ

∂yν

∂yλ

∂xγ
�

γ

αβ∂ ′λ +
∂2xβ

∂yμ∂yν

∂yλ

∂xβ
∂ ′λ. (3.1027)

Identifying terms, we obtain

�′λμν(y) = ∂xα

∂yμ

∂xβ

∂yν

∂yλ

∂xγ
�

γ

αβ(x)+ ∂yλ

∂xβ

∂2xβ

∂yμ∂yν
, (3.1028)

which is the transformation rule for the Christoffel symbols with respect to
general coordinate transformations. Note that in linear coordinate transformations,
the inhomogeneous term containing second-order derivatives vanishes and the
Christoffel symbols transform like components of a third-rank tensor.
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c) Consider a path t �→ x(t). It holds that

d

dt
g(Y,Y ) = d

dt

[
gμν(x(t))YμY ν

] = ẋλ(∂λgμν)Y
μY ν + gμνẎ

μY ν + gμνY
μẎ ν

= {gμν symmetric} = ẋλ(∂λgμν)Y
μY ν + 2gμνẎ

μY ν

= ẋλ(∂λgων)Y
ωY ν − 2gμν�

μ
λωẋλY ωY ν

= ẋλY ωY ν(∂λgων − 2gμν�
μ
λω), (3.1029)

where the formula for parallel transport, i.e., Ẏ μ + �
μ
λωẋλY ω = 0, has been used.

Then, inserting the expression for the Levi-Civita connection (or the Christoffel
symbols) �

μ
λω in terms of the metric into the last parenthesis, one obtains

∂λgων − 2gμν�
μ
λω = ∂λgων − 2gμν · 1

2
gμρ

(
∂λgωρ + ∂ωgλρ − ∂ρgλω

)
= ∂λgων − (∂λgων + ∂ωgλν − ∂νgλω) = ∂νgλω − ∂ωgλν,

(3.1030)

which is antisymmetric in ν and ω. Finally, since the contraction between an anti-
symmetric tensor and a symmetric tensor vanishes, it follows that

d

dt
g(Y,Y ) = ẋλY ωY ν (∂νgλω − ∂ωgλν) = ẋλ (Y ωY ν∂νgλω − YωY ν∂ωgλν)

= ẋλ (Y ωY ν∂νgλω − Y νYω∂νgλω) = {Y νYω = YωY ν}
= ẋλ (Y ωY ν∂νgλω − YωY ν∂νgλω) = 0. (3.1031)

Thus, g(Y,Y ) is constant.

2.34
For

Wν = Uμ∇μV ν, (3.1032)

we can show that

Wν = gνσWσ = gνσUμ∇μV σ = Uμ∇μgνσV σ = Uμ∇μVν, (3.1033)

where we have used the fact that ∇νgμρ = 0, which follows from ∇μAνσ =
∂μAνσ − �ρ

μνAρσ − �ρ
μσAνρ and the form of the Christoffel symbols in terms of

the metric tensor.
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2.35
a) Using the given orthonormal basis as well as the nonzero Christoffel symbols

in spherical coordinates, we find that

∇θ e1 = ∇θ ∂θ = 0, (3.1034)

∇θ e2 = ∇θ

(
1

sin θ
∂φ

)
= − cos θ

sin2 θ
∂φ + 1

sin θ
∇θ ∂φ = − cos θ

sin2 θ
∂φ + 1

sin θ
�

φ

θφ∂φ

= − cos θ

sin2 θ
∂φ + 1

sin θ
cot θ∂φ = 0, (3.1035)

∇φe1 = ∇φ∂θ = �
φ

φθ∂φ = cot θ∂φ = cos θ · e2, (3.1036)

∇φe2 = ∇φ

(
1

sin θ
∂φ

)
= 1

sin θ
∇φ∂φ = 1

sin θ
�θ

φφ∂φ

= 1

sin θ

(
−1

2
sin 2θ

)
∂φ = − cos θ · e1, (3.1037)

which leads to the Christoffel symbols (in the given orthonormal basis) �i
θj = 0

and

�•φ• = cos θ

(
0 −1
1 0

)
. (3.1038)

b) The equations of motion for the parallel transport of the new coordinates ui are

u̇i(s)+ �i
φj φ̇(s)uj (s)+ �i

θj θ̇ (s)uj (s) = 0. (3.1039)

Since �i
θj = 0, we obtain(

u̇1(s)

u̇2(s)

)
= −φ̇(s) cos θ

(
0 −1
1 0

)(
u1

u2

)
. (3.1040)

The solution to this equation is u(t) = eA(t)u(0), where

A(t) = −
∫ t

0
cos θ(s)φ̇(s) ds

(
0 −1
1 0

)
. (3.1041)

Now, we have∫ T

0
cos θ(s)φ̇(s) ds =

∫ T

0
[cos θ(s) · φ̇(s)+ 0 · θ̇ (s)] ds, (3.1042)
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where the integration is over a closed loop γ enclosing the surface area S. Using
Green’s formula, we can write this as∫ T

0
cos θ(s)φ̇(s) ds =

∫
S

(
∂θ · cos θ − ∂φ · 0

)
dφ dθ

= −
∫

S

sin θ dφ dθ = −area(S) = −�. (3.1043)

Thus, we find that u′ = Ru, where

R = exp

(
�

(
0 −1
1 0

))
=
(

cos � − sin �

sin � cos �

)
. (3.1044)

2.36
The spherical coordinates are given by

x = r sin(θ) cos(φ), y = r sin(θ) sin(φ), z = r cos(θ), (3.1045)

From these relations, we can deduce that the line element in spherical coordinates
is given by

ds2 = dr2 + r2[dθ2 + sin2(θ)dφ2], (3.1046)

which, in turn, implies that

L = gij ẋ
i ẋj = ṙ2 + r2[θ̇2 + sin2(θ)dφ2]. (3.1047)

The geodesic equations are given by extremizing the integral
∫
L ds. From the

Euler–Lagrange equations, we obtain

r̈ − r[θ̇2 + sin2(θ)φ̇2] = 0, (3.1048)

θ̈ + 2

r
θ̇ ṙ − 1

2
sin(2θ)φ̇2 = 0, (3.1049)

φ̈ + 2

r
φ̇ṙ + 2 cot(θ)θ̇ φ̇ = 0. (3.1050)

Comparing with the geodesic equations ẋi∇i ẋ
j = 0, we get

�r
θθ = −r, �r

φφ = −r sin2(θ), �θ
θr = �θ

rθ = �
φ

φr = �
φ

rφ =
1

r
,

�θ
φφ = −

1

2
sin(2θ), �

φ

θφ = �
φ

φθ = cot(θ), (3.1051)

as the nonvanishing Christoffel symbols.
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2.37
a) We can express θ and φ in terms of x and y as

θ = 2 arctan
( r

2R

)
, φ = arctan

(y

x

)
, (3.1052)

where r2 = x2 + y2. We can now use the relations

dθ = ∂θ

∂x
dx + ∂θ

∂y
dy, dφ = ∂φ

∂x
dx + ∂φ

∂y
dy, (3.1053)

to obtain the following expressions for dθ2 and dφ2:

dθ2 = 1

r2R2

1(
1+ r2

4R2

)2

(
x2dx2 + y2dy2 + 2xydxdy

)
, (3.1054)

dφ2 = 1

r4

(
y2dx2 + x2dy2 − 2xydxdy

)
. (3.1055)

We can also express sin θ in terms of r as

sin θ = 2 cos
θ

2
sin

θ

2
= 2 tan θ

2

1+ tan2 θ
2

= 4Rr

4R2 + r2
. (3.1056)

Inserting into the original metric, we obtain

ds2 =
(

1

1+ r2

4R2

)2

(dx2 + dy2). (3.1057)

b) The Christoffel symbols can be computed from

�
μ
νλ =

1

2
gμω(∂νgλω + ∂λgνω − ∂ωgνλ). (3.1058)

Using the fact that this is symmetric under ν ↔ λ as well as that the metric is
symmetric under x ↔ y, we only need to compute three of the Christoffel symbols:

�x
xx = −

x

2(R2 + r2/4)
, (3.1059)

�x
xy = −

y

2(R2 + r2/4)
, (3.1060)

�x
yy = −�x

xx . (3.1061)

c) The stereographic projection can be visualized according to Figure 3.12.
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r

2R

P

Q

θ

θ/2

Figure 3.12 An illustration of the stereographic projection. The point P on the
sphere is represented by the point Q in the plane.

2.38
We have a two-dimensional hyperbolic subspace x2+y2−t2 = 1, z = 0, embedded
into a four-dimensional Minkowski space.

a) The surface can be parametrized by introducing the parameters r and φ

according to

x = r cos φ, (3.1062)

y = r sin φ, (3.1063)

t2 = r2 − 1. (3.1064)

b) The metric is given by

ds2 = dt2 − dx2 − dy2, (3.1065)

where

2rdr = 2tdt, (3.1066)

dx = ∂x

∂r
dr + ∂x

∂φ
dφ, (3.1067)

dy = ∂y

∂r
dr + ∂y

∂φ
dφ, (3.1068)

and thus, the metric can be written as
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ds2 = dt2 − dx2 − dy2 = dt2 −
(

∂x

∂r
dr + ∂x

∂φ
dφ

)2

−
(

∂y

∂r
dr + ∂y

∂φ
dφ

)2

= dt2 − (cos φdr − r sin φdφ)2 − (sin φdr + r cos φdφ)2

= dt2 − dr2 − r2dφ2

= dt2 − t2

1+ t2
dt2 − r2dφ2 = 1

1+ t2
dt2 − (1+ t2)dφ2. (3.1069)

c) The Christoffel symbols can be determined from

�ρ
μν =

1

2
gρλ(∂μgνλ + ∂νgμλ − ∂λgμν). (3.1070)

The nonzero Christoffel symbols are given by

�t
tt = −

t

1+ t2
, (3.1071)

�t
φφ = t (1+ t2), (3.1072)

�
φ

tφ = �
φ

φt =
t

1+ t2
. (3.1073)

2.39
a) Inserting X = ∂μ, Y = ∂ν , and Z = ∂λ into the definition of the Riemann

curvature tensor, one finds that

R(∂μ,∂ν)∂λ = Rω
λμν∂ω =

[∇μ,∇ν

]
∂λ − ∇[∂μ,∂ν]∂λ =

[∇μ,∇ν

]
∂λ

= ∇μ(�
ρ
νλ∂ρ)− ∇ν(�

ρ
μλ∂ρ)

= (∂μ�
ρ
νλ)∂ρ + �

ρ
νλ�

ω
μρ∂ω − (∂ν�

ρ
μλ)∂ρ − �

ρ
μλ�

ω
νρ∂ω, (3.1074)

which means that

Rω
λμν = ∂μ�ω

νλ − ∂ν�
ω
μλ + �ω

μρ�
ρ
νλ − �ω

νρ�
ρ
μλ. (3.1075)

When T = 0, one has �λ
μν = �λ

νμ. Thus, one obtains

Rω
μνλ + Rω

νλμ + Rω
λμν = ∂ν�

ω
λμ − ∂λ�

ω
νμ + ∂λ�

ω
μν − ∂μ�ω

λν + ∂μ�ω
νλ − ∂ν�

ω
μλ

+ �ω
νρ�

ρ
λμ − �ω

λρ�
ρ
νμ + �ω

λρ�
ρ
μν − �ω

μρ�
ρ
λν

+ �ω
μρ�

ρ
νλ − �ω

νρ�
ρ
μλ

= 0. (3.1076)
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b) The second Bianchi identity Rαβμν;λ + Rαβνλ;μ + Rαβλμ;ν = 0 can be written
in matrix notation as

∂λR
•
•μν + [�•λ•,R

•
•μν]+ ∂μR••νλ + [�•μ•,R

•
•νλ]+ ∂νR

•
•λμ + [�•ν•,R

•
•λμ] = 0,

(3.1077)

which follows from the definition of the Riemann curvature tensor

Rω
λμν = ∂μ�ω

νλ − ∂ν�
ω
μλ + �ω

μρ�
ρ
νλ − �ω

νρ�
ρ
μλ, (3.1078)

in matrix notation, i.e.,

R••μν = ∂μ�•ν• − ∂ν�
•
μ• + [�•μ•,�

•
ν•] = [∂μ + �•μ•,∂ν + �•ν•], (3.1079)

and the Jacobi identity for matrices (and linear operators), i.e.,

[X,[Y,Z]]+ [Y,[Z,X]]+ [Z,[X,Y ]] = 0. (3.1080)

Explicitly, using X = ∇λ, Y = ∇μ, and Z = ∇ν with ∇λ = ∂λ + �•λ•, we find that

[X,[Y,Z]] = [∇λ,[∇μ,∇ν]] = [∇λ,[∂μ + �•μ•,∂ν + �•ν•]]

= [∇λ,R
•
•μν] = [∂λ + �•λ•,R

•
•μν]

= [∂λ,R
•
•μν]+ [�•λ•,R

•
•μν] = ∂λR

•
•μν + [�•λ•,R

•
•μν]. (3.1081)

Similarly, cyclicly permuting the indices in the above equation, we have

[Y,[Z,X]] = ∂μR••νλ + [�•μ•,R
•
•νλ], [Z,[X,Y ]] = ∂νR

•
•λμ + [�•ν•,R

•
•λμ].

(3.1082)

Inserting the results for [X,[Y,Z], [Y,[Z,X]], and [Z,[X,Y ]] into the Jacobi iden-
tity, we obtain the second Bianchi identity

∂λR
•
•μν + [�•λ•,R

•
•μν]+ ∂μR••νλ + [�•μ•,R

•
•νλ]+ ∂νR

•
•λμ + [�•ν•,R

•
•λμ] = 0.

(3.1083)

Now, use the second Bianchi identity to show that the covariant derivative of the
energy–momentum tensor T μν in Einstein’s equations

Gμν = 8πG

c4
T μν, (3.1084)

vanishes.
In the second Bianchi identity

Rαβμν;λ + Rαβνλ;μ + Rαβλμ;ν = 0, (3.1085)

contracting the α and μ indices with the inverse metric tensor gαμ, we obtain

gαμ(Rαβμν;λ + Rαβνλ;μ + Rαβλμ;ν) = 0. (3.1086)
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By the definition of the Ricci tensor Rβν = R
μ
βμν = gαμRαβμν and the fact that

Rαβλμ = −Rαβμλ, this can be written as

Rβν;λ + R
μ

βνλ;μ − Rβλ;ν = 0, (3.1087)

where we have taken into account that the covariant derivative of gαμ van-
ishes, implying that multiplication with components of the metric tensor com-
mutes with covariant differentiation; in particular, index raising or lowering
commutes with covariant derivatives. Contracting once again with gβν and using
the definition of the Ricci scalar R = gμνRμν , we find that

gβν(Rβν;λ + R
μ

βνλ;μ − Rβλ;ν) = R ;λ + gβνR
μ

βνλ;μ − Rν
λ;ν = 0. (3.1088)

Now, using the facts that Rαβνλ = −Rβανλ = −Rαβλν = Rνλαβ , we have

gβνR
μ

βνλ;μ = gβνgαμRαβνλ;μ = −gβνgαμRβανλ;μ

= −gμαRν
ανλ;μ = −gμαRαλ;μ = −R

μ

λ;μ. (3.1089)

Inserting this into the second term, we obtain

R ;λ − R
μ

λ;μ − Rν
λ;ν = R ;λ − 2R

μ

λ;μ = 0. (3.1090)

Note that R ;μ = ∂μR, since R is a scalar. An equivalent form of the previous
equation is (

2R
μ
λ − δ

μ
λ R
)
;μ = 0. (3.1091)

Finally, raising the index λ by applying gλν and dividing by a factor of two lead to(
Rμν − 1

2
Rgμν

)
;μ
= 0, (3.1092)

which implies that ∇μGμν = G
μν

;μ = 0, since the Einstein tensor is defined as
Gμν = Rμν − 1

2Rgμν . Thus, we have now shown that the covariant divergence
of the Einstein tensor Gμν vanishes, and therefore, it immediately follows that
∇μT μν = 0, i.e., the covariant divergence of the energy–momentum tensor T μν

vanishes, since T μν is directly proportional to Gμν via Einstein’s equations Gμν =
aT μν , where a = 8πG

c4 is a constant.

Note that, for a flat spacetime in Minkowski coordinates, it holds that ∇μT μν =
∂μT μν . Furthermore, the Christoffel symbols, the Riemann curvature tensor, the
Ricci tensor, and the Ricci scalar are all zero since they are all either first-order or
second-order derivatives of the metric, which are constant in Minkowski coordi-
nates, and therefore, it implies that the Einstein tensor is also zero, i.e., Gμν = 0.
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Thus, since T μν ∝ Gμν , it means that T μν = 0, and therefore, the covariant diver-
gence of the energy–momentum tensor T μν for a flat spacetime trivially vanishes,
since ∇μ0 = 0.

2.40
The curvature is related to the parallel transport in the following way. Consider
a very small parallelogram with corners at x, x + δx, x + δx + δy, and x + δy.
Furthermore, consider the parallel transport equations

Ẏ i(s)+ �i
kj (x(s))ẋk(s)Y j (s) = 0, i = 1,2, . . . ,n, (3.1093)

where Y (s) is an unknown vector field along the curve x(s). According to this
system of equations, a tangent vector Y at x when parallel transported to the point
x + δx becomes approximately (in given local coordinates)

Y i(x + δx) = Y i(x)− �i
jk(x)Y k(x)δxj . (3.1094)

At the next point x + δx + δy, we obtain

Y i(x + δx + δy) = Y i(x)− �i
jk(x)Y k(x)δxj

− �i
jk(x + δx)[Y k(x)− �k

�m(x)Ym(x)δx�]δyj

= Y i(x)− �i
jk(x)Y k(x)δxj − �i

jk(x)Y k(x)δyj

− ∂m�i
jk(x)δxmδyjY k(x)+ �i

jk(x)�k
�m(x)Ym(x)δx�δyj .

(3.1095)

In the last step, we have neglected the terms, which are of third order in the coor-
dinate differentials. In the same way, we can compute the parallel transport of Y

from x to x + δy and further to x + δy + δx. The parallel transport around the
parallelogram is then obtained as a combination of the right-hand side of the above
formula and the latter transport (note the direction of motion); the result is

δY i = Ri
k�j (x)Y k(x)δx�δyj = 1

2
Ri

k�j (x)Y k(x)(δx�δyj − δxj δy�), (3.1096)

where

Ri
k�j = ∂��

i
jk − ∂j�

i
�k + �i

�m�m
jk − �i

jm�m
�k, (3.1097)

is the Riemann curvature tensor (sometimes just called the curvature). Thus,
the parallel transport around the small parallelogram is proportional to the
curvature at x.

2.41
The Cartesian coordinates (x,y,z) can be parametrized in cylindrical coordinates
as (x,y,z) = (R cos φ,R sin φ,z). The metric in R3 is then given by
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ds2 = dR2 + R2dφ2 + dz2, (3.1098)

which, where (R,φ,z) are the cylindrical coordinates, means that the metric ten-
sor is g̃ = (g̃μν) = diag (1,R2,1) in the cylindrical coordinates (R,φ,z). On the
paraboloid, it holds that

z = x2 + y2 = R2, (3.1099)

which gives dz = 2RdR. Inserting this into the metric, one obtains

ds2 = (4R2 + 1)dR2 + R2dφ2, (3.1100)

and the corresponding metric tensor is g = (gμν) = diag (4R2 + 1,R2). The
Christoffel symbols are now calculated directly from the metric to be

�R
RR =

4R

4R2 + 1
, (3.1101)

�
φ

Rφ = �
φ

φR =
1

R
, (3.1102)

�R
φφ = −

R

4R2 + 1
, (3.1103)

�R
Rφ = �R

φR = �
φ

RR = �
φ

φφ = 0. (3.1104)

Using the Christoffel symbols, define the 2× 2 matrices

�R ≡ �•R• =
(

4R

4R2+1
0

0 1
R

)
and �φ ≡ �•φ• =

(
0 − R

4R2+1
1
R

0

)
. (3.1105)

Then, the four components of the Riemann curvature tensor, R••Rφ = −R••φR, are
given by the 2× 2 matrix

R••Rφ = ∂R�φ − ∂φ�R +
[
�R,�φ

] = ( 0 4R2

(4R2+1)2

− 4
4R2+1

0

)
. (3.1106)

2.42
a) First, we need the Christoffel symbols. There are basically two ways in which

we can obtain the Christoffel symbols, either immediately using the equation

ẍβ + �β
μνẋ

μẋν = 0, (3.1107)

or derive the Euler–Lagrange equations and compare them with the above equation.
Let us do the latter. The Euler–Lagrange equation with respect to r becomes

4r3φ̇2 − 2rṙ2 − d

dτ
(r22ṙ) = 4r3φ̇2 − 2rṙ − 2r2r̈ = 0 ⇒ r̈ + ṙ2/r − 2rφ̇2= 0,

(3.1108)
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and with respect to φ

d

dτ
(2r4φ̇) = 0 ⇒ φ̈ + 4ṙ φ̇/r = 0. (3.1109)

Reading off the Christoffel symbols gives

�r
rr =

1

r
, �r

φφ = −2r, �
φ

φr =
2

r
. (3.1110)

Second, the Christoffel symbols must be used in the formula for the Riemann
tensor:

Rr
φrφ = ∂r�

r
φφ − ∂φ�r

rφ + �r
rα�

α
φφ − �r

φα�
α
rφ

= ∂r(−2r)+ 1

r
(−2r)− (−2r)

2

r
= −2− 2+ 4 = 0. (3.1111)

b) The area is given by

A =
∫ √

det(g) drdφ = {det(g) = r6} =
∫ √

r6 drdφ =
∫

r3 drdφ = πr4

2
.

(3.1112)

The circumference (which comes from integrating the metric with dr being
constant) is

ds =
√

r4 dφ = r2 dφ ⇒ C = s =
∫ 2π

0
r2 dφ = 2πr2. (3.1113)

Thus, in this two-dimensional metric, the relation between area and circumference
of a circle is C2 = 8πA, and not C2 = 4πA as in the case of Euclidean space.

2.43
By the metric compatibility of the Levi-Civita connection, it holds that

V · g(U,W) = g(∇V U,W)+ g(U,∇V W), (3.1114)

where V , U , and W are vector fields. In particular, if U and W are equal to X, Y ,
or Z, then

g(∇V U,W)+ g(U,∇V W) = 0, (3.1115)

since g(U,W) is constant in this case.
First, let U = W = X, then we have

0 = 2g(∇V X,X) = 2g(�X
V XX + �Y

V XY + �Z
V XZ,X) = −2�X

V X ⇒ �X
V X = 0,

(3.1116)

where V = X,Y,Z. In the same way, exchanging X for Y and Z, we find that �Y
V Y =

�Z
V Z = 0. Next, let V = U = X and W = Y,Z, then we obtain

0 = g(∇XX,W)+ g(X,∇XW) = g(∇XX,W) = −�W
XX ⇒ �W

XX = 0, (3.1117)
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where the second term is zero, since ∇XW = ∇WX − [W,X], �X
WX = 0, and

g(X,[W,X]) = 0. In a similar fashion, �Y
WY = 0 and �Z

WZ = 0.
From the above follows that ∇XY = aZ, ∇Y Z = bX, and ∇ZX = cY , where a,

b, and c are functions. Since the torsion on M is zero, the following relations hold

∇Y X = ∇XY − [X,Y ] = (a + 1)Z, (3.1118)

∇ZY = ∇Y Z − [Y,Z] = (b − 1)X, (3.1119)

∇XZ = ∇ZX − [Z,X] = (c − 1)Y . (3.1120)

This gives a linear system of equations for a, b, and c as follows

0 = X · g(Y,Z) = g(∇XY,Z)+ g(Y,∇XZ) = a − c + 1, (3.1121)

0 = Y · g(Z,X) = g(∇Y Z,X)+ g(Z,∇Y X) = a − b + 1, (3.1122)

0 = Z · g(X,Y ) = g(∇ZX,Y )+ g(X,∇ZY ) = 1− c − b. (3.1123)

Solving this system of equations gives −a = b = c = 1/2.
Since the affine connection is known, it is straightforward to compute all

independent components of the Riemann curvature tensor, i.e., R(V,U)W =
[∇V ,∇U ]W −∇[V,U ]W . The result of this computation is

R(X,Y )Z = R(Y,Z)X = R(Z,X)Y = 0, (3.1124)

R(X,Y )Y = R(Z,X)Z = −X/4, (3.1125)

R(X,Y )X = R(Y,Z)Z = Y/4, (3.1126)

R(Y,Z)Y = −R(Z,X)X = Z/4. (3.1127)

2.44
a) Using the definition of the Riemann curvature tensor constructed in terms of

a metric and that the first and third indices are equal, we obtain the Ricci tensor as

Rμν = Rλ
μλν = ∂λ�

λ
νμ − ∂ν�

λ
λμ + �λ

λω�ω
νμ − �λ

νω�ω
λμ. (3.1128)

The fact that the Christoffel symbols are symmetric in the two lower indices, i.e.,
�λ

μν = �λ
νμ, implies that the first and third terms are symmetric. Furthermore, the

fourth term is symmetric due to interchange of summation indices λ↔ ω and again
using the symmetry property of the Christoffel symbols. Therefore, it remains
to show that the second term is symmetric. However, using the fact that [see
Problem 2.33 a)]

�λ
λμ =

1

2
(det g)−1 ∂μ (det g) , (3.1129)

which implies that ∂ν�
λ
λμ = ∂μ�λ

λν . Thus, the Ricci tensor is symmetric, i.e.,
Rμν = Rνμ.
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In addition, the Einstein tensor

Gμν = Rμν − 1

2
gμνR, (3.1130)

is obviously symmetric, since the metric gμν and the Ricci tensor Rμν are symmet-
ric and R is the Ricci scalar.

b) The Ricci tensor can be written as

Rμν = Rλ
μλν = gλαRαμλν . (3.1131)

Using the (anti)symmetries

Rαμλν = −Rμαλν = −Rαμνλ = Rμανλ, (3.1132)

we obtain

R00 = g11R1010, R01 = −g01R1010, R10 = −g10R1010, R11 = g00R1010.
(3.1133)

This implies that the Ricci tensor is given by

Rμν = 1

g
gμνR1010, where g = det g = det(gμν). (3.1134)

The Ricci scalar can now be calculated to be

R = gμνRμν = 2

g
R1010. (3.1135)

Inserting the metric, the Ricci tensor, and the Ricci scalar in the sought-after tensor,
we find that

Rμν − kgμνR = 1

g
gμνR1010 − kgμν

2

g
R1010 = R1010

g
(1− 2k) gμν . (3.1136)

Thus, since g �= 0 and in general R1010 �= 0, the tensor Rμν−kgμνR vanishes when
k = 1

2 , i.e.,

Rμν − 1

2
gμνR = 0. (3.1137)

c) As found in b), Gμν = Rμν−gμνR/2 = 0 in this spacetime. The Einstein field
equations Gμν = 0 in vacuum are therefore satisfied.

2.45
a) Using Euler–Lagrange equations for the t and y coordinates with the

Lagrangian

L = gμνẋ
μẋν = 1

y2

(
ṫ2 − ẏ2

)
, (3.1138)
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we find that

∂L
∂t
− d

dτ

∂L
∂ṫ
= 0,

∂L
∂t
= 0,

∂L
∂ṫ
= 2

y2
ṫ ⇒ d

dτ

ṫ

y2
= 0, (3.1139)

∂L
∂y
− d

dτ

∂L
∂ẏ
= 0,

∂L
∂y
= − 2

y3

(
ṫ2 − ẏ2

)
,

∂L
∂ẏ
= − 2

y2
ẏ

⇒ − 2

y3

(
ṫ2 − ẏ2

)+ d

dτ

2ẏ

y2
= 0, (3.1140)

which lead to the geodesic equations

ẗ − 2

y
ṫ ẏ = 0, ÿ − 1

y
ṫ2 − 1

y
ẏ2 = 0. (3.1141)

Thus, using the two geodesic equations for the t and y coordinates, we identify the
nonzero Christoffel symbols as

�t
ty = �t

yt = �
y
tt = �y

yy = −
1

y
. (3.1142)

b) The Christoffel symbols can be written in matrix form as

�•t• =
(

�t
tt �t

ty

�
y
tt �

y
ty

)
= −1

y

(
0 1
1 0

)
, �•y• =

(
�t

yt �t
yy

�
y
yt �

y
yy

)
= −1

y

(
1 0
0 1

)
.

(3.1143)

Now, the Riemann curvature tensor in matrix form is given by

R••μν = ∂μ�•ν• − ∂ν�
•
μ• + �•μ•�

•
ν• − �•ν•�

•
μ• = ∂μ�•ν• − ∂ν�

•
μ• = −R••νμ.

(3.1144)

Note that �•μ•�
•
ν• − �•ν•�

•
μ• = 0, since �•y• ∝ 12. Therefore, we have

R••ty = ∂t�
•
y• − ∂y�

•
t• = −∂y�

•
t• = −∂y

(
0 − 1

y

− 1
y

0

)
=
(

0 − 1
y2

− 1
y2 0

)
= −R••yt .

(3.1145)

Note that ∂t�
•
y• = 0, since �•y• is independent of t . Thus, we obtain the nonzero

components of the Riemann curvature tensor as

Rt
yty = R

y
tty = −

1

y2
= −Rt

yyt = −R
y
tyt . (3.1146)

Then, the Ricci tensor is given by Rμν = Rα
μαν = Rt

μtν + R
y
μyν , and we find that

its components are Rtt = Rt
ttt + R

y
tyt = 1/y2, Rty = Rt

tty + R
y
tyy = 0, Ryt =

Rt
ytt + R

y
yyt = 0, and Ryy = Rt

yty + R
y
yyy = −1/y2. Thus, we obtain Rtt =

−Ryy = 1/y2 and Rty = Ryt = 0. Finally, the Ricci scalar is given by a contraction
of the inverse metric tensor and the Ricci tensor as
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R = Rμ
μ = gμνRμν = gttRtt + gyyRyy = y2 · 1

y2
+ (−y2) ·

(
− 1

y2

)
= 1+ 1 = 2.

(3.1147)
2.46
Using Euler–Lagrange equations for the ρ and φ coordinates with the Lagrangian

L = gij ẋ
i ẋj = ρ̇2 + (a2 + ρ2)φ̇2, (3.1148)

we find that
∂L
∂ρ
− d

dτ

∂L
∂ρ̇

= 0,
∂L
∂ρ
= 2ρ φ̇2,

∂L
∂ρ̇

= 2ρ̇ ⇒ 2ρ φ̇2 − 2ρ̈ = 0,

(3.1149)

∂L
∂φ
− d

dτ

∂L
∂φ̇

= 0,
∂L
∂φ

= 0,
∂L
∂φ̇

= 2(a2 + ρ2) φ̇

⇒ 0− 4ρ ρ̇φ̇ − 2(a2 + ρ2) φ̈ = 0, (3.1150)

which lead to the geodesic equations

ρ̈ − ρ φ̇2 = 0, φ̈ + 2ρ

a2 + ρ2
ρ̇φ̇ = 0. (3.1151)

Now, using the general formula for the geodesic equations ẍi + �i
jkẋ

j ẋk = 0, we
identify the nonzero Christoffel symbols as

�
ρ
φφ = −ρ, �

φ

ρφ = �
φ

φρ =
ρ

a2 + ρ2
, (3.1152)

which can be written in matrix form as

�•ρ• =
(

�ρ
ρρ �

ρ
ρφ

�φ
ρρ �

φ

ρφ

)
=
(

0 0
0 ρ

a2+ρ2

)
, �•φ• =

(
�

ρ
φρ �

ρ
φφ

�
φ

φρ �
φ

φφ

)
=
(

0 −ρ
ρ

a2+ρ2 0

)
.

(3.1153)

Then, the Riemann curvature tensor in matrix form is given by

R••ρφ = ∂ρ�
•
φ• − ∂φ�•ρ• + �•ρ•�

•
φ• − �•φ•�

•
ρ•

= ∂ρ

(
0 −ρ
ρ

a2+ρ2 0

)
− ∂φ

(
0 0

0 ρ

a2+ρ2

)
+
(

0 0

0 ρ

a2+ρ2

)(
0 −ρ
ρ

a2+ρ2 0

)

−
(

0 −ρ
ρ

a2+ρ2 0

)(
0 0

0 ρ

a2+ρ2

)

=
(

0 −1
a2−ρ2

(a2+ρ2)2 0

)
+
(

0 0
ρ2

(a2+ρ2)2 0

)
−
(

0 − ρ2

a2+ρ2

0 0

)

=
(

0 − a2

a2+ρ2

a2

(a2+ρ2)2 0

)
= −R••φρ, (3.1154)
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which leads to the nonzero components of the Riemann curvature tensor, i.e.,

R
ρ
φρφ = −

a2

a2 + ρ2
= −R

ρ
φφρ, R

φ

ρρφ =
a2

(a2 + ρ2)2
= −R

φ

ρφρ . (3.1155)

Next, the Ricci tensor is given by Rij = Rk
ikj = R

ρ

iρj + R
φ

iφj , and explicitly, the
components are

Rρρ = Rρ
ρρρ + R

φ

ρφρ = 0+
[
− a2

(a2 + ρ2)2

]
= − a2

(a2 + ρ2)2
, (3.1156)

Rρφ = R
ρ
ρρφ + R

φ

ρφφ = 0+ 0 = 0, (3.1157)

Rφρ = R
ρ
φρρ + R

φ

φφρ = 0+ 0 = 0, (3.1158)

Rφφ = R
ρ
φρφ + R

φ

φφφ = −
a2

a2 + ρ2
+ 0 = − a2

a2 + ρ2
. (3.1159)

Finally, the Ricci scalar is given by the contraction of the inverse metric tensor and
the Ricci tensor, i.e.,

R = gijRij = gρρRρρ + gφφRφφ

= 1 ·
[
− a2

(a2 + ρ2)2

]
+ 1

a2 + ρ2

(
− a2

a2 + ρ2

)
= − 2a2

(a2 + ρ2)2
. (3.1160)

2.47
From the solution to Problem 2.28 for the Rindler coordinates λ and a, we have the
Christoffel symbols

�λ
λa = �λ

aλ =
1

a
, �a

λλ = a. (3.1161)

Therefore, we can write the Christoffel symbols in matrix form as

�•λ• =
(

0 1/a

a 0

)
, �•a• =

(
1/a 0

0 0

)
. (3.1162)

Now, the Riemann curvature tensor in matrix form is given by

R••μν = ∂μ�•ν• − ∂ν�
•
μ• + �•μ•�

•
ν• − �•ν•�

•
μ• = −R••νμ, (3.1163)

which implies the potentially nonzero components of the Riemann curvature tensor

R••λa = ∂λ�
•
a• − ∂a�

•
λ• + �•λ•�

•
a• − �•a•�

•
λ• = −∂a�

•
λ• + �•λ•�

•
a• − �•a•�

•
λ•,

(3.1164)

where ∂λ�
•
a• = 0, since �•a• is independent of λ. Therefore, inserting �•λ• and �•a•

into R••λa , we find that
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R••λa = −∂a

(
0 1/a

a 0

)
+
(

0 1/a

a 0

)(
1/a 0

0 0

)
−
(

1/a 0
0 0

)(
0 1/a

a 0

)
=
(

0 1/a2

−1 0

)
+
(

0 0
1 0

)
−
(

0 1/a2

0 0

)
=
(

0 0
0 0

)
. (3.1165)

Thus, all components of the Riemann curvature tensor for the Rindler space are
zero, and hence, the Riemann curvature tensor is zero. It follows trivially that both
the Ricci tensor and the Ricci scalar are also zero.

2.48
Given the coordinate system provided by the problem, we obtain dt = cosh(λ)dλ,
dx = sinh(λ) cos(ϕ)dλ − cosh(λ) sin(ϕ)dϕ, dy = sinh(λ) sin(ϕ)dλ + cosh(λ)

cos(ϕ)dϕ, and the induced metric

ds2 = dλ2 − cosh2 λdϕ2. (3.1166)

We compute the Christoffel symbols from the geodesic equations, using
L = 1

2

(
λ̇2 − cosh2 λϕ̇2

)
, which gives

λ̈+ cosh(λ) sinh(λ)ϕ̇2 = 0, (3.1167)

ϕ̈ + 2 tanh(λ)λ̇ϕ̇ = 0, (3.1168)

and thus, the nonzero components of the Christoffel symbols are

�λ
ϕϕ = cosh(λ) sinh(λ), �

ϕ
λϕ = �

ϕ
ϕλ = tanh(λ). (3.1169)

The computation of the Riemann tensor is most easily performed using the follow-
ing matrix notation

R••μν =
[
∂μ + �•μ•,∂ν + �•ν•

]
, (3.1170)

where �•μ• stands for the matrix with elements �α
μβ , etc., and the matrix product is

used. We get the matrices

�•λ• =
(

0 0
0 tanh(λ)

)
, �•ϕ• =

(
0 cosh(λ) sinh(λ)

tanh(λ) 0

)
, (3.1171)

and by straightforward computations, we find

R••λϕ = −R••ϕλ =
(

0 sinh2 λ

1 0

)
. (3.1172)

Therefore, the nonzero components of the Riemann tensor are

Rλ
ϕλϕ = −Rλ

ϕϕλ = cosh2 λ, R
ϕ
λλϕ = −R

ϕ
λϕλ = 1. (3.1173)
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Thus, we obtain the following nonzero components of the Ricci tensor

Rλλ = R
ϕ
λϕλ = −1, Rϕϕ = Rλ

ϕλϕ = cosh2 λ. (3.1174)

Since ds2 = dλ2 − cosh2 λdϕ2 implies that the nonzero components of the metric
tensor are as follows

gλλ = 1, gϕϕ = − cosh2 λ, (3.1175)

we observe that

Rμν = −gμν, (3.1176)

i.e., � = 1.

2.49
We can use the results in the solution to Problem 2.27 to compute

R0
101 = ∂0�

0
11 − ∂1�

0
01 + �0

0μ�
μ

11 − �0
1μ�

μ

01. (3.1177)

Keeping only the nonzero terms, we find that

R0
101 = −∂1�

0
01 + �0

01�
1
11 − �0

10�
0
01

= − ∂

∂r

r

r2 − 1
+ r

r2 − 1

(
− r

r2 − 1

)
−
(

r

r2 − 1

)2

= r2 + 1

(r2 − 1)2
− 2r2

(r2 − 1)2
= − r2 − 1

(r2 − 1)2
= − 1

r2 − 1
. (3.1178)

Thus, we have the following nonzero components of the Riemann curvature tensor

R0101 = g00R
0
101 = v(r2 − 1)

(
− 1

r2 − 1

)
= −v, (3.1179)

R0101 = R1010 = −R1001 = −R0110, (3.1180)

where we used the symmetry properties of the Riemann curvature tensor. Further-
more, we obtain the following nonzero components of the Ricci tensor

R00 = g11R1010 = −r2 − 1

v
(−v) = r2 − 1, (3.1181)

R11 = g00R0101 = 1

v(r2 − 1)
(−v) = − 1

r2 − 1
. (3.1182)

Thus, we have that Rμν = 1
v
gμν .
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2.50
a) Letting r2 = t2 + u2, the surface is described by r2 − x2 = α2. This is a

hyperbola that may be parametrized as

r = α cosh θ, x = α sinh θ . (3.1183)

Furthermore, the relation r2 = t2 + u2 describes a circle that we may parametrize as

t = r cos ϕ = α cosh θ cos ϕ, u = r sin ϕ = α cosh θ sin ϕ. (3.1184)

Thus, any point on the surface may be specified using the coordinates θ and ϕ. This
leads to

dt = α(sinh θ cos ϕdθ − cosh θ sin ϕdϕ), (3.1185)

du = α(sinh θ sin ϕdθ + cosh θ cos ϕdϕ), (3.1186)

dx = α cosh θdθ . (3.1187)

Inserted into the given line element ds2 = dt2 + du2 − dx2, we obtain

ds2 = α2(cosh2 θdϕ2 − dθ2). (3.1188)

b) The geodesic equations may be derived from extremizing

S = 1

2

∫
gμνχ̇

μχ̇ν ds = α2

2

∫
(cosh2 θϕ̇2 − θ̇2) ds. (3.1189)

Requiring δS = 0 yields

sinh θ cosh θϕ̇2 + θ̈ = 0, (3.1190)

d

dt

(
cosh2 θϕ̇

) = ϕ̈ cosh2 θ + 2 sinh θ cosh θϕ̇θ̇ = 0, (3.1191)

which simplifies to

θ̈ + sinh 2θ

2
ϕ̇2 = 0, ϕ̈ + 2 tanh θϕ̇θ̇ = 0. (3.1192)

Comparison and identification with the geodesic equation χ̇ a + �a
bcχ̇

bχ̇ c = 0
and requiring the connection to be torsion free, results in the following nonzero
Christoffel symbols

�θ
ϕϕ = sinh θ cosh θ = sinh 2θ

2
, �

ϕ
θϕ = �

ϕ
ϕθ = tanh θ . (3.1193)

c) In order to compute the Ricci scalar, we first compute the one independent
entry of the curvature tensor Rθϕθϕ . We have by definition



3.2 Solutions to Problems in General Relativity Theory 235

Ra
ϕθϕ∂a = ∇θ∇ϕ∂ϕ − ∇ϕ∇θ ∂ϕ = ∇θ (�

b
ϕϕ∂b)− ∇ϕ(�

b
θϕ∂b)

= ∇θ

(
sinh 2θ

2
∂θ

)
− ∇ϕ

(
tanh θ ∂ϕ

)
= cosh 2θ ∂θ − tanh θ �b

ϕϕ∂b = cosh 2θ ∂θ − tanh θ sinh θ cosh θ ∂θ

= (cosh2 θ + sinh2 θ − sinh2 θ) ∂θ = cosh2 θ ∂θ, (3.1194)

which implies that

Rθ
ϕθϕ = cosh2 θ . (3.1195)

Thus, we have

Rθϕθϕ = gθaR
a
ϕθϕ = gθθR

θ
ϕθϕ = −α2 cosh2 θ . (3.1196)

For the Ricci scalar, we find

R = gabRc
acb = gabgcdRdacb = 2gθθgϕϕRθϕθϕ = −2

α4 cosh2 θ
(−α2 cosh2 θ) = 2

α2
.

(3.1197)

2.51
a) Given the spherically symmetric metric, the metric tensor can be written as

g = diag(gtt,grr,gθθ,gφφ) = diag(eν,−eρ,−r2,−r2 sin2 θ), (3.1198)

with the inverse metric tensor being

g−1 = diag(gtt,grr,gθθ,gφφ) = diag

(
e−ν,−e−ρ,− 1

r2
,− 1

r2 sin2 θ

)
. (3.1199)

Using Euler–Lagrange equations for the t , r , θ , and φ coordinates with the
Lagrangian

L = eν ṫ2 − eρṙ2 − r2θ̇2 − r2 sin2 θφ̇2, (3.1200)

we find that the geodesic equations are

ẗ + 1

2
◦
ν ṫ2 + ν ′ ṫ ṙ + 1

2
eρ−ν ◦ρ ṙ2 = 0, (3.1201)

r̈ + 1

2
eν−ρν ′ ṫ2 + ◦

ρ ṫ ṙ + 1

2
ρ ′ ṙ2 − re−ρ θ̇2 − r sin2 θe−ρ φ̇2 = 0, (3.1202)

θ̈ + 2

r
ṙ θ̇ − sin θ cos θ φ̇2 = 0, (3.1203)

φ̈ + 2

r
ṙφ̇ + 2 cot θ θ̇ φ̇ = 0, (3.1204)

where the dot, the circle, and the prime denote differentiations with respect to
the path parameter s, time t , and radial coordinate r , respectively. Comparing
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the four geodesic equations with the general formula for the geodesic equations
ẍα + �α

βγ ẋβ ẋγ = 0, we identify the 17 nonzero Christoffel symbols as

�t
tt =

1

2
◦
ν, �t

tr = �t
rt =

1

2
ν ′, �t

rr =
1

2
eρ−ν ◦ρ,

�r
tt =

1

2
eν−ρν ′, �r

tr = �r
rt =

1

2
◦
ρ, �r

rr =
1

2
ρ ′,

�r
θθ = −re−ρ, �r

φφ = −r sin2 θe−ρ,

�θ
rθ = �θ

θr =
1

r
, �θ

φφ = − sin θ cos θ,

�
φ

rφ = �
φ

φr =
1

r
, �

φ

θφ = �
φ

φθ = cot θ . (3.1205)

Expressing the Christoffel symbols in matrix form, the Riemann curvature tensor
in matrix form is given by

R••αβ = ∂α�
•
β• − ∂β�•α• + �•α•�

•
β• − �•β•�

•
α• = −R••βα, (3.1206)

which leads to the nonzero components of the Riemann curvature tensor, i.e.,

Rt
rtr = eρ−ν

(
1

2
◦◦
ρ + 1

4
◦
ρ

2 − 1

4
◦
ν
◦
ρ

)
− 1

2
ν ′′ − 1

4
ν ′2 + 1

4
ν ′ρ ′,

Rr
ttr =

1

2
◦◦
ρ + 1

4
◦
ρ

2 − 1

4
◦
ν
◦
ρ + eν−ρ

(
−1

2
ν ′′ − 1

4
ν ′2 + 1

4
ν ′ρ ′

)
,

Rt
θtθ = −

1

2
ν ′re−ρ, Rr

θtθ =
1

2
◦
ρre−ρ, Rθ

ttθ = −
1

2r
eν−ρν ′, Rθ

rtθ = −
1

2r

◦
ρ,

Rt
φtφ = −

1

2
ν ′r sin2 θe−ρ, Rr

φtφ =
1

2
◦
ρr sin2 θe−ρ,

R
φ

ttφ = −
1

2r
eν−ρν ′, R

φ

rtφ = −
1

2r

◦
ρ,

Rt
θrθ = −

1

2
◦
ρre−ν, Rr

θrθ =
1

2
ρ ′re−ρ, Rθ

trθ = −
1

2r

◦
ρ, Rθ

rrθ = −
1

2r
ρ ′,

Rt
φrφ = −

1

2
◦
ρr sin2 θe−ν, Rr

φrφ =
1

2
ρ ′r sin2 θe−ρ,

R
φ

trφ = −
1

2r

◦
ρ, R

φ

rrφ = −
1

2r
ρ ′,

Rθ
φθφ = sin2 θ

(
1− e−ρ

)
, R

φ

θθφ = −1+ e−ρ . (3.1207)
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The Ricci tensor is given by Rαβ = R
γ

αγβ , and explicitly, the nonzero
components are

Rtt = Rt
ttt + Rr

trt + Rθ
tθt + R

φ

tφt

= eν−ρ

(
1

2
ν ′′ + 1

4
ν ′2 − 1

4
ν ′ρ ′ + 1

r
ν ′
)
−
(

1

2
◦◦
ρ + 1

4
◦
ρ

2 − 1

4
◦
ν
◦
ρ

)
,

Rtr = Rt
ttr + Rr

trr + Rθ
tθr + R

φ

tφr =
1

r

◦
ρ = Rrt,

Rrr = Rt
rtr + Rr

rrr + Rθ
rθr + R

φ

rφr

= −
(

1

2
ν ′′ + 1

4
ν ′2 − 1

4
ν ′ρ ′ − 1

r
ρ ′
)
+ eρ−ν

(
1

2
◦◦
ρ + 1

4
◦
ρ

2 − 1

4
◦
ν
◦
ρ

)
,

Rθθ = Rt
θtθ + Rr

θrθ + Rθ
θθθ + R

φ

θφθ = −
[

1+ 1

2
r
(
ν ′ − ρ ′

)]
e−ρ + 1,

Rφφ = Rt
φtφ + Rr

φrφ + Rθ
φθφ + R

φ

φφφ = sin2 θ Rθθ . (3.1208)

Finally, the Ricci scalar is given by the contraction of the inverse metric tensor and
the Ricci tensor, i.e.,

R = gαβRαβ = gttRtt + grrRrr + gθθRθθ + gφφRφφ

=
[
ν ′′ + 1

2
ν ′2 − 1

2
ν ′ρ ′ + 2

r
ν ′ + 1

r

(
ν ′ − ρ ′

)]
e−ρ

−
(
◦◦
ρ + 1

2
◦
ρ

2 − 1

2
◦
ν
◦
ρ

)
e−ν + 2

r2

(
e−ρ − 1

)
. (3.1209)

b) Einstein’s equations Gαβ = 0 are

Rαβ − 1

2
Rgαβ = 0. (3.1210)

Due to Birkhoff’s theorem, which we will not show in this problem (see
Problem 2.52), the arbitrary functions ν = ν(t,r) and ρ = ρ(t,r) must be inde-
pendent of time t , i.e., ν = ν(r) and ρ = ρ(r), which imply that

◦
ν = ◦◦

ν = 0 and
◦
ρ = ◦◦

ρ = 0. Therefore, the nonzero components of the Ricci tensor and the Ricci
scalar simplify to

Rtt = eν−ρ

(
1

2
ν ′′ + 1

4
ν ′2 − 1

4
ν ′ρ ′ + 1

r
ν ′
)

,

Rrr = −
(

1

2
ν ′′ + 1

4
ν ′2 − 1

4
ν ′ρ ′ − 1

r
ρ ′
)

,
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Rθθ = −
[

1+ 1

2
r
(
ν ′ − ρ ′

)]
e−ρ + 1,

Rφφ = sin2 θ Rθθ,

R =
[
ν ′′ + 1

2
ν ′2 − 1

2
ν ′ρ ′ + 2

r
ν ′ + 1

r

(
ν ′ − ρ ′

)]
e−ρ + 2

r2

(
e−ρ − 1

)
.

(3.1211)

Using the two equations

Gtt = Rtt − 1

2
Rgtt = 0, (3.1212)

Grr = Rrr − 1

2
Rgrr = 0, (3.1213)

we immediately obtain that

ν ′ − ρ ′ + 2

r
(1− eρ) = 0, ν ′ = −ρ ′, (3.1214)

and combining these two expressions, we find the equation

ρ ′ − 1

r
(1− eρ) = 0. (3.1215)

Performing the substitution λ = e−ρ , which implies that λ′ = −ρ ′e−ρ , we instead
have the ordinary first-order differential equation

λ′ + 1

r
λ = 1

r
�⇒ (λr)′ = 1, (3.1216)

which has the solution λr = r − r∗ or, equivalently, λ = 1 − r∗/r , where r∗ is an
integration constant. We therefore find

λ(r) = 1− r∗
r
= e−ρ = − 1

grr

. (3.1217)

Finally, using ν ′ = −ρ ′ and e−ρ = 1− r∗
r

, we find that

gtt (r) = eν = 1− r∗
r

, grr(r) = −eρ = −
(

1− r∗
r

)−1
. (3.1218)

Thus, we obtain the solution to Einstein’s equations Gαβ = 0, namely

ds2 = gαβdxαdxβ =
(

1− r∗
r

)
dt2 −

(
1− r∗

r

)−1
dr2 − r2

(
dθ2 + sin2 θdφ2

)
,

(3.1219)

which is the Schwarzschild metric and known as the Schwarzschild solution to the
free Einstein field equations, i.e., Gαβ = Rαβ − 1

2Rgαβ = 0.
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2.52
Assume that Einstein’s equations in empty space hold, i.e., Gαβ = 0, where Gαβ is
the Einstein tensor. In general, using the definition of the Einstein tensor, we have

Gαβ ≡ Rαβ − 1

2
Rgαβ = 0, (3.1220)

where gαβ is a spherically symmetric metric such that (see Problem 2.51 and its
solution)

ds2 = gαβdxαdxβ = eνdt2 − eρdr2 − r2
(
dθ2 + sin2 θdφ2

)
, (3.1221)

and Rαβ and R are the Ricci tensor and the Ricci scalar, respectively. In particular,
we have

Gtr = Rtr − 1

2
Rgtr = 0. (3.1222)

However, gtr = 0, which implies that Rtr = 0. Using the results of Problem 2.51,
we have that Rtr = ◦

ρ/r , where the circle denotes differentiation with respect to
the coordinate time t . Therefore, it must hold that

◦
ρ = 0 (which leads to

◦◦
ρ = 0),

which means that ρ has no time dependence. Since ρ and, hence also
◦
ρ, have no

time dependence, Einstein’s equation (see, again, the solution to Problem 2.51)

Gθθ = Rθθ − 1

2
Rgθθ = −

[
1+ 1

2
r
(
ν ′ − ρ ′

)]
e−ρ + 1

− 1

2

{[
ν ′′ + 1

2
ν ′2 − 1

2
ν ′ρ ′ + 2

r
ν ′ + 1

r

(
ν ′ − ρ ′

)]
e−ρ + 2

r2

(
e−ρ − 1

)} = 0,

(3.1223)

implies that ν ′ has also no time dependence, since the entire equation has no time
dependence. Therefore, the statement

ν ′ ≡ ∂ν

∂r
= f (r), (3.1224)

means that ν must depend on t and r separately such that

ν = ν(r)+ g(t). (3.1225)

The appearance of ν(r) and g(t) in ds2 has a form such that a possible time-
dependence g(t) can be absorbed in a new time variable t ′ such that

eνdt2 = eν(r)+g(t)dt2 = eν(r)eg(t)dt2 = eν(r)dt ′2. (3.1226)

In terms of the coordinates t ′, r , θ , and φ, the metric functions gt ′t ′ = eν(r), grr =
−eρ(r), gθθ = −r2, and gφφ = −r2 sin2 θ are time independent, i.e., a spherically
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symmetric solution to Gαβ = 0 must be static, and thus, it holds that ν = ν(r)

and ρ = ρ(r) such that
◦
ν = 0 and

◦
ρ = 0. This completes the proof of Birkhoff’s

theorem.

2.53
For a Levi-Civita connection, we have ∇gμν ≡ 0. Therefore, we find that

∇μT μν = ε0(∇μF
μ
λ)F

λν + ε0F
μ
λ∇μF λν + ε0

2
gμνFλω∇μF λω. (3.1227)

The first term is equal to ε0JλF
λν by the first set of Maxwell’s equations, i.e.,

∇μF
μ
λ = Jλ. Using the second set of Maxwell’s equations, i.e., ∂μF νλ + ∂νF λμ +

∂λFμν = 0 (note that here one can use ∂ instead of ∇ by the antisymmetry of Fμν

and by �λ
μν = �λ

νμ), we obtain

1

ε0
∇μT μν = JλF

λν + Fμλ∇μF λν + 1

2
Fλω∇νF λω

= JλF
λν + Fμλ∇μF λν − 1

2
(Fλω∇λFων + Fλω∇ωF νλ)

= {Fλω∇ωF νλ = [Fμν = −Fνμ
] = (−Fωλ)∇ω(−Fλν)

= Fωλ∇ωF λν = [ω ↔ λ] = Fλω∇λFων}
= JλF

λν + Fμλ∇μF λν − Fλω∇λFων = JλF
λν, (3.1228)

i.e.,

∇μT μν = ε0JμFμν . (3.1229)

2.54
We know that the correct formula for half of Maxwell’s equations in general rela-
tivity is given by

∇αFβγ + ∇βFγα + ∇γ Fαβ = 0, (3.1230)

since this is a tensor equation, which in a local inertial frame equals the correspond-
ing formula in special relativity. It remains to be shown that it is sufficient to use
partial derivatives even in the case of general relativity.

Now, the covariant derivative of a second-order tensor is given by

(∇αF )βγ = ∂αFβγ − �κ
αβFκγ − �κ

αγ Fβκ . (3.1231)

Therefore, we have ∇αFβγ + ∇βFγα + ∇γ Fαβ = ∂αFβγ + ∂βFγα + ∂γ Fαβ if

�κ
αβFκγ + �κ

αγ Fβκ + �κ
βγ Fκα + �κ

βαFγκ + �κ
γαFκβ + �κ

γβFακ = 0, (3.1232)
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which is true, since the terms cancel pairwise (due to Fαβ being antisymmetric and
�α

βγ = �α
γβ being symmetric in the two lower indices). Thus, we have shown that

half of Maxwell’s equations can be written as

∂αFβγ + ∂βFγα + ∂γ Fαβ = 0, (3.1233)

even in general relativity.

2.55
For any vector field X, we have the covariant divergence

∇μXμ = ∂μXμ + �μ
μνX

ν . (3.1234)

Using the definition of the Christoffel symbols in terms of the metric, we obtain for
�μ

μν the following

�μ
μν =

1

2
gμλ(∂νgλμ) = 1

2
tr
(
g−1∂νg

) = 1

2
tr
[
(−g)−1∂ν(−g)

] = 1

2
∂ν tr ln(−g),

(3.1235)

which, using the matrix identity tr ln A = ln det A, can be rewritten in terms of
ḡ ≡ det(−g) = − det g as

�μ
μν =

1

2
∂ν ln det(−g) = 1

2
∂ν ln ḡ = 1

2ḡ
∂νḡ. (3.1236)

Inserting this result for the Christoffel symbol �μ
μν into the equation for the covari-

ant derivative yields

∇μXμ = ∂μXμ + 1

2ḡ
(∂νḡ)Xν = ∂μXμ + 1

2ḡ
(∂μḡ)Xμ

= 1√
ḡ

∂μ

(√
ḡXμ

)
= ḡ−

1
2 ∂μ(ḡ

1
2 Xμ). (3.1237)

Thus, from this follows that ∇μjμ = 0 can be written as ḡ−
1
2 ∂μ(ḡ

1
2 jμ) = 0.

Now, we wish to prove that ∇μjμ = 0 is compatible with the generally covariant
form of Maxwell’s equations, i.e., we wish to show that a = ∇ν∇μFμν = 0.
First, expanding the covariant derivative∇μ and expressing a in terms of Christoffel
symbols, we obtain

a = ∇ν(∂μFμν + �μ
μωFων + �ν

μωFμω), (3.1238)

where the last term vanishes due to Fμω = −Fωμ and �ν
μω = �ν

ωμ. Second,
expanding the covariant derivative ∇ν , we find that
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a = ∂ν∂μFμν + �ν
νλ∂μFμλ + ∂ν(�

μ
μωFων)+ �ν

νλ�
μ
μωFωλ

= �ν
νλ∂μFμλ + �μ

μω∂νF
ων + Fων∂ν�

μ
μω =

(
�ν

νλ∂μ + �ν
νμ∂λ

)
Fμλ + Fων∂ν�

μ
μω

= Fων∂ν�
μ
μω =

1

2
Fων∂ν∂ω ln ḡ = 0, (3.1239)

where we have used several times the fact that an antisymmetric tensor (such as F )
that is contracted with a symmetric tensor vanishes. Thus, we have proven that
∇ν∇μFμν = 0.

2.56
a) To show that the connection is the Levi-Civita connection, we need to show

that it is metric compatible and torsion free. This is a simple matter of checking the
relations

Xi · g(Xj,Xk) = g(∇Xi
Xj,Xk)+ g(Xj,∇Xi

Xk), (3.1240)

and

T (Xi,Xj ) = ∇Xi
Xj − ∇Xj

Xi − [Xi,Xj ] = 0, (3.1241)

cf., Problem 2.43.
b) The curvature tensor can be calculated in the same way as in Problem 2.43,

this leads to the following nonzero components of the curvature tensor:

R1
221 = R1

010 = R2
112 = R2

020 = R0
220 = R0

110

= −R1
212 = −R1

001 = −R2
121 = −R2

002 = −R0
202 = −R0

101 =
1

4
.

(3.1242)

Computing the Ricci tensor from its definition Rij = Rk
ikj , we find that Rij =

gij /2. From this follows that the Ricci scalar is given by R = gijRij = δi
i /2 = 3/2,

and thus,

Gij = Rij − 1

2
gijR = 1

2
gij

(
1− 3

2

)
= −1

4
gij . (3.1243)

By the Einstein equations, we have

Tij = 1

8π
Gij = − 1

32π
gij, (3.1244)

where we have put G = c = 1.

2.57
Introducing coordinates χa and having the particle worldline parametrized by
χa = f a(τ ), the action can be written in the form
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SM = M

∫
δ(4)(χ − f )

√
gabḟ aḟ b d4χdτ, (3.1245)

where δ(4)(χ − f ) is a four-dimensional δ-function in the coordinates and gab

is a function of the coordinates χ . Assuming coordinates such that χa can be
used to parametrize the particle worldline (e.g., a coordinate time), we can use the
δ-function δ(χ0 − f 0(τ )) to perform the τ -integral:

SM = M

∫
δ(3)(χ− f(τ ))

1

ḟ 0

√
gabḟ aḟ b d4χ, (3.1246)

where any reference to τ should be seen as an implicit function of χ0 given by the
inverse of χ0 = f 0(τ ). Varying this action with respect to gab leads to

T ab = 2√−ḡ

δSM

δgab

= Mḟ aḟ bδ(3)(χ− f)
√−ḡḟ 0

√
gcd ḟ cḟ d

= ḟ aḟ bδ(3)(χ− f)√−ḡḟ 0
M, (3.1247)

where the last step assumes that the 4-velocity of the particle is properly
normalized.

For the case of standard coordinates on Minkowski space, χ0 = t , χi = xi , we
find that

√−ḡ = 1, and therefore,

T 00 = δ(3)(χ− f(t))ṫM = Mγδ(3)(χ− f(t)) = Eδ(3)(χ− f(t)), (3.1248)

T 0i = δ(3)(χ− f(t))Mẋi = Mγviδ(3)(χ− f(t)) = piδ(3)(χ− f(t)). (3.1249)

This is reasonable. The energy density is the energy of the particle located
at x = f(t) and the momentum density is the momentum of the particle located at
x = f(t).

2.58
The action is given by

SEM =
∫ [

−1

4
(∂μAν − ∂νAμ)gμσgνρ(∂σAρ − ∂ρAσ )+ JμAμ

]√
ḡ d4x

=
∫

L d4x. (3.1250)

Varying the action with respect to Aλ, we find

∂L
∂Aλ

=
√

ḡJ λ,
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∂L
∂(∂κAλ)

= −1

2
(δκ

μδλ
ν − δλ

μδκ
ν )gμσgνρ(∂σAρ − ∂ρAσ )

√
ḡ

= −1

2
(F κλ − Fλκ)

√
ḡ = Fλκ

√
ḡ. (3.1251)

The Euler–Lagrange equations are therefore

∂L
∂Aλ

− ∂κ

(
∂L

∂(∂κAλ)

)
=
√

ḡJ λ − ∂κ(F
λκ
√

ḡ) = 0, (3.1252)

or in other words, it holds that

1√
ḡ

∂κ(F
λκ
√

ḡ) = J λ. (3.1253)

Note that, for an antisymmetric tensor, 1√
ḡ
∂κ(F

λκ
√

ḡ) = ∇κF
λκ and so this is also

possible to express as

∇κF
λκ = J λ. (3.1254)

2.59
With the given Lagrangian, the action is given by

S = SEM +
∫

Lφ

√
g d4x = SEM +

∫
1

2

[
gμν(∂μφ)(∂νφ)−m2φ2

]√
g d4x,

(3.1255)

where the Einstein–Hilbert action SEM does not depend on φ. Varying with respect
to φ then leads to SEM = 0, and therefore, δ

∫
Lφ

√
g d4x ≡ δ

∫
Ld4x = 0. From

the Euler–Lagrange equations for φ with L = Lφ

√
g, we find the equation of

motion for φ is

∂L

∂φ
− ∂μ

∂L

∂(∂μφ)
= 0. (3.1256)

We have
∂L

∂φ
= √g

∂Lφ

∂φ
= −√gm2φ, (3.1257)

∂L

∂(∂μφ)
= √g

∂Lφ

∂(∂μφ)
= √ggμν∂νφ, (3.1258)

and the equation of motion is therefore

1√
g

∂μ

(√
ggμν∂νφ

)+m2φ = 0. (3.1259)

Note that this can also be expressed in terms of the connection ∇ as

�φ +m2φ = 0, (3.1260)
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where � ≡ gμν∇μ∇ν . In Minkowski spacetime, this reduces to the Klein-Gordon
equation

∂μ∂μφ +m2φ = 0. (3.1261)

2.60
To find the stress–energy tensor, we vary the action S = ∫ L

√−ḡ d4x with respect
to the metric inverse. We find that

δS =
∫

(δL
√
−ḡ + Lδ

√
−ḡ) d4x. (3.1262)

Furthermore, we have

δL = 1

2
(∂μφ)(∂νφ)δgμν . (3.1263)

Thus, we find that

δS =
∫ {

1

2
(∂μφ)(∂νφ)− 1

2

[
1

2
gσρ(∂σφ)(∂ρφ)− V (φ)

]
gμν

}
δgμν

√
−ḡ d4x.

(3.1264)

It follows that

Tμν = 2√−ḡ

δS

δgμν
= (∂μφ)(∂νφ)− 1

2
gμνg

σρ(∂σφ)(∂ρφ)+ V (φ)gμν . (3.1265)

For the case where the stress–energy tensor is dominated by V (φ), we find that

Tμν � V (φ)gμν, (3.1266)

i.e., the stress–energy tensor is proportional to the metric. Note that this would lead
to the equation-of-state parameter w = p/ρ = −1.

2.61
If the solution would be a vacuum solution, it would satisfy Gμν = 8πGTμν = 0.
Our aim is therefore to show that Gμν �= 0, or equivalently Rμν �= 0. We note that
our spacetime is a spatially flat Robertson–Walker spacetime with a = cosh(H t).
For the general spatially flat Robertson–Walker spacetime, we can find the Christof-
fel symbols by extremizing

S = 1

2

∫
gμνx

μxνdτ . (3.1267)

The Euler–Lagrange equations for δS = 0 take the form

ẗ = −aa′ẋ2, ẍi + 2
a′

a
ṫ ẋi = 0, (3.1268)
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from which we can identify the nonzero Christoffel symbols

�t
ij = aa′δij and �i

jt =
a′

a
δij . (3.1269)

For the general spatially flat Robertson–Walker metric, we therefore find that

Rtt = −3a′′

a
and Rij = δij (aa′′ + 2a′2). (3.1270)

It follows that the Ricci scalar is given by

R = gttRtt + gijRij = 6
a′2

a
. (3.1271)

For our case, a = cosh(H t) and a′ = H sinh(H t) and therefore

R = 6H 2 tanh2(H t). (3.1272)

From Einstein’s equations follows that

gμνGμν = −R = 8πGgμνTμν . (3.1273)

Since our R is nonzero in our case, the vacuum solution Tμν = 0 is therefore not
allowed as it would lead to R = 0. The spacetime is therefore not a vacuum solution
to Einstein’s equations.

2.62
The action corresponding to the electromagnetic field is

SEM = −1

4

∫
FμνFσρg

μσgνρ
√
|ḡ|d4x. (3.1274)

Varying this action and setting the variation to zero results in

δSEM = −1

2

∫ (
gμσFμνFσρδg

νρ + gμσgνρFμνδFσρ

)√|ḡ|d4x −
∫

Lδ
√
|ḡ|d4x.

(3.1275)

The variation of
√|ḡ| can be found by considering the relation δμ

ν = gμλgλν from
which we find

0 = δδμ
ν = gλνδg

μλ + gμλδgλν . (3.1276)

This relation takes the matrix form gδg−1 = −g−1δg. From the matrix identity
tr(ln(A)) = ln(det(A)) now follows

tr(g−1δg) = δ ln(|ḡ|) = δ|ḡ|
|ḡ| , (3.1277)

or, in components, we have

δ|ḡ| = |ḡ|gμνδgμν = −|ḡ|gμνδg
μν . (3.1278)
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This means that

δ
√
|ḡ| = −1

2

√
|ḡ|gμνδg

μν . (3.1279)

At the same time, the field Fμν = ∂μAν−∂νAμ is independent of gμν and therefore
does not vary when the metric is varied. It follows that

δSEM

δgνρ
= −1

2

(
FμνF

μ
ρ −

1

4
gνρF

αβFαβ

)√
|ḡ|, (3.1280)

and therefore, we find that the stress–energy tensor of the electromagnetic field is

Tνρ = −FμνF
μ
ρ +

1

4
gνρF

αβFαβ . (3.1281)

2.63
Since x(s) is a geodesic, it holds that

dxi

ds
∇i

(
dxj

ds

)
= 0. (3.1282)

Therefore, we find that

Ẇ ≡ d

ds
W = dxi

ds
∇iW = dxi

ds
∇i

(
Xj

dxj

ds

)
= dxi

ds

(∇iXj

) dxj

ds
+ dxi

ds

(
∇i

dxj

ds

)
Xj

= dxi

ds

(∇iXj

) dxj

ds
+ 0 = (∇iXj

) dxi

ds

dxj

ds
= 0, (3.1283)

since ∇iXj is antisymmetric and dxi

ds
dxj

ds
is symmetric. Thus, Ẇ = 0 implies that

W = Xi
dxi

ds
is a conserved quantity.

2.64
a) By multiplying the coordinate-based expression with AμBν , where Aμ and

Bν are arbitrary vectors, we obtain

AμBνXλ∂λgμν = −gλνA
μBν∂μXλ − gμλA

μBν∂νX
λ. (3.1284)

The left-hand side of this equation can be written as

AμBνXλ∂λgμν = Xλ∂λA
μBνgμν − gμνA

μXλ∂λB
ν − gμνB

νXλ∂λA
μ

= X · g(A,B)− gμνA
μXλ∂λB

ν − gμνB
νXλ∂λA

μ. (3.1285)
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Moving the last two terms of this expression to the right-hand side of the first
equation, the right-hand side simplifies to g([X,A],B)+ g(A,[X,B]) and we have
the condition

X · g(A,B) = g([X,A],B)+ g(A,[X,B]). (3.1286)

In addition, since A and B are arbitrary, we do not lose any information in the
multiplication. The wanted coordinate-free version of the condition follows.

b) The result follows from the given equations with Xμ = 1 if μ = λ and Xμ = 0
otherwise. The left-hand side takes the form ∂λgμν and the right-hand side vanishes
since Xμ are constant.

c) In this case, the coordinate-free condition should be used. The left-hand side
vanishes and the right-hand side vanishes if any of the vector fields are equal, this
follows from the form of the commutators (the commutator of two vector fields is
orthogonal to both fields according to the definition). The remaining cases can be
checked explicitly.

2.65
a) The flow of K = y∂x − x∂y should satisfy the differential equations

ẋ = Kx = y, ẏ = Ky = −x. (3.1287)

Solving this system of differential equations with x(0) = x0 and y(0) = y0 leads to

x = x0 cos(s)+ y0 sin(s), y = −x0 sin(s)+ y0 cos(s), (3.1288)

corresponding to a rotation of the coordinates. Since the metric in Euclidean space
is given by

gxx = gyy = 1, gxy = gyx = 0, (3.1289)

we particularly find that

LKgxx = gxi∂xK
i + gix∂xK

i = 2∂xK
x = 2∂xy = 0, (3.1290)

LKgxy = gxi∂yK
i + giy∂xK

i = ∂yK
x + ∂xK

y = ∂yy + ∂x(−x) = 1− 1 = 0,
(3.1291)

LKgyy = 2gyi∂yK
i = 2∂y(−x) = 0. (3.1292)

The vector field K is therefore a Killing vector field in two-dimensional Euclidean
space.

b) By letting x �→ t and y �→ x in a), we find that the flow is given by

t = t0 cos(s)+ x0 sin(s), x = −t0 sin(s)+ x0 cos(s). (3.1293)
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However, the Minkowski metric is given by

gtt = −gxx = 1, gtx = gxt = 0, (3.1294)

and therefore, in particular, we obtain

LKgtx = gtμ∂xK
μ + gμx∂tK

μ = ∂xK
t − ∂tK

x = ∂xx − ∂t (−t) = 1+ 1 = 2 �= 0.
(3.1295)

The field K is therefore not a Killing vector field in two-dimensional Minkowski
space.

2.66
a) Using the given coordinates r and ϕ, the remaining coordinate z of the

embedding is given by

z = α(x2 + y2) = αr2. (3.1296)

Differentiating the coordinate functions in R3 leads to

dx = cos ϕ dr − r sin ϕ dϕ, (3.1297)

dy = sin ϕ dr + r cos ϕ dϕ, (3.1298)

dz = 2αr dr . (3.1299)

Inserting this into the Euclidean metric on R3, we find that

ds2 = dx2 + dy2 + dz2

= (cos ϕ dr − r sin ϕ dϕ)2 + (sin ϕ dr + r cos ϕ dϕ)2 + 4α2r2dr2

= (1+ 4α2r2)dr2 + r2dϕ2. (3.1300)

The nonzero components of the metric are therefore

grr = 1+ 4α2r2, gϕϕ = r2. (3.1301)

b) The Killing equation in terms of the metric and partial derivatives takes the
form

LKgab = Kc∂cgab + gac∂bK
c + gcb∂aK

c. (3.1302)

For K = ∂ϕ , we have Kr = 0, Kϕ = 1, and therefore,

LKgab = 1 · ∂ϕgab + gaϕ∂b1+ gϕb∂a1 = ∂ϕgab = 0, (3.1303)
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where the last step is taking into account that the metric components do not depend
on ϕ. K = ∂ϕ is therefore a Killing vector field. The corresponding conserved
quantity along a geodesic is given by

C = g(γ̇ ,K) = gabχ̇
aKb = gϕϕϕ̇ = r2ϕ̇. (3.1304)

2.67
a) The geodesic equations are found by finding the stationary paths of

S = 1

2

∫
gabχ̇

aχ̇ b dτ =
∫

1

2

[
(R + ρ sin ϕ)2θ̇2 + ρ2ϕ̇2

]
dτ ≡

∫
L dτ .

(3.1305)

The Euler–Lagrange equations are

∂L
∂θ
− d

dτ

∂L
∂θ̇
= − d

dτ

[
(R + ρ sin ϕ)2θ̇

]
= −(R + ρ sin ϕ)2θ̈ − 2ρ cos ϕ(R + ρ sin ϕ)ϕ̇θ̇ = 0

⇒ θ̈ + 2ρ cos ϕ

R + ρ sin ϕ
ϕ̇θ̇ = 0, (3.1306)

∂L
∂ϕ
− d

dτ

∂L
∂ϕ̇

= ρ cos ϕ(R + ρ sin ϕ)θ̇2 − ρ2ϕ̈ = 0

⇒ ϕ̈ − cos ϕ(R + ρ sin ϕ)

ρ
θ̇2 = 0. (3.1307)

From this and the symmetry of the Levi-Civita connection, we can identify the
nonzero Christoffel symbols to be

�θ
θϕ = �θ

ϕθ =
ρ cos ϕ

R + ρ sin ϕ
, �

ϕ
θθ = −

cos ϕ

ρ
(R + ρ sin ϕ). (3.1308)

b) Since the metric does not depend explicitly on θ , the coordinate basis vector
field ∂θ is a Killing vector. The corresponding conserved quantity along a geodesic
is given by

g(∂θ,γ̇ ) = gθaχ̇
a = gθθ θ̇ = (R + ρ sin ϕ)2θ̇ = const. (3.1309)

c) With all of the connection coefficients being equal to zero, the components of
∇̃agbc are given by

∇̃agbc = ∂agbc − �̃d
abgdc − �̃d

acgbd = ∂agbc. (3.1310)

As gθϕ = gϕθ = 0 and gϕϕ is constant, the only possibly nonzero components are

∇̃ϕgθθ = ∂ϕgθθ = 2(R + ρ sin ϕ)ρ cos ϕ and ∇̃θgθθ = ∂θgθθ = 0. (3.1311)

All other components are zero.
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2.68
a) The metric tensor components can be found through the Euclidean line

element

ds2 = dx2 + dy2 + dz2, (3.1312)

by insertion of the expressions for the coordinates in R3 as defined in the
embedding. This leads to

ds2 = dρ2

[
1+ sin2

(
ρ

R0

)]
+ ρ2dϕ2 = gabdxadxb. (3.1313)

Identification of the metric components yields

gρρ = 1+ sin2

(
ρ

R0

)
, gϕϕ = ρ2, gρϕ = gϕρ = 0. (3.1314)

To find the geodesic equations from which we will be able to identify the Christoffel
symbols, we extremize

S =
∫ {

ρ̇2

[
1+ sin2

(
ρ

R0

)]
+ ρ2ϕ̇2

}
dτ, (3.1315)

leading to the Euler–Lagrange equations

ρ̈ +
[

1+ sin2

(
ρ

R0

)]−1 [
sin

(
2ρ

R0

)
ρ̇2

R0
− ρϕ̇2

]
= 0, (3.1316)

ϕ̈ + 2

ρ
ϕ̇ρ̇ = 0. (3.1317)

The nonzero Christoffel symbols can therefore be identified as

�ρ
ρρ =

[
R0 + R0 sin2

(
ρ

R0

)]−1

sin

(
2ρ

R0

)
, (3.1318)

�ρ
ϕϕ = −ρ

[
1+ sin2

(
ρ

R0

)]−1

, (3.1319)

�ϕ
ρϕ = �ϕ

ϕρ =
1

ρ
. (3.1320)

b) For K = ∂ρ , the flow equations are

ρ̇ = Kρ = 1, ϕ̇ = Kϕ = 0, (3.1321)

with the solution ρ = ρ0 + τ , ϕ = ϕ0. Similarly, for Q = ∂ϕ , we find the flow
equations

ρ̇ = Qρ = 0, ϕ̇ = Qϕ = 1, (3.1322)

with the solution ρ = ρ0, ϕ = ϕ0 + τ , describing a rotation.
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To determine if K or Q are Killing vector fields, we compute LKg and LQg,
respectively. We find that

LKgab = ∂ρgab. (3.1323)

In particular, LKgϕϕ �= 0 as gϕϕ depends on ρ. The field K is therefore not a Killing
vector field. However, for Q, we obtain

LQgab = ∂ϕgab = 0, (3.1324)

since none of the metric components depend on ϕ. It follows that Q is a Killing
vector field and the corresponding rotations are symmetries of the embedded
surface.

2.69
a) In the xy-plane, we introduce polar coordinates according to

x = r cos ϕ, y = r sin ϕ. (3.1325)

Inserting this into the dS2 relation yields

t2 − r2 = −r2
0 . (3.1326)

This hyperbola can be parametrized according to

r = r0 cosh τ, t = r0 sinh τ (3.1327)

by the single parameter τ . We therefore have coordinates τ and ϕ for dS2 where

t = r0 sinh τ, x = r0 cosh τ cos ϕ, y = r0 cosh τ sin ϕ. (3.1328)

b) The induced metric can be found through the Minkowski line element

ds2 = dt2 − dx2 − dy2. (3.1329)

With the parametrization from a), we find

dt = r0 cosh τdτ, (3.1330)

dx = r0[sinh τ cos ϕdτ − cosh τ sin ϕdϕ], (3.1331)

du = r0[sinh τ sin ϕdτ + cosh τ cos ϕdϕ], (3.1332)

leading to

ds2 = r2
0 cosh2 τdτ 2 − r2

0 sinh2 τdτ 2 − r2
0 cosh2 τdϕ2 = r2

0 [dτ 2 − cosh2 τdϕ2].
(3.1333)

From this we can identify the metric components

gττ = r2
0, gϕϕ = −r2

0 cosh2 τ, gϕτ = gτϕ = 0. (3.1334)
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c) The metric components do not depend on the coordinate ϕ. This means that
the coordinate vector field ∂ϕ is a Killing vector field.

A second Killing field can be found by noting that Lorentz boosts in
1+2-dimensional Minkowski space preserves dS2. A boost with rapidity θ in
the x-direction is given by

t → t cosh θ − x sinh θ, x → x cosh θ − t sinh θ, y → y. (3.1335)

Denoting differentiation with respect to θ by ·, we find, at θ = 0,

ṫ = −x = −r0 cosh τ cos ϕ = r0τ̇ cosh τ, (3.1336)

ẏ = 0 = r0[τ̇ sinh τ sin ϕ + ϕ̇ cosh τ cos ϕ], (3.1337)

leading to

τ̇ = − cos ϕ, (3.1338)

ϕ̇ = −τ̇ tanh τ tan ϕ = tanh τ sin ϕ. (3.1339)

The corresponding generating vector field on dS2 is therefore

K = − cos ϕ∂τ + sin ϕ tanh τ∂ϕ . (3.1340)

We can check explicitly that this is indeed a Killing vector field by taking the Lie
derivative of the metric:

LKgab = Kc∂cgab + gac∂bK
c + gcb∂aK

c. (3.1341)

Explicitly, we have

LKgττ = 2gττ ∂τK
τ = 2r2

0∂τ (− cos ϕ) = 0, (3.1342)

LKgϕϕ = cos ϕ∂t(r
2
0 cosh2 τ)+ 2gϕϕ∂ϕ(sin ϕ tanh τ)

= cos ϕ · 2r2
0 sinh τ cosh τ − 2r2

0 cosh2 τ cos ϕ tanh τ = 0, (3.1343)

LKgϕτ = 0+ gϕϕ∂τK
ϕ + gττ ∂ϕK

τ

= −r2
0 cosh2 τ∂τ (sin ϕ tanh τ)+ r2

0∂ϕ(− cos ϕ) = 0. (3.1344)

It follows that K is a Killing vector field on dS2.
Note that a third Killing vector field can also be found by considering Lorentz

boosts in the y-direction in 1+2-dimensional Minkowski space. Thus, dS2 is a
maximally symmetric space.

2.70
Introduce the quantity

F =
(

1− α

r

)
ẋ2

0 −
(

1− α

r

)−1
ṙ2 − r2φ̇2, (3.1345)
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where dot is the derivative with respect to the curve parameter s. Now, the geodesic
distance along the curve is a functional of F , i.e.,

L =
∫

F 1/2 ds. (3.1346)

Using Euler–Lagrange variational equations

d

ds

(
∂F

∂ẋ

)
− ∂F

∂x
= 0, (3.1347)

for each of the functions x = x0,r,φ, we obtain

ẍ0 +
(

1− α

r

)−1 α

r2
ẋ0ṙ = 0, (3.1348)

r̈ + 1

2

(
1− α

r

) α

r2
(ẋ0)2 − 1

2

(
1− α

r

)−1 α

r2
ṙ2 −

(
1− α

r

)
rφ̇2 = 0, (3.1349)

φ̈ + 2

r
ṙφ̇ = 0, (3.1350)

which are the geodesic equations of motion for a test particle in the Schwarzschild
metric when θ = π/2.

2.71
The Schwarzschild metric in spherical coordinates is given by

ds2 =
(

1− 2GM

c2r

)
(dx0)2 −

(
1− 2GM

c2r

)−1

dr2 − r2d�2, (3.1351)

where d�2 = dθ2 + sin2 θdφ2. Now, we use

x = (x1,x2,x3) = r(sin θ cos φ, sin θ sin φ, cos θ), (3.1352)

so that

dx2 = (dx1)2 + (dx2)2 + (dx3)2 = dr2 + r2d�2, (3.1353)

where dx = (dx1,dx2,dx3). Using r2 = (x1)2 + (x2)2 + (x3)2 = x2, we obtain
rdr = x · dx and so we have

dr2 = (x · dx)2

r2
= (x1dx1 + x2dx2 + x3dx3)2

r2
, (3.1354)

r2d�2 = dx2 − dr2 = dx2 − (x · dx)2

r2
. (3.1355)
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Thus, the Schwarzschild metric in the new coordinates becomes

ds2 =
(

1− 2GM

c2r

)
(dx0)2 −

(
1− 2GM

c2r

)−1
(x · dx)2

r2
−
[
dx2 − (x · dx)2

r2

]

=
(

1− 2GM

c2r

)
(dx0)2 − dx2 −

[(
1− 2GM

c2r

)−1

− 1

]
(x · dx)2

r2
,

(3.1356)

where r =
√

(x1)2 + (x2)2 + (x3)2.

2.72
a) Circular motion in the equatorial plane, i.e., r = r0= const. and θ = π

2 , implies
that ṙ = 0 and r̈ = 0 as well as θ̇ = 0 (and θ̈ = 0). Inserting these condi-
tions into the geodesic equation for the r-coordinate, see the solution to 2.70, gives
a constraint

1

2

r∗c2

r2
0

(
1− r∗

r0

)
ṫ2 − r0

(
1− r∗

r0

)
φ̇2 = 0, (3.1357)

which leads to

ṫ2 = 2r3
0

r∗c2
φ̇2. (3.1358)

This implies that (
dt

dφ

)2

= 2r3
0

r∗c2
⇒ dt =

√
2r3

0

r∗c2
dφ, (3.1359)

where it was assumed that dt
dφ

> 0. Integrating this over one period (in universal
time), i.e., �t , one finds that

�t =
∫ t2=�t

t1=0
dt =

∫ φ2=2π

φ1=0

√
2r3

0

r∗c2
dφ =

√
2r3

0

r∗c2

∫ φ2=2π

φ1=0
dφ

=
√

2r3
0

r∗c2
· 2π = 2π

√
2r3

0

r∗c2
. (3.1360)

Finally, reinserting r∗ = 2GM

c2 in the above formula for �t , one obtains

�t = 2π

√
r3

0

GM
, (3.1361)

which is Kepler’s third law.
b) For circular motion in the equatorial plane, i.e., r = r0 = const., ṙ = 0,

θ = π
2 , and θ̇ = 0, the Euler–Lagrange equations arising from the Lagrangian
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L0 = 1

2

[(
1− r∗

r0

)
c2 ṫ2 − r2

0 φ̇2

]
, (3.1362)

are simply ẗ = 0 and φ̈ = 0. Thus, ṫ ≡ α and φ̇ ≡ β are constants of motion and
dt
dφ
= α

β
. Using the constraint in a), we find that

α2

β2
=
(

dt

dφ

)2

= 2r3
0

r∗c2
. (3.1363)

Furthermore, using s as the curve parameter (s = cτ , where τ is the proper time),
we have the conservation law

1

2
= L0 = 1

2

[(
1− r∗

r0

)
c2α2 − r2

0β2

]
, (3.1364)

since ds2 = gμνdxμdxν and L = 1
2gμνẋ

μẋν .
Solving for α in the two equations

α2

β2
= 2r3

0

r∗c2
, 1 =

(
1− r∗

r0

)
c2α2 − r2

0β2, (3.1365)

we find that

α = 1

c
√

1− 3r∗
2r0

= dt

ds
= 1

c

dt

dτ
⇒ dτ =

√
1− 3r∗

2r0
dt, (3.1366)

where it is again assumed that dt
dφ

> 0. Thus, the proper time period �τ is given by

�τ =
∫ �t

0

√
1− 3r∗

2r0
dt =

√
1− 3r∗

2r0
�t . (3.1367)

Finally, inserting r∗ = 2GM

c2 and �t found in a) into the above formula for �τ , we
obtain

�τ = 2π

√
2r3

0

r∗c2

√
1− 3r∗

2r0
= 2πr0

c

√
r0c2

GM
− 3. (3.1368)

2.73
The geodesic equations follow from the Euler–Lagrange equations with the
Lagrangian

L = gμνẋ
μẋν =

(
1− r∗

r

)
(ẋ0)2 −

(
1− r∗

r

)−1
ṙ2 − r2(θ̇2 + sin2 θ φ̇2).

(3.1369)
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For radially freely falling bodies, it holds that θ̇ = 0 and φ̇ = 0, which means that
the Lagrangian reduces to

L =
(

1− r∗
r

)
(ẋ0)2 −

(
1− r∗

r

)−1
ṙ2. (3.1370)

Now, the geodesic equations for x0 and r coordinates are

∂L
∂x0

− d

dτ

∂L
∂ẋ0

= −2
d

dτ

[(
1− r∗

r

)
ẋ0
]
= 0, (3.1371)

∂L
∂r
− d

dτ

∂L
∂ṙ
= r∗

r2
(ẋ0)2 −

(
1− r∗

r

)−2 r∗
r2

ṙ2 + 2
d

dτ

[(
1− r∗

r

)−1
ṙ

]
= 0.

(3.1372)

The geodesic equation for the x0-coordinate leads to(
1− r∗

r

)
ẋ0 = E = const. (3.1373)

In addition, we can find more information about the geodesics by using that

dL
dτ

= 0. (3.1374)

Thus, we have that

L =
(

1− r∗
r

)
(ẋ0)2 −

(
1− r∗

r

)−1
ṙ2 = −ε = const. (3.1375)

Combining the two expressions defining the quantities E and ε, we find that

ṙ2 = ε
(

1− r∗
r

)
+ E2. (3.1376)

In order to find r(τ ), we solve for ṙ , separate the variables τ and r , and integrate
both variables, i.e.,

dr

dτ
= −

√
ε
(

1− r∗
r

)
+ E2 ⇒ dτ = − dr√

ε
(
1− r∗

r

)+ E2

⇒ τ =
∫ τ

0
dτ ′ = −

∫
dr√

ε
(
1− r∗

r

)+ E2
,

(3.1377)

which describes the spacetime curves. Note that we use a minus sign for the square
root, since the bodies are radially freely falling toward r = 0, i.e., ṙ < 0.

Usually, when solving equations of this type, one tries to find a solution r = r(τ ),
but one can also find a solution τ = τ(r), since r(τ ) is one-to-one. In principle,
one can then find x0 as

x0(τ ) =
∫ τ

0

[
1− r∗

r(τ ′)

]−1

E dτ ′. (3.1378)
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2.74
By using the Euler–Lagrange equations in the same manner as in Problem 2.70, the
equations of motion are given by

d

ds

(
1− r∗

r

)
ṫ = 0 ⇒

(
1− r∗

r

)
ṫ = E, (3.1379)

d

ds
r2φ̇ = 0 ⇒ r2φ̇ = h, (3.1380)

r∗
r2

ṫ2 − 2rφ̇2 = r∗
r2

(
1− r∗

r

)−2
ṙ2 + 2

d

ds

[(
1− r∗

r

)−1
ṙ

]
, (3.1381)

where E and h are constants.
For circular orbits, r = r0 is constant. From the third of the equations of motion,

we then obtain

r∗
r2

0

ṫ2 = 2r0φ̇
2 ⇒ �t = �φ

√
2r3

0

r∗
. (3.1382)

By inserting this into the line element ds2, we obtain

�s2 = 2r2
0

(
r0

r∗
− 3

2

)
�φ2. (3.1383)

Since �s2 ≥ 0 for any physically viable worldline, we obtain r0 ≥ 3r∗/2. Thus,
there are no circular orbits inside the r = 3r∗/2.

2.75
Geodesics for massive test objects in the Schwarzschild metric satisfy the equation
of motion

E2 − ṙ2

2
= 1

2

(
1+ L2

r2

)(
1− r∗

r

)
= V (r), (3.1384)

where L = r2ϕ̇ is the angular momentum. Approximately circular orbits have an
energy close to the minimum of V (r). To find this minimum, we define U(x) =
V
(

1
x

)
and set U ′(x0) = 0:

U ′(x0) = x0L
2(1− r∗x0)− r∗

2
(1+ L2x2

0) = 0, (3.1385)

with the solution

x0 = 1

3r∗

(
1−

√
1− 3r2∗

L2

)
, (3.1386)
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where the solution with a plus sign in front of the square root is unstable. For
r0 = 1

x0
� r∗, we require that L2 � r2

∗ . The second derivative of the potential is

V ′′(r) = d2

dr2
U(x) = d

dr

(
dx

dr
U ′(x)

)
=
(

dx

dr

)2

U ′′(x)+ d2x

dr2
U ′(x). (3.1387)

At r0 = 1
x0

, we therefore obtain

V ′′(r0) =
(

dx

dr

)2

U ′′(x)+ 0 = x4
0U

′′(x0) = U ′′(x0)

r4
0

. (3.1388)

We find that

U ′′(x0) = −3r∗L2x0 + L2 = L2 − L2

(
1−

√
1− 3r2∗

L2

)
= L2

√
1− 3r2∗

L2
.

(3.1389)

Thus, for small ρ = r − r0, we find that

V (r) � V0 + 1

2

U ′′(x0)

r4
0

ρ2. (3.1390)

The equation of motion for ρ becomes

ρ̈ + U ′′(x0)

r4
0

ρ = ρ̈ + ω2ρ = 0. (3.1391)

The proper time period for small radial oscillations is therefore

Tρ = 2π

ω
= 2πr2

0√
U ′′(x0)

= 2π

x2
0

√
U ′′(x0)

= 9πr2
∗

2L

[
1+ 9r2

∗
4L2

+O
(r∗

L

)4
]

.

(3.1392)

To find the orbital period, we consider

L = (r0 + ρ)2ϕ̇ � r2
0 ϕ̇ ⇒ 1

ϕ̇
= r2

0

L
, (3.1393)

assuming that ρ � r0. The orbital period is the proper time taken to complete a full
turn, i.e.,

Tϕ =
∫

dτ =
∫

dϕ

ϕ̇
= 2π

r2
0

L
= 2π

x2
0L

. (3.1394)

Inserting the expression for x0, we find that

Tϕ = 9πr2
∗

2L

[
1+ 3r2

∗
2L2

+O
(r∗

L

)4
]

. (3.1395)
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Thus, finally, the ratio between the periods is

Tρ

Tϕ

= 1+ 9r2∗
4L2 +O

(
r∗
L

)4

1+ 3r2∗
2L2 +O

(
r∗
L

)4
= 1+

(
9

4
− 3

2

)
r2
∗

L2
+O

(r∗
L

)4
= 1+ 3r2

∗
4L2

+O
(r∗

L

)4
.

(3.1396)

For r0 � r∗, we also have

1

r0
=
(

1−
√

1− 3r2∗
L2

)
1

3r∗
� 1

3r∗

3r2
∗

2L2
= r∗

2L2
. (3.1397)

Inserting this into the above leads to

Tρ

Tϕ

� 1+ 3r∗
2r0

. (3.1398)

2.76
For the past-null geodesics to originate at infinity, it is necessary that there exists a
classical turning point. The effective potential for a light signal is given by

V (r) = 1

2

L2

r2

(
1− R

r

)
. (3.1399)

For r →∞, we also have V (r) → 0, and consequently, we find that

E = ṙ2

2
= 1

2
, (3.1400)

when using a parametrization such that ṙ = 1 at r → ∞. For a classical turning
point r∗ to exist, it must hold that the maximum of V (r) ≥ E for some r . The
extreme points of V satisfy (with x = 1/r)

V ′(r) = dx

dr

d

dx
V

(
1

x

)
= dx

dr

1

2
L2(2− 3xR)x = 0. (3.1401)

For r < ∞, this is solved by r = 3R
2 , where the potential obtains a maximum. We

find that the condition for a classical turning point to exist is therefore

E = 1

2
≤ V

(
3R

2

)
= 1

2

4L2

9R2

(
1− 2

3

)
= 1

2

4

27

L2

R2
⇒ L2 ≤ 27

4
R2.

(3.1402)

The smallest impact parameter with a classical turning point is therefore (see
Figure 3.13)

b2 = 27

4
R2, (3.1403)

giving an optical size of

4πb2 = 27πR2. (3.1404)



3.2 Solutions to Problems in General Relativity Theory 261

optical
size

BH

b

Figure 3.13 Illustration of the optical size of a Schwarzschild black hole (“BH”),
where b is the minimal impact parameter of the optical size 4πb2.

In other words, note that the optical size of the black hole is significantly larger
than 4πR2.

2.77
Using the given ansatz, we have

dZ1 = cosh
t

2r∗
f (r) dt + 2r∗ sinh

t

2r∗
f ′(r) dr, (3.1405)

dZ2 = sinh
t

2r∗
f (r) dt + 2r∗ cosh

t

2r∗
f ′(r) dr, (3.1406)

dZ3 = g′(r) dr, (3.1407)

dZ4 = sin θ cos ϕ dr + r cos θ cos ϕ dθ − r sin θ sin ϕ dϕ, (3.1408)

dZ5 = sin θ sin ϕ dr + r cos θ sin ϕ dθ + r sin θ cos ϕ dϕ, (3.1409)

dZ6 = cos θ dr − r sin θ dθ . (3.1410)

Therefore, we find that

dZ2
1 − dZ2

2 − dZ2
3 = f (r)2dt2 − [(2r∗)2f ′(r)2 + g′(r)2

]
dr2, (3.1411)

−dZ2
4 − dZ2

5 − dZ2
6 = −dr2 − r2

[
dθ2 + sin(θ)2dϕ2

]
, (3.1412)

and thus, the result claimed is equivalent to the following conditions

f (r)2 = 1− r∗
r

, − (2r∗)2f ′(r)2 − g′(r)2 − 1 = −
(

1− r∗
r

)−1
. (3.1413)

After some computations, we obtain

f (r) =
√

1− r∗
r

, g′(r) = r2r∗ + rr2
∗ + r3

∗
r3

, (3.1414)
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i.e.,

g(r) = ±
∫ r

r0

r2r∗ + rr2
∗ + r3

∗
r3

dr, (3.1415)

with some arbitrary r0 > 0. This proves the claimed result.

2.78
In spherical coordinates, the Minkowski metric is given by

ds2 = (dx0)2 − dr2 − r2(dθ2 + sin2 θdφ2). (3.1416)

Using the restriction to the three-dimensional hyperboloid M3, i.e., (x0)2 − r2 =
−a2, we find that

r =
√

(x0)2 + a2 ⇒ dr = x0dx0√
(x0)2 + a2

. (3.1417)

Now, inserting the restriction to M3 into the Minkowski metric induces the curved
metric on M3, i.e.,

ds2 = a2

(x0)2 + a2
(dx0)2 − [(x0)2 + a2

]
(dθ2 + sin2 θdφ2). (3.1418)

In the case of lightlike geodesics with dφ = 0, since φ is assumed to be constant,
we have

0 = ds2 = a2

(x0)2 + a2
(dx0)2 − [(x0)2 + a2

]
dθ2. (3.1419)

Now, we can define the Lagrangian as

L = a2

(x0)2 + a2
(ẋ0)2 − [(x0)2 + a2

]
θ̇2. (3.1420)

Using the Euler–Lagrange equation for the θ -coordinate, we obtain

d

ds

∂L

∂θ̇
− ∂L

∂θ
= −2

d

ds

{[
(x0)2 + a2

]
θ̇
} = 0, (3.1421)

which defines a constant of motion that can be immediately integrated to give
θ̇ = A/[(x0)2 + a2], where A is some integration constant (in fact, the constant
of motion). Furthermore, the condition ds2 = 0 implies that

a2

(x0)2 + a2
(ẋ0)2 − [(x0)2 + a2

]
θ̇2 = 0. (3.1422)

Hence, combining the two conditions on ẋ0 and θ̇ yields
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ẋ0 = (x0)2 + a2

a
θ̇ = A

a
⇒ x0 = A

a
s + α, (3.1423)

where α is an integration constant. Thus, inserting the solution for x0 into the
Euler–Lagrange equation for the θ -coordinate, we obtain the lightlike geodesics
with dφ = 0 as

θ̇ = A

(x0)2 + a2
= A

(As/a + α)2 + a2
⇒ θ = arctan

(
A

a2
s + α

a

)
+ β,

(3.1424)

where β is an integration constant.

2.79
Introduce the Lagrangian

L = gμνẋ
μẋν = (ẋ0)2 − ṙ2 − r2φ̇2 = {(x0)2 − (x1)2 − (x2)2 = −1

}
= r2

r2 − 1
ṙ2 − ṙ2 − r2φ̇2 = 1

r2 − 1
ṙ2 − r2φ̇2, (3.1425)

where it holds that x0 = √r2 − 1. The Euler–Lagrange variational equations, i.e.,
d
ds

(
∂L
∂ẋμ

)− ∂L
∂xμ = 0, then become

d

ds

(
ṙ

r2 − 1

)
+ rφ̇2 + rṙ2

(r2 − 1)2
= 0 for r, (3.1426)

d

ds
(r2φ̇) = 0 for φ. (3.1427)

Furthermore, along a lightlike curve L = 0, and thus, we have

1

r2 − 1
ṙ2 − r2φ̇2 = 0. (3.1428)

From the Euler–Lagrange variational equation for φ, we find that r2φ̇ = A = const.
Inserting this into the lightlike condition, we obtain

1

r2 − 1
ṙ2 − A2

r2
= 0 ⇒ dr

ds
= ṙ = A

r

√
r2 − 1 ⇒ d

ds

√
r2 − 1 = A,

(3.1429)

so that
√

r2 − 1 = As + s0 or r =
√

1+ (As + s0)2. From r2φ̇ = A, we find that

dφ

ds
= φ̇ = A

1+ (As + s0)2
, (3.1430)

which implies that

φ = φ0 + arctan(As + s0) ≡ φ0 + arctan s̃. (3.1431)
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Now, x0 = √r2 − 1 = As + s0 = s̃ = tan(φ − φ0), i.e., x0 = tan(φ − φ0), and
finally, �φ ≡ φ − φ0 = π

2 , which corresponds to �x0 = tan �φ → ∞. Thus,
it takes an infinite global time difference �x0 for a light signal to travel from the
point φ0 = 0 to the point φ = π

2 on the surface.

2.80
The Schwarzschild metric (for θ = π/2) is given by

ds2 = α(dx0)2 − α−1dr2 − r2dφ2, (3.1432)

where α ≡ α(r) = 1 − 2GM
r

. The geodesic equations are derived by varying
L = gμνẋ

μẋν , and therefore, using Euler–Lagrange equations for the x0 and φ

coordinates, we obtain

ẍ0 + 1

α

dα

dr
ẋ0ṙ = 0, (3.1433)

φ̈ + 2

r
ṙφ̇ = 0, (3.1434)

which are the geodesic equations ẍλ + �λ
μνẋ

μẋν = 0 (see also Problem 2.70). In
this case, we actually have the simpler geodesic equations, namely

αẋ0 = E, (3.1435)

r2φ̇ = h, (3.1436)

where E and h are constants. For a lightlike geodesic (L = 0) in the plane θ = π
2 ,

we have

0 = g00(ẋ
0)2 + grr ṙ

2 + gφφφ̇2, (3.1437)

where g00 = α, grr = − 1
α

, and gφφ = −r2. Now, the geodesic equation for x0

implies that ẋ0 = E
α

, where E is a constant of motion, whereas the geodesic
equation for φ implies that φ̇ = h

r2 , where h is another constant of motion. Inserting
the two constants of motion into the condition for a lightlike geodesic yields

0 = g00
E2

α2
+ grr ṙ

2 + gφφ

h2

r4
. (3.1438)

Solving the above equation for ṙ gives

ṙ =
√
−g00

grr

E2

α2
− gφφ

grr

h2

r4
=
√

E2 − α
h2

r2
. (3.1439)
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Thus, using the fact that ṙ = dr
ds
= f (r) and α = 1− 2GM

r
, we obtain the answer

dr

ds
= f (r) =

√
E2 −

(
1− 2GM

r

)
h2

r2
, (3.1440)

where E and h are constants of motion, which is the sought-after differential equa-
tion for r(s) when restricted to the plane θ = π

2 .

2.81
Consider the metric

ds2 = gμνdxμdxν = c2dt2 − S(t)2(dx2 + dy2 + dz2), (3.1441)

where S(t) is an increasing function of time t with S(0) = 0. To find the geodesic
equations of motion, we vary the action

S =
∫

L ds, (3.1442)

where the Lagrangian is given by

L = gμνẋ
μẋν = c2 ṫ2 − S(t)2(ẋ2 + ẏ2 + ż2). (3.1443)

The Euler–Lagrange equations are

d

ds

∂L
∂ẋμ

− ∂L
∂xμ

= 0, (3.1444)

which give the following geodesic equations

ẗ + 1

c2
S(t)S ′(t)(ẋ2 + ẏ2 + ż2) = 0, (3.1445)

ẍ + 2S(t)−1S ′(t)ṫ ẋ = 0, (3.1446)

ÿ + 2S(t)−1S ′(t)ṫ ẏ = 0, (3.1447)

z̈+ 2S(t)−1S ′(t)ṫ ż = 0. (3.1448)

Now, for lightlike geodesics, we have ds = 0. Note that we may always rotate
a coordinate system such that the motion is directed along one spatial coordinate
only (say x) and the motion is taking place in the positive direction. Then, inserting
ds = 0 and the given condition S(t) = t/t0 for t0 > 0 into the metric, we find that

0 = c2dt2 −
(

t

t0

)2

dx2 ⇒ c dt = + t

t0
dx ⇒ dx = ct0

t
dt . (3.1449)

Integrating this equation yields

x = ct0 ln(t/τ ), (3.1450)
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where τ is some constant that can be determined from the initial conditions. Thus,
the lightlike geodesics are given by

x = ct0 ln(t/τ )er + k, (3.1451)

where er is the initial direction of motion and k is a constant.
Finally, for the event (or spacetime point) p = (ct0,ct0,0,0), the points on the

future light cone are given by

x = ct0 ln(t/t0)er + k, (3.1452)

where k = (ct0,0,0). Therefore, the set of events J+(p) that are causally connected
to p are the points inside this light cone, i.e.,

J+(p) = {(ct,x,y,z) ∈ R4 : (x − ct0)
2 + y2 + z2 ≤ [ct0 ln(t/t0)]

2}. (3.1453)

2.82
From the setup of the problem (see Figure 3.14), we have (at the equator θ = π/2):

θ̇ = 1, ϕ̇ = 0, for the geodesics, (3.1454)

Xθ = 0, Xϕ = δ, for the separation. (3.1455)

It follows that

Aθ = Rθ
θθϕδ, Aϕ = R

ϕ
θθϕδ. (3.1456)

δ

Figure 3.14 Illustration of the setup of the problem. On the unit sphere S2, two
geodesics are separated by a small distance δ and both are orthogonal to the
equator θ = π/2.
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Noting that Rθ
θθϕ = gθθRθθθϕ = 0, it thus follows that Aθ = 0. For R

ϕ
θθϕ , we find

that

Ra
θθϕ∂a = ∇θ∇ϕ∂θ − ∇ϕ∇θ ∂θ = ∇θ (�

b
ϕθ∂b)−∇ϕ(�

b
θθ∂b) = ∇θ (�

b
ϕθ∂b)− 0

= ∇θ

(
cos θ

sin θ
∂ϕ

)
=
(
−sin θ

sin θ
− cos2 θ

sin2 θ

)
∂ϕ + cot θ �b

θϕ∂b

= (−1− cot2 θ + cot2 θ
)
∂ϕ = −∂ϕ, (3.1457)

which implies that R
ϕ
θθϕ = −1. We therefore conclude that Aϕ = −δ.

2.83
a) The trajectories xμ(τ) of freely falling particles or photons are the geodesics

of the given metric and can be obtained from the variational principle

δ

∫
1

2
ṡ2 dτ = δ

∫
1

2

[
ṫ2 − e2t/R(ẋ2 + ẏ2 + ż2)

]
dτ = 0, (3.1458)

with the dot indicating differentiation with respect to the parameter τ . The Euler–
Lagrange equations for this variational problem are

ẗ = − 1

R
e2t/R(ẋ2 + ẏ2 + ż2), (3.1459)

d

dτ
(−e2t/Rẋi) = 0, (3.1460)

where i = 1,2,3 and (x1,x2,x3) = (x,y,z). The latter Euler–Lagrange equations
can be integrated and give

ẋi = cie−2t/R, (3.1461)

for certain integration constants ci , which are fixed by the initial conditions. Thus,
we find

dxi

dxj
= ci

cj
= const. (3.1462)

for all i �= j , which can be solved in the following simple manner, e.g.,

x = a + c1z/c3, y = b + c2z/c3, (3.1463)

with further integration constants a and b. This proves that all geodesics for the
given metric are straight lines.
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b) The photon moves on a lightlike trajectory along the x-axis, i.e., ds = dy =
dz = 0. This gives

dt = −et/Rdx, (3.1464)

where we assume the minus sign, since we want ṫ > 0 and ẋ < 0 at t = 0. This
implies ∫ t (x)

0
e−t/R dt = −

∫ 0

X

dx, (3.1465)

which yields

−R(e−t/R − 1) = X, (3.1466)

and thus, we obtain

t = −R log(1−X/R). (3.1467)

2.84
a) A suitable coordinate system for the problem is given by using spherical coor-

dinates in the subspace spanned by the spatial directions of the five-dimensional
Minkowski space, i.e.,

x1 = r sin(χ) sin(θ) cos(φ), (3.1468)

x2 = r sin(χ) sin(θ) sin(φ), (3.1469)

x3 = r sin(χ) cos(θ), (3.1470)

x4 = r cos(χ). (3.1471)

In these coordinates, dS4 is the restriction of the five-dimensional Minkowski met-
ric to the hyperboloid t2 − r2 = −T 2

0 . This condition can be parametrized as

r = T0 cosh(τ/T0), t = T0 sinh(τ/T0). (3.1472)

In the coordinates (τ,χ,θ,φ), the line element becomes

ds2 = dτ 2 − T 2
0 cosh2(τ/T0)d�2, (3.1473)

where d�2 = dχ2+ sin2(χ)[dθ2+ sin2(θ)dφ2] is the standard line element on the
three-dimensional sphere.

b) The geodesic equations are given by varying the integral S = ∫ L ds, where

L = gij ẋ
i ẋj = τ̇ 2 − T 2

0 cosh2(τ/T0)
{
χ̇2 + sin2(χ)[θ̇2 + sin2(θ)φ̇2]

}
. (3.1474)

From the Euler–Lagrange equation, we deduce

τ̈ + T0

2
sinh(2τ/T0)

{
χ̇2 + sin2(χ)[θ̇2 + sin2(θ)φ̇2]

} = 0, (3.1475)
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χ̈ − 1

2
sin(2χ)

[
θ̇2 + sin2(θ)φ̇2

]+ 2

T0
tanh(τ/T0)τ̇ χ̇ = 0, (3.1476)

θ̈ + 2 cot(χ)χ̇ θ̇ − 1

2
sin(2θ)φ̇2 + 2

T0
tanh(τ/T0)τ̇ θ̇ = 0, (3.1477)

φ̈ + 2 cot(χ)χ̇ φ̇ + 2 cot(θ)θ̇ φ̇ + 2

T0
tanh(τ/T0)τ̇ φ̇ = 0. (3.1478)

c) Comparing with the Robertson–Walker metric, we obtain

S(τ) = T0 cosh(τ/T0), (3.1479)

i.e., a universe which is contracting for τ < 0 and expanding for τ > 0.
If we compute the Ricci tensor and Ricci scalar for dS4, then we obtain

Rμν = 3

T 2
0

gμν, R = 12

T 2
0

. (3.1480)

Thus, the Einstein tensor is given by

Gμν = Rμν − 1

2
gμνR = − 3

T 2
0

gμν = 8πGTμν . (3.1481)

This gives Tμν = −�gμν/(8πG), which is typical for so-called dark energy (� is
also know as cosmological constant, in dS4 we have a positive cosmological con-
stant � = 3/T 2

0 ).

2.85
a) Let the Lagrangian be

L = 1

2

[
(r2 − 1)ṫ2 − 1

r2 − 1
ṙ2

]
, (3.1482)

see Problem 2.27. The trajectory of a light ray then obeys L = 0, i.e., (r2−1)2 ṫ2 =
ṙ2. Taking the square root, we can solve this equation by separation and find that

dr

r2 − 1
= 1

2

(
1

r − 1
− 1

r + 1

)
= ±dt . (3.1483)

Integrating, we obtain

1

2

(
ln

r − 1

r0 − 1
− ln

r + 1

r0 + 1

)
= ±t, (3.1484)

where we integrated the left-hand side from r0 to r = r(t) and the right-hand side
from t0 to t so that r(0) = r0. Thus, we can write this as

r − 1

r + 1
= r0 − 1

r0 + 1
exp(±2t), (3.1485)
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and after some computations, we find

r(t) = r0 + 1+ (r0 − 1) exp(±2t)

r0 + 1− (r0 − 1) exp(±2t)
. (3.1486)

Note that the different signs ± correspond to the two possible directions of the
light ray.

b) The trajectory of a particle can also be obtained from the Lagrangian L. Using
∂L/∂t = 0, we find a conservation law

d

dτ

∂L
∂ṫ
= 0, (3.1487)

i.e.,

∂L
∂ṫ
= (r2 − 1)ṫ = c1 (3.1488)

for some constant c1. To compute c1, we set t = 0 for which it holds that r = r0

and ṫ = γ = 1, since the velocity is zero. Thus, we find c1 = r2
0 − 1, and therefore,

we have

ṫ = r2
0 − 1

r2 − 1
. (3.1489)

A second conservation law is L = c2 for some other constant c2. Inserting again
t = 0, we find c2 = (r2

0 −1)/2, since ṫ = 1, ṙ = 0, and r = r0 at t = 0. Combining
the first and the second conservation laws and multiplying with a factor of two, we
obtain

(r2 − 1)ṫ2 − 1

r2 − 1
ṙ2 = (r2

0 − 1)2 − ṙ2

r2 − 1
= r2

0 − 1 ⇒ ṙ2 = (r2
0 − 1)(r2

0 − r2).

(3.1490)

Separating this equation, we obtain

dτ = − dr√
(r2

0 − 1)(r2
0 − r2)

, (3.1491)

where we choose the sign of the square root so that ṙ < 0. Integrating the left-hand
side from 0 to τ and the right-hand side from r0 to r1 yields the proper time

τ = −
∫ r1

r0

dr√
(r2

0 − 1)(r2
0 − r2)

= 1√
r2

0 − 1

⎛⎝π

2
− arctan

r1√
r2

0 − r2
1

⎞⎠ .

(3.1492)
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To compute the coordinate time, we use the first conservation law and the result
for dτ , i.e.,

dt = r2
0 − 1

r2 − 1
dτ = −r2

0 − 1

r2 − 1

dr√
(r2

0 − 1)(r2
0 − r2)

= −
√

r2
0 − 1

dr

(r2 − 1)

√
r2

0 − r2
.

(3.1493)

Thus, integrating, we have

t = −
√

r2
0 − 1

∫ r1

r0

dr

(r2 − 1)

√
r2

0 − r2
. (3.1494)

When r1 → 1, the integral diverges as t ∼ − ln(r1 − 1)/2. The point r = 1 is
a singularity similar to the singularity of the Schwarzschild metric at the event
horizon: Our computation above shows that the proper time for a particle falling
toward r = 1 is finite, whereas the coordinate time for that is infinite. Thus, this
suggests that r = 1 is a coordinate singularity.

2.86
a) Using the given coordinate transformations, we have

dU = cos(α)dt − t sin(α)dα, (3.1495)

dV = sin(α)dt + t cos(α)dα, (3.1496)

dX = sin(θ) cos(ϕ)dr + r cos(θ) cos(ϕ)dθ − r sin(θ) sin(ϕ)dϕ, (3.1497)

dY = sin(θ) sin(ϕ)dr + r cos(θ) sin(ϕ)dθ + r sin(θ) cos(ϕ)dϕ, (3.1498)

dZ = cos(θ)dr − r sin(θ)dθ . (3.1499)

Thus, the metric of AdS4 in the coordinates α, λ, θ , and ϕ is given by

ds2 = dt2 + t2dα2 − dr2 − r2d�2 = cosh(λ)2dα2 − dλ2 − sinh(λ)2d�2,

(3.1500)

where d�2 = dθ2 + sin(θ)2dϕ2.
b) To find the trajectories, we can solve (since θ̇ = ϕ̇ = 0)

L = 1

2

[
cosh(λ)2α̇2 − λ̇2

] = 0. (3.1501)

This gives

dλ

cosh(λ)
= ±dα ⇒ 2 arctan tanh

λ

2
= ±(α − α0)

⇒ λ = ±2 artanh

(
tan

α − α0

2

)
. (3.1502)
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c) The Euler–Lagrange equations following from the variational problem defined
in the hints are

Ẍa = 2λXa, XaXa − 1 = 0. (3.1503)

Contracting the first equation Ẍa = 2λXa with Xa and using the second equation
XaXa = 1, we obtain

2λ = ẌaXa = d

dτ
(ẊaXa)− ẊaẊa, (3.1504)

but ẊaXa = 0, which follows from differentiating XaXa = 1 with respect to τ ,
and thus, we have

2λ = −ẊaẊa . (3.1505)

To prove that this is a constant of motion, as claimed in the hints, we compute

d

dτ
(ẊaẊa) = 2ẌaẊa = 4λXaẊa = 0. (3.1506)

Thus, we can set ẊaẊa = 0, which implies that Ẍa = 0.

2.87
a) We determine the Christoffel symbols by deriving the geodesic equation with

L = gμνẋ
μẋν = ṫ2 − a(t)2ẋ2. We obtain

d

dτ

∂L
∂ṫ
− ∂L

∂t
= 2ẗ + 2aa′ẋ2 = 0 ⇔ ẗ + aa′ẋ2 = 0, (3.1507)

d

dτ

∂L
∂ẋ
− ∂L

∂x
= d

dτ
(2a2ẋ) = 2a2ẍ + 4aa′ ṫ ẋ = 0 ⇔ ẍ + 2

a′

a
ṫ ẋ = 0

(3.1508)

with a′(t) = da(t)/dt . Comparing with the general form of the geodesic equations
ẍλ + �λ

μνẋ
μẋν = 0, we can read off the following nonzero Christoffel symbols

�t
xx = aa′, �x

tx = �x
xt =

a′

a
. (3.1509)

Now, we compute

Rt
xtx = ∂t�

t
xx − ∂x�

t
tx + �t

tα�
α
xx − �t

xα�
α
tx = ∂t�

t
xx − �t

xx�
x
tx

= ∂t (aa′)− aa′
a′

a
= (a′)2 + aa′′ − (a′)2 = aa′′. (3.1510)

Furthermore, we have gtt = 1, gxx = −a2, and gtx = gxt = 0, which imply that

gtt = 1, gxx = − 1

a2
, gtx = gxt = 0. (3.1511)



3.2 Solutions to Problems in General Relativity Theory 273

Thus, we find the nonzero components of the Riemann curvature tensor

Rtxtx = gttR
t
xtx = aa′′ = Rxtxt = −Rtxxt = −Rxttx, (3.1512)

where the last identities follow from general symmetry properties of the Riemann
curvature tensor. The other components of the Riemann curvature tensor Rμναβ are
zero due to general symmetry properties. Thus, we obtain the components of the
Ricci tensor Rμν as

Rtt = gαβRtαtβ = gxxRtxtx = − 1

a2
aa′′ = −a′′

a
, (3.1513)

Rxx = gαβRxαxβ = gttRxtxt = 1 · aa′′ = aa′′, (3.1514)

Rtx = gαβRtαxβ = 0, (3.1515)

Rxt = gαβRxαtβ = 0, (3.1516)

which can be summarized as Rμν = −gμνa
′′/a.

Note that the Ricci scalar R ≡ gμνRμν is given by

R = gttRtt + gxxRxx = 1 ·
(
−a′′

a

)
+
(
− 1

a2

)
aa′′ = −2a′′

a
, (3.1517)

and thus, the Einstein tensor Gμν ≡ Rμν − 1
2Rgμν vanishes, i.e.,

Gμν = −gμν

a′′

a
− 1

2

(
−2a′′

a

)
gμν = 0. (3.1518)

b) We can find the trajectory of a light ray from L = ṫ2 − a(t)2ẋ2 = 0, where
ṫ = dt/dτ , ẋ = dx/dτ , and τ being the proper time, i.e.,(

dx

dt

)2

= 1

a2
⇒ dx(t)

dt
= 1

a(t)
= A2 + B2t2, (3.1519)

where we choose the plus sign of the square root, since it should be assumed that
dx/dt > 0 at t = 0. Thus, integrating, we obtain the trajectory of the light ray as

x(t) = x0 + A2t + B2

3
t3, (3.1520)

where x0 = x(0).

2.88
The metric tensor for the three-dimensional Robertson–Walker spacetime can be
written as
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g = (gμν) =
⎛⎝gtt gtr gtφ

grt grr grφ

gφt gφr gφφ

⎞⎠ =
⎛⎜⎝1 0 0

0 − a2

1−kr2 0

0 0 −a2r2

⎞⎟⎠ . (3.1521)

Inserting the Lagrangian

L = gμνẋ
μẋν = ṫ2 − a2

1− kr2
ṙ2 − a2r2φ̇2, (3.1522)

into Euler–Lagrange equations, we find that

∂L
∂t
− d

dτ

∂L
∂ṫ
= 0,

∂L
∂t
= − 2aa′

1− kr2
ṙ2 − 2aa′r2 φ̇2,

∂L
∂ṫ
= 2ṫ,

⇒ − 2aa′

1− kr2
ṙ2 − 2aa′r2 φ̇2 − 2ẗ = 0, (3.1523)

∂L
∂r
− d

dτ

∂L
∂ṙ
= 0,

∂L
∂r
= − 2ka2r

(1− kr2)2
ṙ2 − 2a2r φ̇2,

∂L
∂ṙ
= − 2a2

1− kr2
ṙ,

⇒ 2ka2r

(1− kr2)2
ṙ2 − 2a2r φ̇2 + 4a

1− kr2
ȧṙ + 2a2

1− kr2
r̈ = 0, (3.1524)

∂L
∂φ
− d

dτ

∂L
∂φ̇

= 0,
∂L
∂φ

= 0,
∂L
∂φ̇

= −2a2r2 φ̇,

⇒ 4ar2 ȧφ̇ + 4a2r ṙφ̇ + 2a2r2 φ̈ = 0. (3.1525)

Now, using that

ȧ = da

dτ
= da

dt

dt

dτ
= a′ ṫ, (3.1526)

we obtain the geodesic equations as

ẗ + aa′

1− kr2
ṙ2 + aa′r2 φ̇2 = 0, (3.1527)

r̈ + 2a′

a
ṫ ṙ + kr

1− kr2
ṙ2 − (1− kr2)r φ̇2 = 0, (3.1528)

φ̈ + 2a′

a
ṫφ̇ + 2

r
ṙφ̇ = 0. (3.1529)

Finally, using the general formula for the geodesic equations ẍμ + �
μ
νλẋ

ν ẋλ = 0,
we identify the nonzero Christoffel symbols as

�t
rr =

aa′

1− kr2
, (3.1530)

�t
φφ = aa′r2, (3.1531)
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�r
tr = �r

rt =
a′

a
, (3.1532)

�r
rr =

kr

1− kr2
, (3.1533)

�r
φφ = −(1− kr2)r, (3.1534)

�
φ

tφ = �
φ

φt =
a′

a
,r (3.1535)

�
φ

rφ = �
φ

φr =
1

r
. (3.1536)

2.89
a) We compute the Euler–Lagrange equation for

L = 1

2
gμν(x(s))ẋμ(s)ẋν(s), (3.1537)

since we know that they are equivalent to

ẍμ + �
μ
αβẋαẋβ = 0, (3.1538)

and thus allow us to read off the nonzero Christoffel symbols in a simple manner.
Thus, we obtain

L = 1

2

{
ṫ2 − e−2t/a

[
(1+ r2/a2)−1ṙ2 + r2 sin2 θϕ̇2 + r2θ̇2

]}
(3.1539)

and the Euler–Lagrange equations

d

ds

∂L
∂ṫ
− ∂L

∂t
= ẗ − 1

a
e−2t/a

[
(1+ r2/a2)−1ṙ2 + r2 sin2 θϕ̇2 + r2θ̇2

] = 0,

(3.1540)

d

ds

∂L
∂ṙ
− ∂L

∂r
= − d

ds

[
e−2t/a(1+ r2/a2)−1ṙ

]
+ e−2t/a

[
−(1+ r2/a2)−2 r

a2
ṙ2 + r sin2 θϕ̇2 + rθ̇2

]
= − e−2t/a

1+ r2/a2

[
r̈ − 2

a
ṫ ṙ − r

a2 + r2
ṙ2

− (1+ r2/a2)(r sin2 θϕ̇2 + rθ̇2)

]
= 0, (3.1541)

d

ds

∂L
∂θ̇
− ∂L

∂θ
= − d

ds

(
e−2t/ar2θ̇

)+ e−2t/ar2 sin θ cos θϕ̇2

= −r2

(
θ̈ − 2

a
ṫ θ̇ + 2

r
ṙ θ̇ − sin θ cos θϕ̇2

)
= 0, (3.1542)
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d

ds

∂L
∂ϕ̇
− ∂L

∂ϕ
= − d

ds

(
e−2t/ar2 sin2 θϕ̇

)
= −e−2t/ar2 sin2 θ

(
ϕ̈ − 2

a
ϕ̇ṫ + 2

r
ṙϕ̇ + 2 cot θ θ̇ ϕ̇

)
= 0 (3.1543)

from which we find the nonzero Christoffel symbols �
μ
αβ = �

μ
βα such that

�t
rr = −

1

a
e−2t/a(1+ r2/a2)−1, �t

θθ = −
1

a
e−2t/ar2, �t

ϕϕ = −
1

a
e−2t/ar2 sin2 θ,

�r
rt = −

1

a
, �r

rr = −
r

a2 + r2
,

�r
θθ = −(1+ r2/a2)r, �r

ϕϕ = −(1+ r2/a2)r sin2 θ,

�θ
tθ = −

1

a
, �θ

rθ =
1

r
, �θ

ϕϕ = − sin θ cos θ,

�
ϕ
tϕ = −

1

a
, �ϕ

rϕ =
1

r
, �

ϕ
θϕ = cot θ . (3.1544)

We now compute the covariant derivative ∇μAν of the vector field Aν

∇μAν = ∂μAν + �ν
μαA

α, (3.1545)

i.e., in component form, we obtain

∇tA
t = ∂tA

t + �t
ttA

t + �t
trA

r = 1

a
, (3.1546)

∇rA
t = ∂rA

t + �t
rtA

t + �t
rrA

r = − r

a2
e−2t/a(1+ r2/a2)−1, (3.1547)

∇tA
r = ∂tA

r + �r
ttA

t + �r
trA

r = − r

a2
, (3.1548)

∇rA
r = ∂rA

r + �r
rtA

t + �r
rrA

r = 1

a
− t

a2
− 1

a

r2/a2

1+ r2/a2
. (3.1549)

b) We have the conservation law

gμν(x(s))ẋμ(s)ẋν(s) = ṫ2 − e−2t/a(1+ r2/a2)−1ṙ2 = 0, (3.1550)

since the tangent should be a lightlike vector. From this, we conclude that

dr

dt
= ṙ

ṫ
=
√

1+ r2/a2 et/a, (3.1551)

with r(0) = a. This can be solved by separation∫ r(t)

a

dr√
1+ r2/a2

=
∫ t

0
et/a dt, (3.1552)
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i.e.,

a[arsinh(r/a)− arsinh(1)] = a(et/a − 1). (3.1553)

We thus can obtain the following explicit trajectory of the light pulse

r(t) = a sinh(et/a + arsinh(1)− 1). (3.1554)

2.90
For k = 1 and d� = 0, we can write the Robertson–Walker metric as

ds2 = c2dt2 − S(t)2dχ2 = [c2 ṫ2 − S(t)2χ̇2
]
dτ 2, (3.1555)

where χ = arcsin r and dot is differentiation with respect to the parameter τ . Thus,
we have the metric condition c2 ṫ2 − S(t)2χ̇2 = β = const. for an affinely para-
metrized geodesic.

a) The Euler–Lagrange equations yield the geodesic equations for t and χ , i.e.,

ẗ + 1

c2
S(t)S ′(t)χ̇2 = 0, (3.1556)

d

dτ

[
S(t)2χ̇

] = 0. (3.1557)

See also the solution to Problem 2.81. Therefore, the first integral is

S(t)2χ̇ = α = const. ⇒ χ̇ = α

S(t)2
, (3.1558)

which from the metric condition gives

ṫ = ±1

c

√
β + α2

S(t)2
. (3.1559)

b) For lightlike geodesics, β = 0. Thus, inserting β = 0 and α = S(t)2χ̇ into the
result of a), we find that

ṫ = ±1

c

α

S(t)
= ±1

c
S(t)χ̇ ⇒ χ̇

ṫ
= ± c

S(t)
⇒ dχ

dt
= ± c

S(t)
. (3.1560)

Now, using the subsidiary condition on χ given in the problem and assuming
propagation forward in time, we have the positive derivative, i.e.,

dχ

dt
= c

S(t)
⇒ dχ = c

S(t)
dt . (3.1561)

Integrating leads to

�χ ≡ χ1 − χ0 =
∫

dχ =
∫ t1

t0

c

S(t)
dt =

∫ T

0

c

S(t + t0)
dt, (3.1562)
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where t1 ≡ t0 + T . The coordinate transformation between χ and r is given by
χ = arcsin r , which means that for r = r0 = 0, we have χ = χ0 = 0, and thus, we
find that

�χ(T ) =
∫ T

0

c

S(t + t0)
dt ≡ arcsin �r(T )

⇔ �r(T ) = sin �χ(T ) = sin

(∫ T

0

c

S(t + t0)
dt

)
. (3.1563)

Therefore, the distance in the r-coordinate of the Robertson–Walker metric that a
light ray (emitted at universal time t = t0 at r = r0 = 0) travels in the universal
time interval [t0,t0 + T ] is given by

�r(T ) = sin

(∫ T

0

c

S(t + t0)
dt

)
. (3.1564)

2.91
The given standard Schwarzschild metric is

ds2 =
(

1− r∗
r

)
c2dt2 −

(
1− r∗

r

)−1
dr2 − r2d�2, (3.1565)

where s is the path parameter, r∗ ≡ 2GM/c2, and d�2 = dθ2 + sin2 θdφ2. In
addition, the given initial conditions are

r = r0, ṫ = β, ṙ = α, θ̇ = 0, φ̇ = 0. (3.1566)

We introduce the Lagrangian

L = gμνẋ
μẋν =

(
1− r∗

r

)
c2 ṫ2 −

(
1− r∗

r

)−1
ṙ2 − r2θ̇2 − r2 sin2 θφ̇2. (3.1567)

Since ∂L
∂t
= 0 and ∂L

∂φ
= 0, we have two constants of motion stemming from the

Euler–Lagrange equations for t and φ, namely

d

ds

[
2
(

1− r∗
r

)
c2 ṫ
]
= 0 ⇒ 2

(
1− r∗

r

)
c2 ṫ = E = const., (3.1568)

d

ds

(−2r2 sin2 θφ̇
) = 0 ⇒ −2r2 sin2 θφ̇ = L = const. (3.1569)

Using the initial conditions, we can determine E and L as

2

(
1− r∗

r0

)
c2β = E, − 2r2

0 sin2 θ0 · 0 = L, (3.1570)
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which means that L = 0, independent of the value of θ0 that is not known. There-
fore, assuming 0 ≤ r ≤ r0 and 0 ≤ θ ≤ π , we have that φ̇ = 0. Furthermore, the
Euler–Lagrange equation for the θ -coordinate yields

∂L
∂θ
= −r2 sin 2θφ̇2,

d

ds

∂L
∂θ
= −2(2rṙ θ̇ + r2θ̈ )

⇒ θ̈ + 2rṙ θ̇ − 1

2
sin 2θφ̇2 = 0. (3.1571)

Now, since φ̇ = 0, we also have ∂L
∂θ
= −r2 sin 2θφ̇2 = −r2 sin 2θ · 0 = 0, which

means that we have another constant of motion stemming from the Euler–Lagrange
equation for θ (due to the initial conditions), namely

d

ds

(−2r2θ̇
) = 0 ⇒ −2r2θ̇ = A = const. (3.1572)

Again, using the initial conditions, we can determine A as−2r2
0 ·0 = A, which also

means that A = 0. Therefore, assuming 0 ≤ r ≤ r0 as before, we have −2r2θ̇ = 0,
which leads to θ̇ = 0. Thus, based on the initial conditions, the given standard
Schwarzschild metric is reduced to

ds2 =
(

1− r∗
r

)
c2dt2 −

(
1− r∗

r

)−1
dr2. (3.1573)

Now, using the constant of motion E, given by the initial conditions, we find that

ṫ = E

2
(
1− r∗

r

)
c2
=
(

1− r∗
r

)−1 E

2c2
= dt

ds
⇒ dt =

(
1− r∗

r

)−1 E

2c2
ds.

(3.1574)

Inserting the expression for dt into the reduced standard Schwarzschild metric, we
obtain

ds2 =
(

1− r∗
r

)
c2
(

1− r∗
r

)−2 E2

4c4
−
(

1− r∗
r

)−1
dr2

=
(

1− r∗
r

)−1 E2

4c2
ds2 −

(
1− r∗

r

)−1
dr2, (3.1575)

which can be written as

dr2 =
[

E2

4c2
−
(

1− r∗
r

)]
ds2 ⇒

(
dr

ds

)
= E2

4c2
−
(

1− r∗
r

)
. (3.1576)

Since the spaceship is freely falling from r0 toward the true singularity at r = 0 in
a Schwarzschild black hole, we have ṙ = dr

ds
< 0, which means that

dr

ds
= −

√
E2

4c2
−
(

1− r∗
r

)
= dr

cdτ
⇒ dτ = − dr

c

√
E2

4c2 −
(
1− r∗

r

),
(3.1577)
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where τ is the proper time. Integrating the expression for dτ from r = r0 (at τ = 0)
to r = 0, we find the proper time τ needed to reach the singularity r = 0 (when
starting from r = r0 < r∗) as

τ = −
∫ 0

r0

dr

c

√
E2

4c2 −
(
1− r∗

r

) = ∫ r0

0

dr

c

√
E2

4c2 −
(
1− r∗

r

) . (3.1578)

However, note that (see above) the constant of motion E can be written in terms of

the initial conditions as E = 2
(

1− r∗
r0

)
c2β, which means that the proper time τ is

given by

τ =
∫ r0

0

dr

c

√(
1− r∗

r0

)2
c2β2 − (1− r∗

r

) ≡
∫ r0

0
f (r) dr . (3.1579)

Thus, we can finally identify the function f (r) as

f (r) = 1

c

√(
1− r∗

r0

)2
c2β2 − (1− r∗

r

) . (3.1580)

2.92
Write the geodesic equations in (x0,r,θ,φ) coordinates in the plane θ = π

2 , namely

ẍ0 + α

r2

(
1− α

r

)−1
ẋ0ṙ = 0, (3.1581)

r̈ + α

2r2

(
1− α

r

) (
ẋ0
)2 − α

2r2

(
1− α

r

)−1
ṙ2 − r

(
1− α

r

)
φ̇2 = 0, (3.1582)

φ̈ + 2

r
ṙφ̇ = 0, (3.1583)

where α = 2GM

c2 . For a derivation of the geodesic equations, see Problem 2.70. The
geodesic equation for x0 can be integrated at once, which yields

ẋ0 = k

1− α
r

, where k is a constant. (3.1584)

On a geodesic for a timelike object, it holds that

1 = g00(ẋ
0)2 + grr ṙ

2, (3.1585)

where g00 = 1− α
r

and grr = −
(
1− α

r

)−1
. This implies that

ṙ = −
√

ε + α

r
= dr

ds
= 1

c

dr

dτ
, (3.1586)
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where ε = k2−1. Note the minus sign (which is due to the fact that r is decreasing,
i.e., the observer is freely falling toward the center of the black hole, and hence,
ṙ < 0). So, we have

dτ

dr
= − 1

c
√

ε + α
r

. (3.1587)

According to the hint, integration gives∫
dr√
ε + α

r

= 1√
ε

√
y2 − β2

4
− 1√

ε

β

2
ln

(
y +

√
y2 − β2

4

)
, (3.1588)

where β = α
ε

and y = r + β

2 . Thus, the (proper) time needed for the interval r0 ≤
r ≤ r1 is given by

�τ ≡ τ1 − τ0 = −1

c

∫ r1

r0

dr√
ε + α

r

= −1

c

∫ r1

r0

dr√
k2 − (1− α

r

), (3.1589)

where r0 = r(τ0) = 1010 km and r1 = r(τ1) = α, i.e., the Schwarzschild horizon.
Now, use the initial condition to calculate ε:

−v0 = c
dr

dx0
= c

ṙ

ẋ0
at τ = τ0, (3.1590)

which implies that

v0 = c

k

√
ε + α

r0

(
1− α

r0

)
⇒ k2 =

(
1− α

r0

)[
1− v2

0

c2

(
1− α

r0

)−2
]−1

.

(3.1591)

Inserting k2 into the (proper) time interval �τ , we obtain

�τ = −1

c

∫ r1

r0

dr√(
1− α

r0

) [
1− v2

0
c2

(
1− α

r0

)−2
]−1

− (1− α
r

), (3.1592)

which can be computed analytically using the hint, but the result is too lengthy for
it to be useful to display. Computing the integral numerically, the result is �τ �
5.85615·108 s, which corresponds to about 18.6 years. Thus, the proper time needed
for the observer to reach the Schwarzschild horizon is about 18.6 years.

However, the quantities α, r0, and v0 are given, so the constant ε = k2 − 1 can
be uniquely computed from them. Assuming r0 � α, qualitative estimates of the
parameters are as follows
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v0 � c

k

√
ε, ε = k2 − 1 � v2

0

c2
k2, k � 1√

1− v2
0/c

2
(∼ 1) ,

ε = k2 − 1 � v2
0

c2 − v2
0

(
∼ v2

0

c2

)
, and β � 2GM

v2
0

(
1− v2

0

c2

) (
∼ 2GM

v2
0

)
,

(3.1593)

where limits within parentheses also hold if it is assumed that v0 � c. Therefore,
using the estimates of the parameters, we can approximate the integral for the
(proper) time interval �τ as

�τ � − 1

v0

∫ r1

r0

dr√
1+ 2GM

v2
0r

� r0

v0

⎛⎝√1+ 2GM

v2
0r0

− 2GM

v2
0r0

arsinh

√
v2

0r0

2GM

⎞⎠
� 4.32267 · 108 s ∼ 13.7 years, (3.1594)

which means that the approximation underestimates (by about 25 %) the true value
of the proper time, but it gives the correct order of magnitude.

2.93
Due to the Schwarzschild metric components not depending on t , we can conclude
that ∂t is a Killing vector field. It follows that a freely falling particle with a world-
line that is a geodesic has a constant of motion

k = g(∂t,γ̇ ) = g00ẋ
0. (3.1595)

Since m and c are constants, it also follows that p0 = mck is a constant. Further-
more, the normalization of the 4-velocity implies that

L = gμνẋ
μẋν = g00c

2 ṫ2 − grr ṙ
2 = 1, (3.1596)

for a particle falling radially. With E = p0/c, this implies that

1 = g00(ẋ
0)2 + grr ṙ

2 = 1

g00

[
E2

(mc2)2
− ṙ2

]

�⇒ ṙ = −
√(

E

mc2

)2

−
(

1− r∗
r

)
, (3.1597)

with the negative sign being due to r decreasing with proper time. Integrating from
r = 3r∗/2 to r = r∗, we find that

�s = −
∫ r∗

3r∗/r

dr√(
E

mc2

)2 − (1− r∗
r

) = ∫ 3r∗/r

r∗

dr√(
E

mc2

)2 − (1− r∗
r

) . (3.1598)
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2.94
The worldline of the observer is given by

t = βτ, r = r0, θ = π

2
, ϕ = ωτ, (3.1599)

where τ is the proper time. To find the constant β, we note that normalization of
the 4-velocity yields

gttβ
2 + g2

ϕϕω
2 = 1, (3.1600)

which implies

β =
√

1+ r2
0ω2

1− r∗/r0
, (3.1601)

where r∗ = 2GM is the Schwarzschild radius. With the 4-velocity being
V = β∂t + ω∂ϕ , we generally find that

A = ∇V V = β2∇t ∂t + βω(∇t ∂ϕ + ∇ϕ∂t )+ ω2∇ϕ∂ϕ

= (β2�a
tt + 2βω�a

tϕ + ω2�a
ϕϕ)∂a . (3.1602)

The relevant nonzero Christoffel symbols of the Schwarzschild metric are

�r
tt =

r∗(r − r∗)
2r3

, �r
ϕϕ = −(r − r∗) sin2(θ), �θ

ϕϕ = − sin(θ) cos(θ).

(3.1603)

However, θ = π/2 leads to sin(θ) = 1 and cos(θ) = 0, resulting in

A =
[r∗

2
(r−2

0 + 3ω2)− r0ω
2
]
∂r . (3.1604)

For the proper acceleration α, we use that α2 = −g(A,A), and therefore,

α2 = r0

r0 − r∗

[r∗
2

(r−2
0 + 3ω2)− r0ω

2
]2

, (3.1605)

and consequently,

α =
√

r0

r0 − r∗

∣∣∣r∗
2

(r−2
0 + 3ω2)− r0ω

2
∣∣∣ . (3.1606)

Note that, for r∗ � r0, we find that α = 0 when

GM

r2
0

= r0ω
2, (3.1607)

i.e., when the classical gravitational acceleration is the same as the centripetal
acceleration required to keep the orbit at r = r0.
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2.95
Using the Schwarzschild metric, we obtain the Lagrangian

L =
(

1− r∗
r

)
ṫ2 −

(
1− r∗

r

)−1
ṙ2, (3.1608)

where r∗ = 2GM is the Schwarzschild radius and the dot means differentiation
with respect to proper time τ . There exists a conservation law L = 1 (remember
that we set c = 1) and we have the Euler–Lagrange equation

d

dτ

∂L
∂ṫ
− ∂L

∂t
= d

dτ

[
2
(

1− r∗
r

)
ṫ
]
= 0 ⇒ ṫ = C

(
1− r∗

r

)−1
, (3.1609)

for some integration constant C. Combining the conservation law and the Euler–
Lagrange equation yields

L− 1 =
(

1− r∗
r

)
C2
(

1− r∗
r

)−2
−
(

1− r∗
r

)−1
ṙ2 − 1

=
(

1− r∗
r

)−1
(C2 − ṙ2)− 1 = 0, (3.1610)

i.e.,

ṙ2 = C2 −
(

1− r∗
r

)
. (3.1611)

Separating this equation, we find that

dτ = − dr√
C2 − (1− r∗

r

), (3.1612)

where we fix the sign of the square root so that ṙ < 0, since the particle is falling
inward. Thus, we obtain the proper time

�τ = −
∫ r1

r0

dr√
C2 − (1− r∗

r

), (3.1613)

where r0 and r1 are the initial and final positions of the particle, respectively, and
the integration constant C is determined by the initial velocity of the particle.

Furthermore, to compute the coordinate time, we have (again fixing ṙ < 0)

dr

dt
= ṙ

ṫ
= −

√
C2 −

(
1− r∗

r

)
· 1

C

(
1− r∗

r

)
= −

(
1− r∗

r

)√
1− 1

C2

(
1− r∗

r

)
.

(3.1614)

Thus, integrating, we obtain the coordinate time

�t = −
∫ r1

r0

dr(
1− r∗

r

)√
1− 1

C2

(
1− r∗

r

) . (3.1615)
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Indeed, the integrand of the integral giving �τ remains finite when r → r∗,
actually the limit is −1/C, and thus, �τ is finite as r1 → r∗, which means that
it only takes a finite proper time to reach the even horizon at r∗. However, the
integrand of the integral giving �t diverges as−( r

r∗ −1
)−1

when r → r∗, and thus,
�t diverges as

−
∫ r1

r0

dr
r
r∗ − 1

= r∗ ln
r0/r∗ − 1

r1/r∗ − 1
, (3.1616)

when r1 → r∗, which means that it takes an infinite amount of coordinate time to
reach the event horizon at r∗.

In order to reach the same conclusions as above, we can choose C = 1 and find
explicitly that

�τ = −
∫ r1

r0

dr√
1− (1− r∗

r

) = − ∫ r1

r0

√
r

r∗
dr = 2

3
√

r∗

(
r

3/2
0 − r

3/2
1

)

→ 2

3

(
r0

√
r0

r∗
− r∗

)
<∞ when r1 → r∗, (3.1617)

�t = −
∫ r1

r0

dr(
1− r∗

r

)√
1− (1− r∗

r

) = − ∫ r1

r0

1

1− r∗
r

√
r

r∗
dr

= 2

3

[
(r0 + 3r∗)

√
r0

r∗
− (r1 + 3r∗)

√
r1

r∗
− 3r∗

(
artanh

√
r0

r∗
− artanh

√
r1

r∗

)]
→∞ when r1 → r∗, (3.1618)

since limx→1 artanh x →∞. The choice of C = 1 corresponds to ṫ = (1− r∗
r
)−1 →

1 as r → ∞, i.e., the kinetic energy of the particle is chosen exactly such that it
would be at rest at r →∞.

2.96
Initially, since the observer is moving tangentially, ṙ = 0. Let us consider the
constants of motion for the observer due to ∂t and ∂ϕ being Killing vector fields
and the observer following a timelike geodesic. Thus, we define

E = 1

2
g(∂t,γ̇ )2, L = −g(∂ϕ,γ̇ ), (3.1619)

where γ̇ is the observer’s 4-velocity. We use a coordinate system such that θ = π/2
and the initial tangent at r = r0 is therefore

γ̇0 = α∂t + β∂ϕ . (3.1620)
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The numbers α and β are determined from the normalization of the 4-velocity and
that the velocity relative to the stationary frame is v0 given as

g(γ̇0,γ̇0) = α2

(
1− r∗

r0

)
− β2r2

0 = 1,
1√

1− v2
0

= g(V ,γ̇ ) = αA

(
1− r∗

r0

)
,

(3.1621)

where V = A∂t is the 4-velocity of a local stationary observer at r = r0. From the
normalization of V follows that

g(V ,V ) = A2

(
1− r∗

r0

)
= 1 �⇒ A =

√
r0

r0 − r∗
. (3.1622)

Solving for α and β leads to

α =
√

r0

(1− v2
0)(r0 − r∗)

, β = v0

r0

√
1− v2

0

. (3.1623)

The constant of motion L is now expressed as

L = −g(∂ϕ,γ̇ ) = r2
0β = v0r0√

1− v2
0

. (3.1624)

Examining the effective potential

V (r) = 1

2

(
1+ L2

r2

)(
1− r∗

r

)
, (3.1625)

there are two possible situations when the observer will not fall into the black hole

1. When dV/dr ≤ 0, the observer will initially start moving outward. The posi-
tion r = r0 will then always be a turning point meaning that r ≥ r0 for the entire
solution. In the case of dV/dr = 0, the observer will move in a circular orbit.

2. When dV/dr > 0, the observer will start moving toward the black hole. The
requirement not to fall into the black hole is then that there is a turning point at a
smaller value of r , i.e., that V (r) = V (r0) for some r < r0. There will then nec-
essarily be another turning point, which is not accessible, at an even smaller r .
The border of this possibility occurs when both of the turning points coincide,
i.e., when V (x)− V (x0) has a double root different from x0.

To see when the first case to applies, we compute dV/dx with x = 1/r . As
dx/dr < 0, dV/dr ≤ 0 is equivalent with dV/dx = (dV/dr)(dr/dx) ≥ 0. We
find that

dV

dx

∣∣∣∣
x=x0

= v2
0r0

1− v2
0

(
1− r∗

r0

)
− r∗

2(1− v2
0)
≥ 0 �⇒ v2

0 ≥
r∗

2(r0 − r∗)
.

(3.1626)

This puts a lower limit on the velocity v0 for which case 1 applies.
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Case 2 is a bit more complicated. In order for three turning points to exist, we
must have three real solutions to V (x) − V (x0) = 0, where the left-hand side is a
third degree polynomial. Luckily, we know that x = x0 is a root of the polynomial
and can therefore be factored out and we are left with having to have two real roots
for a second degree polynomial. After some algebra, we find that the requirement
on v0 for all roots to be real is

v0 ≥ 2r2
∗

r0 + R
. (3.1627)

However, we also need to ensure that r = r0 is the turning point at the largest r .
This is the case whenever dV/dx < 0 and the midpoint of the other solutions is
smaller than r0. The midpoint 1/r̄ is found to be located at

1

r̄
= 1

2

(
1

r∗
− 1

r0

)
. (3.1628)

Requiring that r0 > r̄ then leads to

r0 > 3r∗. (3.1629)

Thus, in the region r0 ≤ 3r∗, case 1 always applies and for r0 > 3r∗, we find that
the requirement not to fall into the black hole is given by

v2
0 ≥ min

(
4r2
∗

(r0 + r∗)2
,

r∗
2(r0 − r∗)

)
= 4r2

∗
(r0 + r∗)2

. (3.1630)

(The expressions are equal when r0 = 3r∗ and otherwise the first expression is
always smaller.) The solution to the given problem is therefore that the minimal
velocity v0 is given by

v0,min =
⎧⎨⎩
√

r∗
2(r0−r∗), r0 ≤ 3r∗,

2r∗
r0+r∗ , r0 ≥ 3r∗.

(3.1631)

b) For v0 = 0, we have the effective potential

V (r) = 1

2

(
1− r∗

r

)
, (3.1632)

since L = 0. In addition, the initial 4-velocity is equal to that of the stationary
observer, which was found in a), i.e.,

γ̇0 =
√

r0

r0 − r∗
∂t . (3.1633)

Evaluated at r = r0, the constant of motion is therefore

E = 1

2

(
1− r∗

r0

)
. (3.1634)
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The equation of motion for the r-coordinate is then

ṙ2 = 2E − 2V (r) = r∗
r
− r∗

r0
�⇒ −dr√

r∗
r
− r∗

r0

= dτ, (3.1635)

where we have used that dr is negative to omit the positive root. The proper time
to reach the singularity is given by integrating this from r0 to 0 and we find

τ = −
∫ 0

r0

dr√
r∗
r
− r∗

r0

= 1√
r∗

∫ ∞

x0

dx

x2
√

x − x0
= πr0

2

√
r0

r∗
. (3.1636)

Note that the integral is applicable even across the Schwarzschild event horizon
as its form removes the coordinate singularity that appears there. The integral itself
therefore does not suffer from the coordinate singularity and behaves nicely all the
way to the singularity at r = 0.

2.97
When the engines are turned off, the satellite will follow a geodesic. Assuming
θ = π/2 = const., the Lagrangian is given by

L = gμνẋ
μẋν =

(
1− r∗

r

)
ṫ2 −

(
1− r∗

r

)−1
ṙ2 − r2φ̇2. (3.1637)

No t and φ dependencies give two constants of motions, coming from the Euler–
Lagrange equations, i.e.,

κ =
(

1− r∗
r

)
ṫ, � = r2φ̇ = R2B. (3.1638)

We also get a third relation from setting L = 1, namely

1 =
(

1− r∗
r

)
ṫ2 −

(
1− r∗

r

)−1
ṙ2 − r2φ̇2. (3.1639)

Using the first and second equations, we can rewrite the third equation in terms of
just radial dependence (with ṙ = 0):

1 =
(

1− r∗
r

)−1
κ2 − r−2�2 =

(
1− r∗

r

)−1
κ2 − R4B2

r2

⇒ κ2 =
(

1− r∗
r

)(
1+ R4B2

r2

)
. (3.1640)

Normally, these three equations are sufficient, and the third equation is equivalent
to the equation of motion that one obtains from varying the Lagrangian with respect
to r , but it happens that there is an exception to this case and that is precisely when
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ṙ = 0. Varying the Lagrangian with respect to r and neglecting all time derivatives
of r gives the equation

r∗
r2

(
1− r∗

r

)−2
κ2 − 2r

(
R2B

r2

)2

= 0 ⇒ κ2 = 2r3

r∗

(
1− r∗

r

)2
(

R2B

r2

)2

.

(3.1641)

Now, at r = R, we find B according to(
1− r∗

R

)
(1+ R2B2) = 2R3B2

r∗

(
1− r∗

R

)2
⇒ B2 = R−2

(
2R

r∗
− 3

)−1

.

(3.1642)

We make an interesting observation. We have a minimal radius for which we can
have a geodesic circular orbit around a star or a black hole, i.e., R = 3r∗/2. This
orbit will be unstable. Stable circular orbits only exist when the radius R is larger
than 3r∗/2, i.e., R > 3r∗/2. For the case of the Earth, R > R0 � 3r∗/2.

2.98
The satellite’s orbit is at constant radial distance r from the Earth, which means
that dr = 0.

a) Now, the proper time for the satellite is given by

dτ 2 = ds2. (3.1643)

Using the Schwarzschild metric with dr = 0 and dθ = 0 (since θ = π/2) for the
satellite’s orbit around the Earth and that v = rdφ/dt , we find that

dτ 2 =
(

1− r∗
r

)
dt2 − r2dφ2 =

(
1− r∗

r

)
dt2 −

(
r
dφ

dt

)2

dt2

=
[(

1− r∗
r

)
− v2

]
dt2, (3.1644)

which implies that

dτ = ±
√(

1− r∗
r

)
− v2 dt, (3.1645)

where the square root is independent of time t . Thus, using dt/dτ > 0 and inte-
grating from t = 0 to t = T = 2πr/v, we obtain the proper time τ for the satellite
to complete one orbit around the Earth as

τ =
∫ T

0

√(
1− r∗

r

)
− v2 dt = T

√(
1− r∗

r

)
− v2 = 2πr

v

√(
1− 2GM

r

)
− v2.

(3.1646)

b) The gravitational potential at the satellite is given by

�s = −1

2

r∗
r
= −GM

r
. (3.1647)



290 3 Solutions to Problems

Now, we calculate the ratio between the coordinate time t = T and the proper time
for the satellite τ . Then, we series expand this ratio for small v and r∗/r . Therefore,
using the result in a) for T/τ , we find that

T

τ
= 1√(

1− r∗
r

)− v2
� 1

1− r∗
2r
− v2

2

� 1−�s + v2

2
. (3.1648)

Thus, we obtain

T

τ
− 1 � v2

2
−�s, (3.1649)

which is what we wanted to show.

2.99
a) The worldline of the satellite will be given by

t = αs, r = r0, ϕ = βs, (3.1650)

as the 4-velocity U = α∂t + β∂ϕ , with α and β constant. It follows that the
4-acceleration is

A = ∇UU = (α2�a
tt + 2αβ�a

tϕ + β2�a
ϕϕ

)
∂a = 0, (3.1651)

since the satellite is in free fall. Given the Christoffel symbols of the Schwarzschild
metric, the only nontrivial component of this equation is the a = r component

α2�r
tt + 2αβ�r

tϕ + β2�r
ϕϕ = α2 r∗(r0 − r∗)

2r3
0

− β2(r0 − r∗) = 0. (3.1652)

This therefore leads to

β = α

√
r∗

2r3
0

, (3.1653)

where we have chosen coordinates such that ϕ increases with proper time. Also
requiring that the 4-velocity is normalized, i.e.,

g(U,U) =
(

1− r∗
r0

)
α2 − r2

0β2 = 1, (3.1654)

now implies that

α = 1√
1− 3r∗

2r0

, β = 1

r0

√
r∗

2r0 − 3r∗
. (3.1655)
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b) For the satellite to complete a full lap, ϕ needs to change by 2π . The proper
time �s it takes for the satellite to travel an angle �ϕ is given by

�ϕ

�s
= ϕ̇ �⇒ �s = �ϕ

ϕ̇
= �ϕ

β
. (3.1656)

For �ϕ = 2π , we therefore obtain

�s = 2πr0

√
2r0 − 3r∗

r∗
. (3.1657)

c) The stationary observer has 4-velocity V = α0∂t . From g(V ,V ) = 1
follows that

α0 =
√

r0

r0 − r∗
. (3.1658)

This implies that the relative gamma factor between the satellite and the observer
is given by

γ = g(U,V ) =
(

1− r∗
r0

)
αα0 =

√
2r0 − 2r∗
2r0 − 3r∗

= 1√
1− v2

, (3.1659)

where v is the relative speed. Solving for v results in

v =
√

r∗
2(r0 − r∗)

. (3.1660)

2.100
a) The static observer (1) has constant spatial coordinates. It is therefore conve-

nient to use a parametrization of its worldline in terms of its proper time s1, which
will be proportional to the coordinate time t

t1 = αs1, r1 = r0, ϕ1 = ϕ0. (3.1661)

The value of α can be determined through the requirement that the 4-velocity has
norm one, i.e.,

1 =
(

1− r∗
r1

)
ṫ2 =

(
1− r∗

r0

)
α2 �⇒ α = 1√

1− r∗
r1

. (3.1662)

The 4-acceleration is defined as A = ∇V V . For the worldline of (1), we have
V = α∂t , and therefore,

A1 = α2∇t ∂t = α2�
μ
tt ∂μ = α2 r∗(r0 − r∗)

2r3
0

∂r = r∗
2r2

0

∂r, (3.1663)
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where we have used the expression for �r
tt , which is the only nonzero Christoffel

symbol on the form �
μ
tt . The proper acceleration a is given by −a2 = g(A,A) =

A2, and therefore,

a2
1 = −A2

1 = −
(

r∗
2r2

0

)2

grr = r2
∗

4r4
0 (1− r∗/r0)

�⇒ a1 = r∗
2r2

0

√
1− r∗/r0

.

(3.1664)

We can note that, for r0 � r∗ and with r∗ = 2MG, this becomes

a1 � 2MG

2r2
0

= MG

r2
0

, (3.1665)

which is the expected result from Newtonian gravity.
For the circularly orbiting observer (2), the worldline can be parametrized as

t2 = βs2, r2 = r0, ϕ2 = γ s2, (3.1666)

where β and γ are constants and s2 is the proper time of the observer. By definition,
this observer has zero 4-acceleration a = 0, which can be used to fix the constants.
The 4-velocity takes the form V2 = β∂t + γ ∂ϕ and the 4-acceleration is therefore
given by

A2 = ∇V2V2 = β2∇t ∂t + βγ (∇t ∂ϕ +∇ϕ∂t )+ γ 2∇ϕ∂ϕ

= [β2�
μ
tt + 2βγ�

μ
tϕ + γ 2�μ

ϕϕ

]
∂μ = 0. (3.1667)

The entire 4-acceleration being zero requires that each component is zero sepa-
rately. However, all of the components except the r-component are trivially vanish-
ing and we are left with

β2�r
tt + 2βγ�r

tϕ + γ 2�r
ϕϕ = β2 r∗(r − r∗)

2r3
0

− γ 2(r − r∗) = 0, (3.1668)

leading to

γ = ±β

√
r∗

2r3
0

, (3.1669)

where the ± just defines the direction of the orbit and we will pick the positive
sign in the future. The normalization is again set by the requirement that V 2 = 1,
leading to

1 =
(

1− r∗
r0

)
β2 − r2

0γ 2 = β2

(
1− r∗

r0
− r2

0

r∗
2r3

0

)
= β2

(
1− 3r∗

2r0

)
, (3.1670)

and therefore, we find that

β = 1√
1− 3r∗/2r0

. (3.1671)
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The parametrizations of the worldlines are therefore

t1 = s1√
1− r∗/r0

, r1 = r0, ϕ1 = ϕ0, (3.1672)

and

t2 = s2√
1− 3r∗/2r0

, r2 = r0, ϕ2 = s2/r0√
2r0/r∗ − 3

, (3.1673)

respectively, while the proper accelerations are given by

a1 = r∗
2r2

0

√
1− r∗/r0

and a2 = 0. (3.1674)

b) The differences in the proper times will both be proportional to the difference
in the coordinate time t according to

�s1 = �t

α
and �s2 = �t

β
. (3.1675)

Therefore, we find that

�s1

�s2
= β

α
=
√

r0 − r∗
r0 − 3r∗/2

≡ ρ. (3.1676)

In particular, we can see that this expression has the correct limits as ρ → 1 when
r0 → ∞ and ρ → ∞ as r0 → 3r∗/2. The latter result is expected as the circular
geodesic at r0 = 3r∗/2 is lightlike.

c) The relative gamma factor γ̃ = 1/
√

1− v2, where v is the relative speed, is
given by the inner product between the two 4-velocities, i.e.,

γ̃ = g(V1,V2) =
(

1− r∗
r0

)
αβ =

√
2(r0 − r∗)
2r0 − 3r∗

≡
√

2(1− x)

2− 3x
, (3.1677)

where x = r∗/r0. Squaring this relation leads to

1− v2 = 2− 3x

2(1− x)
�⇒ v =

√
x

2(1− x)
=
√

r∗
2(r0 − r∗)

. (3.1678)

Note that we again recover the classical orbital velocity

v =
√

MG

r0
, (3.1679)

in the limit where r0 � r∗ = 2MG.



294 3 Solutions to Problems

2.101
a) The proper time τ can be found from

dτ 2 = ds2. (3.1680)

Using the Kerr metric with dr = 0 and dθ = 0 (since r = R and θ = π/2) for the
given orbit, we get

dτ 2 =
(

1− r∗
R

)
dt2 + 2ar∗

R
dtdφ −

(
R2 + a2 + a2r∗

R

)
dφ2

=
[(

1− r∗
R

)
+ 2ar∗

R

dφ

dt
−
(

R2 + a2 + a2r∗
R

)(
dφ

dt

)2
]

dt2

=
[(

1− r∗
R

)
+ 2ar∗

R2
v −

(
1+ a2

R2
+ a2r∗

R3

)
v2

]
dt2, (3.1681)

since ρ2 = R2 and v = Rdφ/dt . This implies that

dτ = ±
√(

1− r∗
R

)
+ 2ar∗

R2
v −

(
1+ a2

R2
+ a2r∗

R3

)
v2 dt, (3.1682)

where the square root is independent of time t . Thus, using dt/dτ > 0 and inte-
grating from t = t0 = 0 to t = T = 2πR/v, we obtain the proper time

τ = T

√(
1− r∗

R

)
+ 2ar∗

R2
v −

(
1+ a2

R2
+ a2r∗

R3

)
v2. (3.1683)

b) Solving the result in a) for T/τ and series expanding in v and r∗/R up to
orders v2 and r∗/R (assuming v2 ∼ r∗/R), we obtain

T

τ
= 1√(

1− r∗
R

)+ 2ar∗
R2 v −

(
1+ a2

R2 + a2r∗
R3

)
v2

� 1+ 1

2

(
1+ a2

R2

)
v2 + 1

2R
r∗. (3.1684)

2.102
a) If we assume a fixed time t = t0, we observe that the metric is just a flat

metric, i.e.,

ds2 = −a(t0)
2e2Ct0(dx2 + dy2 + dz2), (3.1685)

where x = ρ sin θ cos φ, y = ρ sin θ sin φ, and z = ρ cos θ are expressed in the
spherical coordinates ρ, θ , and φ. Note that a(t0)e

Ct0 is a constant, since t0 is fixed
and C is a constant.
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b) We choose to use the Cartesian coordinates x, y, and z. In order to find a
geodesic in the spacetime, we use the Lagrangian

L = ṫ2 − a(t)2
(
ẋ2 + ẏ2 + ż2

) = 1, (3.1686)

where dot means differentiation with respect to proper time τ . Now, the metric
does not depend on x, y, and z, so using the Euler–Lagrange equations d

dτ

(
∂L
∂ẋi

) −
∂L
∂xi = 0, we have three constants of motion, which are given as follows

d

dτ
(a(t)2ẋi) = 0 ⇒ a(t)2ẋi = ki, (3.1687)

where ki , i = 1,2,3, are the constants of motion. Inserting the three constants of
motion into the Lagrangian, we obtain

ṫ2 − 1

a(t)2
(k2

1 + k2
2 + k2

3) = 1, (3.1688)

where a(t) = a0e
Ct . Then, rewrite the initial conditions, we find

dx

dτ

∣∣∣∣
τ=0

=
(

sin θ cos φ
dρ

dτ
+ ρ cos θ cos φ

dθ

dτ
− ρ sin θ sin φ

dφ

dτ

)∣∣∣∣
τ=0

= sin 0 · cos 0 · 1

4
+ 1 · cos 0 · cos 0 · 1

4
− 1 · sin 0 · sin 0 · 1

4
= 1

4
,

(3.1689)

dy

dτ

∣∣∣∣
τ=0

=
(

sin θ sin φ
dρ

dτ
+ ρ cos θ sin φ

dθ

dτ
+ ρ sin θ cos φ

dφ

dτ

)∣∣∣∣
τ=0

= sin 0 · sin 0 · 1

4
+ 1 · cos 0 · sin 0 · 1

4
+ 1 · sin 0 · cos 0 · 1

4
= 0,

(3.1690)

dz

dτ

∣∣∣∣
τ=0

=
(

cos θ
dρ

dτ
− ρ sin θ

dθ

dτ

)∣∣∣∣
τ=0

= cos 0 · 1

4
− 1 · sin 0 · 1

4
= 1

4
,

(3.1691)

which lead to

a(t)2ẋ
∣∣
τ=0 =

a2
0

4
= k1, a(t)2ẏ

∣∣
τ=0 = 0 = k2, a(t)2ż

∣∣
τ=0 =

a2
0

4
= k3,

(3.1692)

since t |τ=0 = 0 and a(0) = 0, which yield

k1 = k3 = a2
0

4
, k2 = 0, (3.1693)

and imply that k2
1 + k2

2 + k2
3 = a4

0/8. Thus, we obtain

ṫ2 − 1

a2
0e

2Ct

a4
0

8
= 1 ⇒ ṫ2 = 1+ a2

0

8
e−2Ct ⇒ dt

dτ
= ±

√
1+ a2

0

8
e−2Ct,

(3.1694)
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which can be separated to

dτ = ± dt√
1+ a2

0
8 e−2Ct

. (3.1695)

Finally, using ṫ = dt/dτ > 0, we calculate the proper time �τ for the free-falling
particle between the coordinate times t = 0 and t = t1

�τ =
∫ t1

0

dt√
1+ a2

0
8 e−2Ct

= 1

C

⎛⎝artanh
1√

1+ a2
0
8 e−2Ct1

− artanh
1√

1+ a2
0
8

⎞⎠ .

(3.1696)

2.103
a) Let the initial and final times be t = 0 and t = TF , respectively. Assuming

that v = a(t)R0
dφ

dt
= const. and using

dτ =
√

1− a(t)2R2
0

(
dφ

dt

)2

dt =
√

1− v2 dt, (3.1697)

we obtain the proper time from t = 0 to t = TF as

τ =
∫ TF

0

√
1− v2 dt =

√
1− v2TF . (3.1698)

Now, we need to find TF . From the fact that v is a constant and using v = etR0
dφ

dt
,

we can calculate how φ depends on t :

e−t dt = R0

v
dφ ⇒ − (e−TF − 1

) = R0

v
2π, (3.1699)

which implies that

TF = ln

(
1− 2πR0

v

)−1

. (3.1700)

b) No, TF becomes infinite if 1− 2πR0/v = 0.

2.104
The Robertson–Walker metric with zero curvature is

ds2 = dt2 − a(t)2(dx2 + dy2 + dz2). (3.1701)

The Lagrangian is given by

L = ṫ2 − a(t)2(ẋ2 + ẏ2 + ż2) = 1. (3.1702)
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The Euler–Lagrange equation with respect to x leads to

d

dτ

(
a(t)2ẋ

) = 0 ⇒ a(t)2ẋ = c1, (3.1703)

and together with the initial conditions ẋ(τ = 0) = A and t (τ = 0) = 0, we obtain
c1 = a(0)2A, and thus, in total, we find that

ẋ = a(0)2A

a(t)2
. (3.1704)

Similarly, using the same procedure, we can conclude that ẏ = ż = 0. In principle,
we can determine t as a function of τ from the Lagrangian

L = ṫ2 − a(0)4A2

a(t)2
= 1 ⇒ ṫ2 = 1+ a(0)4A2

a(t)2
⇒ ṫ =

√
1+ a(0)4A2

a(t)2
.

(3.1705)

The equation ẋ = a(0)2A/a(t)2 can now be rearranged as

a(t)2

a(0)2A
dx = dτ . (3.1706)

Integrating both sides, we obtain

τ =
∫ XD

X0

a(t)2

a(0)2A
dx. (3.1707)

2.105
a) The Schwarzschild metric is given by

ds2 =
(

1− r∗
r

)
dt2 −

(
1− r∗

r

)−1
dr2 − r2d�2. (3.1708)

See Figure 3.15 for the setup of observers A and B. We will assume motion in the
plane θ = π

2 and so dθ = 0 and d�2 = dϕ2. From the symmetries of the spacetime
(Killing vector fields ∂t and ∂ϕ), we have the conserved quantities

E = g(∂t,γ̇ ) =
(

1− r∗
r

)
ṫ, L = −g(∂ϕ,γ̇ ) = r2ϕ̇. (3.1709)

BH
A

Br0

r1

Figure 3.15 Setup of the black hole (“BH”) and observers A and B.
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Observer A is not in geodesic motion but is stationary. The worldline of A can
therefore be parametrized by

t = α0s, r = r0, (3.1710)

where s is the proper time. Normalizing this such that VA = ṫ ∂t + ṙ∂r = α0∂t

satisfies V 2
A = 1, we find that

α2gtt = α2
0

(
1− r∗

r0

)
= 1 ⇒ α0 = 1√

1− r∗/r0
. (3.1711)

For observer B, the 4-velocity is purely radial and at r = r1 is given by VB0 = α1∂t .
Normalization of VB0 leads to

α2
1g(∂t,∂t ) = α2

1

(
1− r∗

r1

)
= 1 ⇒ α1 = 1√

1− r∗/r1
. (3.1712)

At radius r , the 4-velocity of B is given by

VB = α1(r)∂t − β(r)∂r = ṫ ∂t + ṙ∂r . (3.1713)

Since B is freely falling and ∂t is a Killing vector field, it follows that

g(VB,∂t ) = gttα1(r) =
(

1− r∗
r

)
α1(r) = E, (3.1714)

is a constant of motion. From r = r1, we find

E =
1− r∗

r1√
1− r∗/r1

=
√

1− r∗/r1 ⇒ α1(r) =
√

1− r∗/r1

1− r∗
r

. (3.1715)

The relative γ factor between A and B as they pass each other is given by

γ = g(VA,VB) = α0α1(r0)gtt = 1√
1− r∗/r0

√
1− r∗/r1

1− r∗
r0

(
1− r∗

r0

)

=
√

1− r∗/r1

1− r∗/r0
≡ 1√

1− v2
, (3.1716)

where v is the relative velocity between A and B by definition. Solving for v, we
obtain

v =
√

1− 1

γ 2
=
√

1− 1− r∗/r0

1− r∗/r1
= 1√

1− r∗/r1

√
1− r∗

r1
− 1+ r∗

r0

=
√

r∗
1− r∗/r1

√
1

r0
− 1

r1
. (3.1717)

Note that, while β(r) can be computed from the normalization of VB , it is not
necessary to find the relative velocity.
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b) From the normalization of B’s 4-velocity, we find that(
1− r∗

r

)
ṫ2 −

(
1− r∗

r

)−1
ṙ2 =

(
1− r∗

r

)−1
E2 −

(
1− r∗

r

)−1
ṙ2 = 1

⇒ E2 − ṙ2 = 1− r∗
r

, (3.1718)

where ṙ = dr
dτ

. Solving for ṙ leads to

ṙ = −
√

E2 − 1+ r∗
r
= −

√
r∗
r
− r∗

r1
. (3.1719)

This is a separable differential equation, which integrates to

τ = −
∫ r0

r1

dr√
r∗
r
− r∗

r1

=
∫ r1

r0

√
rr1

r∗(r1 − r)
dr, (3.1720)

which is therefore the proper time for B between r1 and r0.

2.106
a) For an observer with x = x0, we have dx = 0, and therefore, we find that

ds2 = x2
0dt2 ⇒ dt

ds
= + 1

x0
⇒ t = s

x0
+ t0. (3.1721)

The worldline can therefore be described by (choosing t0 = 0)

x = x0, t = s

x0
, (3.1722)

where s is the proper time. The 4-acceleration A is defined by A = ∇γ̇ γ̇ = (χ̈μ +
�μ

νσ χ̇νχ̇σ )∂μ. For our worldline, we have ẋ = 0, ṫ = 1
x0

, and ẍ = ẗ = 0, and
therefore, we obtain

A = �a
ttx

−2
0 ∂a . (3.1723)

We know that

�a
tt =

1

2
gab(∂tgtb + ∂tgtb − ∂bgtt )

= 1

2
gab(0+ 0− ∂bgtt ) = −1

2
gab∂bgtt = −1

2
gab∂b(x

2). (3.1724)

Thus, we identify �t
tt = 0 and �x

tt = − 1
2g

xx∂xx
2 = − 1

2(−1)2x = x. Therefore, for
our worldline, we have

A = x−1
0 ∂x . (3.1725)
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The proper acceleration α is given by α2 = −A2 = −g(A,A) = −x−2
0 g(∂x,∂x) =

x−2
0 , which implies that

α = 1

x0
. (3.1726)

b) We have the Killing vector field K = ∂t . Since a free-falling observer moves
along a geodesic, we have the constant of motion

Q = g(∂t,γ̇ ) = x2 ṫ ⇒ ṫ = Q

x2
. (3.1727)

We also know that g(γ̇ ,γ̇ ) = x2 ṫ2 − ẋ2 = Q2

x2 − ẋ2 = 1. This leads to

ẋ =
√

Q2

x2
− 1 = dx

ds
. (3.1728)

Since we start with dx
dt
= 0, we know that Q2 = x2

0 → Q = +x0. To compute the
proper time s to reach x = 0, we need to compute the integral

s =
∫

ds =
∫ x0

0

ds

dx
dx =

∫ x0

0

dx√
x2

0
x2 − 1

=
∫ x0

0

x dx√
x2

0 − x2
= {x = x0 sin θ,dx = x0 cos θdθ}

= x0

∫ arcsin 1

0

sin θ√
1− sin2 θ

cos θ dθ

= x0

∫ arcsin 1

0
sin θ dθ = −x0 [cos θ]arcsin 1

0 = x0. (3.1729)

Note that the given coordinates are Rindler coordinates on Minkowski space. We
can also easily deduce s = x0 by transforming to Minkowski coordinates.

2.107
Using the first relation uv = (2μ− r)e(r−2μ)/2μ, where u < 0 and v > 0, we obtain
by differentiation and Leibniz’ rule

u dv + v du = −r dre(r−2μ)/2μ + (2μ− r)
1

2μ
e(r−2μ)/2μdr = − 1

2μ
e(r−2μ)/2μr dr .

(3.1730)

Similarly, using the second relation t = 2μ ln(−v/u), we obtain

1

2μ
dt = 1

v
dv − 1

u
du, (3.1731)
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which implies that

u dv − v du = 1

2μ
uv dt = 1

2μ
(2μ− r)e(r−2μ)/2μdt . (3.1732)

Solving for du and dv, we find that

2u dv =
[

1

2μ
(2μ− r)dt − 1

2μ
rdr

]
e(r−2μ)/2μ, (3.1733)

2v du =
[
− 1

2μ
(2μ− r)dt − 1

2μ
rdr

]
e(r−2μ)/2μ. (3.1734)

Thus, we have

4 du dv = 1

uv
2u dv · 2v du

= 1

2μ− r

[
− 1

4μ2
(2μ− r)2dt2 + 1

4μ2
r2dr2

]
e(r−2μ)/2μ, (3.1735)

and finally, assuming μ ≡ GM , we obtain the equivalence between the Kruskal–
Szekeres metric and the standard Schwarzschild metric as

16μ2

r
e−(r−2μ)/2μdudv = 4μ2

r(2μ− r)

[
− 1

4μ2
(2μ− r)2dt2 + 1

4μ2
r2dr2

]
= −2μ− r

r
dt2 + r

2μ− r
dr2

=
(

1− 2μ

r

)
dt2 −

(
1− 2μ

r

)−1

dr2

=
(

1− 2GM

r

)
dx0 −

(
1− 2GM

r

)−1

dr2. (3.1736)

2.108
The metric is then given by

ds2 = 16μ2

r
e(2μ−r)/2μdudv − r2d�2, (3.1737)

where μ = GM/c2 and r (as well as the time t = t (u,v), see below) is a function
of u and v. The coordinate r is defined by the equation

uv = (2μ− r)e(r−2μ)/2μ. (3.1738)

Note that f (x) = xex/a is monotonically increasing when x > −a (and f (x) >

−a/e), and therefore, y = f (x) has a unique solution x for any y > −a/e. We
treat u as a kind of universal time and a timelike vector is future directed if its
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K3

K1

p

Light cone
at p

K2

K4

u

v

Figure 3.16 The four regions K1, K2, K3, and K4 of Kruskal–Szekeres coordi-
nates u and v.

projection to ∂u is positive. The orientation (needed in integration) is defined by the
ordering (u,v,θ,φ) of coordinates. Note that the radial null lines (radial light rays)
are given by du = 0 or dv = 0.

The Kruskal–Szekeres spacetime can be divided into four regions (see
Figure 3.16): region K1 consists of points u < 0, v > 0, region K2 of points u,v > 0,
region K3 of points u,v < 0, and finally, region K4 of points u > 0, v < 0. The
boundaries between these regions are nonsingular points for the metric. The only
singularities are at the boundary uv = 2μ/e. The region K1 is equivalent to the
outer region of a Schwarzschild spacetime. This is seen by performing the coordi-
nate transformation (u,v,θ,φ) �→ (t,r,θ,φ), where r = r(u,v) as above and the
Schwarzschild time is t = 2μ ln(−v/u). With a similar coordinate transformation,
the region K4 is also seen to be equivalent to the outer Schwarzschild solution.
The region K2 is equivalent with the Schwarzschild black hole. This equivalence
is obtained through the coordinate transformation (u,v,θ,φ) �→ (t,r,θ,φ), where
r = r(u,v) is the same as before but now t = 2μ ln(v/u). The region K3 is called
a “white hole.”

It is easy to construct smooth timelike curves, which go from either K1 or K4

to the black hole K2. However, we will prove that once an observer falls into the
black hole K2, there is no way to go back to the “normal” regions K1 and K4.
Analogously, everything escapes the “white hole” K3.

Let x(t) be the timelike path of an observer. Then, along the path

dr

dt
= ∂r

∂u

du

dt
+ ∂r

∂v

dv

dt
= r

8μ2
e(r−2μ)/2μ

[
∂r

∂u
g(∂v,x

′(t))+ ∂r

∂v
g(∂u,x

′(t))
]

< 0,

(3.1739)
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since x(t) is timelike and in K2 it holds that r ∂r
∂u
= −2μve(2μ−r)/2μ < 0 and

similarly for the v-coordinate.
The boundary between K2 and the normal regions is r = 2μ (i.e., u = 0 or

v = 0). The function r(x(t)) was seen to be decreasing, and therefore, the path
x(t) can never hit the boundary r = 2μ. However, the observer entering K2 has a
deplorable future, since it will eventually hit the true singularity r = 0, again using
the monotonicity of the function r(x(t)).

Note that there is also another singularity, the outer boundary of K3. Neverthe-
less, this is of no great concern, since it is in the past; no future directed timelike
curve can enter that singularity.

2.109
For s = 0, we have r = 2μ, v = v0, u = 0 and the constant of motion is then
given by

u̇(0)v0

2μ
= E

2μ
. (3.1740)

It follows that, at any point,

E = 2μ

r
e

2μ−r
2μ (u̇v − v̇u). (3.1741)

Taking r as a new parameter of the geodesic and differentiating uv with respect to
r , we obtain

d(uv)

dr
= ds

dr
(u̇v + v̇u) = d

dr
(2μ− r)e

r−2μ
2μ = − r

2μ
e

r−2μ
2μ . (3.1742)

We now have the linear system

u̇v − v̇u = E
r

2μ
e

r−2μ
2μ , (3.1743)

u̇v + v̇u = − 1(
ds
dr

) r

2μ
e

r−2μ
2μ , (3.1744)

for u̇v and v̇u. Solving this system, we obtain

u̇v = r

4μ
e

r−2μ
2μ

[
E − 1(

ds
dr

)] , v̇u = − r

4μ
e

r−2μ
2μ

[
E + 1(

ds
dr

)] . (3.1745)

In addition, we also have the requirement that

gij ẋ
i ẋj = 1 ⇒ 16μ2

r
e

2μ−r
2μ

u̇vv̇u

uv
= 1. (3.1746)
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Inserting our expressions for u̇v, v̇u, and the relation between uv and r , this is
equivalent to

r

2μ− r

[
1(

ds
dr

)2 − E2

]
= 1. (3.1747)

Solving for ds/dr , we obtain

ds

dr
= − 1√

E2 − 1+ 2μ

r

, (3.1748)

where we have used the negative root since the r-coordinate decreases when the
proper time increases.

It follows that the proper time �s to reach the singularity is given by

�s =
∫ �s

0
ds =

∫ 0

2μ

ds

dr
dr =

∫ 2μ

0

dr√
E2 − 1+ 2μ

r

, (3.1749)

and thus, we find that

f (r) = 1√
E2 − 1+ 2μ

r

. (3.1750)

2.110
a) The scalar quantity RμναβRμναβ has a singularity at r = 0. From this follows

that the singularity at r = 0 is a physical singularity and not simply due to a bad
choice of coordinates (which is the case for the coordinate singularity at r = r∗).

b) For a radial light signal, we have dθ = dφ = 0 and ds2 = 0. It follows that

dr = ±
(

1− r∗
r

)
dt . (3.1751)

For r > r∗, we can see from the metric that t is the time-coordinate since gtt > 0.
The forward light cone is therefore given by

dr

dt
= ±

(
1− r∗

r

)
, (3.1752)

i.e., one side of the cone going radially outward and another radially inward. For
r < r∗, we instead have grr > 0, and thus, r represents the time-coordinate with
time increasing in the negative r-direction. Thus, for this case, we have

dt

dr
= ±

(
1− r∗

r

)−1
, (3.1753)

i.e., the t-coordinate (which is now a spatial coordinate) can both decrease or
increase with time (r).
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c) In Kruskal–Szekeres coordinates, we still have d� = 0 and ds2 = 0 for the
radial light cone. It follows that

dU = ±dV . (3.1754)

Hence, the light cones are straight lines with slope 1 in these coordinates.

2.111
a) The equation of motion for a massive test particle m (at position r) in a

gravitational potential �(r) = −GM/r according to Newton’s mechanics (i.e.,
Newton’s second law) is given by

F(r) = mr̈ = −m∇�(r) = mGM∇ 1

r
= −mGM

r2
er, (3.1755)

where M is the total point mass of a spherically symmetric source (located at
the origin) giving rise to the gravitational potential �(r) (solving Newton’s field
equation in differential form, i.e., ∇2� = 4πGρ with ρ being the mass density
function), or without the massive test particle, the equation of motion in differential
form is

d2r
dt2

= −∇�(r), (3.1756)

whereas the equations of motion according to general relativity are given by the
geodesic equations ẍμ + �

μ
νλẋ

ν ẋλ = 0, or more explicitly,

d2xμ

dσ 2
+ �

μ
νλ

dxν

dσ

dxλ

dσ
= 0, (3.1757)

where σ is the curve parameter and �
μ
νλ are the Christoffel symbols defined through

gαμ�
μ
νλ =

1

2

(
∂gνα

∂xλ
+ ∂gλα

∂xν
− ∂gνλ

∂xα

)
, (3.1758)

with gμν being the metric. Thus, the Christoffel symbols are combinations of first-
order derivatives of the metric.

In the Newtonian limit, we wish to derive the equation of motion according
to Newton’s mechanics from the equations of motion according to general rela-
tivity. Thus, we compute the geodesic equations using the metric gμν = ημν +
hμν in the linear approximation, i.e., we neglect higher-order terms in hμν . Note
that (ημν) = diag(1,−1,−1,−1). For small velocities, the time component ẋ0(σ )

of the 4-velocity is much larger than the spatial components. For this reason, we
can approximate the geodesic equations as

d2xμ

dσ 2
+ �

μ

00

(
dx0

dσ

)2

= 0. (3.1759)
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In the linear approximation, we have

�0
00 =

1

c2
∂0�, �i

00 = −
1

c2
∂i�. (3.1760)

Thus, the geodesic equations become

ẍ0 + 1

c2
∂0�(ẋ0)2 = 0, (3.1761)

ẍi − 1

c2
∂i�(ẋ0)2 = 0. (3.1762)

In the frame, where the source is at rest, the first equation says that we can choose
the time t as the curve parameter, i.e., x0(σ ) = σ = ct , and then the second
equation becomes

d2xi

dt2
= ∂i� = −∂i� ⇔ d2x

dt2
= −∇�. (3.1763)

The right-hand side (after multiplication by the mass m of the test particle) is the
gravitational force of the source on m, so this equation is just Newton’s second law,
i.e., mr̈ = −m∇�(r).

b) Tidal forces in Newtonian physics are due to differences in gravitational accel-
erations in neighboring points. Since gravitational accelerations are proportional to
the derivatives of the gravitational potential, the differences in gravitational accel-
erations are second-order derivatives of the gravitational potential, and therefore
proportional to r−3, since the gravitational potential itself is proportional to r−1. In
general relativity, tidal forces are related to the so-called geodesic deviation, which
describes how nearby geodesics separate or converge. They are proportional to
second-order derivatives of the metric, since the relativistic gravitational potential
in the weak field limit appears as the perturbations to the metric. Thus, tidal forces
in general relativity are proportional to the curvature (which is proportional to
second-order derivatives of the metric).

2.112
a) In the Newtonian limit (where |hμν | � 1 everywhere in spacetime), we have

the metric tensor gμν , the Christoffel symbols �λ
μν , the Riemann curvature tensor

R
μ
νλρ , the Ricci tensor Rμν , the Ricci scalar R, and the Einstein tensor Gμν as

gμν = ημν + hμν, (3.1764)

�λ
μν =

1

2
gλρ

(
∂μgνρ + ∂νgμρ − ∂ρgμν

)
� 1

2
ηλρ

(
∂μhνρ + ∂νhμρ − ∂ρhμν

) ≡ �(1)λ

μν, (3.1765)
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R
μ
νλρ = ∂λ�

μ
ρν − ∂ρ�

μ
λν + �

μ
λσ�σ

ρν − �μ
ρσ�σ

λν � ∂λ�
(1)μ

ρν − ∂ρ�
(1)μ

λν

= 1

2
ημσ

(
∂λ∂ρhνσ + ∂ν∂λhρσ − ∂λ∂σhρν − ∂λ∂ρhνσ − ∂ν∂ρhλσ + ∂ρ∂σhλν

)
= 1

2

(
∂ν∂λh

μ
ρ + ∂μ∂ρhλν − ∂ν∂ρh

μ
λ − ∂μ∂λhρν

)
= 1

2
ημσ

(
∂ν∂λhρσ + ∂σ ∂ρhνλ − ∂ν∂ρhλσ − ∂σ ∂λhνρ

) ≡ R(1)μ

νλρ, (3.1766)

Rμνλρ = gμσRσ
νλρ � ημσR(1)σ

νλρ

= 1

2

(
∂ν∂λhμρ + ∂μ∂ρhνλ − ∂ν∂ρhμλ − ∂μ∂λhνρ

) ≡ R
(1)
μνλρ, (3.1767)

Rμν = gλρRρμλν = Rλ
μλν � ηλρR

(1)
ρμλν

= 1

2

(
∂λ∂μhλ

ν + ∂λ∂νh
λ
μ − ∂μ∂νh−�hμν

) ≡ R(1)
μν, (3.1768)

R = gμνRμν = Rμ
μ � ημνR(1)

μν = ∂μ∂νhμν −�h ≡ R(1), (3.1769)

Gμν = Rμν − 1

2
gμνR � R(1)

μν −
1

2
ημνR

(1)

= 1

2

(
∂λ∂μhλ

ν + ∂λ∂νh
λ
μ − ∂μ∂νh−�hμν − ημν∂

α∂βhαβ + ημν�h
) ≡ G(1)

μν,

(3.1770)

where hμν = hνμ and h ≡ hμ
μ. Note that in the weak field limit the Christof-

fel symbols are first-order derivatives of hμν , whereas the Riemann curvature ten-
sor, the Ricci tensor, the Ricci scalar, and the Einstein tensor are all second-order
derivatives of hμν .

Thus, the solution to this problem, i.e., the Ricci tensor in the linear approxima-
tion for a metric gμν = ημν + hμν , is given by

R(1)
μν =

1

2

(
∂λ∂μhλ

ν + ∂λ∂νh
λ
μ − ∂μ∂νh−�hμν

)
. (3.1771)

b) Consider the coordinate transformation xμ �→ x ′μ = xμ + χμ, where
|∂νχ

μ| � 1. Differentiating this coordinate transformation yields

∂νx
′μ = ∂νx

μ + ∂νχ
μ = δμ

ν + ∂νχ
μ. (3.1772)

Since |∂νχ
μ| � 1, we have the inverse coordinate transformation, namely

∂ ′νx
μ � δμ

ν − ∂νχ
μ. (3.1773)

Using this inverse coordinate transformation for the metric tensor and the definition
g(1)

μν = ημν + hμν , we find that

g′μν = ∂ ′μxα∂ ′νx
βgαβ � δα

μδβ
ν gαβ − ∂μχαηαν − ∂νχ

βημβ = gμν − ∂μχν − ∂νχμ.
(3.1774)
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Finally, using again the definition gμν = ημν + hμν , we obtain

hμν �→ h′μν = hμν − ∂μχν − ∂νχμ, (3.1775)

which is the gauge transformation of hμν .
c) Consider a coordinate system in which the harmonic (or Lorenz) gauge con-

dition holds, i.e., ∂μh̄μν = 0, where

h̄μν ≡ hμν − 1

2
hημν . (3.1776)

Note that h̄μ
μ = −hμ

μ (or h̄ = −h). The tensor h̄μν has the following gauge
transformation

h̄μν �→ h̄′μν = h̄μν − ∂μχν − ∂νχμ + (∂λχ
λ)ημν . (3.1777)

Inserting the definition of h̄μν into the harmonic gauge condition, we have

∂μhμν = 1

2
∂νh

μ
μ =

1

2
∂νh, (3.1778)

which implies that

R(1)
μν = −

1

2
�hμν, R(1) = −1

2
�h, (3.1779)

and thus, we obtain

G(1)
μν = R(1)

μν −
1

2
R(1)ημν = −1

2
�
(

hμν − 1

2
hημν

)
= −1

2
�h̄μν . (3.1780)

This means that the linearized Einstein equations turn into standard wave equations
of the form

�h̄μν = −16πG

c4
Tμν . (3.1781)

2.113
a) Considering the metric corresponding to a weak gravitational potential �(x)

and setting c = 1, we have the Lagrangian

L = [1− 2�(x)] ṫ2 − [1+ 2�(x)] (ẋ2 + ẏ2 + ż2), (3.1782)

where �(x) is independent of time t . Using the Euler–Lagrange equations, we find
that

d

dτ

∂L
∂ṫ
− ∂L

∂t
= 0 ⇒ d

dτ

[
(1− 2�(x))ṫ

] = 0 ⇒ (1− 2�(x))ṫ = const.,

(3.1783)
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d

dτ

∂L
∂ẋi

− ∂L
∂xi

= 0

⇒ ẍi + 2

1+ 2�(x)

(
�′

xẋ +�′
yẏ +�′

zż
)
ẋi

− �′
xi

1+ 2�(x)

(
ṫ2 + ẋ2 + ẏ2 + ż2

) = 0. (3.1784)

However, since the metric only holds in the weak-field limit (where only lowest-
order terms of � are kept), we should write the Euler–Lagrange equations in this
limit and have

(1− 2�(x))ṫ = const., (3.1785)

ẍi + 2
(
�′

xẋ +�′
yẏ +�′

zż
)
ẋi −�′

xi

(
ṫ2 + ẋ2 + ẏ2 + ż2

) = 0. (3.1786)

Furthermore, we apply the nonrelativistic limit, which says that ẋi � ṫ , since it
holds for a slowly moving massive particle that τ ≈ t and dxi/dt � 1, which
implies that ẋi � ṫ ≈ 1. Thus, we obtain the simple equations

ẗ � 0, ẍi −�′
xi � 0, (3.1787)

which are the geodesic equations in the nonrelativistic and weak-field limits. The
first equation means that energy (or ṫ) is conserved (the integration constant is
chosen such that ṫ = 1, which then coincides with L=1 in the nonrelativistic limit),
whereas multiplying the second equation with the mass m of the massive test
particle leads to

mẍi = m�′
xi = m

∂�

∂xi
= m∂i� = −m∂i�, (3.1788)

which is just Newton’s second law, i.e., ma = F = −m∇�(x), where the force
F = −m∇�(x) is that of a weak gravitational potential �(x). Compare the
solution to Problem 2.111 a).

b) Using the metric for the weak gravitational potential �(x), we have

g00(x) = [c2 − 2�(x)
] 1

c2
= 1− 2

c2
�(x). (3.1789)

Now, assuming �(x) = −gz, we find that

g00(z) = 1+ 2

c2
gz. (3.1790)
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Then, using the formula for the gravitational redshift to compute the photon’s
gravitational redshift, we obtain

ω′

ω
=
√√√√1+ 2

c2 g · 0
1+ 2

c2 g · h
� 1− gh

c2

⇒ z = λ′

λ
− 1 = ω

ω′
− 1 =

√
1+ 2gh

c2
− 1 � gh

c2
, (3.1791)

where h > 0. Thus, a photon emitted at a lower gravitational potential with an angu-
lar frequency ω is received at a higher gravitational potential with a smaller angular
frequency ω′, i.e., it is redshifted, although the emitter and the receiver are not in
relative motion.

Finally, consider a particular frame to be at rest when the photon starts its upward
climb in the gravitational potential and falls freely after that. Since the photon
climbs from z = 0 to z = h > 0, i.e., a distance h, it takes the time �t = h/c to
arrive at the higher gravitational potential. During this time, the frame has obtained
the velocity v = g�t = gh/c downward relative to the higher gravitational poten-
tial. Therefore, using formula for the Doppler shift, the photon’s angular frequency
ωff relative to the freely falling frame is

ωff

ω′
=
√

1− (−gh/c2)

1+ (−gh/c2)
� 1+ gh

c2
, (3.1792)

which means that

ωff � ω′
(

1+ gh

c2

)
� ω

(
1− gh

c2

)(
1+ gh

c2

)
� ω. (3.1793)

Thus, there is no redshift in a freely falling frame, confirming that it is a local iner-
tial frame. This is the essence of Einstein’s equivalence principle, which means that
the gravitational field can be transformed away by transforming to an appropriate
accelerating (“freely falling”) frame of reference.

2.114
a) Consider two massive particles moving freely on two close paths, where one

particle has the spacetime path xμ(τ) and the other one has the spacetime path
xμ(τ)+sμ(τ ). Therefore, the two particles are separated by the displacement vector
sμ(τ ), which is small. The geodesic equations (or the equations of motion) for the
two particles are given by

ẍμ + �
μ
αβ(x)ẋαẋβ = 0, (ẍμ + s̈μ)+ �

μ
αβ(x + s)(ẋα + ṡα)(ẋβ + ṡβ) = 0.

(3.1794)
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Since sμ is small, we can series expand the Christoffel symbols �
μ
αβ(x + s) in the

second equation as

�
μ
αβ(x + s) � �

μ
αβ(x)+ ∂λ�

μ
αβ(x)sλ. (3.1795)

Thus, from the difference between the two geodesics equations, we have to first
order in s

s̈μ � −2�
μ
αβ(x)ṡαẋβ − ∂λ�

μ
αβ(x)sλẋαẋβ, (3.1796)

where we used �
μ
αβ(x) = �

μ
βα(x). Using the definition of the parallel transport of a

vector V μ along a path xμ(τ), i.e.,

DV μ

Dτ
= V̇ μ + �

μ
αβV αẋβ = 0, (3.1797)

we have directly the first derivative of sμ

Dsμ

Dτ
= V̇ μ + �

μ
αβV αẋβ, (3.1798)

and we can also find the second derivative of sμ as

D2sμ

Dτ 2
= D

Dτ

Dsμ

Dτ
= d

dτ

Dsμ

Dτ
+ �

μ
αβ

Dsα

Dτ
ẋβ

= d

dτ

(
ṡμ + �

μ
αβsαẋβ

)+ �
μ
αβ

(
ṡα + �α

λρs
λẋρ

)
ẋβ

= s̈μ + ∂λ�
μ
αβẋλsαẋβ + �

μ
αβṡαẋβ + �

μ
αβsαẍβ + �

μ
αβ ṡαẋβ + �

μ
αβ�α

λρs
λẋρẋβ .

(3.1799)

In order to simplify the second derivative, we use the above-derived expressions for
s̈μ and ẍβ and obtain

D2sμ

Dτ 2
= −2�

μ
αβ ṡαẋβ − ∂λ�

μ
αβsλẋαẋβ + ∂λ�

μ
αβẋλsαẋβ + �

μ
αβṡαẋβ

− �
μ
αβ�

β

λρs
αẋλẋρ + �

μ
αβ ṡαẋβ + �

μ
αβ�α

λρs
λẋρẋβ

= −∂λ�
μ
αβsλẋαẋβ + ∂λ�

μ
αβẋλsαẋβ − �

μ
αβ�

β

λρs
αẋλẋρ + �

μ
αβ�α

λρs
λẋρẋβ .

= −(∂λ�
μ
αβ − ∂α�

μ
λβ + �

μ
λρ�

ρ
αβ − �

μ
ρβ�

ρ
λα)s

λẋαẋβ, (3.1800)

where in the last step we relabeled some of the summation indices. It holds
that ∂α�

μ
λβsλẋαẋβ = ∂β�

μ
λαs

λẋαẋβ and that �
μ
αβ = �

μ
βα. Thus, we can identify the

Riemann curvature tensor as

R
μ
αλβ = ∂λ�

μ
βα − ∂β�

μ
λα + �

μ
λρ�

ρ
βα − �

μ
βρ�

ρ
λα, (3.1801)

and therefore, we have derived the equation of geodesic deviation, namely

D2sμ

Dτ 2
= −R

μ
αλβsλẋαẋβ = −R

μ
ανβsν dxα

dτ

dxβ

dτ
. (3.1802)
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b) In the Newtonian limit, we can approximate the metric by gμν = ημν +
hμν , where |hμν | � 1 is small, and therefore, we have the metric tensor gμν , the
Christoffel symbols �λ

μν , and the Riemann curvature tensor R
μ
νλρ as

gμν � ημν + hμν, (3.1803)

�λ
μν =

1

2
gλρ

(
∂μgνρ + ∂νgμρ − ∂ρgμν

)
� 1

2
ηλρ

(
∂μhνρ + ∂νhμρ − ∂ρhμν

) ≡ �(1)λ

μν, (3.1804)

R
μ
νλρ = ∂λ�

μ
ρν − ∂ρ�

μ
λν + �

μ
λσ�σ

ρν − �μ
ρσ�σ

λν � ∂λ�
(1)μ

ρν − ∂ρ�
(1)μ

λν

= 1

2
ημσ

(
∂λ∂ρhνσ + ∂ν∂λhρσ − ∂λ∂σhρν − ∂λ∂ρhνσ − ∂ν∂ρhλσ + ∂ρ∂σhλν

)
= 1

2

(
∂ν∂λh

μ
ρ + ∂μ∂ρhλν − ∂ν∂ρh

μ
λ − ∂μ∂λhρν

)
= 1

2
ημσ

(
∂ν∂λhρσ + ∂σ ∂ρhνλ − ∂ν∂ρhλσ − ∂σ ∂λhνρ

) ≡ R(1)μ

νλρ . (3.1805)

Choosing μ = i, ν = 0, λ = j , and ρ = 0, we have

Ri
0j0 � R(1)i

0j0 =
1

2
ηiσ

(
∂0∂jh0σ + ∂σ ∂0h0j − ∂0∂0hjσ − ∂σ ∂jh00

)
= 1

2

(−∂j∂0h0i − ∂i∂0h0j + ∂0∂0hji + ∂i∂jh00
)

. (3.1806)

Furthermore, in the Newtonian limit, we have the static field condition, i.e.,
∂0gαβ = 0, which means that all time derivatives of the metric can be neglected,
and thus, we find that

Ri
0j0 �

1

2
∂i∂jh00. (3.1807)

Now, h00 = 2�/c2 (see Problem 2.112), so we finally obtain

Ri
0j0 �

1

c2
∂i∂j� = 1

c2

∂2�

∂xj∂xi
, (3.1808)

which, using the result found in a) with τ = t , setting c = 1, and again choosing
μ = i, leads to the equation for the tidal acceleration in Newton’s theory of
gravitation, namely

d2si

dt2
= − ∂2�

∂xi∂xj
sj, (3.1809)
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which is what we wanted to show. In words, the acceleration of the separation
between the trajectories of the two particles is given by a tensor of the second
derivatives of the gravitational potential.

2.115
a) The metric in Minkowski space in Cartesian spatial coordinates is given by

ds2 = c2dt2 − dx2
0 − dy2

0 − dz2
0. (3.1810)

Consider the motion of a free particle in the lab frame described by a cylindrical
coordinate system x = r cos ϕ, y = r sin ϕ, and z = z, but also in the rest frame
of the particle that is rotating with constant angular velocity ω around the z-axis
relative to the lab frame. The spatial cylindrical coordinates in the rest frame of the
particle are given by x = r0 cos ϕ0, y = r0 sin ϕ0, and z = z0 and the two frames
are related to each other by the following coordinate transformations

r0 = r, ϕ0 = ϕ − ωt, z0 = z. (3.1811)

Without loss of generality, we can set c = 1. In the rest frame of the particle, the
metric becomes

ds2 = dt2 − dr2
0 − r2

0dϕ2
0 − dz2

0 = dt2 − dr2 − r2(dϕ − ω dt)2 − dz2

= (1− ω2)dt2 − dr2 − r2dϕ2 − dz2 + 2r2ω dt dϕ, (3.1812)

which in turn implies the Lagrangian

L = gμνdxμdxν = (1− ω2r2)ṫ2 + 2ωr2 ṫ ϕ̇ − ṙ2 − r2ϕ̇2 − ż2. (3.1813)

Thus, we can immediately read off the nonzero components of the metric, namely

gtt = 1− ω2r2, gtϕ = gϕt = ωr2, grr = −1, gϕϕ = −r2, gzz = −1.
(3.1814)

Now, using the Euler–Lagrange equations, i.e., d
dτ

∂L
∂ẋμ − ∂L

∂xμ = 0, we find that

∂L
∂t
= 0,

∂L
∂ṫ
= 2(1− ω2r2)ṫ + 2ωr2ϕ̇

⇒ ẗ − ωr

1− ω2r2

(
2ωṫ ṙ − 2ṙ ϕ̇ − rϕ̈

) = 0, (3.1815)

∂L
∂r
= −2ω2r ṫ2 + 4ωrṫϕ̇ − 2rϕ̇2,

∂L
∂ṙ
= −2ṙ

⇒ r̈ − rϕ̇2 − ωr
(
ωṫ2 − 2ṫ ϕ̇

) = 0, (3.1816)

∂L
∂ϕ

= 0,
∂L
∂ϕ̇

= 2ωr2 ṫ − 2r2ϕ̇ ⇒ ϕ̈ + 2

r
ṙϕ̇ − ω

(
2

r
ṫ ṙ + ẗ

)
= 0,

(3.1817)

∂L
∂z
= 0,

∂L
∂ż
= −2ż ⇒ d

dτ
ż = 0. (3.1818)
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Since ∂L
∂t
= ∂L

∂ϕ
= ∂L

∂z
= 0, we basically have three constants of motion, i.e., ∂L

∂ṫ
=

const., ∂L
∂ϕ̇
= const., and ∂L

∂ż
= const. However, we observe that two of the Euler–

Lagrange equations contain both ẗ and ϕ̈, and therefore, solving for ẗ and ϕ̈, we
obtain the geodesic equations

ẗ = 0, r̈ − ω2r ṫ2 + 2ωrṫϕ̇ − rϕ̇2 = 0, ϕ̈ − 2ω

r
ṫ ṙ + 2

r
ṙϕ̇ = 0, z̈ = 0.

(3.1819)

Thus, comparing the geodesic equations with the general formula for the geodesic
equations, i.e., ẍμ + �

μ
νλẋ

ν ẋλ = 0, and using �
μ
νλ = �

μ
λν , we can read off the eight

nonzero Christoffel symbols as

�r
tt = −ω2r, �r

tϕ = �r
ϕt = ωr, �r

ϕϕ = −r,

�
ϕ
tr = �

ϕ
rt = −

ω

r
, �ϕ

rϕ = �ϕ
ϕr =

1

r
. (3.1820)

Note that in the case we set ω = 0, the Christoffel symbols reduce to three, i.e.,
�r

ϕϕ = −r and �ϕ
rϕ = �ϕ

ϕr = 1
r
, which are the Christoffel symbols in nonrotating

cylinder coordinates.
To summarize, in the rest frame of a free particle rotating with constant angular

velocity ω around the z-coordinate axis, the Christoffel symbols and the geodesic
equations are

�r
tt = −ω2r, �r

tϕ = �r
ϕt = ωr, �r

ϕϕ = −r,

�
ϕ
tr = �

ϕ
rt = −

ω

r
, �ϕ

rϕ = �ϕ
ϕr =

1

r
,

ẗ = 0, r̈ − ω2r ṫ2 + 2ωrṫϕ̇ − rϕ̇2 = 0, ϕ̈ − 2ω

r
ṫ ṙ + 2

r
ṙϕ̇ = 0, z̈ = 0.

(3.1821)

b) Now, in the Newtonian limit, the approximate geodesic equations (see also
Problem 2.111) are given by

d2xμ

dσ 2
+ �

μ

00

(
dx0

dσ

)2

= 0, (3.1822)

since for small velocities, the component ẋ0(σ ) of the 4-velocity is much larger
than the corresponding spatial components, and where σ is the curve parameter.
Using the results found in a), we only have one nonzero Christoffel symbol on
the form �

μ

00, which is �r
00 = �r

tt = −ω2r , and therefore, the approximate geodesic
equations are reduced to

d2t

dσ 2
= 0,

d2r

dσ 2
− ω2r

(
dt

dσ

)2

= 0. (3.1823)
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In the rest frame of the particle, the first equation means that we can choose the
time t as the curve parameter σ , i.e., t = σ , and then the second equation becomes

r̈ − ω2r = 0. (3.1824)

Multiplying this equation with the mass m of the particle, we obtain

mr̈ = mω2r ≡ Fcentrifugal, (3.1825)

where Fcentrifugal = mω2r is the centrifugal force that appears to act on all objects
when viewed in a rotating frame.

Thus, in the nonrelativistic limit, Newton’s equation of motion in the rotating
frame of the free particle is given by

mr̈ = mω2r . (3.1826)

Note that this equation is expressed in the radial coordinate of either the lab frame
or the rest frame of the particle, since r = r0 [see a)].

2.116
a) In spherical coordinates the Lagrangian is

L = 1

2
mṙ2 + GMm

r
= 1

2
m(ṙ2 + r2ϕ̇2)+ GMm

r
, (3.1827)

where it is assumed that θ = π/2 and θ̇ = 0 with dot meaning differentiation with
respect to time t . This yields the Euler–Lagrange equations

d

dt

∂L
∂ṙ
− ∂L

∂r
= −mrϕ̇2 + GMm

r2
= 0, (3.1828)

d

dt

∂L
∂ϕ̇
− ∂L

∂ϕ
= d

dt
(mr2ϕ̇) = 0, (3.1829)

where it holds that ṙ = r̈ = 0, since it is assumed that r = r0 = const. The second
equation is solved by L = mr2ϕ̇ = constant, i.e., ϕ̇ = L/(mr2). Inserting this into
the first equation, we obtain

−mr

(
L

mr2

)2

+ GMm

r2
= 0 ⇒ r = L2

GMm2
≡ r0, (3.1830)

which is the trajectory of the planet.
Note that r0 is exactly the radius where the centrifugal force mr2ϕ̇ is balanced by

the attractive gravitational force GMm/r2, i.e., mr2ϕ̇ = GMm/r2, which together
with L = mr2ϕ̇ gives an elementary derivation of the trajectory of the planet.

b) The result in a) can be summarized as follows: It has been shown that
mr̈ = −m�′

eff(r) with the effective gravitational potential

m�eff(r) = −GMm

r
+ 1

2
mr2ϕ̇2 = m

(
−GM

r
+ L2

2m2r2

)
. (3.1831)
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The stationary orbit r = r0 can thus be obtained as the solution to �′
eff(r) = 0. This

solution r = r0 is a minimum of �eff(r), and therefore, it corresponds to a stable
orbit.

There exists a natural generalization of the effective potential �eff(r) to general
relativity, namely

�(r) = − r∗
2r
+ L2

2m2r2
− r∗L2

2m2r3
, (3.1832)

where r∗ = 2GM is the Schwarzschild radius, which can be written as

�(r) = − r∗
2r
+ r0r∗

4r2
− r0r

2
∗

4r3
, (3.1833)

where r0 ≡ L2/(GMm2), which is the solution to the problem in a). The general
relativity generalization of the orbit r0 can be computed by solving �′(r) = 0,
which yields

r2 − r0r + 3

2
r0r∗ = 0. (3.1834)

Thus, we have two possible solutions

r± = r0

2

(
1±

√
1− 6r∗

r0

)
. (3.1835)

The solution r+ corresponds to a minimum of �eff(r) and is thus a stable orbit gen-
eralizing the Newtonian solution found in a), whereas the solution r− corresponds
to a maximum and is thus unstable, but r− → 0 in the Newtonian limit r∗ → 0.
Therefore, the generalization of the orbit r0 in a) to general relativity is

r+ = r0

2

(
1+

√
1− 6r∗

r0

)
. (3.1836)

2.117
a) We need to assume the weak-field limit where the metric can be written

gμν = ημν + hμν, (3.1837)

where ημν is the Minkowski metric and hμν is a small perturbation. We will
only need to determine the Riemann tensor to first order in hμν . Furthermore, we
assume that the source of the gravitational field is not large and slowly moving,
hence only the component T 00 = c2ρ gives a relevant contribution to the field.
Furthermore, we assume that in the Newtonian limit ρ � p

c2 hence we can assume
T μν = ρUμUν .
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b) Einstein’s equations are

Gμν = 8π
G

c4
T μν, (3.1838)

where Gμν = Rμν − 1
2Rgμν . For the metric in gμν = ημν + hμν the Christoffel

symbols are given by

�ω
μν =

1

2
ηωρ(∂μhνρ + ∂νhμρ − ∂ρhμν). (3.1839)

Since the lowest order of hμν in the Christoffel symbols is the first, the Riemann
tensor of first order will therefore only contain the derivative terms

Rλ
ωμν =

1

2

(
∂μ�λ

νω − ∂ν�
λ
μω

) = 1

2

(
∂ω∂μhλ

ν + ∂λ∂νhωμ − ∂ω∂νh
λ
μ − ∂λ∂μhων

)
.

(3.1840)

Using the gauge condition ∂λhμλ = ∂μh/2, we can write the Ricci tensor and Ricci
scalar as

Rμν = −1

2
�hμν, R = 1

2
�h, � = ∂μ∂μ. (3.1841)

Einstein’s equations can now be written as

−1

2
�
(

hμν − 1

2
hημν

)
= 8π

G

c4
T μν . (3.1842)

Since only the 00-component gives a sizable contribution, we obtain

�
(

h00 − 1

2
h

)
= −16π

G

c2
ρ. (3.1843)

Since the source was moving slowly we can drop the 0-component of the derivative
∂0 = 1

c
∂t . Thus,

∇2

(
h00 − 1

2
h

)
= 16π

G

c2
ρ. (3.1844)

Hence, with

h00 − 1

2
h = 4

c2
φ, (3.1845)

we find ∇2φ = 4πGρ.

2.118
The metric outside of the Earth is given by

ds2 = (1+ 2�)dt2 + (1+ 2�)−1dr2 − r2d�2, (3.1846)
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where � = −GM
r

is the gravitational potential and d�2 = dθ2 + sin2 θdφ2.
A satellite is orbiting at a distance R1 from the surface. We are interested the
eigentime for the satellite to complete a full orbit around the Earth. Therefore, we
have R = RE+R1 and due to the spherical symmetry we can assume θ = π

2 . Thus,
the metric can be written as

ds2 = (1+ 2�)dt2 − (1+ 2�)−1dr2 − R2dφ2. (3.1847)

The Lagrangian is given by

L = 1 = (1+ 2�)ṫ2 − (1+ 2�)−1ṙ2 − R2φ̇2. (3.1848)

The Euler–Lagrange equations are then given by

r̈ − 2GM

r2
(1+ 2�)−1ṙ2 − GM

r2
(1+ 2�)ṫ2 + r(1+ 2�)φ̇2 = 0, (3.1849)

d

dτ
(ṫ) = 0, (3.1850)

d

dτ
(φ̇) = 0. (3.1851)

The last two equations can be integrated to give

ṫ = α, (3.1852)

φ̇ = β, (3.1853)

where α and β are constants. From the first equation, we can determine a rela-
tion between ṫ and φ̇, using ṙ = 0 and r̈ = 0. Inserting the expressions for ṫ and φ̇,
we get

Rβ2 − GM

R2
α2 = 0. (3.1854)

Furthermore, the Lagrangian can be reduced, using ṙ = 0, to

L = 1 = (1+ 2�)α2 − R2β2, (3.1855)

which can be solved for α = 1√
1+ 3

2 �

and β =
√

�
R(2+3�)

, and thus, from dφ

dτ
= β,

we get

2π = β�τ ⇒ �τ = 2π

√
R(2+ 3�)

�
. (3.1856)

We can also determine t in terms of τ as

�t = α�τ = �τ√
1+ 3

2�

. (3.1857)
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ρ0

R0

b
�

Figure 3.17 Setup of the spherical body of radius R0 and impact parameter b and
deflection angle α of the neutrino, respectively.

2.119
See Figure 3.17 for the setup of the problem. The deflection angle due to gravita-
tional lensing in the weak-field limit is given by

α =
∣∣∣∣2 ∫ (∇φ)⊥ dt

∣∣∣∣ , (3.1858)

where φ is the Newtonian gravitational potential and (∇φ)⊥ is the component of
its gradient which is perpendicular to the zeroth order direction of motion. We pick
a coordinate system such that the zeroth order worldline of the neutrinos is given
by x(t) = te1 + be2. It follows that

α = 2

∣∣∣∣∫ ∞

−∞
e2 · ∇φ dt

∣∣∣∣ = 4

∣∣∣∣∫ ∞

0
e2 · ∇φ dt

∣∣∣∣ . (3.1859)

The gradient ∇φ is given by

∇φ = er∂rφ = GM(r)

r2
er, (3.1860)

where M(r) is the mass inside the radius r . This mass is given by

M(r) =
{

M0
r3

R3
0
, r < r0

M0, r ≥ r0

. (3.1861)

Noting that r2 = t2 + b2, it follows that∫ ∞

0
e2 · ∇φ dt =

∫ ∞

0

GbM(r)

r3
dt = GM0

∫ √R2
0−b2

0

b

R3
0

dt +GM0

∫ ∞
√

R2
0−b2

b

r3
dt

= M0bG

⎡⎣
√

R2
0 − b2

R3
0

+ 1

b2
− 1

b2

√
R2

0 − b2

R0

⎤⎦
= M0bG

⎡⎣
√

R2
0 − b2

R0

(
1

R2
0

− 1

b2

)
+ 1

b2

⎤⎦ . (3.1862)
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This leads us to conclude that the deflection angle α is given by

α = 4M0bG

⎡⎣
√

R2
0 − b2

R0

(
1

R2
0

− 1

b2

)
+ 1

b2

⎤⎦ . (3.1863)

For b → R0, α → 4M0G

b
, which is the expected result as it coincides with the result

for the deflection outside of a spherical mass distribution with total mass M0.

2.120
The Newtonian gravitational potential � satisfies Poisson’s equation

∇2� = 4πGρ (3.1864)

in the region r > rs . Due to the symmetry of the problem, we will assume that �

is spherically symmetric and introduce the function f (r) = r�(r), with which the
differential equation for the gravitational potential takes the form

f ′′(r) = 4πrGρ(r). (3.1865)

With the assumption of the NFW halo profile for ρ(r), we find that

f ′′(r) = 4πGk

r2
�⇒ f (r) = −4πGk ln

( r

R

)
+ Cr, (3.1866)

where C and R are integration constants. The resulting expression for the gravita-
tional potential is therefore

�(r) = −4πGk

r
ln
( r

R

)
+ C. (3.1867)

The gradient of the potential is now

∇� = er�
′(r) = 4πGk

r2
ln
( r

eR

)
= er

[
4πGk

r2
ln

(
r

rs

)
+ K

r2

]
, (3.1868)

where we have introduced the new constant K = 4πGk ln(rs/eR). The constant K

can be related to the mass M0 enclosed within r < rs according to the relation

�′(rs) = GM0

r2
s

= K

r2
s

�⇒ K = GM0. (3.1869)

Letting the zeroth order worldline of the light signal be given by x(t) = te1+ r0e2,
the first-order lensing is given by

θ � 2
∫

e2 · ∇�dt = 2
∫ ∞

−∞

GM0r0√
r2

0 + t2
3 dt + 4πGk

∫ ∞

−∞

ln[(t2 + r2
0 )/r2

s ]√
r2

0 + t2
3 dt .

(3.1870)
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The first of these integrals is the same integral that we have encountered for the
gravitational lensing of a point source. The second integral can be solved through
a lengthy process involving substitutions and partial integrations to give the final
result

θ � 4GM0

r0
+ 16πGk

r0
ln

(
er0

2rs

)
� 4GM0

r0
+ 16πGk

r0

[
ln

(
r0

rs

)
+ 0.31

]
,

(3.1871)

where e = 2.71828 . . . is the base of the natural logarithm.

2.121
a) Consider two observers A and B located at spacetime points x

μ

A and x
μ

B ,
respectively. Suppose that A is sending out light waves at the rate n per coordinate
time interval �. In the (local) rest frame of an observer, the time interval � is related
to the proper time interval by the factor

√
g00. It follows that the relation between

the number of light waves received by B per unit proper time and the number of
light waves emitted by A per unit proper time is

νB

νA

=
√

g00(xA)

g00(xB)
,

λB

λA

=
√

g00(xB)

g00(xA)
, (3.1872)

where νA (λA) is the frequency (wavelength) of the light emitted by A and νB (λB)
is the frequency (wavelength) of the light received by B. Note that a frequency ν

and its corresponding wavelength λ are related as νλ = c. The light is traveling
along a null geodesic (i.e., a geodesic such that the tangent vector at each point
is lightlike) from A to B, but we do not need the explicit solution of the geodesic
equations.

b) In general, if the radial coordinate of B is rB � r∗ in the Schwarzschild
spacetime with g00 = 1− r∗/r , then

νB

νA

�
√

1− r∗
rA

,
λB

λA

� 1√
1− r∗

rA

. (3.1873)

Furthermore, if it holds for the radial coordinate of A that rA � r∗, then

νB

νA

� 1− 1

2

r∗
rA

,
λB

λA

� 1+ 1

2

r∗
rA

. (3.1874)

This means that the frequency observed by B is actually smaller than the frequency
emitted by A and the wavelength observed by B is longer than the wavelength
emitted by A, i.e., the light is redshifted. The redshift z is defined as z ≡ λB/λA−1.

Finally, assume that light is emitted by A at rA (e.g., from the surface of a star)
and the light is observed by B far away (on Earth), i.e., rB ≡ r∞ � r∗, then the
formula for the gravitational redshift is given by
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z∞ ≡ λ∞
λA

− 1 � 1√
1− r∗

rA

− 1 = 1√
1− 2GM

c2rA

− 1. (3.1875)

Note that for light emitted at r → r∗, the redshift grows to infinity, whereas for light
emitted from rA � r∗, there is no redshift. In the Newtonian limit, when rA is
sufficiently large compared to r∗, i.e., rA � r∗, the gravitational redshift can be
approximated as

z∞ � 1

2

r∗
rA

= GM

c2rA

. (3.1876)

White dwarfs like Sirius B and 40 Eridani B do show gravitational redshifts in
the range between 10−4 and 10−5, which are of the right order of magnitude. More
reliable and quantitatively accurate measurements are possible only in terrestrial
experiments. For example, in 1960, Pound and Rebka measured the change of
frequency of a γ -ray photon emitted by an excited iron nucleus as it fell from
a height of 18–21 m. When the photon falls from a height h, the change in the
Newtonian gravitational potential is gh, where g is the acceleration due to gravity
on the Earth’s surface. Since g00 − 1 is approximately given by the Newtonian
gravitational potential, the frequency increases by a factor 1+ gh/c2. The fraction
gh/c2 is small, about 10−15, but it can still be measured, confirming the gravita-
tional redshift effect.

2.122
The surface (ct)2 − x2 − y2 = −K2, where K > 0, can be written as (ct)2 − r2 =
−K2 if we introduce polar coordinates such that (t,x,y) = (t,r cos φ,r sin φ).
Thus, we have

r =
√

c2t2 +K2. (3.1877)

Therefore, the position vector is (t,x,y) = (t,√c2t2 +K2 cos φ,
√

c2t2 +K2 sin φ
)
.

Differentiating the position vector, we obtain

u ≡ ∂

∂t
(t,x,y) =

(
1,

c2t

r
cos φ,

c2t

r
sin φ

)
, (3.1878)

v ≡ ∂

∂φ
(t,x,y) = (0,−r sin φ,r cos φ) . (3.1879)

Using u and v, we find the components of the metric as

gtt = u · u = c2 − c4t2

r2
= c2K2

c2t2 +K2
> 0, (3.1880)

gφφ = v · v = −r2 = −(c2t2 +K2) < 0, (3.1881)

gtφ = gφt = u · v = 0. (3.1882)
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Since the metric components are independent of φ, the vector field ∂φ is a Killing
vector field and with N = α∂t + β∂φ being the 4-frequency of a light pulse sent
from A at time coordinate t to B at time coordinate t ′, this implies that

−g(∂φ,N) = −βgφφ = k, (3.1883)

is a constant. Furthermore, as the 4-frequency is a null vector, we find

g(N,N) = gttα
2 + gφφβ2 = 0 �⇒ α =

√
−β2gφφ

gtt

= k√−gttgφφ

.

(3.1884)

For any comoving observer with constant φ, the 4-velocity of the observer is given
by V = γ ∂t . Normalizing this to one we obtain

g(V ,V ) = γ 2gtt = 1 �⇒ γ = 1√
gtt

. (3.1885)

The frequency ω measured by such an observer is given by the inner product of the
4-frequency with the 4-velocity, i.e.,

ω = g(N,V ) = αγgtt = k√−gttgφφ

1√
gtt

gtt = k√−gφφ

. (3.1886)

It follows that the frequencies of the light sent from A at time t and received by B

at time t ′ are related as

ωB

ωA

=
k√

−gφφ(t ′)
k√

−gφφ(t)

=
√

gφφ(t ′)
gφφ(t)

=
√

c2t ′2 +K2

c2t2 +K2
. (3.1887)

2.123
Assume that the light signal has 4-frequency N . Since ∂t is a Killing vector field of
the Schwarzschild metric, we know that

g(N,∂t ) = g00N
t = E, (3.1888)

is a constant. Furthermore, since the 4-frequency is a null vector, it holds that

g(N,N) = g00(N
t)2 + grr(N

r)2 = E2

g00
+ grr(N

r)2 = 0 �⇒ Nr = −E,

(3.1889)

where we have used that grr = −1/g00 and that the light is moving radially toward
smaller r . When the light signal is emitted from r →∞, we have g00 → 1 and thus
E = ω0, where ω0 is the frequency observed by a stationary observer at infinity.
The 4-frequency is therefore generally given by

N = E

g00
∂t − E∂r . (3.1890)
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For the 4-velocity V of the space ship, we know that

V = dt

dτ
∂t + dr

dτ
∂r = dt

dτ
(∂t + vc∂r) , (3.1891)

where vc = dr/dt = −0.1 is the coordinate velocity. Normalizing the 4-velocity to
one, we find that

1 = g(V ,V ) =
(

dt

dτ

)2 [
g00 + grrv

2
c

] �⇒ dt

dτ
= 1√

g00 + grrv2
c

. (3.1892)

The frequency observed by the space ship is now given by

ω = g(N,V ) = g00
E

g00

dt

dτ
− grrEvc

dt

dτ
= ω0

1− grrvc√
g00 + grrv2

c

. (3.1893)

Using that grr = −1/g00 now leads to

ω = ω0
1+ vc/g00√
g00 − v2

c /g00

= ω0√
g00

g00 + vc√
g2

00 − v2
c

= ω0√
g00

√
g00 + vc

g00 − vc

. (3.1894)

Using that λ ∝ 1/ω and inserting g00 = 1− 2GM/r the yields

λ = λ0

√
1− 2GM

r

√
1− 2GM

r
− vc

1− 2GM
r
+ vc

. (3.1895)

Inserting the values provided in the problem, we find that

λ � 4 420 Å. (3.1896)

2.124
The gravitational redshift observed far away for light emitted from the surface of a
star (when the mass of the star is M = 2 · 1030 kg and rstar = 7 · 108 m) is given by

z = λ∞ − λstar

λstar
� GM

c2rstar
≈ 2 · 10−6. (3.1897)

See Problem 2.121 for a derivation of the formula for the gravitational redshift.

2.125
The Schwarzschild metric is given by

ds2 =
(

1− 2GM

c2r

)
(dx0)2 −

(
1− 2GM

c2r

)−1

dr2 − r2d�2. (3.1898)

From this metric, one obtains

g00(r) = 1− 2GM

c2r
. (3.1899)



3.2 Solutions to Problems in General Relativity Theory 325

Now, one finds the ratio between the observed frequency ν ′ and the emitted fre-
quency ν as (see the discussion in the solution to Problem 2.121)

ν ′

ν
=
√

g00(r)

g00(r ′)
=
√√√√1− 2GM

c2r

1− 2GM

c2r ′
, (3.1900)

where r is the solar radius and r ′ is the average Sun-Earth distance.
Then, since r ′ � r and r � 2GM/c2, one has

ν ′

ν
�
√

1− 2GM

c2r
� 1− GM

c2r
. (3.1901)

Finally, one obtains the magnitude and sign of the relative frequency shift �ν/ν of
the spectral line as

�ν

ν
≡ ν ′ − ν

ν
= ν ′

ν
− 1 � −GM

c2r
≈ −1.9 · 10−6. (3.1902)

In addition, one can note that the redshift z is defined as and given by

z ≡ �λ

λ
≡ λ′ − λ

λ
= λ′

λ
− 1 = {λν = c} = ν

ν ′
− 1 � GM

c2r
≈ 1.9 · 10−6.

(3.1903)

2.126
When the spaceship is sending the light signal to the Earth, there are two effects:
One is the redshift due to the Doppler effect, the other is a blueshift due to the
gravitational pull from the Earth.

Let the frequency of the emitted light be ν. The redshift is then given by the
z-factor, which is

zr = ν

νobs
− 1 � v

c
, (3.1904)

where νobs is the observed frequency and v is the velocity of the spaceship. Using
v = 100 m/s and c = 3 · 108 m/s, we obtain for the redshift zr ≈ 3.3 · 10−7.

For the blueshift due the the mass of the Earth, we use the Schwarzschild metric.
Thus, we have

zb = ν

νobs
− 1 =

√
g00(R)

g00(R + h)
− 1, g00(r) = 1− 2GM

c2r
, (3.1905)

where R is the radius of the Earth and h is the altitude of the spaceship. Since h/R

(≈ 0.16 � 1) is small, we obtain

zb � −GM

c2

(
1

R
− 1

R + h

)
� −GMh

c2R2
= −gh

c2
, (3.1906)
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where g is the acceleration at the Earth, i.e., g � 9.8 m/s2. Since h = 106 m, we
obtain for the blueshift zb ≈ −1.1 · 10−10.

In conclusion, the redshift is much larger (i.e., 3 000 times) than the blueshift.
Thus, in this case, the Doppler effect is the most important physical effect.

2.127
The gravitational potential of the Sun at the Earth is given by

φ� = −GM�
r

, (3.1907)

where r is the distance between the Sun and the Earth. Thus, the gravitational
potential is

φ� = −1.3 · 1020 m3/s2

1.5 · 1011 m
� −9 · 108 m2/s2, (3.1908)

which is an order of magnitude larger than the gravitational potential of the
Earth at its surface. Thus, we can neglect the influence of the gravitational field
of the Earth. The relation between the frequencies at (ν⊕) and far away from (ν∞)
the Earth will be

ν∞
ν⊕
�
√

1+ 2φ�
c2

� 1+ φ�
c2

, (3.1909)

for small φ�/c2. See the general discussion of this relation in the solution to
Problem 2.125. The redshift parameter z is given by

z = λ⊕ − λ∞
λ∞

= ν∞
ν⊕
− 1 � φ�

c2
� − 9 · 108 m2/s2

(3 · 108 m/s)2
= −10−8, (3.1910)

(i.e., a blueshift, since z < 0).

2.128
We call the free-falling observer A and the observer at infinity B. The motion of
the free-falling observer is governed by the radial differential equation

E − ṙ2

2
= 1

2

(
1− r∗

r

)
, (3.1911)

where E is a constant of motion given by
√

2E = g(∂t,U), where U is the
4-velocity of the observer A. Note that the constant of motion g(∂ϕ,U) = 0, since
the motion of A is assumed to be purely radial. In order to have a velocity just large
enough to escape to infinity, we require that ṙ → 0 as r →∞, leading to E = 1/2
and therefore
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ṙ =
√

r∗
r

. (3.1912)

From the expression for E in terms of g(∂t,U), we also find

1 = g(∂t,U) = gtt ṫ �⇒ ṫ = r

r − r∗
. (3.1913)

The 4-velocity of A is therefore

U = r

r − r∗
∂t +

√
r∗
r

∂r . (3.1914)

We now let the 4-frequency of the light be given by

N = α∂t + β∂r . (3.1915)

Since the 4-frequency is lightlike, we must have

g(N,N) = α2 r − r∗
r

− β2 r

r − r∗
= 0 �⇒ β = α

r − r∗
r

. (3.1916)

The frequency emitted by A at r = rA is given by

f0 = g(N,U) = gttαAṫ + grr ṙβA = αA

(
1−

√
r∗
rA

)
, (3.1917)

leading to

αA = f0

1−√R/rA

. (3.1918)

Furthermore, we know that N is tangent to and parallel along the lightlike geodesic
describing the worldline of the light signal. Since ∂t is a Killing vector field of the
Schwarzschild spacetime, we find that

g(∂t,N) = r − r∗
r

α = rAr∗
rA

αA = rA − r∗
rA

f0

1−√r∗/rA

(3.1919)

is a constant. For observer B at rest at infinity, the 4-velocity is V = ∂t and the
frequency observed by B is therefore

f = g(V ,N) = g(∂t,N) = f0

rA

rA − r∗
1−√r∗/rA

. (3.1920)

2.129
Light signals follow geodesics and their 4-frequency N is proportional to the tan-
gent of the affinely parametrized geodesic. Since K = ∂t is a Killing vector field,
we know that

F = g(∂t,N) = gttN
t = x2Nt, (3.1921)
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is constant, which means that Nt = F/x2. Since the light signals follow a lightlike
worldline:

g(N,N) = x2(Nt)2 − (Nx)2 = F 2

x2
− (Nx)2 = 0 ⇒ Nx = +F

x
. (3.1922)

The falling observer is also following a geodesic, so we also know that

Q = g(∂t,γ̇0) = gtt ṫ = x2 ṫ, (3.1923)

is constant along its worldline γ0. Furthermore, g(γ̇0,γ̇0) = Q2

x2 − ẋ2 = 1. Since the
observer falls from x = x0, we find that Q = +x0. We can conclude that ṫ = x0

x2 ,

ẋ = −
√

x0r

x2 − 1 for the falling observer. The emitted frequency fe is given by

fe = g(γ̇0,N)|x=xe
= x2

e ṫN
t − ẋNx = x2

e

x0

x2
e

F

x2
e

+
√

x2
0

x2
e

− 1
F

xe

= F

x2
e

[
x0 +

√
x2

0 − x2
e

]
. (3.1924)

The observer at x = x1 with worldline γ1 has ẋ = 0 and therefore g(γ̇1,γ̇1) =
x2

1 ṫ
2 = 1, which means that ṫ = x−1

1 . The observed frequency is therefore

fobs = g(γ̇1,N) = x2
1

1

x1
Nt = F

x1
, (3.1925)

and the ratio fe/fobs is, thus, given by

fe

fobs
= x1

x2
e

[
x0 +

√
x2

0 − x2
e

]
. (3.1926)

The redshift z is therefore

z = fe

fobs
− 1 = x1

x2
e

[
x0 +

√
x2

0 − x2
e

]
− 1. (3.1927)

2.130
Consider the Robertson–Walker metric for d� = 0, i.e.,

ds2 = c2dt2 − S(t)2

1− kr2
dr2. (3.1928)

Using ds2 = 0, which holds for the path of a light signal, we find that

0 = c2dt2 − S(t)2

1− kr2
dr2 ⇒ c

S(t)
dt = 1√

1− kr2
dr, (3.1929)
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where we assumed that dr/dt > 0, i.e., propagation forward in time. Since the
observers are at rest with respect to r , we must have∫ t1

t0

dt

S(t)
=
∫ t1+ε′

t0+ε

dt

S(t)
, (3.1930)

from which, in the limit ε → 0, we obtain

ε

S(t0)
� ε′

S(t1)
. (3.1931)

Thus, the cosmological redshift z is given by

1+ z ≡ ε

ε′
= S(t0)

S(t1)
⇒ z = S(t0)

S(t1)
− 1. (3.1932)

2.131
The Robertson–Walker metric for k = 1 is given by

ds2 = c2dt2 − S(t)2
[
dχ2 + sin2 χ(dθ2 + sin2 θdφ2)

]
. (3.1933)

Construct the Lagrangian

L = c2 ṫ2 − S(t)2
[
χ̇2 + sin2 χ (θ̇2 + sin2 θ φ̇2)

]
, (3.1934)

where the dot indicates differentiation with respect to the path parameter s. Using
Euler–Lagrange equations yields the differential equations for the geodesics, i.e.,

c2 ẗ + S(t)S ′(t)
[
χ̇2 + sin2 χ (θ̇2 + sin2 θ φ̇2)

] = 0, (3.1935)

d

ds

[
S(t)2 χ̇

]− 1

2
S(t)2 sin 2χ (θ̇2 + sin2 θ φ̇2) = 0, (3.1936)

d

ds

[
S(t)2 sin2 χ θ̇

]− 1

2
S(t)2 sin 2θ sin2 χ φ̇2 = 0, (3.1937)

d

ds

[
S(t)2 sin2 χ sin2 θ φ̇

] = 0. (3.1938)

2.132
a) The metric in the χ ′ coordinates becomes

g′ab =
∂χc

∂χ ′a
∂χd

∂χ ′b
gcd �

(
δc
a − ε∂aξ

c
)(

δd
b − ε∂bξ

d
)(

ηcd + εhcd

)
� ηab + ε(hab − ∂aξb − ∂bξa), (3.1939)

where � denotes equality up to linear order in ε. This is equivalent to

g′ab = ηab + εh′ab, (3.1940)
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with

h′ab = hab − ∂aξb − ∂bξa . (3.1941)

Note that, since the term including the perturbations is linear in ε already, the
indices of ξa are can be raised and lowered with the Minkowski metric without
affecting this statement and the lowering of the indices inside the partial derivatives
is consistent to linear order in ε. Thus, we are still in the weak-field regime after
the coordinate change with the new metric perturbation given above. Furthermore,
we find that

gab∇a∇bχ
′c = gab∇a∇b(χ

c + εξc) = 0, (3.1942)

as long as both χc and ξc are harmonic functions. The coordinate change therefore
also preserves the harmonic gauge condition.

b) In the harmonic gauge, we find that

gab∇a∇bχ
c = gab∇aδ

c
b = gab�c

ab = 0, (3.1943)

where we note that ∇bχ
c = ∂bχ

c = δc
b and c is just a counter for the coordinate

functions, not a tensor index. In the weak-field limit, we also have

�c
ab �

ε

2
ηcd(∂ahdb + ∂bhad − ∂dhab) = ε

2

(
∂ah

c
b + ∂bh

c
a − ∂chab

)
. (3.1944)

Contracting this with gab now leads to

gab�c
ab �

ε

2
ηab
(
∂ah

c
b + ∂bh

c
a − ∂chab

)
= ε

(
∂ah

ac − 1

2
∂ch

)
= ε∂a

(
hac − 1

2
ηach

)
= ε∂ah̄

ac = 0. (3.1945)

By lowering the index c follows that ∂ah̄ac = 0.
c) From a) follows that

h̄′ab = h̄ab − ∂aξb − ∂bξa + ηab∂cξ
c. (3.1946)

With ξa = iCa exp(ik · χ), where k · χ = kcχ
c, the partial derivatives of ξa are

given by

∂bξa = ηac∂bξ
c = ηaciC

cikb exp(ik · χ) = −Cakb exp(ik · χ), (3.1947)

and thus, we obtain

A′ab = Aab + Cakb + kaCb − ηabkcC
c. (3.1948)
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d) From the harmonic gauge condition, we find that

∂ah̄ab = Aabik
a exp(ik · χ) = 0, (3.1949)

i.e., with the given k0 = k3 = 1 (or, equivalently, k0 = −k3 = 1),

A0bk
0 + A3bk

3 = A0b − A3b = 0 �⇒ A0b = A3b, (3.1950)

for all b. Due to the symmetry of A, this also means that Ab0 = Ab3. This leads
to A′00 = A′03 = A′30 = A′33 and it is therefore sufficient to require that A′00 = 0.
Furthermore, we also find that

A′00 = A00 + 2C0 − C0 + C3 = A00 + C0 + C3 = 0, (3.1951)

(i �= 3) A′0i = A0i + C0ki + k0Ci = A0i + Ci = 0, (3.1952)

A′aa = Aa
a − 2k · C = Aa

a − 2(C0 − C3) = 0. (3.1953)

This is a linear set of equations for the four constants Ca with the solution

C0 = 1

4
Aa

a −
1

2
A00, C3 = −1

4
Aa

a −
1

2
A00, C1 = −A01, C2 = −A02.

(3.1954)

2.133
a) Consider the quantities hμν to be perturbations or deviations of the compo-

nents of the metric tensor away from flat spacetime. In general, for hμν , the Lorenz
gauge condition is given by

∂νh
ν
μ −

1

2
∂μhν

ν = 0. (3.1955)

Cf. the analogy to this gauge condition in electromagnetism. If the Lorenz gauge
condition is fulfilled, then Einstein’s equations in vacuum reduce to �h̄μν = 0,
where h̄μν = hμν − ημνh/2 with h = ημνhμν . This gauge condition does not com-
pletely fix the coordinates, so in order to do so, further conditions can be imposed,
e.g., hi0 = 0 and ημνhμν = 0, which are collectively referred to as the transverse
traceless gauge (or TT gauge), where hμν = h̄μν . In particular, in the TT gauge,
the Lorenz gauge condition reduces to ∂νh

ν
μ = 0. The symmetric tensor hμν has

ten independent components and the TT gauge contains eight conditions, which in
fact means that only two components of hμν are independent. The two independent
components of hμν are normally denoted h+ and h×, which correspond to the two
independent polarization states of a gravitational wave.

b) First, let us consider two particles, which are influenced by a plus-polarized
gravitational wave along the z-direction such that

(hμν) = diag(0,h+,−h+,0), h+ = h0 sin
[
2πf (t − z)

]
, h× = 0, (3.1956)

where h0 � 1 is the amplitude and f is the frequency.
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Then, in fact, the geodesic equation for the displacement vector Sμ is given by

d2Sμ

dt2
= 1

2

d2hμν

dt2
Sν, (3.1957)

where hμν is the given gravitational wave. We observe that this gravitational wave
affects neither S0 nor S3. Thus, the only effect on the geodesics is taking place in
the x- and y-directions. Without loss of generality, we can therefore assume that
z = 0. In this case, the gravitational wave is plus-polarized only, i.e., h× = 0, so
that the geodesic equation simplifies to two equations for S1 = −S1 and S2 = −S2,
namely

d2S1

dt2
= (2πf )2

2
h0 sin (2πf t) S1,

d2S2

dt2
= −(2πf )2

2
h0 sin (2πf t) S2, (3.1958)

which can be solved perturbatively in h0. Up to first order in h0, we obtain

S1(t) = S1(0)

[
1− 1

2
h0 sin (2πf t)+ · · ·

]
, (3.1959)

S2(t) = S2(0)

[
1+ 1

2
h0 sin (2πf t)+ · · ·

]
. (3.1960)

Next, the measured distance �x ≡ S1(t) between the two particles, which was
initially the distance �x0 ≡ S1(0) along the x-direction, will be

�x

�x0
= S1(t)

S1(0)
� 1− 1

2
h0 sin (2πf t) , (3.1961)

which means that the relative distance δx ≡ �x − �x0 between the two particles
oscillate with f . This does not mean that the positions of the particle coordinates
change, but the coordinates themselves oscillate.

Finally, assuming d to be the measured distance �x and L the initial distance
�x0 between the two particles, we obtain

d

L
= 1− 1

2
h0 sin(2πf t) ⇒ d =

[
1− 1

2
h0 sin(2πf t)

]
L, (3.1962)

which is what we wanted to show.

2.134
First, consider the energy–momentum tensor T μν . Using T μν and its conservation
law, i.e., ∇νT

μν = 0, we can write

T μν = ∂λ(T
μλxν)− (∂λT

μλ)xν . (3.1963)
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Note that in the linearized approximation, ∇νT
μν = 0 reduces to ∂νT

μν = 0. For
the spatial components of T μν , using the fact that ∂0(T

i0xj ) − (∂0T
i0)xj = 0, we

have

T ij = ∂k(T
ikxj )− (∂kT

ik)xj = ∂k(T
ikxj )− [(∂νT

iν)xj − (∂0T
i0)xj ], (3.1964)

since ∂νT
iν = ∂0T

i0 + ∂kT
ik = 0, and therefore, we find that

T ij = ∂k(T
ikxj )+ (∂0T

i0)xj = ∂k(T
ikxj )+ ∂0(T

i0xj ), (3.1965)

where we used ∂0(T
i0xj ) = (∂0T

i0)xj + T i0∂0x
j = (∂0T

i0)xj . Similarly, for the
T i0xj term, we use the same rewriting technique, i.e.,

T i0xj = ∂k(T
k0xjxi)− ∂k(T

k0xj )xi = ∂k(T
k0xjxi)− (∂kT

k0)xjxi − T k0(∂kx
j )xi

= ∂k(T
k0xjxi)− (∂kT

k0)xjxi − T j0xi . (3.1966)

Now, symmetrizing the tensor structure T i0xj , we have

T̂ i0xj ≡ 1

2

(
T i0xj + T j0xi

)
= 1

2

[
∂k(T

k0xjxi)+ ∂k(T
k0xixj )− (∂kT

k0)xjxi

− (∂kT
k0)xixj − T j0xi − T i0xj

]
= ∂k(T

k0xixj )− (∂kT
k0)xixj − 1

2
(T i0xj + T j0xi)

= ∂k(T
k0xixj )− (∂kT

k0)xixj − T̂ i0xj, (3.1967)

which leads to

T̂ i0xj = 1

2
∂k(T

k0xixj )− 1

2
(∂kT

k0)xixj . (3.1968)

Again, using ∂νT
ν0 = ∂0T

00 + ∂kT
k0 = 0, we find that

T̂ i0xj = 1

2
∂k(T

k0xixj )+ 1

2
(∂0T

00)xixj . (3.1969)

Since the energy–momentum tensor is symmetric, i.e., T μν = T νμ, we can then

combine the expressions for T ij and T̂ i0xj , and thus, we obtain

T ij = T̂ ij ≡ 1

2
(T ij + T ji)

= 1

2

[
∂k(T

ikxj )+ ∂k(T
jkxi)

]+ 1

2

[
∂0(T

i0xj )+ ∂0(T
j0xi)

]
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= 1

2
∂k(T

ikxj + T jkxi)+ ∂0T̂ i0xj

= 1

2
∂k(T

ikxj + T jkxi)+ 1

2
∂0∂k(T

k0xixj )+ 1

2
∂0[(∂0T

00)xixj ]. (3.1970)

In addition, using that ∂0∂k = ∂k∂0 and ∂0[(∂0T
00)xixj ] = (∂0

2T 00)xixj , we have

T ij = 1

2
∂k(T

ikxj + T jkxi)+ 1

2
∂k∂0(T

k0xixj )+ 1

2
(∂0

2T 00)xixj

= ∂k

[
1

2
(T ikxj + T jkxi)+ 1

2
∂0(T

k0xixj )

]
+ 1

2
(∂0

2T 00)xixj . (3.1971)

Next, using the definition

h̄μν(t,x) ∼ 4

r

∫
Tμν(t − r,x′) d3x ′, (3.1972)

and choosing the spatial components, we have

h̄ij ∼ 4

r

∫
T ′ij d3x ′. (3.1973)

Inserting the symmetrized version of the energy–momentum tensor, we obtain

h̄ij ∼ 4

r

∫
1

2
(∂0

2T ′00)x
′
ix
′
j d3x ′, (3.1974)

since we can drop the terms with total derivatives with respect to the spatial com-
ponents. Therefore, we find that

h̄ij ∼ 2

r

∫
(∂0

2T ′00)x
′
ix
′
j d3x ′, (3.1975)

and using the fact that T00 = T 00 = ρ, we finally obtain

h̄ij ∼ 2

r

∫
∂2ρ ′

∂t2
x ′ix

′
j d3x ′ = 2

r

d2

dt2

∫
ρ ′x ′ix

′
j d3x ′ = 2

r

d2

dt2

∫
ρ(t − r,x′)x ′ix

′
j d3x ′,

(3.1976)

where we used Leibniz’s integral rule twice.

2.135
For the estimates in this problem, we use that the amplitude of the gravitational
waves is approximated by the relation

h ∝ M2

rR
∼ M5/3

r

(
4π

P

)2/3

, (3.1977)

where M is the mass of the binary, r is the distance to the binary, and P is the
period of one orbit of the binary, i.e., the orbital period. In conventional units, the
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amplitude of the gravitational waves can be written as [see, e.g., K.D. Kokkotas,
Gravitational Waves, Acta Phys. Polon. B 38, 3 891 (2007)]

h ∼ 5 · 10−22

(
M

2.8M�

)5/3 (
f

100 Hz

)2/3 (15 Mpc

r

)
, (3.1978)

where f ≡ 1/P is the frequency.
a) Using M � 2.8M� (where M� � 1.988435 · 1030 kg is the solar mass),

r = 5 kpc, and P = 1 h (which means that f = 1/3 600 Hz), we find that

h ∼ 5 · 10−22 · 15/3 ·
(

1

3.6 · 105

)2/3

· 3 · 103 � 3 · 10−22 ∼ 10−22. (3.1979)

b) Again, using M � 2.8M�, but r = 15 Mpc and P = 0.02 s (which means that
f = 50 Hz), we find that

h ∼ 5 · 10−22 ·
(

1

2

)2/3

· 1 � 3 · 10−22 ∼ 10−22, (3.1980)

which is basically the same result as in a).
c) For a binary system, assuming circular binary orbits, Kepler’s third law pro-

vides a direct and accurate estimate for the orbital separation distance between the
two binaries, i.e.,

2G(M1 +M2) =
(

2π

P

)2

(R1 + R2)
3, (3.1981)

where G � 6.674·10−11 N m2/kg2 is Newton’s gravitational constant, M1 and M2

are the masses of the two binaries, respectively, R1 and R2 are the respective
distances to their common orbital center, and P is the orbital period. Assuming
M1 = M2 ≡ M/2 and R1 = R2 ≡ R, i.e., the binaries are equally heavy and they
are at the same distance compared to their orbital center, we obtain (half of) the
orbital separation distance R between the two binaries as

R = 1

2
3

√
GMP 2

4π2
. (3.1982)

Inserting M = 2.8M� and P = 0.02 s, we find that

R � 155 600 m ∼ 100 km. (3.1983)

Thus, we can only hope to detect inspirals of compact binary systems (e.g., NS–NS,
NS–BH, or BH–BH) with Earth-based interferometers such as LIGO.



336 3 Solutions to Problems

d) For a spinning neutron star, the amplitude of the gravitational waves h is
approximately given by

h ∝ 2δMR2�2

r
, (3.1984)

where δM is the mass of a nonspherical deformation on the equator of the neutron
star, R is the radius of the neutron star, � ≡ 2π/P is the angular velocity expressed
in the spin period P , and r is the distance to the neutron star. In conventional
units, the amplitude of the gravitational waves can be written as [see, e.g., R. Prix,
Gravitational Waves from Spinning Neutron Stars, in: W. Becker (ed.), Neutron
Stars and Pulsars, Astrophysics and Space Science Library 357, 651–685, Springer
(Berlin, 2009)]

h ∝ 102 G

c4

δMR2f 2

r
∼ 3 · 10−25

(
δMR2

1032 kg m2

)(
f

100 Hz

)2 (100 pc

r

)
,

(3.1985)

where G is again Newton’s gravitational constant, c is the speed of light in vacuum,
and f is the spin frequency. Inserting δM = 10−6M�, R = 10 km, f = 50 Hz, and
r = 1 kpc, we find that

h ∼ 3 · 10−25 · 2 ·
(

1

2

)2

· 1

10
= 1.5 · 10−26 ∼ 10−26. (3.1986)

Thus, for the spinning neutron star, the order of magnitude of the amplitude of the
gravitational waves at Earth is 10−26.

2.136
a) The energy flux (or energy density) in units of power/area of gravitational

waves can be estimated by the relation

F ∝ c3

32π2G
|ḣ|2 ∼ c3

8G
h2f 2, (3.1987)

where h and f are the amplitude and the frequency, respectively, of the gravitational
waves, which are assumed to be monochromatic. Note that the components of the
metric tensor play the role of the gravitational potential, so the derivatives of the
components of the metric tensor act as the field, and therefore, F ∝ |ḣ|2. A useful
formula for an estimate of the energy flux on Earth due to gravitational waves is
given by [see, e.g., I. Ciufolini (ed.) et al., Gravitational Waves, IoP (Bristol, 2001)]

F ∼ 3 · 10−3

(
h

10−22

)2 (
f

1 kHz

)2

W/m2, (3.1988)
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where h and f are now the amplitude and the frequency, respectively, of the grav-
itational waves as measured on Earth. Inserting h = 10−21 and f = 200 Hz for
GW150914, we find that

F ∼ 3 · 10−3 · 102 ·
(

1

5

)2

W/m2 = 12 · 10−3 W/m2 ∼ 10−2 W/m2, (3.1989)

which is an enormous amount of energy flux compared to the observed energy flux
in electromagnetic waves.

b) To estimate the energy flux in electromagnetic waves that is received at Earth
from a full moon, we use the following assumptions: (i) The solar irradiance is
about 1387 W/m2 at the surface of the Moon and the Earth; (ii) The reflectivity of
the Moon is about 12 %; and (iii) The average solid angle subtended by the Moon
in the sky at Earth is about 6.4 · 10−5 steradians, which is approximately the same
as that subtended by the Sun, i.e., about 6.8 ·10−5 steradians. Therefore, the energy
flux from a full moon is given by

Ffull moon = 1 387 W/m2 · 0.12 · 6.4 · 10−5 = 11 · 10−3 W/m2. (3.1990)

The assumptions made are not totally accurate, so reducing the solar irradiance to
1 000 W/m2 and the reflectivity of the Moon to 10 % lead to Ffull moon= 6.4 · 10−3

W/m2. Thus, the gravitational wave energy flux of GW150914 in a), i.e., FGW ∼
12 · 10−3 W/m2, is between once or twice the electromagnetic wave energy flux of
a full moon [FGW ∼ (1,2)Ffull moon], although the estimated distance of GW150914
is about 400 Mpc and the distance from the Earth to the Moon is just 1.25 ·10−8 pc.

2.137
The metric for a linearly expanding spacetime is given by

ds2 = dt2 −H 2t2dx2. (3.1991)

We want to start at t = t0, x = 0 and arrive at t = t1, x = L without accelerating.
This implies that we should move along a geodesic. Thus, we want to determine
x(t). The Lagrangian is given by

ṫ2 −H 2t2ẋ2 = β = const. (3.1992)

The Euler–Lagrange equations are

d

dτ
(H 2t2ẋ) = 0, (3.1993)

ẗ −H 2t ẋ2 = 0. (3.1994)
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From the first equation, we obtain

ẋ = A

H 2t2
, (3.1995)

where A is a constant. Inserting this in the Lagrangian, we get

ṫ2 −H 2t2

(
A

H 2t2

)2

= ṫ2 − A2

H 2t2
= β, (3.1996)

which can be solved for

ṫ = ±
√

β + A2

H 2t2
= ± 1

Ht

√
βH 2t2 + A2. (3.1997)

Now, we can determine x(t)

dx

dt
= dx

dτ

dτ

dt
= A

H 2t2

Ht√
βH 2t2 + A2

= A

Ht
√

βH 2t2 + A2
, (3.1998)

and integrating on both sides, we obtain∫ x(t)

0
dx ′ =

∫ t1

t0

A

Ht
√

βH 2t2 + A2
dt, (3.1999)

and thus, we have

x(t) =
∫ t

t0

A

Ht ′
√

βH 2t ′2 + A2
dt ′. (3.2000)

The farthest one could go, x(t1) = L would be following a lightlike geodesic, i.e.,
for β = 0. Then, we obtain

L =
∫ t1

t0

A

Ht ′
√

A2
dt ′ =

∫ t1

t0

1

Ht ′
dt ′ = 1

H
ln

(
t1

t0

)
. (3.2001)

2.138
The cosmological redshift is due to the fact that signals interchanged between two
observers will have different travel times if the size of the universe is altered. In
the case of the 2-dimensional mini-universe, we assume that χ0 < χ1. (To treat the
case of χ1 > χ0, simply substitute dχ with −dχ and χ1 − χ0 with χ0 − χ1.) For a
lightlike geodesic, we have ds = 0, which gives

cdt = S(t)dχ ⇒
∫ t1

t0

c dt

S(t)
=
∫ χ1

χ0

dχ = χ1 − χ0. (3.2002)
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We now assume that a light signal is sent from χ0 at time t and another at time
t + ε, they are received at χ1 at times t ′ and t ′ + ε′. Assuming that ε is small, the
redshift is given by

z = λ1 − λ0

λ0
= ε′

ε
− 1. (3.2003)

For the two different signals, we obtain∫ t ′

t

c dt

S(t)
= χ1 − χ0 =

∫ t ′+ε′

t+ε

c dt

S(t)
. (3.2004)

Using the fact that ε is small, this can be simplified to

ε

S(t)
= ε′

S(t ′)
⇒ ε′

ε
= S(t ′)

S(t)
⇒ z = S(t ′)

S(t)
− 1. (3.2005)

2.139
The metric components are independent of the coordinate x and thus ∂x is a Killing
vector field, implying that

k = −g(N,∂x) = −gxxN
x, (3.2006)

where N is the 4-frequency of the light signal, is a constant. Since the 4-frequency
is a null vector, we also obtain

g(N,N) = gtt (N
t)2 + gxx(N

x)2 = 0 �⇒ Nt =
√
−gxx(Nx)2

gtt

= k√−gttgxx

.

(3.2007)

The 4-velocity of a comoving observer is given by V = γ ∂t and normalization
results in

g(V ,V ) = gttγ
2 = 1 �⇒ γ = 1√

gtt

. (3.2008)

The frequency observed by such a comoving observer is therefore

ω = g(N,V ) = gttγNt = gtt

1√
gtt

k√−gttgxx

= k√−gxx

. (3.2009)

The ratio between the observed frequency ω1 and the emitted frequency ω0 is
therefore

ω1

ω0
=
√

gxx(t0)

gxx(t1)
= e(t0−t1)/R. (3.2010)

Since the light signal travels along a null geodesic, its worldline satisfies

ds2 = dt2 − e2t/Rdx2 = 0 �⇒ dx

dt
= e−t/R. (3.2011)
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Integrating this expression with the initial condition x(t0) = x0 results in

t1 = −R ln

(
e−t0/R − x1 − x0

R

)
, (3.2012)

and inserting this into the frequency ratio leads to

z = ω0

ω1
− 1 = Re−t0/R

Re−t0/R − x1 + x0
− 1 = x1 − x0

Re−t0/R − x1 + x0
. (3.2013)

2.140
a) We compute the geodesics for the given metric from the variational principle

δ

∫
1

2

(
ṫ2 − e2t/Rẋ2

)
dτ = 0, (3.2014)

where we use the same notation as in Problem 2.83. The Euler–Lagrange
equations are

ẗ + 1

R
e2t/Rẋ2 = 0, − e2t/Rẍ − 2

R
e2t/Rẋṫ = 0, (3.2015)

and by comparing this with the general form of the geodesics equation

ẍμ + �
μ
αβẋαẋβ = 0, (3.2016)

we can identify the nonzero Christoffel symbols

�t
xx =

1

R
e2t/R, �x

tx = �x
xt =

1

R
. (3.2017)

b) The metric tensor is

(gμν) =
(

1 0
0 −e2t/R

)
, (3.2018)

and thus, we have the inverse metric tensor

(gμν) =
(

1 0
0 −e−2t/R

)
. (3.2019)

We find that

gμν∇μ∇ν� = ∇ν∂ν� = ∂ν∂ν�+ �ν
να∂

α�

= gμν∂μ∂ν�+ �ν
ναg

αβ∂β� = �tt − e−2t/R�xx + 1

R
�t︸︷︷︸

=�x
xt g

tt�t

= 0,

(3.2020)

where �t = ∂�/∂t , etc.
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2.141
a) The geodesic equation can be computed from ṫ2 − exp(2t/tH )ṙ2 = 0,

where ṫ = dt/dτ , i.e., dr/dt = ± exp(−t/tH ) with r(t0) = 0. Using dr/dt =
+ exp(−t/tH ) > 0, this implies that

r(t) =
∫ r

0
dr ′ =

∫ t

t0

e−t ′/tH dt ′ =
[
−tH e−t ′/tH

]t

t0

= −tH
(
e−t/tH − e−t0/tH

)
.

(3.2021)

b) For the line θ = π/2 and ϕ = 0 at fixed universal time t = t0 = const., we
have dt = 0 and d� = 0, which imply that

ds2 = −e2t/tH dr2 ⇒ grr(t) = −e2t/tH . (3.2022)

Thus, the proper distance between the origin r = 0 and a point r > 0 is given by

dp(t,r) =
∫ r ′=r

r ′=0

√
−grr(t) dr ′ =

∫ r

0

√
e2t/tH dr ′ = et/tH

∫ r

0
dr ′ = ret/tH .

(3.2023)

c) The cosmological redshift relates the emitted and received wavelengths as (see
solutions to Problems 2.138 and 2.139)

λrec

λem
= S(trec)

S(tem)
= etrec/tH

etem/tH
= e(trec−tem)/tH . (3.2024)

Thus, using tem = t0 and trec = t , the spectral shift of the light ray is given by

z ≡ λrec

λem
− 1 = e(t−t0)/tH − 1. (3.2025)

2.142
a) At cosmological time t we find that

gtt = 1, gij = −a(t)2Gij, (3.2026)

where Gij are the components of a Riemannian metric. The proper length of a curve
on the cosmological simultaneity is given by

� =
∫ √

−gij ẋi ẋj ds = a(t)

∫ √
Gij ẋi ẋj ds ≡ a(t)�c, (3.2027)

where s is the curve parameter and �c the comoving length of the curve. Fixing
the end points of the curve and minimizing this length gives the proper distance dp

between the points as dp = a(t)dc, where the comoving distance dc is the minimal
value of the integral

dc = min

(∫ √
Gij ẋi ẋj ds

)
, (3.2028)
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which is independent of the cosmological time t . It follows that

vp = d(dp)

dt
= ȧ(t)dc = ȧ

a
dp. (3.2029)

b) Hubble’s law describes the observation that objects (read: galaxies) are mov-
ing away from the Earth at velocities proportional to their distances. The further
the galaxies are, the faster they are moving away. The velocities of the galaxies
are measured by their redshifts. The velocities arise from the expansion of the
universe. Indeed, the proper distance between galaxies increases even though they
are comoving.

2.143
a) If we use the given approximation, i.e., k is small and ρ � ρ�, we can

approximate the first Friedmann equation as

ȧ2

a2
= 8πG

3
ρ�. (3.2030)

This equation has the solution

a(t) = a0e
(t−t0)/�τ, �τ =

√
3

8πGρ�

. (3.2031)

Inserting this solution into the expression for �, we obtain

1−� ∝ e−2(t−t0)/�τ . (3.2032)

We observe that the larger t becomes, the smaller 1−� becomes, and thus, 1−�

gets closer and closer to zero, which means that � gets closer and closer to one.
b) Today, we have a universe with a curvature that is very close to zero, which

without inflation would need a lot of fine-tuning to maintain. After inflation, a
spacetime is obtained, which is very close to being flat as per the solution to a),
even if the initial spacetime had a lot of curvature.

2.144
a) The scaling of the energy density for an ideal fluid with equation-of-state

parameter w is given by ρ = ρ0a
−3(1+w). The density of component i today is

given by

ρ0,i = ρc�i, (3.2033)

where ρc is the critical density today. This means that

ρ0,� = ρc�� � 0.7ρc → ρ� = 0.7ρca
−3(1−1) = 0.7ρc,

ρ0,m = ρc�m � 0.3ρc → ρm = 0.3ρca
−3,
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ρ0,r = ρc�r � 10−4ρc → ρr = 10−4ρca
−3

(
1+ 1

3

)
= 10−4ρca

−4, (3.2034)

since w = −1 for a cosmological constant, w = 0 for a matter gas, and w = 1
3 for a

radiation gas. The ratio between the energy densities of matter and the cosmological
constant is therefore given by

ρ�

ρm

= ��

�m

1

a−3
. (3.2035)

The energy densities were therefore the same when this ratio was equal to one, i.e.,
when

a3 = �m

��

⇒ a =
(

�m

��

)1/3

�
(

0.3

0.7

)1/3

� 0.75. (3.2036)

Note that this is not very long ago. A naı̈ve estimate with H0 � 70 km/s/Mpc �
2 · 10−18 s−1 gives a couple of billion years ago (similar to the birth of the solar
system).

b) Similarly, the ratio between matter and radiation energy densities is given by

ρm

ρr

= �m

�r

a−3

a−4
= �m

�r

a. (3.2037)

This ratio is equal to one when

a = �r

�m

� 10−4

0.3
= 1

3 000
. (3.2038)

As the cosmological redshift is given by 1+ z = a0
a

, we find that

z = 1

a
− 1 � 3 000, (3.2039)

at matter-radiation equality.

2.145
From the relation

ȧ =
√

8πG

3

√∑
i

ρ0ia−1−3wi, (3.2040)

with the definitions

ρc = 3H 2

8πG
and ρ0i = ρ0c�i, (3.2041)
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Figure 3.18 The scale factor a(t) for the solution to Problem 2.145. The solution
for �� = 1 and �m = 0 is also shown for times t > t0 for comparison.

we find that

H 2
0 =

8πGρ0c

3
�⇒ ȧ = H0

√∑
i

�ia−1−3wi . (3.2042)

In our given scenario, there are two components, i = m =matter and i = � = dark
energy with corresponding parameters

�m = 0.3, �� = 0.7, wm = 0, w� = −1. (3.2043)

The differential equation governing the scale factor is therefore

H0 = ȧ√
0.3a−1 + 0.7a2

. (3.2044)

Integrating this from t0 to t , we find that

H0(t − t0) =
∫ a(t)

1

da√
0.3a−1 + 0.7a2

. (3.2045)

The result of numerically evaluating this expression is shown in Figure 3.18. Note
that the solution quickly becomes dominated by the cosmological constant after
t = t0 as the matter component dilutes. However, as the cosmological constant
is smaller by a factor of 0.7 compared to the case where �� = 1, the exponen-
tial factor in the large time limit (and therefore, H(t →∞)) is also smaller by a
factor 0.7.
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Unlike the �� = 1 solution, our solution has a time t for which a(t) = 0.
Defining this time as t = 0, we find that (from looking at where the graph intersects
zero)

−H0t0 � −0.96 �⇒ t0 � 0.96

H0
. (3.2046)

Current experimental data restricts H0 to be around 70 km/s/Mpc or, equivalently,
H0 � 7 · 10−11 yr−1, leading to

t0 � 1.3 · 1010 years, (3.2047)

estimating the universe to be around 13 billion years old.

2.146
a) The universe has a Killing vector field ∂ϕ . Therefore, the quantity g(∂ϕ,γ̇ ) =

−a2ϕ̇= constant=−k. The 4-velocity of a comoving observer is given by
U = ∂t , and therefore, at t = t0

g(U,γ̇ ) = 1√
1− v2

= ṫ . (3.2048)

At t = t0, we also have

g(γ̇ ,γ̇ ) = 1 = ṫ2 − a2
0 ϕ̇

2 = 1

1− v2
− a2

0 ϕ̇
2 = 1

1− v2
− k

a2
0

⇒ k2

a2
0

= 1

1− v2
− 1 = v2

1− v2
⇒ k = va0√

1− v2
. (3.2049)

From the 4-velocity having constant magnitude equals to 1, we deduce

1 = ṫ2 − a2ϕ̇2 = ṫ2 − k2

a2
⇒ ṫ =

√
1+ k2

a2
. (3.2050)

Dividing this by ϕ̇ = k/a2 leads to the separable differential equation

dt

dϕ
= ṫ

ϕ̇
= a2

√
1+ k2/a2

k
= a

k

√
a2 + k2. (3.2051)

In order for the object to complete an entire lap around the universe in finite time
t1, we therefore require that

2π =
∫ 2π

0
dϕ =

∫ t1

t0

k

a
√

k2 + a2
dt, (3.2052)
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for some finite t1. In other words, we have∫ ∞

t0

k

a
√

k2 + a2
dt > 2π ⇒

∫ ∞

t0

va0

a(t)

dt√
(1− v2)a(t)2 + a2

0v
2

> 2π .

(3.2053)

b) We know that g(γ̇ ,∂ϕ) = −a2ϕ̇ = −k is constant and that ṫ =
√

1+ k2/a2.
The relative velocity v(t) at time t is therefore given by

γ = g(∂t,γ̇ ) = 1√
1− v(t)2

. (3.2054)

We find that

γ = g(∂t,γ̇ ) = ṫ =
√

1+ k2

a(t)2
=
√

1+ a2
0

a(t)2

v2

1− v2
. (3.2055)

Solving for v(t), we obtain

v(t) = a0v√
a(t)2 + v2[a2

0 − a(t)2]
. (3.2056)

Note that v(t0) = v and that v(t) → 0 as a(t)/a0 →∞.

2.147
For a flat universe containing matter and radiation only, the following must be
satisfied

1 = �m +�r = �m + x ⇒ �m = 1− x. (3.2057)

The time evolution of the scale factor a(t) can be found through the relationship

ȧ =
√

8πG

3

√
ρ0,ma−1 + ρ0,ra−2 = H0

√
�ma−1 +�ra−2, (3.2058)

where it has been assumed that a0 = 1 and used that
√

8πG
3 = H 2

0
ρ0,c

. This is a
separable differential equation and we find that

t0 − t1 =
∫ t0

t1

dt = 1

H0

∫ a0

a1

da√
�ma−1 +�ra−2

= 1

H0

∫ 1

a1

a da√
(1− x)a + x

,

(3.2059)

since we work under the assumption that a0 = 1. Performing this integral, e.g., by
partial integration, leads to

t0 − t1 = 1

H0

2

3

[√
(1− x)a + x

(1− x)2
[(1− x)a − 2x]

]1

a1

. (3.2060)
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The energy density ratio between matter and radiation scales as ρm/ρr ∼ a(t) due
to ρm ∝ a−3 and ρr ∝ a−4. Since

ρ0,m

ρ0,r
= 1− x

x
� 1

x
, (3.2061)

we find that ρm � ρr when

ρm

ρr

= ρ0,m

ρ0,r

a(t1)

a0
= a(t1)

x
⇒ a(t1) � x. (3.2062)

It follows that

t0 − t1 = 2

3H0

{√
(1− x)+ x

(1− x)2
[(1− x)− 2x]−

√
(1− x)x + x

(1− x)2
[(1− x)x − 2x]

}
� 2

3H0
[(1+ 2x)(1− 3x)] � 2

3H0
(1− x). (3.2063)

The time since matter-radiation equality is therefore just slightly less than the age
2

3H0
of a fully matter-dominated universe.

2.148
The curvature parameter is given by

|�K | =
∣∣∣∣− 1

H 2a2

∣∣∣∣ =
∣∣∣∣∣− 1(

ȧ
a

)2
a2

∣∣∣∣∣ = 1

ȧ2
. (3.2064)

The time derivative of |�K | is therefore

d|�K |
dt

= d(1/ȧ2)

dt
= − 2

ȧ3
ä. (3.2065)

For an expanding universe, ȧ > 0, which implies that ȧ3 > 0, and thus, the require-
ment that |�K | decreases with time is given by

d|�K |
dt

= − 2

ȧ3
ä < 0 ⇒ ä > 0. (3.2066)

That |�K | decreases with time is therefore equivalent to the scale factor growth
accelerating. The Friedmann acceleration equation is

ä = −4πG

3
a(ρ + 3p) > 0 ⇒ ρ + 3p < 0 ⇒ p

ρ
< −1

3
. (3.2067)

The condition on w for |�K | to decrease with time is therefore w < − 1
3 . In

particular, note that this is the case for a cosmological constant, where w = −1.
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2.149
a) From the evolution equations, we find that

ȧ =
√

8πGρ0,c

3
a−

1+3w
2 = H0a

−k, (3.2068)

where k = 1
2 + 3w

2 . It follows that ȧak = H0, and therefore,

H0(t − t0) =
∫ t

t0

H0 dt =
∫ a(t)

a0

ak da =
∫ a(t)

1
ak da

=
{

a(t)k+1−1
k+1 , k �= −1 ↔ w �= −1

ln a(t), k = −1 ↔ w = −1
.

(3.2069)

Solving for a(t) leads to

a(t) =
{

[(k + 1)H0(t − t0)+ 1]
2

3(1+w) , w �= −1

exp H0(t − t0), w = 1
. (3.2070)

b) For the Hubble parameter, we find that

H(t) = ȧ

a
= H0a

k+1 = H0

1+ 3
2(1+ w)H0(t − t0)

, w �= −1. (3.2071)

For w = −1, we find that H(t) = H0, which is also equal to the above expression
with w = −1 inserted. Thus, generally

H(t) = H0

1+ 3
2(1+ w)H0(t − t0)

. (3.2072)

Note that H(t) decreases with time whenever w > −1.

2.150
a) The matter part of the action is given by

Sm =
∫

L
√
|ḡ|d4x =

∫ [
gμν(∂μφ)(∂νφ)− V (φ)

]√|ḡ|d4x. (3.2073)

Taking the variation of this leads to

δSm =
∫ [

1

2
(∂μφ)(∂νφ)δgμν + gμν(∂μφ)(∂νδφ)− V ′(φ)δφ

]√
|ḡ|d4x

+
∫

Lδ
√
|ḡ|d4x. (3.2074)
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The equation of motion for the scalar field φ itself is found by varying the action
with respect to φ only. From the variation of the action derived in a), we then find

δSm =
∫ [

gμν(∂μφ)(∂νδφ)− V ′(φ)δφ
]√|ḡ|d4x = 0. (3.2075)

Partial integration of the first term leads to

δSm = −
∫

δφ
[
∂ν

{
gμν

√
|ḡ|∂μφ

}
+ V ′(φ)

√
|ḡ|
]
d4x = 0. (3.2076)

Since this should hold regardless of the variation δφ, we conclude that

1√|ḡ|∂ν

(
gμν

√
|ḡ|∂μφ

)
= gμν∇μ∇νφ = −V ′(φ). (3.2077)

This is the equation of motion for φ.
b) With ∂iφ = 0 and ∂tφ = φ̇ and using the result of Problem 2.60, we find that

Tμν = UμUνφ̇
2 − gμν

[
1

2
φ̇2 − V (φ)

]
, (3.2078)

where Uμ = δ0
μ. We note that gμνUμUν = 1 and U is therefore a 4-velocity field.

Comparing this to the stress–energy tensor of an ideal fluid Tμν = UμUν(ρ0+p)−
gμνp, we obtain

p = 1

2
φ̇2 − V (φ) and ρ0 = 1

2
φ̇2 + V (φ). (3.2079)

The equation-of-state parameter is therefore given by

w = p

ρ0
= φ̇2 − 2V (φ)

φ̇2 + 2V (φ)
. (3.2080)

Note that when φ̇2 � V (φ), we find w � −1. This is the equation-of-state
parameter for a cosmological constant.
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center of momentum, 1.4
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circular motion, 57, 62–65, 69
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circular motion, 2.72, 2.74, 2.94, 2.97–2.100,
2.103, 2.116, 2.118

comoving distance, 2.90
comoving observers, 2.122, 2.138, 2.146
Compton scattering, 1.96, 1.97

inverse, 1.98
conformal transformation, 2.31
conservation law, 2.63, 2.66
conservation of 4-momentum, 1.42, 1.73–1.109,

1.150
constant acceleration, 1.41, 1.47–1.50
constants of motion, 2.22, 2.93, 2.109
coordinate acceleration, 1.49, 1.58

coordinate singularity, 2.2, 2.8, 2.106
coordinate speed, 2.98, 2.101
coordinate time, 2.85, 2.95, 2.118
coordinate velocity, 2.92, 2.123
cosmological redshift, 2.130, 2.138, 2.139, 2.141,

2.144
covariant derivative, 2.25, 2.29, 2.33, 2.53
current conservation, 2.55
curve length, 2.6
curvilinear coordinates, 1.48, 2.3, 2.115
cylindrical coordinates, 2.10

dipole, 1.140, 1.141
divergence, 2.28, 2.29
Doppler effect, 1.61–1.66, 1.70, 1.71, 1.87

eigentime, see proper time
Einstein’s equations, 2.39, 2.44, 2.51, 2.52, 2.56,

2.61, 2.117, 2.134
elastic scattering, 1.88, 1.96–1.98
electromagnetic field, 1.114–1.143, 1.150, 2.53,

2.54, 2.58, 2.62
energy–momentum tensor, see stress–energy

tensor
equation-of-state parameter, 1.149, 2.148–2.150
equations of motion, 2.58, 2.59, 2.109, 2.111,

2.150
Euclidean space, 2.3, 2.36
Euler–Lagrange equations, 1.150

field tensor, 1.113, 1.137–1.140, 2.53
Fizeau’s experiment, 1.59, 1.60
flatness problem, 2.143
flow, 2.23, 2.65, 2.68
frequency shift, 1.61–1.68, 1.70, 1.71, 1.87, 2.113,
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gamma factor, 1.3, 1.44, 1.66, 1.77, 2.96, 2.99
gauge transformation, 1.113, 1.139, 2.112
geodesic deviation, 2.82, 2.114
geodesic equations, 2.6, 2.7, 2.9, 2.10, 2.19–2.21,

2.23, 2.24, 2.30, 2.45, 2.51, 2.70, 2.78–2.90,
2.95–2.97, 2.100, 2.113, 2.115, 2.131, 2.137,
2.141

gravitational lensing, 2.119, 2.120
gravitational potential, 2.98, 2.101, 2.111, 2.113,

2.116, 2.117, 2.127
gravitational redshift, 2.121, 2.124, 2.125, 2.127
gravitational waves, 2.132–2.136
great circle, 2.12
Green’s function, 2.134

harmonic gauge, 2.132
Hubble parameter, 2.145, 2.149
Hubble’s law, 2.142
hyperboloid, 2.20, 2.78, 2.84

ideal fluid, 1.144, 1.145, 1.147–1.149, 2.150
impact parameter, 2.76
index of refraction, 1.59, 1.60, 1.67, 1.69
inflation, 2.102, 2.143
inner product, 1.1, 1.2, 2.13
instantaneous rest frame, 1.42
invariance, 1.112, 1.115, 1.116, 1.119, 1.121,

1.122, 1.124–1.127, 1.130, 1.132, 1.135,
1.139–1.141, 2.4, 2.5

invariance of the speed of light, 1.24

Kepler’s laws, 2.72
Kerr spacetime, 2.101
Killing vector, 2.63–2.69
kinetic energy, 1.72, 1.88–1.91, 1.97, 1.100, 1.101,

1.103–1.105, 1.108, 1.109, 1.111
Kruskal–Szekeres coordinates, 2.107–2.110

Lagrangian, 1.150, 2.58–2.60, 2.62, 2.150
Laplacian, 2.28
length contraction, 1.5, 1.6, 1.8–1.12, 1.16, 1.29,

1.39, 1.114
Levi-Civita connection, 2.56
light cones, 2.110
light travel time, 1.23
lightlike, 1.2, 1.35, 2.81
Lorentz boost, 1.36
Lorentz force law, 1.118, 1.123, 1.128, 1.131,

1.133, 1.143, 1.150
Lorentz transformation, 1.13, 1.17, 1.18, 1.22,

1.24–1.28, 1.30–1.37, 1.112, 1.114, 1.119,
1.120, 1.129, 1.130

Lorentzian manifold, 2.22, 2.43, 2.55, 2.79
Lorenz gauge, 1.120, 1.138, 2.133

matrix representation, 1.35
Maxwell’s equations, 1.120, 1.134, 1.137, 1.138,

2.53–2.55

metric compatibility, 2.34
metric tensor, 1.48, 2.3, 2.7, 2.13, 2.19, 2.21, 2.22,

2.25, 2.28, 2.31, 2.32, 2.37, 2.38, 2.41, 2.48,
2.51, 2.66, 2.68, 2.69, 2.71, 2.78, 2.84, 2.86

Newtonian limit, 2.111, 2.114, 2.116–2.118

optical size, 2.76

paraboloid, 2.41, 2.66
parallel transport, 2.5, 2.9, 2.11, 2.12, 2.18, 2.30,

2.33–2.35, 2.40
particle collisions, 1.73, 1.76, 1.77, 1.82, 1.84,

1.85, 1.88–1.98, 1.103–1.109
particle decay, 1.73–1.75, 1.78–1.81, 1.83, 1.86,

1.87, 1.99–1.102, 1.133
perfect fluid, see ideal fluid
photon gas, 1.147
point charge, 1.117, 1.132, 1.136, 1.141, 1.142
point particle, 2.57
proper acceleration, 1.51–1.53, 1.58, 2.94, 2.100,

2.106
proper distance, 2.141
proper time, 1.20, 1.37, 1.38, 1.46–1.48, 1.50,

1.51, 1.58, 1.111, 2.72, 2.85, 2.91–2.96,
2.98–2.106, 2.109, 2.118

pseudo-Riemannian metric, 2.22

radial free fall, 2.73, 2.91–2.93, 2.95, 2.105, 2.109,
2.128

reflection, 1.68
relative velocity, 1.10, 1.13, 1.18, 1.26, 1.34, 1.40,

1.43, 1.44, 1.46, 1.47, 1.57, 1.64, 1.76, 2.100,
2.105, 2.146

rest frame, 1.4
Ricci scalar, 2.45, 2.46, 2.50, 2.51
Ricci tensor, 2.44, 2.46, 2.48, 2.49, 2.51, 2.87,

2.112
Riemann curvature tensor, 2.14–2.17, 2.39–2.47,

2.51
Rindler coordinates, 2.25, 2.28, 2.47
Robertson–Walker spacetime, 2.61, 2.81, 2.84,

2.87–2.90, 2.102–2.104, 2.130, 2.131,
2.137–2.150

scalar field, 2.59, 2.60, 2.140, 2.150
Schwarzschild spacetime, 2.51, 2.70–2.77, 2.80,

2.91–2.100, 2.105, 2.107, 2.109, 2.110,
2.121, 2.123, 2.124

shortest path, 2.10
simultaneity, 1.8–1.10, 1.12, 1.19, 1.25, 1.32, 1.38,

1.39
smooth function, 2.1
Snell’s law, 1.69
spacelike, 1.2, 2.22
spacetime diagram, 1.1, 1.19–1.21, 1.23, 1.38
sphere, 2.1, 2.2, 2.6–2.9, 2.11–2.14, 2.24, 2.32,

2.35, 2.37, 2.82
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spherical coordinates, 2.2, 2.8, 2.13, 2.36
spherical symmetry, 2.51, 2.52
spinor, 1.35
stationary observer, 2.99, 2.100, 2.105, 2.128
stereographic projection, 2.37
stress–energy tensor, 1.136, 1.138, 1.142,

1.144–1.149, 2.39, 2.53, 2.56, 2.57, 2.60,
2.62, 2.134

SU(2), 2.24

tangent curves, 2.4
tangent vector, 2.2, 2.4
tension, 1.146
tensor component transformation, 2.26, 2.27
threshold energy, 1.89, 1.94, 1.95, 1.103–1.105,

1.107–1.109

tidal effects, 2.111, 2.114
time dilation, 1.5, 1.7, 1.14, 1.15, 1.20, 1.21, 1.41,

1.80
timelike, 1.2, 2.22, 2.81
torsion tensor, 2.15
torus, 2.67
transverse traceless gauge, 2.133

variational formalism, 1.150
vector commutator, 2.15

wave, 1.70, 1.120–1.122, 1.134, 1.138, 2.132
wave equation, 1.112, 1.137, 2.112, 2.140
weak energy condition, 1.149
weak field limit, 2.112, 2.113, 2.119, 2.120, 2.132,

2.133
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