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I dedicate this work to Freda, the love of my life, the fount of my

happiness and contentment, and to my family whose love sustains me.
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Preface

Upon retirement, I sought a learning project. My career was spent as an

experimental physicist studying nuclei and particles. Throughout, I was

deeply impressed by the connection between my area and General Relativity

and cosmology. Now, I had the time to dig into the details of those subjects.

When I asked, the Virginia Tech Physics Department granted my request to

teach the introductory semester course in General Relativity. I did so three

times and found that nothing reduces knowledge deficiency like teaching

smart students.

Many excellent texts were available for my studies. However, there was

too much material in them for students to cover in a single semester. So I

developed my own set of notes, that explained the essentials of the subject

in the course time period. This text evolved from those notes. I’m grateful to

my students because their questions pushed me to explain difficult concepts

as transparently as possible. I’m also grateful to many of my colleagues who

participated in discussions, helped with proofs and critiqued some of my

material.

Einstein’s theory is now a century in age. It is well tested, but still

inspires significant theoretical and experimental work. And it definitely

intrigues students. Advanced undergraduate physics majors, first year

physics graduate and engineering students have taken the course. Physics

Department faculty and faculty from other departments have sat in on

many lectures. I thank them all for their comments and questions. They

helped me acquire a deeper understanding of the subject.

vii
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Much of the material in this book is found in various forms in other

texts. However, this text contains much that is novel, and many more steps

than usual are included in proofs.

In Chapter 2, the twin problem with acceleration is worked out by the

twin at rest. Later in Chapter 5, the accelerating twin uses the full power

of General Relativity to predict the same time ratio result.

The way gravity affects time is first discussed for weak gravity via con-

servation of energy using a Newtonian formulation with relativistic mass.

In Chapter 5, weak gravity in General Relativity is discussed and the

way gravity affects time is rigorously covered. The Schwarzschild metric

is obtained and in Problem 5 of that chapter, students are asked to solve

the Schwarzschild problem with the cosmological constant included. Then

they are asked to show that in weak gravity a very small repulsive Newto-

nian force arises.

In Chapter 7, gravitational waves are discussed. Just as the first edition

to this book was going to press, the LIGO experiment announced the first

direct detection of such a wave. Luckily, I was able to include this finding.

The theory behind the Nobel prize winning, gravitational wave indirect

detection results, from the Hulse–Taylor binary pulsar, is worked out with

elliptical orbits. Other texts that discuss this experiment have used circular

orbits. As the eccentricity is large, the latter orbits disagree with experi-

ment.

In Chapter 8 on black holes and Kerr space, an example, based on

the film “Interstellar”, is presented. The example discusses why a large

gravitational time dilation is possible near a spinning, but not a static

black hole. Geodesics in Kerr space are also worked out.

In Chapter 9 on cosmology, the results of numerical integrations using

the current data for all the energy densities are discussed. This allows the

students to peer into both the past and the future for values of the universal

scale factor, the Hubble parameter, the age of the universe and the horizon

distance.
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Chapter 1

Review of Special Relativity

1.1 Introduction

The theory of Special Relativity (SR) was introduced by A. Einstein in

1905. It deals with the observations of inertial observers in the absence of

gravity. The theory of General Relativity (GR) that includes gravitation,

and thus acceleration, was published in 1915. For English translations, see

Einstein (1905). The latter theory predicted the deflection of light near a

massive body, like the sun. Shortly after the end of the first world war, a

British team, led by A. S. Eddington, confirmed this startling prediction.

This made Einstein world famous, even among people who had no particular

interest in science.

In relativity, an observation is the assignment of coordinates xμ, μ =

0, 1, 2, 3, for the time and space location of an event. Space is continu-

ous, and functions of the coordinates can be differentiated. Upon partial

differentiation with respect to one of the coordinates, the others are held

constant. This insures that the coordinates are independent,

xμ,ν ≡ ∂xμ

∂xν
= δμν = δ μ

ν = 1, μ = ν, δμν = 0, μ �= ν. (1.1)

As will be seen δμν is the Kronecker delta tensor. The superscript, subscript

indexes are termed contravariant, covariant. Note the shorthand notation

for the partial derivative, by use of a comma. Such a shorthand will keep

some of the formulas of GR, with many partial derivatives, to a reasonable

length.

1
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Fig. 1.1 Rotation relations for changing unit vectors from one coordinate system to
another.

In rectangular coordinates xμ = (t, x, y, z). In relativity, one may trans-

form to other coordinate systems, or to the rectangular coordinates of other

reference frames. These coordinates will be labeled by primes, xμ
′
. Curvilin-

ear coordinates are particularly useful, and a rotation carries you from one

set of coordinates to the other. In cylindrical coordinates xμ
′
= (t, ρ, φ, z)

because as illustrated in Fig. 1.1, the rotation changes the direction indi-

cating unit vectors (êx, êy) → (êρ, êφ). Similarly, for spherical coordinates

xμ
′′
= (t, θ, φ, r), (êρ, êz) → (êθ, êr). Other texts employ an extra renam-

ing, and take xμ
′′=0−3 = t, r, θ, φ, but a rose by any name would smell

sweet. The reader can prove that the components of 3-vectors, when writ-

ten in terms of unit vectors �V = V xêx + V yêy + V z êz, are transformed by

rotations in the same way as the unit vectors.

The time of the event is read on a clock at rest with respect to the

observer, at the spatial coordinates of the event. In the inertial frames of
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SR, an observer may suppose that there are synchronized clocks at rest at

every point in space. This would not be the case when gravity is taken into

account, since clocks run at different rates, in a region of varying gravita-

tional strength. Simultaneous events for a given observer are those occurring

at the same time on the clocks nearest them, that are at rest with respect

to the observer.

As will be seen, we live in spacetime of four dimensions where space and

time mix with each other. Thus, spacetime vectors have four components.

By analogy with three space, take as the rectangular components of the

contravariant position vector rμ the coordinates xμ. Then dxμ must also

be the components of the displacement vector drμ, as the difference of two

vectors is also a vector. As of now, these are the only vectors known to us.

In later chapters, when gravity or acceleration may be acting, the symbol

for a set of coordinates may have a bar xμ̄. This will indicate that these

coordinates are those of an inertial observer using rectangular coordinates.

This is the case for an SR reference frame that is arbitrarily large. When

gravity is present the bar will usually be absent. However, as will be shown,

even when gravity is present, at any point in space one can find a locally

inertial frame. That frame may need be arbitrarily small. The rectangular

coordinates of that frame will have the bar when the set of coordinates

is described. Other coordinate systems or rectangular coordinates of other

inertial reference frames will be represented by the bar and one or more

primes xμ̄
′
. In such cases, the components of vectors rμ̄ and higher order

tensors T μ̄ν̄ will also have bars.

Einstein developed SR from two postulates: (1) the laws of physics are

the same for all inertial observers no matter their relative velocities; (2) all

inertial observers measure the same speed of light in vacuum c = 3 ×
108m/s. It is the second postulate that causes conflict with the Newtonian

concept of time flowing independent of everything else. This leads to the

observation, that events simultaneous to one observer may not be so to

another. Also c becomes the limiting speed in order to preserve causality.

In GR, the word “inertial” is removed, and the principle of equivalence:

that no gravitational effect is experienced when freely falling in a region of

uniform gravitational strength, must be taken into account.

In hindsight, it is easy to see where the postulates come from. Various

inertial observers, in empty space and in relative motion, perform electro-

magnetic experiments in their own rest frames. They find that the equa-

tions of Maxwell for the electric, magnetic fields ( �E, �B) explain the results.
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In vacuum, they use the empty space permittivity, permeability (ε0, μ0).

In MKS units, each finds that they lead to a wave equation, with a unique

velocity,

�∇ · �E = 0 = �∇ · �B, �∇× �E = −∂ �B

∂t
, �∇× �B = μ0ε0

∂ �E

∂t
,

0 = ∇2 �B − μ0ε0
∂2 �B

∂t2
, v = (μ0ε0)

−1/2 = c.

As c is so special in SR and GR, it is convenient to work in a system of

units where velocities are dimensionless and c = 1. Then time is expressed

in meters (m), like the other coordinates, and acceleration is expressed in

inverse meters:

c = 1 = 3× 108 ms−1,

s = 3× 108m, (1.2)

a = m s−2 = 0.111× 10−16m−1.

Similarly in GR, Newton’s gravitational constant G is so special, that

it is convenient to also use G = 1. This leads to the natural system of

units. Here other mechanical quantities, like mass, energy, momentum, and

angular momentum, can be expressed in meters to the correct power:

1 =
G

c2
=

6.674× 10−11m3 kg−1 s−2

[3× 108]2 m2 s−2

= 0.742× 10−27 kg−1 m,

M = kg = 0.742× 10−27m, (1.3)

E = kg m2 s−2 = 0.824× 10−44m.

Suppose a result is obtained in naturalized units for � = h/(2π) =

2.612×10−70m2, where h is Planck’s constant. One can calculate the value

in MKS units by noting that in this system the units are those of angular

momentum kg m2 s−1. Multiply the value in natural units by unity, with a

quantity that expressed in MKS units, will give the desired units,

� = 2.612× 10−70m2[c/(G/c2)]

=
(2.612× 10−70)(3× 108)

0.742× 10−27
m2(m/s)/(m/kg)

= 1.056× 10−34 kg m2 s−1.
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1.2 Lorentz Transform

Two observers O and O′ are considered. They use parallel axes and rect-

angular coordinates. Rotations, like those in Fig. 1.1, allow them to align

their z-axes along the relative velocity. O uses xμ, and says O′ is moving in

the z-direction with speed V (<1), while O′ uses xμ
′
, and says O is moving

in the −z-direction with speed V .

When their origins overlapped, the clocks were synchronized t = x0 =

t′ = x0′ = 0. In this geometry, (x, y) = (x′, y′) or x1,2 = x1′,2′ , as there is

no relative motion in these directions. However, c = 1 for both observers,

so space and time are interconnected, and now termed spacetime. If O′ says
that events led to changes in coordinates dz′ = dx3′ and dt′ = dx0′ , the

components of the displacement vector drμ
′
, then O would calculate from

the chain rule of differential calculus,

dx3 = dz =
∂z

∂z′
dz′ +

∂z

∂t′
dt′ +

∂z

∂x′ dx
′ +

∂z

∂y′
dy′ ≡ x3,μ′ dxμ

′

= x3,3′ dx
3′ + x3,0′ dx

0′ , (1.4)

dx0 = dt =
∂t

∂z′
dz′ +

∂t

∂t′
dt′ +

∂t

∂x′ dx
′ +

∂t

∂y′
dy′ ≡ x0,μ′ dxμ

′

= x0,3′ dx
3′ + x0,0′ dx

0′ . (1.5)

One notes that, similar to rotations, this transform can be represented by

matrix multiplication,⎛
⎜⎜⎝

dx0

dx1

dx2

dx3

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

x0,0′ 0 0 x0,3′

0 1 0 0

0 0 1 0

x3,0′ 0 0 x3,3′

⎞
⎟⎟⎠
⎛
⎜⎜⎜⎝

dx0′

dx1′

dx2′

dx3′

⎞
⎟⎟⎟⎠ .

This is a linear transform. The vector components appear to the power

unity. The coefficients, the partial derivatives multiplying the O′ vector

components, are relations between the coordinates of the different frames.

They are independent of the vectors. Such a rule for vector transformation

is not limited to rotations. It works for any coordinate transformation, and

any vector. If each vector had a different transformation rule, there would

be no theory. If a set of four quantities V μ do not transform as above, then

they are not components of a vector.

This transformation does not yield vectors, written in terms of unit vec-

tors êμ, but in terms of basis vectors �eμ. The relationship between basis and
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unit vectors, for rotations, is explored in Problem 3. There, the components

of the 3-vector d�r in rectangular, cylindrical, and spherical coordinates, in

terms of unit and basis vectors, lead to the relationship. In relativity, basis

vector components are used.

Note the summation over an index definition, in Eqs. (1.4) and (1.5),

requires the same index repeated as both contravariant and covariant. In

the case of the partial derivative, a covariant index results from the con-

travariant index in the denominator. Coordinates, by tradition, are always

written with contravariant indexes as opposed to tensors, vectors are ten-

sors of rank 1, that have both types of indexes.

Let both observers O and O′ concentrate on a light ray,

1 =

(
dx1

dx0

)2

+

(
dx2

dx0

)2

+

(
dx3

dx0

)2

=

(
dx1′

dx0′

)2

+

(
dx2′

dx0′

)2

+

(
dx3′

dx0′

)2

,

(dτ)2 ≡ (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2 = 0, (1.6)

(dτ ′)2 ≡ (dx0′ )2 − (dx1′ )2 − (dx2′)2 − (dx3′ )2 = 0. (1.7)

Thus,

(dτ)2 = (dτ ′)2,

(dx0)2 − (dx3)2 = (dx0′)2 − (dx3′ )2.
(1.8)

Applying Eqs. (1.4) and (1.5) to the above equation,

(dx0)2 = (x0,0′ dx
0′)2 + (x0,3′ dx

3′)2 + 2x0,0′ x
0,3′ dx

0′dx3′ ,

(dx3)2 = (x3,0′ dx
0′)2 + (x3,3′ dx

3′)2 + 2x3,0′ x
3,3′ dx

0′dx3′ ,

1 = (x0,0′)
2 − (x3,0′)

2 ≡ cosh2 α− sinh2 α

= −(x0,3′)
2 + (x3,3′)

2 ≡ cosh2 β − sinh2 β,

0 = coshα sinhβ − sinhα coshβ = sinh(β − α) → α = β.

The above results force Eq. (1.8) to also hold, for other than light travel.

So dτ is an invariant, a tensor of rank 0, numerically the same in all frames.

The invariant dτ is the proper time, that read on a clock at rest with respect

to the observer. For light travel, assumed in vacuum unless otherwise noted,

dτ = 0. So photons never run out of time, and some created in the very
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early universe, are still around. The interval (dS)2 ≡ −(dτ)2. Although τ

is a member of the Greek alphabet, and could be used as an index, it is

reserved for the proper time.

In order to calculate sinhα and coshα, O concentrates on the posi-

tion of O′. In time period dt, O′ changes position dz = V dt. However,

O′ says, “I am at rest while my clock has advanced by dt′.” Using Eqs. (1.4)

and (1.5),

dt = dt′ coshα, V dt = dt′ sinhα,

V = tanhα,

γ ≡ coshα = (1 − V 2)−1/2 = x0,0′ = x3,3′ , (1.9)

γV = sinhα = x0,3′ = x3,0′ . (1.10)

The reverse transform from unprimed to primed coordinates just requires,

t ↔ t′, z ↔ z′, V → −V,

γ = x0′ ,0 = x3′ ,3, −γV = x0′ ,3 = x3′ ,0.
(1.11)

Note that for low speeds (1 − V 2)−1/2 → 1, and the Galilean transform is

recovered.

1.3 Physics Consequences

First, consider simultaneity. O and O′ are coincident. O′ says two events

occur at the same time so dt′ = 0, but at positions from the origin ±dz′.
O says that the time differences from zero of the two events are,

dt± = ±γV dz′, dt+ − dt− �= 0.

In general, observers in relative motion do not agree on simultaneity.

Only if events are spatially coincident will observers so agree. Thus, to

compare times, clocks at the same spatial position have to be compared.

Also note, the present position of O′, when all clocks are synchronized, is

connected with all points in the past, present, and future of O. In spacetime,

all space and time points are available. Time isn’t a special quantity, it’s

just a one-dimensional projection of spacetime.

Next consider causality. In the unprimed frame, observer O fires a bullet

at t = 0 from the origin. It hits a target at time dt and position dz = vbdt,

where vb is the speed of the bullet. O′ also says the bullet was fired from
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the origin at t′ = 0, as that’s where the clocks were synchronized. O′ says
the target was hit at

dt′ = γ(dt− V [vbdt]) = dtγ(1 − V vb).

According to O′, if dt′ < 0, the target is hit before the bullet is fired. That

would violate causality, and can happen only if vb > 1. Thus, c = 1 is the

limiting speed.

Now consider the comparison of clocks. Observer O and clock A are

spatially coincident. Other clocks B, C, . . . are at rest with respect to

O, and read the same time as A. Observer O′ and clock B′ are spatially

coincident. Other clocks A′, C′, . . . are at rest with respect to O′, and read

the same time as B′. All the clocks are synchronized, when A and B′ are
spatially coincident. Since O says A is at rest, when it has ticked off a time

period dt = dτ , as in Fig. 1.2, what will the clocks of O′ read? O concludes

that clock C′ is now spatially coincident with clock A. The times on these

two clocks can be compared. O says A has ticked off dτ , while remaining

Fig. 1.2 Comparison of clocks. The view of O.
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Fig. 1.3 Comparison of clocks. The view of O′.

at rest. From the Lorentz transform, the time ticked off on C′ is

dt′ = γdτ > dτ.

This result is called time dilation. Time and all processes related to it

run slower for O, who considers herself at rest, as compared with those of

O′, who O sees moving. So A ticks slower. Also the heart rate, and other

biological rates of O are slower.

Alternately, O′ considers B′ at rest, as in Fig. 1.3. When it has ticked off

time dt′ = dτ , what will the clocks at rest with respect to O read? According

to O′, clock B has moved into spatial coincidence with clock B′. The times

on these two clocks can be compared. From the Lorentz transform,

dt = γdτ > dτ.

Now time and all processes related to it run slower for O′, who considers

himself at rest, as compared with those of O, who O′ sees moving. So B′

ticks slower, and the biological rates of O′ are slower.
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Strange as it seems, both observers are correct about these particular

measurements. There is no third observer who could decide the case in favor

of O or O′.
Time dilation has been experimentally verified in the laboratory with

particles called muons. Muons at rest have a mean lifetime of about 660m.

Thus, if you begin with a large number of muons at rest N0, the number

N left after time t m is N/N0 = exp(−t/660). Then, the half life for muons

t1/2 = 660 ln2m is the time when half of the starting muons remain. This

result must be interpreted as the probability of muon survival. After a time

t = nt1/2 experimenters expect N/N0 = (1/2)n.

In the laboratory, muons can be created with speed V ≈ 1, and almost

all are observed to travel far longer distances than 660 m. This means that

the clock attached to the muon (B′) has not yet ticked off even one mean

lifetime. The clocks (A, B, C) . . . attached to the laboratory, that the muon

sees moving, have ticked off a much longer time period.

One feature of SR that hasn’t been directly confirmed is length con-

traction. Suppose a rod of length dz′ is at rest in O′. That length could

be measured by O′, by measuring the coordinate of each end at arbitrary

times. However, O sees the rod moving, and so must measure the coordi-

nates of the two ends at the same time dt = 0. This determines the moving

length dz,

dz′ = γdz,

L(rest) = γL(moving) > L(moving). (1.12)

By considering the muons, confirmation of this result can be inferred. In

the laboratory, the speedy muons easily travel much more than 660 m.

This is the distance between points i and j in Fig. 1.4. However, according

to the muons, these points are moving, and the distance between them is

length contracted. The clock attached to the muon has not ticked off a

mean lifetime in the time these points travel past the muon.

These considerations lead to what is called the “twin paradox.” Identical

twins O and O′ are separated at birth. O remains fixed, while O′ moves away

at high speed, and then returns to the birth position. Each sees her sister

travel away at high speed, and then return to the position of birth. Due to

time dilation, you might think that each twin is correct in saying, “I am

younger.” For when time comparison was considered above, if O′ considered
clock B′, the time on B′ was less than on A, while if O considered clock A,

the time on A was less than on B′.
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Fig. 1.4 Travel distance of speedy muons: top, bottom are the lab, muon views.

However, at least one twin experienced acceleration in order to turn

around. An accelerating observer is not an inertial observer, and cannot

always use the Lorentz transform of SR. The trips are asymmetric. Both

twins seek to predict the trip time on the other’s clock, and test the pre-

diction, when they are again coincident. The simpler calculation, made by

the inertial twin, is reviewed in Chapter 2. In Chapter 5, the accelerated

twin’s calculation will use the full power of GR.

1.4 Spacetime Diagrams

Many GR texts stress the concept of spacetime diagrams. Analytic calcu-

lations are favored by this author. However, for completeness, the former

are briefly discussed in this section. One draws on a flat sheet, and must

be concerned with four coordinates. Thus, one-dimensional motion, in the

z-direction, is considered.

Draw a set of axes for frame O as shown on the top of Fig. 1.5.

The upward vertical axis represents increasing time t, while the rightward
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Fig. 1.5 Light cone physics, top for various travelers, bottom for separated galaxies.

horizontal axis represents increasing z. At some time t1, particle A is at z1.

If particle A has rest mass, it can remain at rest with respect to O. Its

world line is just a vertical line upward from (z1, t1). On the clock attached

to A, the coordinate time duration dt is just the proper-time duration dτ .

Photons B and C, starting from the same position and time, must move

with unit speed |dzdt | = 1. Events outside of the triangle, defined by world

lines B and C, are inaccessible starting from (z1, t1). This triangle is called

the future triangle. If motion in two spatial directions is considered, the

triangle becomes a cone.

A massive particle D, that moves with constant speed V < 1 relative

to O, has a world line with |dzdt | < 1. Its proper-time duration, measured

relative to t1, is dτ = dt/γ. Here, dt is the time on a clock at rest with

respect to A that, according to D, is coincident with D’s position. Let twins

O and O′′ start at this spacetime point. O notes that her twin, moving with

accelerated motion, always stays within the future triangle, at first moving

away from O, but later returning. The gist of the twin “paradox” is that

it is only O′′ that experiences acceleration. If not created at (z1, t1), then
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A, B, C, D, and O′′ can get there only from the past triangle, obtained by

extending B and C backwards in time.

Relative to the axes of O, the time and space axes (t′, z′) of frame O′,
in which D is at rest, can be drawn with hyperbolic angle α = tanh−1 V .

This is because the Lorentz transform requires,

t = t′ coshα+ z′ sinhα = γ[t′ + V z′],

z = z′ coshα+ t′ sinhα = γ[z′ + V t′].

The light cones of two observers, in separated galaxies at z1,2 = G1,2

are shown on the bottom of Fig. 1.5. Initially their light is non-interacting.

Only after time t1 will some light signals from the two observers be able to

interact. Only after time t2 will light signals originating from G1,2 be able

to form one side of a future triangle at G2,1. Actually, the situation is much

more complicated because the universe is expanding. Space is being created

so that the distance between any pair of typical particles is increasing with

time. Moreover, the expansion is accelerating. There may be an observer

G2, that observer G1 sees separating faster than the speed of light. This is

a phenomenon, discussed in a later chapter, that is not built into relativity.

Problems

1. Convert from MKS units to natural units where G = c = 1: (a) lumi-

nosity flux = 1010 J s−1 m−2; (b) density of water = 103 kgm−3. Con-

vert from natural units to MKS units: rest energy density of a proton,

0.3× 10−9m−2.

2. Consider the rotations that transform the unit vectors, êx,y,z ↔ êρ,φ,z ↔
êθ,φ,r, into one another. Show that the spatial components of an arbitrary

vector, written in terms of unit vectors, transform in the same way as

the unit vectors.

3. Let the 3-vector in Problem 2 be d�r, with components (dx, dy, dz) in

either unit or basis vector notation. Use the transforms in Fig. 1.1 to

find the components in cylindrical and spherical coordinates in terms of

unit vectors. Use transforms similar to Eq. (1.4) to find the components

in terms of basis vectors. What is the relation of the unit vectors to basis

vectors in cylindrical and spherical coordinates?

4. O and O′ have parallel axes. According to O, O′ is moving with velocity,

�V = (V 1, V 2, V 3) = |�V |(sin a cos b, sin a sin b, cos a).
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What is the Lorentz transform xμ,ν′ between these reference frames?

What is the relationship between xμ,ν′ and xν
′
,μ? Prove that the proper

time Eq. (1.8) is an invariant. If O looks at a rod that formally had rest

length L that now is aligned with the velocity vector and moving with

velocity �V , what will O consider the length to be?

Do this problem as follows: find the rotation that takes O′ to O′′ such
that ê3

′′
is aligned with �V . Then apply the Lorentz transform. This takes

you to system Ō, where Ō is obtained from O by the same rotation that

took O′ to O′′. Now apply the inverse rotation to get from Ō to O.

5. Consider three inertial observers O, O′, and O′′. These observers could

be considered the origins of three frames of reference with parallel rect-

angular axes. The clocks at rest relative to themselves are synchronized

when they overlap. When the clock attached to O′′ has ticked off a

time dx0′′ = dt′′, calculate the time dx0 = dt and position information

dxi=2,3 = (dy, dz) of O′′, according to O, for the following cases:

Case I: O′′ moves with speed V 2 in the y-direction with respect to O′,
and O′ moves with speed V 3 in the z-direction with respect

to O.

Case II: O′′ moves with speed V 3 in the z-direction with respect to O′,
and O′ moves with speed V 2 in the y-direction with respect

to O.

(a) Calculate Δf ≡ fI − fII , where f = dt, dz, dy, (dt)2 −
(dy)2 − (dz)2 and (dy)2 + (dz)2.

(b) Show that these results agree with those of Problem 4.

6. Cosmic rays are composed mainly of high-energy protons. Neglect grav-

ity and assume the velocities of the protons are along a line passing

through the center of earth. Let protons (1, 2) move towards the earth’s

center with speeds (V, V̄ ), relative to earth’s center.

(a) What is the speed of proton 2 relative to proton 1 if the veloci-

ties relative to earth’s center are in the same or opposite direction?

Determine these speeds if V = 0.99, V̄ = 0.98.

(b) Suppose the protons are spaceships traveling in the same direction

and at one time were at the same position, where they could syn-

chronize their clocks. After a time T on the clock of the slower ship,

it emits photons at intervals ΔT on its own clock. These photons

travel to the faster ship. On the latter’s clock, what is the interval

between received photon bursts?
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7. According to O, O′ is moving with velocity �V = 0.9ê3. In O′, there are

mirrors at x3′ = ±1 m. At t = t′ = 0, light rays are emitted in O′ heading
for each of the mirrors. According to O, what are the positions and times

that each mirror reflects the rays? What is the time and position of O′,
when the rays return to O′? Can O′ place the mirror at x3′ = −1 m,

somewhere else at negative x3′ , so that O says both mirrors reflect the

light at the same time? According to O, will both rays return to x3′ = 0

at the same time?

8. Consider a runner holding a 10m pole at its midpoint. The runner is

at rest with respect to a barn, that is 5m long. The runner gets to a

speed V , to run through the barn, whose (rear, front) door is (closed,

open). The speed is such that the pole appears to be 5m long, according

to a barn observer, at the barn’s midpoint. The barn observer sees, at

the instant the runner is at the midpoint of the barn, the pole just fits

within the barn. At this instant, the rear door can be opened, the front

door can be shut, and the pole passes through. The runner says the

barn is only 2.5m long. According to the runner, how does the pole

avoid being hit by the doors? In this question, assume the doors open

and close instantaneously.

9. High-energy muons are a component of cosmic rays. Suppose these

muons are moving towards the earth’s center with speed v = 0.999.

According to earth clocks how long does it take for a trip of 1300m?

This is a trip down a moderately high mountain. How long does the trip

take according to clocks attached to the muons? What fraction of the

starting muons complete the trip? According to these muons, what is

the distance traveled? Measurements at the top and bottom of such a

mountain gave the first confirmation of time dilation.
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Chapter 2

Vectors and Tensors in Spacetime

2.1 Metric Tensor

In Chapter 1, the contravariant displacement vector drμ̄ and the invari-

ant proper-time element dτ were discussed. It was noted that (dτ)2 �=∑3
μ=0 dr

μ̄drμ̄, but rather, from Eqs. (1.4) and (1.5), and the discussion

following, summation occurs when the same index appears as both covari-

ant and contravariant. Thus,

(dτ)2 = (dr0̄)2 − [(dr1̄)2 + (dr2̄)2 + (dr3̄)2]

= (dt)2 − [(dx)2 + (dy)2 + (dz)2]

≡ −drμ̄dr
μ̄ ≡ −gμ̄ν̄dr

ν̄drμ̄. (2.1)

A vector necessarily has covariant and contravariant components. As shall

be seen below, since dτ is an invariant and drμ̄, drμ̄ are vectors,

(dτ)2 = −drμdr
μ = −gμνdr

νdrμ (2.2)

= −gνμdr
μdrν = −gνμdr

νdrμ. (2.3)

The quantity gμν with two covariant indexes is a tensor of rank 2 called

the covariant metric tensor. By convention, when summing over an index

that appears as both contravariant and covariant, the sum is over 0–3 for

a Greek index and over 1–3 for a Roman index, e.g., δμμ = 4 but δii = 3.

Equations (2.2) and (2.3) yield gμν = gνμ, which is a symmetric tensor.

In an inertial frame using rectangular coordinates, the metric tensor is

particularly simple, and given a special symbol gμ̄ν̄ = ημν . From Eq. (2.1),

17
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we have

1 = ηii = −η00, ημν = 0, μ �= ν. (2.4)

There is no need to put bars on the η indexes, they are understood.

From Eqs. (2.2) and (2.3), it is seen that the covariant metric tensor

lowers indices, or converts a contravariant index into a covariant one. As

the determinant of gμν �= 0, it must have an inverse — the contravariant

metric tensor. The latter gμν = gνμ converts a covariant into a contravariant

index,

drμdrμ = gμνdr
μdrν = gμνdrμdrν ,

drν = gμνdrμ = gμνgμβdr
β ,

gμνgμβ = gνβ = δνβ . (2.5)

The mixed form of the metric tensor is not part of current usage, however,

it indicates that δνβ is a mixed tensor of rank 2.

In GR the metric tensor elements may be complicated functions of posi-

tion and time. Once they are obtained, the problem is effectively solved.

Staying in an inertial frame, it is easy enough to show that this tensor

acquires complexity. One can just transform to cylindrical coordinates (see

below).

2.2 Vector Transforms

So far we have seen that there are quantities that don’t depend on an

index and are invariants, for example, dτ . In view of the discussion fol-

lowing Eq. (1.5), quantities that depend on one index, and transform as

in Eq. (1.4), between different reference frames or coordinate systems, are

contravariant vectors or tensors of rank 1. The transforms of tensors of

higher rank are discussed in Section 2.3. Consider observers O and O′, with
coordinates xμ and xμ

′
, the components of contravariant vectors transform

like,

V μ = xμ,ν′ V ν′
or gμαVα = xμ,ν′ gβ

′ν′
Vβ′ , (2.6)

and

Vσ = δ α
σ Vα = gσμg

μαVα

= gσμg
β′ν′

xμ,ν′ Vβ′ = xβ
′
,σ Vβ′ . (2.7)
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Equation (2.7) is the rule for transforming the components of covariant

vectors. These results show that Eq. (2.1) leads to Eq. (2.2),

(dτ)2 = drμ̄dr
μ̄ = (xχ,μ̄ drχ)(x

μ̄,ν dr
ν)

= xχ,μ̄ x
μ̄,ν drχdr

ν = δχνdrχdr
ν

= drνdr
ν . (2.8)

The metric tensor gaining complexity can be illustrated for O′ being
cylindrical and O being rectangular coordinates. The relations between

coordinates are as follows:

x = ρ cosφ, y = ρ sinφ,

ρ = (x2 + y2)1/2, φ = tan−1(y/x),

dx = x,ρ dρ+ x,φ dφ = cosφdρ− ρ sinφdφ,

dy = y,ρ dρ+ y,φ dφ = sinφdρ+ ρ cosφdφ.

Thus,

(dx)2 + (dy)2 = (dρ)2 + ρ2(dφ)2.

The position vector rμ has components (t, x, y, z) and rμ
′
has components

(t, ρ, 0, z). The displacement vector drμ has components (dt, dx, dy, dz) and

drμ
′
has components (dt, dρ, dφ, dz). Note, these components are in terms

of basis vectors.

In an inertial frame,

rμ̄ = ημνr
ν̄ ,

r0̄ = η00r
0̄ = −r0̄ = −t,

rī = ηiir
ī = rī = (x, y, z),

similarly,

drμ̄ = ημνdr
ν̄ = (−dt, dx, dy, dz).

These results would be considerably more complicated in a non-inertial

frame.

It is obvious that the t and z components are the same in both coordi-

nate systems. Only the spatial components, in the plane perpendicular to

z need to be transformed,

r1̄
′
= r1̄

′
,μ̄ r

μ̄ = ρ,μ̄ r
μ̄ = ρ,x x+ ρ,y y = ((x)2 + (y)2)1/2 = ρ,

r2̄
′
= r2̄

′
,μ̄ r

μ̄ = φ,μ̄ r
μ̄ = φ,x x+ φ,y y = ρ−2(−yx+ xy) = 0,
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r1̄′ = rμ̄,¯̄1′ rμ̄ = xμ̄,1̄′ rμ̄ = x,ρ x+ y,ρ y = ρ−1((x)2 + (y)2) = ρ = r1̄
′
,

r2̄′ = rμ̄,2̄′ rμ̄ = xμ̄,2̄′ rμ̄ = x,φ x+ y,φ y = −yx+ xy = 0.

This calculation is repeated for the displacement vector:

dr1̄
′
= ρ,x dx+ ρ,y dy = ρ−1(xdx + ydy) = dρ,

dr2̄
′
= φ,x dx+ φ,y dy = ρ−2(−ydx+ xdy) = dφ,

dr1̄′ = x,ρ dx+ y,ρ dy = ρ−1(xdx+ ydy) = dρ = dr1̄
′
,

dr2̄′ = x,φ dx+ y,φ dy = (−ydx+ xdy) = ρ2dφ = ρ2dr2̄
′
.

Since dτ is an invariant, the metric is easily obtained:

ηijdr
īdrj̄ = gī′j̄′dr

ī′drj̄
′
,

(dx)2 + (dy)2 = (dρ)2 + ρ2(dφ)2

= gρρ(dρ)
2 + gφφ(dφ)

2 + 2gρφdρdφ,

g1̄′1̄′ = gρρ = 1, g2̄′2̄′ = gφφ = ρ2, g1̄′2̄′ = 0, gī
′ ī′ = 1/gī′ ī′ .

The reader should show that the following required relations hold:

(rμ̄′ , drμ̄′) = gμ̄′ν̄′(rν̄
′
, drν̄

′
),

(rμ̄
′
, drμ̄

′
) = gμ̄

′ν̄′
(rν̄′ , drν̄′ ),

gμ̄
′ν̄′

drμ̄′drν̄′ = gμ̄′ν̄′drμ̄
′
drν̄

′
.

In Problem 4, the reader is led through the proof that the invariant

4-volume is given by

d4V = (−det(gμν))
1/2dx0dx1dx2dx3. (2.9)

The minus sign insures that the argument of the square root is positive. If

just spatial parts are considered, it is not needed. The value of the spatial

part in an inertial frame is dxdydz for rectangular coordinates and ρdρdφdz

for cylindrical coordinates. The case of spherical coordinates is left as an

exercise. Then in any GR frame, for a one-dimensional distance, say between

radial coordinates (a, b), the proper distance is as follows:

Lp =

∫ b

a

dr(grr)
1/2. (2.10)

It depends on the metric. Generally, the inertial frame value is |b−a|. Where

gravity acts, it typically is larger because spacetime is curved. The speed

of light is still unity because the proper time, that on a clock at rest with

respect to an observer, runs slower in stronger gravity.
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The spatial parts of vectors are usually written in terms of components

V i and orthogonal basis vectors �ei. In rectangular coordinates, the latter

can be taken as constant unit vectors êi, i = x, y, z. In cylindrical coordi-

nates, the results of Problem 1.3 gave �eρ = êρ and �eφ = ρêφ. They are not

constant, but vary with φ. The correct distance squared between points

in the ρ, φ plane, in an inertial system, is obtained from |dρêρ + dφρêφ|2.
However, it is not necessary to use basis vectors when we work with the

metric tensor.

In Chapter 1, the Lorentz transform between frames O and O′, in rela-

tive motion, was studied. The transform for drμ̄ and drμ̄ was just Eqs. (2.6)

and (2.7). So quantities depending on one index, and transforming via the

Lorentz transform, are vectors in spacetime. This property will be used

below to construct additional vectors.

2.3 Tensor Transforms

To study the transformation properties of tensors of rank > 1, start by

constructing a quantity that depends on two indexes that have a known

transformation, e.g., V μWν , V
μW ν and VμWν , where V andW are vectors.

Such quantities are defined to transform as tensors, and it is easy to see

how higher ranked tensors must transform. Using Eqs. (2.6) and (2.7), we

have

(V μWν) = xμ,ψ′ V ψ′
xξ

′
,ν Wξ′ = xμ,ψ′ xξ

′
,ν (V

ψ′
Wξ′), (2.11)

(V μW ν) = xμ,ψ′ V ψ′
xν ,ξ′ W

ξ′ = xμ,ψ′ xν ,ξ′ (V
ψ′
W ξ′), (2.12)

(VμWν) = xψ
′
,μ Vψ′xξ

′
,ν Wξ′ = xψ

′
,μ x

ξ′ ,ν (Vψ′Wξ′). (2.13)

One then declares that the above multiplications of the two vectors produce

tensors of rank 2, such as T μν , T μν , and Tμν . The above equations are the

transformation rule, for any tensor of rank 2. However, this must be tested

on two quantities asserted to be tensors of rank 2, the metric and Kronecker

delta tensors. Let V, W be vectors. If gμν is a tensor, then

gμνV
μW ν = xξ

′
,μ x

χ′
,ν gξ′χ′xμ,α′ V α′

xν ,β′ W β′

= xξ
′
,μ x

μ,α′ xχ
′
,ν x

ν ,β′ gξ′χ′V α′
W β′

= xξ
′
,α′ xχ

′
,β′ gξ′χ′V α′

W β′

= δξ
′
α′δ

χ′
β′gξ′χ′V α′

W β′
= gξ′χ′V ξ′Wχ′

.
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This result is an invariant. It agrees with Eq. (2.3) when V μ = Wμ = drμ.

If gμν was not a tensor, this result wouldn’t hold.

The transform of the Kronecker tensor is left as a problem. Here are

some explicit examples, of expected results, between rectangular and cylin-

drical coordinates:

gρρ = (x,ρ )
2ηxx + (y,ρ )

2ηyy = cos2 φ+ sin2 φ = 1,

gφφ = (x,φ )
2ηxx + (y,φ )

2ηyy = ρ2(sin2 φ+ cos2 φ) = ρ2,

gρρ = (ρ,x )
2ηxx + (ρ,y )

2ηyy = (x2 + y2)/ρ2 = 1,

gφφ = (φ,x )
2ηxx + (φ,y )

2ηyy = (y2 + x2)/ρ4 = 1/ρ2,

δρρ = ρ,x x,ρ δ
x
x + ρ,y y,ρ δ

y
y = cos2 φ+ sin2 φ = 1,

δφφ = φ,x x,φ δ
x
x + φ,y y,φ δ

y
y = sin2 φ+ cos2 φ = 1,

δρφ = ρ,x x,φ δ
x
x + ρ,y y,φ δ

y
y = (−xy + yx)/ρ = 0.

One can also check that under a Lorentz transformation the metric tensor

transforms correctly. One obtains, using Eqs. (1.9)–(1.11),

η00 = x0̄,ᾱ′ x0̄,β̄′ ηα
′β′

= (x0̄,0̄′ )
2η0

′0′ + (x0̄,3̄′ )
2η3

′3′ = γ2(−1 + V 2) = −1.

The other elements can similarly be shown to work out. Try it.

It is now obvious that a tensor of rank integer n transforms such

that for each contravariant index there will be a partial derivative fac-

tor as in Eq. (2.6) and for each covariant index, a partial derivative factor

as in Eq. (2.7). The product of the factors multiplies an element of the

tensor, e.g.,

Tαβγδ = xα,μ′ xβ ,ν′ xξ
′
,γ x

ψ′
,δ T

μ′ν′
ξ′ψ′ . (2.14)

2.4 Forming Other Vectors

Since drμ is a vector and dτ is an invariant, the quantity Uμ = drμ

dτ is

another vector with units of velocity. This is not true for photons because

dτ = 0. Suppose SR observer O′ says an object has 3-velocity rectangular

components drī
′

dt′ = vī
′
= vī′ . An observer moving with the object says that

dτ has elapsed. Chapter 1 results yielded dτ = dt′/γ̄′, where dt′ is the time



July 27, 2020 12:53 General Relativity: A First Examination. . . 9in x 6in b3923-ch02 page 23

Vectors and Tensors in Spacetime 23

elapsed according to O′. Here γ′ = (1− |v′|2)−1/2 and |v′|2 = vī
′
vī′ . Then,

U ī′ = γ′ dr
ī′

dt′
= γ′vī

′
= Uī′ , (2.15)

U 0̄′ = γ′ dr
0̄′

dt′
= γ′ = −U0̄′ , (2.16)

−ημ′ν′U μ̄′
U ν̄′

= −γ′2(−1 + |v′|2) = 1, invariant. (2.17)

There are similar equations for the U μ̄ in O — just remove the primes.

The 3-velocity transforms come from applying the Lorentz transform to

these vectors. If O′ moves relative to O, with speed V in the z direction,

let γ[V ] = (1− |V |2)−1/2. Then,

U 0̄ = γ = γ[V ](U 0̄′ + V U 3̄′) = γ[V ]γ′(1 + V v3̄
′
), (2.18)

U 3̄ = γv3̄ = γ[V ](U 3̄′ + V U 0̄′) = γ[V ]γ′(v3̄
′
+ V ),

v3̄ =
v3̄

′
+ V

1 + V v3̄′
=

γ[V ](dx3̄′ + V dx0̄′ )

γ[V ](dx0̄′ + V dx3̄′ )
=

dx3̄

dt
, (2.19)

γv1̄,2̄ = γ′v1̄
′,2̄′ ,

v1̄,2̄ =
v1̄

′,2̄′

γ[V ](1 + V v̄3′)
=

dx1̄′,2̄′

γ[V ](dx0̄′ + V dx3̄′)
=

dx1̄,2̄

dt
. (2.20)

The quantity dτ has vanished from Eqs. (2.19) and (2.20). Thus, they also

hold for photons, e.g., if v1̄
′
= 1, v2̄

′
= v3̄

′
= 0, then v1̄v

1̄ = (γ[V ])−2, v2̄ =

0, v3̄v
3̄ = |V |2 and |v|2 = vīv

ī = 1. All observers see the same speed for

light. For a slowly moving object like the earth, under the gravitational

influence of the sun, γ ≈ 1, U0 ≈ 1 and U i ≈ 0.

2.5 Twin Problem Revisited

The twin problem with a simple acceleration can now be considered. Twin

O is at rest, while twin O′ is positioned in a rocket, as shown in Fig. 2.1. The

rocket accelerates in the z-direction such that O′ experiences an acceleration

g = 9.807/(9× 1016)m−1 and is quite comfortable. On the clock of O′ that
measures the proper time of O′, the acceleration lasts for a time T . The

acceleration reverses direction for a time 2T , and then reverses direction

again for a time T . This brings the rocket back to rest, and O′ to the

position of O. What is the time on the clock of O? O can interpret the

problem with SR.
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Fig. 2.1 The twin problem: O′ at rest in the rocket experiences acceleration of magni-
tude g on going from, and returning to twin O.

The 3-acceleration magnitude of O′ is g according to O′. The 3-

acceleration of O′ according to O must be calculated. The latter is dVR

dt ,

where VR is the speed of the rocket with respect to O. The 3-acceleration

enables the calculation of the rocket’s speed with respect to O. That allows

comparison of clocks. The 3-acceleration is obtained from an acceleration

vector Aμ ≡ dUμ

dτ similar to the way the 3-velocity was obtained from Uμ. In

general, for motion in O, in the 3-direction with speed V and acceleration

a = dV
dt ,

Aμ̄ ≡ dU μ̄

dτ
= γ

dU μ̄

dt
, (2.21)

A0̄ = γ
dγ

dt
= γ

−1

2(1− V 2)−3/2

(
−2V

dV

dt

)
= γ4aV, (2.22)

A3̄ = γ
d

dt

dx3̄

dτ
= γ

d

dt

(
γ
dx3̄

dt

)
= γ

d(γV )

dt

= γ

(
γa+

dγ

dt
V

)
= γ2a+ γ4V 2a

= γ2a(1 + V 2γ2) = γ4a. (2.23)
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The rocket is not an inertial frame, but at each instant looks like one. It

is moving with speed VR relative to O. O′ is at rest relative to the rocket,

but experiences A3′ = ±g. O can use the Lorentz transform to transform

vectors from the rocket frame to the O frame,

A0̄ = γR[A
0′ + VRA

3′ ], γR = (1− V 2
R)

−1/2,

VRaγ
4
R = γRVRa

′ = γRVR(±g),

a =
dVR
dt

= ±gγ−3
R , so,

±gdt = dVRγ
3
R = dVR(1− V 2

R)
−3/2.

(2.24)

Using the relationship between coordinate time and proper time yields,

(dτ)2 = (dt)2 − (dz)2 = (dt)2(1− V 2
R),

dτ = dt(1 − V 2
R)

1/2 = (±1/g)dVR/(1− V 2
R).

On the first leg τ = T − 0 = T , take the plus sign, and integrate from

VR = 0 to VR(F ). On the second leg τ = 2T − T = T , take the minus

sign, but integrate from VR = VR(F ) to 0. Thus the two legs yield the

same result. For the third leg τ = 3T − 2T = T , take the minus sign, but

integrate from VR = 0 to −VR(F ). For the last leg τ = 4T − 3T = T , take

the plus sign, but integrate from VR = −VR(F ) to 0. Thus all legs yield the

same result. So the calculation is made for the first leg:

T = (1/g)

∫ VR(F )

0

dVR/(1− V 2
R) = (1/2g) ln

1 + VR(F )

1− VR(F )
,

exp(2gT ) =
1 + VR(F )

1− VR(F )
,

VR(F ) =
exp(2gT )− 1

exp(2gT ) + 1
= tanh gT ≤ 1.

(2.25)

Then, from Eq. (2.24),

gt =

∫ VR(F )

0

dVR(1− V 2
R)

−3/2 = VR(F )(1− VR(F )2)−1/2,

= sinh gT. (2.26)

If T = 1 y = 0.316 × 108 s = 0.948 × 1016 m, gT = 1.033, then VR(F ) =

tanh 1.033 = 0.775, gt = sinh 1.033 = 1.226. This yields t = (0.918 ×
1016)(1.226) m = 0.375×108 s = 1.187 y. So, for the entire trip, O′ ages 4 y,

while O ages 4.748 y. Even more striking, if T = 10 y, then t = 1.483×104 y!
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2.6 Momentum and Energy

Another important vector comes from multiplying the velocity vector by an

invariant quantity with units of mass mUμ ≡ Pμ, where P is the momen-

tum. In the system where c = 1, it has units of kg. In the natural units,

where c = G = 1, it has units of m. By going to the rest frame of the

object, one notes m is the rest mass. For an inertial observer, the spatial

part of the momentum vector is the linear momentum. Its components are

as follows:

P ī = (1− |�V |2)−1/2mV ī = γmV ī, |�V |2 = V īVī. (2.27)

These reduce to their usual non-relativistic values when |�V | � 1. The time

component is as follows:

P 0̄ = γm ≡ E (2.28)

= m(1 + |�V |2/2 + · · · ).
At low speeds, the last equation is the sum of the rest energy, and the

non-relativistic kinetic energy. So, for any speed, the time component of the

momentum vector is the sum of the rest energy and the relativistic kinetic

energy KE. This is the total energy E. A non-invariant relativistic mass

M ≡ E/c2 = E is a useful construct for the example in Section 2.8. A little

manipulation yields other important relations:

m2 = −gμνP
μP ν , then for inertial observers

= (γm)2 − PīP
ī = E2 − |�P |2, (2.29)

E = [|�P |2 +m2]1/2 ≡ KE +m.

Photons have m = 0, so for them,

E = KE = |�P | = M = hν, (2.30)

where ν is the frequency.

2.7 Doppler Shift

The Doppler shift for photons in SR can be obtained from the Lorentz

transform of photon momentum. The situation is illustrated in Fig. 2.2.

Frame O′ is moving relative to frame O with speed V in the z-direction.

A laser, at rest in O′, emits photons with P 0̄′ = E′ = hν′ and P 3̄′ = −hν′.



July 27, 2020 12:53 General Relativity: A First Examination. . . 9in x 6in b3923-ch02 page 27

Vectors and Tensors in Spacetime 27

Fig. 2.2 The laser at rest in O′ emits light of frequency ν′. The light received by a
detector at rest in O measures frequency ν.

If the photons don’t travel in the −z-direction, they won’t get to the origin

of O. From the Lorentz transform,

E = hν = γhν′(1− V ),

ν

ν′
=

1− V

(1− V 2)1/2
=

(
1− V

1 + V

)1/2

=
λ′

λ
.

(2.31)

For a source receding from O, the received frequency is shorter, the

wavelength is longer — a red shift. If you change the sign of V , so that the

source is advancing, there is a blue shift. Examination of the line spectra

from very faraway galaxies, and knowledge of the Doppler shift, leads to the

conclusion that they are all separating from us — an expanding universe.

One might think that the expansion is taking place in an already existing

space, but we now know the expansion is due to more space being created

between any pair of objects.

Another way to get this result is, perhaps more satisfying, as it uses

invariants. In O′, the light source is at rest, and the light has P 0̄′ = hν′,
P 3̄′ = −hν′. O is moving in the −z-direction with speed V , with respect
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to O′. The velocity of O according to O′ is as follows:

U 0̄′(O) = γ(U 0̄(O) − V U 3̄(O)) = γU 0̄(O) = γ,

U 3̄′(O) = γ(U 3̄(O) − V U 0̄(O)) = −γV U 0̄(O) = −γV,

ημ′ν′U μ̄′
(O)P ν̄′

(light) = γ(−hν′)(1 − V ) = −hν′
(
1− V

1 + V

)1/2

= −E,

E = P 0̄(O) = −Uμ̄′(O)P μ̄′
= −U μ̄′

(obs)Pμ̄′ .

(2.32)

Here, E is the energy of the photons measured by the detector fixed in O;

Uμ̄′(O) is the velocity of O determined by O′; and P μ̄
′
is the momentum of

the photons determined by O′. In the above case, if V = 0, then Uμ̄′(O) =

(−1, 0, 0, 0) and E = −(−1)P 0̄′ = hν′. For massive particles, you can easily

show that Eq. (2.32) still holds.

2.8 Gravity Affects Time

Using the relativistic mass, it is easy to show that gravity affects time.

Consider a photon with KE = M = hν, emitted at the surface of the sun,

with mass Ms and radius Rs. When it gets far from the sun, say at earth,

with mass Me, radius Re, and distance from the sun D, the frequency

changes so that total energy is conserved. At earth, KE′ = M ′ = hν′.
The setup is illustrated in Fig. 2.3. The frequency of the sunlight at earth

Fig. 2.3 Light of frequency ν is emitted at the surface of the sun. The light received at
earth, where gravity is weaker, has frequency ν′.
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can be calculated from energy conservation with Newtonian gravitational

potential energy included. This calculation is not relativistically rigorous

as it mixes non-relativistic and relativistic concepts. However, it gives the

correct result when gravity is a very weak effect,

KE + PE = KE′ + PE′,

M −MMs/Rs = M ′ −M ′Ms/D −M ′Me/Re,

hν(1 −Ms/Rs) = hν′(1 − [Ms/Rs][(Rs/D) + (Me/Ms)(Rs/Re)]),

Rs/D = 4.64× 10−3, (Me/Ms)(Rs/Re) = 0.33× 10−3,

1− ν′/ν ≈ Ms/Rs = 1.476× 103/6.96× 108 = 2.1× 10−6.

So, at the sun, light is emitted by a physical process, like the line spec-

trum of helium. At earth, observers compare this light, with light from

the line spectrum of helium, emitted on earth. The light from the sun has

a lower frequency and larger wavelength than the earth light. This is the

gravitational red shift. Frequency is inversely related to time; in this case,

the time between successive wave crests. So the proper-time earth clock

indicates the time between crests, of the light from the sun is longer, than

the similar time from the earth light. This means it is longer than the time

on a proper-time clock at the sun. The reason is, if a source is to be consid-

ered helium, it has to be helium everywhere. Otherwise, the first postulate

of relativity is violated. The time between crests measured on a clock at the

same position as the source doesn’t depend on the position, regardless of

gravity. Source process times and clock times are affected equally. Proper-

time clocks in stronger gravity are ticking at a slower rate than those in

weaker gravity.

An observer far from a black hole would say it takes an infinitely long

time for a foolish astronaut to get to the horizon, whereas the astronaut

doesn’t think anything is amiss time-wise.

2.9 The Pound–Rebka Experiment

These predictions have been confirmed for light from stars, but was first

confirmed in the earth’s gravity, (see Pound and Rebka, 1959). The exper-

iment required use of the Mössbauer effect and a wide variety of other

physical processes.

As an introduction to this important experiment, the emission and

absorption of photons are reviewed. Consider a free atom at rest, such

as one in a gas with a nucleus in an excited energy state EH . It will emit
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a photon and undergo a transition to a lower energy state EL. In order to

conserve energy and momentum, the atom must recoil,

EH − EL ≡ ΔE = hν + |�P |2/(2MA) = hν + (hν)2/(2MA),

where ν is the photon frequency and MA is the atomic mass. If a similar

atom’s nucleus was excited by absorbing a photon, then

ΔE = hν′ − |�P ′|2/(2MA) = hν′ − (hν′)2/(2MA).

So hν < ΔE < hν′. The emitted photon cannot be reabsorbed by another

free nucleus, if as is the case here, the intrinsic line-width of the transition is

small enough. The intrinsic line-width is due to the time–energy uncertainty

relation. If the lifetime of the excited state is long, so that there is ample

time to make an energy measurement, then the error in the energy will be

very small.

In 1958, R. Mössbauer discovered that when such atoms were part of

a crystal lattice, the crystal as a whole, with zero excitation of phonons,

recoiled in a large fraction of the transitions. For this discovery, Mössbauer

was awarded the Nobel prize. In this case, MA → ∞ and hν = hν′. Thus,
the emitted photon could be reabsorbed. A very good source with which

to see this effect is 57Fe. It results in an excited nuclear state 14.4 keV

above the ground state, from electron capture in 57Co (lifetime 272 d).

You can get the cobalt at a cyclotron, using the reaction 56Fe(d, n)57Co.

The cobalt diffuses into the lattice when the iron target slab is heated.

As natural iron has only 2.17% of 57Fe, the slab can be enriched in

isotope 57.

In a simple experiment, a thin enriched source slab is placed close to a

thin absorber slab. Directly behind the latter is a photon detector, perhaps

a NaI crystal mounted on a phototube. If the absorbing slab is ordinary iron,

almost no reduction in counting rate is observed, but if it is enriched in 57Fe,

an obvious reduction is seen. In the latter case, more emitted photons are

absorbed. This holds whether the experiment is conducted at the bottom

or top of a high tower H = 22.55 m, in the case of the Pound–Rebka

experiment. That is, if source and detector are at the same position, the

measured frequency is independent of where they are.

In the Pound–Rebka experiment, the source was carefully prepared with

a very narrow intrinsic line width. Let it be at the bottom r2 = Re, while

a similarly prepared absorber is at the top r1 = Re + H , where gravity

is weaker. After solid angle effects are accounted for, a reduction in count
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rate is not observed nor is one expected. The gravitational red shift reduces

the photons’ frequency so they cannot be reabsorbed. This confirms that

the frequency at the top is not that at the bottom, but hasn’t confirmed

whether or not the frequency has decreased, nor by how much.

In order to measure this frequency change, and see if it agrees with the

GR prediction, the source was set in motion. Then in addition to the above

effect, there is also a Doppler shift. If the source moves towards the absorber

with speed V , the frequency at the absorber is, using both the Doppler shift

and the gravitational red shift,

ν2,1
ν2,2

=

(
1 + V

1− V

)1/2 [
1−Me

(
1

r2
− 1

r1

)]

≈ (1 + V )

[
1−Me

(
1

Re
− 1

Re +H

)]
.

The approximation is due to V � 1. Since H � Re the above can be

approximated as

ν2,1
ν2,2

≈ (1 + V )

[
1− Me

Re

(
1− 1

1 +H/Re

)]

≈ (1 + V )

[
1− Me

Re
(1− (1−H/Re))

]

= (1 + V )

[
1− MeH

R2
e

]
.

For maximum absorption, one desires the above ratio to be unity, so

that 1 + V =
(
1−MeH/R2

e

)−1 ≈ 1 + MeH/R2
e, or V = 2.46 × 10−15.

In MKS units, this is 0.74× 10−6m/s. Moving the source so slowly would

be extremely difficult. However, Pound and Rebka moved it in a sinusoidal

manner, so that V = V0 cosωt. The speed V0 could be much larger than the

above value, but by observing the way the detector intensity varied with

cosωt, the red shift value could be deduced. The original experiment found

agreement with GR to the 10% level. It has since been improved to less

than 1%.

2.10 Global Positioning System

The global positioning system is in wide use, and GR provides an impor-

tant correction. Before worrying about the role played by GR, let’s look

at a simple-minded system where only SR needs to be worried about.
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Imagine our observer does not know where he is, though he is actually

at dz0. Overhead at height h � Re, many planes fly with speed V in

the z-direction. The planes are at rest with respect to each other. At high

frequency ν, they broadcast their time and position (dt′, dz′). These are

connected to times and positions in the observer’s frame by the Lorentz

transform,

γ = (1 − V 2)−1/2 ≈ 1 + V 2/2,

dt = γ(dt′ + V dz′), dz = γ(dz′ + V dt′).

The time of flight dT of the electromagnetic wave to the observer is

dT = (h2 + [dz − dz0]
2)1/2, and the time of arrival at the observer is

dt0 = dT +dt. The observer has a system that interprets the signals so that

two simultaneously arriving signals are deduced. Of course, this means that

the two signals were not emitted simultaneously by the planes. Also simul-

taneous arrival really means arrival within a narrow time window, and that

depends on the accuracy of your device. If two planes provide simultaneous

arrivals, then

dTA + dtA = dTB + dtB ,

(h2 + [dzA − dz0]
2)1/2 + dtA = (h2 + [dzB − dz0]

2)1/2 + dtB.

The above equation allows calculation of dz0. The accuracy of the position

depends on the accuracy of the time measurements. For extreme accuracy,

the correction due to the relativistic factor γ needs to be included.

The real GPS, illustrated in Figs. 2.4 and 2.5, is a system of 24 satellites.

They orbit earth with a period T = 12h. Newton’s theory will give us

an idea of the accuracy and the corrections needed. Circular motion is

considered:

mV 2/R = mMe/R
2,

V = (Me/R)1/2 = 2πR/T, R = [TM1/2
e /(2π)]2/3,

T = (12)(3600)(3× 108)m,

Me = (5.97× 1024)(0.742× 10−27)m,

R = 0.265× 105 km = 4.15Re,

V = 0.128× 10−4.

The time correction has two parts: a factor γ from SR, and a factor from

GR because the clocks of the receiver and satellite experience gravity of
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Fig. 2.4 Twenty-four GPS satellites orbit earth, and broadcast their positions and times
at high frequency.

Fig. 2.5 Light speed signals from three satellites, that arrive at the same time, provide
a unique earth position.
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differing strength. The sizes of the corrections are as follows:

γ = (1− V 2)−1/2 ≈ 1 + V 2/2 = 1 + 1.6× 10−10,

(1−Me/Re)/dtE = (1−Me/(4.15Re))/dtS ,

dte/dtS = [1−Me/Re]/[1−Me/(4.15Re)]

≈ [1−Me/Re][(1 +Me/(4.15Re)]

= 1− 0.76(Me/Re) = 1− 4× 10−10.

The magnitude of the GR correction is 2.5 times larger than that from SR.

Motion about the sun affects earth and satellite equally, but you might

think that the formula for γ could only be used at the poles, where an

earth observer is at rest with respect to the earth’s center. At other lat-

itudes, an earth observer is moving in a circle about an axis through the

earth’s poles and center. However, the earth is not a sphere, and the polar

radius is less than the equatorial radius. There is a latitude effect for the

gravitational potential at the surface. You also must add to the brew that

the earth is spinning, but one cannot tell the difference between the cen-

tripetal force and an additional oppositely directed gravitational force. The

total gravitational potential at earth’s surface turns out to be independent

of latitude. So clocks anywhere on the surface run at the same rates. For a

more complete discussion see Drake (2006).

Due to the large distance between the surface of earth and the satellite,

exquisite timing accuracy is required to get a location accuracy of 2m at

earth’s surface. This was the accuracy required by the military, e.g., in

1 ns light travels 0.3m. So approximately 6 ns accuracy is needed. Modern

atomic clocks can easily keep time to this accuracy. However, if both SR

and GR corrections were not included, the errors would quickly compound,

and the system wouldn’t work. This alone makes GR very practical. It

may be that a very clever person would have noticed that without the GR

correction the GPS could be made to work by an arbitrary scaling of time.

So we have heard it argued, that one does not have to know about GR to

make the GPS work. However, without knowledge of GR, it would have

taken a much longer time to get the GPS running correctly. Also, it is

always better to understand a complex system rather than making use of

arbitrary fixes.

There are other corrections to be mindful of: the relativistic Doppler

effect, the varying of the index of refraction along the path of the electro-

magnetic wave, and that the orbits may not be exactly circular.
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2.11 Tensor Equations

In a fully relativistic theory, energy is just one component of the momentum

vector. Momentum and energy conservation is just conservation of each

component of that vector. Suppose it holds in one frame where, for example,

a muon, as illustrated in Fig. 2.6, decays into three lighter particles μ →
νν̄e. In the muon rest frame O, conservation of momentum is as follows:

0 = P β̄(I)− P β̄(F ) = P β̄(μ)− P β̄(ν)− P β̄(ν̄)− P β̄(e). (2.33)

The Lorentz transform is applied to every term in the above equation. This

yields the momenta in a frame O′, where the muon is moving. It is obvious

that momentum conservation holds in O′,

0 = xᾱ
′
,β̄ (P

β̄(I)− P β̄(F )) = P ᾱ
′
(I)− P ᾱ

′
(F ).

It is necessary to write physical law as a tensor equation, as in Eq. (2.33).

Then, if the law holds for one observer, it holds for all. Such a decay is

always handled in SR, hence the bars over momentum indexes. The earth

is freely falling in the metric due mainly to the sun. As will be seen, it is

an inertial system. In the weak gravity of an earth laboratory, there is no

noticeable earthly gravitational effect on these particles. Though the decay

is handled in SR, the general principle holds for all frames.

Other vectors are easy to define. For example, one could define a force

vector Fμ ≡ dPμ

dτ . The force components on each of two, at rest, charged

particles can be calculated. After a Lorentz transform, to a frame in which

Fig. 2.6 Muon decay: On the left is the view in the muon’s rest frame (O). On the right
is the view in the laboratory, frame O′.
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the particles are moving, one notes magnetic effects enter the scene. In this

way, the laws of electromagnetism can be derived from Coulomb’s law and

SR. Such material is useful for an electrodynamics course, but not pertinent

for further study of GR.

Problems

1. In an inertial frame of SR and in rectangular coordinates, the metric for

the spatial coordinates is ηij . Obtain the metric and determinant of the

metric in spherical coordinates. The relationships between coordinates

are as follows:

x = r sin θ cosφ,

y = r sin θ sinφ,

z = r cos θ,

r = [(x)2 + (y)2 + (z)2]1/2,

φ = tan−1 y/x,

θ = cos−1(z/[(x)2 + (y)2 + (z)2]1/2).

2. Show in general that xμ
′
,ν′′ = gν′′ξ′′g

μ′χ′
xξ

′′
,χ′ . Then, using the infor-

mation in Problem 1, show explicitly that, in an inertial frame where

xμ̄
′
, xν̄

′′
are cylindrical, spherical coordinates,

xμ̄
′
,ν̄′′ = gν̄′′ξ̄′′g

μ̄′χ̄′
xξ̄

′′
,χ̄′ .

3. Show that Eq. (2.6) leads to Eq. (2.7) for the Lorentz transform, dis-

cussed in Chapter 1. Show explicitly for this transform that

xμ̄,ν̄′ = ημαην′β′xβ̄
′
,ᾱ .

4. Prove that the 4-volume element [− det(gμν)]
1/2dx0dx1dx2dx3 is an

invariant. Use the following information. In a rectangular coordinate

frame, in flat space,

d4V = [− det(ημν )]
1/2dx0̄dx1̄dx2̄dx3̄ = dx0̄dx1̄dx2̄dx3̄.

In another frame, calculus yields

d4V = Jdx0dx1dx2dx3, J ≡ Jacobian,

J =
∂(x0̄x1̄x2̄x3̄)

∂(x0x1x2x3)
,

= det(Δ),
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where Δ is the following matrix:

Δ =

⎛
⎜⎜⎝
x0̄,0 x0̄,1 x0̄,2 x0̄,3
x1̄,0 x1̄,1 x1̄,2 x1̄,3
x2̄,0 x2̄,1 x2̄,2 x2̄,3
x3̄,0 x3̄,1 x3̄,2 x3̄,3

⎞
⎟⎟⎠ .

Now relate gμν to Δ.

5. Show from the transform equations that gμνT
ν
β , where T νβ is a mixed

tensor of rank 2, is a covariant tensor of rank 2. If
dgαβ

dτ = 0, show

Uμ
dUμ

dτ = 0, where Uμ is the velocity.

6. Show from the transform equations that δμν is a mixed tensor of rank 2.

What are gμνgξχ, g
μμgνν , g

μνgμν , g
μμgμμ and gμνVξ, where Vξ is a

vector?

7. In the twin problem, the rocket moved relative to frame O with spatial

components of velocity and acceleration in the z-direction only, and O′

was at rest in the rocket.

(a) Suppose now that the rocket was an inertial frame, and O′ had

nonzero spatial components of 3-velocity and 3-acceleration, in all

directions relative to the rocket. Here vī
′
= dxī′

dt′ , and aī
′
= dvī

′

dt′ .

If the rocket moves with speed V in the z-direction relative to O,

what are aj̄ in terms of V , vī
′
, and aī

′
? You already know vj̄ in

terms of V and vī
′
.

(b) Use Eqs. (2.21) and (2.22) to evaluate the invariant (ημνA
μAν)1/2.

Convince yourself that if one inertial observer sees an object accel-

erating, all inertial observers see it accelerating.

8. In the twin problem, what is the velocity of the rocket with respect to

the inertial twin, the time on the inertial twin’s clock, and the distance

of the rocket from the inertial twin, as a function of the time on the

rocket clock? Check that your answers give the expected results at

τ = T, 2T, 3T, 4T . Let the rocket clock time be 0 ≤ τi ≤ T for each

of the four legs. Similarly, let Vi, ti, zi be the variables to find for each

of the legs. For ttot and ztot, one has to add contributions from more

than one leg.

9. A person on the surface of earth lives 80 y as reckoned by his/her

proper-time clock. What would the lifetime be in a space station at a

distance 2.5Re from earth’s center, on his/her proper-time clock? What

would the earth clock read at time of death in the space station? Repeat

the above calculation for lifetime in a mine, at a distance 0.99Re from
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earth’s center, assuming a spherically symmetric earth with uniform

density. In order to simplify things, neglect the velocity effect.

10. Use the data for the Pound–Rebka experiment. For fixed source and

detector, what is the difference in energy in eV between photons emitted

at the bottom and photons arriving at the top of the tower.

11. A laser emits light of frequency ν in the −z-direction. The laser is

mounted to a land rocket, that also moves in the −z-direction with

speed V with respect to the earth. A second such rocket has a mirror

mounted on it and reflects the light received from the laser. It moves

with speed V ′ relative to the earth. What frequency is measured at the

laser rocket for the reflected light. Consider all possible cases: V > V ′,
V < V ′ and V ′ moving in the ±z-direction relative to earth. The visible

spectrum lies between (0.43–0.75)× 1013Hz. Suppose, V = 500mph �
c, what is the magnitude of V ′ such that mirror rocket travel in the

∓z-directions yields reflected light at the laser, with the lowest and

highest visible frequencies.

12. The most efficient rocket one can conceive of would convert its rest

mass to photons. The photons would part from the remaining mass in

one direction and propel the remaining mass in the reverse direction.

What fraction of the original mass remains when its speed is 0.9, 0.925,

0.95, 0.975?

13. At present high-energy proton accelerators new particles and their anti-

particles can be produced by the reactions,

p+ p → X + X̄ + p+ p, MX 
 Mp.

There are two types of accelerators: one beam and a fixed target, liquid

hydrogen, or colliding beams with equal and opposite momenta. In

accelerating protons to the highest energies, it is the kinetic energy

of the beam(s) that determines cost. Calculate the minimum kinetic

energy to produce the final state for both types of accelerators and

determine which is cheaper to construct? In the case of Higgs boson

production, MX = 0.125TeV/c2. All known conservation laws would

be satisfied without also requiring the production of the anti-Higgs. In

this case, what is the minimum collider kinetic energy? Could the Higgs

be produced at any current fixed target facility?

14. A particle of rest mass M decays into two particles of rest masses M1

and M2. If M is traveling with momentum P êz in the laboratory, cal-

culate the cosine of the opening angle cos θo between the two particles,

in the laboratory. Make the calculation in terms of the cosine of the
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emission angle cos θ∗, with respect to êz, of M1 in the rest frame of M .

Graph this function for M = 1 m, M1,2 = 0.3, 0.5 m and P = 1,

1.5 m. Note that there is a maximum opening angle between the decay

particles in the laboratory that decreases as P increases.

15. In Chapter 9, cosmology is dealt with. There, the cosmic microwave

background (CMB) radiation has a Planck distribution with a tem-

perature T0 = 2.73K. In the early universe, the temperature was much

higher, and the energy, of the photons Eγ = hν = kBT was much

greater. Here, kB is Boltzmann’s constant and T is the absolute tem-

perature. When the energy was high enough particle, anti-particle pairs

could be produced via,

γ + γ → X + X̄.

What is the minimum photon energy required to produce electron–

positron (X = e) pairs? The scale factor of the universe Q, compared

to what it is now Q0, is Q/Q0 = T0/T . What was this ratio when e±,
pairs could no longer be produced because the universe was expanding

and cooling?

16. The reaction, considered in problem 15, explains why an upper limit for

gamma-ray energy in cosmic rays is observed. Very energetic gamma

rays travel long distances to reach earth. They are traveling through

a sea of 2.73 K photons, as they started out long ago. They are quite

likely to collide with one and produce electron–positron pairs, before

reaching us. Calculate the observable maximum gamma-ray energy in

MeV. There is evidence for a diffuse X-ray background with energy

≈ 2×106kBT0 that would lower the above observable maximum energy

considerably. Recalculate that energy for this diffuse X-ray background.

17. The Robertson–Walker metric describes the development of the uni-

verse. Its elements are: g00 = −1, g33 = grr = [Q(t)]2, g22 = gφφ =

(Q(t)r sin θ)2, g11 = gθθ = (Q(t)r)2 and gμν = 0, (μ �= ν). Here, r is the

radial coordinate from an origin, say the center of the sun. Consider

a galaxy at radial coordinate R. The galaxy can be considered to be

on the surface of a sphere of radial coordinate R. What is the circum-

ference and area of the sphere? What is the proper distance from the

origin? As Q(t) is getting bigger with time, one sees that the proper

distance between any origin and a radial coordinate is expanding. Space

is being created between the two. Experiment indicates that there is a

non-understood “dark energy” driving the expansion, and that it will

not be reversed by the gravity of the existing mass.
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18. On the scale of the solar system, the universal expansion is much too

small to be observed. The metric that describes the earth’s orbit about

the sun is the static Schwarzschild metric. Here, g00 = −(grr)
−1 =

−(1 − 2Ms/r), gθθ = r2, gφφ = sin2 θgθθ, where Ms is the sun’s mass

and r is the earth’s radial coordinate. What is the value of Lp/r correct

to 0.1%? Be careful and creative; you cannot use this metric in the sun’s

interior.

19. Show that even in a complicated metric, like the Schwarzschild metric

described in Problem 18, an observer still measures unity for the speed

of light.
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Chapter 3

Covariant Differentiation,
Equations of Motion

3.1 Differentiation of Invariants and Vectors

In the previous chapters, the importance of tensors in spacetime was

stressed. Any time a new quantity is encountered, it will have to be checked

to see if it is a tensor. If it isn’t, its transformation properties are not obvi-

ous. Construction of new tensors has, so far, taken the form of products

of known tensors or total differentiation with respect to τ . For example,

(dτ)2 = drμdr
μ, gμνgξν = δμξ = δ μ

ξ , or Uμ = drµ

dτ . From studies of the

calculus of 3-vectors, one recalls that partial differentiation with respect to

the coordinates produces new 3-vectors and scalars through the gradient

and divergence operations. In spacetime, such partial differentiation also

leads to important new tensors.

Consider an invariant that is a function of position, Φ = Φ(xμ) =

Φ(xμ
′
), e.g., dτ . It has no index associated with it. Taking the partial

derivative with respect to a coordinate yields

Φ,ν = xξ
′
,ν Φ,ξ′ . (3.1)

However, this is the rule for the transformation of a covariant vector and

so another vector is added to our arsenal.

The gradient of a scalar Φ is given by gμνΦ,ν because in an inertial

frame the expected results for the spatial components are obtained

∇μ̄Φ ≡ gμ̄ν̄Φ,ν̄ = ημνΦ,ν̄ ,
(3.2)

�∇Φ = Φ,x êx +Φ,y êy +Φ,z êz.

41



July 27, 2020 12:53 General Relativity: A First Examination. . . 9in x 6in b3923-ch03 page 42

42 General Relativity: A First Examination

If cylindrical coordinates were chosen, the gradient also has the expected

form

∇ρΦ = gρρΦ,ρ= Φ,ρ, ∇φΦ = gφφΦ,φ= Φ,φ /ρ
2,

(3.3)
�∇Φ− Φ,z êz = Φ,ρ �eρ + (Φ,φ /ρ

2)�eφ = Φ,ρ êρ + (Φ,φ /ρ)êφ.

The case of spherical coordinates is left as an exercise.

A similar partial differentiation of a vector can be performed. For exam-

ple, for the position vector in an inertial frame in rectangular coordinates,

drμ̄ = dxμ̄, thus ∂rμ̄ = ∂xμ̄,

rμ̄,ν̄ = xμ̄,ν̄ = δμ̄ν̄ .

So the partial derivative of the component of a vector with respect to a

coordinate appears to be an element of a tensor of rank 2, see Problem 2.6.

However, in cylindrical or spherical coordinates, none of the rμ̄
′
depend on

coordinate φ = x2̄′ , so that r2̄
′
,2̄′ = 0. In general, terms in addition to the

partial derivative of a vector with respect to a coordinate, are needed to

obtain an object that transforms as a tensor of rank 2.

In order to see how to handle this, return to the calculus of 3-vectors.

For the position vector in the plane perpendicular to êz, in cylindrical

coordinates, and using the results of the rotation indicated in Fig. 1.1,

�r = rī
′
�eī′ = r1̄

′
�e1̄′ = rρ�eρ = ρ�eρ,

�r,1̄′ = �r,ρ= ρ,ρ �eρ + ρ�eρ,ρ= �eρ = êρ = �e1̄′ ,

�r,2̄′ = �r,φ= ρ,φ �eρ + ρ�eρ,φ= ρêρ,φ= ρ(cosφêx + sinφêy),φ

= ρ(− sinφêx + cosφêy) = ρêφ = �eφ = �e2̄′ , thus,

(�r,j̄′ )
ī′ = δ ī′

j̄′ .

(3.4)

This result is the same as the rectangular coordinate result.

In tensor notation, the terms needed, in addition to the partial deriva-

tive, lead to the covariant derivative,

V μ;ν ≡ V μ,ν + ΓμβνV
β . (3.5)

Note the use of the semi colon to indicate covariant differentiation. The

left-hand side is the
(
μ
ν

)
element of the mixed tensor that is the covariant
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derivative of vector V . The quantity Γμβν is called the Christoffel (C) symbol,

and it can be calculated solely from the gμν . From above, the first term is

all that is needed in xμ̄ coordinates. There Γμ̄
β̄ν̄

= 0. This derivative obeys

the same algebra, when applied to products, as does the partial derivative

because it does so in xμ̄ coordinates. There, it is just the partial derivative.

The other terms take into account the way the unit vectors, or in tensor

notation, the way the metric tensor depends on the coordinates.

None of the terms on the right-hand side of Eq. (3.5) transforms like a

tensor of rank 2 but the sum does. For an arbitrary vector V , a straight-

forward, but lengthy proof, using the tensor transformation rule, is left as

Problem 2. Then, it follows that

δμ̄ν̄ = rμ̄,ν̄ = rμ̄;ν̄ ,
(3.6)

δαβ = rα;β .

The first line of the above equation establishes a tensor equation so it holds

for any coordinates, yielding the second line.

In order to illustrate that the covariant derivative yields expected

results, consider cylindrical coordinates of an inertial frame. As shall be

seen, the only nonzero C symbols are Γ2̄′
1̄′2̄′ = Γ2̄′

2̄′1̄′ = Γφρφ = Γφφρ = 1/ρ and

Γ1̄′
2̄′2̄′ = Γρφφ = −ρ. The covariant derivative of the position vector in the

plane perpendicular to êz is as follows:

rī
′
;j̄′ = rī

′
,j̄′ + Γī

′
j̄′ᾱ′r

ᾱ′
, with components,

rρ;ρ = rρ,ρ + Γρρᾱ′r
ᾱ′

= ρ,ρ= 1,

rρ;φ = rρ,φ + Γρφᾱ′r
ᾱ′

= Γρφφr
φ = 0,

rφ;φ = rφ,φ + Γφφᾱ′r
ᾱ′

= Γφφρr
ρ = ρ−1ρ = 1,

rφ;ρ = rφ,ρ + Γφρᾱ′r
ᾱ′

= Γφρφr
φ = 0,

rī
′
;j̄′ = δī

′
j̄′ .

(3.7)

Note that Eq. (3.7) agrees with Eq. (3.6) and the 3-vector results of

Eq. (3.4).

The scalar divergence of a vector is defined Div V = V μ;μ because in an

inertial frame the expected results are obtained for the spatial part. This

is shown first in rectangular, and then in cylindrical coordinates for the
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(ρ, φ) terms,

V μ̄,μ̄ = V t,t + V x,x + V y,y + V z,z .

V ρ;ρ = V ρ,ρ + Γρᾱ′ρV
ᾱ′

= V ρ,ρ,

V φ;φ = V φ,φ + Γφᾱ′φV
ᾱ′

= V φ,φ + ΓφρφV
ρ = V φ,φ + V ρ/ρ,

V ρ;ρ + V φ;φ = V ρ,ρ + V ρ/ρ+ V φ,φ= (ρV ρ),ρ /ρ+ V φ,φ.

(3.8)

If the vector is the gradient of a scalar Φ, then in an inertial frame, the

expected wave equation for Φ is obtained. As above, first in rectangular

and then in cylindrical coordinates. Using Eqs. (3.2) and (3.3),

(∇μ̄Φ);μ̄ = −Φ,t ,t +Φ,x ,x +Φ,y ,y +Φ,z ,z.

(∇ρΦ);ρ + (∇φΦ);φ = (∇ρΦ),ρ + Γρᾱ′ρ∇ᾱ′
Φ+ (∇φΦ),φ + Γφᾱ′φ∇ᾱ′

Φ

= (∇ρΦ),ρ + Γφρφ∇ρΦ+ (∇φΦ),φ

= Φ,ρ ,ρ +Φ,ρ /ρ+Φ,φ ,φ /ρ
2

= (ρΦ,ρ ),ρ /ρ+Φ,φ ,φ /ρ
2. (3.9)

The covariant derivative of a covariant vector can be calculated by con-

sidering an invariant, such as the scalar product of two vectors VμU
μ. Using

Eq. (3.1) and renaming summed over indexes, yields

Vμ;ν U
μ + VμU

μ;ν = (VμU
μ);ν = (VμU

μ),ν ,

Vμ;ν U
μ + Vμ(U

μ,ν + ΓμανU
α) = Vμ,ν U

μ + VμU
μ,ν ,

Vμ;ν U
μ = Vμ,ν U

μ − VμΓ
μ
ανU

α

= Vμ,ν U
μ − VαΓ

α
μνU

μ,

Vμ;ν = Vμ,ν − ΓαμνVα.

(3.10)

The C symbol can be shown to be symmetric in its covariant indexes

because the order of partial differentiation doesn’t matter,

Φ;μ̄ ;ν̄ = Φ,μ̄ ,ν̄ = Φ,ν̄ ,μ̄= Φ;ν̄ ;μ̄. (3.11)

This is a tensor equation and so it holds in general, thus,

Φ,μ ;ν = Φ;μ ;ν = Φ;ν ;μ= Φ,ν ;μ,

Φ,μ ,ν −ΓαμνΦ,α = Φ,ν ,μ − ΓανμΦ,α,

Γανμ = Γαμν .

(3.12)
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Due to this property Γαμν has a term like xβ̄ ,μ ,ν . This term satisfies

Eq. (3.12) and in the inertial frame xβ̄ ,μ ,ν → xβ̄ ,μ̄ ,ν̄ = 0, as required. To

take care of the contravariant index and get rid of the index β̄, one could try

Γαμν = xα,β̄ x
β̄ ,μ ,ν . (3.13)

It turns out that Eq. (3.13) holds. However, a more useful form, see below,

in terms of the metric tensor and its derivatives, will be used. The proof of

Eq. (3.13) starts with the more useful form and is left as Problem 3.

3.2 Differentiation of Tensors

Given two vectors V and W , the product, V μWν , transforms like a mixed

tensor of rank 2, and its covariant derivative yields

T μν ;α = (V μWν);α= V μ;αWν + V μWν ;α

= (V μ,α + ΓμβαV
β)Wν + V μ(Wν ,α − ΓβναWβ)

= (V μWν),α + ΓμβαV
βWν − ΓβναV

μWβ

= T μν ,α + ΓμβαT
β
ν − ΓβναT

μ
β , (3.14)

yielding a mixed tensor of rank 3. The contravariant index requires a posi-

tive sign, while the covariant index requires a negative sign for the C symbol.

In a similar manner, one obtains the covariant derivatives of a covariant or

contravariant tensor of rank 2. If the rank is higher, say n, then n C symbols

with appropriate signs are needed. In the case of the metric tensor,

gμν ;α = gμν ,α + Γμβαg
βν + Γναβg

μβ = 0, (3.15)

gμν ;α = gμν ,α − Γβμαgβν − Γβανgμβ = 0. (3.16)

The reason the above tensors are zero is that in an inertial frame gμ̄ν̄ ;ᾱ=

ημν ;ᾱ= ημν ,ᾱ= 0. As this is a tensor equation, it holds in all frames, and

leads to the more useful form for Γλμν ,

0 = gμν ;α+gμα;ν −gαν ;μ

= gμν ,α + gμα,ν − gαν ,μ − Γβμαgβν − Γβανgμβ

−Γβμνgβα − Γβανgμβ + Γβμαgβν + Γβμνgαβ ,

2gμβΓ
β
αν = (gμν ,α + gμα,ν − gαν ,μ),

2gμλgμβΓ
β
αν = 2δλβΓ

β
αν = gμλ(gμν ,α + gμα,ν − gαν ,μ),

Γλαν = gμλ(gμν ,α + gμα,ν − gαν ,μ )/2.

(3.17)
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Once the metric tensor is obtained, the C symbols are easily calculated.

For example, in cylindrical coordinates xμ̄
′
, the previous quoted results for

the nonzero C symbols are substantiated. Let (̄i′, j̄′, k̄′) take on the values

(1̄′, 2̄′). Note that nonzero metric elements are g1̄′1̄′ = 1 and g2̄′2̄′ = ρ2,

Γī
′
j̄′ k̄′ = gī

′m̄′
(gj̄′m̄′ ,k̄′ + gk̄′m̄′ ,j̄′ − gj̄′k̄′ ,m̄′)/2

= gī
′ ī′(gī′ j̄′ ,k̄′ + gī′k̄′ ,j̄′ − gj̄′k̄′ ,̄i′)/2

= gī
′ ī′(δī

′
j̄′gī′ ī′ ,k̄′ + δī

′
k̄′gī′ ī′ ,j̄′ − δj̄

′

k̄′gk̄′k̄′ ,̄i′)/2,

Γ1̄′
1̄′1̄′ = g1̄

′1̄′g1̄′1̄′ ,1̄′/2 = 0, Γ2̄′
2̄′2̄′ = g2̄

′2̄′g2̄′2̄′ ,2̄′/2 = 0,

Γ1̄′
1̄′2̄′ = g1̄

′1̄′g1̄′1̄′ ,2̄′/2 = 0, Γ2̄′
1̄′1̄′ = −g2̄

′2̄′g1̄′1̄′ ,2̄′/2 = 0,

Γ2̄′
1̄′2̄′ = Γφρφ = g2̄

′2̄′g2̄′2̄′ ,1̄′ /2 = ρ−2ρ2,ρ/2 = 1/ρ,

Γ1̄′
2̄′2̄′ = Γρφφ = −g1̄

′1̄′g2̄′2̄′ ,1̄′/2 = −ρ2,ρ/2 = −ρ.

3.3 Gravity and the Locally Inertial Frame

Liberal use is made of the thought experiments proposed by Einstein, illus-

trated in Figs. 3.1 and 3.2, to crystallize his ideas concerning GR. When

gravity is included, it acts everywhere. At first it isn’t clear that an inertial

frame can be found. Standing in an elevator, gravity is experienced by the

floor pushing up on our feet. There is no upward acceleration as gravity

counters this force. If the elevator started accelerating upward, a stronger

upward push would be experienced. However, an elevator observer couldn’t

tell whether the effect was due to a stronger gravitational force, or a force

due to a machine capable of lifting the elevator.

If the elevator cable broke and the elevator observer released some

objects from rest, a camera fixed to the elevator would show all objects

remaining at rest with respect to each other. It wouldn’t matter whether

some objects were more or less massive or if they were made of different

materials. Also the elevator observer would no longer feel an upward force

from the floor. A camera fixed to the earth would show all objects falling

with the same acceleration. This is because inertial mass and gravitational

mass are the same. For example, from Newton’s law of gravity,

F = MIa = MGM/d2, a = M/d2.
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Fig. 3.1 Top, observer at rest in an elevator is also rest with respect to earth. Bot-
tom, elevator and observer accelerating upward with respect to earth. The accelerat-

ing observer feels a stronger upward force from the floor and could conclude gravity is
stronger than when at rest.

Fig. 3.2 Freely falling elevator observer releases various objects and notes they do not
fall; concluding that there is no gravity. Earth observer, not freely falling, notes all objects
in the elevator are falling, with the same acceleration because of gravity.
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Here M is the attracting mass, MI is the inertial mass of the accelerating

object, MG is the gravitational mass of the accelerating object, and d is the

distance between the masses.

As Einstein put it, the elevator observer is free falling and doesn’t expe-

rience gravity. The results of all non-gravity experiments in the elevator

will be the same as the results obtained in an inertial frame. This is the

“weak” principle of equivalence. The “strong” principle says the results of

any experiment will be the same as those in an inertial frame. It is some-

what ironic; gravity is a complicated subject, but its distinguishing feature

is, if you are freely falling in uniform gravity, it is not experienced.

Gravitational strength varies with position. One would experience grav-

ity through tidal forces. However, in an arbitrarily small volume a free

falling observer will, to first order, not experience gravity. For example,

no one is conscious of freely falling due to the gravitational influence of

the sun. This is the essence of a locally inertial frame. In this arbitrarily

small frame, coordinates xμ̄ can be found with origin at arbitrary point P ,

such that,

gᾱβ̄(x
μ̄) = ηαβ +O(xμ̄)2,

gᾱβ̄ |P = ηαβ , (3.18)

gᾱβ̄ ,χ̄ |P = gᾱβ̄;χ̄ |P = 0, (3.19)

gᾱβ̄,χ̄ ,ξ̄ |P �= 0. (3.20)

Another way to see the locally inertial frame in our lives is easy. People

live on the curved surface of an approximately spherical earth. However, a

person occupies a very small portion of this surface, so that the person is not

conscious of the curvature. As will be seen, gravity causes space curvature.

3.4 Local Flatness Theorem

The existence of a locally inertial frame means that curved space has a

flat space tangent at any point. Above, it was noted that at any point

P in spacetime, one can find a rectangular coordinate system xμ̄, such

that at P the metric is the metric of SR. Then, its first partial derivative

vanishes, but not necessarily its second partial. That is, the metric near

P is approximately that of SR, the differences being second order in the

coordinates.
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The proof begins by noting that there is some relation between an arbi-

trary coordinate system and the locally inertial system, xμ = xμ(xν̄), and

all orders of the partial derivatives, xμ,ν̄ ,..., exist. The latter and the metric

are expanded in a Taylor series, shown below to second order. The expan-

sion is about P , for coordinates close to P ,

xμ,ᾱ = xμ,ᾱ |P + xμ,ᾱ ,χ̄ |PΔχ̄ + xμ,ᾱ ,χ̄ ,ξ̄ |PΔχ̄Δξ̄/2,

xμ,ᾱ x
ν ,β̄ gμν = gᾱβ̄

= gᾱβ̄ |P + gᾱβ̄,χ̄ |PΔχ̄ + gᾱβ̄ ,χ̄ ,ξ̄ |PΔχ̄Δξ̄/2, (3.21)

Δχ̄ = xχ̄ − xχ̄|P , thus, Δχ̄|P = 0,

Δχ̄,λ̄ |P = δχ̄
λ̄
, (Δχ̄Δξ̄),λ̄ ,γ̄ |P = δχ̄

λ̄
δξ̄γ̄ + δχ̄γ̄δ

ξ̄

λ̄
.

At P , the differences in the coordinates Δχ̄ vanish, and Eq. (3.21)

becomes

gᾱβ̄ |P = [xμ,ᾱ x
ν ,β̄ gμν ]|P = ηαβ .

This equality is a set of ten independent equations because the metric

tensor gμν is symmetric and has ten independent values. However, there

are 16 independent first-order partial derivatives available xμ,ᾱ, more than

enough to satisfy these equations.

If Eq. (3.21) is partially differentiated with respect to xλ̄ and evaluated

at P , the leading term, second order, and all the higher order terms, with

remaining coordinate differences vanish. This yields

gᾱβ̄ ,λ̄ |P = [(xμ,ᾱ x
ν ,β̄ gμν),λ̄ ]|P

= [xμ,ᾱ x
ν ,β̄ gμν ,λ̄ + xμ,ᾱ ,λ̄ x

ν ,β̄ gμν + xμ,ᾱ x
ν ,β̄ ,λ̄ gμν ]|P = 0.

This equality is a set of 40 independent equations because the metric tensor

is symmetric and there are 40 independent values of gμν ,λ̄, ten for each λ̄.

As the first-order partial derivatives have been used, these equations can be

satisfied, if there are at least 40 independent second-order partial deriva-

tives, xμ,ᾱ ,λ̄ and xν ,β̄ ,λ̄. Since the order of partial differentiation is unim-

portant, there are exactly 40 such derivatives, ten for each μ or ν, just

enough to satisfy the equations.

If Eq. (3.21) is partially differentiated twice with respect to, xλ̄ and

xγ̄ , and evaluated at P , the leading term, first-order term, and all the

terms higher than second order, with remaining coordinate differences
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vanish. Then,

gᾱβ̄ ,λ̄ ,γ̄ |P = [(xμ,ᾱ x
ν ,β̄ gμν),λ̄ ,γ̄ ]|P ,≡ Q+R+ S,

Q = [xμ,ᾱ x
ν ,β̄ gμν ,γ̄ ,λ̄ ]|P ,

R = [(xμ,ᾱ ,λ̄ x
ν ,β̄ + xμ,ᾱ x

ν ,β̄ ,λ̄)gμν ,γ̄

+(xμ,ᾱ ,γ̄ x
ν ,β̄ + xμ,ᾱ x

ν ,β̄ ,γ̄)gμν ,λ̄]|P ,
S = [(xμ,ᾱ ,γ̄ ,λ̄ x

ν ,β̄ + xμ,ᾱ ,γ̄ x
ν ,β̄ ,λ̄ + xμ,ᾱ ,λ̄ x

ν ,β̄ ,γ̄

+ xμ,ᾱ x
ν ,β̄ ,γ̄ ,λ̄)gμν ]|P .

The equality Q + R + S is a set of 100 independent equations because

there are 100 (10× 10) independent values of gμν ,γ̄ ,λ̄. The metric tensor is

symmetric and the order of partial differentiation is unimportant. As the

first- and second-order partial derivatives have been used, at least 100 inde-

pendent third-order partial derivatives xμ,ᾱ ,γ̄ ,λ̄, are required for a solution.

However, as the order of partial differentiation is unimportant there are

only 80 such derivatives, 20 for each μ, ᾱγ̄λ̄ = 000, 001, 002, 003, 011, 012,

013, 022, 023, 033, 111, 112, 113, 122, 123, 133, 222, 223, 233, 333. Thus,

there aren’t enough parameters to satisfy the 100 equations. The 20 lacking

parameters are needed, as shall be seen, to describe the curvature of space.

At P , the locally inertial rectangular coordinates xμ̄ may be very com-

plicated functions of the rectangular coordinates of a non-inertial observer.

The metric tensor elements in these coordinates are ηαβ and the C sym-

bols are zero, but derivatives of the C symbols don’t, in general, vanish.

Transforming to other frames, even if rectangular coordinates are used, will

lead to non-constant metric tensors and C symbols. However, the covari-

ant derivative of the metric tensor remains gμν ;ξ = 0, and the result for

the C symbols in terms of the metric tensor and its derivatives Eq. (3.17)

remains valid.

3.5 GR Equations of Motion

In the locally inertial frame specified by xμ̄, all objects travel in a straight

line without acceleration. The equation of motion of a particle with rest

mass is as follows:

d2xμ̄

dτ2
=

dU μ̄

dτ
= 0. (3.22)
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Using, Eq. (3.13), the above, in another frame becomes

0 =
dU ᾱ

dτ
=

d(xᾱ,μ U
μ)

dτ
= xᾱ,μ

dUμ

dτ
+ Uμ d

dτ
xᾱ,μ

= xᾱ,μ
dUμ

dτ
+ Uμxᾱ,μ ,ν

dxν

dτ

= xᾱ,μ
dUμ

dτ
+ Uμxᾱ,μ ,ν U

ν

= xβ ,ᾱ

(
xᾱ,μ

dUμ

dτ
+ Uμxᾱ,μ ,ν U

ν

)
= δβμ

dUμ

dτ
+ UμUνΓβμν

=
dUβ

dτ
+ UμUνΓβμν . (3.23)

The equation of motion involves the C symbols, which depend on the metric

tensor.

Since a photon has dτ = 0, the above cannot be used as its equation of

motion. One must substitute another parameter, say dq. Allowable parame-

ters are called affine parameters. For example, dτ = kdq yields an allowable

dq, where for photons k = 0. The parameter q describes the path, such that

as the photon moves dxµ

dq = Wμ is the tangent vector, with the property,

WμW
μ = gμνW

μW ν = gμν
dxμ

dq

dxν

dq
=

gμνdx
μdxν

dqdq

=

(
dτ

dq

)2

= 0. (3.24)

In the inertial frame, the geodesic is a straight line and the tangent vector

doesn’t change. The result in another frame is, following the procedure after

Eq. (3.22),

0 =
dW ᾱ

dq
=

d(xᾱ,μW
μ)

dq
= xᾱ,μ ,ν W

μW ν + xᾱ,μ
dWμ

dq

= xβ ,ᾱ

(
xᾱ,μ ,ν W

μW ν + xᾱ,μ
dWμ

dq

)

= ΓβμνW
μW ν +

dW β

dq

=
d2xβ

dq2
+ Γβμν

dxμ

dq

dxν

dq
. (3.25)
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Problems

1. What is the covariant derivative δμβ ;ν in a frame where gravity must

be taken into account? Evaluate the partial derivative δμβ,ν and show

xβ ,α′ xμ,ρ′ x
ρ′ ,ν ,β = −xμ,α′ ,ν .

2. Show that, in general, the partial derivative of a contravariant vector

V μ,ν doesn’t transform like a tensor. Show that the C symbol Γμνξ
doesn’t transform like a tensor. Show that the covariant derivative of a

vector V μ;ν transforms like a mixed tensor of rank 2.

3. Derive the alternate form for the C symbol Γξμν = xξ,ᾱ x
ᾱ,μ ,ν from

Γξμν = gξβ(gμβ ,ν + gνβ,μ−gμν,β)/2.

4. Harmonic coordinates satisfy gμνΓξμν = 0. Show from the transform of

the C symbol in Problem 2, that if a set of coordinates is not harmonic

one can always solve a second-order differential equation and get to

a harmonic set. Find that equation. Specifically, show that for iner-

tial systems, rectangular coordinates are harmonic, but cylindrical and

spherical coordinates are not.

5. The importance of writing the laws of physics as tensor equations has

been discussed. However, the laws of electromagnetism, conservation of

charge and Maxwell’s equations, are usually written in 3-vector nota-

tion. In vacuum and in an SR frame with rectangular coordinates, these

equations are in naturalized units:

�∇ · �J + ρ,t = 0,

�∇ · �B = 0, �B = �∇× �A,

�∇× �E + �B,t = 0, �E = −�∇Ψ− �A,t,

�∇ · �E − ρ/ε0 = 0 = �∇ · �E − μ0ρ,

�∇× �B − �E,t = μ0
�J,

where the vector Jμ = (ρ, �J) has as components the (charge, current)

densities, ( �E, �B) are the (electric, magnetic) fields, the vector Aμ =

(Ψ, �A) has as components the (scalar, vector) potentials, and (ε0, μ0)

are the (permittivity, permeability) of free space.

Show that the divergence of the vector Jμ leads to charge conserva-

tion as a tensor equation. Show that the components of the 3-vectors
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( �E, �B) can be written as elements of a tensor of rank 2,

Fνμ = Aμ,ν −Aν ,μ= −Fμν , where

Aμ = (−Ψ, �A),

and that the four Maxwell equations can be written as two tensor

equations,

Fμν ;ν = μ0J
μ = Jμ/ε0,

0 ≡ Fμν ;ξ + Fξμ;ν + Fνξ;μ.

6. Consider the following useful metric, written in spherical coordinates,

x0,1,2,3 = t, θ, φ, r,

(dτ)2 = −gμνdx
μdxν

= exp[2Φ(r)](dt)2 − (exp[2Δ(r)](dr)2 + (r)2[(dθ)2 + (sin θdφ)2].

With the correct forms for Φ(r) and Δ(r) this is either the metric of

an inertial frame in spherical coordinates or the Schwarzschild metric

used to discuss the motion of light and planets due to the sun’s gravity.

Find all the nonzero C symbols. If confined to the surface of a sphere,

so that, r = a = constant, one would be aware of curvature, even in

SR. In this case, what are the nonzero C symbols?

7. Show explicitly for the metric of Problem 6 that gμν ;χ= 0. Now special-

ize to an inertial frame. In this frame what are the nonzero C symbols?

You have already found the result if r = a.

8. For the metric of Problem 6 in an inertial frame, use the C symbols

calculated in Problem 7 to find the gradient and Laplacian of a scalar

function of position.

9. What does the quantity V μ;λ ;γ transform like? In the presence of

gravity,

V μ;λ ;γ − V μ;γ ;λ = −RμβλγV
β .

Evaluate Rμβλγ in terms of the C symbols and their partial derivatives.

Then, argue that

Vμ;λ ;γ − Vμ;γ ;λ = RβμλγVβ .
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Show Rμβλγ = −Rμβγλ. What does the quantity Rμβλγ transform like?

This quantity is the Riemann curvature tensor. It plays an important

role in GR and will be discussed in much more detail in later chapters.

10. If T μ1μ2...
ν1ν2... is a general mixed tensor, use the results of Problem 9

to evaluate,

T ′ = T μ1μ2...
ν1ν2...;λ ;γ −T μ1μ2...

ν1ν2...;γ ;λ ,

where T ′ is a tensor of the same rank as that of T +2. Apply this result

to the metric tensor, in an arbitrary frame, to give an alternate proof

that Rμνλγ = −Rνμλγ .

11. A point particle of finite rest mass moves in a gravity free region of

empty space. What are the Newtonian equations of motion in cylindri-

cal coordinates, (t, ρ, φ, z)? Show that the GR equations of motion give

the same results.

12. For the metric of Problem 6, find the GR equations of motion for a

particle with rest mass? Show that a planar solution is possible. In this

case, find another constant of the motion.
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Curvature

4.1 Geodesics

The thought experiments of Einstein, illustrated in Fig. 4.1, show that in

the presence of gravity light moves in a curved path. The top of the figure

shows two equivalent observers O, one in gravity free space, and the other

freely falling in a region of uniform gravity. They observe that a horizontally

traveling light ray enters and exits their capsule a distance L above the

floor. The bottom of the figure shows an observer O′, not freely falling due

to gravity. O′ also observes, that for the freely falling capsule, light entered

and exited the same distance above the floor. However, according to O′

the exit point will have fallen in the time light crossed the capsule. Thus,

the light also must have fallen or moved in a downward-curved path. The

conclusion to be drawn is that gravity affects light, a break from Newtonian

physics.

In the geometry of flat space, geodesics are the paths of minimum dis-

tance between two points, for motion with constant velocity, or the paths

that minimize the travel time. Light in empty space certainly fits this case

and before GR the phrase, “light travels in straight lines,” was often heard.

This is because gravity is so weak, that the deviation from a straight line

path, was too small to be observed. GR knowledgeable observers where

gravity acts, but not freely falling, know that nothing can make the trip

between two points faster than light. Thus, the “straight lines” or geodesics,

are actually curved paths.

Mathematically, the GR equations of motion also lead to geodesics for

the motion of a particle with rest mass. Making use of Eqs. (3.16), (3.17)

55
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Fig. 4.1 Top: equivalent observers, one in gravity free space, the other freely falling in a
region of uniform gravity. They both observe horizontally traveling light enter and leave
their capsule a distance L above the floor. Bottom: an observer, not freely falling due to
gravity, observes light travels in a curved trajectory, to enter and leave the same distance
above the floor.

and (3.23), and renaming summed over indexes when necessary yields,

d(gμνU
μUν)

dτ
=

dgμν
dτ

UμUν + gμν

(
dUμ

dτ
Uν + Uμ dU

ν

dτ

)

= gμν ,γ
dxγ

dτ
UμUν + gμν

(
dUμ

dτ
Uν + Uμ dU

ν

dτ

)

= gμν ,γ U
γUμUν − gμν(Γ

μ
αβU

ν + UμΓναβ)U
αUβ

= (gαβ ,γ − gμγΓ
μ
αβ − gγνΓ

ν
αβ)U

αUβUγ

= (gλβΓ
λ
γα + gαλΓ

λ
βγ − gμγΓ

μ
αβ − gγνΓ

ν
αβ)U

αUβUγ

= (gμγΓ
μ
βα + gγνΓ

ν
βα − gμγΓ

μ
αβ − gγνΓ

ν
αβ)U

αUβUγ = 0,

gμνU
μUν = K = −1.

This is true as the initial condition is (dτ)2 = −gμνdx
μdxν . Then −1 =

gμνU
μUν and the expression for (dτ)2 always holds along the path.
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One can introduce a parameter q to describe the path of a body under

the influence of gravity. Given the value of that parameter, the position on

the path is determined. However, algebra allows manipulations so that the

final result is independent of q. The proper time elapsed when the body

moves from A to B is

TBA =

∫ B

A

dτ

dq
dq =

∫ B

A

dq
(−gμνdx

μdxν)1/2

dq
=

∫ B

A

dq

(
−gμν

dxμ

dq

dxν

dq

)1/2

.

Vary the path from xμ(q) to xμ(q)+δxμ(q) while keeping the endpoints

fixed. The change in the elapsed time is as follows:

δTBA = −
∫ B

A

dq
N

D
, where

N =

(
gμν ,β δx

β dx
μ

dq

dxν

dq
+ gμν

d(δxμ)

dq

dxν

dq
+ gμν

dxμ

dq

d(δxν)

dq

)
,

D = 2

(
−gμν

dxμ

dq

dxν

dq

)1/2

=
2dτ

dq
,

δTBA = −
∫ B

A

dqdq

2dτ

(
gμν ,β δx

β dx
μ

dq

dxν

dq
+ gμν

d(δxμ)

dq

dxν

dq

+ gμν
dxμ

dq

d(δxν)

dq

)

= −
∫ B

A

dqdqdτ

dτdτ

(
gμν ,β δx

β dx
μ

dq

dxν

dq
+ 2gμν

d(δxμ)

dq

dxν

dq

)
/2

= −
∫ B

A

dτ

(
gμν ,β δx

βUμUν/2 + gμν
d(δxμ)

dτ
Uν

)
.

The second term T 2 can be integrated by parts with the proviso that

δxμ = 0 at the endpoints. After such integration, use of the expression for

the C symbol simplifies the result,

T 2 =

∫ B

A

dτ [gμνU
ν ]
d(δxμ)

dτ
=

∫ B

A

[gμνU
ν ]d(δxμ) ≡

∫ B

A

[W ]d(V )

= (WV )endpoints −
∫ B

A

V dW = −
∫ B

A

V dW = −
∫ B

A

dτV
dW

dτ

= −
∫ B

A

dτδxμ
d(gμνU

ν)

dτ
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= −
∫ B

A

dτδxμ
(
gμν

dUν

dτ
+ UνUλgμν ,λ

)

= −
∫ B

A

dτδxβ
(
gβν

dUν

dτ
+ UμUλgβμ,λ

)
.

This yields

δTBA = −
∫ B

A

dτδxβF,

F = gμλ,β U
μUλ/2− UμUλgβμ,λ − gβν

dUν

dτ

= gμλ,β U
μUλ/2− (UμUλgβμ,λ + UμUλgβμ,λ

)
/2− gβν

dUν

dτ

= gμλ,β U
μUλ/2− (UμUλgβμ,λ + UλUμgβλ,μ

)
/2− gβν

dUν

dτ

= UμUλ(gμλ,β − gβμ,λ − gβλ,μ)/2− gβν
dUν

dτ
, but

Γνμλ = −gαν(gμλ,α − gαμ,λ − gαλ,μ)/2,

gβνΓ
ν
μλ = −δαβ(gμλ,α − gαμ,λ − gαλ,μ)/2 = −(gμλ,β − gβμ,λ − gβλ,μ)/2,

F = −gβν

[
ΓνμλU

μUλ +
dUν

dτ

]
= 0, δTBA = 0. (4.1)

The last line follows from the equations of motion. Thus, the time for the

trip is an extremum, usually a minimum, so the path is a geodesic. As the

object moves from point to point, the clock attached to the object ticks at

the rate appropriate for the gravitational strength at the point. For a time

extremum, a straight line path is unlikely. The object, like light, moves in a

curved path, so that it takes an extremum of proper time to make the trip.

However, for light the element of proper time always vanishes dτ = 0.

Thus, another explanation for the geodesic that light must travel along is

required. The one deduced by Einstein is that gravity curves space and all

objects, even photons, must travel along that curvature. It’s similar to us

traveling on the surface of a spherical earth. Empty space or vacuum is no

longer seen to be just volume where objects can position themselves. It is

rather like a fabric, that can be pulled and contorted by the gravitational

influence of faraway objects.

On a cosmological scale, things are even more complicated. Space is

always being created between any two points. This is due to an unknown
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form of “dark energy,” that is dependent on the size of the universe. In

Chapter 9, devoted to cosmology, it will be seen that this is now the domi-

nant energy because the universe has expanded to such a large volume. It’s

a really strange universe we inhabit, and just common sense, obtained from

every day observation, could never lead you to its inner workings.

4.2 Parallel Transport

The characterization of curvature starts with the concept of parallel trans-

port. On a flat surface, as in Fig. 4.2, draw an arbitrary closed path ABCA.

Here, a circle is used, so that at various places along the path, some tangent

vectors �W , that can point in all directions, are shown. For parallel transport

start at A, draw on the surface, a small parallel transport vector �V in any

direction. Proceed to a neighboring point on the path, draw on the surface

a small transport vector, as parallel as possible to the �V previously drawn.

On a flat surface, it is possible to draw the vector exactly parallel. When

once again at A, the identical vectors would be redrawn. In this sense, a flat

surface has no intrinsic curvature. A cylinder can be constructed by rolling

a flat sheet, and so has no intrinsic curvature.

Fig. 4.2 An arbitrary closed curve, here a circle, on a flat surface, with tangent vec-
tors �W . Parallel transport vectors �V , at any point on the curve, can be drawn on the
surface parallel to each other.
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Fig. 4.3 A sphere has intrinsic curvature, so that there are paths for which the parallel
transport vectors do not line up, after traversing a closed curve on the surface.

A sphere cannot be made from a flat sheet. It has intrinsic curvature.

One can find at least one path on the sphere’s surface, as in Fig. 4.3, for

which the vectors �V , would not repeat. Pick the path ABCA, such that B

and C are on the equator, and A is at a pole. At A, start with a vector
�V on the sphere’s surface, that is tangent to an arc of longitude. As one

proceeds to B, along the longitude, a new parallel transport vector cannot

be drawn on the surface, exactly parallel to �V . The best one can do is draw

that vector along the tangent vector. At B that vector is perpendicular to

the equator, and remains so as one proceeds to C. From there the return to

A is again along a longitude. The parallel transport vectors on the surface

will be opposite the tangent vectors. Upon reaching A, the final parallel

transport vector is different from the initial one.

In spacetime, these vectors have four components V μ, Wμ. At any

point P , one can go to a locally inertial frame. In a small enough neighbor-

hood of P , as you proceed along the curve specified by affine parameter q

and W ν̄ = dxν̄

dq , the vector V μ̄ is constant. This leads to a tensor equation,

that is taken as the frame invariant definition of parallel transport of V μ

along W ν ,

0 =
dV μ̄

dq

∣∣∣∣
P

= V μ̄,ν̄
dxν̄

dq
= W ν̄V μ̄,ν̄ = W ν̄V μ̄;ν̄ = W νV μ;ν . (4.2)

The last equality occurs because the next to last equality established the

above as a tensor equation.
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In flat space, the geodesics are straight lines. These are the only curves

that parallel transport their tangent vector. In curved space, the geodesics

are drawn as “straight” as possible, by demanding parallel transport of the

tangent vector. This leads to the equation of motion in terms of q. From

Eq. (4.2), with V ν̄ = W ν̄ ,

0 = W νWμ;ν = W ν(Wμ,ν +W βΓμβν) = W νWμ,ν +W νW βΓμβν

=
dxν

dq

(
dxμ

dq

)
,ν +

dxν

dq

dxβ

dq
Γμβν =

d2xμ

dq2
+

dxν

dq

dxβ

dq
Γμβν . (4.3)

The reader should note that this equation is just Eq. (3.25).

The above equations can be used to quantify curvature. Consider travel

along the elemental closed curve ABCDA, that bounds area on a spherical

surface, such as that blown up in Fig. 4.4. The curvature is not noticeable

for such a small area. The angles, (θ, φ) = (x1, x2), vary, such that along

element AB, x1 = a, x2 varies; along BC, x2 = b + δb, x1 varies; along

CD, x1 = a + δa, x2 varies, and along AD, x2 = b, x1 varies. Vector

V μ defined at A is parallel transported around the curve. The curve is

given, which specifies W i, and vector V μ is arbitrary, so that for each path

Fig. 4.4 Blowup of an elemental area on a spherical surface that is bound by closed
curve ABCDA.
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element,

0 = V μ;i, V μ,i= −V βΓμiβ , i = 1, 2. (4.4)

For example, the first trip element yields V μ(AB) =
∫ B
A dx2V μ,2 |x1=a.

Then,

V μ(AB) = −
∫ B

A

dx2(V βΓμ2β)|x1=a = −
∫ b+δb

b

dx2(V βΓμ2β)|x1=a,

V μ(BC) = −
∫ C

B

dx1(V βΓμ1β)|x2=b+δb = −
∫ a+δa

a

dx1(V βΓμ1β)|x2=b+δb,

V μ(CD) = −
∫ D

C

dx2(V βΓμ2β)|x1=a+δa = −
∫ b

b+δb

dx2(V βΓμ2β)|x1=a+δa,

V μ(DA) = −
∫ A

D

dx1(V βΓμ1β)|x2=b = −
∫ a

a+δa

dx1(V βΓμ1β)|x2=b.

The minus sign can be used to flip the limits in any of the above integrals.

Add the element contributions, make use of the definition of the partial

derivative, and find that the change of the vector when once again at A is

δV μ(A) =

∫ b+δb

b

dx2[(V βΓμ2β)|x1=a+δa − (V βΓμ2β)|x1=a]

−
∫ a+δa

a

dx1[(V βΓμ1β)|x2=b+δb − (V βΓμ1β)|x2=b]

= −
[∫ a+δa

a

δbdx1(V βΓμ1β),2 −
∫ b+δb

b

δadx2(V βΓμ2β),1

]

= −δaδb[(V βΓμ1β),2 − (V βΓμ2β),1]

= −δaδb(V β ,2 Γ
μ
1β + V βΓμ1β ,2 − V β ,1 Γ

μ
2β − V βΓμ2β ,1)

= −δaδb(−V νΓβ2νΓ
μ
1β + V βΓμ1β ,2 + V νΓβ1νΓ

μ
2β − V βΓμ2β ,1)

= δaδbV β(Γν2βΓ
μ
1ν − Γμ1β ,2 − Γν1βΓ

μ
2ν + Γμ2β ,1).

The last line results from using Eq. (4.4) to rewrite the partial derivatives,

V β ,(1,2). The quantity in parentheses is nonzero for this curve because a

sphere has intrinsic curvature. In Problem 3, one calculates, in the absence
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of gravity, a finite curvature on a spherical surface, and none on a cylindrical

surface.

4.3 Curvature Tensors

When gravity is present and there are no boundary surfaces, there is no

reason to allow just x1,2 to vary, so let them be replaced by generalized

coordinates, xγ,λ. Then, the above quantity in parentheses is defined as the

Riemann curvature tensor,

Rμβγλ = ΓνλβΓ
μ
γν − Γμγβ,λ − ΓνγβΓ

μ
λν + Γμλβ ,γ . (4.5)

The proof that Rμβγλ is a tensor was carried out in Problem 3.9, where the

following results were obtained for vector V μ:

V μ;λ ;γ −V μ;γ ;λ = RμβλγV
β , Rμβλγ = −Rμβγλ. (4.6)

Since the covariant derivative of a tensor is a tensor, the left-hand side of

Eq. (4.6) is a tensor of rank 3. The right-hand side of the first equality

must be a tensor. Since V β is a tensor of rank 1, Rμβλγ must be a tensor

of rank 4.

This tensor simplifies for rectangular coordinates in a locally inertial

frame because the C symbols, but not their partial derivatives vanish, and

gμ̄ν̄ ;χ̄= gμ̄ν̄ ,χ̄= ημν ,χ̄= 0,

Γμ̄
λ̄β̄

,γ̄ = [(gᾱμ̄[gβ̄ᾱ,λ̄ + gλ̄ᾱ,β̄ − gβ̄λ̄,ᾱ ]),γ̄ ]/2

= (gᾱμ̄,γ̄ [gβ̄ᾱ,λ̄ + gλ̄ᾱ,β̄ − gβ̄λ̄,ᾱ] + gᾱμ̄[gβ̄ᾱ,λ̄ + gλ̄ᾱ,β̄ − gβ̄λ̄,ᾱ],γ̄)/2

= (gᾱμ̄[gβ̄ᾱ,λ̄ + gλ̄ᾱ,β̄ − gβ̄λ̄,ᾱ],γ̄)/2

= gᾱμ̄(gβ̄ᾱ,λ̄ ,γ̄ + gλ̄ᾱ,β̄ ,γ̄ − gβ̄λ̄,ᾱ ,γ̄)/2.

Similarly, noting the metric tensor is symmetric, and the order of partial

differentiation is immaterial,

Γμ̄
γ̄β̄
,λ̄ = gᾱμ̄(gβ̄ᾱ,γ̄ ,λ̄ + gγ̄ᾱ,β̄ ,λ̄ − gβ̄γ̄ ,ᾱ ,λ̄)/2,

(4.7)
Rμ̄

β̄γ̄λ̄
= gᾱμ̄(gλ̄ᾱ,β̄ ,γ̄ − gβ̄λ̄,ᾱ ,γ̄ − gγ̄ᾱ,β̄ ,λ̄ + gβ̄γ̄ ,ᾱ ,λ̄)/2,

gν̄μ̄R
μ̄

β̄γ̄λ̄
= gν̄μ̄g

ᾱμ̄(gλ̄ᾱ,β̄ ,γ̄ − gβ̄λ̄,ᾱ ,γ̄ − gγ̄ᾱ,β̄ ,λ̄ + gβ̄γ̄ ,ᾱ ,λ̄)/2,
(4.8)

Rν̄β̄γ̄λ̄ = (gλ̄ν̄ ,β̄ ,γ̄ − gβ̄λ̄,ν̄ ,γ̄ − gγ̄ν̄ ,β̄ ,λ̄ + gβ̄γ̄ ,ν̄ ,λ̄)/2.
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The above is the completely covariant curvature tensor. One then observes

the following results follow trivially:

Rν̄β̄γ̄λ̄ = −Rβ̄ν̄γ̄λ̄ = −Rν̄β̄λ̄γ̄ = Rγ̄λ̄ν̄β̄ , (4.9)

0 = Rν̄β̄γ̄λ̄ +Rν̄λ̄β̄γ̄ +Rν̄γ̄λ̄β̄. (4.10)

Equations (4.9) and (4.10) are tensor equations and so hold in all frames,

Rνβγλ = −Rβνγλ = −Rνβλγ = Rγλνβ , (4.11)

0 = Rνβγλ +Rνλβγ +Rνγλβ. (4.12)

4.4 Ricci Tensor, Bianchi Identity, Einstein Tensor

The Ricci tensor is defined as follows:

Rβλ ≡ Rμβμλ. (4.13)

Note the contraction keeps the first and third covariant indexes. Other

contractions yield zero or no additional information. It is easy to show, by

starting in an inertial frame, that due to the symmetry properties of the

curvature tensor,

Rμβλμ = −Rμβμλ, 0 = Rμμβλ. (4.14)

As the metric tensor is symmetric, and the order of partial differentiation

is unimportant, one can use Eqs. (4.7) and (4.11), rename summed over

indexes, and show that this tensor is symmetric. Begin in a locally invariant

frame,

Rμ̄
β̄μ̄λ̄

= gᾱμ̄(gλ̄ᾱ,β̄ ,μ̄ − (gβ̄λ̄,ᾱ ,μ̄ + gμ̄ᾱ,β̄ ,λ̄) + gβ̄μ̄,ᾱ ,λ̄)/2,

Rμ̄
λ̄μ̄β̄

= gᾱμ̄(gβ̄ᾱ,λ̄ ,μ̄ − (gλ̄β̄ ,ᾱ ,μ̄ + gμ̄ᾱ,λ̄ ,β̄) + gλ̄μ̄,ᾱ ,β̄)/2,

Rβ̄λ̄ −Rλ̄β̄ = gᾱμ̄(gλ̄ᾱ,β̄ ,μ̄ + gβ̄μ̄,ᾱ ,λ̄ − gβ̄ᾱ,λ̄ ,μ̄ − gλ̄μ̄,ᾱ ,β̄)/2

= gᾱμ̄(gλ̄μ̄,β̄ ,ᾱ + gβ̄ᾱ,μ̄ ,λ̄ − gβ̄ᾱ,λ̄ ,μ̄ − gλ̄μ̄,ᾱ ,β̄)/2 = 0.

The last equation is a tensor equation and holds in all frames:

Rβλ = Rλβ . (4.15)

From the Ricci tensor an invariant, the Ricci scalar may be formed,

R = gμνRμν = gμνRξμξν = gμνgχξRχμξν . (4.16)
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The following contraction may also prove useful:

gμνRχμβν = Rχβ . (4.17)

For an inertial frame in free space, the Riemann curvature tensor is zero.

This follows even if the metric tensor has non-constant elements because it

is zero in rectangular coordinates. In cylindrical coordinates, the nonzero

C symbols are Γ2̄′
1̄′2̄′ = 1/ρ and Γ1̄′

2̄′2̄′ = −ρ. Notice that these C symbols

have nonzero derivatives. Zero curvature will be explicitly demonstrated by

calculating all possible nonzero elements of the Ricci tensor: R1̄′1̄′ , R2̄′2̄′

and R1̄′2̄′ . In non-rectangular coordinates, one must use Eq. (4.5),

Rμ̄′μ̄′ = Rξ̄
′

μ̄′ξ̄′μ̄′ = Γχ̄
′
μ̄′μ̄′Γ

ξ̄′

ξ̄′χ̄′ − Γχ̄
′

μ̄′ ξ̄′Γ
ξ̄′
μ̄′χ̄′ + Γξ̄

′
μ̄′μ̄′ ,ξ̄′ − Γξ̄

′

μ̄′ ξ̄′ ,μ̄′ ,

R1̄′1̄′ = −Γ2̄′
1̄′2̄′Γ

2̄′
1̄′2̄′ − Γ2̄′

1̄′2̄′ ,1̄′ = −ρ−2 − ρ−1,ρ= 0,

R2̄′2̄′ = Γ1̄′
2̄′2̄′Γ

2̄′
2̄′1̄′ − Γ1̄′

2̄′2̄′Γ
2̄′
2̄′1̄′ − Γ2̄′

2̄′1̄′Γ
1̄′
2̄′2̄′ + Γ1̄′

2̄′2̄′ ,1̄′ = 1− 1 = 0,

R1̄′2̄′ = Γ2̄′
1̄′2̄′Γ

ξ̄′

ξ̄′2̄′ − Γ2̄′
2̄′1̄′Γ

2̄′
2̄′2̄′ −+Γ2̄′

2̄′1̄′ ,2̄′ − Γξ̄
′

ξ̄′1̄′ ,2̄′ = 0.

In Problem 3 it is shown that if constrained to a cylindrical surface where

ρ = constant, the C symbols need recalculating, but there is still no cur-

vature. In the case of spherical coordinates, the curvature vanishes in the

unconstrained free space of an inertial frame, but not if constrained to a

spherical surface.

Return to Eq. (4.8) and take a partial derivative,

Rν̄β̄γ̄λ̄ = (gλ̄ν̄ ,β̄ ,γ̄ − gβ̄λ̄,ν̄ ,γ̄ − gγ̄ν̄ ,β̄ ,λ̄ + gβ̄γ̄ ,ν̄ ,λ̄)/2,

Rν̄β̄γ̄λ̄,μ̄ = (gλ̄ν̄ ,β̄ ,γ̄ ,μ̄ − gβ̄λ̄,ν̄ ,γ̄ ,μ̄ − gγ̄ν̄ ,β̄ ,λ̄ ,μ̄ + gβ̄γ̄ ,ν̄ ,λ̄ ,μ̄)/2,

Rν̄β̄μ̄γ̄ ,λ̄ = (gγ̄ν̄ ,β̄ ,μ̄ ,λ̄ − gβ̄γ̄ ,ν̄ ,μ̄ ,λ̄ − gμ̄ν̄ ,β̄ ,γ̄ ,λ̄ + gβ̄μ̄,ν̄ ,γ̄ ,λ̄)/2,

Rν̄β̄λ̄μ̄,γ̄ = (gμ̄ν̄ ,β̄ ,λ̄ ,γ̄ − gβ̄μ̄,ν̄ ,λ̄ ,γ̄ − gλ̄ν̄ ,β̄ ,μ̄ ,γ̄ + gβ̄λ̄,ν̄ ,μ̄ ,γ̄)/2,

0 = Rν̄β̄γ̄λ̄,μ̄ +Rν̄β̄μ̄γ̄ ,λ̄ +Rν̄β̄λ̄μ̄,γ̄ = Rν̄β̄γ̄λ̄;μ̄ +Rν̄β̄μ̄γ̄ ;λ̄ +Rν̄β̄λ̄μ̄;γ̄ .

The last step follows because in these coordinates, the partial derivative of

a tensor is the covariant derivative. Thus, the above holds in any frame and

is known as the Bianchi identity,

0 = Rνβγλ;μ +Rνβμγ ;λ +Rνβλμ;γ . (4.18)
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Since the covariant derivative of the metric tensor is zero, we have from

the Bianchi identity,

0 = gνγ(Rνβγλ;μ +Rνβμγ ;λ +Rνβλμ;γ)

= (gνγRνβγλ);μ + (gνγRνβμγ);λ + (gνγRνβλμ);γ .

Using Eqs. (4.11) and (4.13)–(4.18), this leads to

0 = Rγβγλ;μ +Rγβμγ ;λ +Rγβλμ;γ = Rβλ;μ −Rγβγμ;λ +Rγβλμ;γ

= Rβλ;μ −Rβμ;λ +Rγβλμ;γ = gβλ(Rβλ;μ −Rβμ;λ −Rγβμλ;γ)

= R;μ −Rλμ;λ −Rγμ;γ = δγμR;γ − 2Rγμ;γ

= (δγμR − 2Rγμ);γ = gμν(δγμR− 2Rγμ);γ = (gγνR− 2Rγν);γ .

The Einstein tensor Gγν is defined in terms of the curvature:

Gγν ≡ Rγν − gγνR/2 = Gνγ , (4.19)

Gγν ;γ = 0. (4.20)

It is easy to show

Gγν ≡ Rγν − gγνR/2 = Gνγ , (4.21)

Gγν ;γ = 0. (4.22)

This tensor is symmetric, and is an essential quantity for solving problems

involving gravity.

Problems

1. Show that gμνgνχ,β = −gμν ,β gνχ, g
μν ,β = −(Γμχβg

χν + Γνχβg
χμ), and

Γνμν = gνχgνχ,μ/2.

2. Show that there are only 20 independent elements of Rαβμν that can

be nonzero. Show that the contraction Rμν = Rχμχν is the only inde-

pendent contraction of the Riemann curvature tensor.

3. Calculate the C symbols and curvature R in cylindrical coordinates in

an inertial frame when x1 = ρ = a constant. Repeat the calculation for

spherical coordinates. In that case, show that in unconstrained space
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the curvature vanishes, but on the surface of a sphere, where r = a

constant, the curvature is finite.

4. In spherical coordinates, the Wormhole metric has nonzero elements:

g00 = −1, grr = 1, gθθ = a2 + (r)2 and gφφ = sin2 θgθθ, where a is a

constant. Calculate the curvature R and show that it is negative.

5. Evaluate Gμν ,μ and Gμν ,μ in terms of the metric, Ricci tensor Rμν ,

Rμν and the C symbols.

6. It shall be seen that Einstein’s equation for the metric is Gμν +Λgμν =

8πTμν , where Gμν is the Einstein tensor and Tμν is the energy–

momentum tensor. The factor 8π is required for agreement with New-

tonian physics, where the latter is valid. The constant Λ is called the

cosmological constant. It can be neglected for solar system problems.

Einstein introduced it to make a static universe. When data showed an

expanding universe, it was set to zero and Einstein called it his greatest

error. As shall be seen, the universe is expanding too rapidly for Λ = 0.

It must be positive and is now the dominant contribution to the energy

in the universe. In vacuum Tμν = 0. What is R? In cosmology, a useful

model is to describe the universe as a perfect fluid, for which Tμν �= 0.

On a solar system scale, earth can be thought to be moving in vacuum

under the influence of the metric set up by the sun and Tμν = 0. Show

that it is impossible for the worm hole metric of Problem 4 to exist in

vacuum? Calculate all the elements of Tμν for that metric including the

cosmological constant.

7. The Robertson–Walker metric provides a good description of the uni-

verse,

(dτ)2 = (dt)2 −Q2(t)

[
(dr)2

1− k(r)2
+ (r)2([dθ]2 + sin2 θ[dφ]2)

]
,

where Q(t) is the universal scale factor, and the constant k is the cur-

vature. They are obtained from experimental data. All observers use

the same cosmic time t and any origin yields the same physics. Find

the curvature R if we live in an expanding universe where Q(t) > 0 and
dQ(t)
dt > 0.

8. For the metric of Problem 7, calculate the elements of the Einstein

tensor Gμν .

9. For the metric of Problem 3.6, the nonzero C symbols were calculated.

It will be seen that such a metric is that found by Schwarzschild for

a planet moving in the sun’s gravity. He derived the proper forms for
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Φ(r) and Δ(r),

(dτ)2 = exp[2Φ(r)](dt)2 − [exp[2Δ(r)](dr)2 + (r)2([dθ]2 + sin2 θ[dφ]2)].

Show that for this metric there are only six independent nonzero values

of Rμξχν , and calculate them.

10. Calculate the elements of the Ricci tensor Rμν from the results of Prob-

lem 9. Then calculate the curvature R and Einstein tensor Gμν .
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Chapter 5

Gravity and General Relativity

5.1 Review of Newtonian Gravity

Gravitation, the weakest force, is due to, and acts on, all forms of energy.

In Newtonian gravity, the relativistic mass M is the pertinent variable.

The other known forces, explained by quantum mechanics, are due to the

exchange of particles called force carriers. The weak force is experienced by

neutrinos and all particles with rest mass. The force carriers are the W±

and Z0 bosons. Photons are the electromagnetic force carriers. Particles,

with charge or higher order moments, experience this interaction. Particles

made up of quarks, like pions, protons, and neutrons, experience the strong

force, whose carriers are gluons. It should come as no surprise, that when

gravity and quantum mechanics are connected, the graviton, see Chapter 7,

becomes the force carrier. The theories of Newton and Einstein do not

include such concepts.

Newton’s theory of gravity is very similar to the classical theory of

electrostatics. Students are usually more familiar with mathematics, like

the Gauss law and the divergence theorem, from electrostatics. These two

theories are compared, so that the desired gravitational result is simply

obtained. For this short section, MKS units are used, so the equations will

be familiar.

Both theories postulate an action at a distance force on each of two

point particles (1, 2), at positions �r1,2. If �r points from body 2 to body 1,

with r being the distance between them, the forces on the bodies are

69
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as follows:

�FE,G(1) = M(1)�a(1) = NE,GfE,G(1)fE,G(2)�r/r
3 = − �F (2) = −M(2)�a(2),

NE = (4πε0)
−1, fE = Q, NG = −G, fG = M.

In electrostatics, charges Q can be positive or negative, and like charges

repel, while unlike charges attract. Mass M is always positive, and the

gravitational force is attractive. The normalization constants NE and NG

reflect the strength of the forces.

In electrostatics, an electric field �E ≡ −�∇ΨE can be defined as the

negative gradient of the electrostatic potential ΨE . As the gravitational

force has the same spatial form, the same may be done �G ≡ −�∇ΨG. Thus,

�E(1) ≡ �FE(1)/Q(1) = (4πε0)
−1Q(2)�r/r3 = −�∇ΨE(1),

ΨE(1) = (4πε0)
−1Q(2)/r,

�G(1) ≡ �FG(1)/M(1) = −GM(2)�r/r3 = −�∇ΨG(1),

ΨG(1) = −GM(2)/r.

ΨE,G(1) is the electrostatic, gravitational potential at �r1 because of the

presence of the body at �r2. If there are many bodies, ΨE,G is the potential

at a point in space, due to charges or masses at other points.

Due to the inverse square nature of the force, there is a Gauss law for

both forces. Making use of the divergence theorem,∫
V

�∇ · �∇ΨE,GdV =

∫
S

�∇ΨE,G · n̂dS = −
∫
S

−�∇ΨE,G · n̂dS

= −4πNE,GfE,G(tot) = −4πNE,G

∫
V

ρQ,MdV,

∇2ΨE = −ρQ/ε0,

∇2ΨG = 4πGρM

= 4πρM (in natural units). (5.1)

In natural units, the mass density ρM has units of m−2. This result will

be useful in obtaining the metric element g00 when gravity is weak. In

the above equations, n̂ is the outward unit 3-vector normal to surface S

bounding volume V . The sources of the potentials ρQ and ρM are the

charge and mass densities within V . The quantities fE(tot) and fG(tot) are

the total charge and mass inside the volume. For the volume integral, ∇2Ψ
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is evaluated at all points inside V , and for the surface integral, �∇Ψ is

evaluated at all points on the surface S. Note that, for point charges or

masses fE,G(i), the charge or mass density can be expressed in terms of the

Dirac delta function,

ρE,M =
∑
i

fE,G(i)δ(�r − �r(i)).

Gravity is a very weak interaction. At the surface of the sun, (M/R)s =

1.484× 103/0.696× 109 = 2.13× 10−6. At the surface of earth, (M/R)e =

3× 10−4(M/R)s. For a white dwarf, with the mass of the sun, but a radius

100 times smaller than that of the sun, (M/R)wd ≈ 2×10−4. For a neutron

star, Mns = 1.4Ms, Rns ≈ 14 km = 20 × 10−6Rs, (M/R)n = 0.15. Here,

GR is needed for accuracy. Aside from such compact objects and black

holes, GR effects are minute.

5.2 Weak Gravity in GR

The language used in Newtonian mechanics is inappropriate. One should

not say that mass M is moving in the gravitational potential produced by

other masses, but rather, all the energy in the universe has caused there to

be a non-flat metric in which M moves. For the earth, the sun is the main

cause of the non-flatness and the metric is stationary gμν ,0 = 0. The earth

moves slowly compared with the speed of light, so one can take U i = 0.

The GR equations of motion yield

0 =
dUα

dτ
+ ΓαμνU

μUν =
dUα

dτ
+ Γα00U

0U0

=
dUα

dτ
+ gαχ[g0χ,0 +g0χ,0 −g00,χ ]

(
dx0

dτ

)2
/

2

=
dUα

dτ
− gαχg00,χ

(
dt

dτ

)2
/

2. (5.2)

Gravity is a weak force, unless you are in the vicinity of a truly massive,

compact object. So whatever gμν is, it is very close to ημν . When the term

weak gravity is specifically used, it means one is not seeking an exact solu-

tion, but rather an approximate one. Second-order deviations from ημν are

neglected. As there is only a slight change from ημν , rectangular coordinates
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are required, and the following definitions hold:

gμν ≡ ημν + hμν , |hμν | � 1, (5.3)

gμν ≡ ημν + fμν , |fμν | � 1, and solving for fμν , (5.4)

gμαgαν = δμν = (ημα + fμα)(ηαν + hαν)

≈ ημαηαν + ημαhαν + ηανf
μα,

δμν = δμν + ημαhαν + ηανf
μα,

fμχ = ηχνηανf
μα = −ηχνημαhαν = −hμχ. (5.5)

For the motion of the earth about the sun, Newtonian mechanics pro-

vides an adequate description. The GR prediction must agree with Newton,

to lowest order. In Eq. (5.2), each value of α has to be examined,

0 ≈ dU0

dτ
− η0χh00,χ

(
dt

dτ

)2
/

2

=
dU0

dτ
+ h00,0

(
dt

dτ

)2
/

2 =
dU0

dτ
,

U0 =
dx0

dτ
=

dt

dτ
= K = 1, t = τ,

0 =
dU i

dτ
− ηiχh00,χ/2

≈ d2xi

dt2
− h00,i/2 = ai − h00,i/2.

One immediately sees that acceleration, due to gravity, is the source of a

non-flat metric.

The constant choice K = 1 leads to agreement with Newtonian gravity.

Let M be the mass of a moving object and M ′ be the mass that provides

the metric. The last equation yields

Mh00,i/2 = Mai = −MΨG,i,

h00/2 = −ΨG +K ′ = −ΨG, (5.6)

h00 = −2ΨG = 2M ′/r.

Taking K ′ = 0 makes −2ΨG = h00 = 0 at r = ∞. This is the obvious

choice to provide agreement with Newtonian gravity.
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From the discussion at the end of Section 5.1, the extremely small values

of M ′/r near the surface of the earth or the sun make h00 very small.

This was required. Also, if we consider Newtonian circular orbits of typical

particles, the typical speed v̄ is

Mv̄2/r = MM ′/(r)2, v̄2 = M ′/r = h00/2 � 1.

So a region of weak gravity is also a region of small speeds. It’s worth noting

that h00 is a correction of order of the typical small speed squared.

5.3 Gravitational Red Shift

Now that g00 has been obtained in the context of GR, the question of how

gravity affects clocks can be reconsidered. Here, it is done in a completely

GR context. A review of the material in Section 2.8 will prove worthwhile.

The present discussion works, not only for the weak gravity metric under

consideration, but for future exact metrics.

So suppose, as in Fig. 5.1, a helium source at r2 emits photons. The

photons are observed by experimenters at rest at r1 and r2, having traveled

Fig. 5.1 Identical sources at r1,2, in the metric set up by mass M ′, have their frequencies
measured, by observers at rest at those positions. The frequency of the light that traveled
from r2 to r1 is also determined.
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in the metric set up by source massM ′. The observer at r1 in weaker gravity

also has a helium source. The desired prediction, that can be compared with

measurement, is the ratio ν2,1/ν2,2 = ν2,1/ν1,1. Here, the numerator is the

frequency of the light from r2 measured at r1, and the denominator is the

frequency from identical sources measured at the positions of the sources.

The first method of predicting this ratio makes use of invariants,

[Pμ]photon[Uμ]obs. = [Pμ]photon

[
gμν

dxν

dτ

]
obs.

= [P 0]photon

[
g00

dt

dτ

]
obs.

= [P 0]photon([−g00]obs.)
1/2

= hν2,2(−g00(2))
1/2 = hν2,1(−g00(1))

1/2

= hν2,2(1 − 2M ′/r2)1/2 = hν2,1(1 − 2M ′/r1)1/2,

ν2,1/ν1,1 = ν2,1/ν2,2 = (1− 2M ′/r2)1/2(1− 2M ′/r1)−1/2

≈ 1−M ′(1/r2 − 1/r1). (5.7)

A second way to get this result is to note, from Fig. 5.1, the world lines

of successive wave crests. They travel from r2 to r1 and to a faraway point,

along identical geodesics with speed c. The journey times are the same. The

faraway at-rest observer is not experiencing gravity. That observer measures

the proper-time period between crests dτ∞ = dt. This is the coordinate time

period. Working backwards to r1,2, along the world lines of the crests, one

can see that dt is unchanged. However, the proper-time periods are the

inverses of the frequencies,

dτ2,2
dτ2,1

=
dt2,2
dt2,1

(−g00(2)

−g00(1)

)1/2

=

(−g00(2)

−g00(1)

)1/2

,

ν2,1
ν2,2

=
ν2,1
ν1,1

=

(−g00(2)

−g00(1)

)1/2

≈ 1−M ′(1/r2 − 1/r1),

exactly as in Eq. (5.7).

Since r1 > r2, gravity is weaker at r1. Then ν2,1/ν1,1 < 1 and

λ2,1/λ1,1 > 1. This is known as the gravitational red shift. It is the same

result obtained in Section 2.8 using energy conservation and relativis-

tic mass. That worked for weak gravity. In addition, dτ2,2/dτ2,1 < 1.
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The proper-time tick rate for a clock depends on the position. It is greater

for the clock experiencing weaker gravity.

5.4 Einstein’s Field Equations

In Newton’s theory, the gravitational potential ΨG is related to the source

mass density ρM . This was seen in Eq. (5.1). For a source point mass

M ′, the solution is ΨG = −M ′/r, where r is the distance from the mass.

Einstein’s theory is based on curved spacetime, and one must determine

the metric. The equation that relates the metric to the source must be

covariant, a tensor equation. All observers would write the same equation,

using their own coordinates. Instead of a mass density, that is related to the

T 00 element of the energy–momentum tensor, a covariant theory requires

the entire tensor to be the source. So the correct equation would look like,

O(gμν) = aT μν , (5.8)

where a is a constant, and O is a differential operator. The tensor properties

of both sides of the above equation must be the same. Those are: each

side is a symmetric tensor, and since momentum is conserved, each tensor

has vanishing divergence T μν ;ν = 0. The tensor T μν is discussed in detail

later, when it is needed. In the solar system, planets move in vacuum, in

the metric set up by the sun. Thus T μν = 0, and the constant a doesn’t

matter.

For curved spacetime, operator O will at least contain terms with the

metric tensor and its first and second partial derivatives. That’s just what

is found in the Ricci tensor Rμν . A nonzero Rμνξχ somewhere, means finite

curvature, and the presence of gravity. Another way to say this is, at the

position of the earth, it may be that Rμν = 0. However, at least one of the

elements of the curvature tensor Rμνξχ �= 0. Einstein struggled with this

problem for many years before finally finding the simplest form,

O(gμν) = Rμν + a′gμνR+ Λgμν = aT μν ,

where a′ and Λ are constants.

The constant Λ is known as the cosmological constant. It must be

determined by observation. Einstein originally included it so that the uni-

verse would be static. When an expanding universe was discovered, he dis-

carded it, considering its inclusion his greatest error. Present-day cosmology
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requires it. It is the driver of an accelerating expansion, that will never

cease. As the universe gets bigger, its effect gets stronger. However, for

solar system predictions, it is extremely small, and may be neglected.

From momentum conservation,

0 = T μν ;ν = [(Rμν + a′gμνR+ Λgμν);ν ] = [(Rμν + a′gμνR);ν ].

However, when the Einstein tensor Gμν was derived, Eqs. (4.19) and (4.20)

yielded,

Gμν = Rμν − gμνR/2, Gμν ;ν = 0.

So take a′ = −1/2, then O(gμν) = Gμν+Λgμν . The Einstein field equations

become

Gμν + Λgμν = aT μν = 8πT μν. (5.9)

The value a = 8π is required, so that the predictions of GR agree with

the Newtonian predictions, where the latter are applicable. The reader is

led through this calculation in Problem 3. In the empty space of our solar

system, there is no energy–momentum tensor,

0 = T μν = Gμν = Rμν . (5.10)

More complicated field equations have been proposed, but Eq. (5.9),

selected by Einstein for its simplicity and beauty, has withstood every

experimental test.

5.5 Schwarzschild Solution

Almost immediately after Einstein introduced the field equations, K.

Schwarzschild found an exact solution. An English translation of his paper

is available, see Schwarzschild (1916). The case in point was the one that

was considered with weak gravity, the metric produced by a static, spheri-

cally symmetric, massive object in vacuum. The metric tensor won’t depend

on t, but will depend on �r and d�r, such that it has rotational invariance.

Time independence leads to energy conservation, and rotational invariance

leads to conservation of certain angular momentum components. Thus, it

pays to work in spherical coordinates. So for the rest of this chapter, rp

means (r)p, and not the pth component of the position vector.
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Try the most general rotationally invariant form for the proper-time

element,

(dτ)2 = −gμνdx
μdxν

≡ A(r)(dt)2 − 2B(r)(�r · d�r)dt− C(r)(�r · d�r)2 −D(r)d�r · d�r
= A(r)(dt)2 − 2B(r)rdrdt − [C(r)r2 +D(r)](dr)2

−D(r)r2[(dθ)2 + (sin θdφ)2]. (5.11)

One can eliminate the dtdr term with the following transformation:

t ≡ t′ − E(r), dE(r) ≡ −rdrB(r)/A(r). (5.12)

It is then easy to show, see Problem 4, that this leads to

(dτ)2 = A(r)(dt′)2 − [(rB(r))2/A(r) + C(r)r2 +D(r)](dr)2

−D(r)r2[(dθ)2 + sin2 θ(dφ)2]

≡ A(r)(dt′)2 − F (r)(dr)2 − r2D(r)[(dθ)2 + (sin θdφ)2]. (5.13)

A final transform redefines r, and allows the proper time to be cast in a

form where the metric tensor is diagonal,

r′2 ≡ r2D(r), (5.14)

(dτ)2 ≡ exp[2Φ(r′)](dt′)2 − exp[2Δ(r′)](dr′)2

− r′2[(dθ)2 + (sin θdφ)2]. (5.15)

From now on the primes will be dropped. The last form has been

encountered in many of the problems. Since the metric tensor is diago-

nal, gμμ = 1/gμμ. In Problem 3.6, the C symbols were calculated, and the

nonzero ones are as follows:

Γrrr = Δ,r,

sin2 θΓrθθ = −r exp[−2Δ] sin2 θ = Γrφφ,

Γrtt = exp[−2Δ] exp[2Φ]Φ,r,
(5.16)

Γθrθ = Γθθr = r−1, Γθφφ = − sin θ cos θ,

Γφrφ = Γφφr = r−1, Γφφθ = Γφθφ = cot θ,

Γtrt = Γttr = Φ,r.
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In Problem 4.10, the nonzero Einstein tensor elements were found:

Gtt = r−2 exp[2Φ][r(1 − exp[−2Δ])],r,

Gθθ = (r)2 exp[−2Δ][Φ,r ,r + (Φ,r )
2 − Φ,rΔ,r + (r)−1(Φ,r −Δ,r)],

(5.17)
Gφφ = sin2 θGθθ,

Grr = −r−2(exp[2Δ]− 1) + 2r−1Φ,r.

In empty space Gμν = 0 because Tμν = 0,

0 = Gtt = r−2 exp[2Φ][r(1− exp[−2Δ])],r

0 = [r(1 − exp[−2Δ])],r,

b = r(1 − exp[−2Δ]),

exp[−2Δ] = 1− b/r,

0 = Grr = −r−2(exp[2Δ]− 1) + 2(r)−1Φ,r, so,

2r−1Φ,r = r−2(1/(1− b/r)− 1) = r−2(b/r)/(1− b/r),

2Φ,r = r−2b/(1− b/r) = (ln[1− b/r]),r,

2Φ = ln[(1− b/r)b′], exp[2Φ] = b′(1 − b/r).

The last equation means g00 = −b′(1 − b/r) = b′(−1 + b/r). However,

the weak gravity case yielded g00 = −1 + 2M ′/r. The Schwarzschild and

weak gravity results must agree in the case that gravity is weak, so the

constants are b′ = 1 and b = 2M ′. Here, M ′ is the relativistic mass of the

metric source, e.g., the sun. Then,

exp[2Φ] = exp[−2Δ] = (1− 2M ′/r). (5.18)

If Gμν = 0, then Rμν = 0. So at first it appears that the planets are

not moving in the vacuum of curved space. However, not all the elements

of Rμνξβ = gμαR
α
νξβ = 0. There is curvature. The solution of Problem

4.9 indicates that there are six possible nonzero elements of the completely

covariant curvature tensor. In particular, one can show R0330 = 2M ′/r3.
If the cosmological constant Λ was included, see Problem 5, it is still

simple to calculate the functions exp[2Φ] and exp[2Δ]. Then one can show

that in the weak gravity approximation M ′/r � 1, Λ � 1, there is a

repulsive Newtonian force due to Λ. This makes sense, as the cosmological

constant is driving the universal expansion. However, as will be seen in the

problem, its contribution on a solar system scale cannot be observed.
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5.6 Conserved Quantities: Massive Particles

Knowledge of the metric tells us what quantities, if any, are conserved. Such

knowledge is very helpful in solving the equations of motion. Light has one

constant of the motion, its speed. Equation (4.3) was obtained from parallel

transport and for a particle of rest mass m, dτ �= 0 so it can be used instead

of dq. Using gμα;ν = 0, and renaming summed over indexes,

0 = W νWμ;ν = UνUμ;ν = P νPμ;ν

= gμαP
νPμ;ν = P ν(gμαP

μ);ν

= P νPα;ν = P ν(Pα,ν − PβΓ
β
αν)

= m
dxν

dτ
Pα,ν − P νPβΓ

β
αν = m

dPα
dτ

− P νPβΓ
β
αν .

Then,

dPα
dτ

= P νPβΓ
β
αν/m = P νPβg

βχ(gαχ,ν + gχν ,α − gαν ,χ)/(2m)

= (P νPχgαχ,ν + PχP ν [gχν ,α − gαν ,χ])/(2m)

= PχP ν(gαν ,χ + gχν ,α − gαν ,χ)/(2m)

= PχP νgχν ,α/(2m). (5.19)

So if gχν ,α= 0, then Pα is constant along the geodesic. In a stationary

metric gχν ,0 = 0 and P0 is constant. In the case of weak gravity and low

speeds, the total energy is constant.

The constancy of energy can be illustrated to lowest order in small

quantities. Use the fact that |�P | � m so that hijP
iP j/m2 and hii|�P |2/m2

can be neglected,

m2 = −gμνP
μP ν

= −(−1 + h00)(P
0)2 − [(1 + hii)|�P |2 + 2hijP

iP j ],

1 ≈ (1− h00)(P
0/m)2 − (|�P |/m)2

= (1 + 2M ′/r)(P 0/m)2 − (|�P |/m)2,

P 0/m = (1 + (|�P |/m)2)1/2(1 + 2M ′/r)−1/2

≈ (1 + (|�P |/m)2/2)(1−M ′/r),

P 0 ≈ m−mM ′/r + |�P |2/(2m) = RE + PE +KE = E,

P0 = g00P
0 ≈ −P 0 = −E, constant.
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Outside a spherically symmetric massive body there will be axial symmetry.

One can find coordinates such that the gμν are independent of the angle

about that axis. One can take the axis such that φ is that angle. Using the

Schwarzschild metric for a slowly moving particle,

Pφ = gφφP
φ

= (r sin θ)2m
dφ

dt

is constant. You recognize this relation as the conservation of an angular

momentum component.

5.7 The Twin Problem From the Rocket Observer’s View

There is a wonderful example that makes use of all the concepts thus far

presented. It concerns the twin problem. That problem was solved, in Chap-

ter 2, by the inertial twin I. Here, the way the accelerated twin R solves

the problem with GR is presented. Of course, the final comparison of the

clocks must agree with what was previously found.

Neglecting gravity, consider two identical twins I and R carrying identi-

cally constructed clocks. The clocks are synchronized at tI = tR = 0, when

both are at zI = zR = 0. Observer I never experiences acceleration. She is

an inertial observer, who can use SR, to describe the motion of R. She notes

that R accelerates away, reverses acceleration, and slows to zero speed. R

continues with the reverse acceleration, and speeds towards I. A final accel-

eration reversal brings R to rest at I’s position. They compare clock times

and R is younger.

R says she always experiences acceleration. During the four legs of the

trip, each of duration T on the R clock, the acceleration is

�aR =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

gêz, 0 ≤ tR ≤ T, Leg 1,

−gêz, T ≤ tR ≤ 2T, Leg 2,

−gêz, 2T ≤ tR ≤ 3T, Leg 3,

gêz, 3T ≤ tR ≤ 4T, Leg 4.

(5.20)

R sees I depart, speeding up in the −êz-direction, then slowing to rest after

the acceleration reverses. I speeds towards her with the reverse acceleration.

After the last acceleration reversal, I is brought to rest at R’s position.
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Both are aware of the information in Eq. (5.20). This allows I to calcu-

late, using SR, the trip time on her clock, as in Section 2.5. According to

I, at the end of the trip, the ratio of the times on the clocks is

gtI,tot/(gtR,tot) = gtI,tot/(4gT ) = 4 sinh[gT ]/(4gT ). (5.21)

I finds that each leg of the trip has the same duration, so that gtI [T ] =

sinh[gT ]. At the end of the trip, the twins are at rest at the same position,

and can physically compare clocks. They verify Eq. (5.21). Also, I predicts

that R’s maximum speed is

V = tanh[gT ]. (5.22)

This occurs at the end of legs 1, 3. The maximum separation distance 2D

was calculated in Problem 2.8,

gzI [tI ] = [(1 + [gtI ]
2)1/2 − 1] = [(1− v2)−1/2 − 1],

gzI [tR] = [(1 + sinh2[gtR])
1/2 − 1] = cosh[gtR]− 1,

(5.23)
2gD = 2gzI [T ]

= 2[(1− V 2)−1/2 − 1] = 2(cosh[gT ]− 1).

In the above equations, zI is the position of R, as determined by I, and

tI , tR are the times on the clocks of I, R, when R is at that position.

Here, the journey of I is calculated by R. The latter, though experi-

encing acceleration, feels fixed at the origin. Dropping subscripts, R uses

coordinate z for I’s position when the time on the R clock is t. No use is

made of any part of the calculations of I. In order to account for the accel-

eration, R finds herself in a complicated metric, and uses the equations of

GR. As shall be seen, the durations on I’s clock, as calculated by R, for

legs 1 and 4, are different from legs 2 and 3. However, when the clocks

are finally back in coincidence, the duration on each observer’s clock is the

same as that calculated by I.

The method of R. Perrin (1979) is followed with some changes and

additions. Perrin noted that there aren’t any treatments in the literature

that use the full power of GR. Möller (1952) transforms the flat metric

into a form that is valid for accelerated frames, but it leads to complicated

geodesics.

Perrin proceeds as one does for the Schwarzschild metric. Assume the

nonzero metric elements are g00 = − exp[α] and g33 = exp[β], where α and
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β are functions of z,

(dτ)2 = exp[α](dt)2 − exp[β](dz)2. (5.24)

R will calculate the duration dτ on the clock attached to I.

The nonzero C symbols are as follows:

Γ0
03 =

∂α

∂z
/2 ≡ α,3/2 = α,z/2,

(5.25)
Γ3
33 = β,z/2, Γ3

00 = exp[α− β]α,z/2.

The Ricci Tensor Rμν has the following nonzero elements,

R33 = −[α,z (α,z −β,z )/2 + α,z ,z ]/2,

R00 = −R33 exp[α− β], (5.26)

R = g00R00 + g33R33 = 2R33 exp[−β].

The function β can be obtained in terms of α. Use Eq. (5.26) and that

the motion takes place in free space,

R33 = 0, so,

β,z = 2α,z ,z/α,z + α,z, (5.27)

β = 2 ln[|α,z |] + α− ln[K2].

When gravity is weak, GR and Newtonian gravity agree. This occurs when

α � 1 and exp[α] ≈ 1+α. R says I is moving, and has acceleration a = ∓g

when close to z = 0. R says her own acceleration is ±g at z = 0. Using the

group of Eq. (5.6), R deduces α from I’s motion,

−1 + h00 ≈ g00 = − exp[α] ≈ −(1 + α), h00 = −α,

a = ∓g = h00,z/2 = −α,z/2, (5.28)

α,z = ±2g, α = ±2gz.

Then Eq. (5.27) yields, on choosing K2 = 4g2,

β = 2 ln[2g] + α− ln[4g2] = α, so,
(5.29)

g00 = − exp[±2gz] = −g33, Γ0
03 = Γ3

00 = Γ3
33 = ±g.

The choice of the constant is the natural one. A complicated metric, sat-

isfying all the physics is obtained, without dependence on an arbitrary

constant.
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An interesting observation can be made. Since the derivatives of the C

symbols vanish, the curvature tensor is

Rμβγλ = ΓνλβΓ
μ
νγ − ΓνγβΓ

μ
νλ.

The C symbols vanish unless μ = 0, 3 and all finite C symbols are equal.

This yields that every element Rμβγλ = 0. Unlike the Schwarzschild prob-

lem, where Rμν = 0, but some elements Rμβγλ �= 0, here there is no curva-

ture. So observer R could attack this problem using the tools of SR.

There is no finite energy–momentum tensor, at some position, that is

the source of the metric. Here, the complicated metric is necessary, for the

observer experiencing acceleration. This is similar to, fictitious forces for

accelerating observers, appearing in Newtonian mechanics. In the early days

of relativity, the source of such metrics were a problem. Möller called them

due to a non-permanent gravitational interaction. He noted that Einstein

considered the source was acceleration of the distant “fixed” stars. However,

there are no fixed stars. In fact, the farther away the stars are, the faster

they are accelerating relative to any observer.

The metric gives rise to the following equations of motion:

0 =
d2xμ

dτ2
+ Γμνξ

dxν

dτ

dxξ

dτ

=
d2t

dτ2
± 2g

dt

dτ

dz

dτ
(5.30)

=
d2z

dτ2
± g

[(
dt

dτ

)2

+

(
dz

dτ

)2
]
. (5.31)

Combining Eqs. (5.30) and (5.31) yields

d2(z ± t)

dτ2
± g

[
d(z ± t)

dτ

]2
= 0. (5.32)

These equations are easily solved,

f ≡ d(z ± t)±
dτ

,

df

dτ
= ∓gf2,

f−2df = ∓gdτ,

−f−1 = ∓gτ −K±
± ,
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f =
d(z ± t)±

dτ
= (K±

± ± gτ)−1,

(z ± t)± = ± ln[|K±
± ± gτ |]/g + C±

± .

(5.33)

On the constants, the superscript ± refers to z ± t, and the subscript ±
refers to ±g. Thus, solutions for z and t become

z± = [(z + t)± + (z − t)±]/2

= A± ± ln[|(K+
± ± gτ)(K−

± ± gτ)|]/(2g), (5.34)

t± = [(z + t)± − (z − t)±]/2

= B± ± ln[|(K+
± ± gτ)/(K−

± ± gτ)|]/(2g). (5.35)

The constants A±, B±,K±
± are determined from the boundary conditions.

Due to the absolute value of the log argument, one of the following

possibilities holds:

ln[|(K+
± ± gτ)(K−

± ± gτ)|] = ln[±(K+
± ± gτ)(K−

± ± gτ)],
(5.36)

ln[|(K+
± ± gτ)/(K−

± ± gτ)|] = ln[±(K+
± ± gτ)/(K−

± ± gτ)].

The correct choice comes from the metric,

1 = exp[±2gz]

[(
dt

dτ

)2

−
(
dz

dτ

)2
]
.

Thus,

dz

dτ
=

K−
± +K+

± ± 2gτ

2(K+
± ± gτ)(K−

± ± gτ)
,

dt

dτ
=

K−
± −K+

±
2(K+

± ± gτ)(K−
± ± gτ)

,

ż ≡ dz

dt
=

dz

dτ

/
dt

dτ
=

K−
± +K+

± ± 2gτ

K−
± −K+

±
,

1 =
exp[±2gA±]

4

(K−
± −K+

±)2 − (K−
± +K+

± ± 2gτ)2

±(K+
± ± gτ)(K−

± ± gτ)

= ± exp[±2gA±](−1).

(5.37)
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So A± = 0, and the negative sign is required. Equations (5.34) and (5.35)

now become

z± = ± ln[−(K+
± ± gτ)(K−

± ± gτ)]/(2g), (5.38)

t± = B± ± ln[−(K+
± ± gτ)/(K−

± ± gτ)]/(2g). (5.39)

Initially, take g33 = −g00 = exp[2gz]. The other initial boundary con-

ditions for I’s motion are: τ = t = z = ż = 0. Then Eq. (5.37) yields

K−
+ = −K+

+ , Eq. (5.39) yields B+ = 0, and Eq. (5.38) yields K+
+ = 1. At

t = T , one gets

T = ln[(1 + gτ)/(1− gτ)]/(2g),

exp[2gT ] = (1 + gτ)/(1 − gτ),

gτ [T ] = (exp[2gT ]− 1)/(exp[2gT ] + 1) = tanh gT = V, (5.40)

ż[T ] = 2gτ/(−2) = −V, (5.41)

z[T, g] = ln[−(1 + gτ)(−1 + gτ)]/(2g)

= ln[1− V 2]/(2g) = ln[(1− V 2)1/2]/g. (5.42)

Equations (5.40) and (5.41) agree with Eq. (5.22), the speed calculated

by I. Equation (5.40) shows R is aging faster than I. However, they cannot

compare clocks, as they are at different positions. They must wait until they

are coincident, to compare times. The positive proper distance between R

and I is calculated using Eq. (5.42),

LP [T ] = −
∫ z[T,g]

0

exp[gz′]dz′ = (1− exp[gz[T, g]])/g

= [1− (1 − V 2)1/2]/g,

gLP [T ] = (cosh[gT ]− 1)/ cosh[gT ] = gD/(1 + gD), (5.43)

2gD = 2(cosh[gT ]− 1).

This agrees with Eq. (5.23), I’s prediction.

The rocket acceleration discontinuously changes to −g, and thus the

metric changes discontinuously. Coordinates have no physical meaning.

They can be translated or rotated to quite different values. The proper
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distance from R to I is a physical quantity. It cannot be translated or

rotated to some new value, and won’t change because the acceleration

changed. Thus, the z coordinate will have to change discontinuously, from

z[T, g], Eq. 5.42, to z[T,−g], such that the proper distance is unchanged.

The starting spatial coordinate for the trip’s second leg is obtained from

[1− (1− V 2)1/2]/g =

∫ 0

z[T,−g]
exp[−gz]dz

= −(1/g) exp[−gz]|0z[T,−g]
= (exp[−gz[T,−g]]− 1)/g,

z[T,−g] = − ln[2− (1− V 2)1/2]/g

= − ln[(2− (1− V 2)1/2)2]/(2g). (5.44)

For the second leg, the starting values are t = T, gτ [T ] = V . The

general solutions, Eqs. (5.37), (5.38), and (5.39) become

ż =
K−

− +K+
− − 2(gτ − V )

K−
− −K+

−
,

z = − ln[−(K+
− − (gτ − V ))(K−

− − (gτ − V ))]/(2g), (5.45)

t− T = B− − ln[−(K+
− − (gτ − V ))/(K−

− − (gτ − V ))]/(2g).

The constants are determined from the values of these variables at the start

of the second leg,

ż = −V = (K−
− +K+

−)/(K−
− −K+

−),
(5.46)

K−
− = −K+

−(1− V )/(1 + V );

z = − ln[(2− (1− V 2)1/2)2]/(2g) = − ln[−K+
−K−

− ]/2g,

= − ln[(K+
−)2(1− V )/(1 + V )]/(2g), (5.47)

K+
− = (2− (1 − V 2)1/2)[(1 + V )/(1− V )]1/2;

0 = t− T = B− − ln[−K+
−/K−

− ]/2g

= B− − ln[(1 + V )/(1− V )]/2g, (5.48)

B− = ln[(1 + V )/(1− V )]/2g.
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At the end of leg 2, t = 2T . Equation (5.45), use of the above constants,

and exp[2gT ] = (1 + V )/(1− V ) yield

T = B− − ln[−(K+
− − (gτ − V ))/(K−

− − (gτ − V ))]/(2g),

1 + V

1− V
=

1 + V

1− V

(1−V1+V )1/2(2− (1− V 2)1/2) + (gτ − V )

(1+V1−V )1/2(2− (1− V 2)1/2)− (gτ − V )
,

gτ = 2V (1− V 2)−1/2 = 2 sinh[gT ].

In leg 2, gτ advanced by 2 sinh[gT ]− tanh[gT ]. The total duration at this

point 2 sinh[gT ] is the expected value. Legs 3, 4 just duplicate the times of

legs 2, 1. When the observers are coincident, the ratio of the total times on

the clocks is

gτtot/(gttot) = 4 sinh[gT ]/(4gT ),

This agrees with Eq. (5.21).

The velocity at the end of leg 2 is

K−
− +K+

− = −K+
−((1− V )/(1 + V )− 1)

= 2V K+
−/(1 + V )

= 2V (2(1− V 2)−1/2 − 1) = 2(gτ − V ),

ż[2T ] =
K−

− +K+
− − 2(gτ − V )

K−
− −K+

−
= 0.

This is the expected result. If I says R is at rest, then R must say I is at

rest. The position at the end of leg 2 is

z[2T ] = − ln[−(K+
− − (gτ − V ))(K−

− − (gτ − V ))]/(2g) (5.49)

= −(1/g) ln[2(1− V 2)−1/2 − 1]. (5.50)

This enables calculation of the proper distance

LP [2T ] =

∫ 0

z[2T ]

exp[−gz]dz = (exp[−gz[2T ]]− 1)/g

= 2[(1− V 2)−1/2 − 1]/g = 2(cosh[gT ]− 1) = 2D.

This result is in agreement with Eq. (5.23), the distance calculated by I. It

had to be since both observers are at rest at this point. Thus, they are in

the same Lorentz frame.
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This calculation differs from Perrin’s calculation. The calculation for

leg 2 is made directly after leg 1. The initial value z[T,−g] is determined

such that the proper length is unchanged. Perrin makes the calculation for

leg 3, directly after leg 1. He calculates the initial value z[2T,−g], from the

proper length, at the end of leg 2. His argument is that at the end of leg 2,

both observers are in the same inertial frame, and they would obtain the

same proper length. He then uses the proper length calculated by I. This

calculation does not make use of any result obtained from I.

Problems

1. In the case of weak gravity, find h00, h0i, hij in terms of h00, h01, hij .

2. For the static case of weak gravity and a spherically symmetric source,

the following condition was found:

gμν = ημν + hμν , |hμν | � 1,

gμν = ημν − hμν , |hμν | � 1,

h00 = −2ΨG = 2M ′/r,

where r is the radial coordinate from the gravitational source mass M ′.
The result h0i = h0i = hij = hij = 0 holds. Otherwise, the metric

would be direction dependent. In this case, all the hii have to be equal

and nonzero, as no direction is favored,

(dτ)2weak = (1− 2M ′/r)(dt)2 − (1 + hii)[(dx)
2 + (dy)2 + (dz)2].

Compare (dτ)2weak with the Schwarzschild result for large r, and obtain

hii.

3. In the weak gravity case, GR and Newtonian gravity agree. Here, one

can take a stationary state with Λ = U i = 0. Let T00 = ρM be the only

nonzero element of Tμν , where ρM is spherically symmetric. Show that

R = aρM , where a is the constant in Eq. (5.8). Show R00 = aρM/2 =

Ri0i0 = −∇2h00/2. Thus, a = 8π.

4. Show that the Einstein field equations, with nonzero cosmological con-

stant, can be written as Rμν = 8π(Tμν − gμνT
ξ
ξ/2) + gμνΛ.

5. Start with Eq. (5.11). Apply Eq. (5.12), and show that Eq. (5.13) is

obtained. Then apply Eq. (5.14), and show that Eq. (5.15) is obtained.

6. Repeat the calculation of the Schwarzschild metric, with the cosmo-

logical constant Λ included. Find exp[2Φ] and exp[−2Δ]. You should

find that the term with Λ is multiplied by r2. Thus, even though the
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data of Chapter 9 yield Λ ≈ 5 × 10−54m−2, one cannot say that for

very large r this term is small. However, on a solar system scale, it is

negligible. In this region, weak gravity is satisfied. Find h00, ΨG and
�FNewton. Interpret the Λ term.

7. Transform the metric of SR to a frame with coordinates xμ
′
where

x0 = [a−1 + x3′ ] sinh(ax0′), x3 = [a−1 + x3′ ] cosh(ax0′ )− a−1,

xi = xi
′
, i = i′ = 1, 2.

For small a such that ax0′ = at′ � 1, show the transform is to a non-

relativistic uniformly accelerating frame. What are the constants of the

motion? Calculate (dτ)2 in the accelerating frame without approxima-

tion. Find the constants of the motion. In this frame, clocks at x3′ = 0, h

are at rest, and measure proper times. What is dτh/dτ0? Explain the

result.

8. Consider the following Schwarzschild-like metric, from the expression

for (dτ)2,

(dτ)2 = exp[2Φ(r)](dt)2 − (exp[2Λ(r)](dr)2 + r2[(dθ)2 + sin2 θ(dφ)2]).

Find all the conserved components of a freely falling particle’s covariant

momentum vector. Show that if the geodesic begins with x1 = θ = π/2

and P 1 = 0, these values never change.

9. Repeat the calculations of Problem 8 for the Robertson–Walker metric,

(dτ)2 = (dt)2 −Q2(t)((1 − kr2)−1(dr)2 + r2[(dθ)2 + sin2 θ(dφ)2]).

If k = 0, θ = π/2, and P 1(0) = 0, what can be said about P3 = Pr?

10. At earth’s surface, electrons and positrons of rest energy 0.511 MeV

annihilate at rest into two photons, e− + e+ → γ + γ. One photon

makes it to a faraway static, spherically symmetric, compact star. It

has massM = 1.5Ms and surface radial coordinate R̄ = 10 km. Explain

why a single gamma ray in the final state is impossible. At the star’s

surface, what is the photon energy in MeV? If the decay occurred at

the star, what photon energy would be measured at earth?

11. For radial motion, show that the derivatives with respect to τ of the

Schwarzschild coordinates are not the energy and momentum per unit

rest mass of a particle in a locally inertial frame. Show how they are

related to those quantities.
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12. For the case U i = 0, calculate the magnitude of the acceleration a =

(
dUµ

dτ
Uµ

dτ )
1/2 in the Schwarzschild metric. At the surfaces of the earth

and sun, show the result is very close to the expected Newtonian result.

Suppose you are just outside a static Schwarzschild black hole where,

2M ′ = R and r = R + δ, δ/R � 1. Show that in order to have an

acceleration g, R would have to be enormous.
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Chapter 6

Classic Solar System Tests
of General Relativity

6.1 Equations of Motion

The metric in the solar system is due mainly to the relativistic mass of

the sun M ′ = Ms. The general two-body problem in GR has not been

solved analytically, so the sun’s mass will be taken as much larger than

that of the planet considered, and the gravitational effects of other planets

will be neglected. Also the sun’s rotation will be neglected. Under these

conditions, the metric is that obtained by Schwarzschild. In this chapter,

spherical coordinates will be used and rp ≡ (r)p. The equations of motion

involve the C symbols, and from Eqs. (5.16)–(5.18),

exp[−2Δ] = 1− 2M ′/r, −2Δ = ln[1− 2M ′/r],

exp[2Φ] = 1− 2M ′/r, 2Φ = ln[1− 2M ′/r],

Γtrt = Φ,r= (1− 2M ′/r)−1(M ′/r2),
(6.1)

Γrrr = Δ,r = −(1− 2M ′/r)−1(M ′/r2),

Γrtt = exp[2Φ] exp[−2Δ]Φ,r= (1 − 2M ′/r)(M ′/r2),

sin2 θΓrθθ = −r sin2 θ(1− 2M ′/r) = Γrφφ.

Two constants of the motion are expected for massive particles, since

gμν ,0 and gμν ,2 = 0. However, the motion of both photons and massive

91
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particles is desired. So the equations of motion (3.25) are written in terms

of an affine parameter q,

0 =
d2xμ

dq2
+ Γμχν

dxχ

dq

dxν

dq
.

The value of this parameter will emerge from the solution of the equations.

Problem 3.12 showed that a planar solution θ = π/2 is allowed. Thus,

for the coordinate x2 = φ,

0 =
d2φ

dq2
+ 2Γφrφ

dr

dq

dφ

dq
+ 2Γφφθ

dφ

dq

dθ

dq

=
d2φ

dq2
+

2

r

dr

dq

dφ

dq

=
d2φ

dq2

/
dφ

dq
+

2

r

dr

dq

=
d[ln(dφdq ) + ln r2]

dq

=
d[ln r2 dφdq ]

dq
, so,

J = r2
dφ

dq
, dφ = (J/r2)dq, (6.2)

where J is the constant of the motion due to gμν ,2 = 0.

For the coordinate x0 = t,

0 =
d2t

dq2
+ 2Γtrt

dr

dq

dt

dq

=
d2t

dq2
+

1

1− 2M ′/r
2M ′

r2
dr

dq

dt

dq

=
d2t

dq2

/
dt

dq
+

1

1− 2M ′/r
2M ′

r2
dr

dq

=
d(ln dt

dq + ln[1− 2M ′/r])

dq

=
d ln[(1 − 2M ′/r) dtdq ]

dq
,
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J ′ = (1− 2M ′/r)
dt

dq
≡ 1,

dt

dq
=

1

1− 2M ′/r
, dt =

dq

1− 2M ′/r
. (6.3)

To first order in terms ofM ′/r, dt ≈ dq(1+2M ′/r). Setting constant J ′ = 1

is a normalization choice. It makes sense because when, r → ∞, dt = dq.

Since M ′/r � 1, Eq. (6.2) gives r2 dφdq ≈ r2 dφdt = J . This is conservation

of the φ component of angular momentum per unit mass of the particle

moving in the metric.

The above information is inserted into the equation for x3 = r. After

multiplication by 1
1−2M ′/r

dr
dq , the solution is transparent,

0 =
d2r

dq2
+ Γrrr

(
dr

dq

)2

+ Γrθθ

(
dθ

dq

)2

+ Γrφφ

(
dφ

dq

)2

+ Γrtt

(
dt

dq

)2

=
d2r

dq2
−

(M ′/r2)
(
dr
dq

)2
1− 2M ′/r

+(1− 2M ′/r)

[
−r

(
dφ

dq

)2

+
(
M ′/r2

)( dt

dq

)2
]

=
d2r

dq2
−

(M ′/r2)(drdq )
2

1− 2M ′/r
− (1− 2M ′/r)J2

r3
+

(M ′/r2)
1− 2M ′/r

=

d2r
dq2

dr
dq

1− 2M ′/r
−
(
M ′/r2

) (
dr
dq

)3
(1− 2M ′/r)2

− J2 dr
dq

r3
+

(
M ′/r2

)
dr
dq

(1− 2M ′/r)2

=
1

2

d

dq

⎡
⎢⎣

(
dr
dq

)2
1− 2M ′/r

+
J2

r2
− 1

1− 2M ′/r

⎤
⎥⎦ ,

−E′ =

(
dr
dq

)2
1− 2M ′/r

+
J2

r2
− 1

1− 2M ′/r
, (6.4)

where E′ is the second constant of the motion, due to gμν ,0 = 0.

Equation (6.4) allows determination of q and interpretation of E′,

(
dr

dq

)2

= (1 − 2M ′/r)(−E′ − (J/r)2 + (1− 2M ′/r)−1), (6.5)
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(dr)2 = (dq)2[−E′ − (J/r)2 + (1− 2M ′/r)−1](1− 2M ′/r),

(dτ)2 = (1 − 2M ′/r)(dt)2 − (1− 2M ′/r)−1(dr)2 − r2(dφ)2

= (1 − 2M ′/r)−1(dq)2 − (Jdq/r)2

− (dq)2[−E′ − (J/r)2 + (1− 2M ′/r)−1]

= E′(dq)2, dτ = E′1/2dq. (6.6)

So for photons E′ = 0, while for massive particles E′ > 0, and dq ∝ dτ .

So q is obviously an affine parameter. For a slowly moving particle of rest

mass m, with M ′ � r, Eqs. (6.3) and (6.5) yield

−E′ − (J/r)2 + (1− 2M ′/r)−1 = (1 − 2M ′/r)−3

(
dr

dt

)2

≈
(
dr

dt

)2

,

−E′ ≈
(
dr

dt

)2

+ (J/r)2 − (1 + 2M ′/r),

(1− E′)/2 =

[(
dr

dt

)2

+ (J/r)2

]/
2−M ′/r,

m[1 + (1− E′)/2] = RE +KE + PE = E.

(6.7)

In general, the quantity E can be interpreted as the total energy or rela-

tivistic mass M of the particle. When E′ > 1, the total energy is less than

the rest energy, and may even be negative. That occurs when the particle

is in a strong gravitational field.

6.2 Orbit Equations

The orbit equations are obtained from Eqs. (6.2), (6.3), (6.5) and (6.6),

e.g.,

dφ

dr
=

dφ

dq

/
dr

dq
= ± J

r2(1− 2M ′/r)1/2
1

([(1 − 2M ′/r)−1 − E′]− [J/r]2)1/2
,

D[r] ≡ 1

([(1 − 2M ′/r)−1 − E′]/J2 − 1/r2)1/2
. (6.8)
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Thus,

dφ = ± dr

r2(1− 2M ′/r)1/2
D[r], (6.9)

dt = ± dr

J(1− 2M ′/r)3/2
D[r], (6.10)

dτ = ± drE′1/2

J(1− 2M ′/r)1/2
D[r]. (6.11)

It should be noted that t is the time according to a faraway at-rest

observer, while τ is the time on a clock attached to the particle. Integra-

tion of the above equations will give r as a function of φ, t, or τ . The

correct sign is determined by the result of the integration. Each integral

is an elliptic integral, and could be worked out numerically. However, if

M ′/r � 1 everywhere, then to first order in M ′/r, the integration can be

done analytically. In order to accomplish this, one expands (1− 2M ′/r)n =

1 − n(2M ′/r) + [n(n − 1)/2](2M ′/r)2 + · · · , and keeps the lowest order

term. In some of the mathematical manipulations below, I have followed

Weinberg (1972), and filled in some steps.

6.3 Light Deflection

Solar system tests have shown the correctness of GR, even if equations for

the metric, more complicated than Einstein’s, cannot be ruled out. Ein-

stein’s fame was established by the positive result, of close to the predicted

value, for the deflection of light passing near the sun. The first positive

result experiment was carried out in 1919, by a British team (Dyson, 1920)

led by Eddington.

In the case of light deflection by the sun’s gravity, one looks at stars,

whose lines of sight, come as close as possible to the edge of the sun’s disk.

Of course, there must be a complete solar eclipse, as in Fig. 6.1, to make

such a measurement. Six months previous to the eclipse, the same stars

were viewed. At that time, the sun is no longer between the earth and the

stars. In practice, stars closer than twice the sun’s radius 2Rs cannot be

observed. Light from the star initially travels in almost zero gravity, along

the line of sight given by angle φ(I). Its path deflects as it gets close to

the sun’s surface, where the minimum distance from the sun’s center is r0.

The light finally winds up very faraway, along the line of sight given by

angle φ(F ). The earth–sun distance is > 200Rs, so the metric at earth is
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Fig. 6.1 When the sun is in total eclipse, light from stars passing close to the sun’s disk
appears at apparent position A. When the sun is not between the earth and star, the

latter appears at its real position R.

again very close to ημν . The angle φ is very well measured, and the angular

deflection from the initial direction is δφ = φ(F )− φ(I)− π. However, the

orbit is symmetric about the line along r0, the distance of closest approach,

so that δφ = 2(φ(r0)− φ(I)) − π.

For light use Eq. (6.8), with E′ = 0, and M ′/r0 � 1. At r = r0, use

Eqs. (6.2) and (6.4),

dr

dq
∝ dr

dφ
= 0,

(6.12)
J−2 = (1− 2M ′/r0)r−2

0 ,

From Eq. (6.9),

δφ+ π = ±2

∫ r0

∞
dr(1 − 2M ′/r)−1/2r−2D[r], (6.13)

D[r] =
(
J−2(1− 2M ′/r)−1 − r−2

)−1/2

=

(
r−2
0

1− 2M ′/r0
1− 2M ′/r

− r−2

)−1/2

. (6.14)
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On expanding the terms with M ′/r or M ′/r0, and keeping only factors

linear in M ′/r or M ′/r0, the integral becomes, see Problem 1,

δφ+ π = ±2

∫ r0

∞
dr

1

r[(r/r0)2 − 1]1/2

(
1 +

M ′

r0

r0
r

+
M ′r
r20

[
r

r0
+ 1

]−1
)
.

Now change variables such that u = r/r0, dr = r0du,

δφ+ π = ±2

∫ 1

∞
du

1

u[u2 − 1]1/2

(
1 +

M ′

r0

[
u−1 +

u

u+ 1

])

= −2(−π/2− 2M ′/r0) = π + 4M ′/r0,

δφ = 4M ′/r0. (6.15)

Since 4M ′/Rs = 8.53× 10−6 r(adians) = 1.75′′, the effect is very small.

The 1919 data were pictures of stars stored on photographic plates. The

distances were measured with calipers. Over a period of six months, there

is bound to be a change of scale, due to changes in temperature, and the

position of the telescope on the ground. The data were compared with the

predicted value by calibrating a scale constant S,

δφ = (4M ′/Rs)(Rs/r0) + S(r0/Rs).

Stars with r0 � Rs would not change position, and these give the best

fit for S. There were two observing stations. At Sobral, an island near the

Brazilian coast, seven stars with r0/Rs = 2 − 6 gave δφ = (1.98 ± 0.16)′′.
At Principe, an island near the coast of Guinea, five stars with r0/Rs =

2 − 6 gave δφ = (1.61± 0.40)′′. This was sufficient to confirm that light is

affected by gravity. The numerical results are in reasonable agreement with

the Einstein prediction.

The effect is small, and the accuracy is such that even including more

modern optical measurements, metric equations that are more complicated

than Einstein’s cannot be ruled out. However, radio telescope measurements

made at the VLBI facility (Lebach, 1995) have confirmed Einstein’s pre-

diction to the 1% level. Further improvements led to an accuracy of 0.02%

(Will, 2006). That’s what modern instrumentation can do for you.

Due to gravitational deflection of light, the universe offers interesting

“illusions,” termed gravitational lensing. As illustrated in Fig. 6.2, mass in

the form of a galaxy or cluster of galaxies, is located between earth and a

distant source. Light rays from the source are deflected by the intervening

mass, and follow different paths to earth. The earth observer can then see,
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Fig. 6.2 Mass in the form of galaxies and galaxy clusters, between earth and a very
faraway source, can deflect light. Multiple images are seen.

in different directions, multiple images of the same source. If the masses

line up just right, rings called “Einstein Rings” are observed. Use Google or

some other world wide web (WWW) search program to find “gravitational

lensing,” and you’ll find a host of fascinating images.

6.4 Perihelia Advance

The second test is the precession of perhelia of planets close to the sun.

This means Mercury for our solar system. The Newtonian orbit for the two-

body problem indicates no precession. Mercury’s precession is illustrated

in Fig. 6.3. While precessing, the orbit will still have maximum, minimum

distances from the sun r+, r−, where dr
dφ = 0. So Eq. (6.5) is used to obtain

J and E′ in terms of r±,

0 = (1− 2M ′/r+)−1 − E′ − J2/r2+

= (1− 2M ′/r−)−1 − E′ − J2/r2−,

J2 = [r−2
− − r−2

+ ]−1[(1− 2M ′/r−)−1 − (1− 2M ′/r+)−1], (6.16)
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Fig. 6.3 The perihelion of Mercury precessing, as it makes successive orbits about
the sun.

E′ = (1− 2M ′/r−)−1 − J2r−2
−

= (r−2
+ − r−2

− )−1[r2+(1− 2M ′/r+)−1 − r2−(1 − 2M ′/r−)−1]. (6.17)

The integral for the orbit, Eqs. (6.8) and (6.9), requires evaluation of

the function D[r], here written in terms of r±,

f ≡ (D[r])−2 + r−2 (6.18)

f = J−2[(1− 2M ′/r)−1 − E′]

= (r+r−)−2[(1− 2M ′/r−)−1 − (1− 2M ′/r+)−1]−1

× [r2−((1 − 2M ′/r−)−1 − (1− 2M ′/r)−1)

+ r2+((1 − 2M ′/r)−1 − (1− 2M ′/r+)−1)]. (6.19)

The above is a positive quantity, as each difference is positive.

Once again the integrand must be expanded in powers of M ′/r, and the

leading correction kept, in order to do the integral analytically. However, in

each difference in the last equation, the leading term is directly proportional
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to M ′. So unless the expansion is carried out to second order, the mass M ′

will cancel. This expansion is

(1− 2M ′/r)−1 ≈ 1 + 2M ′/r + (2M ′/r)2 = 1 + (2M ′/r)(1 + 2M ′/r).

It yields

f = (r+r−)−2[(2M ′/r−)(1 + 2M ′/r−)− (2M ′/r+)(1 + 2M ′/r+)]−1

× (r2−[(2M
′/r−)(1 + 2M ′/r−)− (2M ′/r)(1 + 2M ′/r)]

+ r2+[(2M
′/r)(1 + 2M ′/r)− (2M ′/r+)(1 + 2M ′/r+)]). (6.20)

Then, one can write

(D[r])−2 = K(r−1
− − r−1)(r−1 − r−1

+ ). (6.21)

Note that Eq. (6.20) yields (D[r±])−2 = 0, and indicates (D[r])−2 is a

function of r−1 and r−2, so that Eq. (6.21) follows. To find the constant K,

equate the constant terms in both forms of (D[r])−2. This is mathematically

equivalent to evaluation at r = ∞,

K = (r+r−)−1

× [2M ′/r+(1 + 2M ′/r+)− 2M ′/r−(1 + 2M ′/r−)]−1

× (2M ′r−(1 + 2M ′/r−)− 2M ′r+(1 + 2M ′/r+)]

= [r−(1 + 2M ′/r+)− r+(1 + 2M ′/r−)]−1(r− − r+)

= [1 + 2M ′(r−1
− + r−1

+ )]−1 ≈ 1− 2M ′(r−1
− + r−1

+ ),

K−1/2 ≈ 1 +M ′(r−1
− + r−1

+ ).

(6.22)

When Mercury goes from r− to r+, δφ/2 is the change in φ. As the orbit

is symmetric, in one revolution the total change in φ is δφ,

δφ = ±2K−1/2

∫ r+

r−

dr

r2[(1− 2M ′/r)(r−1
− − r−1)(r−1 − r−1

+ )]1/2

≈ ±2K−1/2

∫ r+

r−

dr(1 +M ′/r)
r2[(r−1

− − r−1)(r−1 − r−1
+ )]1/2

. (6.23)
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If one makes the change of variable,

u = a/r + b, such that u[r±] = ±1, (6.24)

the integral becomes

δφ = ±2K−1/2

∫ 1

−1

du
1 + M ′

2 [(r−1
+ + r−1

− ) + (r−1
+ − r−1

− )u]

(1− u2)1/2

= π[1 +M ′(r−1
− + r−1

+ )][2 +M ′(r−1
+ + r−1

− )]

≈ 2π + 3πM ′(r−1
− + r−1

+ ). (6.25)

If the orbit is closed, the above should equal 2π. So the perihelion has

advanced by 3πM ′(r−1
− +r−1

+ ). For the orbit of Mercury, r+ = 6.98×1010m

and r− = 4.60× 1010m. Thus, per revolution, the advance of perihelion is

δφ− 2π = 3π(1.484× 103)(0.360× 10−10) r = 0.104′′.

Mercury’s orbital period is 87.96 d, so that in a century it makes 415 rev-

olutions. The cumulative effect is δφ − 2π = 43′′ per century. Current

experimental results are in excellent agreement with Einstein’s theory. The

deviation is less than 1%. The other planets are farther from the sun. They

would yield much smaller values than Mercury.

As opposed to light deflection, where light starts and ends in essentially

zero gravity, Mercury is always under the influence of gravity. So when it

is observed with light, the light is also traveling under that influence. For

a single revolution, one would have to worry about such small corrections.

However, the effect is cumulative, and for many revolutions this correction

is not a worry. Think about measuring the period of a simple pendulum.

The small error one might make for one period, is negligible, if the total

time for many periods is measured.

Newtonian physics predicts a much larger advance per century, due to

other perturbations of 5557′′. These include 5025′′, due to the precession

of earth’s rotation axis. The observation is 5600′′, and the extra 43′′ agrees
with the prediction of GR. See Clemence (1947) for the best determination

of the precession. Before GR, Newtonian physics was thought adequate. For

the Mercury problem, there was speculation that unseen mass was between

the sun and Mercury or the sun was non-spherical, etc. Einstein was not

working on GR to solve the Mercury problem, but realized that the theory

could be applied to it. His biographers tell us that he was delirious with joy

upon finding those 43′′.
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6.5 Radar Signal Delay

When Mercury is near superior conjunction, radar from earth is reflected

back, with a delay predicted by GR. This effect is also known as Shapiro

delay. The situation is shown in Fig. 6.4, where r0 is the distance of closest

approach to the sun. The straight line Newtonian path just grazes the

sun’s disk. In reality the two paths are very close to coincidence. The tiny

deviation is exaggerated for clarity.

As in the case of light deflection E′ = 0, and at r0,
dr
dq = dr

dt = 0.

Equations (6.12) and (6.14) give J2 and D[r], while Eq. (6.10) yields the

integrand of the desired integral,

J2 = r20(1 − 2M ′/r0)−1,

dt = ±dr(1 − 2M ′/r0)1/2

r0(1− 2M ′/r)3/2

(
r−2
0

(1− 2M ′/r0)
(1− 2M ′/r)

− r−2

)−1/2

= ±dr(1 − 2M ′/r)−1

(
1− 1− 2M ′/r

1− 2M ′/r0

(r0
r

)2)−1/2

.

Fig. 6.4 When Mercury is near superior conjunction, radar signals are sent from and
reflected back to earth. They travel for a longer time, along the solid GR geodesic, than
along the dashed straight, Newtonian path.
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In order to avoid elliptic integrals, expand the above, and keep the leading

correction,

tE,M ≈ ±
∫ DE,M

r0

rdr[1 +M ′(2/r + (r0/r)(r + r0)
−1)]

[r2 − r20 ]
1/2

, (6.26)

where DE,M is the distance from the center of the sun to the planets. The

result is

tE,M = M ′
[
2 ln

DE,M + [D2
E,M − r20 ]

1/2

r0
+

(
DE,M − r0
DE,M + r0

)1/2
]

+
[
D2
E,M − r20

]1/2
. (6.27)

The prediction is compared with radio waves just grazing the sun

r0 = Rs. Since the radio waves go to Mercury and are reflected back to

earth,

ttotal = 2(tE + tM ) ≡ 2(T + T ′),
(6.28)

T = [D2
E −R2

s]
1/2 + [D2

M −R2
s]

1/2,

T ′/M ′ = 2 ln
(DE + [D2

E −R2
s]

1/2)(DM + [D2
M −R2

s]
1/2)

R2
s

+

(
DE −Rs
DE +Rs

)1/2

+

(
DM −Rs
DM +Rs

)1/2

= 2 ln
DE(1 + [1− (Rs/DE)

2]1/2)DM (1 + [1− (Rs/DM )2]1/2)

R2
s

+

(
1−Rs/DE

1 +Rs/DE

)1/2

+

(
1−Rs/DM

1 +Rs/DM

)1/2

, (6.29)

where 2T is what you would expect if gravity did not deflect radar, while

0 < 2T ′ ∝ M ′ is the lowest order GR correction. As T ′ is positive, it is said
that the radar signals are delayed.

To see the size of the effect, the following parameters are used:

DE,M = 0.5(r+ + r−)E,M = 1.49× 1011m, 5.79× 1010m,

Rs = 6.96× 108m, M ′ = 1.48× 103m, thus,
(6.30)

2T = 4.14× 1011 m = 1.05× 103 s,

2T ′ ≈ 4M ′
[
1 + ln 4

DE

Rs

DM

Rs

]
= 7.2× 104 m = 240 μs.
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Since T ′/T = 2.3× 10−7, the delay is a very small effect. Even so, by 1971

the team led by Shapiro achieved a result in agreement with GR at the 5%

level (Shapiro, 1971). A similar experiment, using the Cassini space craft,

obtained a result in agreement with GR at a <1% level (Berlotti, 2003).

It has now been improved to the 0.001% (Will, 2006) level.

A measurement of such exquisite accuracy is fraught with difficulties.

Modern atomic clocks can easily measure ttotal with sufficient accuracy.

However, one must subtract from this 2T , a quantity almost as large. Opti-

cal measurements of the distances are nowhere near accurate enough. There

are other critical sources of systematic error that must be considered: The

solar corona is an effective index of refraction for radar propagation. Reflec-

tion at Mercury’s surface occurs, not from a single point, but from a large

area. Each area element has its own reflection properties, plus orbital and

rotational motion. The reflection properties are studied at inferior conjunc-

tion. The times of the Doppler-shifted frequency distribution allow one to

obtain the reflection time from the closest point to earth. Using a large set

of astronomical data, the distances were obtained from GR predictions, in

terms of fits for many parameters. See Shapiro (1964) for a description of

the original experiment.

Problems

1. Without using the equations of motion, but using gμν ,(0,2) = 0, obtain

Eqs. (6.9)–(6.11). Do this for photons and particles with rest mass, by

appropriate choice of constants.

2. Consider the integrand (≡ Int) of Eqs. (6.13) and (6.14). Expand the

terms involving M ′/r � 1, and keep only terms linear in M ′/r. Fill in
the steps to obtain the equation following Eq. (6.14).

3. Start with Eqs. (6.16)–(6.18) and fill in the steps leading to Eq. (6.19).

Then start with the integral of Eq. (6.23), make the variable change of

Eq. (6.24) and fill in the steps leading to Eq. (6.25).

4. Start with the equation above Eq. (6.26) and show how Eq. (6.26) is

obtained.

5. Using the Schwarzschild metric, suppose a particle with finite rest mass

is launched from the surface of a sphere of area A′, in the direction of

increasing radial coordinate. The stationary curvature is provided by

the sphere’s mass M ′. Assume M ′/R′ � 1, where R′ is the radial
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coordinate at the sphere’s surface. What is the radial coordinate at

the surface in terms of A′? Find the escape speed as measured by an

observer at the surface of the sphere. Show that this speed is the same as

the Newtonian result. What proper distance is traveled by the particle,

when it reaches a radial coordinate, where an observer measures that

the escape speed is reduced by half?

6. Use the data of and the information from solving Problem 5. Calculate

the time on a clock attached to the moving mass, for the trip between

the two radial coordinates. Then calculate the time on a clock at rest

at r = ∞.

7. Use the data of and the information from solving Problem 5. Suppose

a mass is released from rest, at a radial coordinate r = 100R′. At the
surface of the sphere what is the speed? What is the proper distance

traveled and the time on a clock attached to the moving mass?

8. The Schwarzschild metric permits circular orbits, where r is con-

stant. For massive particles, show that two such orbits are possible

if 12(M ′2/J̄2) < 1, where J̄2 = J2/E′. Show that the larger orbit is

stable, but not the smaller. For the latter, what is the smallest possible

radial coordinate? Start by showing,

1/E′ =
(
dr

dτ

)2

+

(
1− 2M ′

r

)(
1 +

J̄2

r2

)
≡
(
dr

dτ

)2

+ f [r].

The function f [r] is an effective potential, and radial coordinates of

circular orbits exist where df [r]
dr = 0.

9. For the conditions of and the information from solving Problem 8 with

r = 10M ′, find J and E′. Determine whether there is another possible

circular orbit. If another is possible, find its radial coordinate, and

determine which orbit is stable.

10. Use the data of and the information from solving Problems 8 and 9.

Find the time on a clock attached to the particle and on a faraway

clock at rest, when one revolution is completed. Compare dφ
dt with the

Newtonian value for the same circular orbit.

11. Use the data of and the information from solving Problems 8 and 9.

Find the speed |�v| of the object in the circular orbit, as determined

on a clock at rest at the radial coordinate of the orbit. Determine the

speed for r = (10, 4.29, 3)M ′. What can be said because of the speed

at r = 3M ′? Is there a stable circular orbit for light?
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12. A neutron star has a mass M ′ = 1.5Ms and a radius r0 = 15 km. If the

star’s angular momentum is neglected, the metric in its vicinity is the

Schwarzschild metric. If light from faraway just skims its surface, what

is the deflection? Use a program like Mathematica to do the numerical

integration. Be careful at the limit where r = r0. Compare this result

with that obtained by expanding and keeping M ′/r terms to lowest

order.
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Chapter 7

Gravitational Waves

7.1 The Weak Gravity Wave Equation

Einstein’s equations predict gravitational waves. The sources of the waves

typically involve very strong gravitational effects, for example, the onset of a

supernova, or the merging of black holes. However, such sources are usually

so faraway that the wave amplitude at earth is extremely small. The wave

can be treated in the weak gravity approximation. At this time, it would

be beneficial to review the material in Section 5.2 and Problem 5.1. There,

in rectangular coordinates, gμν = ημν + hμν , |hμν | � 1, and |hμν ,ξ | � 1.

In deriving the wave equation, some important properties of hμν and h̄μν ,

the trace inverse defined below, are of importance,

hμν = hνμ,

h00 = h00, hij = hij , h0i = −h0i,

hχν = gχμhμν
(7.1)

= (ηχμ − hχμ)hμν ≈ ηχμhμν ,

h ≡ hνν ,

h̄μν ≡ hμν − ημνh/2.

These equations lead to

h̄βν = hβν − δβνh/2, h̄ = −h. (7.2)

107
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In order to get to a wave equation, a gauge transformation is needed.

Such transforms are encountered in electrodynamics, where the vector

potentials �A and �A′ = �A + �∇Ψ yield the same magnetic field. However,

if �∇· �A �= 0, then Ψ can be chosen so that �∇· �A′ = 0. Here, each coordinate

is slightly changed, such that a new metric, also approximately that of SR

is obtained. The gauge vectors are functions of the coordinates ξμ[xν ]. They

are taken to be small |ξμ| � 1 as are their derivatives |ξμ,β | � 1. To first

order in small quantities,

xα
′ ≡ xα + ξα[xβ ],

xα = xα
′ − ξα[xβ ] = xα

′ − ξα[xβ
′ − ξβ ] ≈ xα

′ − ξα[xβ
′
],

ξα,β = ξα,β′ xβ
′
,β = ξα,β′ (xβ + ξβ),β

≈ ξα,β′ ,

δα
′
β′ = xα

′
,β′ = (xα + ξα),β x

β ,β′

= (δαβ + ξα,β)(x
β′ − ξβ),β′

= (δαβ + ξα,β)(1− ξβ ,β′)

= δαβ + ξα,β − δαβξ
β ,β′

= δαβ + ξα,β − ξα,β′

= δαβ = xα,β , therefore ημ′ν′ = ημν ,

xα,β′ = xα
′
,β′ − ξα,β′ = δαβ − ξα,β ,

xα
′
,β = xα,β + ξα,β = δαβ + ξα,β,

gα′β′ = ηα′β′ + hα′β′ = ηαβ + hα′β′. (7.3)

These equations lead to

hαβ = hα′β′ + ξα,β + ξβ ,α,
(7.4)

hα′β′ = hαβ − (ξα,β + ξβ ,α).

The gist of all this is, that hμν is not a unique tensor, but it remains

small when changed by a gauge transformation. The new form, obtained

from gμ′ν′ = xξ, μ′ xχν′gξχ, may be more advantageous to solve a particular

problem.
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To first order, the Einstein tensor becomes a wave equation. The calcu-

lation begins with the curvature tensor,

Rαβμν = gαχR
χ
βμν = gαχ[Γ

χ
βν ,μ − Γχβμ,ν + ΓχγμΓ

γ
βν − ΓχγνΓ

γ
βμ],

Γχβμ = gσχ[gβσ,μ + gμσ,β − gβμ,σ]/2 = ησχ[hβσ,μ + hμσ,β − hβμ,σ]/2.

The ΓΓ terms in the curvature tensor are at least second order in hμν ,ξ and

can be neglected. The derivative terms become

Γχβμ,ν = ησχ[hβσ,μ,ν +hμσ,β ,ν − hβμ,σ ,ν ]/2,

Γχβν ,μ = ησχ[hβσ,ν ,μ + hνσ,β ,μ − hβν ,σ ,μ]/2

= ησχ[hβσ,μ ,ν + hνσ,β ,μ − hβν ,σ ,μ]/2.

The curvature tensor is

Rαβμν = ηαχη
σχ[hνσ,β ,μ − hβν ,σ ,μ − hμσ,β ,ν + hβμ,σ ,ν ]/2

= [hνα,β ,μ − hβν ,α ,μ − hμα,β ,ν + hβμ,α ,ν ]/2.

Using the metric, the Ricci tensor can be calculated,

Rβν = gαμRαβμν = ηαμRαβμν

= [h μ
ν ,β ,μ − ηαμhβν ,α ,μ − h μ

μ ,β ,ν + h α
β ,α ,ν ]/2

= [h μ
ν ,β ,μ − ηαμhβν ,α ,μ − h,β ,ν + h α

β ,α ,ν ]/2. (7.5)

Note, second term in the above equation is

−
(
∇2 − ∂2

∂t2

)
hβν ≡ −�hβν.

So one gets an inkling of how the wave equation comes about.

The Ricci scalar and the Einstein tensor are now evaluated. Renaming

some summed over indexes helps carry out the calculation,

R = gβνRβν = ηβνRβν

= ηβν [h μ
ν ,β ,μ − ηαμhβν ,α ,μ − h,β ,ν + h α

β ,α ,ν ]/2

= [hβμ,μ ,β − ηαμhββ ,μ ,α − ηβνh,β ,ν + hνα,α ,ν ]/2

= hμα,μ ,α − ηαμh,μ ,α.
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This yields the Einstein tensor,

Gβν = Rβν − gβνR/2 ≈ Rβν − ηβνR/2

= [h μ
ν ,β ,μ − ηαμhβν ,α ,μ − h,β ,ν + h α

β ,α ,ν

− ηβν(h
μα,μ ,α − ηαμh,μ ,α)]/2.

If the above is written in terms of the variable h̄, the trace inverse

instead of h, and a gauge transform is applied, out pops the following wave

equation:

Gβν = (1/2)[(h̄ μ
ν − δ μ

ν h̄/2),β ,μ − ηαμ(h̄βν − ηβν h̄/2),α ,μ

+ h̄,β ,ν + (h̄ α
β − δ α

β h̄/2),α ,ν

− ηβν((h̄
μα − ημαh̄/2),μ ,α + ηαμh̄,μ ,α)]

= (1/2)(h̄ μ
ν ,β ,μ − ηαμh̄βν ,α ,μ + h̄ α

β ,α ,ν − ηβν h̄
μα,μ ,α

− [δ μ
ν h̄,β ,μ − 2h̄,β ,ν + δ α

β h̄,α ,ν

− (ηβνη
αμh̄,α ,μ + ηβνη

μαh̄,μ ,α − 2ηβνη
μαh̄,μ ,α)]/2)

= [h̄ μ
ν ,β ,μ − ηαμh̄βν ,α ,μ + h̄ α

β ,α ,ν − ηβν h̄
μα,μ ,α]/2

= [(h̄ μ
ν ,μ ),β − ηαμh̄βν ,α ,μ + (h̄ α

β ,α ),ν − ηβνη
μξ(h̄ α

ξ ,α),μ]/2.

The Lorentz gauge, in analogy with electrodynamics, is h̄ χ
σ ,χ= 0. Then

the above equation simplifies to a single term. There are four equations

h̄ χ
σ ,χ= 0, one for each σ. There are four free gauge functions ξσ. So it is

possible to find a gauge, using Eq. (7.4), for which the simplification holds.

The Einstein tensor becomes

2Gβν = 16πTβν = −ηαμh̄βν,α ,μ= −�h̄βν,
(7.6)

�h̄βν = −16πTβν, �h̄βν = −16πT βν.

This is a wave equation with a source proportional to the energy–

momentum tensor. The wave propagates with the speed of light and all

frequencies are allowed.

7.2 Plane Waves

In empty space there is no source, so plane wave solutions are possible. With

enough plane waves of different wave vectors and accompanying amplitudes,
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any wave shape can be accommodated by superposition. In the case of a sin-

gle wave vector kχ with amplitude Aμν , a complex constant, the wave func-

tion in rectangular coordinates is the real part of h̄μν = Aμν exp(ikχx
χ).

The phase factor is an invariant. It is easily shown that

h̄μν ,β = ikβ h̄μν , (7.7)

�h̄μν = −(kβk
β)h̄μν = 0, kβk

β = 0. (7.8)

As with an electromagnetic wave, the relation between frequency k0 ≡ ω

and wave 3-vector �k is identical. In free space, there is no dispersion, so the

phase and group velocities are unity. The direction of �k is the direction of

wave travel. The gauge condition forced h̄ ν
μ ,ν = 0. Thus,

kνA
ν
μ = 0. (7.9)

This is another restriction, an orthogonality restriction on A ν
μ .

A more useful solution can be obtained, by again applying a gauge

transformation with vector ξα. The vector satisfies �ξα = 0. It can produce

a solution TT h̄μν , with amplitude Āμν , that is traceless
TT h̄ μ

μ = Ā μ
μ = 0.

Using ξμ = Bμ exp(ikχr
χ) and results from Problem 2,

h̄μ′ν′ ≡ TT h̄μν = h̄μν − ξμ,ν − ξν ,μ + ημνξ
χ,χ,

Āμν = Aμν − i(Bμkν + kμBν − ημνB
χkχ), (7.10)

Ā α
μ = A α

μ − i(Bμk
α + kμB

α − δ α
μ Bχkχ),

0 = Ā μ
μ = A μ

μ − i(Bμk
μ + kμB

μ − 4Bχkχ) (7.11)

= A μ
μ + 2iBμk

μ = Aμμ + 2iBμkμ, iBμkμ = −A μ
μ /2.

Thus, if A μ
μ �= 0, one can choose a Bμ to make Ā μ

μ = 0 = TT h̄ μ
μ .

This gives one requirement for the four Bμ. The other three can be used to

impose the condition ĀμνU
ν = 0 because from Eqs. (7.8)–(7.10),

0 = kμĀμν = kμAμν − i(Bμk
μkν +Bνk

μkμ − kνB
χkχ) = kμAμν

= (Āμνk
μ)Uν = kμ(ĀμνU

ν). (7.12)

The remaining three requirements on the four Bμ can force,

ĀjνU
ν = 0. (7.13)
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Then Eqs. (7.12) and (7.13) force,

Ā0νU
ν = 0. (7.14)

In the language of the subject, the superscript TT stands for transverse

traceless gauge. In order to see how it is transverse, let the wave be moving

in the z = 3-direction. Let Uν = δν0,

0 = UνĀμν = δν0Āμν = Āμ0 = Āμ0

= kνĀ
μν = ω(−Āμ0 + Āμ3) = ωĀμ3.

In this case only, Ā(11),(22),(12),(21) are nonzero, and the symmetry and

traceless conditions yield

0 = Ā μ
μ = Ā 1

1 + Ā 2
2 ,

(7.15)
Ā 1

1 = −Ā 2
2 , Ā11 = −Ā22, Ā12 = Ā21.

In this gauge, the following conditions also hold:

−(TTh) = TT h̄ =TT h̄ μ
μ = 0,

(7.16)
TT h̄μν = TThμν − ημν(

TTh)/2 = TThμν .

7.3 The Graviton

For electromagnetic waves, the wave function of the vector field Aμ can

describe all of the physics. When this field is quantized, the quanta are

photons with spin s = 1. In quantum electrodynamics, the interactions to

lowest order are the exchange of virtual photons. In GR, the wave function

of the field describing the physics is a tensor of rank 2 h̄μν . Thus, a quantum

theory of gravity has a exchange particle of spin s = 2, with zero rest mass,

called the graviton.

A transparent way to see this is to consider what happens to a transverse

electromagnetic or transverse, traceless gravitational plane wave amplitude,

under rotation. If the plane wave is traveling in the 3-direction, the only

nonzero amplitudes are Aj for the electromagnetic wave and Ājk for the

gravitational wave. Here (j, k) �= 3. One can rotate these wave functions

by angle φ about the axis along the propagation direction, using the infor-

mation in Fig. 1.1. Another set of rectangular axes, where basis and unit

vectors are the same, is obtained. The nonzero elements of the rotation

matrix xi,j′ are: R
1
1′ = R2

2′ = cosφ, R1
2′ = −R2

1′ = sinφ, R3
3′ = 1.
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Using the rotation Aj′ = Rkj′Ak, the electromagnetic amplitudes

become

A1′ = R1
1′A1 +R2

1′A2 = cosφA1 − sinφA2,

A2′ = R1
2′A1 +R2

2′A2 = sinφA1 + cosφA2.

These equations yield

A1′ ± iA2′ = (cosφ± i sinφ)A1 + (− sinφ± i cosφ)A2

= exp(±iφ)A1 ± (cosφ± i sinφ)iA2 = exp(±iφ)[A1 ± iA2].

Using the rotation Āj′k′ = Rlj′R
n
k′Āln and Eq. (7.15), the gravitational

amplitudes become

Ā1′1′ = R1
1′R

1
1′Ā11 +R1

1′R
2
1′Ā12 +R2

1′R
1
1′Ā21 +R2

1′R
2
1′Ā22

= cos2 φĀ11 − 2 sinφ cosφĀ12 − sin2 φĀ11

= cos 2φĀ11 − sin 2φĀ12,

Ā2′2′ = R1
2′R

1
2′Ā11 +R1

2′R
2
2′Ā12 +R2

2′R
1
2′Ā21 +R2

2′R
2
2′Ā22

= sin2 φĀ11 + 2 sinφ cosφĀ12 − cos2 φĀ11

= − cos 2φĀ11 + sin 2φĀ12,

Ā1′2′ = R1
1′R

1
2′Ā11 +R1

1′R
2
2′Ā12 +R2

1′R
1
2′Ā21 +R2

1′R
2
2′Ā22

= sinφ cosφĀ11 + (cos2 φ− sin2 φ)Ā12 + sinφ cosφĀ11

= sin 2φĀ11 + cos 2φĀ12.

These equations yield

Ā1′1′ ± iĀ1′2′ = −Ā2′2′ ± iĀ1′2′

= exp(±2iφ)(Ā11 ± iĀ12)

= exp(±2iφ)(−Ā22 ± iĀ12).

In quantum mechanics, a plane wave is an eigenfunction of linear

momentum. If under rotation by angle φ about the direction of propa-

gation, the eigenfunction is transformed Ψ → exp(inφ)Ψ, then it is also an

eigenfunction of helicity h = n. In our case, n = ±1 for electrodynamics

and n = ±2 for gravitation. When the fields are quantized, it leads to spin
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s = 1 photons, with only the projections sz = ±1 along the direction of

propagation. For gravity, it leads to spin s = 2 gravitons, with only the

projections sz = ±2. Since string theory naturally allows for a spin s = 2

particle, a great many talented theorists study string theory. They hope to

unify gravity and the other interactions.

7.4 Gravity Wave Detection: LIGO Experiment

In order to see how the wave affects free particles, consider a particle initially

at rest in a Lorentz frame. The velocity components are U0 = 1 and U i = 0.

As previously shown, in the TT gauge this velocity forced TThμ0 = 0. The

following equations of motion for the particle’s coordinates are obtained

0 =
dUμ

dτ
+ ΓμνχU

νUχ

dUμ

dτ
[x = 0] = −Γμ00

= −ημσ(TThσ0,0 +
TTh0σ,0 −TTh00,σ)/2 = 0.

So initially the acceleration vanishes. This means that the particle will be

at rest at a later time, and by the same argument, the acceleration will

be zero at a later time. Thus, the particle can remain at its coordinate in

this gauge. This has no invariant geometrical meaning. However, suppose

particles at x = 0, ε experience a wave. The proper distance between them

changes to

l =

∫ ε

0

(gxx)
1/2dx ≈ ε(gxx[x = 0])1/2

= ε(1 + TThxx[x = 0])1/2

≈ ε(1 + TThxx[x = 0]/2). (7.17)

Thus, the wave can be detected because the proper distance between two

objects will wiggle in its presence.

Observations of changing pulsing period, of a pulsar in a binary neu-

tron star system, indicate that energy is being carried away. This is an

indirect detection of a wave, one that is continuously generated. This

system is described in a later section. Calculation indicated that waves

from sufficiently close, violent, short-lived, astronomical events could be

detectable on earth. Waves from such events have been observed by the
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Fig. 7.1 One of two LIGO interferometers. See text for description.

LIGO (2015) experiment via construction of identical interferometers in

Washington state and Louisiana.

In Fig. 7.1, one interferometer is illustrated. A laser beam is split and

travels down the arms of a long “L.” The closest mirrors to the beam splitter

are slightly transmitting. The splitter and mirrors are hung in vacuum-like

pendulums, so that they are essentially free particles. The light travels back

and forth about 100 times in the 4 km long light storage arms. The light

from the arms interferes destructively, so that no light gets to the photo-

detector. The light heads back towards the laser, where it is recirculated

by a power recycling mirror. The latter is not shown in the figure.

If there was a gravitational wave of sufficient power, it would alter a huge

region of space. The laser beams wouldn’t return to the beam-splitter out of

phase. A signal would appear in the photo-detector. This would happen in

both interferometers with a separation time of 0.007 s, the light travel time

between them. Such a coincidence greatly limits the background noise. The

interferometers are updated all the time, and their signal-to-noise resolution

in the desirable frequency range has improved, so that h ≈ 10−22 is close to

detectable. That’s quite an achievement. However, many expected signals

are still in the noise. In order to confirm a wave detection, a coincidence

of like signals in the interferometers, plus knowledge of what the signal

should look like, is required. The latter is where theoreticians make their
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Fig. 7.2 LIGO evidence for the first gravitational wave detection. See text for
description.

presence felt. For example, the signals from coalescing black holes, or from

supernova, yield very distinctive time structures.

In February, 2016, close to when the first edition of this book went to

press, LIGO announced observation of a robust signal. Its time structure

is shown in Fig. 7.2. The amplitude h ≈ 10−21 was due to the merging of

two black holes. The event took place about 1 Bly away, and each black

hole had equivalent mass M > 30Ms. In <0.5 s they merged into a sin-

gle black hole, and about 4Ms was radiated away. This was more power

than that of the visible universe. Since then, more such events have been

detected. One was seen by LIGO and two newly constructed international

detectors, for example, Virgo. This can pinpoint the direction of events by

triangulation. Another event, the merger of two neutron stars, was also
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seen electromagnetically, making it easier to locate the source. A new age

of astronomy, of Galilean significance, has begun!

7.5 Wave Equation Solution With Sources

If there are no sources, plane wave solutions are allowed. However, without

knowledge of the source, the wave amplitudes and the power carried by the

wave, cannot be calculated. When scientists build a detector-like LIGO,

they know the minimum signals that can be observed. Before many hun-

dreds of millions of dollars are spent, one would like to be confident, that

the sought for gravitational waves, carry enough power to be detected. Thus

solution of the wave equation with sources is a necessary part of the pro-

gram. Such a signal is distinctive from the background noise, even though

the two may have the same power level.

Most readers have solved the wave equation with sources in electrody-

namics courses. They may skip this section without loss. It is included for

completeness, and as a handy reference. The method of Fourier analysis is

used to solve Eq. (7.6). This analysis makes use of the following theorem

concerning the Dirac delta function:

δ(t′ − t) =
1

2π

∫ ∞

−∞
dω exp[iω(t′ − t)]. (7.18)

One sees that Eq. (7.6) looks like,

�Ψ[�r, t] =

(
∇2 − ∂2

∂t2

)
Ψ[�r, t] = −4πS[�r, t],

where Ψ = h̄μν is the wave function and S = 4T μν is the source. Using

Fourier transforms, one can write

Ψ[�r, t] =
1

2π

∫ ∞

−∞
dωΨ[�r, ω] exp[−iωt],

where

Ψ[�r, ω] =

∫ ∞

−∞
dt′Ψ[�r, t′] exp[iωt′],
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since

Ψ[�r, t] =
1

2π

∫ ∞

−∞
dω

∫ ∞

−∞
dt′Ψ[�r, t′] exp[iω(t′ − t)]

=

∫ ∞

−∞
dt′Ψ[�r, t′]

1

2π

∫ ∞

−∞
dω exp[iω(t′ − t)])

=

∫ ∞

−∞
dt′Ψ[�r, t′]δ(t′ − t) = Ψ[�r, t].

The formal mathematical solution to the wave equation can be expressed

as an integral over all space and time,

Ψ[�r, t] ≡
∫ ∞

−∞
dt′
∫
∞

dV ′S[�r ′, t′]G[�r, t, �r ′, t′],

where

�Ψ[�r, t] = −4πS[�r, t]

=

∫ ∞

−∞
dt′
∫
∞

dV ′S[�r ′, t′]�G[�r, t, �r ′, t′],

�G[�r, t, �r ′, t′] = −4πδ(t′ − t)δ(�r ′ − �r) ≡ −4πδ(t′ − t)δ[�R]

= −4πδ[�R]
1

2π

∫ ∞

−∞
dω exp[iω(t′ − t)].

The function G is called a Green function. It is easily solved for using

Fourier transforms,

G[�r, t, �r ′, t′] =
1

2π

∫ ∞

−∞
dωG[�r, ω,�r ′, t′] exp[−iωt],

�G[�r, t, �r ′, t′] =
1

2π

∫ ∞

−∞
dω�(G[�r, ω,�r ′, t′] exp[−iωt]),

�(G[�r, ω,�r ′, t′] exp[−iωt]) = −4πδ[�R] exp[iω(t′ − t)],

(∇2 + ω2)G[�r, ω,�r ′, t′] = −4πδ[�R] exp[iωt′],

G[�r, ω,�r ′, t′] ≡ g[R,ω] exp[iωt′].

The last form results because we are in unbounded space, and the source

for G[�r, ω,�r ′, t′] is only nonzero at �R = 0. Thus the spatial dependence can
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only be radial, a function of R. When R �= 0, the differential equation to

solve is

0 = (∇2 + ω2)g[R,ω] = (∇2
R + ω2)g[R,ω]

= R−1(Rg[R,ω]),R ,R + ω2g[R,ω]

= (Rg[R,ω]),R ,R + ω2(Rg[R,ω]),

Rg[R,ω] = exp[±iωR],

RG[�r, ω,�r ′, t′] = exp[i(±ωR+ ωt′)] = exp[iω(±R+ t′)],

G[�r, ω,�r ′, t′] = exp[iω(±R+ t′)]/R,

G[�r, t, �r ′, t′] =
1

2π

∫ ∞

−∞
dω

exp[iω(±R+ t′ − t)]

R

= |�r − �r ′|−1δ[t′ − (t∓ (|�r − �r ′|)],

h̄μν [�r, t] =

∫
∞

dV ′
∫ ∞

−∞
dt′S[�r ′, t′]

δ[t′ − (t∓ (|�r − �r ′|)]
|�r − �r ′|

=

∫
∞

dV ′S[�r
′, t− |�r − �r ′|]
|�r − �r ′|

= 4

∫
∞

dV ′T
μν [�r ′, t− |�r − �r ′|]

|�r − �r ′| .

(7.19)

In the last form you note that the minus sign is chosen. Then the wave

function at �r, t depends on the source at �r ′ and at an earlier time. Earlier

by |�r − �r ′| because c = 1. This is physical as the wave must travel from

the source to the observation point. If the plus sign was chosen, then what

happens later than t at the source would dictate the wave function at �r, t.

That is why the solution is called the retarded time solution. Whatever the

t′ dependence of the source, just substitute t− |�r − �r ′| for t′.

7.6 The Energy–Momentum Tensor

To consider the energy–momentum tensor, it is easiest to begin in an SR

frame. Consider a system of n free particles at x χ̄
n (t), with momenta P χ̄

n (t)
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at time t. The system has a momentum density

T μ̄0̄(xχ̄) ≡
∑
n

P μ̄
n (t)δ(�r − �rn(t))

=
∑
n

P μ̄
n (t)

dx 0̄
n (t)

dt
δ(�r − �rn(t)). (7.20)

Its current is defined by

T μ̄ī(xχ̄) ≡
∑
n

P μ̄
n (t)

dx ī
n (t)

dt
δ(�r − �rn(t)), thus,

T μ̄ν̄(xχ̄) ≡
∑
n

P μ̄
n (t)

dx ν̄
n (t)

dt
δ(�r − �rn(t)), (7.21)

P ν̄
n (t) = mnU

ν̄
n (t) = mn

dx ν̄
n (t)

dτ

= mn(1− (vn)
2)−1/2 dx

ν̄
n (t)

dt
= En

dx ν̄
n (t)

dt
,

T μ̄ν̄(xχ̄) =
∑
n

P μ̄
n (t)P ν̄

n (t)

En(t)
δ(�r − �rn(t)), so,

T μ̄ν̄ = T ν̄μ̄, symmetric. (7.22)

The next proof shows that T μ̄ν̄ is a tensor of rank 2. Write Eq. (7.21)

as an integral over the four-dimensional (4D) delta function,

T μ̄ν̄(xχ̄) =
∑
n

∫
dt′P μ̄

n (t′)
dx ν̄

n (t′)
dt′

δ(�r − �rn(t
′))δ(t′ − t)

=
∑
n

∫
dτP μ̄

n (τ)
dx ν̄

n (τ)

dτ
δ(�r − �rn(τ))δ(τ − t)

=
∑
n

∫
dτP μ̄

n (τ)U ν̄
n (τ)δ(�r − �rn(τ))δ(τ − t).

On the right-hand side of the first line dt′ cancels. Thus t′ can be replaced by

the invariant τ , when one changes variables. The right-hand side of the last

equation is a contravariant tensor of rank 2 because on the right-hand side

it is multiplied by the invariant dτ and by the invariant 4D delta function.

As this is a tensor equation, T μν is a symmetric tensor of rank 2 in any

frame.
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Take a partial derivative of this tensor with respect to a spatial coordi-

nate. From Eq. (7.21),

T μ̄ī(xχ̄),̄i =
∑
n

P μ̄
n (t)

dx ī
n (t)

dt
δ(�r − �rn(t)),̄i

=
∑
n

P μ̄
n (t)

dx ī
n (t)

dt

∂

∂xī
δ(�r − �rn(t))

= −
∑
n

P μ̄
n (t)

dx ī
n (t)

dt

∂

∂x ī
n (t)

δ(�r − �rn(t))

= −
∑
n

P μ̄
n (t)δ(�r − �rn(t)),t, however,

(f(t)g),t =
df(t)

dt
g + f(t)g,t , −f(t)g,t= −(f(t)g),t +

df(t)

dt
g,

T μ̄ī(xχ̄),̄i = −T μ̄0̄(xχ̄),0̄ +
∑
n

dP μ̄
n (t)

dt
δ(�r − �rn(t)),

T μ̄ν̄(xχ̄),ν̄ =
∑
n

dP μ̄
n (t)

dt
δ(�r − �rn(t)).

Since
dP µ̄

n (t)
dt is proportional to the force on the particle, the right-hand

side of the above equation is just the density of the force. For free particles

T μ̄ν̄ ,ν̄ = 0. That is conservation of momentum. However, in this inertial

frame,

T μ̄ν̄ ,ν̄ = T μ̄ν̄ ;ν̄ = 0 = T μν ;ν . (7.23)

The above is a tensor equation and holds in any frame. The energy–

momentum tensor has the properties enumerated, when the Einstein equa-

tion Eq. (5.9) was discussed. If the particles were charged, they would

interact via long range electric and magnetic forces. An additional term

T μνE&M could be added to our tensor and the sum of these tensors would

have zero divergence.

7.7 Quadrupole Radiation

An important case occurs when the source varies harmonically in time S =

4T μν = jω[�r
′] exp[−iωt′]. With the source near the origin, the observation

point �r may be in one of three zones: near, intermediate, and far. Each
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zone allows for different approximations. The far zone, where d � λ � r,

is of interest to us. A violent event, triggering a gravitational wave, is likely

to occur far from us. Here d is the source size, and is much smaller than

the wavelength of the radiation. That, in turn, is much less than the radial

coordinate of the observation point. Then,

|�r − �r ′| = (r2 + r′2 − 2�r · �r ′)1/2 = r(1 − 2�r · �r ′/r2 + (r′/r)2)1/2

≈ r(1 − �r · �r ′/r2) = r − êr · �r ′,

h̄μν [�r, t] =

∫
∞

dV ′jω[�r ′]
exp[−iω(t− [r − êr · �r ′])]

r − êr · �r ′

≈ exp[i(kr − ωt)]

r

∫
∞

dV ′jω[�r ′] exp[−ikêr · �r ′]

≈ exp[i(kr − ωt)]

r

∫
∞

dV ′jω[�r ′], to lowest order, (7.24)

=
4

r

∫
∞

dV ′T μν [�r ′, t− r]. (7.25)

The far zone is approximately locally inertial because it is so far from the

source. In natural units 2π/λ = k = ω, but kr and ωt are written so that

the equations look familiar. For the harmonic dependence, the solution

Eq. (7.24) looks like an outgoing spherical wave with amplitude given by

the integral. Recall that gμν = ημν +hμν , thus the solution for hμν and h̄μν

are expressed in terms of the rectangular coordinates. Raising and lowering

indices is done by ημν and ημν . After these manipulations are carried out,

the amplitudes can be expressed in other coordinate systems.

From energy conservation, the lowest order approximation yields

0 = T μν ;ν = T μν ,ν + ΓμξνT
ξν + ΓννξT

μξ ≈ T μν ,ν

= T 0ν,ν = T 00,0 + T 0k,k

= (T 00,0 + T 0k,k),0 = T 00,0 ,0 + T 0k,k ,0,

T 00,0 ,0 = (−T 0k,0),k = −(−T jk,j),k = T jk,j ,k,∫
∞

dV xixnT 00,0 ,0 =

∫
∞

dV xixnT jk,j ,k.

Integrate the integral on the right-hand side of the last equation by parts

twice. The surface terms, far from the origin, vanish because T jk = 0 there.
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Thus, ∫
∞

dV xixnT 00,0 ,0 =

∫
∞

dV xixn[T jk,j ],k

= −
∫
∞

dV [T jk,j ][x
ixn],k

= −
∫
∞

dV [T jk,j ][x
i,k x

n + xixn,k]

= −
∫
∞

dV [T jk,j ][δ
i
kx

n + δnkx
i]

=

∫
∞

dV T jk[δikx
n,j + δnkx

i,j ]

=

∫
∞

dV T jk(δikδ
n
j + δnkδ

i
j)

=

∫
∞

dV (T ni + T ni) = 2

∫
∞

dV T in.

Using this result in Eq. (7.25) yields

rh̄in[�r, t]/2 =

∫
∞

dV ′x′ix′n(T 00[�r ′, t− r]),0 ,0

=
d2
∫
∞ dV ′x′ix′nT 00[�r ′, t− r]

dt2
≡ d2Iin

dt2
=

d2Iin
dt2

. (7.26)

Since the wave function is a real quantity, the real part of Eq. (7.26) is

the solution. This leads to quadrupole radiation because h̄μν is a tensor of

rank 2. In electromagnetism, in lowest order, dipole radiation is possible

because Aμ is a tensor of rank 1.

7.8 Gravity Wave Flux and Power

The wave flux is its energy/area/time. In natural units it is just m−2. This

quantity is integrated over the area of a sphere. That determines the power

P or the wave luminosity L. As the source loses energy, it changes, and that

observation can be used to detect the wave. The result from electromag-

netic waves cannot be taken over directly as their amplitudes are tensors

of rank 1, while a gravity wave amplitude is a tensor of rank 2. Thus, while

the flux is still proportional to the absolute square of the amplitude, the
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all important proportionality factor is different. In order to calculate it, the

approach of B. Schutz (2009) is followed.

Consider a plane transverse traceless wave moving in the z-direction.

The flux transferred to an approximately continuous array of oscillators, ele-

mental springs, is calculated. The springs are aligned along the x-direction

in the plane z = 0. The springs have natural length l0, equal masses m,

small spring constant mω2
0/2, and small damping constant mγ. The num-

ber of springs per unit area is dn
dA = α. As the oscillators acquire energy, the

wave loses energy, and its amplitude decreases. The relationship between

flux and amplitude is found, not to depend on the springs, but is a property

of the wave. The springs are just used as calculation facilitators.

Let the origin be at a spring’s center with the masses at x1,2. In flat

space, the equations of motion for the masses are as follows:

d2x2

dt2
= −ω2

0(x2 − x1 − l0)/2− γ
d(x2 − x1)

dt
,

d2x1

dt2
= ω2

0(x2 − x1 − l0)/2 + γ
d(x2 − x1)

dt
, (7.27)

d2(x2 − x1 − l0)

dt2
= −ω2

0(x2 − x1 − l0)− 2γ
d(x2 − x1 − l0)

dt
.

One element of the wave TT h̄xx is considered. The other elements, and there

must be other elements, since the trace is zero, would be handled in the

same manner. When the wave is encountered, Eq. (7.17) yields the proper

length between the masses,

l = (x2 − x1)(1 +
TT h̄xx/2)

≈ x2 − x1 + l0
TT h̄xx/2,

x2 − x1 = l − l0
TT h̄xx/2.

The terms on the right-hand side of Eq. (7.27) are unmodified by TT h̄xx
because they are already expressed in terms of small quantities. This

leads to

0 =
d2((l − l0)− l0

TT h̄xx/2)

dt2
+ ω2

0(l − l0) + 2γ
d(l − l0)

dt

≡ d2ξ

dt2
+ ω2

0ξ + 2γ
dξ

dt
− l0

2

d2 TT h̄xx
dt2

. (7.28)
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This wave element can be expressed as

TT h̄xx = Ā cosΩ(t− z). (7.29)

Insertion of Eq. (7.29) into Eq. (7.28) yields a differential equation with a

sinusoidal solution,

0 =
d2ξ

dt2
+ ω2

0ξ + 2γ
dξ

dt
+ (l0ĀΩ

2/2) cosΩ(t− z),

ξ ≡ B cos[Ω(t− z)− ε].

In order to obtain the constants B and ε, plug the solution into the differ-

ential equation. What multiplies both cosΩ(t − z) and sinΩ(t − z) must

vanish,

0 = B(ω2
0 − Ω2)[cosΩ(t− z) cos ε+ sinΩ(t− z) sin ε]

− 2BγΩ[sinΩ(t− z) cos ε− cosΩ(t− z) sin ε]

+ (l0ĀΩ
2/2) cosΩ(t− z)

= B sinΩ(t− z)[sin ε(ω2
0 − Ω2)− 2γΩcos ε]

= cosΩ(t− z)(B[(ω2
0 − Ω2) cos ε+ 2γΩ sin ε] + l0ĀΩ2/2),

tan ε =
2γΩ

ω2
0 − Ω2

, sin ε, cos ε =
2γΩ, ω2

0 − Ω2

[(2γΩ)2 + (ω2
0 − Ω2)2]1/2

, (7.30)

B = −(l0ĀΩ2/2)[(2γΩ)2 + (ω2
0 − Ω2)2]−1/2, B/Ā � 1. (7.31)

Each oscillator is responding with a steady oscillation B cos(Ωt − ε).

The energy dissipated by friction is compensated by the work done on the

spring by the gravitational forces of the wave. Multiplying Eq. (7.28) by

mdξ/2 yields

0 =
m

2
dξ

[
d2ξ

dt2
+ ω2

0ξ

]
+mγdξ

dξ

dt
− (ml0/4)dξ

d2 TT h̄xx
dt2

.

Each term in the equation has units of energy. The energy dissipated by

friction is dE = mγdξ dξdt . The rate of that energy change averaged over a



July 27, 2020 12:53 General Relativity: A First Examination. . . 9in x 6in b3923-ch07 page 126

126 General Relativity: A First Examination

period T is〈
dE

dt

〉
=

mγ

T

∫ T

0

dt

(
dξ

dt

)2

=
mγΩ2B2

T

∫ T−z

−z
d(t− z) sin2(Ω(t− z)− ε)

=
mγΩ2B2

2
.

As the wave passes through the z = 0 plane, all the oscillators take part.

This yields the time averaged decrease in the flux,

〈δF 〉 = −mγαΩ2B2

2
. (7.32)

It is small as |B| � 1.

The change in the wave amplitude is now required. The oscillations of

the oscillator masses are also a source of a gravitational wave. The energy

density is dominated by the mass term. For an oscillator, at a distance

r = (ρ2 + z2)1/2, from the observation point on the z-axis,

T00 =

2∑
i=1

miδ[�r
′ − �ri] = m([δ(x′ − x1) + δ(x′ − x2)]δ(y

′ − y0)δ(z
′))

= m([δ(x′ − [−l0 − (l− l0)]/2)+ δ(x′ − [l0 +(l− l0)]/2)]δ(y
′ − y0)δ(z

′))

= m([δ(x′ − [−l0 −B cos(Ω(t− r)− ε)]/2)

+ δ(x′ − [+l0 +B cos(Ω(t− r)− ε)]/2)]δ(y′ − y0)δ(z
′)).

From Eq. (7.25), h̄00 = constant/r because the integral of a one-

dimensional delta function is zero or one. This is not a wave that takes

energy to very faraway points, and similarly for h̄22. Due to presence of

δ(z′), the elements h̄i3 = 0. Due to the two delta functions δ(x′ − x0) +

δ(x′ + x0), the element h̄12 = 0. So the only nonzero term is h̄11 = h̄xx,

where

δh̄xx =
2

r

d2Ixx

dt2
=

m

r

d2[l0 +B cos(Ω(t− r)− ε)]2

dt2

≈ −2ml0BΩ2

r
cos(Ω(t− r) − ε). (7.33)

In the last equation, the B2 term is neglected.
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At a point on the z-axis, the contribution from all of the oscillators is

h̄xx = −2Bl0mΩ2

∫ ∞

0

α2πρdρ cos[Ω(t− r) − ε]/r,

ρdρ = (r2 − z2)1/2d(r2 − z2)1/2 = rdr,

h̄xx = −4παBl0mΩ2

∫ ∞

z

cos[Ω(t− r)− ε]dr

= 4παBl0mΩ sin[Ω(t− r)− ε]|∞z
= −4παBl0mΩ sin[Ω(t− z)− ε].

In the last line, sin∞ = 0 has been used.

Since the incident wave was in the TT gauge, the above must be put in

that gauge. Then it can be combined with the original wave, to calculate the

reduction in amplitude, when passing through the plane of the oscillators.

The only nonzero spatial component of kμ is k3 = Ω. Thus from Eqs. (7.10)

and (7.11), using B/Ā � 1, and that there is a single amplitude,

TT h̄xx = h̄xx − h̄ i
i /2 = h̄xx/2,

TT h̄xx(net) = Ā cos(Ω(t− z))− 2παBl0mΩ sin(Ω(t− z)− ε) (7.34)

= Ā[(1 + 2πα(B/Ā)l0mΩ sin ε) cos(Ω(t− z))

− 2πα(B/Ā)l0mΩ sin(Ω(t− z)) cos ε].

Consider the following quantity:

f ≡ (Ā+ 2παBl0mΩ sin ε)[cos(Ω(t− z) + Ψ)]

= (Ā+ 2παBl0mΩ sin ε)[cos(Ω(t− z)) cosΨ− sin(Ω(t− z)) sinΨ]

= Ā cosΨ(1 + 2πα(B/Ā)l0mΩ sin ε)[cos(Ω(t− z))− sin(Ω(t− z)) tanΨ].

The above is approximately the same as Eq. (7.34) because you can take,

tanΨ =
(2πα(B/Ā)l0mΩcos ε

1 + 2πα(B/Ā)l0mΩ sin ε
� 1, thus, cosΨ ≈ 1,

TT h̄xx(net) ≈ (Ā+ 2παBl0mΩ sin ε) cos(Ω(t− z)−Ψ).
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So apart from a small phase shift Ψ, the change in the wave amplitude is

δĀ = 2παBl0mΩ sin ε. Using Eqs. (7.30)–(7.32) gives

δ〈F 〉
δĀ

= − mγαΩ2B2/2

2παBl0mΩ sin ε
= − γΩB

4πl0 sin ε

=
γΩ(l0/2)ĀΩ

2/[(2γΩ)2 + (ω2
0 − Ω2)2]1/2

4πl0(2γΩ)/[(2γΩ)2 + (ω2
0 − Ω2)2]1/2

=
1

16π
Ω2Ā,

32π〈F 〉 = Ω2Ā2 = Ω2
〈
TT h̄xx

TT h̄xx
〉
=

〈
dTT h̄xx

dt

dTT h̄xx

dt

〉
.

Though oscillators were used, the last equation has only wave properties;

the oscillators have disappeared. They were just used as facilitators.

In general, a wave traveling in the z-direction, has more than just an

h̄xx amplitude, but all the amplitudes give similar results. From Eqs. (7.11)

and (7.15),

TT h̄xx = − TT h̄yy = h̄xx − h̄/2 = h̄xx − (h̄xx + h̄yy)/2

=
1

2
(h̄xx − h̄yy) =

1

r

d2(Ixx − Iyy)

dt2
,

TT h̄xy = TT h̄yx = h̄xy = h̄yx =
2

r

d2Ixy
dt2

.

So, for a wave traveling in the z-direction, the general form for the flux is

〈F 〉 = 1

32π

〈
d TT h̄ij

dt

d TT h̄ij

dt

〉
. (7.35)

Now define,

Īij ≡ Iij − δijI
k
k /3. (7.36)

One can prove that Ī is traceless and Iij = Īij if the amplitudes are in the

transverse traceless gauge. The above equations can then be written,

TT h̄xx = − TT h̄yy =
1

r

d2(Īxx − Īyy)

dt2
,

TT h̄xy = TT h̄yx =
2

r

d2Īxy
dt2

,
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32π〈F 〉 =
〈
d TT h̄xx

dt

d TT h̄xx

dt
+

d TT h̄xy
dt

d TT h̄xy

dt

〉

+

〈
d TT h̄yx

dt

d TT h̄yx

dt
+

d TT h̄yy
dt

d TT h̄yy

dt

〉
,

16πr2〈F 〉 =
〈
d3(Īxx − Īyy)

dt3
d3(Īxx − Īyy)

dt3
+ 4

d3Īxy
dt3

d3Īxy

dt3

〉
.

(7.37)

It is easiest to calculate the radiated power with Īij . Also, it doesn’t lead

to radiation, if a spherically symmetric mass distribution oscillates radially.

This is the Birkhoff theorem. It shows that in empty space, an object giving

rise to a Schwarzschild metric, will still yield a static metric, if it oscillates

radially. Problem 11 leads one through the proof, presented in Weinberg

(1972).

Waves typically travel radially outward from the source, and not just

in the z-direction. The luminosity is the normally outward flux, integrated

over the surface of a sphere, of radial coordinate r, centered at the source.

Equation (7.37) is not yet written in a form, that makes obvious, the out-

ward wave flux at any point on the sphere. However, it can be put into

such a form with a little manipulation. On the z-axis at the sphere’s sur-

face, the normal outward wave is in the z-direction. Therefore, one can

rewrite Eq. (7.37) in the desired form. Use 0 = Īxx + Īyy + Īzz and obtain

16πr2〈F 〉 =
〈
2
d3Īij
dt3

d3Īij

dt3
− 4

d3Īzj
dt3

d3Īzj

dt3
+

d3Īzz
dt3

d3Īzz

dt3

〉
. (7.38)

The first product in Eq. (7.38) is independent of the integration point

(θ, φ) on the surface. The products with the index z are particular to the

integration point. They arose because at an arbitrary point, the outward

normal unit vector n̂ has components ni = ni = xi/r. If the point is on the

z-axis, then n1,2,3 = (0, 0, 1) and
d3Ījz
dt3 = ni

d3Īji
dt3 . In general then, Eq. (7.37)

can be written,

16πr2〈F 〉 =
〈
2
d3Īij
dt3

d3Īij

dt3
− 4nink

d3Īij
dt3

d3Īkj

dt3

〉

+

〈
ninjnlnm

d3Īij
dt3

d3Ī lm

dt3

〉
, (7.39)

P = L =

∫ 1

−1

d cos θ

∫ 2π

0

dφr2〈F 〉.
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As an illustration, if the point was on the x-axis, the normally outward wave

in the x-direction is required. Therefore, n1,2,3 = (1, 0, 0), and ni
d3Īij
dt3 =

d3Īxj

dt3 ,

16πr2〈F 〉 =
〈
2
d3Īij
dt3

d3Īij

dt3
− 4

d3Īxj
dt3

d3Īxj

dt3
+

d3Īxx
dt3

d3Īxx

dt3

〉
.

As expected, the above has the same form as Eq. (7.38) with x replacing z.

When integrating over the solid angle, only the unit vectors need to

be integrated. The Ī terms are independent of the integration point. The

integrals are easily calculated,

n1,2,3 = (sin θ cosφ, sin θ sinφ, cos θ),∫ 1

−1

d cos θ

∫ 2π

0

dφ = 4π,

∫ 1

−1

d cos θ

∫ 2π

0

dφnink =
4π

3
δik,

∫ 1

−1

d cos θ

∫ 2π

0

dφninjnlnm =
4π

15
(δijδlm + δimδjl + δilδ

j
m).

Using these results the luminosity is

4L =

〈
2
d3Īij
dt3

d3Īij

dt3
− 4

3

d3Īij
dt3

d3Īij

dt3

〉

+

〈
1

15

(
d3Īii
dt3

d3Ī ll
dt3

+ 2
d3Īij
dt3

d3Īij

dt3

)〉
, (7.40)

L =
1

4

(
2− 4

3
+

2

15

)〈
d3Īij
dt3

Īij

dt3

〉
=

1

5

〈
d3Īij
dt3

d3Īij

dt3

〉
.

7.9 Binary Neutron Star System Radiation

The binary pulsar PSR B1913+16, shown schematically in Fig. 7.3, was

discovered by R. Hulse and J. H. Taylor (Hulse, 1975). This occurred in 1973

at the Arecibo radio telescope. It is in a gravitational bound state with an

unseen neutron star. The pulsar is a magnetized neutron star, whose rapid

rotation generates a plasma, the source of beamed radio waves. They are

seen at earth, as periodic pulses, every 0.059 s. This is because the radio

waves are beamed along the magnetic axis, but that axis rotates about the

spin axis of the star. The rotation period of such a massive compact body
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Fig. 7.3 The magnetic axis of a pulsar, along which radio waves are beamed, is rotating
about the pulsar rotation axis. The beam is periodically in the line of sight of an earth

observer.

is very stable against external perturbations. It is actually a very accurate

clock. Modern timing devices can measure the period with high precision.

Search the WWW for “pulsar” and you’ll find some wonderful images.

Neutron stars are highly compact massive objects. They are supported

against gravitational collapse by neutron degeneracy, a purely quantum

effect. For a mass of 1.4Ms, the neutron star surface radial coordinate is

≈10–20 km.

Upon discovery, it was noted that the pulsing rate varied. This was

interpreted as due to the pulsar traveling in a changing gravitational field,

as it orbited an unseen neighbor. The pulsar was tracked for decades, and

the parameters of the orbit were obtained from the slight changes in the

pulsing rate. The orbiting is a source of a gravitational wave. The wave

carries away energy, reflected in changes in the orbit. Since the pulsar is a

radio emitter, the experimenters have to remove the distortion, due to the

index of refraction of the intergalactic medium. An optical pulsar would

have been simpler.

The discoverers were joined by J. M. Weisberg who performed much

of the data analysis. Their paper Weisberg (2010) and references therein,

describe the intricacies of extracting the orbit parameters. They found that
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this is a wonderful system with which to test GR. For example, the advance

of the periastron is ≈35,000 times that of the perihelion of Mercury. The

periastron is the distance of closest approach to its unseen neighbor. How-

ever, the prize here is the detection of a gravitational wave carrying energy

away from the system.

The pulsar orbital period was measured at periastron over the course

of decades. The best-fit parameters extracted from the data are: masses

m1 ≈ m2 ≈ 1.4Ms; distance from earth r = 6400 parsec (pc), where 1 pc =

3.3 ly = 3.1 × 1016m; period T = 7.75 h; eccentricity e = 0.617; and

semi-major axis a = 1.95 × 109m. The prize was obtained through the

detection of a decrease in the period dT
dt = −(2.4056 ± 0.0051) × 10−12.

The excellent agreement with the GR calculation is shown in Fig. 7.4. This

“indirect” confirmation of gravity waves led to the 1993 Nobel Prize for the

discoverers.

Fig. 7.4 The cumulative shift of the time of periastron, the closest approach distance
between the neutron stars, of the Hulse–Taylor pulsar PSR B1913+16 binary system.
The data points agree with the solid curve GR calculation to within 0.33%.
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The cumulative shift in the time of periastron is a particularly illustra-

tive way to express the data. Weisberg used for this quantity (see Suzuki,

2019)

ΔTP =
dT

dt

1

2T
T 2
P .

Here, TP is the time between the start and the last periastron, and ΔTP is

the cumulative shift. Try using TP = 30y and see that ΔTP ≈ −40 s.

Some texts, that call attention to this system, treat the orbits as circular.

This gives a result off by an order of magnitude from the correct result

because the eccentricity is large. Though more calculation is required, the

Newtonian elliptical orbit calculation will be used in this text. It was first

worked out by P. C. Peters (1964), although in a different notation, and

with many steps left to the reader.

Before beginning the calculation one should review the properties of

the two-body Newtonian system (see Problem 6). The gravitational wave

amplitude is expected to be very small, so Newtonian orbits adequately

specify the star positions. The reduced mass μ travels in an elliptical orbit

in the θ = π/2 plane, with focus at the center of mass, taken at rest. Its

position �r = ρ[φ]êρ, period T , and energy of the system E, are obtained

from,

m ≡ m1 +m2, μ ≡ m1m2/m,

ρ2
dφ

dt
=

J

μ
= [ma(1− e2)]1/2, (7.41)

ρ = [a(1 − e2)]/(1 + e cosφ), (7.42)

T =
2πa3/2

m1/2
, a =

(
m1/2T

2π

)2/3

, (7.43)

E = −1

2

μm

a
= −μ

2

(
2πm

T

)2/3

, (7.44)

dT

dt
=

3π

m1/2
a1/2

da

dt
=

3

(2π)
2/3

T 5/3

μm2/3

dE

dt
, (7.45)

dE

dt
=

1

2

μm

a2
da

dt
, (7.46)
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where J is a constant angular momentum, a is the semi-major axis, and e

is the eccentricity. In Newton’s theory of the two-body system da
dt = 0, but

in GR the gravitational waves, generated by the motion of the masses, take

power out of the system. The energy decreases, becoming more negative,

with time. So a and T decrease with time. Such changes can be compared

with observation to test Einstein’s theory.

The wave power calculation needs the energy–momentum tensor,

assumed dominated by the mass density. The latter is used to get the inte-

grals Iij ,

T00 =
2∑
i=1

miδ
(
x′ − �r R

ix

)
δ
(
y′ − �r R

iy

)
δ (z′) ,

(7.47)

Ixy,xx,yy =

2∑
i=1

mi(�r
R
ix �r

R
iy , (�r R

ix )
2, (�r R

iy )2).

The superscript R means the retarded value, that when the wave left the

binary. From now on, all the variables a, e, φ have retarded values, and

the superscript is dropped. The mass positions are obtained from that of

the reduced mass,

�ri(x,y) = (−1)
i μ

mi
�r(x,y) = (−1)

i μ

mi
ρ(cosφ, sin φ). (7.48)

The second derivatives, with respect to time of the I’s, are needed for the

wave amplitude. The third derivatives are used to calculate the luminosity.

The time derivatives of a and e are due to the gravitational wave radiation.

They are � dφ
dt . Thus, the latter is the only time derivative that counts,

and it is given by Eq. (7.41).

From Eqs. (7.41) and (7.42), Ixx is

Ixx =

2∑
i=1

mi

(
μ

mi

)2 [
a
(
1− e2

)]2( cosφ

1 + e cosφ

)2

= μ2

(
2∑
i=1

1

mi

)[
a
(
1− e2

)]2( cosφ

1 + e cosφ

)2

= μ
[
a
(
1− e2

)]2( cosφ

1 + e cosφ

)2

.
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The derivatives are as follows:

dIxx
dt

= μ
[
a
(
1− e2

)]2(−2 cosφ sinφ

(1 + e cosφ)2
+

2e cos2 φ sinφ

(1 + e cosφ)3

)
dφ

dt

= −μ
[
ma
(
1− e2

)]1/2 sin 2φ

1 + e cosφ
,

d2Ixx
dt2

=
2μm

a (1− e2)

[
sin2 φ− cos2 φ− e cos3 φ

]
, (7.49)

d3Ixx
dt3

=
2μm3/2

[a (1− e2)]
5/2

(1 + e cosφ)
2

× [2 sin 2φ+ 3e sinφ cos2 φ
]
. (7.50)

The yy terms are as follows:

Iyy = μ
[
a
(
1− e2

)]2 ( sinφ

1 + e cosφ

)2

=
μ
[
a
(
1− e2

)]2
(1 + e cosφ)

2 − Ixx,

dIyy
dt

= 2μ
[
ma
(
1− e2

)]1/2 e sinφ

1 + e cosφ
− dIxx

dt
,

d2Iyy
dt2

=
2μm

a (1− e2)

(
e2 + e cosφ+ cos 2φ+ e cos3 φ

)
, (7.51)

d3Iyy
dt3

=
−2μm3/2

[a (1− e2)]5/2
(1 + e cosφ)

2

× [2 sin 2φ+ e sinφ
(
1 + 3 cos2 φ

)]
. (7.52)

The xy terms are as follows:

Ixy = μ
[
a
(
1− e2

)]2 sinφ cosφ

(1 + e cosφ)
2 = μ

[
a
(
1− e2

)]2 sin 2φ

2 (1 + e cosφ)
2 ,

dIxy
dt

= μ
[
ma
(
1− e2

)]1/2 cos 2φ+ e cosφ

1 + e cosφ
,

d2Ixy
dt2

= − μm

a (1− e2)
sinφ

[
4 cosφ+ e

(
1 + sin2 φ+ 3 cos2 φ

)]
, (7.53)

d3Ixy
dt3

=
−2μm3/2

[a (1− e2)]
5/2

(1 + e cosφ)2

× [2 cos 2φ− e cosφ
(
1− 3 cos2 φ

)]
. (7.54)
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The wave equation solutions are as follows:

h̄ij =
2

r

d2Iij
dt2

=
4μm

a (1− e2) r
fij [φ], (7.55)

where fxx, fyy, fxy are functions of φ and are given in Eqs. (7.49), (7.51),

and (7.53). Using the best-fit orbit parameters, the factor multiplying fij
is ≈0.7× 10−22. This shows where the small amplitudes expected by LIGO

come from.

The luminosity can be calculated using Eqs. (7.36) and (7.40),

Īij ≡ Iij − 1

3
δijI

k
k = Iij − 1

3
δij (Ixx + Iyy),

Īxx = Ixx − 1

3
(Ixx + Iyy) =

1

3
(2Ixx − Iyy),

Īyy = Iyy − 1

3
(Ixx + Iyy) = −1

3
(Ixx − 2Iyy),

Īzz = −1

3
(Ixx + Iyy),

Īxy = Ixy.

The luminosity becomes

L =
1

5

〈
d3Īij
dt3

d3Īij

dt3

〉
,

9
d3Īij
dt3

d3Īij

dt3
= 18

d3Ixy
dt3

d3Ixy

dt3

+

(
2
d3Ixx
dt3

− d3Iyy
dt3

)(
2
d3Ixx

dt3
− d3Iyy

dt3

)

+

(
2
d3Iyy
dt3

− d3Ixx
dt3

)(
2
d3Iyy

dt3
− d3Ixx

dt3

)

+

(
d3Ixx
dt3

+
d3Iyy
dt3

)(
d3Ixx

dt3
+

d3Iyy

dt3

)
,

L =
8μ2m3

15 [a (1− e2)]
5

× 〈(1 + e cosφ)4(e2 sin2 φ+ 12[1 + e cosφ]2)
〉
. (7.56)
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In order to average over a period, use Eq. (7.41), to change the integra-

tion variable from t to φ,

〈L〉 = 8μ2m3

15 [a (1− e2)]
5

× 1

T

∫ T

0

dt(1 + e cosφ)4(e2 sin2 φ+ 12[1 + e cosφ]2),

dt =
ρ2

[ma (1− e2)]1/2
dφ,

〈L〉 = 8μ2m3

15 [a (1− e2)]5
m1/2

a3/2

[
a
(
1− e2

)]2
[ma (1− e2)]

1/2

× 1

2π

∫ 2π

0

(1 + e cosφ)2
[
e2 sin2 φ+ 12 (1 + e cosφ)2

]
dφ

=
4μ2m3

15πa5 (1− e2)
7/2

×
∫ 2π

0

dφ (1 + e cosφ)
2 [

12 + 24e cosφ+ e2
(
1 + 11 cos2 φ

)]
.

However,

∫ 2π

0

dφ cos0,1,2,3,4 φ = 2π, 0, π, 0,
3

4
π.

So the final answer is

〈L〉 = 32

5

μ2m3

a5
1 + 73

24e
2 + 37

96e
4

(1− e2)
7/2

≡ 32

5

μ2m3

a5
F [e]

=
32

5

(
2π

T

)10/3

μ2m4/3F [e] =
2

5

(
2πm

T

)10/3

F [e] . (7.57)

Since e = 0.617, the enhancement factor due to the eccentricity is F [e] =

11.84. Thus, the luminosity and the period change are a factor 11.84

times greater in magnitude than would be calculated for the circular orbit

case.
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The change in the period, obtained using Eqs. (7.45) and (7.57), yields

−dE

dt
= 〈L〉,

dT

dt
= − 3

(2π)
2/3

T 5/3

μm2/3

32

5
(2π)

10/3 μ2m4/3

T 10/3
F [e]

= −3 (2π)
8/3 32

5

μm2/3

T 5/3
F [e] = −48π

5

(
2πm

T

)5/3

F [e] (7.58)

= −30.16× 11.84

(
2π2× 1.4× 1.484× 103

7.75× 3.6× 103 × 3× 108

)5/3

= −2.4× 10−12 = 76 μs/y.

This result agrees with the data within 0.33%. The above expression can

be used to find T and a, after any elapsed time, since dT
dt ∝ −T−5/3.

It should be noted that these gravitational waves cannot be seen by

LIGO. At the frequencies that are of order T−1, the LIGO noise is much

larger than 10−22. When the two stars get close to merging, the signal will

be huge because they are so close. However, as Problem 8 indicates, this

is hundreds of million years in the future. There was an announcement in

October, 2017 of LIGO spotting such a merger in August, 2017. Unlike the

merger of two black holes that results in a final black hole, which can only be

detected via gravitational waves, this merger was also seen by optical, radio,

and gamma-ray burst telescopes. The merger event was 1.3 Mly away, or

about 60 times farther away, than the system here considered. The merger

produced a kilonova. The line spectra from heavy elements like gold were

detected. This confirmed the model of heavy element creation, expected

from such explosions.

Problems

1. Start with Eq. (7.1) and show the steps that lead to Eq. (7.2). Starting

with Eq. (7.3) show the steps leading to Eq. (7.4). Show that the second

term in Eq. (7.5) is equal to −�hβν.

2. In showing that GR admits a wave equation solution, the utility of a

gauge transformation and use of the trace inverse was noted,

hμ′ν′ = hμν − ξμ,ν − ξν ,μ,

h̄μν = hμν − ημνh/2 = hμν − ημνη
χβhβχ/2.



July 27, 2020 12:53 General Relativity: A First Examination. . . 9in x 6in b3923-ch07 page 139

Gravitational Waves 139

(a) Show h̄μν = h̄μ
′ν′

+ ηχνξμ,χ + ηχμξν ,χ − ημνξα,α.

(b) Show that if h̄μν ;ν = h̄μν ,ν �= 0, the above gauge transform makes

h̄μ
′ν′

;ν′ = 0, with the correct gauge vector choice. What is the

choice?

3. Prove δ(t′ − t) = 1
2π

∫∞
−∞ dω exp[iω(t′ − t)].

4. Prove that if Īij ≡ Iij − δijI
k
k /3, then Trace(Ī) =

∑
i Īii = Ī i

i = 0.

Then prove that for a wave traveling in the z-direction, Eq. (7.38) and

Eq. (7.37) are the same.

5. Prove ∫ 1

−1

d cos θ

∫ 2π

0

dφnink = 4πδik/3, and,

∫ 1

−1

d cos θ

∫ 2π

0

dφninjnlnm = 4π(δijδlm + δimδjl + δilδ
j
m)/15.

6. Obtain Eqs. (7.41)–(7.46) for the orbit of the Hulse–Taylor pulsar from

Newtonian physics.

7. Show for the Hulse–Taylor pulsar that the wavelength of the gravita-

tional wave is much larger than the source size and much smaller than

the distance to the observation point. This justifies use of quadrupole

radiation for the power in the far zone.

8. Calculate the period as a function of time for the Hulse–Taylor pulsar.

How many years will it take for the semi-major axis a to be reduced to

half of the observed value and for a to fall to one-tenth of its observed

value?

9. Suppose the stars of the Hulse–Taylor binary system traveled in the

same circular orbit of radius R such that they are at opposite points

of the diameter. In this case, calculate the amplitudes h̄ij and show

that the frequency of the gravitational wave is twice that of the star

rotation.

10. Use the results from Problem 9 and carry out the calculation of the

power output. Show that you obtain the last form of Eq. (7.57) with

F [e] = 1.

11. To prove the Birkhoff theorem, consider a spherically symmetric, time

varying gravitational field in empty space. It has a metric in the form

of Eq. (5.11) with the functions A, B, C, D now functions of r and t.

Show that a transform to new coordinates,

r′ = r[D(r, t)]1/2, dt′ is of the form F (r′, t)dt−G(r′, t)dr′,
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where F (r′, t) = t′,t, −G(r′, t) = t′,r′ , and F,r′ = −G,t′ are such as

to get rid of the dr′dt′ term. The metric, after dropping the primes,

is then, given by Eq. (5.15), except now, Φ = Φ(r, t) and Δ = Δ(r, t).

Find the nonzero C symbols that, due to the time dependence, did not

appear in Eq. (5.16). Next, show that R03 ∝Δ,t and so in free space,

Δ = Δ(r), and g33 = 1/(1− 2M ′/r). Next calculate the terms in R00

and R33 that have time derivatives. Show they are directly proportional

to (Δ,t or Δ,t ,t ) and so vanish in free space. Thus, as in the stationary

case, 0 = R00 = R33 yields (g00g33),r = 0, or, g00 = −f(t)(1− 2M ′/r).
Finally, show that if a new time, dt′′ = dt[f(t)]1/2, is defined, the

Schwarzschild metric is obtained. Therefore, a spherically symmetric

pulsating gravitational field does not produce a gravitational wave that

can carry energy infinitely faraway.
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Black Holes and Kerr Space

8.1 Static Black Holes

In the era before SR and GR, there was speculation about possible compact

spherically symmetric objects of large mass M ′ and radius R from which

even light could not escape. The incorrect argument was made on the basis

of the escape speed vE , of an object of massM , using Newtonian mechanics.

The escape speed condition is that the total energy vanishes at r = R. Then

the object stops at r = ∞. This yields

M(vE)
2/2−MM ′/R = 0, vE = (2M ′/R)1/2.

So when R = 2M ′, vE = 1, and light would be bound to the compact

object.

The connection to GR is easy to see. It is just where the Schwarzschild

metric has a singularity other than r = 0. As spherical coordinates will be

used, let rp ≡ (r)p. The metric is

(dτ)2 = (1− 2M ′/r)(dt)2 − (1− 2M ′/r)−1(dr)2

− r2[(dθ)2 + sin2 θ(dφ)2]

= (1−R/r)(dt)2 − (1−R/r)−1(dr)2 − r2[(dθ)2 + sin2 θ(dφ)2].

Thus,

1−R/r = 0, (1−R/r)−1 = ∞ when r = R,

141
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where R is called the Schwarzschild radius. For an object with the mass

of the sun, it has a very small value R = 2Ms = 2.968 × 103m. In the

case of the sun, such a radius is well within the sun’s radius, and wouldn’t

contain much of the sun’s mass. A black hole, however, is a real singularity

at r = 0, and R is external to it. In the region accessible to observation

R/r < 1, the applications of the Schwarzschild metric found in Chapter 6

apply. However, to emphasize that black holes are spoken of, 2M ′ will be
replaced by R for the rest of this chapter.

The apparent singularity at R is not real and is due to the choice of

coordinates. This can be seen by recalling that in deriving the Schwarzschild

metric, the Ricci tensor Rμν vanished in vacuum. Thus, there can’t be a

real singularity at the vacuum point r = R. One can seek other coordinates

that make the apparent singularity disappear. The following ones, known

as the Kruskal coordinates (Kruskal, 1960) (r′, t′), do the trick:

r′2 − t′2 = K2(r/R − 1) exp[r/R], (8.1)

2r′t′/(r′2 + t′2) = tanh[t/R], t = R tanh−1[2r′t′/(r′2 + t′2)]. (8.2)

For given r, Eq. (8.1) yields hyperbolas in the (r′, t′) plane, as illustrated
in Fig. 8.1. If r > R, the hyperbolas are symmetric about the r′-axis. They
cross that axis at positive values of r′, that increase as r → ∞. If r < R, they

are symmetric about the t′-axis. They cross that axis at positive values of

t′, that increase as r → 0. The singularity at r = 0 in these coordinates is a

hyperbola. However, since it is a singularity, it isn’t completely understood

by current physics.

When r = R, t′ = ±r′. These are lines with slopes ±1 that define

the asymptotic behavior of the hyperbolas. For given t, Eq. (8.2) allows

introduction of constant K ′,

K ′ = tanh[t/R], 0 ≤ |K ′| ≤ 1, (8.3)

0 = K ′r′2 − 2r′t′ +K ′t′2,

t′ = (2r′ ± [(2r′)2 − (2K ′r′)2]1/2)/(2K ′)

= (r′/K ′)[1± (1−K ′2)1/2]. (8.4)

These lines start at the origin. They extend in the positive r′-direction with

slope [1±(1−K ′2)1/2]/K ′. Note that when t = ±∞,K ′ = ±1. They overlap

the lines of r = R. A massive particle, shown schematically by the dashed

curve in Fig. 8.1, travels from r ≥ R to r = R. It will cut through all the

time lines, and get there at t = ∞. This time is measured on the clock
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Fig. 8.1 Kruskal coordinates (r′, t′) for a black hole. In these coordinates, the only
singularity is at r = 0. The light cones are erect and as wide open as in SR. Once light

or any massive particle gets to r < R, it can never get to r > R again.

of a faraway at-rest observer. However, the time on a clock moving with

the particle, the particle’s proper time, proceeds as if nothing unusual was

happening. As the light cones in these coordinates are, as erect and open

as in SR, once the object gets to r < R it must go to the singularity, and

similarly for photons.

In order to see this, the metric must be written in terms of r′, t′. A little

manipulation of Eq. (8.2) yields,

dt = R
(r′2 + t′2)2(t′dr′ + r′dt′)− 2r′t′[2(r′dr′ + t′dt′)]

[1− (2r′t′/[r′2 + t′2])2](r′2 + t′2)2

= 2R
dr′t′((r′2 + t′2 − 2r′2) + dt′r′(r′2 + t′2 − 2t′2)

(r′2 + t′2)2 − (2r′t′)2

= 2R(r′2 − t′2)−1[−t′dr′ + r′dt′],

(dt)2 = (2R)2
t′2(dr′)2 + r′2(dt′)2 − 2r′t′dr′dt′

(r′2 − t′2)2
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= (2R)2
t′2(dr′)2 + r′2(dt′)2 − 2r′t′dr′dt′

K4(r/R − 1)2 exp[2r/R]

= 4R4 t
′2(dr′)2 + r′2(dt′)2 − 2r′t′dr′dt′

K4r2(1 −R/r)2 exp[2r/R]
,

(1−R/r)(dt)2 = 4R4 t
′2(dr′)2 + r′2(dt′)2 − 2r′t′dr′dt′

K4r2(1−R/r) exp[2r/R]
. (8.5)

Similarly manipulation of Eq. (8.1) yields

2(r′dr′ − t′dt′) = (K2/R) exp[r/R](1 + r/R− 1)dr

= (K/R)2r exp[r/R]dr,
(8.6)

(dr)2 = 4R4 (r
′dr′)2 + (t′dt′)2 − 2r′t′dr′dt′

K4r2 exp[2r/R]
,

(dr)2

1−R/r
= 4R4 (r

′dr′)2 + (t′dt′)2 − 2r′t′dr′dt′

K4r2(1−R/r) exp[2r/R]
.

Combining Eqs. (8.5) and (8.6) gives

(1 −R/r)(dt)2 − (dr)2

1−R/r
= 4R4 [r′2 − t′2][(dt′)2 − (dr′)2]

K4r2(1−R/r) exp[2r/R]

=
4R3[(dt′)2 − (dr′)2]

K2r exp[r/R]
.

This yields the relation for the element of proper time,

dτ2 =
4R3[(dt′)2 − (dr′)2]

K2r exp[r/R]
− r2[(dθ)2 + sin2 θ(dφ)2]. (8.7)

In Eq. (8.7), r is not regarded as a coordinate, but as a function of r′ and
t′. One can see that there is no singularity at r = R. The metric is well

defined as long as r2 is positive definite. There is a singularity at r = 0, as

expected.

The condition for light signals is dτ = 0. Thus, for radial travel dθ =

dφ = 0, one obtains dt′ = ±dr′. This means that the light cones shown in

Fig. 8.1 are vertically erect and fully open, as in SR. Massive object world

lines would move inside the cones because their speed is less than that of

light. So once r < R, massive objects and light move towards increasing t′,
inside and on the surfaces of the cones. They must get to the singularity.

The surface at R is a one-way membrane called an event horizon. As the

object moves towards r = R, it may send out light signals to a faraway
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observer. The light may possess a given frequency, so that the crests are

emitted at regular intervals of the object’s proper time. The proper time is

running slower and slower, compared to the time on a faraway clock. The

time periods between intervals on the faraway clock become longer and

longer. The light is red shifted to the extreme. Such signals disappear from

the view of the faraway observer before the object reaches the horizon.

In recent years, observation has confirmed the existence of black holes.

Stars near the center of our galaxy have been observed for decades. Their

orbits indicate rotation about an unseen mass. Other sightings include the

accretion of visible matter into a dark area. Such is often accompanied by

the emission of X-rays and gamma rays as the gravitational pulls on the

matter are so violent. Gravitational waves indicating the mergers of two

black holes have been detected, and are discussed in Chapter 7.

And at last, an actual picture of a black hole has been constructed. The

Event Horizon Telescope Collaboration (2019) used a collection of very long

baseline radio telescopes. They looked at the giant black holes in the center

of our galaxy and galaxy M87. The latter is 55 × 106 ly away. Putting all

the data together produced sufficient triangulation accuracy to construct

the image shown in Fig. 8.2. The characteristics of this black hole were

worked out by modeling extremely curved space, strong magnetic fields,

and superheated matter. The mass was (6.5±0.7)×109Ms and the horizon

radial coordinate was ≈ 2 × 1013m. The latter is about 2.5 times smaller

Fig. 8.2 First image of a black hole in M87 by the Event Horizon Telescope
Collaboration.
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than the size of the central dark region. The light surrounding this region is

due to bound superheated matter and the bending of light. Since the light

intensity isn’t the same all around, the black hole must be rotating (see

below).

Black holes arise from the supernova of massive stars. If the remnant

mass is greater than the mass that could be supported by neutron degen-

eracy pressure, a purely quantum effect, nothing can prevent a complete

collapse to a singularity. All that is left is an event horizon. This is such a

special object that quantum questions are raised.

Consider the singularity. At first it seems to be a point of infinite den-

sity. We have other experience with infinite density. For example, electrons

and muons have no structure, but from their motion in electromagnetic

fields, have finite mass and charge. However, K. Thorne (2014) explained

that there is no matter in a black hole. There is only the infinite warping

of spacetime. The in-falling matter is crunched out of existence, leaving

an event horizon. Our present physics just cannot handle this singularity.

A quantum theory of gravity is required.

Black holes are predicted to have a finite life span. They evaporate with

the emission of Hawking radiation [Hawking (1975)]. The radiation has a

very low temperature black-body spectrum. This is a quantum effect in

the region of extreme gravity, a still unsolved problem in general. Here,

the process is very briefly described. At the event horizon, quantum fluctu-

ations in the vacuum produce particle–anti-particle pairs. Normally, these

particles would immediately recombine, before energy and momentum non-

conservation could be observed. However, if one particle is just inside the

horizon, it can’t get out, while the other particle may be outside the horizon.

It can escape from the black hole. The net effect to an outside observer,

could such low temperatures be detected, is that a particle has emerged

from, and mass has been lost by the black hole. So R has decreased. Even-

tually, the black hole will evaporate. Not to worry, the evaporation time of

a solar mass black hole is orders of magnitude greater than the age of the

universe.

8.2 Black Holes with Angular Momentum

R. P. Kerr found the metric for the space outside a spinning sphere. This

occurred almost 50 years after Einstein published GR theory, so one gets

a feel for the difficulty of the problem. The paper’s length is a single page

(Kerr, 1967). No doubt an elegant proof for a mathematician. However, it is
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not transparent for mere mortals like this author. Nor have I found a proof

that is sufficiently transparent and brief to justify presentation in this text.

Lengthy proofs are available, see Adler (1965) and Chandrasekhar (1983).

For our purposes, I’ll ask you to accept that the metric written in terms of

spherical coordinates has the following form:

(dτ)2 = (1−Rr/Σ)(dt)2 + (2Rra sin2 θ/Σ)dtdφ− (Σ/Λ)(dr)2

−Σ(dθ)2 − sin2 θ(r2 + a2 +Rra2 sin2 θ/Σ)(dφ)2, (8.8)

Λ = r2 + a2 −Rr, Σ = r2 + a2 cos2 θ. (8.9)

When a = 0, the metric becomes that of a Schwarzschild black hole. One

observes that the angular momentum forces an additional constant a into

the metric. That constant has units of meters in our naturalized units,

but that is also the units of angular momentum per unit mass, and it is

interpreted as such.

Since (dτ)2 = −gμνdx
μdxν , the element of area [g11g22]

1/2dθdφ does

not have the form of the element of area for a sphere r2 sin θdθdφ. This is

another surprising feature of spacetime near a rotating black hole. The met-

ric gμν has off-diagonal elements, but it is easy to find gμν using gξμgξν = δμν .

Problem 5 asks for the proof of the following results:

gii = 1/gii, i = 1, 3, (8.10)

g02 = g20 = g02/Ψ, g00 = −g22/Ψ, g22 = −g00/Ψ, (8.11)

Ψ = Λ sin2 θ. (8.12)

The natures of the singularities for a black hole with angular momentum

are more complicated than those of a static black hole. There is a true

singularity at Σ = 0, (r, θ) = (0, π/2), as every term in (dτ)2 blows up

at that point except for the (dr)2 and (dθ)2 terms, both of which vanish.

You could also form the scalar RξμνχRξμνχ to see that it has the above

singularity condition.

In the case of the static black hole, there was a coordinate singularity

because the (dr)2 term blew up at r = R. In this case, g33 = Σ/Λ → ∞,

when Λ → 0,

0 = Λ = r2 + a2 −Rr = (r −R+)(r −R−),
(8.13)

r = R± = R/2± ([R/2]2 − a2)1/2.



July 27, 2020 12:53 General Relativity: A First Examination. . . 9in x 6in b3923-ch08 page 148

148 General Relativity: A First Examination

One observes that the maximum limit for a is R/2. This is called the static

limit, and here R+ = R−. The inner horizon, given by R−, is also called the

Cauchy horizon. Both horizons are one way, you can cross only going in.

The outside or event horizon is the boundary between the black hole and

the outside world. If a = 0, it reduces to R, but in this case, it is smaller.

For a Schwarzschild black hole, g00 = 0 when g33 = ∞. However, for a

rotating black hole, the surface where g00 = 0 occurs when

0 = Σ−Rr = r2 −Rr + a2 cos2 θ = (r − r+)(r − r−),
(8.14)

r = r± = R/2± ([R/2]2 − a2 cos2 θ)1/2.

The values of r± depend on θ. In general r− ≤ R− and r+ ≥ R+. The equal-

ity is at |cos θ| = 1. The region between R+ and r+ is called the ergosphere.

In this region, all objects experience frame-drag (see Section 8.3). Due to

the cos2 θ term, the outer extremity of the ergosphere is not a true sphere.

It is flattened and equal to the event horizon at |cos θ| = 1, but otherwise

extends beyond the event horizon, and is accessible to observation.

8.3 Frame-drag

8.3.1 Simple Examples

The metric elements are independent of x0 and x2. Thus, P0 and P2 are

constants of the motion for massive particles. So even if the particle starts

with P2 = 0, but P0 �= 0, subsequently the angular velocity is nonzero,

P 0 = m
dt

dτ
= g0νPν = g00P0,

P 2 = m
dφ

dτ
= g2νPν = g20P0,

dφ

dt
=

dφ

dτ

/
dt

dτ
=

g20

g00
= −g20

g22

=
Rra

Σ[r2 + a2] +Rra2 sin2 θ
> 0.

The particle will develop angular momentum and angular velocity because

of the metric. The angular velocity is in the direction of the spinning mass.

The spinning mass drags spacetime, so this effect is called frame-drag.
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An interesting effect for light is predicted when dr = dθ = 0, θ = π/2,

and r = R. For light (dτ)2 = 0,

0 = (1−R/r)(dt)2 + (2Ra/r)dtdφ− (r2 + a2 +Ra2/r)(dφ)2

= 1−R/r + (2Ra/r)
dφ

dt
− (r2 + a2 +Ra2/r)

(
dφ

dt

)2

,

dφ

dt
=

−2Ra/r± [(2Ra/r)2 + 4(1−R/r)(r2 + a2 +Ra2/r)]1/2

−2[r2 + a2 +Ra2/r)]

=
a∓ a

(R2 + 2a2)
.

The solution dφ
dt = 2a/(R2+2a2) represents light going in the same direction

as the rotating black hole. As dt is the proper time of a faraway observer, the

angular velocity according to that observer is constrained by the properties

of the black hole. The other solution is zero, a rather unexpected result, if

light is emitted in the direction opposite that of the black hole’s rotation.

A massive particle, that moves slower than light, would soon find itself

rotating in the same direction as the black hole. This would occur even

if it started rotating with arbitrarily large kinetic energy in the opposite

direction.

However, one must realize that the faraway observer can neither confirm

nor falsify this prediction. That observer cannot observe these at-rest pho-

tons, even in principle. If an effect can neither be confirmed nor falsified,

then we are not speaking of a scientific prediction. As noted in Problem 2.15,

the measurement of light speed requires a local observer, one armed with

a proper-time clock and proper distance measuring device. That observer

would experience severe frame-drag, move in the same direction as the black

hole, and would observe the photon traveling with c =
dLp

dτ = 1.

8.3.2 An Experimental Test

Gneral Relativity predicts that a gyroscope orbiting a non-spinning spher-

ically symmetric mass will precess (geodetic precession) in its plane of

motion. Frame-drag causes gyroscope precession perpendicular to the plane

of motion, the Lense–Thirring effect (Lense and Thirring, 1918). L. Schiff’s

(1960) paper stimulated the Gravity Probe B (GP-B) experiment. This

experiment was designed to test the Lense–Thirring prediction. The exper-

imental predictions were calculated using Schiff’s equation (3), but steps

leading to it were not provided in Schiff’s paper. GP-B was started about
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50 years ago by NASA. The experiment (Everitt, 2011) is a classic of mod-

ern technology.

Four fused silica rotors served as the gyroscopes. They were machined

to be spherical and homogeneous to one part per million. They were coated

with superconducting niobium and kept at a temperature of 1.8 K(elvin). In

orbit, the rotors were suspended electrically, and spun up with helium gas.

The spinning niobium spheres develop a magnetic moment, and sensitive

magnetometers mounted inside the housing could keep track of the spin

direction. For calibration, there was also a star seeking telescope inside

the housing. The device was put in a circular polar orbit about earth,

where it fell freely for about a year. However, gravity is very weak near

the earth’s surface. The sought for precession is very small. Another five

years were required to model the systematic errors, for example, the small

non-spherical rotor contribution, in order to be confident of the result.

The experimental results, in arcseconds/year (′′/y) are: geodetic pre-

cession, 6.602 ± 0.018 and frame-drag precession 0.0372 ± 0.0072. These

are to be compared with the GR predictions: 6.606 and 0.0392. The geode-

tic result is in excellent agreement with GR. Frame-drag precession is a

much smaller effect, and the large error is due to consideration of numerous

sources of systematic error. So while in agreement with GR, it can’t rule

out competing theories.

8.4 Calculation of the GP-B Predictions

8.4.1 Expansion of the Metric Elements

In this section, the calculation of the predictions for the GP-B precessions

will be carried out. It is too difficult to work with the full metric. One

can expand the metric elements to higher than the lowest order correction

explored in Chapter 5, and obtain meaningful results. Such calculations are

the essence of what is called post-Newtonian celestial mechanics. In making

these calculations, I have been guided, in part, by S. Weinberg (1972).

In Chapter 5, the weak gravity lowest order correction to the metric,

for a static spherically symmetric source of gravitation, gave the Newtonian

potential ΨG,

g00 = η00 + h00 = −1− 2ΨG = −1 + 2M ′/r, (8.15)

gii = 1 + hii = 1− 2ΨG, (8.16)

v̄ ≈ (M ′/r)1/2 
 1. (8.17)
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The gii value was obtained in Problem 5.2. The typical small speed was

found to be v̄. Here earth’s mass Me = M ′ is the source mass, so that

R → 2Me in the Kerr metric. The above metric elements are of order v̄2

and because there will be higher order corrections, they are now written as
2h00,

2hii.

In order to see how to expand the metric elements in powers of small v̄,

consider the Kerr metric, e.g.,

g00 = −(1− 2Mer/Σ) = η00 + 2Mer/Σ = −1 + 2Mer/(r
2 + a2 cos2 θ)

= −1 + (2Me/r)(1 + [a/r]2 cos2 θ)−1

= −1 + (2Me/r)(1 − [a/r]2 cos2 θ + · · · )
≡ −1 + 2h00 +

4h00 + · · · . (8.18)

The superscript 4 at the left of h00 indicates the next higher order correction

directly proportional to the v̄4. It is due to a being an angular momentum

per unit mass. Thus a/r, is dimensionless in the natural system of units.

An expansion in even powers of v̄ is expected, as there is no sign change in

g00, when the sign of t changes.

Next consider the expansion of gij . In the Kerr metric, only gii �= 0,

e.g.,

g33 = Σ/Λ = (r2 + a2 cos2 θ)(r2 − 2Mer + a2)−1

= (1 + [a/r]2 cos2 θ)(1 − 2Me/r + [a/r]2)−1

= (1 + [a/r]2 cos2 θ)(1 + 2Me/r − [a/r]2 + [2Me/r − [a/r]2]2 + · · · )

= 1 +
2Me

r

(
1− [a/r]2

[2Me/r]
sin2 θ

)

+

(
2Me

r

)2

×
(
1− [a/r]2

[2Me/r]

(
2− cos2 θ

)
+

[a/r]4

[2Me/r]2

)
+ · · · .

Thus, the general expansion is

gij = ηij +
2hij +

4hij + · · · . (8.19)

This is again an expansion in even powers of v̄, for the same reason as for

g00.
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For a black hole, [a/r]2/[R/r] < 1 since a/R ≤ 1/2. The earth’s

moment of inertia (query any search engine) is ≈ 0.829I (uniform sphere) =

0.829(25MeR
2
e), where Re and ωe are earth’s radius and angular velocity,

[a/Re]
2 = [Iωe/Me]

2/R2
e = (0.829[2/5]Reωe)

2 = 0.27× 10−12,

2Me/Re = 1.4× 10−9, thus [a/Re]
2/[2Me/Re] ≈ 0.19× 10−3.

The mass term dominates.

Finally, consider the metric element g0i. In the Kerr metric, only g02 is

nonzero,

g02 = −2Mera sin
2 θ/r2/(1 + [a/r]2 cos2 θ)

= −2[Me/r][a/r]r sin
2 θ(1− [a/r]2 cos2 θ + [a/r]4 cos4 θ + · · · ).

So the general expansion is expected to be

g0i =
3h0i +

5h0i + · · · . (8.20)

Here an expansion in odd powers of v̄ is expected, as g0i changes sign when

t changes sign.

One sees that the lowest order term in the metric element, responsible

for frame-drag, is directly proportional to the v̄3. This is sufficient for the

GP-B experiment, and so the only terms kept satisfy,

Term ∝ v̄n, n ≤ 3. (8.21)

8.4.2 The C Symbols

The C symbols involve gμν . They are also obtained as expansions in v̄n,

that satisfy Eq. (8.21). From, gμξgνξ = δμν ,

1 = g0ξg0ξ = g00g00 + g0ig0i = (η00 + 2h00)(η00 +
2h00)

= 1− 2h00 − 2h00, (8.22)

2h00 = − 2h00,

0 = g0ξgiξ = g00gi0 + g0jgij =
3hi0η

00 + 3h0jηij , (8.23)

3hi0 = 3hi0,

δij = giξgjξ = gi0gj0 + gikgjk = (ηik + 2hik)(ηjk +
2hjk)

(8.24)
= ηikηjk +

2hjkη
ik + 2hikηjk = δij +

2hjkη
ik + 2hikηjk,

2hij = − 2hji.
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The C symbols involve terms with a partial derivative with respect to

time. It’s important to note that as for powers of v̄,

∂

∂t
∝ v̄/r.

This result and Eqs. (8.18)–(8.20) are required to make sure Eq. (8.21) is

satisfied. The C symbols are obtained from

Γξμν = gξχ(gμχ,ν +gνχ,μ−gμν ,χ )/2.

Those with contravariant index 0 are as follows:

Γ0
00 = g0χ(g0χ,0 +g0χ,0 −g00,χ )/2

= g00(g00,0 )/2 + g0i(2g0i,0 −g00,i )/2, (8.25)

3Γ0
00 = η00 2h00,0 /2 = − 2h00,0 /2,

Γ0
0i = g0χ(giχ,0 +g0χ,i−gi0,χ )/2

= g00(gi0,0 +g00,i−gi0,0 )/2 + g0j(gij ,0 +g0j,i−g0i,j )/2, (8.26)

2Γ0
0i = η00(2h00,i )/2 = − 2h00,i /2,

Γ0
ij = g0χ(giχ,j +gjχ,i−gij,χ )/2

(8.27)
= g00(gi0,j +gj0,i−gij,0 )/2 + g0k(gik,j +gjk,i−gij ,k )/2,

3Γ0
ij = −(3hi0,j +

3hj0,i− 2hij ,0 )/2.

Those with contravariant index i are as follows:

Γi00 = giχ(g0χ,0 +g0χ,0 −g00,χ )/2

= gi0g00,0 /2 + gik(g0k,0 +g0k,0 −g00,k )/2, (8.28)

2Γi00 = ηik(− 2h00,k )/2 = − 2h00,i /2,

Γi0j = giχ(g0χ,j +gjχ,0 −g0j,χ )/2

= gi0(g00,j +gj0,0 −g0j,0 )/2 + gik(g0k,j +gjk,0 −g0j,k )/2, (8.29)

3Γi0j = ηik(3h0k,j +
2hjk,0 − 3h0j ,k )/2

= (3h0i,j +
2hji,0 − 3h0j ,i )/2,

Γijk = giχ(gjχ,k +gkχ,j −gjk,χ )/2
(8.30)

= gi0(gj0,k +gk0,j −gjk,0 )/2 + gim(gjm,k+gkm,j −gjk,m )/2,

2Γijk = ηim(2hjm,k +
2hkm,j − 2hjk,m )/2

= (2hji,k +
2hki,j − 2hjk,i )/2.
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8.4.3 Ricci Tensor and Einstein Field Equations

In order to express the various expansion terms of a metric, as potentials in

terms of the energy momentum tensor, just like 2h00 = −2ΨG, the Einstein

field equations are needed,

Gμξ = Rμξ − gμξR/2 = 8πTμξ,

gμξ(Rμξ − gμξR/2) = 8πgμξTμξ,

R− 2R = −R = 8πgμξTμξ,

Rμν = 8π(Tμν − gμνg
χξTχξ/2).

(8.31)

The nonzero Ricci tensor elements Rμν will be evaluated so that Eq. (8.21)

is obeyed. The reader should note that Rμν in this text has the opposite

sign of Rμν in Weinberg’s text. In some of the equations below, ηii is used

to remind the reader to sum over i.

Rμν = Rξμξν = ΓχμνΓ
ξ
ξχ − ΓχξμΓ

ξ
νχ + Γξμν ,ξ −Γξξμ,ν .

However, the product ΓΓ ∝ v̄>3 and may be neglected. Moreover,

R00 = Γξ00,ξ −Γξξ0,0 = Γi00,i−Γii0,0 ,

2R00 = 2Γi00,i= −ηii 2h00,i ,i /2 = −∇2 2h00/2. (8.32)

R0i = Γξ0i,ξ −Γξξ0,i= Γ0
0i,0 −Γ0

00,i+Γj0i,j −Γjj0,i= Γj0i,j −Γjj0,i ,

3R0i = ηjj [(3h0j ,i+
2hij ,0 − 3h0i,j ),j −(3h0j ,j +

2hjj ,0 − 3h0j ,j ),i ]/2

= ηjj(2hij ,0 ,j − 3h0i,j ,j − 2hjj ,0 ,i+
3h0j ,j ,i )/2

= [−∇2 3h0i + ηjj(2hij ,0 ,j − 2hjj ,0 ,i+
3h0j ,j ,i )]/2. (8.33)

Rij = Γ0
ij ,0 −Γ0

i0,j +Γkij ,k −Γkik,j ,

2Rij = + 2h00,i ,j /2 + ηkk[(2hki,j +
2hjk,i− 2hij ,k ),k ]/2

− ηkk[(2hkk,i+
2hik,k − 2hki,k ),j ]/2

= 2h00,i ,j /2 + ηkk[(2hki,j +
2hjk,i− 2hij ,k ),k ]/2

− ηkk[(2hkk,i+
2hik,k − 2hki,k ),j ]/2

= [−∇2 2hij +
2h00,i ,j

+ ηkk(2hki,j ,k+
2hjk,i ,k − 2hkk,i ,j )]/2. (8.34)
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Solution of the field equations with this form of Ricci tensor is quite

difficult, but use of the result in Problem 3.4, simplifies things. There it

was seen that one can always transform to a set of harmonic coordinates,

that satisfy gμνΓξμν = 0. This equation must hold for every order in v̄.

Thus,

gμνΓ0
μν = g00Γ0

00 + gi0Γ0
i0 + g0jΓ0

0j + gijΓ0
ij ,

0 = η00 3Γ0
00 + ηij 3Γ0

ij

= −η00 2h00,0 /2− ηij(3hi0,j +
3hj0,i− 2hij ,0 )/2

= 2h00,0 /2 + ηii(− 3hi0,i+
2hii,0 /2), (8.35)

gμνΓiμν = g00Γi00 + gk0Γik0 + g0jΓi0j + gkjΓikj ,

0 = η00 2Γi00 + ηkj 2Γikj

= −η00 2h00,i /2 + ηkj(2hji,k +
2hki,j − 2hjk,i )/2

= 2h00,i /2 + ηjj(2hji,j − 2hjj ,i /2). (8.36)

Differentiate Eq. (8.35) with respect to xj and obtain

0 = 2h00,0 ,j /2 + ηii(− 3hi0,i ,j +
2hii,0 ,j /2),

2h00,0 ,j /2 = −ηii(− 3hi0,i ,j +
2hii,0 ,j /2). (8.37)

Differentiate Eq. (8.36) with respect to x0 and use Eq. (8.37), and obtain

0 = 2h00,i ,0 /2 + ηjj(2hji,j ,0 − 2hjj ,i ,0 /2), use i ↔ j,

= 2h00,j ,0 /2 + ηii(2hij ,i ,0 − 2hii,j ,0 /2), use Eq. (8.37),

= −ηii(− 3hi0,i ,j +
2hii,0 ,j /2− 2hij ,i ,0 +

2hii,j ,0 /2)

= −ηii(3hi0,i ,j − 2hii,0 ,j +
2hij ,i ,0 ), use i ↔ j,

= −ηjj(3hj0,j ,i− 2hjj ,0 ,i+
2hji,j ,0 ). (8.38)

Differentiate Eq. (8.36) with respect to xk and obtain

0 = 2h00,i ,k /2 + ηjj([ 2hji,j ,k ]− 2hjj ,i ,k /2), use i ↔ k,

= (2h00,i ,k +ηjj([ 2hji,j ,k +
2hjk,j ,i ]− 2hjj ,i ,k )/2. (8.39)
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Equations (8.38) and (8.39) allow simplified expressions for the Ricci tensor

elements,

3R0i = −∇2 3hi0/2,
2Rij = −∇2 2hij/2. (8.40)

In order to solve Eq. (8.31), the expansion properties of the energy–

momentum tensor, studied in Section 7.6, must be examined. Going to an

SR frame is the most transparent procedure. T 0̄0̄, T ī0̄, and T īj̄ are the

energy, momentum, and momentum flux densities, respectively. Thus,

T 0̄0̄ =
∑
n

P 0̄
n δ(
r − 
rn(t)) ≈ ρM (1 + v̄2/2 + · · · )

= 2T 0̄0̄ + 4T 0̄0̄ + · · · , (8.41)

T ī0̄ =
∑
n

P īnδ(
r − 
rn(t)) ≈ ρM v̄(1 + v̄2/2 + · · · )

= 3T ī0̄ + 5T ī0̄ + · · · , (8.42)

T īj̄ =
∑
n

P ī
n v j̄

n δ(
r − 
rn(t)) ≈ ρM v̄2(1 + v̄2/2 + · · · )

= 4T īj̄ + 6T īj̄ + · · · . (8.43)

Even if not in an SR frame, the above are the general expansions for

the energy–momentum tensor. Just remove the bars identifying tensor ele-

ments. It might seem surprising that the lowest order term in T 00 is labeled

with a “2” on the upper left. It has no explicit factors of v̄, however,

mass/volume has units of M ′/V ′ ∝ v̄2r/V ′. This is just what is needed for

Eqs. (8.31) and (8.32). In the case of 2Rij , the term 2T 00 comes from the

rightmost term in Eq. (8.31). A similar explanation holds for the term 3T i0.

So keeping the lowest order term in T μν , and using Eqs. (8.18)–(8.20),

(8.31), (8.32), and (8.40) yields

−∇2 2h00/2 = 2R00 = g0μg0ν
2Rμν = 2R00

= 8π(2T 00 − η00gμνT
μν/2) = 8π(2T 00 − (η00)

2 2T 00/2)

= 4π 2T 00 = 4πρM , (8.44)

−∇2 3hi0/2 = 3R0i = g0μgiν
3Rμν = η00ηij

3R0j = − 3R0i

= −8π(3T 0i − g0igμνT
μν/2)

= −8π 3T 0i, (8.45)
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−∇2 2hij/2 = 2Rij = giμgjν
2Rμν = ηikηjm

2Rkm = 2Rij

= 8π(T ij − gijgμνT
μν/2) = −8πηijη00

2T 00/2

= 4πηij
2T 00 = 4πηijρM . (8.46)

The result is that the solutions to Eqs. (8.44) and (8.46) are the

same. This is what was found in Chapter 5. The solution that vanishes

at |
r| = ∞ is

−
2hii
2

= −
2h00

2
= ΨG = −

∫
dV ′

2T 00(
r ′, t)
|
r − 
r ′| ≈ −M ′

|
r| , (8.47)

where the volume integral is over all space. The approximation is for a

point external to a spherically symmetric source mass M ′. Similarly, the

solution for 3h0i, Eq. (8.45), yields a 3-vector potential 
Φ. Unlike ΨG, this

potential was unknown before GR, however, like ΨG its origin is the GR

field equations. Thus,

3h0i =
3h0i = Φi = Φi = −4

∫
dV ′

3T i0(
r ′, t)
|
r − 
r ′| . (8.48)

The integral in Eq. 8.48 will now be expanded, and because gravity is

so weak, only the lowest order terms are kept,

Φi = −4

∫
dV ′ 3T i0(
r ′, t)|
r − 
r ′|−1

= −4

∫
dV ′ 3T i0(
r ′, t)(r2 + r′2 − 2
r · 
r ′)−1/2

≈ −4

r

(∫
dV ′ 3T i0(
r ′, t) +

1

r2
ηjjx

j

∫
dV ′x′j 3T i0(
r ′, t)

)
. (8.49)

This can be further simplified using energy and momentum conservation,

T μν ;μ = 0 so T μν ,μ= −ΓνμξT
μξ − ΓμμξT

ξν,

T μ0,μ = −Γ0
μξT

μξ − ΓμμξT
ξ0.

Terms like ΓT are, at minimum, directly proportional to v̄4. They may be

neglected. Also T μν is due to earth and is static. Thus, to the order needed,
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the above condition yields

0 = 2T 00,0 +
3T j0,j

= 3T j0,j .

This means that the following integrals vanish:

0 =

∫
dV ′x′i 3T j0(
r ′),j =

∫
dV ′x′ix′j 3T k0(
r ′),k .

Integrate each integral by parts,

0 = −
∫

dV ′ 3T j0(
r ′)x′i,j = −
∫

dV ′ 3T j0(
r ′)δij

= −
∫

dV ′ 3T i0(
r ′), (8.50)

0 =

∫
dV ′x′ix′j 3T k0(
r ′),k

= −
∫

dV ′(x′ix′j ,k +x′i,k x′j) 3T k0(
r ′)

= −
∫

dV ′[x′i 3T j0(
r ′) + x′j 3T i0(
r ′)],

∫
dV ′x′j 3T i0(
r ′) = −

∫
dV ′x′i 3T j0(
r ′), thus,

2

∫
dV ′x′i 3T j0(
r ′) =

∫
dV ′x′i 3T j0(
r ′)−

∫
dV ′x′j 3T i0(
r ′). (8.51)

Since 3T 0i is the source momentum density, Eqs. (8.49), (8.50), and (8.51)

allow 
Φ to be expressed in terms of the source’s angular momentum

J = 
r ′ × 
P [
r ′],

Φ1(
r ) = − 2

r3
x2

∫
dV ′[x′2 3T 10(
r ′)− x′1 3T 20(
r ′)]

− 2

r3
x3

∫
dV ′[x′3 3T 10(
r ′)− x′1 3T 30(
r ′)]

= −(2/r3)[−x2J3 + x3J2] = (2/r3)[
r × 
J ]1,


Φ(
r ) = (2/r3)[
r × 
J ]. (8.52)
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This is the way earth’s angular momentum finds its way into the GP-B

predictions.

8.4.4 Spin

In SR, a particle has constant velocity and spin,

dU μ̄

dτ
= 0, U μ̄ =

dxμ̄

dτ
,

(8.53)
dSμ̄
dτ

= 0.

In the particle’s rest frame,

Sμ̄ ≡ (0, 
S), thus, (8.54)

Sμ̄U
μ̄ = 0. (8.55)

This is an invariant and holds in any frame.

For spin, the equation of motion is obtained from parallel transport

Eq. (4.2), with dq = dτ for a free falling massive object,

0 = W νSμ;ν =
dxν

dτ
(Sμ,ν −ΓξμνSξ),

dSμ
dτ

= ΓξμνSξU
ν = ΓξμνSξ

dxν

dτ
,

dSi
dτ

= Γ0
i0S0

dx0

dτ
+ Γki0Sk

dx0

dτ
+ Γ0

ijS0
dxj

dτ
+ ΓkijSk

dxj

dτ
,

dSi
dt

= Γ0
i0S0 + Γki0Sk + Γ0

ijS0
dxj

dt
+ ΓkijSk

dxj

dt
. (8.56)

The last equation results from multiplying the previous equation by dτ
dt .

From Eq. (8.55), with U0 ≈ 1 and vi 
 1,

S0 = −viSi. (8.57)

Then to order v̄3
S

dSi
dt

= −Γ0
i0v

mSm + Γki0Sk − Γ0
ijSmvmvj + ΓkijSkv

j

= [− 2Γ0
i0v

mSm] + (3Γki0Sk) +
2ΓkijSkv

j

= [ 2h00,i v
mSm/2] + ηkk((3hk0,i− 3hi0,k +

2hki,0 )Sk)/2

+ ηkk(2hki,j − 2hij ,k +
2hkj ,i )Skv

j/2)
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= −ΨG,i 
v · 
S + ηkk(Φk,i−Φi,k −2ηkiΨG,0 )Sk/2

+ ηkk(−ηkiΨG,j +ηijΨG,k −ηkjΨG,i )Skv
j .

For the component S1,

dS1

dt
= −ΨG,1 
v · 
S + (Φ2,1 − Φ1,2)S2/2 + (Φ3,1 − Φ1,3)S3/2

−ΨG,0 S1 − S1
v · 
∇ΨG + v1 
S · 
∇ΨG −ΨG,1 
v · 
S
= −ΨG,1 
v · 
S + [(
∇× Φ)3S2 − (
∇× Φ)2S3]/2

−ΨG,0 S1 − S1
v · 
∇ΨG + v1 
S · 
∇ΨG −ΨG,1 
v · 
S
= −ΨG,1 
v · 
S + [
S × (
∇× Φ)/2]1

−ΨG,0 S1 − S1
v · 
∇ΨG + v1 
S · 
∇ΨG −ΨG,1 
v · 
S.

For the full spin vector, it is obvious,

d
S

dt
= 
S × (
∇× 
Φ)/2− 
SΨG,0 −2
∇ΨG(
v · 
S)

− 
S(
v · 
∇ΨG) + 
v(
S · 
∇ΨG). (8.58)

The invariant SμS
μ doesn’t change,

0 =
d(SμS

μ)

dt

=
d

dt
(g00S0S0 + gi0SiS0) + g0jS0Sj + gijSiSj)

=
d

dt
(g00viSiv

jSj − gi0Siv
jSj)− g0jviSiSj + gijSiSj)

=
d

dt
(η00viSiv

jSj + [ηij + 2hij ]SiSj), use Eq. (8.24),

=
d

dt
(−(
v · 
S)2 + |
S|2 − 2hijSiSj)

=
d

dt
(−(
v · 
S)2 + |
S|2 + 2ηijΨGSiSj)

=
d

dt
(−(
v · 
S)2 + |
S|2 + 2ΨG|
S|2). (8.59)

Thus, what is being differentiated is a constant.
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Since ΨG is of order v̄2, an alternative spin vector correct to order v̄2S,

can be defined,


s ≡ 
S +ΨG
S − 
v(
v · 
S)/2),
|
s|2 = (1 + ΨG)

2|
S|2 + |
v|2(
v · 
S)2/4− (1 + ΨG)(
v · 
S)2 (8.60)

≈ (1 + 2ΨG)|
S|2 − (
v · 
S)2.

This result is the same as Eq. (8.59). The solution for 
S in terms of 
s, to

the same order, is easy to obtain

(1−ΨG)
s = (1 −Ψ2
G)


S − (1−ΨG)
v(
v · 
S)/2)
≈ 
S − 
v(
v · 
S)/2,


S = (1 −ΨG)
s+ 
v(
v · 
S)/2
≈ (1 −ΨG)
s+ 
v(
v · 
s)/2. (8.61)

The vector 
s proves useful if one calculates its total time derivative to

order v̄3
S. Using d�v
dt = −
∇ΨG and neglecting terms like v̄ d

�S
dt ,

d
s

dt
= (1 + ΨG)

d
S

dt
+ 
S

dΨG
dt

−
(
d
v

dt

v · 
S + 
v

[

S · d
v

dt
+ 
v · d


S

dt

])/
2

≈ d
S

dt
+ 
S

dΨG
dt

+ (
∇ΨG[
v · 
S] + 
v[
∇ΨG · 
S])/2

=
d
S

dt
+ 
S(ΨG,0 +
∇ΨG · 
v) + (
∇ΨG[
v · 
S] + 
v[
∇ΨG · 
S])/2.

Now substitute Eq. (8.58) for d�S
dt and Eq. (8.52) for Φ,

d
s

dt
= 
S × (
∇× 
Φ)/2− 
SΨG,0 −2
∇ΨG(
v · 
S)− 
S(
v · 
∇ΨG) + 
v(
S · 
∇ΨG)

+ 
S(ΨG,0 +
∇ΨG · 
v) + (
∇ΨG[
v · 
S] + 
v[
∇ΨG · 
S])/2

= −1

2
[
∇× 
Φ× 
S + 3(
∇ΨG(
v · 
S)− 
v(
S · 
∇ΨG))]

= −1

2
[
∇× 
Φ+ 3
v × 
∇ΨG]× 
S, use Eq. (8.52),

= −[
∇× (
r × 
J)

r3
+

3

2

v × 
∇ΨG]× 
S.
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Equation (8.58) showed that d
�S
dt was calculated to order v̄3
S. The aim is

to calculate d�s
dt to order v̄3
s. The terms on the right-hand side of the above

equation are to order v̄3
S. To obtain the desired order for d�sdt , use Eq. (8.61)

with 
S ≈ 
s. The above becomes the classical equation for a precessing

spin,

d
s

dt
= 
Ω× 
s,


Ω = −
[

∇× (
r × 
J)

r3
+

3

2

v × 
∇ΨG

]
. (8.62)

The spin precesses at a rate |
Ω| around the direction of 
Ω without change

in magnitude.

8.4.5 Numerical Predictions for the GP-B Experiment

One can show how Eq. (8.62) is used to predict what GP-B expected. The

gyroscopes are freely falling in orbit about earth. The origin of coordinates

is earth’s center and the approximation used for calculating ΨG is that the

earth is a spherically symmetric mass,

ΨG = −Me

r
, 
∇ΨG = Me


r

r3
.

Then, noting Je is constant,


∇×
(


r

r3
× 
Je

)
=


r

r3
(
∇ · 
Je)− 
Je

(

∇ · 
r

r3

)

+( 
Je · 
∇)

r

r3
−
(


r

r3
· 
∇
)


Je

= − 
Je

(

∇ · 
r

r3

)
+ ( 
Je · 
∇)


r

r3

= ( 
Je · 
∇)

r

r3
, since r �= 0,

= Jxe

(

r

r3

)
,x+Jye

(

r

r3

)
,y +Jze

(

r

r3

)
,z
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=

[
Jxe
r3

(
1− 3

x2

r2

)
êx − 3

xy

r2
êy − 3

xz

r2
êz

]

+

[
Jye
r3

(
1− 3

y2

r2

)
êy − 3

yx

r2
êx − 3

yz

r2
êz

]

+

[
Jze
r3

(
1− 3

z2

r2

)
êz − 3

zx

r2
êx − 3

zy

r2
êy

]

=

Je
r3

− 3 
Je · 
r
r3


r

r2
. (8.63)

The above form is due to treating 
r as a general 3-vector. You know the

GP-B orbit is planar. If this condition was imposed above, by taking 
r as a

vector with two components, then 
∇ · 
r/r3 �= 0. An incorrect result would

have been obtained.

The precession rate is, from Eqs. (8.62) and (8.63),


Ω = 
Ωgeo + 
Ωfd

= −
(
3

2
Me


v × 
r

r3

)
+

(
3 
Je · 
r
r3


r

r2
−


Je
r3

)
.

This formula agrees with Eq. (3) in Schiff’s paper.

Figure 1 of the GP-B paper defines the experimental geometry. The

gyroscope and its housing are launched in a close in, circular, polar orbit.

The orbit rotation is counter clockwise, leading to an angular momentum

vector that points out of the orbit plane and toward the reader. This is taken

as the êz direction. Earth’s angular momentum is directed from south to

north pole, and is in the orbit plane pointing up. This is taken as the êx-

direction. Then, êy = êz × êx lies in the orbit plane, and is in the direction

indicated for the initial spin.

The position of the gyroscope is


r = ρêρ = ρ(êx cosφ+ êy sinφ), ρ = 1.1Re,

where φ is the angle between 
Je and 
r. Then,


v = (Me/ρ)
1/2êz × êρ = (Me/ρ)

1/2êφ,

Me = 4.431× 10−3m, Re = 6.378× 103 m, Te = 2.584× 1013m,

Je = 0.829(2MeR
2
e/5)ωe m2, ωe = 2π/Te.
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First, consider the geodetic precession rate,


Ωgeo =
3

2

(
Me

ρ

)1/2
Me

ρ2
êz =

3

2

(
Me

ρ

)3/2
1

ρ
êz,

|
Ωgeo| = 1

3
× 10−20m−1 = 1.02× 10−12 s−1.

In a year, t = 3.156× 107 s,

|
Ωgeo|t = 3.22× 10−5 rad = 6.6′′,

in agreement with the GP-B expectation. The precession direction,


Ωgeo × êy = êz × êy = −êx,

is in the plane of the orbit and downward, in agreement with the first figure

in the GP-B paper. This geodetic precession precesses in the same sense as

the orbit rotation. It doesn’t appear to depend on GR. However, it actually

comes from terms in the equations of motion required from curved space,

and so it is a consequence of GR.

Now consider the frame-drag precession 
Ωfd. It depends on 
Je,


Ωfd =
1

ρ3

(
3Jex

ρ
êρ − Jeêx

)

=
Je
ρ3

(3 cosφ[cosφêx + sinφêy]− êx).

Averaging over a revolution, the cos2 φ term yields 1/2, while the cosφ sinφ

term yields zero. Thus,

〈
Ωfd〉 = Je
ρ3

(3/2− 1)êx =
1

2

Je
ρ3

êx,

|〈
Ωfd〉|
|
Ωgeo|

=
1

3

Je

M
3/2
e

1

ρ1/2
= 6× 10−3,

in agreement with the GP-B expectation. The precession direction,

〈
Ωfd〉 × êy = êx × êy = êz,

is out of the orbit plane. The spin precesses in the same sense as the earth

rotates, hence frame-drag. This agrees with what is shown in the first figure

of the GP-B paper.
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8.5 Kerr Space Geodesics

8.5.1 Equations of Motion

Motion in the equatorial plane θ = π/2 of a black hole is considered. Prob-

lem 7 shows this is a possible solution, even in Kerr space. The equations

of motion for objects with finite rest mass m are most easily obtained by

noting 0 = gμν ,0 = gμν ,2. So U0 = P0/m and U2 = P2/m are constant. The

constants will be chosen so that the equations of motion match Eqs. (6.2)–

(6.5), with Eq. (6.6), when a = 0. Thus,

dφ

dτ
= U2 = g2νUν

= g20U0 + g22U2 =
g20U0 − g00U2

Λ
. (8.64)

When a = 0,

dφ

dτ
= U2

−g00
Λ

= U2
(1− R/r)

r2(1−R/r)
=

U2

r2
.

Equations (6.2) and (6.6) yield

dφ

dτ
=

J

r2E′1/2 , so choose,

U2 =
J

E′1/2 . (8.65)

Carrying on,

dt

dτ
= U0 = g0νUν

= g00U0 + g02U2 =
−g22U0 + g02U2

Λ
. (8.66)

When a = 0,

dt

dτ
=

−g22U0

Λ
= − U0

1−R/r
.

Equations (6.3) and (6.6) with 2M ′ = R yield

dt

dτ
=

1

E′1/2(1−R/r)
, so choose,

U0 = − 1

E′1/2 . (8.67)
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Using the above constants and the invariant UνU
ν yields

−1 = UνU
ν = U0U

0 + U2U
2 + g33(U

3)2

= −g22 + 2g02J + g00J
2

E′Λ
+

r2

Λ

(
dr

dτ

)2

,

(8.68)(
dr

dτ

)2

= − Λ

r2
+

g22 + 2g02J + g00J
2

E′r2

= −r2 + a2 − rR

r2
+

r2 + (a2 − J2) + (J − a)2R/r

E′r2
.

When a = 0,

(
dr

dτ

)2

= −(1−R/r) +
r2 − J2(1−R/r)

E′r2

= (1 −R/r)(−1 + [(1−R/r)−1 − (J/r)2](1/E′)).

Equations (6.5) and (6.6) with 2M ′ = R yield

E′
(
dr

dτ

)2

= (1−R/r)(−E′ − (J/r)2 + (1−R/r)−1).

So the required equations in Chapter 6 are reproduced with the choices in

Eqs. (8.65) and (8.67).

The orbit equation is obtained with Eqs. (8.64) and (8.68). Using

Λ = (r −R+)(r −R−),

dφ

dr
=

dφ

dτ

/
dr

dτ

= ±
[
− (r −R+)(r −R−)

r2
+

r2 + (a2 − J2) + (J − a)2R/r

E′r2

]−1/2

× aR/r + (1−R/r)J

E′1/2(r −R+)(r −R−)

= ±
[
−E′(r −R+)(r −R−)

r2
+ 1− J2 − a2

r2
+

(J − a)2R

r3

]−1/2

× J − (J − a)R/r

(r −R+)(r −R−)
. (8.69)
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For photons, E′ = 0,

dφ

dr
= ± J − (J − a)R/r

(r −R+)(r −R−)

[
1− J2 − a2

r2
+

(J − a)2R

r3

]−1/2

. (8.70)

In some of the calculations below, I have been guided by or have used the

parameters of S. Chandrasekhar (1983).

8.5.2 Circular Motion

First the circular orbits of photons are considered. It is convenient to cal-

culate
(
dr
dq

)2
and then take E′ = 0:

(
dr

dq

)2

= −E′ Λ
r2

+ 1− J2 − a2

r2
+

(J − a)2R

r3
(8.71)

= 1− J2 − a2

r2
+

(J − a)2R

r3
,

1 =

(
dr

dq

)2

+
J2 − a2

r2
− (J − a)2R

r3
. (8.72)

Per unit mass, the left-hand side of the above equation is a constant energy

and on the right-hand side is a kinetic energy term plus an equivalent

gravitational potential energy term ≡ Vp[r]. For circular motion r = Rc,

J = Jc,
dr
dq = 0, and

dVp

dr = 0. For stable orbits,
d2Vp

dr2 > 0, while for unstable

orbits,
d2Vp

dr2 < 0. In this case,

0 = 1 + (Jc − a)2R/R3
c − (J2

c − a2)/R2
c , (8.73)

dVp
dr

∣∣∣∣
Rc

= 0 = 3(Jc − a)2R/Rc − 2(J2
c − a2), (8.74)

d2Vp
dr2

∣∣∣∣
Rc

= −3(Jc − a)2R/R5
c < 0. (8.75)

From Eq. (8.75), it is seen that photon circular orbits are unstable. From

Eq. (8.74),

Rc =
3R

2

(Jc − a)2

J2
c − a2

=
3R

2

Jc − a

Jc + a
. (8.76)

When a = 0, there is only one unstable circular orbit for photons

Rc = 3R/2.
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For direct motion, a > 0, while for retrograde motion a < 0. Inserting

Eq. (8.76) into Eq. (8.73) yields

0 = 1 +
(Jc − a)2(Jc + a)323R

[3R(Jc − a)]3
− (J2

c − a2)(Jc + a)222

[3R(Jc − a)]2
,

(Jc + a)3 =
27

4
R2(Jc − a) =

27

4
R2[(Jc + a)− 2a], (8.77)

0 = (Jc + a)3 − 27

4
R2(Jc + a) +

27

2
aR2.

The following identities allow a transparent solution to the above equation:

cos3 A = (cos 3A+ 3 cosA)/4,

cos 3A = cos 3(A+ [1± 1]π/3).

Take as solution for Eq. (8.77) the following,

(Jc + a) ≡ K cosA,

(Jc + a)3 = K3(cos 3A+ 3 cosA)/4.

Solve for the constant K by first eliminating the cosA terms. Then solve

for cos 3A,

3K3/4 = 27KR2/4, K = ±3R,

cos 3A = ∓2a/R, so can take,

cos 3A = 2|a|/R, (8.78)

Jc + a = −3R(a/|a|) cos(A+ [1 + a/|a|]π/3). (8.79)

When a = 0, take a/|a| = 1.

For the cases of minimum and maximum |a|, the results are as follows:

a = 0, 3A = π/2, Jc = 33/2R/2, Rc = 3R/2, R(+,−) = (R, 0),

a = R/2, 3A = 0, Jc = R, Rc = R/2, R± = R/2,

a = −R/2, 3A = 0, Jc = 7R/2, Rc = 2R, R± = R/2.

The result for a = 0 agrees with the answer to Problem 6.10. The results

for Jc/R
′ and Rc/R

′, where R′ = R/2, for all values of a, are shown in

Fig. 8.3. The retrograde orbits are farther out, where frame-drag is not so

strong.
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Fig. 8.3 Photon unstable circular orbit parameters for direct and retrograde motion:
Jc/R′ upper, Rc/R′ lower, as functions of a/R′ where R′ = R/2.

Now circular motion of massive objects is studied. Recall such motion

was considered in Problems 6.7–10 for the case a = 0. Here all values of a

are considered. Rewriting Eq. (8.71) yields,

1

E′ =
(
dr

dτ

)2

+
(r −R+)(r −R−)

r2

+
1

E′

(
J2 − a2

r2
− (J − a)2R

r3

)
,
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1

E′ ≡
(
dr

dτ

)2

+ V [r],

V =
(r −R+)(r −R−)

r2
+

1

E′

(
J2 − a2

r2
− (J − a)2R

r3

)
. (8.80)

Once again, per unit mass, there is a constant energy on the left-hand

side of Eq. (8.80), and on the right-hand side a kinetic energy term and a

gravitational potential energy term ≡ V are present.

The calculations for the circular orbits are given below. At this point,

some of those results are used to have a qualitative look at V as shown

in Fig. 8.4. When there is a circular orbit, V = E′−1. Using R′ = R/2,

plots show V versus r/R′ for a/R′ = 0.8. The top plot uses E′−1 = 0.77

and J/R′ = 2.71, which produce a stable circular orbit with minimum

radial coordinate Rc/R
′ = 2.91. Note that the minimum just barely exists.

In the middle plot Rc/R
′ = 4, and the constants are E′−1 = 0.8 and

J/R′ = 2.8. Here, the minimum is clear. In the bottom plot, the constant

E′−1 = 0.81 has been changed slightly, while J has not been changed.

Due to this small change in E′−1, there is no longer a circular orbit, with

minimum at V = E′−1. For this case, the orbit is an ellipse with extreme

radial coordinates at r/R′ = (3, 5.5). Recall, in Chapter 6 the ellipses

were shown to be precessing. So qualitatively one sees how the potential

determines the bound orbits.

For circular motion with r = Rc, 0 = dr
dτ = dV

dr ,

E′ =
R2
c + (J − a)2R/Rc − (J2 − a2)

(Rc −R+)(Rc −R−)
, (8.81)

and

E′ = −3(J − a)2R/2− (J2 − a2)Rc
Rc(RRc/2− a2)

. (8.82)

In order to solve for Rc = f [a,R, J, E′], one must satisfy simultaneously a

cubic and a quadratic equation. I have not heard of such a solution.

If a = 0, the solution is trivial. Therefore, Eq. (8.82) becomes, with

J2/E′ = (U2)
2,

0 = R2
c −

2(U2)
2

R
Rc + 3(U2)

2,
(8.83)

Rc =
(U2)

2

R

(
1±

[
1− 3R2

(U2)2

]1/2)
,

(U2)
2 ≥ 3R2. (8.84)
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Fig. 8.4 Potential for direct orbits versus r/R′ for a/R′ = 0.8, where R′ = R/2. Top:
E′−1, J that yield the circular orbit with the minimum radial coordinate, Middle: E′−1, J

that yield a circular orbit with a larger radial coordinate, Bottom: E′−1 changed slightly
from the middle plot value, to give a bound, precessing elliptical orbit. Here, the extreme
radial coordinates are (3, 5.5)R′.
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This solution is available because two of the four parameters are eliminated.

Only a simple quadratic equation needs solving.

The condition for orbit stability is easily found,

d2V

dr2

∣∣∣∣
Rc

=
2(U2)

2

R4
c

(
1− 3R

Rc

)
≥ 0. (8.85)

So the orbit is stable if Rc ≥ 3R. This occurs if the positive sign is taken

in Eq. (8.83). The minimum stable, circular orbit occurs for,

(U2)
2 = 3R2, Rc(min) = 3R. (8.86)

This value for Rc(min) is twice the value of the photon circular orbit when

a = 0. If the negative sign is taken in Eq. (8.83), the minimum unstable,

circular orbit occurs for,

U2 → ∞, Rc(min) = 3R/2.

This is the same as for the photon minimum circular orbit. So here the

speed would approach unity. For stable orbits, Rc ≥ 3R, while for unstable

orbits, 3R/2 ≤ Rc < 3R.

However, for any a, if you assume a value for Rc has been found, then

solutions for J and E′ can be found. These lead to further progress. Equat-

ing (8.81) and (8.82) leads to a quadratic equation for J . It is convenient

to set Rc ≡ 1/u,

1 + (J − a)2Ru3 − (J2 − a2)u2

1 + a2u2 −Ru
= −u

3(J − a)2Ru/2− (J2 − a2)

(R/2− a2u)
,

0 = A′J2 +B′J + C′, where,

A′ = u[1− 2uR+ u2R2 − a2Ru3/2]),

B′ = au2R(3 + a2u2 − 2uR),

C′ = −(R/2)(1 + 2u2a2 − 2u3a2R+ u4a4),

J = −au2R/2(3 + a2u2 − 2uR)∓ (uR/2)1/2(1 + a2u2 − uR)

u[1− 2uR+ u2R2 − a2u3R/2]

= −auR/2(3+ a2u2 − 2uR)∓ (R/[2u])1/2(1 + a2u2 − uR)

(1−Ru+ [a2u3R/2]1/2)(1 −Ru− [a2u3R/2]1/2)
. (8.87)

Once J is known, Eqs. (8.81) and (8.82) can be treated like a pair of

coupled equations. They can be appropriately combined to eliminate the J2
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terms, and allow one to solve for E′ in terms of J . Then one uses Eq. (8.67)

to get U0,

E′ =
(1− 3uR/2∓ 2[a2u3R/2]1/2)(1− uR± [a2u3R/2]1/2)2

(1 − 2uR+ u2R2 − a2u3R/2)2

=
(1− 3uR/2∓ 2[a2u3R/2]1/2)

(1− uR∓ [a2u3R/2]1/2)2
, (8.88)

−U0 =
1

E′1/2 =
1− uR∓ [a2u3R/2]1/2

(1− 3uR/2∓ 2[a2u3R/2]1/2)1/2
.

These results check with those of Chandrasekhar. His parameters are

E = E′−1/2 = −U0 and L = J/E′1/2 = U2. The easiest way to verify that

the above expressions are the same is start with his expression for L,

L =
J

E′1/2 = ∓
(
R

2u

)1/2
1 + a2u2 ± (a2u3R/2)1/2

(1− 3uR/2∓ 2[a2u3R/2]1/2)1/2
,

J = LE′1/2 = ∓
(
R

2u

)1/2
1 + a2u2 ± (a2u3R/2)1/2

1− uR∓ [a2u3R/2]1/2
(8.89)

= ∓
(
R

2u

)1/2
1 + a2u2 ± (a2u3R/2)1/2

1− uR∓ [a2u3R/2]1/2
1− uR± [a2u3R/2]1/2

1− uR± [a2u3R/2]1/2
.

The reader can confirm the above expression is identical to Eq. (8.87) by

multiplying out the numerator, and noting the denominator is the same.

One case of interest is that of marginally bound objects. They have no

radial velocity, when very far from the origin. Here E′−1 = V and from

Eq. (8.80) V = 1. The circular orbit radial coordinates Rcmb ≡ 1/u are

from Eq. (8.88):

[1− uR∓ (a2u3R/2)1/2]2 = 1− 3uR/2∓ 2(a2u3R/2)1/2.

Thus,

0 = (uR/2)[a2u2 + 2uR− 1± 4(a2u3R/2)1/2],

1 = a2u2 + 2uR± 4(a2u3R/2)1/2 = [au± 2(Ru/2)1/2]2,

±1 = au± 2(Ru/2)1/2,

2Ru = (±1− au)2 = 1∓ 2au+ a2u2,

u = [R± a± (R2 ± 2aR)1/2]/a2,
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Rcmb =
a2

R± a± (R2 ± 2aR)1/2
R± a∓ (R2 ± 2aR)1/2

R± a∓ (R2 ± 2aR)1/2

= R± a+ (R2 ± 2aR)1/2. (8.90)

The positive sign before the square root must be taken, or the radial coor-

dinate is inside or on the horizon.

It’s important to note that, for the remaining ± sign, the larger Rcmb

goes with the upper or plus sign, and thus must be for the retrograde

orbits. The smaller Rcmb goes with the lower or minus sign, and thus must

be for the direct orbits. This upper–lower convention must then hold in

Eqs. (8.87)–(8.89). Some specific results are as follows:

a = 0, Rcmb = 2R,

a = R/2, Rcmb = R/2 direct, R(3/2 + 21/2) retrograde.

Compare these results, with those obtained for photons, and massive par-

ticles with a = 0. Photons have the smallest radial coordinate and the

massive particles the largest. The direct orbits of marginally bound orbits

are in between. At a = R/2, all direct orbit radial coordinates are at R/2.

This will be shown below for the innermost, massive particle, stable, cir-

cular orbits. Thus, the graph of Rcmb as a function of a will be similar to

what is seen in Fig. 8.3, but above those curves. The innermost stable radial

coordinates of massive particles would be higher still. As Rcmb < Rc(min),

the minimally bound circular orbits are unstable. Forcing E′ = 1 is the

culprit.

The innermost stable radial coordinate of a massive particle occurs

when

dE′−1

du
= − 1

E′2
dE′

du
= 0.

For the case a = 0, Eq. (8.82) yields

E′ → 2J2u

R

(
1− 3Ru

2

)
,

0 =
dE′

du
= 1− 3Ru,

Rc(min) = 1/u = 3R,
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the expected result. In the general case, Eq. (8.88) yields

0 =
dE′−1

du
= 1− 3Ru− 3a2u2 ∓ 8a(R/2)1/2u3/2.

This equation can be put in standard form using u = 1/Rc(min), x =

Rc(min)/(R/2), and σ = a/(R/2). Then,

0 = x2 − 6x∓ 8σx1/2 − 3σ2. (8.91)

When σ = 1, the solution for the direct orbit case is x = 1, as expected.

When σ = 0, the solution is x = 6, as expected. Equation (8.91) has an ana-

lytic solution, see https://duetosymmetry.com/tool/kerr-isco-calculator/,

f ≡ 1 + (1 − σ2)1/3[(1 + σ)1/3 + (1− σ)1/3],

g ≡ (3σ2 + f2)1/2, (8.92)

x = 3 + g ± [(3 − f)(3 + f + 2g)]1/2.

Rather than analytically check that Eq. (8.92) is the solution to Eq. (8.91),

a numerical evaluation with Mathematica indicates that the value of the

latter is everywhere less than 10−11, when the former is used for x.

The result for x yields the innermost radial coordinate for any a. Note

that the upper sign yields the larger innermost Rc. It represents retrograde

orbits, where the frame-drag is not so potent. The lower sign yields the

smaller innermost Rc. It represents direct circular orbits, where frame-drag

is strong. Once Rc(min) is determined, E′, J , and d2V
dr2 can be calculated.

As for stability, Mathematica indicates,

d2V

dr2
|r=Rc(min) > 0,

everywhere, for both direct and retrograde orbits. So V is a minimum and

the orbits are stable.

8.5.3 General Geodesics

The general geodesics for photons can be viewed schematically using

Eq. (8.70). Very interesting orbits occur when J = Jc, the value allow-

ing circular orbits of r = Rc, and the light starts towards the black hole

from r > Rc. Equation (8.70) can be rewritten with the aid of Eq. (8.76),



July 27, 2020 12:53 General Relativity: A First Examination. . . 9in x 6in b3923-ch08 page 176

176 General Relativity: A First Examination

to transparently show the importance of Rc,

±dφ

dr
= −−Jc + (2R′/r)(Jc − a)

(r −R+)(r −R−)
1

[1 + (2R′/r3)(Jc − a)2 − (J2
c − a2)/r2]1/2

=
Rc
3

−3Jc/Rc + 2(Jc + a)/r

(r −R+)(r −R−)

× 1

R′1/2(Jc − a)[2/r3 − 3/Rc/r2 + ((Jc − a)2R′)−1]1/2

=
Rc
3

−3Jc/Rc + 2(Jc + a)/r

(r −R+)(r −R−)

× 1

R′1/2(Jc − a)[2/r3 − 3/Rc/r2 + 1/R3
c ]

1/2

=
Rc
3

−3Jc/Rc + 2(Jc + a)/r

(r −R+)(r −R−)

× 1

R′1/2(Jc − a)(2/r + 1/Rc)1/2(1/r − 1/Rc)

=
R′1/2

(Jc + a)

−3Jc/Rc + 2(Jc + a)/r

(r −R+)(r −R−)
1

(2/r + 1/Rc)1/2(1/r − 1/Rc)
.

(8.93)

In Figs. 8.5 and 8.6, a = ±0.4R is used, in order to check these results

with those of Chandrasekhar. In Fig. 8.6, the orbits are sketched. Note, the

circles are not drawn to scale, so the photon path is more clearly shown. The

spin of the black hole points out of the page. In order to start the direct,

retrograde orbit in the same (counter clockwise), opposite (clockwise) sense

as the spin, the derivatives, ± dφ
dr , shown to scale in Fig. 8.5, require opposite

signs. The magnitude of the derivative becomes infinite as r → Rc from

outside. It spends an indeterminate amount of time moving in this circle

and the horizon circles, but some instability will force the orbit to smaller

r and eventually to the singularity.

In the case of direct motion, the derivative doesn’t change sign as Rc
is traversed. The light travel continues in the same sense. The derivative

decreases in magnitude, and then increases to infinite magnitude, when

r → R+. So the direct photon goes around the horizon, in the same sense

as the spin, as you would expect from frame-drag.

Punching through R+, the derivative discontinuously changes sign, and

decreases in magnitude. It passes through zero, where it continuously
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Fig. 8.5 Photon direct (upper) and retrograde (lower) orbit derivatives ±R′ dφ
dr

for a =
0.8R′, R′ = R/2. Other parameters are listed in Fig. 8.6. The opposite signs have been
used to start the orbits direct (counter clockwise), retrograde (clockwise), in the same,
opposite sense as the black hole spin. The photon approaches from r > Rc.

changes sign. It becomes infinitely large as R− is approached, and so goes

around in the same sense as the spin. On punching through R−, the deriva-
tive discontinuously changes sign for the final time. It then decreases in

magnitude as the singularity is approached.

For retrograde motion, the derivative magnitude decreases rapidly as

Rc is traversed. It crosses zero, continuously changes sign, and increases as
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Fig. 8.6 Photon orbit sketch for a = 0.8R′, R′ = R/2. The circles are not drawn to
scale to clearly show the photon path. The inner two circles are the horizons R(−,+) =
(0.4, 1.6)R′. The spin of the black hole points out of the page. The dashed, direct orbit is
started in the same sense as the spin, with J = Jc = 3.237R′. This yields Rc = 1.811R′,
the third circle from the center. The solid, retrograde orbit is started in the opposite
sense as the spin, with J = Jc = 6.662R′. This yields Rc = 3.819R′, the biggest circle.
The photon approaches from r > Rc.

R+ is approached. It goes around the horizon in the same sense as the spin.

This shows the influence of frame-drag, which is extremely strong at the

horizon. Once sucked inside R+, the sign of the derivative discontinuously

changes, and the magnitude decreases. It then increases to infinity, as R− is

approached. Traversing R−, there is a last discontinuous sign change, and

the magnitude decreases, as the light proceeds to the singularity.

This very odd behavior for light is predicted by the GR equations. At

first, it seems non-scientific, as it cannot be tested. Orbiting photons can’t

be observed. However, in principle it could be tested. The photon’s energy

gives rise to a gravitational effect.

The interested reader may enjoy seeing what orbits occur when

Eq. (8.70), with different parameters, is input to Mathematica. Once a

figure like Fig. 8.5 is obtained, the orbit can be sketched. Of course, the

option for numerical integration always exits, but the above procedure is
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relatively simple. The same games can be played with massive particles

using Eq. (8.69).

8.6 An Interstellar Example

The movie “Interstellar” illustrates some wonderful effects concerning GR

and black holes. One such effect, showing a distinct difference between a

spinning, and a static black hole, is discussed. Astronauts, from a dying

earth, punch through a worm hole. They find themselves in a different

part of the universe, that otherwise is unreachable, due to the large proper

distance from earth. They explore the planets of a solar system, whose star

is a huge rotating black hole, aptly named Gargantua. They hope to find

a planet that can serve as a new home. One planet is in the minimum,

stable, circular orbit, almost as close as possible to the event horizon. This

is possible because Gargantua is rotating extremely close to its maximum

value a = (1− 1.3× 10−14)R/2 (Thorne, 2014). An enormous time dilation

factor of ≈ 6× 104, as required by the movie director, is experienced. The

pilot astronaut spends a short time — hour(s) — on the planet, and after

the entire trip, has hardly aged. However, when he returns to earth, he finds

the young daughter he left behind, is now a very elderly woman.

This example shows how such phenomena can be possible with a spin-

ning, but not a static black hole. The radial coordinate of the planet’s stable

circular orbit is r = Rc(min). In Section 8.5, the following was found:

Rc(min) =

{
3R, a = 0,

R/2, a = R/2.

Thus, for a static black hole, Eqs. (8.65)–(8.67) and (8.88) yield

1

E′1/2 =

(
8

9

)1/2

,

dt

dτ
=

3

2

(
8

9

)1/2

= 1.4.

The time period dt is that read on a faraway at-rest clock, and dτ is the

time period on a clock attached to the planet. So from a static black hole,

a time dilation factor at most 1.4 is possible.

In Gargantua’s case, you might expect a larger time dilation. The radial

coordinate of the event horizon is half, what it would be, in the static case.

However, a time dilation factor of 6×104 is truly impressive. The innermost,
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stable circular orbit solutions come from solving Eq. (8.91) and Eq. (8.92)

is the exact solution. The exact solution could be evaluated with Mathe-

matica, but it isn’t very instructive. Chandrasekhar quotes, unfortunately

without proof, the following result:

Rc(min) = (1 + (4δ)1/3)R/2, when a =
R

2
(1− δ) , δ → 0.

Here the proof is indicated. Start with Eq. (8.91), and note x =

Rc(min)/(R/2) and σ = a/(R/2). If a = (R/2)(1 − δ), then x = 1 + ε,

ε → 0. So the differential equation to solve for the direct case is

0 = (1 + ε)2 − 6(1 + ε) + 8(1− δ)(1 + ε)1/2 − 3(1− δ)2.

Now expand (1 + ε)1/2 for very small ε. Given Chandrasekhar’s solution,

the expansion should go, at least, to the third order. Thus,

0 = 1 + 2ε+ ε2 − 6(1 + ε) + 8(1− δ)(1 + ε/2− ε2/8 + ε3/16)− 3(1− 2δ)

= (1− 6 + 8− 3) + ε(2− 6 + 4) + ε2(1− 1) + ε3/2

+ δ(−8 + 6− 4ε+ ε2 − ε3/2)

≈ ε3/2− 2δ, thus ε = (4δ)1/3.

Obviously expansion beyond third order can be neglected. This yields

Rc(min) = (1 + (4δ)1/3)R/2.

If one now uses δ = 1.3× 10−14, the Thorne value, the following results are

obtained:

Rc(min) = 0.500019R, E, L = 0.577372× (1, R),
dt

dτ
= 61874.

So the movie illustrates a valid scientific effect. The radial coordinate of

the planet is extremely close to that of the horizon. However, the calculation

of the proper distance from the horizon, left as a problem, indicates it isn’t

as close to the horizon as you might think. The curvature of space is very

large in this region.

Problems

1. A massive, spherically symmetric star goes supernova. The remains of

the star are a mass three times that of the sun M ′ = 3Ms that will col-

lapse radially to a static black hole. If the remains start with a surface
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radial coordinate twice that of the sun r = 2Rs, what is R/r, where R

is the Schwarzschild radius? The surface starts its collapse from rest. As

the star collapses, excited 4He atoms at the surface emit radially, pho-

tons of characteristic frequency ν′, while the atoms continue to freely

fall with the rest of the star. What frequency ν will be observed by

a stationary observer at 2Rs in terms of the photon emission radial

coordinate r? When the collapse goes through R show that the pho-

tons are red shifted to the extreme. As a hint, recall Eqs. (2.27), (2.28),

and (6.2)–(6.6).

2. Other metrics can be used to illustrate that light cannot escape from a

singularity. The following metric from the element of proper time will

also do the trick,

(dτ)2 = (1−M ′/r)2(dt)2 − (1−M ′/r)−2(dr)2

− r2((dθ)2 + sin2 θ(dφ)2).

There are singularities at r = M ′ and r = 0. Change coordinates to

(v, r, θ, φ) with the transformation, t = v − f(r), so that grr = 0. Then

the singularity at r = M ′ is removed. Find f,r, the new metric, and f

such that v = 0 at r = t = 0. Does this metric describe a black hole?

That is, can light originating at r < M ′ get to r > M ′ while light

originating at r > M ′ can get to both r < M ′ and r = ∞.

3. A particle crosses the event horizon r = R of a Schwarzschild black

hole. What is the maximum proper time to get to the singularity at

r = 0? Suppose the particle starts from rest at r = 5R. How much

proper time passes before it reaches r = R?

4. In Problem 3, the proper time for travel to the horizon of the black

hole is finite. Here, the time t on a clock of a faraway at-rest observer

is considered. Take a particle at rest far from the black hole so that

E′ ≈ 1. Calculate how long it takes to get to the horizon of the black

hole?

5. Show Eqs. (8.8) and (8.9) lead to Eqs. (8.10)–(8.12).

6. Compare the ratios of the radial coordinates and areas of the horizon

of a static Schwarzschild black hole to a rotating black hole.

7. For the static Schwarzschild black hole, a solution θ = π/2 is possible.

Write out the equation of motion for the coordinate θ, and show it also

is a solution for a rotating black hole?

8. Suppose the orbit of the GP-B gyroscopes was about the equator

instead of about the poles, and their orbital angular momentum was
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in the same direction as the earth’s angular momentum. Calculate the

magnitudes and directions of the geodetic and frame-drag precessions.

You should find something interesting for the frame-drag precession.

Have you any explanation? That is found in Schiff (1960). Explain why

a polar orbit is better for the experimenters.

9. Suppose a black hole has maximum spin a = R/2. A massive particle

with θ = π/2 is released from rest at r = 5R. What is dφ
dt and dr

dt at the

outer edge of the ergosphere and at the horizon?

10. What is R for the black hole in M87 using its given mass? Do you think

a is similar to that of Gargantua or close to the static value? Explain

and obtain an estimate for a.

11. Suppose the black hole in M87 was Gargantua and suppose you were

on the planet in the closest, stable, circular orbit. The planet is not as

close to Gargantua as its radial coordinate implies. What is the proper

distance to the horizon? What angle is subtended between Gargantua’s

center and horizon? Compare this with the angle subtended between

the sun’s center and its radial edge, as seen from earth. Try to visualize

what the view of the sky would be, since you know what the view of the

sun is from earth. Gargantua didn’t look this big in the movie because

the director wanted a different visual effect.
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Cosmology

9.1 Robertson–Walker Metric

There are a large number of particles that group into various structures in

the universe. In order to make headway, the cosmological principle is used.

This principle states that no position is favored, or every observer’s view

is the same. At first this seems crazy. Our position is certain to give a view

of the solar system that is different from that of the sun or another star. So

the proviso, when averaged over a large enough distance≈ 109 pc, is added

to the principle. Such a distance includes many galaxy clusters. On this

scale, as shown in Fig. 9.1, the universe is spherically symmetric about any

point or is isotropic, and looks the same in all directions or is homogeneous.

Also when a faraway source is observed, the observer is looking back in time

because the radiation travels with finite velocity.

The best model of the universe has it starting in a hot, dense state

about 13.8 Bya. It has since been expanding and thus cooling, review Prob-

lem 2.15. There is a relic signal from the past, from about 0.37 My after the

start, called the cosmic microwave background (CMB). This background,

observed in all directions, yields the most ideal Planck black-body spec-

trum yet found. The CMB originates from the time when the radiation was

much hotter, but still cool enough so that atoms could form. At that point,

the electrons could no longer scatter the radiation. The universe became

transparent to the CMB photons, and they too cooled with the univer-

sal expansion. The decreasing temperature is a scalar providing a time

183
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Fig. 9.1 Views of the universe at various distance scales. At the largest scale, the universe appears homogeneous and isotropic.
Credit: Andrew Z. Colvin.
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Fig. 9.2 The COBE (2015) Project CMB data compared with a Planck spectrum.

marker for the expansion. In Fig. 9.2, the results of the COBE experiment,

available at COBE (2015), is compared with a Planck spectrum. A sum-

mary of all the data (Fixsen, 2009) shows that a T = 2.726K spectrum is

observed everywhere you look and substantiates a homogeneous, isotropic

universe. The theoretical prediction is wider than the error bars on the

data points. The COBE, WMAP (2015) and PLANCK (2015) experiments

have observed subtle structure in different directions of the sky, on a much

finer temperature scale ≈ 10−5K. This structure is thought to be due to

random fluctuations in the extremely young universe, and led to formation

of structures observed today.

Experiments are carried out and they yield gμν(x
χ), Tμν(x

χ). A different

coordinate system xχ
′
is considered equivalent if all of universal history

appears the same when expressed in terms of these coordinates. That is,

at any place and time, expressed in terms of Xχ, the relations between the

two systems are as follows:

gμν(X
χ) = gμ′ν′(Xχ),

Tμν(X
χ) = Tμ′ν′(Xχ).
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Then as cosmic time has been determined from a scalar, that scalar is only

a function of time,

S(x0) = S(x0′),

x0 = x0′ .

So all “good” coordinate systems use the same “cosmic” time. These

assumptions allow a suitable metric to be obtained.

The expanding universe or cause of the decrease in the universal black-

body temperature requires a time-dependent metric of the form,

dτ2 ≡ dt2 −Q2Cijdx
idxj , Q = Q[t]. (9.1)

Here, �r = xiêi, d�r = dxiêi, and the scale factor Q is only a function of cos-

mic time. Since there is no preferred direction, g0i = 0 and g00 = −1 because

cosmic time is the same for all observers. The quantity Cij is required to

make the universe spherically symmetric and seen to be the same if one

translates from one origin to any other. The following, with rp = (r)p, is

the simplest form that will do the trick,

Cijdx
idxj = ηijdx

idxj +
k(ηmnx

mdxn)2

1− kηstxsxt
= d�r · d�r + k(�r · d�r)2

1− k�r · �r ,

d�r · d�r = (dr)2 + r2((dθ)2 + sin2 θ(dφ)2), �r · d�r = rdr,

(9.2)

Cijdx
idxj =

(dr)2

1− kr2
+ r2((dθ)2 + sin2 θ(dφ)2). (9.3)

It is clear that any other coordinate system that is just a rotation of coor-

dinates will give the same form because the metric is expressed in scalar

products. The curvature constant k is needed to account for a possible,

flat, open, or closed universe. The scale factor Q allows for a universe that

evolves in time.

This equation yields the Robertson–Walker metric (Robertson, 1935;

Walker, 1936). It will soon be seen that the curvature constant k can take

on only the values (1, 0,−1). The quasi-translation below takes the origin

to �a. It is just an ordinary translation if k = 0, and it is obvious that in

this case Cijdx
idxj and Ci′j′dx

i′dxj
′
have the same form. However, this is

also true for the other values of k (see Problem 1):

xi
′
= xi + ai

[
(1− kr2)1/2 − (1 − (1− k(a)2)1/2)

�a · �r
(a)2

]
,

Ci′j′dx
i′dxj

′
= ηi′j′dx

i′dxj
′
+

kηl′m′xl
′
dxm

′

1− kηs′t′xs
′xt′

.

(9.4)
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The reason constant k can take on only one of the above three values is

because r and Q can be renormalized,

k > 0, choose r̄ = k1/2r, Q̄ = Qk−1/2,

(1− kr2)−1 = (1− r̄2)−1,

(dr)2 = k−1(dr̄)2,

dτ2 = dt2 − Q̄2

[
(dr̄)2

1− r̄2
+ r̄2((dθ)2 + sin2 θ(dφ)2)

]
,

k < 0, choose r̄ = |k|1/2r, Q̄ = Q|k|−1/2,

(1− kr2)−1 = (1 + |k|r2)−1 = (1 + r̄2)−1,

(dr)2 = |k|−1(dr̄)2,

dτ2 = dt2 − Q̄2

[
(dr̄)2

1 + r̄2
+ r̄2((dθ)2 + sin2 θ(dφ)2)

]
.

So from now on the bars over r and Q can be dropped.

To get an idea of how the curvature is affected by k, consider the three

possible cases. When k = 0, the quasi-translation becomes an ordinary

translation so that the universe is flat. For other values of k, the metric is

diagonal, so the determinant of the metric and the invariant volume element

are as follows:

(−det(gμν))
1/2 = Q3 r2

(1− kr2)1/2
sin θ,

d4V = Q3dt
r2

(1− kr2)1/2
dr sin θdθdφ.

If k = 1, choose sinu = r,

u = sin−1 r,

du = (1− r2)−1/2dr,

d4V = Q3dt sin2 udu sin θdθdφ.

As u increases, it increases faster than sinu. So, for large u, the areas of

spheres do not increase as fast as in a flat universe. Such a universe is closed.

If k = −1, choose sinhu = r,

u = sinh−1 r,

du = (1 + r2)−1/2dr,

d4V = Q3dt sinh2 udu sin θdθdφ.



July 27, 2020 12:53 General Relativity: A First Examination. . . 9in x 6in b3923-ch09 page 188

188 General Relativity: A First Examination

As u increases, it increases slower than sinhu. So, for large u, the areas of

spheres increase faster as compared to a flat universe. Such a universe is

open.

The problem of cosmology is to find Q(t) and k. The sections that follow

indicate what observations are made and what they lead to. It turns out

that k = 0, but for historical reasons and to indicate what cosmologists had

to go through, it will be written as k for awhile longer.

9.2 The Red Shift

As elements are de-excited they emit characteristic photons, the line spec-

tra of the elements. By comparing light from distant sources with what is

observed in the laboratory, it is found that the characteristic wavelengths

are always shifted to the red in very distant sources, and the farther away,

the more the shift. This doesn’t work for close objects like the Andromeda

galaxy at a distance of ≈2.6× 106 ly. Local gravitational effects and other

local motion mask the expanding universe effect. This red shift is different

from that encountered in Chapter 5, where the light was emitted in stronger

or weaker gravity than the observed light.

Assume a light wave crest leaves a typical galaxy at radial coordinate

r = d when t = t1 and Q = Q1. The light travels in the −êr-direction

reaching us when t = t0 and Q = Q0. Many red shifts are observed at t0, so

the red shift is labeled by t1. The next crest leaves at t1 + δt1, and arrives

at t0 + δt0. During the small period of time between crests, Q is essentially

constant. As t increases, r decreases and the metric yields for dθ = dφ = 0,

0 = (dτ)2 = (dt)2 −Q2(dr)2(1 − kr2)−1,

dt/Q = −dr(1 − kr2)−1/2,∫ t0

t1

dt/Q = −
∫ 0

d

dr(1 − kr2)−1/2 = f(d),

f [d] = (sin−1 d, d, sinh−1 d), k = (1, 0,−1)

≈ d if d � 1 or k = 0, (9.5)∫ t0+δt0

t1+δt1

dt/Q = f(d) =

∫ t0

t1

dt/Q ≡
∫ t0

t1

dW [t], (9.6)

W [t0]−W [t1] = W [t0 + δt0]−W [t1 + δt1],

W [t0 + δt0]−W [t0] = W [t1 + δt1]−W [t1],
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δt0
dW [t]

dt
|t0 = δt1

dW [t]

dt
|t1 ,

δt0
Q0

=
δt1
Q1

, Q0,1 ≡ Q(t0), Q(t1).

The above equation leads to a simple relation between the frequencies

of the emitted and received radiation,

δt0
δt1

=
ν1
ν0

=
λ0

λ1
=

Q0

Q1
≡ 1 + z. (9.7)

If z > 0, then λ0/λ1 > 1, which is a red shift. If z < 0, then λ0/λ1 < 1,

which is a blue shift. If for faraway sources there is always a red shift, then

Q0/Q1 > 1 and the universe is expanding. This is what the observations

indicate, and z is called the red shift.

In elementary physics classes and indeed when SR was studied, one can

show such shifts find a natural interpretation in terms of the Doppler effect.

This is not strictly correct as frequencies are affected by the gravitational

field of the universe. It is approximately correct, as shown below, for close

in sources with small outward radial speeds. From Eq. (2.26), we have

ν1/ν0 = [(1 + v)/(1− v)]1/2 ≈ 1 + v = 1 + z, v = z.

The same result is obtained from Eq. (9.7). However, to relate that

result to v, the proper distance Lp to the light source is needed. For a light

source at radial coordinate d, Lp is given by the metric and Eq. (9.5),

Lp =

∫ d

0

(grr)
1/2dr = Q0

∫ d

0

dr(1 − kr2)−1/2 = Q0f(d) (9.8)

≈ Q0d if d � 1 or k = 0. (9.9)

In texts, the proper distance is also called distance now, proper motion

distance, co-moving distance, or co-moving radial distance. In this case,

the proper velocity of the source is as follows:

vp ≡ dLp
dt

= d
dQ

dt

∣∣∣∣
t0

≡ d
dQ0

dt
,

dQ0

dt
=

Q0 −Q1

t0 − t1
, t1 → t0,

vp
d

=
Q1

t0 − t1

[
Q0

Q1
− 1

]

=
Q1

t0 − t1
z ≈ Q0

t0 − t1
z =

Lp
t0 − t1

z

d
,

z ≈ vp.
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This is the same result as obtained using the Doppler shift. However, it

only works for close sources with Lp/(t0 − t1) ≈ c = 1, and the universal

expansion can be neglected.

In 1929, E. Hubble observed what he thought were faraway sources, as he

had no idea of the size of the universe. We now know they are rather close

in objects. He noticed that essentially all the sources showed red-shifted

light, indicating an expanding universe. He measured their non-relativistic

speeds from the red shift using the Doppler effect and also obtained an esti-

mate of the distances to the sources using Cepheid variable stars, discussed

below. The distances were severely overestimated because many of these

stars were very dim and part of their light output was scattered by cosmic

dust. The observed stars were so close that local motion was hiding the

universal expansion. Though his data had large spread, he inferred a linear

relation between velocity and distance z ≈ vp = Hd. This is the only such

relation that would be the same for all observers, independent of position,

as illustrated in Weinberg (1977, Fig. 1). These data gave the first value for

the Hubble parameter, at times mistakenly called the Hubble constant H .

He reasoned that if faraway objects were all rushing away from us, then at

Fig. 9.3 Modern replotting of Hubble’s 1929 Fig. 1 by Richard Pogge, The Ohio State
University, using the original data of Hubble (1929, Tables 1 and 2).
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an earlier time they must have been on top of each other. This allowed him

to arrive at an expansion age for the universe v = d/tH = Hd, tH = H−1.

The determined age was much lower than the current value, but indicated

that it was to be measured in billions of years. This announcement (Hubble,

1929) of a linear relationship between velocity and distance ignited the field.

Such measurements still continue with ever improving accuracy (Fig. 9.3).

9.3 Determining Distance

For very close stars, the distance can be determined by parallax. As the

earth orbits the sun, the star whose distance is to be measured, appears to

move against the background of seemingly fixed distant stars, as indicated

in Fig. 9.4. From the extreme wanderings that occur half a year apart, the

parallax angle p can be determined from the straight line light paths,

b/d‖ = b/d = tan p ≈ p, d‖ = b/p.

The origin is at the sun’s center, b = 1.496×1011m is the radial coordinate

of earth, and d is the radial coordinate of the star. In Newtonian physics,

these coordinates are the distances. This formula is good enough because

gravity is so weak, and only close stars are considered.

General Relativity (GR) requires taking gravity into consideration. The

light paths are geodesics as indicated by the dashed curve in Fig. 9.4. Follow-

ing the development of Weinberg (1972), light leaves the source at position
�d, and eventually reaches us. In the coordinate system xμ

′
, where the origin

is at the light source, the tip of the ray path is at �r ′ = n̂r′. Here n̂ is a

fixed unit vector and r′ is a parameter describing positions along the path.

In order to translate to the coordinate system in which the light source is

at �d and the origin is at the center of the sun, the quasi-translation Equa-

tion (9.4) must be used, so that the same metric holds for both observers.

For this case, use �a = �d and xi ↔ xi
′
. Thus,

�r (r′) = r′n̂+ �d

[(
1− kr′2

)1/2 − [1− (1− kd2)1/2]
r′n̂ · d̂

d

]
. (9.10)

Only light rays passing close to the origin are observed, so that n̂ must

nearly point in the −d̂-direction. Thus n̂ ≈ −d̂+�δ, where δ � 1 and d̂·�δ = 0.

In what follows, only first-order terms in δ are kept. In Fig. 9.4, it is the

small angle between the light path and −d̂ as measured in the xμ
′
system.
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Fig. 9.4 Parallax is the wandering of a close star against the background of fixed, distant
stars as the earth orbits the sun. From the extremes of the wanderings, the parallax angle

is determined and geometry yields the distance to the star.

If the relation for n̂ is inserted into Eq. (9.10), then

�r[r′] = r′(−d̂+ �δ) + �d

[
(1 − kr′2)1/2 − [1− (1− kd2)1/2]

−r′

d

]

= r′�δ + d̂

[
−r′ + d

(
(1− kr′2)1/2 − [1− (1− kd2)1/2]

−r′

d

)]

= r′�δ + d̂[d(1− kr′2)1/2 − r′(1− kd2)1/2]

≈ d�δ, at r′ = d.

It is seen that the light ray comes closest to the origin when r′ = d, as only

the very small vector �δ is involved.
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The impact parameter b is really the proper distance of the light from the

origin at this point. Use of the above equation, Eqs. (9.5), (9.6), and (9.8)

yield b = Q0dδ. Measurements of parallax amount to measurements of the

light direction as a function of b. The light ray has a direction, at this point,

given by the derivative of the above vector,

d�r(r′)
dr′

∣∣∣∣
d

= �δ + d̂[d[−kr′](1− kr′2)−1/2 − (1 − kd2)1/2]|d

= �δ + d̂(1− kd2)−1/2
[−kd2 − (1− kd2)

]
= �δ − d̂(1− kd2)−1/2,

�e ≡ −(1− kd2)1/2
d�r(r′)
dr′

∣∣∣∣
d

= d̂− (1− kd2)1/2�δ ≈ ê.

To first order in �δ, the observer’s line of sight at this point is in the direction

of �e. This direction is opposite the light ray direction at this point. Then

the angle between the line of sight and d̂ is, noting that the small angle

approximation holds,

p ≈ |ê− d̂| = (1 − kd2)1/2δ = b(1− kd2)1/2/(Q0d),
(9.11)

d‖ ≡ b/p = Q0d/(1− kd2)1/2 ≈ Q0d = Lp.

The above is an exact result if k = 0. From Euclidean geometry, a source at

distance d‖, with impact parameter b � d‖, has a parallax angle p = b/d‖.
The above expression is general. These distances can only be measured for

stars close to us. There d‖ is the proper distance to the star.

Take d‖ for the closest stars to be 4 ly, or 3.8×1016m. In this case,

p = 0.83′′. The best satellite telescope Hipparcos (HIPP, 2015) can measure

angles to a precision of 0.002′′. So individual stars up to about 1600 ly

can be measured by parallax. If you can measure lots of stars N in the

same vicinity, for example, a globular cluster or nearby galaxy, the error

can be beaten down by a factor N1/2. Millions of stars in the Magellanic

Clouds have been measured, so that parallax can reach there. The GAIA

experiment (Soszynski, 2012) hopes to reach a sensitivity of 20 × 10−6′′,
allowing stars tens of thousands of light years from earth to be measured

by parallax.

To go to larger distances, the comparison of absolute luminosity Lab
and apparent luminosity flux Lap is exploited, where absolute means the
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actual power output, and apparent is the measured power per unit area of

the observing mirror. Dividing by the area standardizes the observations

of different observers. Put the origin at the center of the observing mirror

instead the sun. Let the mirror have radius b, area A, and normal along

the line of sight. The light that reaches the mirror surface lies in a cone, in

the xμ
′
system, with half angle δ. The fractional solid angle of this cone is

ΔΩ/4π, where ΔΩ = πδ2 = π[b/(Q0d)]
2 = A/(Q0d)

2.

This quantity is the fraction of all isotropically emitted photons that

reach the mirror. It is just the inverse square law. However, due to the

red shift, each photon emitted with frequency ν = E/h, at Q1 is shifted

to a lower frequency ν(Q1/Q0) = ν/(1 + z), when observed at Q0. Also,

the photons that were emitted at time intervals δt1, are received at inter-

vals δt1Q0/Q1. Then the absolute luminosity is decreased on traveling the

requisite distance in all directions such that

dE

dt
(received) = Lab

(
Q1

Q0

)2
A

4πQ2
0d

2
,

Lap =
dE

dt
(received) /A =

LabQ
2
1

4πQ4
0d

2
≡ Lab

4πd2L
,

dL ≡
(

Lab
4πLap

)1/2

=
Q2

0d

Q1
(9.12)

= [Q0d]
Q0

Q1
= d‖ (1 + z) = Lp(1 + z). (9.13)

The apparent luminosity flux is decreased via the inverse square law,

from which the luminosity distance dL is defined, as in Euclidean geometry.

The luminosity distance is larger than the proper distance because after the

light is emitted the source and earth separate due to the expanding universe.

The light must travel a longer distance than just the proper distance when

it was emitted, and the light itself is red shifted. For objects with small

red shifts, this doesn’t amount to much. However, as we shall see, there are

many objects with large red shifts. For close objects z ≈ 0 and d‖ = dL. So

for sources that allow a parallax distance measurement, Lap leads to the

source’s Lab.

There are corrections that experimenters must apply. For example,

detectors are sensitive to only part of the electromagnetic spectrum. Some

light originally leaving the source is red shifted out of the sensitive region,

while other light is red shifted in. Corrections must be made for our rotation

about the Milky Way center and the absorption of light on its journey.
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Fig. 9.5 The absolute luminosity–period relation for Cepheid variable stars. The curves
indicate the trends of the data. Type II stars are metal rich and brighter than the metal
poor type I stars.

Once a large number of stars have their distances measured by par-

allax, their Lab is determined from Lap. Some stars are variable in their

luminosity. For example, Cepheid variables have periods of intensity vari-

ation that are closely linked to Lab. The trends in the data are shown in

Fig. 9.5. The observation of variable stars with this characteristic, in far-

away galaxies, gives their Lab from their period. Measurement of Lap yields

dL for the galaxy. Such observations get astronomers out beyond a number

of galaxy clusters. Along the way, the Lab of the brightest stars in galaxies

and brightest galaxies in clusters are obtained. Looking out to even farther-

away galaxies and clusters, it can be assumed that their brightest stars and

galaxies have the same Lab, and the distance to them is determined by Lap.

Nowadays, type 1 supernovae, that have no hydrogen lines in the visible

spectrum, are used as standard candles. Their Lab is calibrated from close

in explosions, and used for the most remote sources. They are standard
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candles because their explosions arise from the same cause. These rela-

tively rare sources were white dwarfs, supported from collapse by electron

degeneracy. The latter is a purely quantum effect due to the statistics of

identical fermions. They add mass by accretion from nearby objects until

carbon fusion is ignited, and the star blows up. It emits as much visible

energy as the entire galaxy for a very short time. Their observation gets

us out to Bly distances. The WWW has many figures for visualizing the

topics in this section.

9.4 Red Shift Versus Distance Relation

Return to the conditions of Section 9.2 where the red shift was defined.

An expansion of Q about t0 can provide a relation for z in terms of the

radiation travel time u1 ≡ t0 − t1 or the luminosity distance dL. Assume,

the expansion can neglect terms of third order or higher, in the expansion

variable u = t0 − t,

Q = Q0 − u
dQ0

dt
+

u2

2

d2Q0

dt2
,

d2Q0

dt2
≡ d2Q

dt2

∣∣∣∣
t0

= Q0

[
1− u

Q0

dQ0

dt
+

u2

2Q0

d2Q0

dt2

]

≡ Q0

[
1−H0u− q0H

2
0u

2/2
]
. (9.14)

In the above equation,

H =
1

Q

dQ

dt
, −q =

1

H2Q

d2Q

dt2
= 1 +

1

H2

dH

dt
, (9.15)

where H is the Hubble parameter with present value H0 and −q is the

acceleration parameter with present value −q0.

Evaluate Eq. (9.14) at time t1, where u = u1, and find the relation

between the travel time and red shift,

1 =
Q0

Q1

[
1−H0u1 −H2

0q0u
2
1/2
]

= (1 + z)
[
1−H0u1 −H2

0q0u
2
1/2
]
,

z =
H0u1 +H2

0q0u
2
1/2

1−H0u1 −H2
0q0u

2
1/2

≈ [H0u1 +H2
0q0u

2
1/2
]
[1 +H0u1]

≈ H0u1 +H2
0u

2
1(1 + q0/2).
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This is a quadratic equation that is easily solved for u1,

u1 =
−H0 +H0 [1 + 4z(1 + q0/2)]

1/2

2H2
0 (1 + q0/2)

= −H0
1− (1 + 2z(1 + q0/2)− [4z(1 + q0/2)]

2/8)

2H2
0 (1 + q0/2)

=
z

H0
[1− z(1 + q0/2)]. (9.16)

The relation between dL and z comes from Eq. (9.6) with f(d) = d and

from Eqs. (9.13)–(9.16). Since du = −dt,

d =

∫ t0

t1

dt/Q = Q−1
0

∫ t0

t1

dt
[
1−H0u−H2

0q0u
2/2
]−1

,

Q0d ≈ −
∫ 0

u1

du
[
1 +H0u+ q0H

2
0u

2/2 +H2
0u

2
]

=

∫ u1

0

du
[
1 +H0u+ (1 + q0/2)H

2
0u

2
] ≈ u1(1 +H0u1/2)

=
z

H0
[1− z(1 + q0/2)] [1 + z (1− z(1 + q0/2)) /2]

≈ z

H0
[1− z(1 + q0)/2] ,

dL = Q0d (1 + z) =
z (1 + z)

H0
[1− z(1 + q0)/2]

≈ z

H0
[1 + z(1− q0)/2] . (9.17)

To lowest order in z, the above is the Hubble relation z = H0dL. So the

program is to measure z and dL as accurately as possible, for many objects,

to determine H0 and q0. To measure the latter you need to measure at very

large distances where z > 0.5. Here, type 1 supernovae serve as standard

candles. A number of them, at various dL, are needed to determine the shape

of the curve. For H0, objects with 0.05 ≤ z ≤ 0.1 are needed, to confirm

the approximate linearity of the dL versus z relation. For smaller red shifts,

you could be measuring a local velocity rather than the universal expansion.

Even for the Virgo cluster, that was beyond Hubble’s reach, dL ≈ 16.5 Mpc

and z ≈ 0.04.
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Fig. 9.6 Supernova data for red shift versus luminosity distance indicate that the uni-
verse is undergoing an accelerating expansion (see text).

A sample of the modern data is schematically shown in Fig. 9.6. Hubble’s

data region is a very small area near the origin. The two groups providing

the data are the HighZ Supernova Search Team (Riess, 1998), and the

Supernova Cosmology Project (Perlmutter, 1999). The data are shown

schematically as rectangular bands, and especially at the highest red shift

values, indicate that a straight line fit fails. An accelerating expansion is a

better explanation. The data are fit to Robertson–Walker dynamic models

for the matter and dark energy densities as discussed below in Section 9.6.

The analysis from the PLANCK Collaboration (2015) yields the following:

H0 = (67.8± 1.7%) km s−1 Mpc−1, (9.18)

tH0 = H−1
0 = (14.4± 1.7%)× 109 y, (9.19)

q0 ≈ −0.54. (9.20)
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The result for q0 is based on a calculation using the best fits for the

matter and dark energy densities (see Problem 12). However, just fitting

would have found −q0 > 0. Thus d2Q0

dt2 > 0. The expansion is accelerating.

The universe is open and will expand forever. As shall be seen, a way

to explain this in GR is to keep a nonzero cosmological constant Λ in

Eq. (5.9). The contribution from the cosmological constant is a form of non-

understood “dark” energy that provides a negative pressure. In a younger

universe, dark energy was not so important, however, it has now taken

over.

This leads to a note worthy item. The proper velocity vp = ddQdt is going

to get larger and larger as time increases. A future observer may see vp > 1.

This doesn’t conflict with relativity. The photons emitted by an object still

have c = 1, however, space is being created between objects. This is absent

from relativity theory, and that’s what’s making vp > 1.

9.5 Fluids

In order to solve Einstein’s equation (5.9), the energy–momentum ten-

sor Tμν is needed. Also, even though gravity is weak, GR is required.

For example, if the universe had a uniform mass density ρ̄, the quantity

M/r = 4πρ̄r2/3 > 1, at some r. In order to make headway, the many bod-

ies making up the universe are subject to a simplifying assumption, namely

that they constitute a perfect fluid. Then an momentum–energy tensor,

that makes testable predictions, can be obtained.

In the SR frame O where all the particles are at rest the fluid is called

dust. In this frame, the number density of dust particles is N/V = nm−3.

In another SR frame O′, where the particles are moving with velocity �v ′,
the volume element is contracted by a factor 1/γ = (1 − |�v′|2)1/2. In O′

n′ = γn.

The flux of particles across a surface is the number crossing the surface

in the direction of the normal to the surface per unit area per unit time.

Thus, all particles within a distance vī
′
Δt′ of the surface, where vī

′
is the

speed in the normal direction and within area ΔA that defines the size of

the surface, will cross the surface in time period Δt′,

f = (n′vī
′
Δt′ΔA)/(Δt′ΔA)

= γnvī
′
.
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Note that the vector N μ̄′
= nU μ̄′

combines both the flux and number

density,

N 0̄′ = nU 0̄′ = γn,

N ī′ = nU ī′ = γnvī
′
,

N μ̄′
Nμ̄′ = γ2n2(−1 + (v′)2) = −n2. (9.21)

This result shows that n is an invariant, just as a particle’s momentum

vector Pμ = mUμ, yields PμPμ = −m2 for the particle’s invariant rest

mass.

In frame O, the energy of each particle is just the rest energy. If all

the particles had the same rest mass m, the total energy density would be

ρ = nm. In the frame O′, the energy would be m increased by a factor

γ. The number density would be similarly increased, thus ρ′ = γ2ρ. The

energy–momentum tensor is the mathematical way to express these things,

T μ̄
′ν̄′

= P μ̄
′
N ν̄′

= ρU μ̄′
U ν̄′

. (9.22)

It’s obvious that this tensor is symmetric and its divergence is zero. Physi-

cally, it represents the flux of P μ̄
′
across a surface of constant xν̄

′
.

For example, dust has only one nonzero element T 0̄0̄ = ρ. Using

Eqs. (1.9)–(1.11) and (2.10), the tensor in O′ is as follows:

T μ̄
′ν̄′

= xμ̄
′
,0̄ x

ν̄′
,0̄ ρ,

T 0̄′0̄′ = x0̄′ ,0̄ x
0̄′ ,0̄ ρ = γ2ρ,

T 0̄′ ī′ = x0̄′ ,0̄ x
ī′ ,0̄ ρ = γ2ρvī

′
,

T ī
′ j̄′ = xī

′
,0̄ x

j̄′ ,0̄ ρ = γ2ρvī
′
vj̄

′
.

The element T ī
′ j̄′ being a momentum density change across a surface is

proportional to the force on the surface. In a liquid, this is equivalent to

the pressure p = Energy/Volume=Force/Area.

To get to the properties of a perfect fluid, consider a general fluid and its

thermodynamic properties. In this case, one can consider the rest frame of

each fluid element. This is the element’s momentarily co-moving reference

frame (MCRF). Since fluids can be accelerated, this frame may not remain

the MCRF at all times. Other elements have different MCRF’s. In this

frame, there is no bulk flow and no spatial momentum in the particles. All

scalar quantities associated with a fluid element are defined to be the values

in the MCRF. These include: rest energy Nm, rest energy density mn, total
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energy density ρ, number density n, internal energy per particle ρ/n−m,

temperature T , pressure p, and entropy per particle S. In addition, there

are the vectors U μ̄ and N μ̄.

In the element’s MCRF energy E can be exchanged by the fluid absorb-

ing or emitting heat ±dQ, and by doing work or by having work done on it

±dW = ±pdV . When this is allowed, other elements of T μν become finite.

For example, the first law of thermodynamics yields, for an element with

N particles,

dE = dQ− pdV,

V = N/n, dV = −Ndn/n2,

E = ρV, dE = V dρ+ ρdV,

dQ = V dρ+ ρdV + pdV

=
N

n

(
dρ− (ρ+ p)

dn

n

)
,

dq ≡ dQ/N,

ndq = dρ− (ρ+ p)
dn

n
= nTdS,

(9.23)

where T is the temperature in K(elvin) and S is the entropy per particle.

For the energy–momentum tensor this means T 0̄0̄ = ρ, the energy den-

sity. Since none of the particles in the element have spatial momentum, the

energy flux T 0̄̄i is a heat conduction term as is T ī0̄. In the case of a perfect

fluid, there is no heat conduction in the MCRF, so that T 0̄̄i = T ī0̄ = 0.

Viscosity is a force parallel to the interface between elements. Its absence,

in a perfect fluid, means that the force is perpendicular to the interface and

T īj̄ = 0, ī �= j̄. This makes the energy–momentum tensor for a perfect fluid

diagonal. Also there is no preferred direction so all T ī̄i have the same value.

This feature will be preserved for the fluid as a whole as it is true for each

element,

T 0̄0̄ = ρ,

T ī̄i = p, thus, (9.24)

T μ̄ν̄ = (ρ+ p)U μ̄U ν̄ + pημ̄ν̄ , U ī = 0.

In the above equation, U ī → 0 because no direction is preferred. The above

equation is a tensor equation and is the equation in a locally inertial frame.
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For GR in general,

T μν = (ρ+ p)UμUν + pgμν , U i = 0. (9.25)

As previously discussed, this tensor and the vector that forms it have zero

divergence,

T νμ;μ = 0 (9.26)

Uμ;μ = Nμ;μ= 0. (9.27)

9.6 Robertson–Walker Einstein Dynamics

The nonzero C symbols, Ricci tensor and scalar, and Einstein tensor for

the Robertson–Walker metric were evaluated in Problems 4.7 and 4.8. The

following results were obtained for the C symbols,

Γ0
ii = gii

1

Q

dQ

dt
, Γi0i =

1

Q

dQ

dt
,

Γrrr =
kr

1− kr2
, sin2 θΓrθθ = −r

(
1− kr2

)
sin2 θ = Γrφφ, (9.28)

Γθθr = r−1, Γθφφ = − sin θ cos θ, Γφφr = r−1, Γφφθ = cot θ.

These allowed the calculation of the Ricci tensor and scalar,

R00 = = −3
1

Q

d2Q

dt2
= R00,

Rii = gii
1

Q2

[
2

(
k +

(
dQ

dt

)2
)

+Q
d2Q

dt2

]
= g2iiR

ii = giiR
ii/gii, (9.29)

R = gμνRμν = gμμRμμ = 6
1

Q2

[
Q
d2Q

dt2
+

(
dQ

dt

)2

+ k

]
,

and the Einstein tensor elements,

Gμν = Rμν − gμνR/2, Gμν = Rμν − gμνR/2,

G00 = 3
1

Q2

[(
dQ

dt

)2

+ k

]
, (9.30)

Gii = −gii
1

Q2

[
2Q

d2Q

dt2
+

(
dQ

dt

)2

+ k

]
.
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The Einstein equation for the 00 element is as follows:

G00 + Λg00 = 8πT 00 = 8π
[
(ρ+ p)U0U0 + pg00

]
,

G00 = 8π

[
(ρ+ p)U0U0 + pg00 − Λ

8π
g00
]
.

Writing the cosmological constant term in the form of a perfect fluid is

revealing,

G00 ≡ 8π
[
(ρ+ p)U0U0 + pg00 + (ρΛ + pΛ)U

0U0 + pΛg
00
]
,

ρΛ + pΛ = 0, pΛ = − Λ

8π
= −ρΛ, (9.31)

G00 = 8π [ρ+ ρΛ] .

In these equations, ρ is the energy density due to matter and radiation, so

that ρ = ρR + ρM , and p is the ordinary pressure associated with these

energies. They can only be functions of time. However, positive Λ yields a

positive “dark energy density” and a negative “dark pressure.” These stay

constant as the universe expands and because the universe is now so large,

Λ drives the expansion. It is interesting to recall that in Problem 5.4 the

Schwarzschild problem with Λ included was solved. In weak gravity Λ led

to a repulsive Newtonian force.

Using Eq. (9.15), g00 = −1,
(
U0
)2

= 1, and inserting the explicit form

for G00 into Eq. (9.31) yields

3
1

Q2

[(
dQ

dt

)2

+ k

]
= 8π [ρ+ ρΛ] ,

(
dQ

dt

)2

= −k + 8πQ2 [ρ+ ρΛ] /3, or,

(9.32)

3H2

8π
= − 3k

8πQ2
+ [ρ+ ρΛ] . (9.33)

The present-day critical energy density ρc can be defined,

ρc =
3H2

0

8π
, ρc(MKS) =

3H2
0 c

2

8πG
= 7.66× 10−10 Jm−3. (9.34)

At the present time, Eq. (9.33) can be rewritten,

1 =
1

ρc

[
− 3k

8πQ2
0

+ ρ0 + ρΛ

]
≡ Ωk +ΩR0 +ΩM0 +ΩΛ. (9.35)
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The data of the PLANCK collaboration (2015) yield

Ωk = 0, ΩR0 ≈ 5.5× 10−5, ΩM0 = 0.308, ΩΛ = 0.692. (9.36)

These results are best fits to lots of data including red shift versus distance

and the very small measurable non-uniformity of the CMB. However, the

observed density ratio for the ordinary luminous matter is ΩOM0 ≈ 0.05. So

there must be a form of “dark” matter, that only interacts with ordinary

matter via gravitation, such that ΩDM0 ≈ 0.253. It’s an interesting universe;

the stuff that the stars and ourselves are made of accounts for only five

percent of its energy density. The rest is now made up of non-understood

dark matter and energy.

Experimenters in deep underground laboratories have mounted experi-

ments to directly detect the rare interactions of dark and ordinary matter.

In space, they look for gamma rays from dark matter, anti-matter annihi-

lation, but so far there is no positive result. There is good indirect evidence

for dark matter. For example, much stronger than expected gravitational

lensing by galaxies of distant objects is observed. Another example concerns

stars far from the center of galaxies close to us. As the galaxies are close,

red shifts due to the universal expansion are extremely small. The stars far

from the galaxy center are rotating about the galaxy center of mass, located

near the luminous center of the galaxy. The velocity of these stars can be

measured by observing Doppler-shifted spectral lines of the elements. Some

stars will have blue-shifted lines, while stars on the other side of the center

will have red-shifted lines.

In order to keep things simple, suppose the bulk of the galactic luminous

mass M is spherically distributed and the stars at distance R from the

center are well outside of this mass distribution. Let the velocity relative to

the galactic center be V . Then from elementary Newtonian considerations,

the centripetal acceleration is due to gravity,

V 2/R = M/R2, V ∝ R−1/2.

However, the observations on Andromeda (Rubin, 1970), are in conflict

with this expectation. If only the luminous matter was available, the stars

should be flying off from the galaxy. They found that the velocity varied

from being flat to V ∝ R. The latter behavior would be expected for stars

moving inside an unseen uniform mass density ρ,

V 2/R =
[
(4π/3)ρR3

]
/R2 = (4π/3)ρR,

V 2 = (4π/3)ρR2, V ∝ R.
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This enormous sea of unseen matter in which the galaxy is contained is

termed “dark” matter.

You might ask how the luminous mass of stars is determined? Many

stars exist as binary pairs. By determining their orbits about the common

center of mass, the masses may be obtained. The mass, luminosity, and

temperature of the stars form a profile of these stars. It is found that all

stars follow a sort of universal distribution on a plot of luminosity versus

temperature. So the masses of stars that are not part of a binary pair

are deduced from their position on the plot, called a Hertzsprung-Russell

diagram (see Kaufman, 1985).

Return to the Einstein field equations. Since Q gives the size of the

universe, the quantity Q2ρOM0+DM0 → Q2M/Q3 = M/Q decreases as Q

increases. However, Q2ρΛ increases as Q2 increases because ρΛ is constant.

This term has taken over, as the dominant energy density asQ has increased

so much. The radiation energy density is small now because the universe

has expanded and cooled, but as seen below was once the dominant term.

From Eqs. (9.25) and (9.30)–(9.32), the Einstein equation for Grr is as

follows:

Grr + 8π
Λ

8π
grr = 8πT rr = 8πpgrr.

Inserting the explicit form for Grr yields

0 = grr

[
− 1

Q2

(
k +

(
dQ

dt

)2

+ 2Q
d2Q

dt2

)
+ 8π

(
Λ

8π
− p

)]

= grr
[
−8π

3

(
ρ+

Λ

8π

)
− 2

Q

d2Q

dt2
+ 8π

(
Λ

8π
− p

)]

= −8π

3

(
ρ+

Λ

8π

)
− 2

Q

d2Q

dt2
+ 8π

(
Λ

8π
− p

)
,

2

Q

d2Q

dt2
= 8π

[
− (ρ/3 + p) + (2/3)

Λ

8π

]
> 0.

The second derivative is positive now because p ≈ 0 and dark energy dom-

inates. Thus, the expansion will continue at an ever faster rate. If there

was no dark energy content, a positive d2Q
dt2 would not be observed, and the

universe would eventually collapse with a big crunch.
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9.7 The Early Universe

In the very young smaller universe, the energy density was dominated by

the radiation. At present, the universal CMB presents the most perfect

black-body spectrum or Planck distribution. Penzias and Wilson, radio

astronomers at Bell Labs, discovered this spectrum in 1964–65. The inter-

esting story of that discovery is described by S. Weinberg (1977). In the

Planck distribution, the energy per unit volume in the range of wavelengths

between λ and λ+ dλ is given by

du = 16π2
�c

dλ

λ5

(
exp

[
2π�c

λkBT0

]
− 1

)−1

,

u =

∫ ∞

0

du = aT 4 (9.37)

=
8π5 (kBT )

4

15 (2π�c)3
= 7.565× 10−16T 4 Jm−3.

The above formula is written in MKS units so it appears as you have learned

it in elementary thermodynamics. Problem 8 explores the conversion to nat-

ural units. The temperature must be given in Kelvin. At present, T0 = 2.726

K. The distribution vanishes at both λ = 0,∞, and reaches a maximum at

λ ≈ 1.263�c/(kBT ).

In the past, the size of the universe was smaller by the cube of the scale

ratio f = Q/Q0. Also the wavelength of each photon would be smaller by

a factor f because as time decreases, the space between typical particles

decreases. The photons’ wavelengths are compressed by the same factor.

This is just the same as saying the photons have been red shifted to the

values we now measure. As a photon’s energy goes inversely as its wave-

length, the energy density is larger by the factor f−4. In the past,

du′ =
du

f4
= 16π2

�c
dλ

f4λ5

(
exp

[
2π�c

λkBT0

]
− 1

)−1

,

λ′ ≡ fλ, dλ′ = fdλ,

du′ = 16π2
�c

dλ′/f
λ′5/f

(
exp

[
2π�cf

λ′kBT0

]
− 1

)−1

= 16π2
�c

dλ′

λ′5

(
exp

[
2π�c

λ′kBT ′

]
− 1

)−1

.
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So in the early universe the Planck distribution also described the radi-

ation, but with a higher temperature T ′ = T0/f . As the radiation energy

density is directly propositional to T 4, in that epoch the radiation domi-

nates, and the Einstein equation for G00 yields

G00 = 3

(
1

Q

dQ

dt

)2

= 8πρR,(
dQ

dt

)2

= H2
0Q

2 ρR
ρc

= H2
0Q

2 ρR0

ρc

(
Q0

Q

)4

= H2
0Q

4
0ΩR0Q

−2 ≡ b2Q−2,

dQ

dt
= b

1

Q
, so QdQ = bdt,

Q2/2 = b (t− t′). (9.38)

So Q = 0 was achieved at some finite time in the past. Taking t′ = 0,

leads to Q = 0 when t = 0 and Q → t1/2. So there had to be a start to

the expansion. The start is called the “big bang,” and time started at that

moment.

The very early universe, say way before 0.01 s, is not as complicated as

now. Then there were just elementary particles and anti-particles in thermal

equilibrium with the photons, at a very high temperature. There were equal

numbers of all types of particles as the energetic photon–photon collisions

could produce all types of particle–anti-particle pairs. The pairs rapidly

annihilated into photons. Since expansion is a cooling process, the density

was also decreasing. When T became so low that even electron–positron

pairs could no longer be created in photon–photon collisions, matter parti-

cles and anti-particles went through their final annihilation. Problem 2.15

showed that the photon energy was then 0.511 MeV, the temperature

was 0.59×1010 K, and Q/Q0 = 4.6 × 10−10. As we are here and there

is no observed evidence for primordial anti-matter, some matter was left

over. Using the energy density data given in the previous section and the

most simplistic model for the nucleon and photon energies, a nucleon to

CMB photon fraction of ≈ 0.23 × 10−9 is obtained in Problem 9. More

refined models obtain a fraction of ≈ 0.61 × 10−9. Thus, for every order

109 anti-matter particles, there must have been order 109 + 1, matter par-

ticles. No one knows why!
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All the free matter particles except the protons and electrons are unsta-

ble. For example, except for the neutron, the muon has the longest mean

life 660m or 2.2μs. So all of these exotic particles are gone well before the

universe age is 0.01 s. They are now produced at accelerators or by astro-

physical processes. The free neutron has a mean life of 880 s, so many of

them stick around much longer, but some decay into protons n → peν̄. The

number of protons increases and that of neutrons decreases. The universe

is still too hot for nuclei more complicated than 1H to form, and not be

blasted apart by the radiation. However, at a universe age of between 180 s

and 240 s, the nucleons could freeze into stable complex nuclei. Calculations

predicting 76% 1H and 24% 4He are in agreement with observation.

There are only minute amounts of other hydrogen, helium, and lithium

isotopes because their binding energies/nucleon are so much smaller than

that of 4He. Essentially all the neutrons froze into 4He. You may ask why

weren’t there heavier nuclei, with even larger binding energies per nucleon

formed? Well, in her wisdom, Mother Nature did not make any stable nuclei

with five or eight nucleons. So it wasn’t possible for 4He to pick up another

nucleon, nor was it possible for two 4He nuclei to combine. Later on very

massive stars formed and died, the heavier elements being created in fusion

reactions in the stars, reactions between stars, and during supernova. The

latter causes the star’s contents to be spewed out into space, and become

the material of a later generation of stars — the sun.

It is still too hot for atoms to form because their binding energies are in

the eV range while nuclear binding energies are in the MeV range. So the

photons continue scattering from the electrons. At ≈0.37 My, atoms formed,

and the universe became transparent to the photons. As the universe

expanded, their wavelengths stretched and their temperature decreased,

while maintaining their Planck distribution. This is the present-day CMB.

The universe became transparent to neutrinos before photons as their prob-

ability for interaction is smaller. So the former have a lower temperature.

However, such times are so small that they don’t effect these calculations.

It would be nice to observe the neutrino black-body spectrum, and measure

a lower T than we do for the photons, but that seems an impossibility at

present.

In this early time era, Eq. (9.38) yields

Q = at1/2, H =
1

Q

dQ

dt
=

1

2t
.
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As you go back in time, H is increasing rapidly. Also if t = 0 is the begin-

ning, then radiation that left then, that is observed at time t, defines the

horizon distance DH (t). This is the proper distance to the radiation source

that emitted photons at t = 0, that are observed at t. For that radiation,

(dτ)
2
= (dt)

2 −Q2 (t) (dr)
2
= 0,

dr =
dt

Q
,

∫ rmax(t)

0

dr =

∫ t

0

dt′

Q′ ,

DH (t) = Q

∫ rmax(t)

0

dr = Q

∫ t

0

dt′

Q′ (9.39)

= t1/2
∫ t

0

dt′t′−1/2 = 2t.

So as you go back to very small times, the size is decreasing like t1/2, but the

horizon is decreasing like t. This means the horizon is getting smaller faster

than the size of the universe. So less of the universe could be observed. For

example, for t = (0.0001, 0.01) s, Q/[aDH ] = 0.5t−1/2 = 0.5(100, 10) s−1/2.

If there was no causal connection between particles at the beginning,

how can one account for the flatness and the observation that the back-

ground radiation is the same in all directions? This is especially true for

opposite directions. A model called “Inflation” (Guth, 1998) postulates that

before the Planck time tP =
(
�G/c5

)1/2 ≈ 0.5 × 10−43 s the universe was

causally connected and went through a vast, extremely rapid inflation in

size before it settled down to the expansion path outlined in this chap-

ter. The Planck time is constructed from the three basic constants, G, �,

and c. A Planck length LP = ctP ≈ 2 × 10−35m and a Planck mass,

MP = (�c/G)1/2 ≈ 1 × 1022 MeV/c2 may similarly be constructed. Since

� is present, a quantum theory of gravity is required to understand the

beginning.

9.8 Matter and Dark Energy Domination

For most of the history of the universe, the dominant energies have been

a combination of matter and dark energy Λ. Dark energy is now taking

over. However, the period where matter was dominant and dark energy
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was neglected can be examined,(
dQ

dt

)2

= H2
0Q

2 ρOM+DM

ρc
≡ H2

0Q
2 ρM
ρc

= H2
0Q

2 ρM0

ρc

(
Q0

Q

)3

= H2
0Q

3
0ΩM0Q

−1 ≡ b2Q−1,

Q1/2dQ = bdt, 2Q3/2/3 = b (t− t′′) , t′′ ≈ 0,

Q ∝ t2/3,
dQ

dt
∝ 2t−1/3/3,

H =
1

Q

dQ

dt
=

2

3t
, t =

2

3
H−1.

Here, t′′ ≈ 0, compared to the billions of years that the radiation was

no longer important. In this case, tH0 = (2/3)H−1
0 = 9.7 By. The fac-

tor 2/3 due to GR was not included in Hubble’s evaluation of the age of

the universe. This was the expectation before dark energy was added to

the energy–momentum tensor. The calculation above really jammed up the

works for awhile because some of the globular clusters in our galaxy are

measured to be older. It takes the cosmological constant or dark energy to

make an older universe. If dark energy becomes completely dominant, then

you get H(future) = constant. So the critical density will not change in the

future.

This leads to a perplexing problem. One assumes that the dark energy

has something to do with the vacuum. However, if one worked out vacuum

energy, that involves all those virtual particles; it would be seen that the

measured dark energy is smaller than the calculated value, by more than

70 orders of magnitude.

If all energy densities are kept and a change of variable u ≡ Q/Q0,

dQ/Q = du/u employed,(
1

Q

dQ

dt

)2

= H2
0 (ρR + ρM + ρΛ) /pc

= H2
0 (ΩΛ +ΩM0 (Q0/Q)

3
+ΩR0 (Q0/Q)

4
)

= H2
0

(
ΩΛ +ΩM0u

−3 +ΩR0u
−4
)
,

1

Q

dQ

dt
= H = H0

(
ΩΛ +ΩM0u

−3 +ΩR0u
−4
)1/2

, (9.40)
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dt =
du

H0u (ΩΛ +ΩM0u−3 +ΩR0u−4)
1/2

. (9.41)

Initially u = 0 while at the present time u = 1. Thus,

t0 = H−1
0

∫ 1

0

du

u

(
ΩΛ +ΩM0u

−3 +ΩR0u
−4
)−1/2

= 13.8 By,

when the integral is performed numerically. This indicates the expansion

time is close to the Hubble expansion time H−1
0 . One can differentiate

Eq. (9.40) with respect to time and calculate the present value for q0 (see

Problem 12).

The proper distance to a source that emitted light at t ≈ 0, that is just

received today, is the distance to the horizon. From Eqs. (9.39) and (9.41),

this is

DH (t) = Q

∫
dt′

Q′ =
Q

Q0

∫
dt′
(
Q′

Q0

)−1

,

(9.42)

DH0 = H−1
0

∫ 1

0

du

u2

(
ΩΛ +ΩM0u

−3 +ΩR0u
−4
)−1/2

= 46 Bly,

when the integral is done numerically. However, there are objects farther

away, so that their light will be viewed in the future. There are also objects

that will never be viewed. This is because the speed of light is unity, but

the space between objects is expanding more and more rapidly. No observer

will see the light from such separated objects. We can’t tell how large the

universe is at any time. This partially explains why the night sky is dark,

as every line of sight does not end on a star. However, a better answer lies

in the previously discussed scenario: the amount of matter that gravity can

clump into stars is about a billion times smaller than what was available

in the early universe. The matter available for stars is now so dilute that

every line of sight would not end on a star. If it did, the universe would be

too hot for life as we know it.

One can see what the past was and what the future holds by changing

the integration upper limit. Figure 9.7 shows that with increasing time, H

has decreased rapidly, turned, and is entering its ultimate fate of constancy.

When the universe is twice as large as now H ≈ 0.85H0. Figure 9.8 shows

that at that size the age will be ≈ 1.8t0. When the universe was ten times

smaller than it is now, its age was ≈ 0.25t0, but when the universe is ten

times as large as now, the age will be ≈ 3.6t0. This is a potent illustration
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Fig. 9.7 H/H0 versus Q/Q0.

Fig. 9.8 Age ∗H0 versus Q/Q0, where Age is the expansion age.

of the accelerating expansion. The size is increasing faster than the aging.

By the time that size is reached H ≈ 0.8H0, and will remain constant; the

horizon distance will be DH ≈ 13DH0, and increasing linearly with age.

It’s intriguing to imagine the view (Fig. 9.9).
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Fig. 9.9 DH ∗H0 versus Q/Q0, where DH is the horizon distance.

Problems

1. Consider the quasi-translation of coordinates to new origin at �a,

�r ′ = �r + �a

[
(1− kr2)1/2 − [1− (1− ka2)1/2]

�r · �a
a2

]
,

where r2 = �r · �r and a2 = �a · �a. Show that this relation leads to,

ηi′j′dx
i′dxj

′
+

k(ηm′n′xm
′
dxn

′
)2

1− kηs′t′xs
′xt′

= ηijdx
idxj +

k(ηmnx
mdxn)2

1− kηstxsxt
, or,

d�r ′ · d�r ′ +
k(�r ′ · d�r ′)2

1− k�r ′ · �r ′ = d�r · d�r + k(�r · d�r)2
1− k�r · �r , or,

d�r ′ · d�r ′(1 − kr′2) + k(�r ′ · d�r ′)2

1− kr′2
=

d�r · d�r(1− kr2) + k(�r · d�r)2
1− kr2

.

This can be proved with straightforward but lengthy algebra. Derive

�r ′ · �r ′, �r ′ · d�r ′ and d�r ′ · d�r ′, in terms of �r, d�r and �a, to begin the

calculation.

2. A distant galaxy has a red shift z = 0.25. Using the red shift versus

distance relation, what is the luminosity distance dL and the proper

distance now? What is the approximate proper velocity now, as given

by the Hubble relation? What was the proper distance when light left

the galaxy? Use the data for H0 and q0 in the text.
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3. Show that H(z) ≈ H0(1 − dH0

dt z 1
H2

0
+ · · · ).

4. Using dQ
dt /Q = H , show 1+z = exp[

∫ t0
t1

Hdt], where t1 is the time light

left the source at d, and t0 is the time observed at the origin. Also show

that H1 = − dz
dt /(1+ z). Note, many red shifts are observed at t0 so the

red shift z is labeled by t1, the time light was emitted.

5. Consider the conservation of energy and momentum T νμ;μ= 0 for a

perfect fluid in a locally inertial frame. Show this leads to conservation

of entropy dS
dτ = 0 or adiabatic flow. Make use of Eqs. (9.23)–(9.27).

6. Assume the perfect fluid that represents the universe. Do not assume

k = 0. Here (ρ(t), p(t)) are the (energy density, pressure) of the universe

and are functions of time. Apply energy and momentum conservation

and show that for the Robertson–Walker metric,

0 =
dρ

dt
+ 3(ρ+ p)

1

Q

dQ

dt
=

d(ρQ3)

dt
+ p

dQ3

dt
.

7. Use the results of Problem 6 to show that in the present universe ρ ∝
Q−3. Show that in the young radiation-dominated universe the equation

of state was p = ρ/3.

8. In cosmology and astronomy, black-body radiation plays an important

role. In this problem, the Planck spectrum is written in MKS units,

du

dλ
=

16π2
�c

λ5

1

exp[ 2π�c
λkBT

]− 1
,

u =
8π5k4B

15(2π�c)3
T 4,

λmaxT =
0.2014(2π)�c

kB
,

where du is the energy density in Jm−3 of the radiation in the region

between wavelengths (λ, λ + dλ) in m; T is the temperature in K;

and kB = 1.381 × 10−23 in JK−1 is Boltzmann’s constant. The con-

stants c and �, are given in Chapter 1. The wavelength λmax is that for

which du
dλ is a maximum. Evaluate the numerical values in the above

equations in MKS units. Transform the equations to natural units and

evaluate the numerical values. Note that T is the same in both sets of

units.

9. Use the present values of the ordinary matter energy density, the radi-

ation energy density and the temperature to calculate approximately
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the number of baryons/photons. The proton rest energy is 938MeV,

and kB = 8.62× 10−11 MeV/K.

10. Hydrogen atoms could begin to form when the typical energy of a

photon was about 0.015EI , where EI is the atom’s ionization energy

13.6 eV. That’s because there were too few higher energy photons in the

Plank spectrum to ionize the atoms that were formed. From this time

to the present, how much have the photons been red shifted? At that

time, what was the ratio of the radiation energy density to the mass

energy density, including dark matter? Use results from Problem 8, if

needed.

11. In the text it was shown that for a radiation energy density-dominated

universe Q ∝ t1/2. Now show that the typical photon energy is given

by kBT = αt−1/2 and evaluate α. Find the times in seconds when

kBT = (1, 103, 106) MeV. Take k = 0 for the curvature constant.

Hint: work in MKS units, use the Plank formula for the radiation energy

density, express α in terms of G, �, c and then numerically evaluate α.

12. Using the data provided, calculate q0, the present-day value of the

acceleration parameter.
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tensor, 6
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energy–momentum, perfect fluid,
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equation, 35
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metric, 17
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theorem
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local flatness, 48
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time
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event, 2
proper, see invariant
see gravity
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Fourier, 117
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linear, 5

Lorentz, 5, 9, 10, 13, 35
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twin paradox, 10
calculation with acceleration, 23
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units, 4
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unit, 2, 6
velocity, 22

Walker, A. G., see metric
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amplitude electrodynamics, 111,
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amplitude weak gravity, 111, 112
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effect on particles, 114
flux and power, 123
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plane, 110
transverse traceless, 111

wavelength shift
cosmic red shift, 188, 189, 196,

197
Doppler, 26, 189

Weinberg, S., 95, 129, 150, 154
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white dwarf star, 196
Wilson, R. W., 206
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