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Preface

Upon retirement, 1 sought a learning project. My career was spent as an
experimental physicist studying nuclei and particles. Throughout, I was
deeply impressed by the connection between my area and General Relativity
and cosmology. Now, I had the time to dig into the details of those subjects.
When I asked, the Virginia Tech Physics Department granted my request to
teach the introductory semester course in General Relativity. I did so three
times and found that nothing reduces knowledge deficiency like teaching
smart students.

Many excellent texts were available for my studies. However, there was
too much material in them for students to cover in a single semester. So I
developed my own set of notes, that explained the essentials of the subject
in the course time period. This text evolved from those notes. I'm grateful to
my students because their questions pushed me to explain difficult concepts
as transparently as possible. I'm also grateful to many of my colleagues who
participated in discussions, helped with proofs and critiqued some of my
material.

Einstein’s theory is now a century in age. It is well tested, but still
inspires significant theoretical and experimental work. And it definitely
intrigues students. Advanced undergraduate physics majors, first year
physics graduate and engineering students have taken the course. Physics
Department faculty and faculty from other departments have sat in on
many lectures. I thank them all for their comments and questions. They
helped me acquire a deeper understanding of the subject.

vii
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Much of the material in this book is found in various forms in other
texts. However, this text contains much that is novel, and many more steps
than usual are included in proofs.

In Chapter 2, the twin problem with acceleration is worked out by the
twin at rest. Later in Chapter 5, the accelerating twin uses the full power
of General Relativity to predict the same time ratio result.

The way gravity affects time is first discussed for weak gravity via con-
servation of energy using a Newtonian formulation with relativistic mass.
In Chapter 5, weak gravity in General Relativity is discussed and the
way gravity affects time is rigorously covered. The Schwarzschild metric
is obtained and in Problem 5 of that chapter, students are asked to solve
the Schwarzschild problem with the cosmological constant included. Then
they are asked to show that in weak gravity a very small repulsive Newto-
nian force arises.

In Chapter 7, gravitational waves are discussed. Just as the first edition
to this book was going to press, the LIGO experiment announced the first
direct detection of such a wave. Luckily, I was able to include this finding.
The theory behind the Nobel prize winning, gravitational wave indirect
detection results, from the Hulse-Taylor binary pulsar, is worked out with
elliptical orbits. Other texts that discuss this experiment have used circular
orbits. As the eccentricity is large, the latter orbits disagree with experi-
ment.

In Chapter 8 on black holes and Kerr space, an example, based on
the film “Interstellar”, is presented. The example discusses why a large
gravitational time dilation is possible near a spinning, but not a static
black hole. Geodesics in Kerr space are also worked out.

In Chapter 9 on cosmology, the results of numerical integrations using
the current data for all the energy densities are discussed. This allows the
students to peer into both the past and the future for values of the universal
scale factor, the Hubble parameter, the age of the universe and the horizon
distance.
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Chapter 1

Review of Special Relativity

1.1 Introduction

The theory of Special Relativity (SR) was introduced by A. Einstein in
1905. It deals with the observations of inertial observers in the absence of
gravity. The theory of General Relativity (GR) that includes gravitation,
and thus acceleration, was published in 1915. For English translations, see

M) The latter theory predicted the deflection of light near a
massive body, like the sun. Shortly after the end of the first world war, a
British team, led by A. S. Eddington, confirmed this startling prediction.
This made Einstein world famous, even among people who had no particular
interest in science.

In relativity, an observation is the assignment of coordinates x*, u =
0,1,2,3, for the time and space location of an event. Space is continu-
ous, and functions of the coordinates can be differentiated. Upon partial
differentiation with respect to one of the coordinates, the others are held
constant. This insures that the coordinates are independent,

po o ozt i " "
‘/EW:@:(SV:&/ :1’ n="r, 61/:07 /1’75” (11)

As will be seen §#, is the Kronecker delta tensor. The superscript, subscript
indexes are termed contravariant, covariant. Note the shorthand notation
for the partial derivative, by use of a comma. Such a shorthand will keep
some of the formulas of GR, with many partial derivatives, to a reasonable
length.
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eZ
&
é, cos¢p sing 0 Ex
. €¢ = | —sing cosgp 0 Ey
é
y A a
€z 0 0 1 €z
¢
A é,

&y cos0 0 —sind é,
€y | = 0 1 0 €y
ér sing 0 cosd &,

Fig. 1.1 Rotation relations for changing unit vectors from one coordinate system to
another.

In rectangular coordinates z* = (¢, z, y, z). In relativity, one may trans-
form to other coordinate systems, or to the rectangular coordinates of other
reference frames. These coordinates will be labeled by primes, z# . Curvilin-
ear coordinates are particularly useful, and a rotation carries you from one
set of coordinates to the other. In cylindrical coordinates o = (t,p, ¢, 2)
because as illustrated in Fig. [Tl the rotation changes the direction indi-
cating unit vectors (é,, €,) — (é,, é,). Similarly, for spherical coordinates
o = (t,0,¢,7), (&, €.) — (ép, é,). Other texts employ an extra renam-
ing, and take ot'=0-3 = t,r,0,¢, but a rose by any name would smell
sweet. The reader can prove that the components of 3-vectors, when writ-
ten in terms of unit vectors V = V¥é, + Ve, + VZe., are transformed by
rotations in the same way as the unit vectors.

The time of the event is read on a clock at rest with respect to the
observer, at the spatial coordinates of the event. In the inertial frames of
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SR, an observer may suppose that there are synchronized clocks at rest at
every point in space. This would not be the case when gravity is taken into
account, since clocks run at different rates, in a region of varying gravita-
tional strength. Simultaneous events for a given observer are those occurring
at the same time on the clocks nearest them, that are at rest with respect
to the observer.

As will be seen, we live in spacetime of four dimensions where space and
time mix with each other. Thus, spacetime vectors have four components.
By analogy with three space, take as the rectangular components of the
contravariant position vector r# the coordinates z*. Then dx* must also
be the components of the displacement vector dr#, as the difference of two
vectors is also a vector. As of now, these are the only vectors known to us.

In later chapters, when gravity or acceleration may be acting, the symbol
for a set of coordinates may have a bar z/. This will indicate that these
coordinates are those of an inertial observer using rectangular coordinates.
This is the case for an SR reference frame that is arbitrarily large. When
gravity is present the bar will usually be absent. However, as will be shown,
even when gravity is present, at any point in space one can find a locally
inertial frame. That frame may need be arbitrarily small. The rectangular
coordinates of that frame will have the bar when the set of coordinates
is described. Other coordinate systems or rectangular coordinates of other
inertial reference frames will be represented by the bar and one or more
primes 2" . In such cases, the components of vectors r# and higher order
tensors 77" will also have bars.

Einstein developed SR from two postulates: (1) the laws of physics are
the same for all inertial observers no matter their relative velocities; (2) all
inertial observers measure the same speed of light in vacuum ¢ = 3 x
108 m/s. It is the second postulate that causes conflict with the Newtonian
concept of time flowing independent of everything else. This leads to the
observation, that events simultaneous to one observer may not be so to
another. Also ¢ becomes the limiting speed in order to preserve causality.
In GR, the word “inertial” is removed, and the principle of equivalence:
that no gravitational effect is experienced when freely falling in a region of
uniform gravitational strength, must be taken into account.

In hindsight, it is easy to see where the postulates come from. Various
inertial observers, in empty space and in relative motion, perform electro-
magnetic experiments in their own rest frames. They find that the equa-
tions of Maxwell for the electric, magnetic fields (E , é) explain the results.
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In vacuum, they use the empty space permittivity, permeability (e, po)-
In MKS units, each finds that they lead to a wave equation, with a unique

velocity,
I . - - - 0B - = OF
V-E=0=V-B, VxE=——, VxB= —
) X ot ) X Ho€o ot )
- 9°B
0=V’B- MOGOW’ v = (M060)71/2 =C.

As ¢ is so special in SR and GR, it is convenient to work in a system of
units where velocities are dimensionless and ¢ = 1. Then time is expressed
in meters (m), like the other coordinates, and acceleration is expressed in
inverse meters:

c=1=3x10%ms™!,
5 =3x 10%m, (1.2)
a=ms 2=0.111x10"%m™1

Similarly in GR, Newton’s gravitational constant G is so special, that
it is convenient to also use G = 1. This leads to the natural system of
units. Here other mechanical quantities, like mass, energy, momentum, and
angular momentum, can be expressed in meters to the correct power:

G 6.674x 10" mPkg ™" 572

1 = — =
c2 [3 x 108]2m?2 2
=0.742 x 1072 kg ' m,
M =kg =0.742 x 102" m, (1.3)

E=kgm?s2=0.824x 10" m.

Suppose a result is obtained in naturalized units for h = h/(27) =
2.612 x 107" m?, where h is Planck’s constant. One can calculate the value
in MKS units by noting that in this system the units are those of angular
momentum kg m? s~!. Multiply the value in natural units by unity, with a
quantity that expressed in MKS units, will give the desired units,

h=2.612 x 1077 m?[c/(G/c?)]

(2.612 x 10779)(3 x 108)

B 0.742 x 1027 m?*(m/s)/(m/kg)

=1.056 x 103 kg m? s7L.
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1.2 Lorentz Transform

Two observers O and O’ are considered. They use parallel axes and rect-
angular coordinates. Rotations, like those in Fig. [ Il allow them to align
their z-axes along the relative velocity. O uses z*, and says O’ is moving in
the z-direction with speed V(<1), while O’ uses x“/, and says O is moving
in the —z-direction with speed V.

When their origins overlapped, the clocks were synchronized t = 2% =
' = 2% = 0. In this geometry, (z,y) = («/,y') or 22 = 2% as there is
no relative motion in these directions. However, ¢ = 1 for both observers,
so space and time are interconnected, and now termed spacetime. If O’ says
that events led to changes in coordinates dz’ = dz3 and dt/ = d:lcol, the
components of the displacement vector dr*", then O would calculate from
the chain rule of differential calculus,

0z 0z 0z 0z /
3 _ _ — .3
dz” = dz = 8z’d2/ + 8t’dt/ + ax/dx/ + —ay/dy’ =, dzt
= $3,3/ d!BSl + .%'3,0/ dl’ol, (14)
ot ot ot /
0 _ _ — .0
dr’ = dt = 8z’d2/ + 8t’dt/ + ax/dx’ + —ay/dy’ =2, da

= $0,3/ d,’BS/ + .%'0,0/ dl’o/. (15)

One notes that, similar to rotations, this transform can be represented by
matrix multiplication,

dz® P9 0 0 2043 dz®
a* | [ o 1.0 0 da"
2|~ o 01 o da?
da3 Bo 0 0 234 da?’

This is a linear transform. The vector components appear to the power
unity. The coefficients, the partial derivatives multiplying the O’ vector
components, are relations between the coordinates of the different frames.
They are independent of the vectors. Such a rule for vector transformation
is not limited to rotations. It works for any coordinate transformation, and
any vector. If each vector had a different transformation rule, there would
be no theory. If a set of four quantities V#* do not transform as above, then
they are not components of a vector.

This transformation does not yield vectors, written in terms of unit vec-
tors €,, but in terms of basis vectors €,,. The relationship between basis and
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unit vectors, for rotations, is explored in Problem 3. There, the components
of the 3-vector dr in rectangular, cylindrical, and spherical coordinates, in
terms of unit and basis vectors, lead to the relationship. In relativity, basis
vector components are used.

Note the summation over an index definition, in Eqs. (I4) and (LA,
requires the same index repeated as both contravariant and covariant. In
the case of the partial derivative, a covariant index results from the con-
travariant index in the denominator. Coordinates, by tradition, are always
written with contravariant indexes as opposed to tensors, vectors are ten-
sors of rank 1, that have both types of indexes.

Let both observers O and O’ concentrate on a light ray,

= (52) () +(2)
() () ()
(dr)* = (da®)? = (da')? — (da®)? — (da®)* = 0, (1.6)
(dr')? = (da”)? — (da*)? — (d2*)? — (dz™')? = 0. (1.7)

Thus,
(dr)? = (dr')?, 18)
(dx°)? — (d2?)? = (al:zco/)2 — (dw3/)2.
Applying Eqgs. (L4) and ([H) to the above equation,
(d$0)2 = (55070’ dfCO/)2 + (1'0,3/ d;zc?’/)2 + 2:100,0/ 1'0,3/ dz® d;v?’/,
(d$3)2 = (55370’ dfCO/)2 + (:c3,3/ d;zc?’/)2 + 223 0 23,3/ da®’ d;v?’/,
1= (2%0)% = (2%,0)% = cosh® @ — sinh® &

= —(2%,3)% + (2°,3)% = cosh? 8 — sinh? 3,

0 = cosharsinh 8 — sinh awcosh = sinh (8 — o) — a = 3.

The above results force Eq. (L8] to also hold, for other than light travel.
So dr is an invariant, a tensor of rank 0, numerically the same in all frames.
The invariant dr is the proper time, that read on a clock at rest with respect
to the observer. For light travel, assumed in vacuum unless otherwise noted,
dr = 0. So photons never run out of time, and some created in the very
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early universe, are still around. The interval (dS)? = —(dr)?. Although
is a member of the Greek alphabet, and could be used as an index, it is
reserved for the proper time.

In order to calculate sinh o and cosha, O concentrates on the posi-
tion of O’. In time period dt, O’ changes position dz = Vdi. However,
O’ says, “I am at rest while my clock has advanced by dt’.” Using Eqs. (4]

and (L),

dt = dt' cosha, Vdt = dt’'sinha,

V = tanh o,
v =cosha = (1-— ‘/2)_1/2 =% =23, (1.9)
")/V =sinha = ,’E0,3/ = 1'3,0/. (110)

The reverse transform from unprimed to primed coordinates just requires,

tet, 242, V= =V,

’ ’ / ’ (111)
Y= a? 70:x3 13 7’YV:$O 73:I3 50+

Note that for low speeds (1 — V?)='/2 — 1, and the Galilean transform is

recovered.

1.3 Physics Consequences

First, consider simultaneity. O and O’ are coincident. O’ says two events
occur at the same time so dt’ = 0, but at positions from the origin +dz’.
O says that the time differences from zero of the two events are,

dty = £4Vd2', dt, —dt_ #0.

In general, observers in relative motion do not agree on simultaneity.
Only if events are spatially coincident will observers so agree. Thus, to
compare times, clocks at the same spatial position have to be compared.
Also note, the present position of O’, when all clocks are synchronized, is
connected with all points in the past, present, and future of O. In spacetime,
all space and time points are available. Time isn’t a special quantity, it’s
just a one-dimensional projection of spacetime.

Next consider causality. In the unprimed frame, observer O fires a bullet
at ¢ = 0 from the origin. It hits a target at time d¢ and position dz = vpdt,
where vy, is the speed of the bullet. O’ also says the bullet was fired from
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the origin at ¢ = 0, as that’s where the clocks were synchronized. O’ says
the target was hit at

dt' = y(dt — V]vpdt]) = dty(1 — Vy).

According to O, if dt’ < 0, the target is hit before the bullet is fired. That
would violate causality, and can happen only if v, > 1. Thus, ¢ = 1 is the
limiting speed.

Now consider the comparison of clocks. Observer O and clock A are

spatially coincident. Other clocks B, C, ... are at rest with respect to
O, and read the same time as A. Observer O’ and clock B’ are spatially
coincident. Other clocks A’, C/, ... are at rest with respect to O’, and read

the same time as B’. All the clocks are synchronized, when A and B’ are
spatially coincident. Since O says A is at rest, when it has ticked off a time
period dt = dr, as in Fig. [[.2] what will the clocks of O’ read? O concludes
that clock C’ is now spatially coincident with clock A. The times on these
two clocks can be compared. O says A has ticked off dr, while remaining

DO

o)
O’
0

Fig. 1.2 Comparison of clocks. The view of O.
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OI
Vv

0

OP
\%

(0]

Fig. 1.3 Comparison of clocks. The view of O’.

at rest. From the Lorentz transform, the time ticked off on C’ is
dt' = vdr > dr.

This result is called time dilation. Time and all processes related to it
run slower for O, who considers herself at rest, as compared with those of
O’, who O sees moving. So A ticks slower. Also the heart rate, and other
biological rates of O are slower.

Alternately, O’ considers B at rest, as in Fig.[[.3] When it has ticked off
time dt’ = dr, what will the clocks at rest with respect to O read? According
to O, clock B has moved into spatial coincidence with clock B’. The times
on these two clocks can be compared. From the Lorentz transform,

dt = ~vdt > dr.

Now time and all processes related to it run slower for O’, who considers
himself at rest, as compared with those of O, who O’ sees moving. So B’
ticks slower, and the biological rates of O’ are slower.
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Strange as it seems, both observers are correct about these particular
measurements. There is no third observer who could decide the case in favor
of O or O'.

Time dilation has been experimentally verified in the laboratory with
particles called muons. Muons at rest have a mean lifetime of about 660 m.
Thus, if you begin with a large number of muons at rest Ny, the number
N left after time ¢ m is N/Ny = exp(—t/660). Then, the half life for muons
t1/2 = 6601In2m is the time when half of the starting muons remain. This
result must be interpreted as the probability of muon survival. After a time
t = nty /5 experimenters expect N/No = (1/2)".

In the laboratory, muons can be created with speed V ~ 1, and almost
all are observed to travel far longer distances than 660 m. This means that
the clock attached to the muon (B’) has not yet ticked off even one mean
lifetime. The clocks (A, B, C) ... attached to the laboratory, that the muon
sees moving, have ticked off a much longer time period.

One feature of SR that hasn’t been directly confirmed is length con-
traction. Suppose a rod of length dz’ is at rest in O’. That length could
be measured by O, by measuring the coordinate of each end at arbitrary
times. However, O sees the rod moving, and so must measure the coordi-
nates of the two ends at the same time dt = 0. This determines the moving
length dz,

dz' = ~ydz,
L(rest) = yL(moving) > L(moving). (1.12)

By considering the muons, confirmation of this result can be inferred. In
the laboratory, the speedy muons easily travel much more than 660 m.
This is the distance between points ¢ and j in Fig. [[4 However, according
to the muons, these points are moving, and the distance between them is
length contracted. The clock attached to the muon has not ticked off a
mean lifetime in the time these points travel past the muon.

These considerations lead to what is called the “twin paradox.” Identical
twins O and O’ are separated at birth. O remains fixed, while O’ moves away
at high speed, and then returns to the birth position. Each sees her sister
travel away at high speed, and then return to the position of birth. Due to
time dilation, you might think that each twin is correct in saying, “I am
younger.” For when time comparison was considered above, if O’ considered
clock B, the time on B’ was less than on A, while if O considered clock A,
the time on A was less than on B’.
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Fig. 1.4 Travel distance of speedy muons: top, bottom are the lab, muon views.

However, at least one twin experienced acceleration in order to turn
around. An accelerating observer is not an inertial observer, and cannot
always use the Lorentz transform of SR. The trips are asymmetric. Both
twins seek to predict the trip time on the other’s clock, and test the pre-
diction, when they are again coincident. The simpler calculation, made by
the inertial twin, is reviewed in Chapter 2. In Chapter 5, the accelerated
twin’s calculation will use the full power of GR.

1.4 Spacetime Diagrams

Many GR texts stress the concept of spacetime diagrams. Analytic calcu-
lations are favored by this author. However, for completeness, the former
are briefly discussed in this section. One draws on a flat sheet, and must
be concerned with four coordinates. Thus, one-dimensional motion, in the
z-direction, is considered.

Draw a set of axes for frame O as shown on the top of Fig.
The upward vertical axis represents increasing time ¢, while the rightward
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Fig. 1.5 Light cone physics, top for various travelers, bottom for separated galaxies.

horizontal axis represents increasing z. At some time t;, particle A is at 2.
If particle A has rest mass, it can remain at rest with respect to O. Its
world line is just a vertical line upward from (z1,¢1). On the clock attached
to A, the coordinate time duration dt is just the proper-time duration dr.
Photons B and C, starting from the same position and time, must move
with unit speed |%| = 1. Events outside of the triangle, defined by world
lines B and C, are inaccessible starting from (21, ¢;). This triangle is called
the future triangle. If motion in two spatial directions is considered, the
triangle becomes a cone.

A massive particle D, that moves with constant speed V' < 1 relative
to O, has a world line with |%| < 1. Its proper-time duration, measured
relative to t1, is dr = dt/~. Here, dt is the time on a clock at rest with
respect to A that, according to D, is coincident with D’s position. Let twins
O and O” start at this spacetime point. O notes that her twin, moving with
accelerated motion, always stays within the future triangle, at first moving
away from O, but later returning. The gist of the twin “paradox” is that
it is only O” that experiences acceleration. If not created at (z1,¢1), then
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A, B, C, D, and O” can get there only from the past triangle, obtained by
extending B and C backwards in time.

Relative to the axes of O, the time and space axes (¢, z’) of frame O’,
in which D is at rest, can be drawn with hyperbolic angle o = tanh™' V.
This is because the Lorentz transform requires,

t =t cosha + 2'sinha =4[t + V7],
z = z'cosha + ' sinha = y[2' + V']

The light cones of two observers, in separated galaxies at z12 = Gi2
are shown on the bottom of Fig. Initially their light is non-interacting.
Only after time ¢; will some light signals from the two observers be able to
interact. Only after time ¢; will light signals originating from G 2 be able
to form one side of a future triangle at G5 ;. Actually, the situation is much
more complicated because the universe is expanding. Space is being created
so that the distance between any pair of typical particles is increasing with
time. Moreover, the expansion is accelerating. There may be an observer
G, that observer (G sees separating faster than the speed of light. This is
a phenomenon, discussed in a later chapter, that is not built into relativity.

Problems

1. Convert from MKS units to natural units where G = ¢ = 1: (a) lumi-
nosity flux = 10°Js~tm=2; (b) density of water = 103kgm~3. Con-
vert from natural units to MKS units: rest energy density of a proton,
0.3 x 107%m~2.

2. Consider the rotations that transform the unit vectors, é; .. <> €,.4.. <
€9,4,r, into one another. Show that the spatial components of an arbitrary
vector, written in terms of unit vectors, transform in the same way as
the unit vectors.

3. Let the 3-vector in Problem 2 be dF, with components (dz, dy, dz) in
either unit or basis vector notation. Use the transforms in Fig. [[.T] to
find the components in cylindrical and spherical coordinates in terms of
unit vectors. Use transforms similar to Eq. (L4)) to find the components
in terms of basis vectors. What is the relation of the unit vectors to basis
vectors in cylindrical and spherical coordinates?

4. O and O’ have parallel axes. According to O, O’ is moving with velocity,

V = (V' V2, V3) = |V|(sinacosb,sinasinb, cosa).
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What is the Lorentz transform z*,,, between these reference frames?
What is the relationship between z*,,, and v, u? Prove that the proper
time Eq. (L) is an invariant. If O looks at a rod that formally had rest
length L that now is aligned with the velocity vector and moving with
velocity 17, what will O consider the length to be?

Do this problem as follows: find the rotation that takes O’ to O” such
that ¢3" is aligned with V. Then apply the Lorentz transform. This takes
you to system O, where O is obtained from O by the same rotation that

took O’ to O”. Now apply the inverse rotation to get from O to O.

. Consider three inertial observers O, O’, and O”. These observers could

be considered the origins of three frames of reference with parallel rect-
angular axes. The clocks at rest relative to themselves are synchronized
when they overlap. When the clock attached to O” has ticked off a
time dz® = dt”, calculate the time dz® = dt and position information
dz'=23 = (dy,dz) of O”, according to O, for the following cases:

Case I: O” moves with speed V? in the y-direction with respect to O’,
and O’ moves with speed V? in the z-direction with respect
to O.

Case II: O” moves with speed V3 in the z-direction with respect to O’,
and O’ moves with speed V? in the y-direction with respect
to O.

(a) Calculate Af = fr — frr, where f = dt, dz, dy, (dt)?> —
(dy)? — (dz)? and (dy)? + (dz).
(b) Show that these results agree with those of Problem 4.

. Cosmic rays are composed mainly of high-energy protons. Neglect grav-

ity and assume the velocities of the protons are along a line passing
through the center of earth. Let protons (1,2) move towards the earth’s
center with speeds (V, V), relative to earth’s center.

(a) What is the speed of proton 2 relative to proton 1 if the veloci-
ties relative to earth’s center are in the same or opposite direction?
Determine these speeds if V' = 0.99, V' = 0.98.

(b) Suppose the protons are spaceships traveling in the same direction
and at one time were at the same position, where they could syn-
chronize their clocks. After a time 7" on the clock of the slower ship,
it emits photons at intervals AT on its own clock. These photons
travel to the faster ship. On the latter’s clock, what is the interval
between received photon bursts?
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—

7. According to O, O is moving with velocity V = 0.9é3. In O’, there are
mirrors at 23 = +1m. At t =t/ = 0, light rays are emitted in O’ heading
for each of the mirrors. According to O, what are the positions and times
that each mirror reflects the rays? What is the time and position of O’,
when the rays return to O’? Can O’ place the mirror at ¥ = —1m,
somewhere else at negative x3/, so that O says both mirrors reflect the
light at the same time? According to O, will both rays return to ¥ =0
at the same time?

8. Consider a runner holding a 10m pole at its midpoint. The runner is
at rest with respect to a barn, that is 5m long. The runner gets to a
speed V, to run through the barn, whose (rear, front) door is (closed,
open). The speed is such that the pole appears to be 5m long, according
to a barn observer, at the barn’s midpoint. The barn observer sees, at
the instant the runner is at the midpoint of the barn, the pole just fits
within the barn. At this instant, the rear door can be opened, the front
door can be shut, and the pole passes through. The runner says the
barn is only 2.5m long. According to the runner, how does the pole
avoid being hit by the doors? In this question, assume the doors open
and close instantaneously.

9. High-energy muons are a component of cosmic rays. Suppose these
muons are moving towards the earth’s center with speed v = 0.999.
According to earth clocks how long does it take for a trip of 1300 m?
This is a trip down a moderately high mountain. How long does the trip
take according to clocks attached to the muons? What fraction of the
starting muons complete the trip? According to these muons, what is
the distance traveled? Measurements at the top and bottom of such a
mountain gave the first confirmation of time dilation.
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Chapter 2

Vectors and Tensors in Spacetime

2.1 Metric Tensor

In Chapter 1, the contravariant displacement vector dr” and the invari-
ant proper-time element dr were discussed. It was noted that (dr)? #
Zi:o drPdr”, but rather, from Egs. (1.4) and (1.5), and the discussion
following, summation occurs when the same index appears as both covari-
ant and contravariant. Thus,

(dr)? = (dr®)? = [(dr")? + (dr®)® + (dr®)?]
= (dt)* = [(dz)* + (dy)* + (d2)?]
= —drpdrt = —gppdr?dr®. (2.1)

A vector necessarily has covariant and contravariant components. As shall
be seen below, since dr is an invariant and dr#, dry are vectors,

(dr)? = —dr,dr* = —g,,dr”dr" (2.2)
= —gyudrtdr” = —g,,dr¥drt. (2.3)

The quantity g,,, with two covariant indexes is a tensor of rank 2 called
the covariant metric tensor. By convention, when summing over an index
that appears as both contravariant and covariant, the sum is over 0-3 for
a Greek index and over 1-3 for a Roman index, e.g., 6, = 4 but 5t = 3.
Equations (Z2) and 23) yield g, = guu, which is a symmetric tensor.
In an inertial frame using rectangular coordinates, the metric tensor is
particularly simple, and given a special symbol g;s = 1,,,. From Eq. (),

17
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we have

1 =mni=-n0, Muw=0,pu F . (2'4)

There is no need to put bars on the 7 indexes, they are understood.

From Egs. (Z2)) and ([Z3]), it is seen that the covariant metric tensor
lowers indices, or converts a contravariant index into a covariant one. As
the determinant of g,, # 0, it must have an inverse — the contravariant
metric tensor. The latter g"” = g"* converts a covariant into a contravariant
index,

drtdr, = gu.drtdr” = g"dr,dr,,
dr” = g"dr, = g“”gugdrﬁ,
9" gus = 9" =8"p. (2.5)

The mixed form of the metric tensor is not part of current usage, however,
it indicates that "5 is a mixed tensor of rank 2.

In GR the metric tensor elements may be complicated functions of posi-
tion and time. Once they are obtained, the problem is effectively solved.
Staying in an inertial frame, it is easy enough to show that this tensor
acquires complexity. One can just transform to cylindrical coordinates (see
below).

2.2 Vector Transforms

So far we have seen that there are quantities that don’t depend on an
index and are invariants, for example, dr. In view of the discussion fol-
lowing Eq. (1.5), quantities that depend on one index, and transform as
in Eq. (1.4), between different reference frames or coordinate systems, are
contravariant vectors or tensors of rank 1. The transforms of tensors of
higher rank are discussed in Section 2.3. Consider observers O and O’ with

. / .
coordinates z# and z* , the components of contravariant vectors transform
like,

VE =at,, VU/ or g#ava =zt gﬁlylvﬁ/v (26)
and

VO’ = §gaVa = gauguava
= Gong”" 2" Vi = 2 4 Vi, (2.7)



Vectors and Tensors in Spacetime 19

Equation (27 is the rule for transforming the components of covariant
vectors. These results show that Eq. (21I) leads to Eq. ([2:2]),
(dr)? = drpdr? = (X, dry) (2", dr¥)
=aX,at,, drydr’ = 8% drydr”
= dr,dr". (2.8)
The metric tensor gaining complexity can be illustrated for O’ being

cylindrical and O being rectangular coordinates. The relations between
coordinates are as follows:

T = pcoso, y= psin e,
p=(2"+y*)"? ¢ =tan"'(y/),
dx = x,,dp + x,4 dp = cos pdp — psin pde,
dy = y,pdp + y,6 dp = sin ¢pdp + p cos ¢dg.
Thus,

(dz)® + (dy)* = (dp)* + p*(do)*.

The position vector r* has components (¢, z,y, z) and r* has components
(t,p, 0, z). The displacement vector dr* has components (dt, dz, dy, dz) and
dr* has components (dt, dp, do, dz). Note, these components are in terms
of basis vectors.

In an inertial frame,

_ v
Ta = M s

0
o = NooT = —T =

[=]]
|
\.@0-

rp=nar' =1 = (2,y,2),
similarly,
drp = nuudr’ = (—dt,dz, dy, dz).

These results would be considerably more complicated in a non-inertial
frame.

It is obvious that the t and 2z components are the same in both coordi-
nate systems. Only the spatial components, in the plane perpendicular to
z need to be transformed,

r =t = ot = partpyy = ((2)° + )N =,
T2 = T2 [ Tﬂ = ¢7ﬁ Tﬂ = (bvxx + ¢7yy = P_2(*?ﬂ7 + 179) = 07
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it =+ y,y=p ((@)P+ @) =p=r",

»Q'Tﬂ:$»¢$+y»¢y:*y$+$yzo~

=
=l

rp =1t r

=i
[u]

x,
X

&I

3 = TIL,Q/ Tﬁ =

This calculation is repeated for the displacement vector:

dr'' = p,pdx + pry dy = p~H(zdx + ydy) = dp,

dr¥ = .o da + ¢y dy = p*(~yde + ady) = dg,

dry = x,,dr +y,,dy = p~*(zdr + ydy) = dp = dril,

dry = x,5dx + y,4 dy = (—ydz + zdy) = p*dp = p2dr?.
Since dr is an invariant, the metric is easily obtained:

ij dridri = Girjr dr? drd’ ,
(dw)® + (dy)* = (dp)* + p*(do)?
= gpp(dp)2 + 9¢¢(d¢)2 + 29ppdpde,
911 = Gop =L, Goz = oo = 0% g1 =0, ' = 1/guir.
The reader should show that the following required relations hold:

(rarsdrpe) = guor (r” ,dr”),
(Tﬂl,drﬁ,) = gﬁlﬂl (ror, drys),
gﬂ,’jldrﬂrdr,;/ = gﬁ/grdr’ildrﬁ,.

In Problem 4, the reader is led through the proof that the invariant
4-volume is given by

AV = (~det(g) /2 di°de’ dr?ds®. (29)

The minus sign insures that the argument of the square root is positive. If
just spatial parts are considered, it is not needed. The value of the spatial
part in an inertial frame is dzdydz for rectangular coordinates and pdpdpdz
for cylindrical coordinates. The case of spherical coordinates is left as an
exercise. Then in any GR frame, for a one-dimensional distance, say between
radial coordinates (a, b), the proper distance is as follows:

b
Lp:/ dr(gr )2, (2.10)

It depends on the metric. Generally, the inertial frame value is |b—a|. Where
gravity acts, it typically is larger because spacetime is curved. The speed
of light is still unity because the proper time, that on a clock at rest with
respect to an observer, runs slower in stronger gravity.



Vectors and Tensors in Spacetime 21

The spatial parts of vectors are usually written in terms of components
V' and orthogonal basis vectors €;. In rectangular coordinates, the latter
can be taken as constant unit vectors é;,7 = x,y, z. In cylindrical coordi-
nates, the results of Problem 1.3 gave €, = ¢, and &, = pé,;. They are not
constant, but vary with ¢. The correct distance squared between points
in the p, ¢ plane, in an inertial system, is obtained from |dpé, + dppés|*.
However, it is not necessary to use basis vectors when we work with the
metric tensor.

In Chapter 1, the Lorentz transform between frames O and O’, in rela-
tive motion, was studied. The transform for dr”* and dr; was just Eqs. (20)
and ([Z7). So quantities depending on one index, and transforming via the
Lorentz transform, are vectors in spacetime. This property will be used
below to construct additional vectors.

2.3 Tensor Transforms

To study the transformation properties of tensors of rank > 1, start by
constructing a quantity that depends on two indexes that have a known
transformation, e.g., V#W,, VAW and V,W,, where V and W are vectors.
Such quantities are defined to transform as tensors, and it is easy to see
how higher ranked tensors must transform. Using Eqs. 28) and (7)), we
have

(VEW,) = 2t Va2 Wer = 2ty 28, (VY We),  (2.11)
(VEWY) = 2t VY 2" o WE = gt w,x o (VEWE), (212)
(VW) = ’,M Vgt , We =¥, a8, (Vi Wer). (2.13)

One then declares that the above multiplications of the two vectors produce
tensors of rank 2, such as 7%, T"", and T},,. The above equations are the
transformation rule, for any tensor of rank 2. However, this must be tested
on two quantities asserted to be tensors of rank 2, the metric and Kronecker
delta tensors. Let V, W be vectors. If g, is a tensor, then

G VWY = xfl,u xX/,,, Gerrer Tt o Va/:CU,B/ wh’
= xﬁl,u o a:X/,,, ¥, g gg/X/Vo‘,Wﬁl
= xf/,a/ :CX/,gl Jerx VW
= 6% 5% B/gg, VWP = gy VEWX
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This result is an invariant. It agrees with Eq. (Z3]) when V#* = WH = dr#.
If g,, was not a tensor, this result wouldn’t hold.

The transform of the Kronecker tensor is left as a problem. Here are
some explicit examples, of expected results, between rectangular and cylin-
drical coordinates:

Gpp = (17» )27711 +(y Ysp )2773/3/ = COs ¢+sm2¢ =1,
966 = (€39 )21hwe + (459 )11y = p?(sin? ¢ + cos® ¢) = p?,
97 = (0’0" + (poy )P0 = (2% + %) /p* = 1,

9% = (62 )*0"" + (6 )" = (v +27) /p* = 1/p°,

§p :p,mx,péz—i—p,yy,péy :c052¢+sin2¢: 1,
§¢¢ = Gyx T, 0" + Doy Yy 07, = sin® ¢ + cos® ¢ = 1,
00y = P Ty 0% + Pry Ys 0% = (—ay +yx)/p = 0.

One can also check that under a Lorentz transformation the metric tensor
transforms correctly. One obtains, using Egs. (1.9)—(1.11),

00 0 0 o' g’
n :x»d’f»g"??ﬂ

(woaﬁ’ )2770 0 + (woag’ )2773 P = 72(_1 + VQ) ==

The other elements can similarly be shown to work out. Try it.

It is now obvious that a tensor of rank integer n transforms such
that for each contravariant index there will be a partial derivative fac-
tor as in Eq. ([2.6) and for each covariant index, a partial derivative factor
as in Eq. (21). The product of the factors multiplies an element of the
tensor, e.g.,

’ ’o

T 5 = a2l 2 e s T, (2.14)

v

2.4 Forming Other Vectors

. . . . . . oo
Since dr# is a vector and dr is an invariant, the quantity U* = % is

another vector with units of velocity. This is not true for photons because
dr = 0. Suppose SR observer O’ says an object has 3-velocity rectangular
components dT—; =i = = vy . An observer moving with the object says that
dr has elapsed. Chapter 1 results yielded dr = dt’/5’, where dt’ is the time
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elapsed according to O'. Here 7/ = (1 — [v/|2)~*/2 and [v/|? = v¥ v;. Then,

i d’f‘ll =/
=7 =7 =Us, (2.15)
A’ d'l"al
U’ =4 T v = -Uy, (2.16)
i UPU” = —42(=1 4 [v/|>) = 1, invariant. (2.17)

There are similar equations for the U” in O — just remove the primes.

The 3-velocity transforms come from applying the Lorentz transform to
these vectors. If O’ moves relative to O, with speed V in the z direction,
let v[V] = (1 — [V[?)~%/2. Then,

U =y =4[V](U” + VU*) = 4[V]y (1+Vv 0, (2.18)
U* = yo® =y [V](U* +VU°> YV (07 +V),
5 0V +V AV](de® +Vde")  da?

[ _ i ) _ e 2.19
1+ VoY A[V](dzY 4+ Vdz?)  dt (2.19)
’71)1’2 _ 7/@?,77
o 1,2 dzt’ 2 drl2
2o - i =2 (220

AVIA+VY)  4[V](dz¥ 4+ Vdad) dt

The quantity dr has Vamshed from Egs. (IZ[QI) and (Z20). Thus, they also
hold for photons, e.g., if v = =1, v? =03 =0, then vio! = (y[V])~2, 0% =
0, vgv3 = |V]? and |[v]? = v;v" = 1. All observers see the same speed for
light. For a slowly moving object like the earth, under the gravitational
influence of the sun, vy~ 1, U’ ~ 1 and U? ~ 0.

2.5 Twin Problem Revisited

The twin problem with a simple acceleration can now be considered. Twin
O is at rest, while twin O’ is positioned in a rocket, as shown in Fig. 2.1l The
rocket accelerates in the z-direction such that O’ experiences an acceleration
g =9.807/(9x 10'%) m~"! and is quite comfortable. On the clock of O’ that
measures the proper time of O, the acceleration lasts for a time 7. The
acceleration reverses direction for a time 27, and then reverses direction
again for a time 7. This brings the rocket back to rest, and O’ to the
position of O. What is the time on the clock of O7 O can interpret the
problem with SR.
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Fig. 2.1 The twin problem: O’ at rest in the rocket experiences acceleration of magni-
tude g on going from, and returning to twin O.

The 3-acceleration magnitude of O’ is ¢ according to O’. The 3-

acceleration of O’ according to O must be calculated. The latter is %,

where Vg is the speed of the rocket with respect to O. The 3-acceleration
enables the calculation of the rocket’s speed with respect to O. That allows

comparison of clocks. The 3-acceleration is obtained from an acceleration
du*

vector A¥ = ©— similar to the way the 3-velocity was obtained from U*. In

general, for motion in O, in the 3-direction with speed V' and acceleration

av
a = e
- dUW dU#
A= — =~y— 2.21
dr dt ’ ( )
oy 1 av
AO =Y— = -2V —
Tar ~ Ta(1 - vey-ae ( dt )
=~'aV, (2.22)
3 d dz? d da3 d(~V)
3 — —_ = — _ —
A= 7dt<7dt> T at
=7 (’ya + EV) = ’y2 + ’y4V2a
=~2a(1 4+ V?*y?) = v4a. (2.23)
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The rocket is not an inertial frame, but at each instant looks like one. It
is moving with speed Vg relative to O. O’ is at rest relative to the rocket,
but experiences A3 = +g. O can use the Lorentz transform to transform
vectors from the rocket frame to the O frame,

A0 = AR[AY 4 VRAY],  r=(1-V3)TV2
Vravh = YrVra = YrVr(£9),

AV L
GZW:ig’yR y SO,

(2.24)

+gdt = dVpyh = dVa(1 — VE) %2
Using the relationship between coordinate time and proper time yields,
(d7)? = (dt)* — (dz)* = (dt)*(1 = V),
dr = dit(1 = V)" = (+1/9)dVr/(1 = V§).

On the first leg 7 =T — 0 = T, take the plus sign, and integrate from
Vi = 0 to Vr(F). On the second leg 7 = 2T — T = T, take the minus
sign, but integrate from Vi = Vi(F) to 0. Thus the two legs yield the
same result. For the third leg 7 = 3T — 2T = T, take the minus sign, but
integrate from Vg = 0 to —Vg(F). For the last leg 7 = 4T — 3T = T, take
the plus sign, but integrate from Vi = —Vxz(F) to 0. Thus all legs yield the
same result. So the calculation is made for the first leg:

Vr(F)
T o) [ ave/(1- VA = (/20 A
exp(2¢9T) = H VREQ (2.25)
B eXp(2gT) -1
Ve(F) = oxp2gT) F1 tanh g7 < 1.
Then, from Eq. (2.24)),
VR(F)
gt = /0 dVr(1 = V3732 = VR(F)(1 — Vg(F)?)~1/2,
= sinh g7 (2.26)

IfT=1y=0.316 x 103 s = 0.948 x 10'6 m, g7 = 1.033, then Vi(F) =
tanh 1.033 = 0.775, gt = sinh 1.033 = 1.226. This yields ¢t = (0.918 x
1016)(1.226) m = 0.375 x 10% s = 1.187 y. So, for the entire trip, O’ ages 4 y,
while O ages 4.748 y. Even more striking, if T = 10y, then t = 1.483x10% y!
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2.6 Momentum and Energy

Another important vector comes from multiplying the velocity vector by an
invariant quantity with units of mass mU* = P*, where P is the momen-
tum. In the system where ¢ = 1, it has units of kg. In the natural units,
where ¢ = G = 1, it has units of m. By going to the rest frame of the
object, one notes m is the rest mass. For an inertial observer, the spatial
part of the momentum vector is the linear momentum. Its components are
as follows:

P=(1— V) PmVi = ymV?, [V =VV. (2.27)

These reduce to their usual non-relativistic values when |‘7| < 1. The time
component is as follows:

P'=ym=E (2.28)
=m(1+|V]*/2+--).

At low speeds, the last equation is the sum of the rest energy, and the
non-relativistic kinetic energy. So, for any speed, the time component of the
momentum vector is the sum of the rest energy and the relativistic kinetic
energy KE. This is the total energy E. A non-invariant relativistic mass

M = E/c* = E is a useful construct for the example in Section 2.8. A little
manipulation yields other important relations:

m? = —g,, P*P", then for inertial observers
= (ym)? ~ PP' = E* — |PP, (2:29)
E= [|13|2 +m?)Y? = KE +m.
Photons have m = 0, so for them,

E=KE=|P|=M = hv, (2.30)

where v is the frequency.

2.7 Doppler Shift

The Doppler shift for photons in SR can be obtained from the Lorentz
transform of photon momentum. The situation is illustrated in Fig.
Frame O’ is moving relative to frame O with speed V in the z-direction.
A laser, at rest in O, emits photons with P® = E' = he/ and P¥ = —ho/.
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SV

Detector w M Laser

Detector M “ Laser

0 0’

Fig. 2.2 The laser at rest in O’ emits light of frequency v’. The light received by a
detector at rest in O measures frequency v.

If the photons don’t travel in the —z-direction, they won’t get to the origin
of O. From the Lorentz transform,

E=hv=~m/'(1-V),
(2.31)

v 1-v  (1-V\'* ¥
v (- VELIE

1+V A

For a source receding from O, the received frequency is shorter, the
wavelength is longer — a red shift. If you change the sign of V, so that the
source is advancing, there is a blue shift. Examination of the line spectra
from very faraway galaxies, and knowledge of the Doppler shift, leads to the
conclusion that they are all separating from us — an expanding universe.
One might think that the expansion is taking place in an already existing
space, but we now know the expansion is due to more space being created
between any pair of objects.

Another way to get this result is, perhaps more satisfying, as it uses
invariants. In O’, the light source is at rest, and the light has P9 = ho/,
P¥ = —m/. Ois moving in the —z-direction with speed V', with respect
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to O’. The velocity of O according to O is as follows:

(2.32)

Here, E is the energy of the photons measured by the detector fixed in O;
U (0) is the velocity of O determined by O'; and P* is the momentum of
the photons determined by O’. In the above case, if V = 0, then Uy (O) =
(=1,0,0,0) and E = —(—1)P% = he/. For massive particles, you can easily
show that Eq. [232)) still holds.

2.8 Gravity Affects Time

Using the relativistic mass, it is easy to show that gravity affects time.
Consider a photon with KE = M = hv, emitted at the surface of the sun,
with mass M, and radius Rs. When it gets far from the sun, say at earth,
with mass M., radius R., and distance from the sun D, the frequency
changes so that total energy is conserved. At earth, KE' = M’ = hv'.
The setup is illustrated in Fig. The frequency of the sunlight at earth

. D ]
v v’ R,
(O 3 P it
Earth
Sun

Fig. 2.3 Light of frequency v is emitted at the surface of the sun. The light received at
earth, where gravity is weaker, has frequency v’.
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can be calculated from energy conservation with Newtonian gravitational
potential energy included. This calculation is not relativistically rigorous
as it mixes non-relativistic and relativistic concepts. However, it gives the
correct result when gravity is a very weak effect,

KE + PE = KE' + PE',
M~ MM,/Rs =M — M'M,/D — M'M,/R.,
hv(1 — Ms/Rs) = hv/'(1 — [M;/R,][(Rs/D) + (Me/Ms)(Rs/Re))),
Rs/D = 4.64 x 107%,  (M,/M;)(Rs/R.) = 0.33 x 102,
1 -V /v~ My/Ry = 1.476 x 10°/6.96 x 10® = 2.1 x 107°.

So, at the sun, light is emitted by a physical process, like the line spec-
trum of helium. At earth, observers compare this light, with light from
the line spectrum of helium, emitted on earth. The light from the sun has
a lower frequency and larger wavelength than the earth light. This is the
gravitational red shift. Frequency is inversely related to time; in this case,
the time between successive wave crests. So the proper-time earth clock
indicates the time between crests, of the light from the sun is longer, than
the similar time from the earth light. This means it is longer than the time
on a proper-time clock at the sun. The reason is, if a source is to be consid-
ered helium, it has to be helium everywhere. Otherwise, the first postulate
of relativity is violated. The time between crests measured on a clock at the
same position as the source doesn’t depend on the position, regardless of
gravity. Source process times and clock times are affected equally. Proper-
time clocks in stronger gravity are ticking at a slower rate than those in
weaker gravity.

An observer far from a black hole would say it takes an infinitely long
time for a foolish astronaut to get to the horizon, whereas the astronaut
doesn’t think anything is amiss time-wise.

2.9 The Pound—Rebka Experiment

These predictions have been confirmed for light from stars, but was first
confirmed in the earth’s gravity, (see Pound and Rebka, M) The exper-
iment required use of the Méssbauer effect and a wide variety of other
physical processes.

As an introduction to this important experiment, the emission and
absorption of photons are reviewed. Consider a free atom at rest, such
as one in a gas with a nucleus in an excited energy state Fy. It will emit
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a photon and undergo a transition to a lower energy state Er. In order to
conserve energy and momentum, the atom must recoil,

Ey — Ep = AE = hv + |P]2/(2M4) = hv + (hv)? /(2M 4),

where v is the photon frequency and My is the atomic mass. If a similar
atom’s nucleus was excited by absorbing a photon, then

AE = h/ — |P'|?/(2Ma) = bt/ — (h/')?/(2M 4).

So hv < AE < hv'. The emitted photon cannot be reabsorbed by another
free nucleus, if as is the case here, the intrinsic line-width of the transition is
small enough. The intrinsic line-width is due to the time-energy uncertainty
relation. If the lifetime of the excited state is long, so that there is ample
time to make an energy measurement, then the error in the energy will be
very small.

In 1958, R. Mossbauer discovered that when such atoms were part of
a crystal lattice, the crystal as a whole, with zero excitation of phonons,
recoiled in a large fraction of the transitions. For this discovery, Mossbauer
was awarded the Nobel prize. In this case, M4 — oo and hr = hy'. Thus,
the emitted photon could be reabsorbed. A very good source with which
to see this effect is >"Fe. It results in an excited nuclear state 14.4keV
above the ground state, from electron capture in 57Co (lifetime 272 d).
You can get the cobalt at a cyclotron, using the reaction 56Fe(d,m)wCo.
The cobalt diffuses into the lattice when the iron target slab is heated.
As natural iron has only 2.17% of °“Fe, the slab can be enriched in
isotope 57.

In a simple experiment, a thin enriched source slab is placed close to a
thin absorber slab. Directly behind the latter is a photon detector, perhaps
a Nal crystal mounted on a phototube. If the absorbing slab is ordinary iron,
almost no reduction in counting rate is observed, but if it is enriched in *"Fe,
an obvious reduction is seen. In the latter case, more emitted photons are
absorbed. This holds whether the experiment is conducted at the bottom
or top of a high tower H = 22.55 m, in the case of the Pound—Rebka
experiment. That is, if source and detector are at the same position, the
measured frequency is independent of where they are.

In the Pound-Rebka experiment, the source was carefully prepared with
a very narrow intrinsic line width. Let it be at the bottom 7o = R, while
a similarly prepared absorber is at the top r1 = R. + H, where gravity
is weaker. After solid angle effects are accounted for, a reduction in count
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rate is not observed nor is one expected. The gravitational red shift reduces
the photons’ frequency so they cannot be reabsorbed. This confirms that
the frequency at the top is not that at the bottom, but hasn’t confirmed
whether or not the frequency has decreased, nor by how much.

In order to measure this frequency change, and see if it agrees with the
GR prediction, the source was set in motion. Then in addition to the above
effect, there is also a Doppler shift. If the source moves towards the absorber
with speed V, the frequency at the absorber is, using both the Doppler shift
and the gravitational red shift,

1/2
v (LEVYP[ (L
V2.2 1-V T2 1
1 1
~ (1 1-M |\ 5 ———=1|-
@+ -0t (- )|

The approximation is due to V <« 1. Since H < R, the above can be
approximated as

21 sa+v) -1—%(1 é)]

Va2 " R.\' 1+H/R.
L
~(1+V) 1—R (1—(1_H/Re))}
CMH
= (1+V)|1- i }

For maximum absorption, one desires the above ratio to be unity, so
that 1 +V = (1— M.H/R2) ™' ~ 1+ M.H/R2 or V = 246 x 10715,
In MKS units, this is 0.74 x 10~%m/s. Moving the source so slowly would
be extremely difficult. However, Pound and Rebka moved it in a sinusoidal
manner, so that V' = 1} coswt. The speed V}y could be much larger than the
above value, but by observing the way the detector intensity varied with
cos wt, the red shift value could be deduced. The original experiment found
agreement with GR to the 10% level. It has since been improved to less
than 1%.

2.10 Global Positioning System

The global positioning system is in wide use, and GR provides an impor-
tant correction. Before worrying about the role played by GR, let’s look
at a simple-minded system where only SR needs to be worried about.
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Imagine our observer does not know where he is, though he is actually
at dzp. Overhead at height h < R., many planes fly with speed V in
the z-direction. The planes are at rest with respect to each other. At high
frequency v, they broadcast their time and position (dt’, dz’). These are
connected to times and positions in the observer’s frame by the Lorentz
transform,

y=1-VH2x14V2)2,
dt = ~(dt' + Vdz'), dz = ~(dz' + Vdt').

The time of flight dT" of the electromagnetic wave to the observer is
dT = (h? + [dz — dzp)?)"/?, and the time of arrival at the observer is
dty = dT +dt. The observer has a system that interprets the signals so that
two simultaneously arriving signals are deduced. Of course, this means that
the two signals were not emitted simultaneously by the planes. Also simul-
taneous arrival really means arrival within a narrow time window, and that
depends on the accuracy of your device. If two planes provide simultaneous
arrivals, then

dTy +dtp = dI'g + dtp,
(h? + [dza — dz)?)/? + dta = (h? + [dzp — dzo)?)/? + dip.

The above equation allows calculation of dzy. The accuracy of the position
depends on the accuracy of the time measurements. For extreme accuracy,
the correction due to the relativistic factor v needs to be included.

The real GPS, illustrated in Figs. 24land 2.7 is a system of 24 satellites.
They orbit earth with a period T' = 12h. Newton’s theory will give us
an idea of the accuracy and the corrections needed. Circular motion is
considered:

mV?/R =mM./R?,
V = (M./R)"? =2xR/T,  R=[TM}?/(2m)]*",
T = (12)(3600)(3 x 10%) m,
M, = (5.97 x 10%*)(0.742 x 107%") m,
R =0.265 x 10°km = 4.15R,,
V =0.128 x 107

The time correction has two parts: a factor v from SR, and a factor from
GR because the clocks of the receiver and satellite experience gravity of
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Fig. 2.4 Twenty-four GPS satellites orbit earth, and broadcast their positions and times
at high frequency.

Fig. 2.5 Light speed signals from three satellites, that arrive at the same time, provide
a unique earth position.
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differing strength. The sizes of the corrections are as follows:

(1-VH 2 x14V2/2=1+16x1071°,
(1— M./R, )/th (1 — M./(4.15R.))/dts,
dte/dts = [1 — M./R.]/[1 — M./(4.15R,)]

~ |

=1

— M./R.][(1 + M./(4.15R.)]
—0.76(M./R.) =1 —4x 1071,

The magnitude of the GR correction is 2.5 times larger than that from SR.

Motion about the sun affects earth and satellite equally, but you might
think that the formula for 7 could only be used at the poles, where an
earth observer is at rest with respect to the earth’s center. At other lat-
itudes, an earth observer is moving in a circle about an axis through the
earth’s poles and center. However, the earth is not a sphere, and the polar
radius is less than the equatorial radius. There is a latitude effect for the
gravitational potential at the surface. You also must add to the brew that
the earth is spinning, but one cannot tell the difference between the cen-
tripetal force and an additional oppositely directed gravitational force. The
total gravitational potential at earth’s surface turns out to be independent
of latitude. So clocks anywhere on the surface run at the same rates. For a
more complete discussion see m ).

Due to the large distance between the surface of earth and the satellite,
exquisite timing accuracy is required to get a location accuracy of 2m at
earth’s surface. This was the accuracy required by the military, e.g., in
1ns light travels 0.3 m. So approximately 6 ns accuracy is needed. Modern
atomic clocks can easily keep time to this accuracy. However, if both SR
and GR corrections were not included, the errors would quickly compound,
and the system wouldn’t work. This alone makes GR very practical. It
may be that a very clever person would have noticed that without the GR
correction the GPS could be made to work by an arbitrary scaling of time.
So we have heard it argued, that one does not have to know about GR to
make the GPS work. However, without knowledge of GR, it would have
taken a much longer time to get the GPS running correctly. Also, it is
always better to understand a complex system rather than making use of
arbitrary fixes.

There are other corrections to be mindful of: the relativistic Doppler
effect, the varying of the index of refraction along the path of the electro-
magnetic wave, and that the orbits may not be exactly circular.
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2.11 Tensor Equations

In a fully relativistic theory, energy is just one component of the momentum
vector. Momentum and energy conservation is just conservation of each
component of that vector. Suppose it holds in one frame where, for example,
a muon, as illustrated in Fig. 2.6 decays into three lighter particles p —
ve. In the muon rest frame O, conservation of momentum is as follows:

0=PP(I)— PP(F)= P%(u) — PP(v) — PP(p) — PP(e).  (2.33)

The Lorentz transform is applied to every term in the above equation. This
yields the momenta in a frame O’, where the muon is moving. It is obvious
that momentum conservation holds in O,

0=a%5(P?(I) — PA(F)) = PY(I) - P¥(F).

It is necessary to write physical law as a tensor equation, as in Eq. (2.33).
Then, if the law holds for one observer, it holds for all. Such a decay is
always handled in SR, hence the bars over momentum indexes. The earth
is freely falling in the metric due mainly to the sun. As will be seen, it is
an inertial system. In the weak gravity of an earth laboratory, there is no
noticeable earthly gravitational effect on these particles. Though the decay
is handled in SR, the general principle holds for all frames.

Other vectors are easy to define. For example, one could define a force
vector F'* = %
particles can be calculated. After a Lorentz transform, to a frame in which

. The force components on each of two, at rest, charged

B
P,
1 . <
| v
| 3
Pg ‘ Py Ps

Fig. 2.6 Muon decay: On the left is the view in the muon’s rest frame (O). On the right
is the view in the laboratory, frame O’.
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the particles are moving, one notes magnetic effects enter the scene. In this
way, the laws of electromagnetism can be derived from Coulomb’s law and
SR. Such material is useful for an electrodynamics course, but not pertinent
for further study of GR.

Problems

1. In an inertial frame of SR and in rectangular coordinates, the metric for
the spatial coordinates is 7;;. Obtain the metric and determinant of the
metric in spherical coordinates. The relationships between coordinates
are as follows:

r = rsinf cos ¢,

y = rsinfsin ¢,

z =1rcosb,
r= @) + )+ ()12
¢ = tan"'y/z,

6 = cos™ (=/[(@)* + (y)° + (2)7]"/).

2. Show in general that = gl,ugug“/X/xE” - Then, using the infor-
mation in Problem 1, show explicitly that, in an inertial frame where
#* | z”" are cylindrical, spherical coordinates,

, &

=1

PV o
,’E'u sl = gﬁ//g//g'u X ,’EE X! -

3. Show that Eq. (2.6) leads to Eq. (2.7) for the Lorentz transform, dis-
cussed in Chapter 1. Show explicitly for this transform that

$ﬂ,91 = n“anyrﬂ/lﬁ/,@ .
4. Prove that the 4-volume element [— det(g,,)]"/?dz%dz!dz?dx® is an
invariant. Use the following information. In a rectangular coordinate
frame, in flat space,

d*V = [= det(n,)]" 2da’ dat datda® = dadatda?da®.
In another frame, calculus yields

d*V = Jda'dz'da*dz®, J = Jacobian,
(xx 22x3)
O(x0xtx223)’

= det(A),

J =
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where A is the following matrix:

0 0 0 0

50 T,1 T2 T,3

1 1 1 1

A= |T0 T T2 T3
I 2 2 2
50 T, T2 XT3

3 3 3 3

750 TT,1 X2 X,3

Now relate g, to A.

. Show from the transform equations that g,,T";, where T"; is a mixed

dgocﬂ

% = 0, show

tensor of rank 2, is a covariant tensor of rank 2. If
U, dg: = 0, where U* is the velocity.

. Show from the transform equations that #, is a mixed tensor of rank 2.
What are ¢"gey, 9" 9uvs 9" 9uv, 9" guu and g""' Ve, where Vg is a

vector?

. In the twin problem, the rocket moved relative to frame O with spatial
components of velocity and acceleration in the z-direction only, and O’
was at rest in the rocket.

(a) Suppose now that the rocket was an inertial frame, and O’ had

nonzero spatial components of 3-velocity and 3-acceleration, in all
da’ do?’

dt’ at’ -
If the rocket moves with speed V' in the z-direction relative to O,

=
and a* =

directions relative to the rocket. Here v/ =

what are o/ in terms of V, v?, and a’? You already know v’ in
terms of V and v" .

(b) Use Egs. (2.21) and (2.22) to evaluate the invariant (1, A* A)'/2.
Convince yourself that if one inertial observer sees an object accel-
erating, all inertial observers see it accelerating.

. In the twin problem, what is the velocity of the rocket with respect to
the inertial twin, the time on the inertial twin’s clock, and the distance
of the rocket from the inertial twin, as a function of the time on the
rocket clock? Check that your answers give the expected results at
T =T, 2T, 3T, 4T. Let the rocket clock time be 0 < 7; < T for each
of the four legs. Similarly, let V;, t;, z; be the variables to find for each
of the legs. For to¢ and ztot, one has to add contributions from more
than one leg.

. A person on the surface of earth lives 80 y as reckoned by his/her
proper-time clock. What would the lifetime be in a space station at a
distance 2.5R, from earth’s center, on his/her proper-time clock? What
would the earth clock read at time of death in the space station? Repeat
the above calculation for lifetime in a mine, at a distance 0.99R, from



38

10.

11.

12.

13.

14.
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earth’s center, assuming a spherically symmetric earth with uniform
density. In order to simplify things, neglect the velocity effect.

Use the data for the Pound—Rebka experiment. For fixed source and
detector, what is the difference in energy in eV between photons emitted
at the bottom and photons arriving at the top of the tower.

A laser emits light of frequency v in the —z-direction. The laser is
mounted to a land rocket, that also moves in the —z-direction with
speed V' with respect to the earth. A second such rocket has a mirror
mounted on it and reflects the light received from the laser. It moves
with speed V' relative to the earth. What frequency is measured at the
laser rocket for the reflected light. Consider all possible cases: V' > V|
V < V' and V' moving in the +z-direction relative to earth. The visible
spectrum lies between (0.43-0.75) x 1013 Hz. Suppose, V = 500 mph <
¢, what is the magnitude of V'’ such that mirror rocket travel in the
Fz-directions yields reflected light at the laser, with the lowest and
highest visible frequencies.

The most efficient rocket one can conceive of would convert its rest
mass to photons. The photons would part from the remaining mass in
one direction and propel the remaining mass in the reverse direction.
What fraction of the original mass remains when its speed is 0.9, 0.925,
0.95, 0.9757

At present high-energy proton accelerators new particles and their anti-
particles can be produced by the reactions,

ptp—X+X+p+p, Mx > M,

There are two types of accelerators: one beam and a fixed target, liquid
hydrogen, or colliding beams with equal and opposite momenta. In
accelerating protons to the highest energies, it is the kinetic energy
of the beam(s) that determines cost. Calculate the minimum kinetic
energy to produce the final state for both types of accelerators and
determine which is cheaper to construct? In the case of Higgs boson
production, My = 0.125TeV/c?. All known conservation laws would
be satisfied without also requiring the production of the anti-Higgs. In
this case, what is the minimum collider kinetic energy? Could the Higgs
be produced at any current fixed target facility?

A particle of rest mass M decays into two particles of rest masses M
and Ms. If M is traveling with momentum Pé, in the laboratory, cal-
culate the cosine of the opening angle cosf, between the two particles,
in the laboratory. Make the calculation in terms of the cosine of the
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emission angle cos 8%, with respect to €., of M; in the rest frame of M.
Graph this function for M = 1 m, M;2 = 0.3, 0.5 m and P = 1,
1.5 m. Note that there is a maximum opening angle between the decay
particles in the laboratory that decreases as P increases.

In Chapter 9, cosmology is dealt with. There, the cosmic microwave
background (CMB) radiation has a Planck distribution with a tem-
perature Ty = 2.73 K. In the early universe, the temperature was much
higher, and the energy, of the photons E, = hv = kg1 was much
greater. Here, kp is Boltzmann’s constant and 7' is the absolute tem-
perature. When the energy was high enough particle, anti-particle pairs
could be produced via,

Y+ —= X+ X.

What is the minimum photon energy required to produce electron—
positron (X = e) pairs? The scale factor of the universe @, compared
to what it is now Qy, is Q/Qo = Tp/T. What was this ratio when e,
pairs could no longer be produced because the universe was expanding
and cooling?

The reaction, considered in problem 15, explains why an upper limit for
gamma-ray energy in cosmic rays is observed. Very energetic gamma
rays travel long distances to reach earth. They are traveling through
a sea of 2.73 K photons, as they started out long ago. They are quite
likely to collide with one and produce electron—positron pairs, before
reaching us. Calculate the observable maximum gamma-ray energy in
MeV. There is evidence for a diffuse X-ray background with energy
~ 2 x 105k T, that would lower the above observable maximum energy
considerably. Recalculate that energy for this diffuse X-ray background.
The Robertson—Walker metric describes the development of the uni-
verse. Its elements are: goo = —1, gzz = grr = [Q(t)]%, 922 = gop =
(Q(t)rsind)?, g11 = goo = (Q(t)r)* and g, = 0, (1 # v). Here, r is the
radial coordinate from an origin, say the center of the sun. Consider
a galaxy at radial coordinate R. The galaxy can be considered to be
on the surface of a sphere of radial coordinate R. What is the circum-
ference and area of the sphere? What is the proper distance from the
origin? As Q(t) is getting bigger with time, one sees that the proper
distance between any origin and a radial coordinate is expanding. Space
is being created between the two. Experiment indicates that there is a
non-understood “dark energy” driving the expansion, and that it will
not be reversed by the gravity of the existing mass.
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On the scale of the solar system, the universal expansion is much too
small to be observed. The metric that describes the earth’s orbit about
the sun is the static Schwarzschild metric. Here, gop = —(gr) "' =
—(1 =2M,/7r), goo = r2, Jopp = sin? 0gge, where My is the sun’s mass
and r is the earth’s radial coordinate. What is the value of L, /r correct
to 0.1%7? Be careful and creative; you cannot use this metric in the sun’s
interior.

Show that even in a complicated metric, like the Schwarzschild metric
described in Problem 18, an observer still measures unity for the speed
of light.



Chapter 3

Covariant Differentiation,
Equations of Motion

3.1 Differentiation of Invariants and Vectors

In the previous chapters, the importance of tensors in spacetime was
stressed. Any time a new quantity is encountered, it will have to be checked
to see if it is a tensor. If it isn’t, its transformation properties are not obvi-
ous. Construction of new tensors has, so far, taken the form of products
of known tensors or total differentiation with respect to 7. For example,
(dr)? = drudr*, ¢"ge, = 8" = o/, or UM = 4" From studies of the
calculus of 3-vectors, one recalls that partial differentiation with respect to
the coordinates produces new 3-vectors and scalars through the gradient
and divergence operations. In spacetime, such partial differentiation also
leads to important new tensors.

Consider an invariant that is a function of position, ® = ®(z) =
fIJ(x“l), e.g., dr. It has no index associated with it. Taking the partial
derivative with respect to a coordinate yields

D, =2, 0. (3.1)
However, this is the rule for the transformation of a covariant vector and
so another vector is added to our arsenal.

The gradient of a scalar ® is given by g#”®,, because in an inertial
frame the expected results for the spatial components are obtained

VED = g ®,;, =D,

. (3.2)
VO =®,, 6, + By éy+ D, ..

41
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If cylindrical coordinates were chosen, the gradient also has the expected
form

Ve =g, =, VOO =g"P4=0,/p°,

3 (3.3)
Vo — (I)vz €z = (I)vp €p + ((Dﬂﬁ /pz)eqb = (bvp €p + ((bﬂﬁ /p)é¢

The case of spherical coordinates is left as an exercise.
A similar partial differentiation of a vector can be performed. For exam-
ple, for the position vector in an inertial frame in rectangular coordinates,

dr* = dz", thus ort = oz,
i SH
'I"'u,lj = x#,p = 5 e

So the partial derivative of the component of a vector with respect to a
coordinate appears to be an element of a tensor of rank 2, see Problem 2.6.
However, in cylindrical or spherical coordinates, none of the i depend on
coordinate ¢ = 2%
partial derivative of a vector with respect to a coordinate, are needed to

, so that r? ,3» = 0. In general, terms in addition to the

obtain an object that transforms as a tensor of rank 2.

In order to see how to handle this, return to the calculus of 3-vectors.
For the position vector in the plane perpendicular to é,, in cylindrical
coordinates, and using the results of the rotation indicated in Fig. 1.1,

T = ap:papep+pepap:ep:ep: 15

Tyar = Trp = Pop €p + PEprp = PEprg = p(COS Péy + sin Pé,) 4 (3.4)

—

= p(—sin ¢é, + cos pé,) = péy = €4 = €5/, thus,

=1
== 53,1 .

=

(Fﬁ’ )l

This result is the same as the rectangular coordinate result.
In tensor notation, the terms needed, in addition to the partial deriva-
tive, lead to the covariant derivative,

Vi, = Ve +Th VA, (3.5)

Note the use of the semi colon to indicate covariant differentiation. The
left-hand side is the (‘U‘) element of the mixed tensor that is the covariant
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derivative of vector V. The quantity I';  is called the Christoffel (C) symbol,
and it can be calculated solely from the g,,. From above, the first term is
all that is needed in z* coordinates. There Fga = 0. This derivative obeys
the same algebra, when applied to products, as does the partial derivative
because it does so in z# coordinates. There, it is just the partial derivative.
The other terms take into account the way the unit vectors, or in tensor
notation, the way the metric tensor depends on the coordinates.

None of the terms on the right-hand side of Eq. (8.3) transforms like a
tensor of rank 2 but the sum does. For an arbitrary vector V, a straight-
forward, but lengthy proof, using the tensor transformation rule, is left as
Problem 2. Then, it follows that

(3.6)

The first line of the above equation establishes a tensor equation so it holds
for any coordinates, yielding the second line.

In order to illustrate that the covariant derivative yields expected
results, consider cylindrical coordinates of an inertial frame. As shall be

seﬁefn, the only nonzero C symbols are I’%i, = F%:I, = Ff¢ = Fip =1/p and
F%,i, = Fg¢ = —p. The covariant derivative of the position vector in the

plane perpendicular to é, is as follows:

= =/ =/ _ )
V=t A+ F%,&,r“ , with components,

P, =17, +de,r‘5‘/ =pp=1,
TP =104 + FZ&/T&/ = Fg¢r¢ =0,
1% = T¢,¢ + an/rd/ = Fipr" =plp=1,
r¢;p = r¢,p + F?&/Td, = Fiqﬁrd) =0,

=1
TG = 615,.

Note that Eq. (B7) agrees with Eq. (88) and the 3-vector results of
Eq. (34).

The scalar divergence of a vector is defined Div V' = V#;, because in an
inertial frame the expected results are obtained for the spatial part. This
is shown first in rectangular, and then in cylindrical coordinates for the
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(p, #) terms,
Vﬁ?ﬁ = Vt?t + Vw’x + Vyvy + Vzaz
VP, =V, 4T, VY = VP,
Vs = v% +r¢,¢v =VO 4TV =V?  +V?/p,
VP, + Ve =V 4+ VP [p+ Ve = (V) [p+ V7.

(3.8)

If the vector is the gradient of a scalar ®, then in an inertial frame, the
expected wave equation for ® is obtained. As above, first in rectangular
and then in cylindrical coordinates. Using Eqgs. (3:2)) and (B3],

(V#Q)),ﬁ = —<I>,t st + (1),;5 s + (I),y y + (I>az 9z

(VPD);, + (VD)1 = (VPD),, + 1%, VP + (V?®),, + T2, V"D

= (VPD),, +T9, VP + (V°®),4
(I)vpvp+(1)vp/P+(I)»¢v¢/P

( ap)ap /p+q)a¢ o) /P (39)

The covariant derivative of a covariant vector can be calculated by con-
sidering an invariant, such as the scalar product of two vectors V,,U*. Using
Eq. (BI) and renaming summed over indexes, yields

Vi U+ V, U5, = (VU)W = (VUM
Vi UF +V,(UF,, +TH UY) =V,,, U+ V, U,

V,u;u ur = V,uw ur — V#FZVUQ (310)
= Vi UF = VoI, UR,

Viio = Vo, — T2, Va.

The C symbol can be shown to be symmetric in its covariant indexes
because the order of partial differentiation doesn’t matter,

i =Pp.0=Lo,n=Pwip (3.11)
This is a tensor equation and so it holds in general, thus,
D, 50
Qo 1, P00 =Py,
e, =T

= (I)m w= P = o, s
— Fgu‘b,a, (3.12)
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Due to this property I'jj, has a term like J?B,u .. This term satisfies
Eq. BI2) and in the inertial frame 2., ,, — 2”,; .5 = 0, as required. To
take care of the contravariant index and get rid of the index 3, one could try

FZ‘I/ = Ia?B xﬁv,u o (313)

It turns out that Eq. (BI3) holds. However, a more useful form, see below,
in terms of the metric tensor and its derivatives, will be used. The proof of
Eq. BI3) starts with the more useful form and is left as Problem 3.

3.2 Differentiation of Tensors

Given two vectors V and W, the product, V#W,, transforms like a mixed
tensor of rank 2, and its covariant derivative yields

T o = (VIW, )0 = Ve W, + VEW,50
= (V¥ + TG VAW, + VW, — T, Wp)
= (VFW,),q + TG VW, — T VF W
=T",,, + T4, T°, —T,T",, (3.14)

v

yielding a mixed tensor of rank 3. The contravariant index requires a posi-
tive sign, while the covariant index requires a negative sign for the C symbol.
In a similar manner, one obtains the covariant derivatives of a covariant or
contravariant tensor of rank 2. If the rank is higher, say n, then n C symbols
with appropriate signs are needed. In the case of the metric tensor,

9" = 9" 0 + 1,97 + Tsg? =0, (3.15)

Guvia = Guuvsa — Fﬁagﬁv - Fguguﬁ =0. (3'16)

The reason the above tensors are zero is that in an inertial frame gpp;a =
Nuvia = Nuvra = 0. As this is a tensor equation, it holds in all frames, and
leads to the more useful form for I’ﬁu,
0= guia t9uasv —Gaviu

= Guvra + Gposy = Gawsy — Fﬁagﬁu - F(ﬂxuguﬁ
- Fgugﬁa - ngg,uﬁ + Fgagﬁlf + Fgugaﬂ7 (3 17)
29#ﬁrgu = (Guvsa + Guasy — gal’vu)v
29!0\9”61‘&1/ = 25)\5ng = gu/\<g;w7a + Gues, — gaua#)a

F?\XV = gll)\<gul/7a + gu(xvy - gau»p )/2
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Once the metric tensor is obtained, the C symbols are easily calculated.
For example, in cylindrical coordinates xﬁ/, the previous quoted results for
the nonzero C symbols are substantiated. Let (7', j', k') take on the values
(1,2"). Note that nonzero metric elements are g1.7, = 1 and gg5 = p?,

F%’]}/ - gZ m (gj’ﬁz/?l;’ + 9krm 5 — 95k 77?1/)/2
= 9" (gujr + Girkrj — Gjreir)/2

=1
(23

= = —=/
_ [ - J o
=g ((‘)‘Zj/g?i/,k/ + §ZE/ iy 1) ]}/gk’k”f’)/27

e _ 2 _
Fiq’ =9 gi’i’vi’/2 =0, FQ(?/ =g 92/2/,21/2 =0,

F%/Qr == gl ! gi/i/,é//2 = 07 F%i, = —g2 2 gi’i’a?’/2 = 07
F%Q, = I‘;fd) =0 % 939,71 /2 = p72p2’p/2 =1/p,

T/

Tyg =15, =—9" Y 932,1/2=—p,,/2 = —p.

3.3 Gravity and the Locally Inertial Frame

Liberal use is made of the thought experiments proposed by Einstein, illus-
trated in Figs. B0l and B2 to crystallize his ideas concerning GR. When
gravity is included, it acts everywhere. At first it isn’t clear that an inertial
frame can be found. Standing in an elevator, gravity is experienced by the
floor pushing up on our feet. There is no upward acceleration as gravity
counters this force. If the elevator started accelerating upward, a stronger
upward push would be experienced. However, an elevator observer couldn’t
tell whether the effect was due to a stronger gravitational force, or a force
due to a machine capable of lifting the elevator.

If the elevator cable broke and the elevator observer released some
objects from rest, a camera fixed to the elevator would show all objects
remaining at rest with respect to each other. It wouldn’t matter whether
some objects were more or less massive or if they were made of different
materials. Also the elevator observer would no longer feel an upward force
from the floor. A camera fixed to the earth would show all objects falling
with the same acceleration. This is because inertial mass and gravitational
mass are the same. For example, from Newton’s law of gravity,

F = Mra=MgM/d*, a= M/d>
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Fig. 3.1 Top, observer at rest in an elevator is also rest with respect to earth. Bot-
tom, elevator and observer accelerating upward with respect to earth. The accelerat-
ing observer feels a stronger upward force from the floor and could conclude gravity is
stronger than when at rest.

Fig. 3.2 Freely falling elevator observer releases various objects and notes they do not
fall; concluding that there is no gravity. Earth observer, not freely falling, notes all objects
in the elevator are falling, with the same acceleration because of gravity.
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Here M is the attracting mass, M is the inertial mass of the accelerating
object, M is the gravitational mass of the accelerating object, and d is the
distance between the masses.

As Einstein put it, the elevator observer is free falling and doesn’t expe-
rience gravity. The results of all non-gravity experiments in the elevator
will be the same as the results obtained in an inertial frame. This is the
“weak” principle of equivalence. The “strong” principle says the results of
any experiment will be the same as those in an inertial frame. It is some-
what ironic; gravity is a complicated subject, but its distinguishing feature
is, if you are freely falling in uniform gravity, it is not experienced.

Gravitational strength varies with position. One would experience grav-
ity through tidal forces. However, in an arbitrarily small volume a free
falling observer will, to first order, not experience gravity. For example,
no one is conscious of freely falling due to the gravitational influence of
the sun. This is the essence of a locally inertial frame. In this arbitrarily
small frame, coordinates z# can be found with origin at arbitrary point P,
such that,

9ap(a") = nap + O(a")?,

9aglP = Nap, (3.18)
Yapix lp = Yapix lp =0, (3.19)
g&E?)Z 3 |P 7& 0. (320)

Another way to see the locally inertial frame in our lives is easy. People
live on the curved surface of an approximately spherical earth. However, a
person occupies a very small portion of this surface, so that the person is not
conscious of the curvature. As will be seen, gravity causes space curvature.

3.4 Local Flatness Theorem

The existence of a locally inertial frame means that curved space has a
flat space tangent at any point. Above, it was noted that at any point
P in spacetime, one can find a rectangular coordinate system x*, such
that at P the metric is the metric of SR. Then, its first partial derivative
vanishes, but not necessarily its second partial. That is, the metric near
P is approximately that of SR, the differences being second order in the
coordinates.
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The proof begins by noting that there is some relation between an arbi-
trary coordinate system and the locally inertial system, z# = x#(z"), and
all orders of the partial derivatives, x*,5 ,.. , exist. The latter and the metric
are expanded in a Taylor series, shown below to second order. The expan-
sion is about P, for coordinates close to P,

xﬂ’& = xﬂ’& |P + xﬂ’& ’X |PA>Z + xﬂ’& ’X 9E |PA>ZAE/27

= gaplP + Gapx [PAY + gagox £ [PAYAS/2,  (3.21)
AX = gX — 2X|p, thus, AX|p =0,
AX?S\ |P = 525\7 (AXAg)J\ sy |P - 5%\5577 + 52.75%\-

At P, the differences in the coordinates AX vanish, and Eq. (321
becomes

gdB|P = [2".a vaB GullP = Nap-

This equality is a set of ten independent equations because the metric
tensor g,, is symmetric and has ten independent values. However, there
are 16 independent first-order partial derivatives available x*,5, more than
enough to satisfy these equations.

If Eq. (321)) is partially differentiated with respect to 2> and evaluated
at P, the leading term, second order, and all the higher order terms, with
remaining coordinate differences vanish. This yields

Jap lP = [(@"a 2,5 9p).5 ]l P
= [:Eua& :EU?B Guvsx + xﬂ’& IBN xuvﬁ Guv + xua& xuvﬁ IBN guu]lP =0.

This equality is a set of 40 independent equations because the metric tensor
is symmetric and there are 40 independent values of g,,,,5, ten for each A
As the first-order partial derivatives have been used, these equations can be
satisfied, if there are at least 40 independent second-order partial deriva-
tives, 2,5 ,5 and z",5,5. Since the order of partial differentiation is unim-
portant, there are exactly 40 such derivatives, ten for each u or v, just
enough to satisfy the equations.

If Eq. (32ZI) is partially differentiated twice with respect to, 2* and
27, and evaluated at P, the leading term, first-order term, and all the
terms higher than second order, with remaining coordinate differences
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vanish. Then,

g&B?X "%y |P = [(wuv(i xVaE guu)»X ﬁ/HPaE Q + R+ Sa

Q = [xﬂ’& xuvﬁ guuﬁ/ aX”P?
R

[(z".a ‘TV’E +2".5 ‘TV’E ’X)gul’"’y

+ (Iuvd b xyvﬁ + xuvd xl,vB 7’7)9#1/7;\”137

S = [(I“,d RN xV,B + ¥ 4 " IV,B S%an x"a ,x xV,B '
+ 2t IU?B w7 o) ]| P-

The equality @ + R + S is a set of 100 independent equations because
there are 100 (10 x 10) independent values of g, ,5 ,5. The metric tensor is
symmetric and the order of partial differentiation is unimportant. As the
first- and second-order partial derivatives have been used, at least 100 inde-
pendent third-order partial derivatives x*,4 ,5 ,5, are required for a solution.
However, as the order of partial differentiation is unimportant there are
only 80 such derivatives, 20 for each p, ay\ = 000, 001, 002, 003, 011, 012,
013, 022, 023, 033, 111, 112, 113, 122, 123, 133, 222, 223, 233, 333. Thus,
there aren’t enough parameters to satisfy the 100 equations. The 20 lacking
parameters are needed, as shall be seen, to describe the curvature of space.

At P, the locally inertial rectangular coordinates 2 may be very com-
plicated functions of the rectangular coordinates of a non-inertial observer.
The metric tensor elements in these coordinates are 1,3 and the C sym-
bols are zero, but derivatives of the C symbols don’t, in general, vanish.
Transforming to other frames, even if rectangular coordinates are used, will
lead to non-constant metric tensors and C symbols. However, the covari-
ant derivative of the metric tensor remains g,,;¢ = 0, and the result for
the C symbols in terms of the metric tensor and its derivatives Eq. (B17)
remains valid.

3.5 GR Equations of Motion

In the locally inertial frame specified by z#, all objects travel in a straight
line without acceleration. The equation of motion of a particle with rest
mass is as follows:

d*zh dU*
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Using, Eq. (8I3]), the above, in another frame becomes

0 dsj _ d(ac&;liU“) = 2%, % + U“%xa,u
:x&,#ddw + Utz ,#,V%
=%, ddU“ + UMz, ,, U”
=274 <x,“ ar +U 2%, ) _5/3 du* JrU;LUlTﬁ
dr modr
= % +UrUTY, (3.23)

The equation of motion involves the C symbols, which depend on the metric
tensor.

Since a photon has dr = 0, the above cannot be used as its equation of
motion. One must substitute another parameter, say dq. Allowable parame-
ters are called affine parameters. For example, dr = kdq yields an allowable
dgq, where for photons k = 0. The parameter ¢ describes the path, such that
as the photon moves dq = W*# is the tangent vector, with the property,

dzt dx¥  gudxtdx”
W, WH = g, WEWY = g, — 2 _ G OF

= (3—2)2 = 0. (3.24)

In the inertial frame, the geodesic is a straight line and the tangent vector
doesn’t change. The result in another frame is, following the procedure after

Eq. (3.22),

dWwe d(x& W“) - ~ dWH
0= — K — 0 y WHWY a
dq dq o e T
_ ~ dWH
= T8 wWrwv + aw?
=1, a7

d?xP 3 dzt dz¥
= + - .
dg? " dq dq

(3.25)
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Problems

. What is the covariant derivative §* g in a frame where gravity must

be taken into account? Evaluate the partial derivative " 5w and show
z8 o xh, a:p,,l, B=—TH 0 .

Show that, in general, the partial derivative of a contravariant vector
V#,, doesn’t transform like a tensor. Show that the C symbol Fﬁg
doesn’t transform like a tensor. Show that the covariant derivative of a
vector V#;, transforms like a mixed tensor of rank 2.

. Derive the alternate form for the C symbol Ffw = af4 z%,, ., from

Ffw = ggﬂ(guﬁw + Gupop 79#1/7[3)/2'

. Harmonic coordinates satisfy g‘“’Ffw = 0. Show from the transform of

the C symbol in Problem 2, that if a set of coordinates is not harmonic
one can always solve a second-order differential equation and get to
a harmonic set. Find that equation. Specifically, show that for iner-
tial systems, rectangular coordinates are harmonic, but cylindrical and
spherical coordinates are not.

. The importance of writing the laws of physics as tensor equations has

been discussed. However, the laws of electromagnetism, conservation of
charge and Maxwell’s equations, are usually written in 3-vector nota-
tion. In vacuum and in an SR frame with rectangular coordinates, these
equations are in naturalized units:

V- J+ py =0,
V-B=0, B=VxA,
VxE+B,=0, E=-VU—A4,,

V-E—-pleo=0=V"-E— ugp,

—

where the vector J# = (p, J) has as components the (charge, current)
densities, (E, B) are the (electric, magnetic) fields, the vector A* =
(¥, A) has as components the (scalar, vector) potentials, and (eg, o
are the (permittivity, permeability) of free space.

Show that the divergence of the vector J* leads to charge conserva-

tion as a tensor equation. Show that the components of the 3-vectors
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(E, E) can be written as elements of a tensor of rank 2,
Fo,=A4,,—-A,,,=—F,, where
A# = (7\117 A')v

and that the four Maxwell equations can be written as two tensor
equations,

FrYs, = poJ" = J" /e,
0= Fuvie + Fepsy + Fogsp

. Consider the following useful metric, written in spherical coordinates,
1'0’1’2’3 = t? 07 ¢7 r,

(d7)? = —gdz*dz”
= expl28(1)](dt)? — (exp[2A () (dr)? + (M2((d6)? + (sin bd)?).

With the correct forms for ®(r) and A(r) this is either the metric of
an inertial frame in spherical coordinates or the Schwarzschild metric
used to discuss the motion of light and planets due to the sun’s gravity.
Find all the nonzero C symbols. If confined to the surface of a sphere,
so that, » = a = constant, one would be aware of curvature, even in
SR. In this case, what are the nonzero C symbols?

. Show explicitly for the metric of Problem 6 that g, ;, = 0. Now special-
ize to an inertial frame. In this frame what are the nonzero C symbols?
You have already found the result if r = a.

. For the metric of Problem 6 in an inertial frame, use the C symbols
calculated in Problem 7 to find the gradient and Laplacian of a scalar
function of position.

. What does the quantity V*;y;, transform like? In the presence of
gravity,

VFExGy = Vi = =R, V7

Evaluate R" g in terms of the C symbols and their partial derivatives.
Then, argue that

Viixsy = Viiyix = R®

iy VB
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10.

11.

12.
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Show R';, = —R"; . What does the quantity R’  transform like?
This quantity is the Riemann curvature tensor. It plays an important
role in GR and will be discussed in much more detail in later chapters.
If Thik2-, . is a general mixed tensor, use the results of Problem 9
to evaluate,

/I I L HIM2... P
m=T Vv A Y T Viva.. 3 A

where T” is a tensor of the same rank as that of 7'+ 2. Apply this result
to the metric tensor, in an arbitrary frame, to give an alternate proof
that Runy = —Ryuxy.

A point particle of finite rest mass moves in a gravity free region of
empty space. What are the Newtonian equations of motion in cylindri-
cal coordinates, (¢, p, ¢, 2)? Show that the GR equations of motion give
the same results.

For the metric of Problem 6, find the GR equations of motion for a
particle with rest mass? Show that a planar solution is possible. In this
case, find another constant of the motion.



Chapter 4

Curvature

4.1 Geodesics

The thought experiments of Einstein, illustrated in Fig. 4.1, show that in
the presence of gravity light moves in a curved path. The top of the figure
shows two equivalent observers O, one in gravity free space, and the other
freely falling in a region of uniform gravity. They observe that a horizontally
traveling light ray enters and exits their capsule a distance L above the
floor. The bottom of the figure shows an observer O’, not freely falling due
to gravity. O’ also observes, that for the freely falling capsule, light entered
and exited the same distance above the floor. However, according to O’
the exit point will have fallen in the time light crossed the capsule. Thus,
the light also must have fallen or moved in a downward-curved path. The
conclusion to be drawn is that gravity affects light, a break from Newtonian
physics.

In the geometry of flat space, geodesics are the paths of minimum dis-
tance between two points, for motion with constant velocity, or the paths
that minimize the travel time. Light in empty space certainly fits this case
and before GR the phrase, “light travels in straight lines,”
This is because gravity is so weak, that the deviation from a straight line
path, was too small to be observed. GR knowledgeable observers where
gravity acts, but not freely falling, know that nothing can make the trip
between two points faster than light. Thus, the “straight lines” or geodesics,
are actually curved paths.

Mathematically, the GR equations of motion also lead to geodesics for
the motion of a particle with rest mass. Making use of Egs. (3.16), (3.17)

was often heard.

55
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g=0

t+ 6t

Fig. 4.1 Top: equivalent observers, one in gravity free space, the other freely falling in a
region of uniform gravity. They both observe horizontally traveling light enter and leave
their capsule a distance L above the floor. Bottom: an observer, not freely falling due to
gravity, observes light travels in a curved trajectory, to enter and leave the same distance

above the floor.

and (3.23), and renaming summed over indexes when necessary yields,

)

d(g, UrUY)  dg

dr d

dx? y
— g,U«VV)’ ?U“U +gl“/ (_

= Guvy UTUMUY — g, (Th,UY + UPTY5)UUP

— 124 U*UvY +gW (
T

dU*+
dr
dU*
dr

UV +Uﬂﬂ

dr

U’ +U0"'——-

= (9apry — 9L = 9w %)UQUBUV

= (928150 + 9oLy — g Llog — gL UUPU?

= (gu,nga + 90 — gwrgﬁ — gwrgﬂ)UaUBUv =0,

g UPUY = K = —1.

This is true as the initial condition is (d7)? = —g,,dztdz”. Then —1 =
g UPUY and the expression for (dr)? always holds along the path.

dU”
dr

)
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One can introduce a parameter g to describe the path of a body under
the influence of gravity. Given the value of that parameter, the position on
the path is determined. However, algebra allows manipulations so that the
final result is independent of ¢q. The proper time elapsed when the body
moves from A to B is

B B o v\1/2 B m v 1/2
dr / (—gppdatdx”) / ( dx¥ dx )
Ton= | Tao= [ 4 — [ dg(-g,, =) .
e /A 7R dq 2 T ag g

Vary the path from 2 (q) to 2+ (q) 4+ da*(q) while keeping the endpoints
fixed. The change in the elapsed time is as follows:

B
N
5TBA:7/ dg—, where
A D

dxt da? d(oxH) da” dxt d(ox")
N = v 0 i v v ’

i v 1/2
D_2< didi) _ 2dr

I dq dq dq”’
B
dqdq dat dz¥ d(ozt) dx¥
6T = — 172} 6 v— 5
BA /A2dr<g”6wd dg 9T a dg
dat d(6z")
I dq " dg

B
dqdqdr gdat dx” d(éz") da”
—— [ EHT (5007 + 29,0 2
/A drdr <g“ 50T g T g )

B H
A dT

The second term T2 can be integrated by parts with the proviso that
ox* = 0 at the endpoints. After such integration, use of the expression for
the C symbol simplifies the result,

B " B B
72— [“artg v = [Clgriaea = [ i)

A
B B
dw
= (Wv)cndpoints - / VdW = */ VdWw = 7/ AtV ——
A A A dr
v d(gwU")
= */ dréazh —2H— 2
A dr
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B
auv
= —/ dT(S:L'H (guy d + UVU)\gulja)\)

T

A
B
au”
= 7/ dT(s.’,Eﬁ <gﬁy— + U“U)\gﬁ;uk) .
A dr

This yields

B
Tpa = — / drézPF,

A
dU”
F = guap UMUP )2 = UMU g0 = gov——
KLTTA KLTTA HLTTA av”
= Gurnp UMU /2 — (UFUA g,y + UMU gﬂm)/2—9ﬂu7
duUv

= Gurp UPU 2 = (UHUgppuon + UMU gpr ) /2 = 9o

dr

v

dU
= U#UA(QM)HB — 9Busx — gﬂkvu)/2 - g,ﬁV?7 but

v

175 7gay(g,u)\7a — Gapus)n — ga)\m)/27

gﬁl’FZ)\ = 750‘5(9#)\704 — Gaps\ — ga}\m)/2 = 7(911)\7[3 — 9Busx — gﬁkm)/27

auv
F = —gg, | U*U + =

=0, 0Tps=0. (4.1)

The last line follows from the equations of motion. Thus, the time for the
trip is an extremum, usually a minimum, so the path is a geodesic. As the
object moves from point to point, the clock attached to the object ticks at
the rate appropriate for the gravitational strength at the point. For a time
extremum, a straight line path is unlikely. The object, like light, moves in a
curved path, so that it takes an extremum of proper time to make the trip.

However, for light the element of proper time always vanishes dr = 0.
Thus, another explanation for the geodesic that light must travel along is
required. The one deduced by Einstein is that gravity curves space and all
objects, even photons, must travel along that curvature. It’s similar to us
traveling on the surface of a spherical earth. Empty space or vacuum is no
longer seen to be just volume where objects can position themselves. It is
rather like a fabric, that can be pulled and contorted by the gravitational
influence of faraway objects.

On a cosmological scale, things are even more complicated. Space is
always being created between any two points. This is due to an unknown



Curvature 59

form of “dark energy,” that is dependent on the size of the universe. In
Chapter 9, devoted to cosmology, it will be seen that this is now the domi-
nant energy because the universe has expanded to such a large volume. It’s
a really strange universe we inhabit, and just common sense, obtained from
every day observation, could never lead you to its inner workings.

4.2 Parallel Transport

The characterization of curvature starts with the concept of parallel trans-
port. On a flat surface, as in Fig. 4.2, draw an arbitrary closed path ABC A.
Here, a circle is used, so that at various places along the path, some tangent
vectors W, that can point in all directions, are shown. For parallel transport
start at A, draw on the surface, a small parallel transport vector V in any
direction. Proceed to a neighboring point on the path, draw on the surface
a small transport vector, as parallel as possible to the 1% previously drawn.
On a flat surface, it is possible to draw the vector exactly parallel. When
once again at A, the identical vectors would be redrawn. In this sense, a flat
surface has no intrinsic curvature. A cylinder can be constructed by rolling
a flat sheet, and so has no intrinsic curvature.

_ B .
w *— — W
v —> v
A—— ¢ v
v _
——— v
w w

C

Fig. 4.2 An arbitrary closed curve, here a circle, on a flat surface, with tangent vec-
tors W. Parallel transport vectors V', at any point on the curve, can be drawn on the
surface parallel to each other.
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Fig. 4.3 A sphere has intrinsic curvature, so that there are paths for which the parallel
transport vectors do not line up, after traversing a closed curve on the surface.

A sphere cannot be made from a flat sheet. It has intrinsic curvature.
One can find at least one path on the sphere’s surface, as in Fig. 4.3, for
which the vectors ‘7, would not repeat. Pick the path ABC A, such that B
and C' are on the equator, and A is at a pole. At A, start with a vector
V on the sphere’s surface, that is tangent to an arc of longitude. As one
proceeds to B, along the longitude, a new parallel transport vector cannot
be drawn on the surface, exactly parallel to V. The best one can do is draw
that vector along the tangent vector. At B that vector is perpendicular to
the equator, and remains so as one proceeds to C. From there the return to
A is again along a longitude. The parallel transport vectors on the surface
will be opposite the tangent vectors. Upon reaching A, the final parallel
transport vector is different from the initial one.

In spacetime, these vectors have four components V# WH#. At any
point P, one can go to a locally inertial frame. In a small enough neighbor-
hood of P, as you proceed along the curve specified by affine parameter ¢
and W? = %, the vector V# is constant. This leads to a tensor equation,
that is taken as the frame invariant definition of parallel transport of V*#
along W",

AV  de? . -
0=2"1 —ve, Y Wiy = WOV, = WEVR,. (4.2)
dq |p dq

The last equality occurs because the next to last equality established the
above as a tensor equation.
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In flat space, the geodesics are straight lines. These are the only curves
that parallel transport their tangent vector. In curved space, the geodesics
are drawn as “straight” as possible, by demanding parallel transport of the
tangent vector. This leads to the equation of motion in terms of ¢q. From
Eq. (4.2), with V¥ = W7,

0= W"Why, = WY (WH,, + WITG ) = WYWH,, + W'WATE,

_ 4 (dﬂ) da” da? ke dil (4.3)

dg \ dq )~ dgq dqg P dg*>  dgq dg P
The reader should note that this equation is just Eq. (3.25).

The above equations can be used to quantify curvature. Consider travel
along the elemental closed curve ABC DA, that bounds area on a spherical
surface, such as that blown up in Fig. 4.4. The curvature is not noticeable
for such a small area. The angles, (0, ¢) = (!, 2?), vary, such that along

2 varies; along BC, 2 = b+ b, x' varies; along

element AB, 2! = a, x
CD, 2! = a + da, 2% varies, and along AD, 2> = b, z' varies. Vector
V# defined at A is parallel transported around the curve. The curve is

given, which specifies W, and vector V# is arbitrary, so that for each path

X
A
B c
b + 8b
b ¥
A D
a a+0a

Fig. 4.4 Blowup of an elemental area on a spherical surface that is bound by closed
curve ABCDA.
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element,

0="VHy,, VH,;=-VTl

hoi=1,2. (4.4)

For example, the first trip element yields V#(AB) = ff dz?VH o | pi—g.
Then,

B b+db
VEAB) = = [Ty = [ a0V

C a+da
VH(BC) = */ dz' (VT ) w2 o0 = */ dz' (VT4 g) a2 =y 50,
B a

D b
VH(CD) = —/ A (VT o) |ot —asa = _/ A (VETh o) |o1 —at sas
C b+0b

A a
VI(DA) = f/D da (VET ) |a2—y = 7/ ) da (VO ) |a2 =
a+oa

The minus sign can be used to flip the limits in any of the above integrals.
Add the element contributions, make use of the definition of the partial
derivative, and find that the change of the vector when once again at A is

b+5b
SVI(A) = /b 422 [(VATE ) —assn — (VTS 1l

a+da
- / A (VAT ) ooy — (VO o)

a+da b+db
— / Sbda* (VP! 5),0 — /b Sadx®(VTh,)

= 75a5b[(VﬂF’1‘ﬂ),2 - (Vﬂfgﬂ),l]
= —0adb(VP 5 Tl + VATl — VO Ty — VAT, )
= —0adb(~V'Th,Th, + VATH o+ VVT] Ty — VTS, )
= 0adbV P (I sTY, — Ty — TY T, + T4, ).
The last line results from using Eq. (4.4) to rewrite the partial derivatives,

Vﬂ,(m). The quantity in parentheses is nonzero for this curve because a
sphere has intrinsic curvature. In Problem 3, one calculates, in the absence
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of gravity, a finite curvature on a spherical surface, and none on a cylindrical
surface.

4.3 Curvature Tensors

When gravity is present and there are no boundary surfaces, there is no
reason to allow just 2 to vary, so let them be replaced by generalized
coordinates, 7. Then, the above quantity in parentheses is defined as the
Riemann curvature tensor,

R#Bw\ =I5, ffﬁ:ﬁ,/\ *F%FiquFf{ﬂw- (4.5)

The proof that ng\ is a tensor was carried out in Problem 3.9, where the
following results were obtained for vector V*:

Vi =VHiyin = R VP RA = =R (4.6)

Since the covariant derivative of a tensor is a tensor, the left-hand side of
Eq. (4.6) is a tensor of rank 3. The right-hand side of the first equality
must be a tensor. Since V? is a tensor of rank 1, R* g1, Must be a tensor
of rank 4.

This tensor simplifies for rectangular coordinates in a locally inertial
frame because the C symbols, but not their partial derivatives vanish, and
9"k = 9" x =" x=0,

g9° [gBou)\ + 9xag — g,@z\va]ﬁ)/2
= 9(95a>5 5 + IrarB 15 — IBxoa 13)/2-

Similarly, noting the metric tensor is symmetric, and the order of partial
differentiation is immaterial,



64 General Relativity: A First Examination

The above is the completely covariant curvature tensor. One then observes
the following results follow trivially:

RDBTyS\ = 7RBD’75\ = 7RDBS\'? = RfyS\DB» (4-9)

0= Rygyx + Roxgy + Royag- (4.10)

Equations (4.9) and (4.10) are tensor equations and so hold in all frames,
Rupyn = =Rpuyn = —Rupry = Ronp, (4.11)

0= Rugyx + Rurgy + Ruyrg- (4.12)

4.4 Ricci Tensor, Bianchi Identity, Einstein Tensor

The Ricci tensor is defined as follows:
RB)\ = Ruﬂ,u)\' (413)

Note the contraction keeps the first and third covariant indexes. Other
contractions yield zero or no additional information. It is easy to show, by
starting in an inertial frame, that due to the symmetry properties of the
curvature tensor,

R\, = —R',\, 0=R",,. (4.14)

As the metric tensor is symmetric, and the order of partial differentiation
is unimportant, one can use Eqgs. (4.7) and (4.11), rename summed over
indexes, and show that this tensor is symmetric. Begin in a locally invariant
frame,

The last equation is a tensor equation and holds in all frames:
Ry = Ryg. (4.15)
From the Ricci tensor an invariant, the Ricci scalar may be formed,

R=g" Ry, = g" R ¢, = 9" 9 Ryuco- (4.16)
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The following contraction may also prove useful:
g‘“’RXMﬂV = RXB. (4.17)

For an inertial frame in free space, the Riemann curvature tensor is zero.
This follows even if the metric tensor has non-constant elements because it
is zero in rectangular coordinates. In cylindrical coordinates, the nonzero
C symbols are F1/2, = 1/p and F2/2/ = —p. Notice that these C symbols
have nonzero derivatives. Zero curvature will be explicitly demonstrated by
calculating all possible nonzero elements of the Ricci tensor: Ry1/, Raa
and Ri/5 . In non-rectangular coordinates, one must use Eq. (4.5),

=
=
2

I

—~
=
v

H
=R
1\3

—
=R
l\a\
)

I

\
)

\
AS)

L

2

I
=

Ryy =TL, 02, —Tho T2, — T2 1L, + Ty =1-1=0
2121 — 2191+ 5111 T 2191+ 5177 2717 2/2/+ 2/2/,1’7 - — U,

3 F%:i’rgi’ - +F%:i’@ - ngmi’ =0.

In Problem 3 it is shown that if constrained to a cylindrical surface where
p = constant, the C symbols need recalculating, but there is still no cur-
vature. In the case of spherical coordinates, the curvature vanishes in the
unconstrained free space of an inertial frame, but not if constrained to a
spherical surface.

Return to Eq. (4.8) and take a partial derivative,

The last step follows because in these coordinates, the partial derivative of
a tensor is the covariant derivative. Thus, the above holds in any frame and
is known as the Bianchi identity,

0= Rugyaiy + Ruguyin + Rupruiy- (4.18)
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Since the covariant derivative of the metric tensor is zero, we have from
the Bianchi identity,

0= g""(Rupyrip + Buppyin + Rupauiy)
= (9" Rupy2 )5, + (9" Rupun )in + (9" Rupan)sy-
Using Egs. (4.11) and (4.13)—(4.18), this leads to
0= R’Yﬁvx\;u + R’YBM;A + RWBAH;'V = Raxyy — R'yﬂvu;k + R’Yﬂ/\uw
= Roxyy = Ropin + R0 = 97N (Ronsy, — Ropin = Rgn55)
=R;, — Ry — R, =0",R;, — 2R,
= (0, R=2R7,);y = g" (07, R = 2R )iy = ("R — 2R");,,.

The Einstein tensor G7 is defined in terms of the curvature:

G"=R"—-¢g""R/2=G", (4.19)
G";y = 0. (4.20)
It is easy to show
Gy =Ry, — gwR/2= Gy, (4.21)
Gy = 0. (4.22)

This tensor is symmetric, and is an essential quantity for solving problems
involving gravity.

Problems

1. Show that ¢"guy,5= —9"".5 gux, 9" 5= — (L9 + T 59*"), and
F;ULU = gVXgUX7u/2'

2. Show that there are only 20 independent elements of R,z that can
be nonzero. Show that the contraction R, = quxv is the only inde-
pendent contraction of the Riemann curvature tensor.

3. Calculate the C symbols and curvature R in cylindrical coordinates in
an inertial frame when z' = p = a constant. Repeat the calculation for

spherical coordinates. In that case, show that in unconstrained space
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the curvature vanishes, but on the surface of a sphere, where r = a
constant, the curvature is finite.

. In spherical coordinates, the Wormhole metric has nonzero elements:
goo = —1, grr = 1, gog = a® + (r)? and g4y = sin® Ogeg, where a is a
constant. Calculate the curvature R and show that it is negative.

. Evaluate G*¥,, and G, in terms of the metric, Ricci tensor R
R* and the C symbols.

. It shall be seen that Einstein’s equation for the metric is G, + Agu, =
87T,
momentum tensor. The factor 87 is required for agreement with New-
tonian physics, where the latter is valid. The constant A is called the
cosmological constant. It can be neglected for solar system problems.
Einstein introduced it to make a static universe. When data showed an
expanding universe, it was set to zero and Einstein called it his greatest
error. As shall be seen, the universe is expanding too rapidly for A = 0.
It must be positive and is now the dominant contribution to the energy
in the universe. In vacuum 7),, = 0. What is R? In cosmology, a useful
model is to describe the universe as a perfect fluid, for which 7}, # 0.
On a solar system scale, earth can be thought to be moving in vacuum
under the influence of the metric set up by the sun and 7}, = 0. Show
that it is impossible for the worm hole metric of Problem 4 to exist in
vacuum? Calculate all the elements of 7}, for that metric including the
cosmological constant.

. The Robertson—Walker metric provides a good description of the uni-
verse,

M

where G, is the Einstein tensor and 7, is the energy—

(dr)?

T g+ ()7(6l +sin 6dg]®)

(dr)? = (dt)? — Q*(1)
where Q(¢) is the universal scale factor, and the constant k is the cur-
vature. They are obtained from experimental data. All observers use
the same cosmic time ¢ and any origin yields the same physics. Find
the curvature R if we live in an expanding universe where Q(¢) > 0 and
) > 0.

. For the metric of Problem 7, calculate the elements of the Einstein
tensor G .

. For the metric of Problem 3.6, the nonzero C symbols were calculated.
It will be seen that such a metric is that found by Schwarzschild for
a planet moving in the sun’s gravity. He derived the proper forms for
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O(r) and A(r),
(d7)? = exp[2®(r)](dt)? — [exp[2A(r)](dr)* + (r)?([d0)? + sin? O[d¢]?)].

Show that for this metric there are only six independent nonzero values
of R,¢yv, and calculate them.

Calculate the elements of the Ricci tensor R, from the results of Prob-
lem 9. Then calculate the curvature R and Einstein tensor G,



Chapter 5

Gravity and General Relativity

5.1 Review of Newtonian Gravity

Gravitation, the weakest force, is due to, and acts on, all forms of energy.
In Newtonian gravity, the relativistic mass M is the pertinent variable.
The other known forces, explained by quantum mechanics, are due to the
exchange of particles called force carriers. The weak force is experienced by
neutrinos and all particles with rest mass. The force carriers are the W+
and Z° bosons. Photons are the electromagnetic force carriers. Particles,
with charge or higher order moments, experience this interaction. Particles
made up of quarks, like pions, protons, and neutrons, experience the strong
force, whose carriers are gluons. It should come as no surprise, that when
gravity and quantum mechanics are connected, the graviton, see Chapter 7,
becomes the force carrier. The theories of Newton and Einstein do not
include such concepts.

Newton’s theory of gravity is very similar to the classical theory of
electrostatics. Students are usually more familiar with mathematics, like
the Gauss law and the divergence theorem, from electrostatics. These two
theories are compared, so that the desired gravitational result is simply
obtained. For this short section, MKS units are used, so the equations will
be familiar.

Both theories postulate an action at a distance force on each of two
point particles (1,2), at positions 7 2. If 7 points from body 2 to body 1,
with r being the distance between them, the forces on the bodies are

69
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as follows:

Fpc(l) = M(1)d(l) = Np.afe.c() frc2)f/r® = —F(2) = —-M(2)a(2),
Ng = (47e0)™, fe=Q, No=-G, fa=M

In electrostatics, charges @ can be positive or negative, and like charges
repel, while unlike charges attract. Mass M is always positive, and the
gravitational force is attractive. The normalization constants Ny and Ng
reflect the strength of the forces.

In electrostatics, an electric field E=-VU g can be defined as the
negative gradient of the electrostatic potential W . As the gravitational

force has the same spatial form, the same may be done G = —V . Thus,
E(1) = F(1)/Q(1) = (47e0) ' Q(2)7/r® = =V T (1),
Up(1) = (4meo) "' Q(2)/r,
G(1) = Fe(1)/M(1) = —-GM(2)F/r® = =V¥g(1),
V(1) = —GM(2)/r.

Vg (1) is the electrostatic, gravitational potential at 7 because of the
presence of the body at 7. If there are many bodies, ¥ g ¢ is the potential
at a point in space, due to charges or masses at other points.

Due to the inverse square nature of the force, there is a Gauss law for
both forces. Making use of the divergence theorem,

/ﬁﬁ\IJE,GdV:/W/E,G.ﬁdS: 7/ —VVUp - ndS
14 S S

= —47Ng afB,Gtot) = *47TNE,G/ pQ,mdV,
1%

V2 = —po/co,
V2\I/G =AnGpp
= 4mpys (in natural units). (5.1)

In natural units, the mass density pp; has units of m—2. This result will
be useful in obtaining the metric element gop when gravity is weak. In
the above equations, n is the outward unit 3-vector normal to surface S
bounding volume V. The sources of the potentials pg and pps are the
charge and mass densities within V. The quantities fg(tot) and fg(tor) are
the total charge and mass inside the volume. For the volume integral, V¥
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is evaluated at all points inside V', and for the surface integral, VU is
evaluated at all points on the surface S. Note that, for point charges or
masses fg (i), the charge or mass density can be expressed in terms of the
Dirac delta function,

PEM = Z fE,.c(@)o( — (7).

Gravity is a very weak interaction. At the surface of the sun, (M/R); =
1.484 x 103/0.696 x 10 = 2.13 x 1075, At the surface of earth, (M/R). =
3x107%(M/R)s. For a white dwarf, with the mass of the sun, but a radius
100 times smaller than that of the sun, (M/R),q ~ 2 x 10~%. For a neutron
star, M,,s = 1.4M;, Rps ~ 14 km = 20 x 107°R, (M/R),, = 0.15. Here,
GR is needed for accuracy. Aside from such compact objects and black
holes, GR effects are minute.

5.2 Weak Gravity in GR

The language used in Newtonian mechanics is inappropriate. One should
not say that mass M is moving in the gravitational potential produced by
other masses, but rather, all the energy in the universe has caused there to
be a non-flat metric in which M moves. For the earth, the sun is the main
cause of the non-flatness and the metric is stationary g,.,,0 = 0. The earth
moves slowly compared with the speed of light, so one can take U’ = 0.
The GR equations of motion yield

du« du«
- e UryY =
dr i

_ W Xl 0 +0e0 —doon ] da"\* /)
= ar 9 "190x,0 TYGox:0 —900,x ar

due dt\
SRRy (E) /2. (5.2)

Gravity is a weak force, unless you are in the vicinity of a truly massive,
compact object. So whatever g, is, it is very close to 7,,,. When the term
weak gravity is specifically used, it means one is not seeking an exact solu-
tion, but rather an approximate one. Second-order deviations from 7, are
neglected. As there is only a slight change from 7),,,,, rectangular coordinates

0 +T5,U°U°
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are required, and the following definitions hold:
Guv = NMpw + Ny, || < 1, (5.3)
g =0t 4+ 1, |f*] < 1, and solving for f**, (5.4)
9" gaw = 8", = (" + [**) (o + hav)
~ 0" Nav + 1" haw + Mo 1,
f, = 0", + 0" hay + Nau [,
P =X nay fHY = = 'n" hay = —hHX. (5.5)

For the motion of the earth about the sun, Newtonian mechanics pro-
vides an adequate description. The GR prediction must agree with Newton,
to lowest order. In Eq. (5.2), each value of « has to be examined,

duo dt\ 2
ON dT 7’] hoo,X (E) /2
dU° dt\? dU°
N - 2=
dr + 00,0 (dT) / dr’

da® dt

U° = =K=1, t=
dr dT i
dU? .
0= dr - nZXhO()vx/Q
d2

22

—h 2=a"—h 2.
el 00/ a’ 005/

One immediately sees that acceleration, due to gravity, is the source of a
non-flat metric.

The constant choice K = 1 leads to agreement with Newtonian gravity.
Let M be the mass of a moving object and M’ be the mass that provides
the metric. The last equation yields

Mhgo,;/2 = Ma' = —M¥q,;,
hoo/2 = —Va+ K' = —Vg, (5.6)
hoo = —2\I/G = 2MI/T.

Taking K’ = 0 makes —2¥ g = hgg = 0 at r = oo. This is the obvious
choice to provide agreement with Newtonian gravity.



Gravity and General Relativity 73

From the discussion at the end of Section 5.1, the extremely small values
of M’/r near the surface of the earth or the sun make hgy very small.
This was required. Also, if we consider Newtonian circular orbits of typical
particles, the typical speed v is

Mv*/r = MM'/(r)?, ©°=M'/r =he/2< 1.

So a region of weak gravity is also a region of small speeds. It’s worth noting
that hgg is a correction of order of the typical small speed squared.

5.3 Gravitational Red Shift

Now that gog has been obtained in the context of GR, the question of how
gravity affects clocks can be reconsidered. Here, it is done in a completely
GR context. A review of the material in Section 2.8 will prove worthwhile.
The present discussion works, not only for the weak gravity metric under
consideration, but for future exact metrics.

So suppose, as in Fig. 5.1, a helium source at r emits photons. The
photons are observed by experimenters at rest at r; and 72, having traveled

M’ /\ﬁ dt

de

)
tC

) 1 [e.0]

Fig. 5.1 Identical sources at 71,2, in the metric set up by mass M’, have their frequencies
measured, by observers at rest at those positions. The frequency of the light that traveled
from ro to 71 is also determined.
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in the metric set up by source mass M’. The observer at 7, in weaker gravity
also has a helium source. The desired prediction, that can be compared with
measurement, is the ratio v 1/v2 2 = v21/v1,1. Here, the numerator is the
frequency of the light from 79 measured at r1, and the denominator is the
frequency from identical sources measured at the positions of the sources.
The first method of predicting this ratio makes use of invariants,

dx¥
[Pu]photon[U,u]obs. == [Pu]photon |:g;u/d—:|
T lobs

dt

= [Po]photon |:900 d_:| = [Po]photon([_QOO]Obs.)1/2
T 1 obs.

= hva a(—g00(2))"/? = hwz 1 (—goo(1))"/?

= hwgo(l — 2M' J1r9)Y? = hug 1 (1 — 2M' /1) Y2,
Vo /Via = Vo Vao = (1 —2M' [r) /2 (1 — 2M' Jry)~Y/2
1—M1/re —1/r). (5.7)

Q

A second way to get this result is to note, from Fig. 5.1, the world lines
of successive wave crests. They travel from ry to 71 and to a faraway point,
along identical geodesics with speed c. The journey times are the same. The
faraway at-rest observer is not experiencing gravity. That observer measures
the proper-time period between crests dr, = dt. This is the coordinate time
period. Working backwards to 71 2, along the world lines of the crests, one
can see that dt is unchanged. However, the proper-time periods are the

inverses of the frequencies,
) 1/2 B <900(2)) 1/2
dron  dta; —goo(1) '

Va1 Va1 —g00(2) 1/
= o e 20 ~1—M(1/ry —1/r1),
el (ol (1/rs—1/r1)

)

drao  diao <900(2

exactly as in Eq. (5.7).

Since 1 > ro, gravity is weaker at ri. Then vo1/1v117 < 1 and
A2,1/A11 > 1. This is known as the gravitational red shift. It is the same
result obtained in Section 2.8 using energy conservation and relativis-
tic mass. That worked for weak gravity. In addition, dreo/dm; < 1.
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The proper-time tick rate for a clock depends on the position. It is greater
for the clock experiencing weaker gravity.

5.4 Einstein’s Field Equations

In Newton’s theory, the gravitational potential ¥« is related to the source
mass density pps. This was seen in Eq. (5.1). For a source point mass
M, the solution is W = —M'/r, where r is the distance from the mass.
Einstein’s theory is based on curved spacetime, and one must determine
the metric. The equation that relates the metric to the source must be
covariant, a tensor equation. All observers would write the same equation,
using their own coordinates. Instead of a mass density, that is related to the
T element of the energy-momentum tensor, a covariant theory requires
the entire tensor to be the source. So the correct equation would look like,

O(g"") = aT™", (5.8)

where a is a constant, and O is a differential operator. The tensor properties
of both sides of the above equation must be the same. Those are: each
side is a symmetric tensor, and since momentum is conserved, each tensor
has vanishing divergence T*";, = 0. The tensor T#" is discussed in detail
later, when it is needed. In the solar system, planets move in vacuum, in
the metric set up by the sun. Thus T#” = 0, and the constant a doesn’t
matter.

For curved spacetime, operator O will at least contain terms with the
metric tensor and its first and second partial derivatives. That’s just what
is found in the Ricci tensor R*Y. A nonzero R" VX
curvature, and the presence of gravity. Another way to say this is, at the
position of the earth, it may be that R*” = 0. However, at least one of the
elements of the curvature tensor R" VEx # 0. Einstein struggled with this

somewhere, means finite

problem for many years before finally finding the simplest form,
O(g"") = R*™ + d'g"" R + Ag"" = aT",

where @’ and A are constants.

The constant A is known as the cosmological constant. It must be
determined by observation. Einstein originally included it so that the uni-
verse would be static. When an expanding universe was discovered, he dis-
carded it, considering its inclusion his greatest error. Present-day cosmology
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requires it. It is the driver of an accelerating expansion, that will never

cease. As the universe gets bigger, its effect gets stronger. However, for

solar system predictions, it is extremely small, and may be neglected.
From momentum conservation,

0=T"5, = [(R" +d'g"" R+ Ag");, | = [(R" + d'g""R);, ],

However, when the Einstein tensor G*” was derived, Eqgs. (4.19) and (4.20)
vielded,

G = RM — g™ R/2, G";, = 0.

So take a’ = —1/2, then O(¢g"") = G* + Ag"”. The Einstein field equations
become

GM + Ag" = aT™ = 87TH . (5.9)

The value a = 87 is required, so that the predictions of GR agree with
the Newtonian predictions, where the latter are applicable. The reader is
led through this calculation in Problem 3. In the empty space of our solar
system, there is no energy-—momentum tensor,

0=T" =G" = R", (5.10)

More complicated field equations have been proposed, but Eq. (5.9),
selected by Einstein for its simplicity and beauty, has withstood every
experimental test.

5.5 Schwarzschild Solution

Almost immediately after Einstein introduced the field equations, K.
Schwarzschild found an exact solution. An English translation of his paper
is available, see Schwarzschild (1916). The case in point was the one that
was considered with weak gravity, the metric produced by a static, spheri-
cally symmetric, massive object in vacuum. The metric tensor won’t depend
on t, but will depend on 7 and dr, such that it has rotational invariance.
Time independence leads to energy conservation, and rotational invariance
leads to conservation of certain angular momentum components. Thus, it
pays to work in spherical coordinates. So for the rest of this chapter, r?
means (r)?, and not the pth component of the position vector.
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Try the most general rotationally invariant form for the proper-time
element,

(dr)? = —gdatdz”
= A(r)(dt)? — 2B(r)(F - dF)dt — C(r)(F - dF)? — D(r)dF - dF
= A(r)(dt)? — 2B(r)rdrdt — [C(r)r® + D(r)](dr)?
— D(r)r?[(df)? + (sin 0de)?]. (5.11)
One can eliminate the dtdr term with the following transformation:
t=t'—E(r), dE(r)=—rdrB(r)/A(r). (5.12)
It is then easy to show, see Problem 4, that this leads to
(dr)? = A(r)(dt')? = [(rB(r))* /A(r) + C(r)r® + D(r)](dr)*
— D(r)r?[(d6)? + sin” 0(de)?]
= A(r)(dt')? — F(r)(dr)> — r*D(r)[(df)? + (sin8dp)?]. (5.13)

A final transform redefines r, and allows the proper time to be cast in a
form where the metric tensor is diagonal,

' =rD(r), (5.14)
(d7)? = exp[2®(r")](dt')? — exp[2A(r")](dr')?
—1"?[(d6)* + (sin Bd¢)?]. (5.15)

From now on the primes will be dropped. The last form has been
encountered in many of the problems. Since the metric tensor is diago-
nal, g"" = 1/g,,. In Problem 3.6, the C symbols were calculated, and the
nonzero ones are as follows:

Iy, =A

sin® Iy = —r exp[—2A]sin® 0 =T,
T}, = exp[—2A] exp[29]D,,,

(5.16)
rf =15 =r1 I‘Z)d) = —sinfcosb,

o _ 1o _ -1 @
Fw—rw—T , r

60 = ngb = cot 0,

It, =T =9o,.
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In Problem 4.10, the nonzero Einstein tensor elements were found:
G = 172 exp[20][r(1 — exp[~2A])],,.
Goo = (r)? exp[2A][@,,, + (®,,)" = D A, + (1)1 (@, — A)],
(5.17)
Gy = sin? 0Gog,
Grr = =1 %(exp[2A] — 1) +2r~ 1@, .
In empty space G\, = 0 because 1), =0,
0 = Gy = r 2 exp[2®][r(1 — exp[—2A])],,
0 = [r(1 — exp[—24A]))]
b =r(l —exp[—24]),
exp[—2A] =1—-b/r,

o

0=Gpr = —1r 2(exp[2A] = 1) +2(r) '@,
2r 1@, =r2(1/(1 = b/r) = 1) =r"2(b/r)/(1 = b/r),
20, = r72b/(1 —b/r) = (In[l — b/r]),,,
26 = In[(1 — b/r)V], exp[2®] = V' (1 — b/r).

S0,

The last equation means gog = —b'(1 — b/r) = b'(—1 4 b/r). However,
the weak gravity case yielded gog = —1 + 2M’/r. The Schwarzschild and
weak gravity results must agree in the case that gravity is weak, so the
constants are b’ = 1 and b = 2M’. Here, M’ is the relativistic mass of the
metric source, e.g., the sun. Then,

exp[2®] = exp[—2A] = (1 — 2M'/r). (5.18)

If G, = 0, then R,, = 0. So at first it appears that the planets are
not moving in the vacuum of curved space. However, not all the elements
of Ruvep = gWRO‘UEﬁ = 0. There is curvature. The solution of Problem
4.9 indicates that there are six possible nonzero elements of the completely
covariant curvature tensor. In particular, one can show Rysso = 2M'/ r3.

If the cosmological constant A was included, see Problem 5, it is still
simple to calculate the functions exp[2®] and exp[2A]. Then one can show
that in the weak gravity approximation M’'/r <« 1, A < 1, there is a
repulsive Newtonian force due to A. This makes sense, as the cosmological
constant is driving the universal expansion. However, as will be seen in the
problem, its contribution on a solar system scale cannot be observed.
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5.6 Conserved Quantities: Massive Particles

Knowledge of the metric tells us what quantities, if any, are conserved. Such
knowledge is very helpful in solving the equations of motion. Light has one
constant of the motion, its speed. Equation (4.3) was obtained from parallel
transport and for a particle of rest mass m, dr # 0 so it can be used instead
of dg. Using g,a;» = 0, and renaming summed over indexes,

0=WwWw#,;,,=U"U";, = P"P";,
= guaPUPHh/: Pu(guapu)h/
= P"P,;, = P"(P,,, — PsT'?))

dx? dP,
= m— — PYPelP = m—2 — PVPsT7 .
m = P,,, — P"Pgl',, =m = PYPgl',,

Then,

dP, y y
? =P Pﬂrgu/m =P Pﬂgﬁx(gaxw + Ixvia — gauvx)/<2m)

= (PVPXgaX,l, + PXPV[gXu,a - gal’?x])/(2m)
= PXPU(gay,X + gxyya - gaV7x)/(2m)
= PXP g/ (2m). (5.19)

So if gyv,a = 0, then P, is constant along the geodesic. In a stationary
metric gy,,0 = 0 and Fy is constant. In the case of weak gravity and low
speeds, the total energy is constant.

The constancy of energy can be illustrated to lowest order in small
quantities. Use the fact that |P| < m so that hy; P*P7/m? and hy| P|2/m?
can be neglected,

m? = —g,, P*P”
= —(=1+ hoo)(P°)? = [(1 + hii)|P|? + 2hs; PP P,
(1= hoo)(P°/m)* — (|P|/m)?
= (1+2M'/r)(P°/m)* - (|P|/m)?,
P°/m = (1+ (|P|/m)*)"/>(1 + 2M' /r)~}/?
~ (1+ (|P|/m)?/2)(1 — M'/r),
P° ~m—mM'/r+|P]?/(2m) = RE + PE + KE = E,

1~

Py = gooP" =~ —P° = —E, constant.
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Outside a spherically symmetric massive body there will be axial symmetry.
One can find coordinates such that the g,, are independent of the angle
about that axis. One can take the axis such that ¢ is that angle. Using the
Schwarzschild metric for a slowly moving particle,

Py = ggoP?

d¢
dt

= (rsinf)*m

is constant. You recognize this relation as the conservation of an angular
momentum component.

5.7 The Twin Problem From the Rocket Observer’s View

There is a wonderful example that makes use of all the concepts thus far
presented. It concerns the twin problem. That problem was solved, in Chap-
ter 2, by the inertial twin . Here, the way the accelerated twin R solves
the problem with GR is presented. Of course, the final comparison of the
clocks must agree with what was previously found.

Neglecting gravity, consider two identical twins I and R carrying identi-
cally constructed clocks. The clocks are synchronized at t; = tg = 0, when
both are at z; = zr = 0. Observer I never experiences acceleration. She is
an inertial observer, who can use SR, to describe the motion of R. She notes
that R accelerates away, reverses acceleration, and slows to zero speed. R
continues with the reverse acceleration, and speeds towards I. A final accel-
eration reversal brings R to rest at I'’s position. They compare clock times
and R is younger.

R says she always experiences acceleration. During the four legs of the
trip, each of duration 7" on the R clock, the acceleration is

géz, 0<tp<T, Legl,
—gé,, T <t <2T, Leg 2,

QL
s
I

(5.20)
—gé,, 2T <tp < 3T, Leg 3,

gé., 3T <tp < 4T, Leg4.
R sees I depart, speeding up in the —é,-direction, then slowing to rest after

the acceleration reverses. I speeds towards her with the reverse acceleration.
After the last acceleration reversal, I is brought to rest at R’s position.
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Both are aware of the information in Eq. (5.20). This allows I to calcu-
late, using SR, the trip time on her clock, as in Section 2.5. According to
I, at the end of the trip, the ratio of the times on the clocks is

91,50t/ (R t0t) = gt1t0t/(49T) = 4sinh[gT]/(4gT).  (5.21)

I finds that each leg of the trip has the same duration, so that gt;[T] =
sinh[¢gT]. At the end of the trip, the twins are at rest at the same position,
and can physically compare clocks. They verify Eq. (5.21). Also, I predicts
that R’s maximum speed is

V = tanh[gT]. (5.22)

This occurs at the end of legs 1,3. The maximum separation distance 2D
was calculated in Problem 2.8,

gziltr]) = [(1+ [gt>)Y2 =1 = [1 — )" V/2 =1,

gzrltr] = [(1 + sinh?[gtg])'/? — 1] = cosh[gtg] — 1,
(5.23)
29D = 2gz;[T]

=2[(1 — V?)712 — 1] = 2(cosh[gT] — 1).

In the above equations, z; is the position of R, as determined by I, and
tr, tr are the times on the clocks of I, R, when R is at that position.

Here, the journey of I is calculated by R. The latter, though experi-
encing acceleration, feels fixed at the origin. Dropping subscripts, R uses
coordinate z for I’s position when the time on the R clock is t. No use is
made of any part of the calculations of I. In order to account for the accel-
eration, R finds herself in a complicated metric, and uses the equations of
GR. As shall be seen, the durations on I’s clock, as calculated by R, for
legs 1 and 4, are different from legs 2 and 3. However, when the clocks
are finally back in coincidence, the duration on each observer’s clock is the
same as that calculated by I.

The method of R. Perrin (1979) is followed with some changes and
additions. Perrin noted that there aren’t any treatments in the literature
that use the full power of GR. Mdller (1952) transforms the flat metric
into a form that is valid for accelerated frames, but it leads to complicated
geodesics.

Perrin proceeds as one does for the Schwarzschild metric. Assume the
nonzero metric elements are goo = — expla] and gsz = exp[f], where a and
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[ are functions of z,
(dr)? = expla](dt)* — exp[B](dz)>. (5.24)
R will calculate the duration d7 on the clock attached to I.

The nonzero C symbols are as follows:

1oJe"
F83 - 5/2 = 0173/2 = 05,2/2,
) ; (5.25)
F33 = sz/27 FOO = eXp[Oé - B]avz/2'

The Ricci Tensor R, has the following nonzero elements,
Rz = —[a,z (@,: —B,2)/2 + 0,22 /2,
Roo = —Raz expla — ], (5.26)
R = g™ Roo + g%’ Ry = 2R3 exp[—f].

The function /5 can be obtained in terms of a. Use Eq. (5.26) and that
the motion takes place in free space,

R33 =0, so,
B2 =2a,,,,/a,, + a,,, (5.27)
B =2In]|a,,|] +a — In[K?].
When gravity is weak, GR and Newtonian gravity agree. This occurs when
a < 1 and exp[a] & 14 «. R says I is moving, and has acceleration a = Fg

when close to z = 0. R says her own acceleration is +¢g at z = 0. Using the
group of Eq. (5.6), R deduces « from I’s motion,

—1+ hoo = goo = —expla] = —(1+ «), ho = —«,
a=Fg=ho,,/2=—a,,/2, (5.28)
a,, = £29, o= =E2gz.
Then Eq. (5.27) yields, on choosing K? = 4¢2,
B =2In[2g] + o — In[4¢%] = , so,
o (5.29)
goo = —exp[+2gz] = —ga3, Loy =17 =133 ==+g.

The choice of the constant is the natural one. A complicated metric, sat-
isfying all the physics is obtained, without dependence on an arbitrary
constant.
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An interesting observation can be made. Since the derivatives of the C
symbols vanish, the curvature tensor is

Ruﬁ’yA == Fxﬁrﬁ,}/ - FZ[,FZ’A

The C symbols vanish unless ;1 = 0,3 and all finite C symbols are equal.
This yields that every element R* gyx = 0. Unlike the Schwarzschild prob-
lem, where R, = 0, but some elements R B # 0, here there is no curva-
ture. So observer R could attack this problem using the tools of SR.
There is no finite energy-momentum tensor, at some position, that is
the source of the metric. Here, the complicated metric is necessary, for the
observer experiencing acceleration. This is similar to, fictitious forces for
accelerating observers, appearing in Newtonian mechanics. In the early days
of relativity, the source of such metrics were a problem. Moller called them
due to a non-permanent gravitational interaction. He noted that Einstein
considered the source was acceleration of the distant “fixed” stars. However,
there are no fixed stars. In fact, the farther away the stars are, the faster
they are accelerating relative to any observer.
The metric gives rise to the following equations of motion:
0— d?zt LTH dx”@
dr? ve dr dr
2
d°t 1o dt dz

dr2 Ydrdr

molE) @] e

Combining Egs. (5.30) and (5.31) yields

(5.30)

Cety) ., [d(zdf ﬂ 0, (5.32)

These equations are easily solved,

. d(z + t)i
f — dr )
df
E = :Fgf27
[2df = Fgdr,

7f71 = :FgTiKiv
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= d(zj;t)i _

(24 t)x = £In[|KE £ g7])/g + CT.

(K::tt + 97—)_17

(5.33)

On the constants, the superscript £ refers to z + ¢, and the subscript +
refers to £¢. Thus, solutions for z and ¢ become

ze = [(z+t)x + (2 —t)£]/2

= Ay £In[|(K{ £ g7) (KL £97)[]/(29), (5.34)
ty = [(Z-i-t)i - (Z —t)i]/2
= By £ n[|(K{ +g7)/(Ky £ 97)[]/(29). (5.35)

The constants Ay, B4, K f are determined from the boundary conditions.
Due to the absolute value of the log argument, one of the following
possibilities holds:

In[|(KE + g7)(Kx & g7)|] = In[&(K{ & g7) (KX £ g7)],

(K2 g/ (5 +.97)] = WEE(KE 7)) (K5 £ g

The correct choice comes from the metric,
2 2
1 = exp[+2g2] (j—f_) — (Z_i) 1 _

Thus,

dz Ky +K{+2gr7

dr — 2(K{ +g7)(Ky +g7)’

d__ Ki-Ki

dr 2(KL+g7)(Ki £g7)°
S _de Jdt K KGR (5.37)

T e A <

_ exp[+2gA4] (KL — K¥)? — (KI + K +2¢g7)?
4 +(K{ 4+ g7)(KL +g7)

= texp[+2gAL](—1).
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So Ay = 0, and the negative sign is required. Equations (5.34) and (5.35)
now become

se = £In[—(KZ £ gr)(KT  g7))/(29), (5.38)
te = By + In[—(KZ £ gr)/(KT £ g7)]/(29). (5.39)

Initially, take gss = —goo = exp[2¢z]. The other initial boundary con-
ditions for I's motion are: 7 =t = z = 2 = 0. Then Eq. (5.37) yields
K; = —K%, Eq. (5.39) yields By = 0, and Eq. (5.38) yields KT = 1. At
t =T, one gets

T =In[(1+g7)/(1 - g7)]/(29),
exp[29T] = (1 +g7)/(1 — g7),
g7[T] = (exp[29T] — 1)/(exp[2¢gT] + 1) = tanh gT' =V,  (5.40)
T] =2g7/(=2) = -V, (5.41)
z[T, g] = In[-(1+ g7)(=1 + g7)]/(29)
=In[1 — V?]/(2¢) = In[(1 - V*)'/3]/g. (5.42)

Equations (5.40) and (5.41) agree with Eq. (5.22), the speed calculated
by I. Equation (5.40) shows R is aging faster than I. However, they cannot
compare clocks, as they are at different positions. They must wait until they
are coincident, to compare times. The positive proper distance between R
and [ is calculated using Eq. (5.42),

2[T,g]
Lpfr) == [ explglas’ = (1 explge(Tal) /g

=[1-(1-V)%/g,
gLp[T] = (cosh[gT] — 1)/ cosh[¢T] = gD/(1 + gD), (5.43)
2gD = 2(cosh[gT] — 1).

This agrees with Eq. (5.23), I’s prediction.

The rocket acceleration discontinuously changes to —g, and thus the
metric changes discontinuously. Coordinates have no physical meaning.
They can be translated or rotated to quite different values. The proper
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distance from R to I is a physical quantity. It cannot be translated or
rotated to some new value, and won’t change because the acceleration
changed. Thus, the z coordinate will have to change discontinuously, from
z[T, g], Eq. 5.42, to z[T, —g], such that the proper distance is unchanged.
The starting spatial coordinate for the trip’s second leg is obtained from

0
1=V g = [ elgeli:
= —(1/9) exp[=g2|%r, g
= (exp[—gz[T, —g]] — 1)/g,
2T, —g] = —In[2 — (1 — V)/2] /g
= —[2-(1-V)*)?/(29).  (5.44)

For the second leg, the starting values are t = T, g7[T] = V. The
general solutions, Eqgs. (5.37), (5.38), and (5.39) become

. K-+ Kf—-2(gr-V)
z = R
K- —K*

z=—In[—(K* — (97 = V))(KZ — (97 = V))I/(29), (5.45)
t—T =B —In[-(K' — (g7 = V))/(K- — (97 — V))]/(29)

The constants are determined from the values of these variables at the start
of the second leg,

i=-V=(K_+K"/(K--K%"),

K- =-Kt1-V)/1+V); (540
z=—Mn[(2— (1-V*)'2)’]/(29) = — In[-K* K~]/2g,
= —In[(KD)*(1 = V)/(1 +V)]/(29), (5.47)
K =(2-1-V))[(1+V)/(1-V)V?
0=t—T=B_—In[-K*/K~]/2g
= B_ —In[(1+V)/(1-V)]/29, (5.48)

B_=[(1+V)/(1-V)]/2g.
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At the end of leg 2, t = 2T. Equation (5.45), use of the above constants,
and exp[29T]) = (1+ V) /(1 — V) yield

T =B —In[-(KT - (97 = V))/(K~ — (97 = V))l/(29),
14+V 1+V(} )P (1 -V + (g V)
L=V 1=V (F9)122 - (1 - V)V2) — (g7~ V)’

g =2V (1 — V)72 = 25inh[¢T).

In leg 2, g7 advanced by 2sinh[gT] — tanh[¢gT]. The total duration at this
point 2sinh[¢g7T] is the expected value. Legs 3,4 just duplicate the times of
legs 2, 1. When the observers are coincident, the ratio of the total times on
the clocks is

9Teot/ (gtior) = 4sinh[gT]/(49T),

This agrees with Eq. (5.21).
The velocity at the end of leg 2 is

K- +K'=-K'Q1-V)/Q+V)-1)
=2VK'/(1+V)
=2V(2(1 - VHV2 1) =2(97 - V),

K-+ K —2(gr—V)

K- — K~ =0

[2T) =

This is the expected result. If I says R is at rest, then R must say I is at
rest. The position at the end of leg 2 is

22T = —In[~(KL — (g7 = V))(KZ — (97 = V))]/(29)  (5.49)
=—(1/g)In[2(1 — V) ~1/2 _1]. (5.50)
This enables calculation of the proper distance
0
Lel2T) = [ expl-g2ldz = (expl-g2[21]) - 1)/g
z[2T)
=2[(1 - V?)~Y2 —1]/g = 2(cosh[gT] — 1) = 2D.

This result is in agreement with Eq. (5.23), the distance calculated by I. It
had to be since both observers are at rest at this point. Thus, they are in
the same Lorentz frame.
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This calculation differs from Perrin’s calculation. The calculation for

leg 2 is made directly after leg 1. The initial value z[T, —g] is determined

such that the proper length is unchanged. Perrin makes the calculation for
leg 3, directly after leg 1. He calculates the initial value z[2T, —g], from the
proper length, at the end of leg 2. His argument is that at the end of leg 2,

both observers are in the same inertial frame, and they would obtain the

same proper length. He then uses the proper length calculated by I. This

calculation does not make use of any result obtained from I.

Problems

1.

In the case of weak gravity, find A%, k%, A% in terms of hoo, ho1, hij.

2. For the static case of weak gravity and a spherically symmetric source,

the following condition was found:

G = N + Py [Py | <1,

gt =t = I <,

hoo = =2V g = 2M’' /7,
where 7 is the radial coordinate from the gravitational source mass M.
The result hg; = h% = hij = h¥ = 0 holds. Otherwise, the metric

would be direction dependent. In this case, all the h;; have to be equal
and nonzero, as no direction is favored,

(A7) eae = (1= 2M"/r)(dt)* — (1 + hay)[(dw)® + (dy)* + (d2)?].

2
wea,

Compare (dr)
hii.

. with the Schwarzschild result for large 7, and obtain

. In the weak gravity case, GR and Newtonian gravity agree. Here, one

can take a stationary state with A = U? = 0. Let Tyg = pas be the only
nonzero element of 1},,,
R = apyr, where a is the constant in Eq. (5.8). Show Rgg = appr/2 =
Rlo;0 = —V?hoo/2. Thus, a = 8.

Show that the Einstein field equations, with nonzero cosmological con-
stant, can be written as R, = 8m(T),, — gWTi./2) + g

where pjs is spherically symmetric. Show that

. Start with Eq. (5.11). Apply Eq. (5.12), and show that Eq. (5.13) is

obtained. Then apply Eq. (5.14), and show that Eq. (5.15) is obtained.
Repeat the calculation of the Schwarzschild metric, with the cosmo-
logical constant A included. Find exp[2®] and exp[—2A]. You should
find that the term with A is multiplied by 72. Thus, even though the
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data of Chapter 9 yield A ~ 5 x 107>*m~2, one cannot say that for
very large r this term is small. However, on a solar system scale, it is
negligible. In this region, weak gravity is satisfied. Find hgy, ¥ and
ﬁNcwton. Interpret the A term.

Transform the metric of SR to a frame with coordinates 2" where

/

2% = [a™' + 2% sinh(az?), 2® =o' + 2% ] cosh(az® ) — a~ ",

b= a:i/, i=4i =1,2.
For small @ such that az? = at/ < 1, show the transform is to a non-
relativistic uniformly accelerating frame. What are the constants of the
motion? Calculate (d7)? in the accelerating frame without approxima-
tion. Find the constants of the motion. In this frame, clocks at 3 = 0,h
are at rest, and measure proper times. What is dr,/dro? Explain the
result.

. Consider the following Schwarzschild-like metric, from the expression

for (dr)?,
(d7)? = exp[2®(r)](dt)? — (exp[2A(r)](dr)? + r2[(dO)* + sin? 0(dp)?)).

Find all the conserved components of a freely falling particle’s covariant
momentum vector. Show that if the geodesic begins with z! = § = /2
and P! = 0, these values never change.

. Repeat the calculations of Problem 8 for the Robertson—Walker metric,

(d7)* = (dt)* = Q*(t)((1 — kr?)~!(dr)® + r*[(d6)* + sin® 0(do)?).

If k=0,0=m/2, and P'(0) = 0, what can be said about P3 = P,.?
At earth’s surface, electrons and positrons of rest energy 0.511 MeV
annihilate at rest into two photons, e~ + e™ — v + . One photon
makes it to a faraway static, spherically symmetric, compact star. It
has mass M = 1.5M and surface radial coordinate R = 10 km. Explain
why a single gamma ray in the final state is impossible. At the star’s
surface, what is the photon energy in MeV? If the decay occurred at
the star, what photon energy would be measured at earth?

For radial motion, show that the derivatives with respect to 7 of the
Schwarzschild coordinates are not the energy and momentum per unit
rest mass of a particle in a locally inertial frame. Show how they are
related to those quantities.
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12. For the case U® = 0, calculate the magnitude of the acceleration a =
(dd%[é—:)l/ 2 in the Schwarzschild metric. At the surfaces of the earth
and sun, show the result is very close to the expected Newtonian result.
Suppose you are just outside a static Schwarzschild black hole where,
2M’ = Rand r = R+, §/R < 1. Show that in order to have an

acceleration g, R would have to be enormous.



Chapter 6

Classic Solar System Tests
of GGeneral Relativity

6.1 Equations of Motion

The metric in the solar system is due mainly to the relativistic mass of
the sun M’ = M,. The general two-body problem in GR has not been
solved analytically, so the sun’s mass will be taken as much larger than
that of the planet considered, and the gravitational effects of other planets
will be neglected. Also the sun’s rotation will be neglected. Under these
conditions, the metric is that obtained by Schwarzschild. In this chapter,
spherical coordinates will be used and r? = (r)P. The equations of motion
involve the C symbols, and from Egs. (5.16)—(5.18),

exp[—2A] =1—-2M'/r, —2A =In[1 —2M’ /7],
exp[2®] =1 —2M'/r, 20 = In[1 — 2M' /7],
[y =@, = (1-2M'/r)" (M'/1?),
D7 = A= — (1 200 /r) (M), oy
7, = exp[28] expl-2A]., = (1 — 20'/r)(M' /1),
sin® 0Ly = —rsin®6(1 — 2M'/r) =T},

Two constants of the motion are expected for massive particles, since
Guv-o and g,.,2 = 0. However, the motion of both photons and massive

91
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particles is desired. So the equations of motion (3.25) are written in terms
of an affine parameter ¢,

A2 dxX dx?
0= pre S
dq? ¥ dq dq

The value of this parameter will emerge from the solution of the equations.
Problem 3.12 showed that a planar solution § = 7/2 is allowed. Thus,
for the coordinate 22 = ¢,

Py drde |, dodd

0= ey v
dg? "¢ dq dq *0 dq dq
_ o, 2drds
~d¢?  rdgdg
_ &% Jd¢  2dr
d¢?/ dg  rdg
d
_ d[In(%2) + Inr?]
dq
_ d[lnr?92] "
dq ) )
d
J= er—j, a6 = (J/r)da, (6.2)

where J is the constant of the motion due to g, = 0.
For the coordinate 20 = t,

d’t 1 2M’ dr dt
dg? " T=20]r % dqdg
N L -
dg?>/) dqg 1-—2M'/r r2 dq
d(In 4 + In[1 — 2M"/7])
dg

dn[(1 —2M'/r) 4]
dq ’

0=
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dt
J =01-2M'/r)— =1,
(20

dt 1 d
-t a

dg 1-2M'/r’ ©  1-2M'/r (6:3)

To first order in terms of M'/r, dt ~ dq(1+2M’/r). Setting constant J' = 1
is a normalization choice. It makes sense because when, r — co, dt = dq.
Since M'/r < 1, Eq. (6.2) gives r*% d¢ ~ r? Ccllf = J. This is conservation
of the ¢ component of angular momentum per unit mass of the particle
moving in the metric.

The above information is inserted into the equation for z3 = r. After
multiplication by mg—g, the solution is transparent,

d2r dr\? do\ > d¢)2 (dt)2
0= +T0 (=) 4T3 (=) +17, (=) +0I5, (=
dg? (dQ) He(dQ) ‘w(dq "\ dg
2
2 /) ()
T dg2 1 —-2M'/r

(1 —2M' /1) lr<j¢) o )(Z”

a2y (M')r?) () (L—2M'fr)J?  (M[r?)

T dg2 1-2M'Jr 73 1—2M'/r
3

T ar ﬂ T T

g 000w s
1—2M")r (1—2M"/r)? 73 (1—2M"/r)?
2
dr
1d (d_q> J? 1
C2dg |1—2M'/r 2 1—2M'/r|’
2
dr
dq J? 1
_E’:M_F__i (6.4)

1—=2M'/r  r2 1-=2M'/r’

where E’ is the second constant of the motion, due to g0 = 0.
Equation (6.4) allows determination of ¢ and interpretation of E’,

dr\ 2 / / . o
(d—q) =1 =2M'/r)(=E' = (J/r)> + 1 —=2M'/r)""), (6.5)
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(dr)? = (dg)*[=E" — (J/r)* + (1 = 2M"/r)~H](1 — 2M"/r),
(dr)? = (1 —2M'/r)(dt)* — (1 —2M'/r)~}(dr)* — r?(dg)?
= (1 —2M'/r)~(dg)* - (Jdg/r)?
— (dg)*[=E" — (J/r)* + (1 —2M"/r)7"]
= FE'(dg)?,  dr = E"?dq. (6.6)
So for photons E’ = 0, while for massive particles E' > 0, and dq o dr.

So ¢ is obviously an affine parameter. For a slowly moving particle of rest
mass m, with M’ < r, Egs. (6.3) and (6.5) yield

E’(ﬂm2wlﬂfﬁ>1“2M7”3<%)2
~ (%)

B~ (%) /- (e, ©0)

<%)2 + (J/r)ﬂ /2 — M'/r,

ml+(1—E')/2]=RE+KE+PE=E

(1-E)/2=

In general, the quantity E can be interpreted as the total energy or rela-
tivistic mass M of the particle. When E’ > 1, the total energy is less than
the rest energy, and may even be negative. That occurs when the particle
is in a strong gravitational field.

6.2 Orbit Equations

The orbit equations are obtained from Egs. (6.2), (6.3), (6.5) and (6.6),
e.g.,

dp d¢ /dr J 1

dr— dq/ dg " r2(1—2M’'/r)Y/2 ([(1 —2M'/r)~t — E'] — [J/r]2)L/2’

1

Dr] = (A =2M'/r)-T = FE)J? - 1/7“2)1/2 )

(6.8)
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Thus,

dr
dp = + D 6.9
TS VYIS E ) (6:9)

dr
dt = + D 6.10
70 —2ar e P (6.10)

11/2

ir =+ UE D[r]. (6.11)

J(1—2M' /)12

It should be noted that t is the time according to a faraway at-rest
observer, while 7 is the time on a clock attached to the particle. Integra-
tion of the above equations will give r as a function of ¢, ¢, or 7. The
correct sign is determined by the result of the integration. Each integral
is an elliptic integral, and could be worked out numerically. However, if
M'/r <« 1 everywhere, then to first order in M’/r, the integration can be
done analytically. In order to accomplish this, one expands (1 —2M'/r)" =
1 —n@2M'/r) + [n(n — 1)/2](2M"/r)? + -+, and keeps the lowest order
term. In some of the mathematical manipulations below, I have followed
Weinberg (1972), and filled in some steps.

6.3 Light Deflection

Solar system tests have shown the correctness of GR, even if equations for
the metric, more complicated than Einstein’s, cannot be ruled out. Ein-
stein’s fame was established by the positive result, of close to the predicted
value, for the deflection of light passing near the sun. The first positive
result experiment was carried out in 1919, by a British team (Dyson, 1920)
led by Eddington.

In the case of light deflection by the sun’s gravity, one looks at stars,
whose lines of sight, come as close as possible to the edge of the sun’s disk.
Of course, there must be a complete solar eclipse, as in Fig. 6.1, to make
such a measurement. Six months previous to the eclipse, the same stars
were viewed. At that time, the sun is no longer between the earth and the
stars. In practice, stars closer than twice the sun’s radius 2Rs cannot be
observed. Light from the star initially travels in almost zero gravity, along
the line of sight given by angle ¢(I). Its path deflects as it gets close to
the sun’s surface, where the minimum distance from the sun’s center is rq.
The light finally winds up very faraway, along the line of sight given by
angle ¢(F). The earth-sun distance is > 200R;, so the metric at earth is
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Fig. 6.1 When the sun is in total eclipse, light from stars passing close to the sun’s disk
appears at apparent position A. When the sun is not between the earth and star, the
latter appears at its real position R.

again very close to 71,,. The angle ¢ is very well measured, and the angular
deflection from the initial direction is d¢ = ¢(F) — ¢(I) — m. However, the
orbit is symmetric about the line along ry, the distance of closest approach,
so that ¢ = 2(¢(ro) — o(1)) — .

For light use Eq. (6.8), with £/ = 0, and M'/rg < 1. At r = rg, use
Egs. (6.2) and (6.4),

dr dr 0
e
dg — d ’
¢ d¢ (6.12)
J72 = (1=2M'/ro)ry?,
From Eq. (6.9),
)
Sp+m= j:2/ dr(1 —2M'/r)~Y2r=2D]r], (6.13)

(J72(1 = 2M' fr) "t —p2) V2

1—2M'/r -1z
—2 0 —2
= _— — . 6.14
(TO 1—-2M")r " ) ( )

Dlr]
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On expanding the terms with M’/r or M'/rg, and keeping only factors
linear in M’ /r or M'/rg, the integral becomes, see Problem 1,

o 1 M ry MrIJr -1
) = +2 dr—————— [ 1 + — — —+1 .
o+ /OO TT[(T/TO)Q — 1]1/2 ( + ro T + T‘g [7‘0 + ] )

Now change variables such that u = r/rg, dr = rodu,

! 1 M’ U
= = 14+ = |yt
09+ jE2/Ooduu[u2_1]1/2( +r0 [u +u+1])
= —2(—71’/2 — 2M’/T‘0) = 7T+4M//T‘0,
8¢ =AM’ rg. (6.15)

Since 4M'/Rs = 8.53 x 107° r(adians) = 1.75”, the effect is very small.

The 1919 data were pictures of stars stored on photographic plates. The
distances were measured with calipers. Over a period of six months, there
is bound to be a change of scale, due to changes in temperature, and the
position of the telescope on the ground. The data were compared with the
predicted value by calibrating a scale constant .9,

86 = (4M'/R,)(Rs/r0) + S(ro/Ry).

Stars with g > Rs would not change position, and these give the best
fit for S. There were two observing stations. At Sobral, an island near the
Brazilian coast, seven stars with ro/Rs = 2 — 6 gave d¢ = (1.98 + 0.16)".
At Principe, an island near the coast of Guinea, five stars with ro/Rs =
2 — 6 gave d¢ = (1.61 £ 0.40)"”. This was sufficient to confirm that light is
affected by gravity. The numerical results are in reasonable agreement with
the Einstein prediction.

The effect is small, and the accuracy is such that even including more
modern optical measurements, metric equations that are more complicated
than Einstein’s cannot be ruled out. However, radio telescope measurements
made at the VLBI facility (Lebach, 1995) have confirmed Einstein’s pre-
diction to the 1% level. Further improvements led to an accuracy of 0.02%
(Will, 2006). That’s what modern instrumentation can do for you.

Due to gravitational deflection of light, the universe offers interesting
“illusions,” termed gravitational lensing. As illustrated in Fig. 6.2, mass in
the form of a galaxy or cluster of galaxies, is located between earth and a
distant source. Light rays from the source are deflected by the intervening
mass, and follow different paths to earth. The earth observer can then see,
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lensed image-seen of
background galaxy

background galaxy

Fig. 6.2 Mass in the form of galaxies and galaxy clusters, between earth and a very
faraway source, can deflect light. Multiple images are seen.

in different directions, multiple images of the same source. If the masses
line up just right, rings called “Einstein Rings” are observed. Use Google or
some other world wide web (WWW) search program to find “gravitational
lensing,” and you’ll find a host of fascinating images.

6.4 Perihelia Advance

The second test is the precession of perhelia of planets close to the sun.
This means Mercury for our solar system. The Newtonian orbit for the two-
body problem indicates no precession. Mercury’s precession is illustrated
in Fig. 6.3. While precessing, the orbit will still have maximum, minimum
distances from the sun r,,r_, where d—; = 0. So Eq. (6.5) is used to obtain
J and E’ in terms of 4,

0=1—-2M'/ry) ' —E —J*/r}
=1 —2M'fr )"t —E — J*)r?,
J2 =2 =P (= 2M fr) T = (1= 2M ey )Y, (6.16)
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Fig. 6.3 The perihelion of Mercury precessing, as it makes successive orbits about
the sun.

=@ —r2) A - 2M e =2 (1 —-2M r) 7Y (6.17)

The integral for the orbit, Egs. (6.8) and (6.9), requires evaluation of
the function D[r|, here written in terms of r4,

f=(D[)2+r2 (6.18)
f=J72(=2M'/r)" — E]
= (ryr) 2l =2M'fro )7t = (1= 2M" fry )Y
X [P (1 =2M'/r_ )=t — (1 —=2M'/r)"h)
+r3((L—2M'/r)~t — (1 —2M'/ry) ™Y (6.19)

The above is a positive quantity, as each difference is positive.

Once again the integrand must be expanded in powers of M’/r, and the
leading correction kept, in order to do the integral analytically. However, in
each difference in the last equation, the leading term is directly proportional
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to M’. So unless the expansion is carried out to second order, the mass M’
will cancel. This expansion is

(1—2M'/r)y" =1+ 2M' Jr+ (2M'/r)* =1+ (2M'/r)(1 + 2M' /7).
It yields

F=(ryr)72[@M fro) (L4 2M fro) — (M fr) (1 + 2M fry)] 7!
x (r2[(2M /r_ )1 +2M' Jr_) — (2M'/r)(1 + 2M' /7)]

+ri[(2M’/r)(1 +2M'/r) — (2M'/ry ) (1 +2M' /r)]). (6.20)
Then, one can write
(D)2 = K(rZh —r (™t = 7). (6.21)

Note that Eq. (6.20) yields (D[r+])=2 = 0, and indicates (D[r])~2 is a
function of 7~ and 772, so that Eq. (6.21) follows. To find the constant K,
equate the constant terms in both forms of (D[r])~2. This is mathematically
equivalent to evaluation at r = oo,

K= (ryr )t
X M fr (14 20 fry) = 2M'fr_ (1 + 2M'Jr_ )]
X (2M'r_(1+2M"/r_) —2M'r (1 + 2M’ /r )]
(6.22)
(1 2M ) — (1 2M fr )N — 1)
= [ +2M (2t i) T e L - 2M (2 Y,

K V2 =14+ M@t +r7h).

When Mercury goes from r_ to r1, §¢/2 is the change in ¢. As the orbit
is symmetric, in one revolution the total change in ¢ is d¢,

dr

6 = £2K /2 /“ r2[(1 = 2M"/r)(r=t — L) (L — r;l)]l/Q

-~ T+ dr(1+ M'/r
~ 2K 1/2/1” o _:—1)(74—1/—)@1)]1/2' (6.23)
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If one makes the change of variable,
u=a/r+b, such that ulry] = +1, (6.24)

the integral becomes

1 1+ M [(r_1+r_1)+(r_1 fr_l)u]
_ —1/2 7 1y - + -
0¢p = 2K /_1 du TEELE

=rl+ M2t +ri)2+ M +r2h)
~ 21+ 3r M/ (r=t 4+ h). (6.25)

If the orbit is closed, the above should equal 2. So the perihelion has
advanced by 3 M’ (r=" +r;"). For the orbit of Mercury, r; = 6.98 x 101°m
and r_ = 4.60 x 10'°m. Thus, per revolution, the advance of perihelion is

8¢ — 2 = 3m(1.484 x 10*)(0.360 x 10~%) r = 0.104".

Mercury’s orbital period is 87.96 d, so that in a century it makes 415 rev-
olutions. The cumulative effect is d¢ — 2r = 43" per century. Current
experimental results are in excellent agreement with Einstein’s theory. The
deviation is less than 1%. The other planets are farther from the sun. They
would yield much smaller values than Mercury.

As opposed to light deflection, where light starts and ends in essentially
zero gravity, Mercury is always under the influence of gravity. So when it
is observed with light, the light is also traveling under that influence. For
a single revolution, one would have to worry about such small corrections.
However, the effect is cumulative, and for many revolutions this correction
is not a worry. Think about measuring the period of a simple pendulum.
The small error one might make for one period, is negligible, if the total
time for many periods is measured.

Newtonian physics predicts a much larger advance per century, due to
other perturbations of 5557”. These include 5025”7, due to the precession
of earth’s rotation axis. The observation is 5600”, and the extra 43" agrees
with the prediction of GR. See Clemence (1947) for the best determination
of the precession. Before GR, Newtonian physics was thought adequate. For
the Mercury problem, there was speculation that unseen mass was between
the sun and Mercury or the sun was non-spherical, etc. Einstein was not
working on GR to solve the Mercury problem, but realized that the theory
could be applied to it. His biographers tell us that he was delirious with joy
upon finding those 43”.
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6.5 Radar Signal Delay

When Mercury is near superior conjunction, radar from earth is reflected
back, with a delay predicted by GR. This effect is also known as Shapiro
delay. The situation is shown in Fig. 6.4, where r( is the distance of closest
approach to the sun. The straight line Newtonian path just grazes the
sun’s disk. In reality the two paths are very close to coincidence. The tiny
deviation is exaggerated for clarity.

As in the case of light deflection E’ = 0, and at rg, g—; = % =0
Equations (6.12) and (6.14) give J? and D[r], while Eq. (6.10) yields the
integrand of the desired integral,

J?2 =131 —2M'/ro)"t,

dt =+

dr(1 — 2M' [rg)V/? <T_2 (1—2M'/rg) 2> e
ro(1—2M'/r)3/2 \'® (1—2M'/r)

1—2M'/r (@)2)_1/2.

= +dr(1 —2M'/r)~! (1 BT

Fig. 6.4 When Mercury is near superior conjunction, radar signals are sent from and
reflected back to earth. They travel for a longer time, along the solid GR geodesic, than
along the dashed straight, Newtonian path.
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In order to avoid elliptic integrals, expand the above, and keep the leading
correction,

tpv ~+ PEM rdr[L + M'(2/r + (ro/r)(r +10) Y]
L [r2 =] ’

(6.26)

0

where Dpg s is the distance from the center of the sun to the planets. The
result is

D + D2 7,,42 1/2 D o 1/2
tpar = M’ lmn e.M + [Dg = 19 +< BE,M 7“0)

ro Dpg v+ 1o

]1/2

+ [DE =15 (6.27)

The prediction is compared with radio waves just grazing the sun
ro = Rs. Since the radio waves go to Mercury and are reflected back to
earth,

trotal = 2(tg +tu) =2(T +T7),
T = Dy ~ B'/? + (D}, - B2,

(Dp + [DE — R2V?)(Dus + [D3y — R2J'?)
RS

N Dy — R, 1/2+ Dy — R\
Dgi + Rg Dy + Rs

Dp(1+[1 — (Rs/Dp)’]'*)Da (1 + [1 — (Rs/Dar)*)'/?)

(6.28)

T'/M' =2In

=2In 2
4+ (L=B:/Dp 1/2+ L= By/Dy ) (6.29)
1+ Rs/Dp 1+Rs/Dy) '

where 27" is what you would expect if gravity did not deflect radar, while
0 < 27" < M’ is the lowest order GR correction. As T" is positive, it is said
that the radar signals are delayed.

To see the size of the effect, the following parameters are used:

Dgar=05(ry +7_)par = 1.49 x 10" m, 5.79 x 10'%m,
R, = 6.96 x 108m, M’ = 1.48 x 10° m, thus,
(6.30)
2T = 4.14 x 10" m = 1.05 x 103 s,
Dg Dy

S S

27" ~ 4M' {1 +1n4 ] =7.2 x 10" m = 240 ps.
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Since T"/T = 2.3 x 1077, the delay is a very small effect. Even so, by 1971
the team led by Shapiro achieved a result in agreement with GR at the 5%
level (Shapiro, 1971). A similar experiment, using the Cassini space craft,
obtained a result in agreement with GR at a <1% level (Berlotti, 2003).
It has now been improved to the 0.001% (Will, 2006) level.

A measurement of such exquisite accuracy is fraught with difficulties.
Modern atomic clocks can easily measure tiora1 With sufficient accuracy.
However, one must subtract from this 27, a quantity almost as large. Opti-
cal measurements of the distances are nowhere near accurate enough. There
are other critical sources of systematic error that must be considered: The
solar corona is an effective index of refraction for radar propagation. Reflec-
tion at Mercury’s surface occurs, not from a single point, but from a large
area. Each area element has its own reflection properties, plus orbital and
rotational motion. The reflection properties are studied at inferior conjunc-
tion. The times of the Doppler-shifted frequency distribution allow one to
obtain the reflection time from the closest point to earth. Using a large set
of astronomical data, the distances were obtained from GR predictions, in
terms of fits for many parameters. See Shapiro (1964) for a description of
the original experiment.

Problems

1. Without using the equations of motion, but using g,.,(,2) = 0, obtain
Egs. (6.9)—(6.11). Do this for photons and particles with rest mass, by
appropriate choice of constants.

2. Consider the integrand (=Int) of Eqs. (6.13) and (6.14). Expand the
terms involving M’ /r < 1, and keep only terms linear in M’ /r. Fill in
the steps to obtain the equation following Eq. (6.14).

3. Start with Eqs. (6.16)—(6.18) and fill in the steps leading to Eq. (6.19).
Then start with the integral of Eq. (6.23), make the variable change of
Eq. (6.24) and fill in the steps leading to Eq. (6.25).

4. Start with the equation above Eq. (6.26) and show how Eq. (6.26) is
obtained.

5. Using the Schwarzschild metric, suppose a particle with finite rest mass
is launched from the surface of a sphere of area A’, in the direction of
increasing radial coordinate. The stationary curvature is provided by
the sphere’s mass M'. Assume M’'/R’ < 1, where R is the radial
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coordinate at the sphere’s surface. What is the radial coordinate at
the surface in terms of A’? Find the escape speed as measured by an
observer at the surface of the sphere. Show that this speed is the same as
the Newtonian result. What proper distance is traveled by the particle,
when it reaches a radial coordinate, where an observer measures that
the escape speed is reduced by half?

. Use the data of and the information from solving Problem 5. Calculate

the time on a clock attached to the moving mass, for the trip between
the two radial coordinates. Then calculate the time on a clock at rest
at r = oo.

Use the data of and the information from solving Problem 5. Suppose
a mass is released from rest, at a radial coordinate r = 100R’. At the
surface of the sphere what is the speed? What is the proper distance
traveled and the time on a clock attached to the moving mass?

. The Schwarzschild metric permits circular orbits, where r is con-

stant. For massive particles, show that two such orbits are possible
if 12(M"?/J?%) < 1, where J? = J2/E’. Show that the larger orbit is
stable, but not the smaller. For the latter, what is the smallest possible
radial coordinate? Start by showing,

dr\* 2M' J? dr\*
1/E' = — 1-— 1+ —=)=(— .
= () + (-50) () = (F) +
The function f[r] is an effective potential, and radial coordinates of
circular orbits exist where %LT] =0.

. For the conditions of and the information from solving Problem 8 with

r =10M’, find J and E’. Determine whether there is another possible
circular orbit. If another is possible, find its radial coordinate, and
determine which orbit is stable.

Use the data of and the information from solving Problems 8 and 9.
Find the time on a clock attached to the particle and on a faraway
clock at rest, when one revolution is completed. Compare % with the
Newtonian value for the same circular orbit.

Use the data of and the information from solving Problems 8 and 9.
Find the speed |0] of the object in the circular orbit, as determined
on a clock at rest at the radial coordinate of the orbit. Determine the
speed for r = (10,4.29,3)M’. What can be said because of the speed

at r = 3M’'? Is there a stable circular orbit for light?
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12. A neutron star has a mass M’ = 1.5M, and a radius o = 15 km. If the
star’s angular momentum is neglected, the metric in its vicinity is the
Schwarzschild metric. If light from faraway just skims its surface, what
is the deflection? Use a program like Mathematica to do the numerical
integration. Be careful at the limit where r = ry. Compare this result
with that obtained by expanding and keeping M’/r terms to lowest
order.



Chapter 7

Gravitational Waves

7.1 The Weak Gravity Wave Equation

Einstein’s equations predict gravitational waves. The sources of the waves
typically involve very strong gravitational effects, for example, the onset of a
supernova, or the merging of black holes. However, such sources are usually
so faraway that the wave amplitude at earth is extremely small. The wave
can be treated in the weak gravity approximation. At this time, it would
be beneficial to review the material in Section 5.2 and Problem 5.1. There,
in rectangular coordinates, g, = My + hpw, |hu| < 1, and |y, | < 1
In deriving the wave equation, some important properties of h,, and BW,
the trace inverse defined below, are of importance,

By = g
h% = hoo, B = hij, h" = —h;,
WX, = gXh,, (1)
= (P — WX") Ry = PRy,
h=h",
Py = hy = 1 h/2.
These equations lead to
he, =hP, — 65 n/2, h=—h. (7.2)

107



108 General Relativity: A First Examination

In order to get to a wave equation, a gauge transformation is needed.
Such transforms are encountered in electrodynamics, where the vector
potentials Aand A = A+ VU yield the same magnetic field. However,
ifv-A = 0, then ¥ can be chosen so that V-A' =0. Here, each coordinate
is slightly changed, such that a new metric, also approximately that of SR
is obtained. The gauge vectors are functions of the coordinates #[x"”]. They
are taken to be small |¢#| < 1 as are their derivatives |§#,5| < 1. To first
order in small quantities,

2 = 2% 4 &7,
2 =2 =] =2 - @ — ) m 2 — ),
€ = pa” 5=8"p (2 + %)
~ &%,
o =12 5= (@ +£),52"p
= (6% +&% )" —&)p
= (8% +€%8) (1 - &)
= 0% +€%5— 0% o
=0%+E% =
= 0% = a%,3, therefore 9, = 1.,

’

xavﬂ’ =az” B favﬁ’ = 5aﬂ - gavﬁv
Ial?ﬂ = xavﬂ +€a7ﬂ = aﬂ + §a7ﬂ7
Jor g = Na'pr + ha’ﬂ/ = Nap + halﬁl. (73)

These equations lead to

ha,@ = ho/B’ +€o¢a,6 + fﬂaav

(7.4)
ha’,@’ = ha,@ - (favﬁ + g,@aa)-

The gist of all this is, that h,, is not a unique tensor, but it remains
small when changed by a gauge transformation. The new form, obtained
from g, = 2%, W ), gey, may be more advantageous to solve a particular
problem.
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To first order, the Einstein tensor becomes a wave equation. The calcu-
lation begins with the curvature tensor,

Rapuw = Gox R, = Jox [Uhy o = Thpw + T35, = T3T3,],
Fgu =g [gﬂm# + Gposp — 9Buso)/2=1"% [hﬁmu + horg — Pgusel/2.

The I'T terms in the curvature tensor are at least second order in A, ¢ and
can be neglected. The derivative terms become

FEH’V == ngx[hﬁa'vl“l/ +h,u07ﬁ o hﬁp.vd 71/]/27
ngvﬂ = nax[hﬁa'vlj L + hl/dvﬁ I - hﬂl’vd 7;1,]/2
= nax[hﬁcrm w T hucﬁﬁ w hﬂllvd W]/Z

The curvature tensor is

Raﬁ;w = naxnax[hucnﬂ o hﬂllvd o h;Lcr»ﬂ v + hﬁ;ua 71/]/2

= [huouﬁ i - hﬁuaa i - hua»B s + hﬁuva 71/]/2'

Using the metric, the Ricci tensor can be calculated,

Rﬂu = gauRaﬁ,uu = UQMRQB;LV
= [huuvﬁ i - nauhﬁuaa i - huuvﬁ v + hﬂava 71/]/2
= [hyuvﬁ o nauhﬁuaa wo h?B s + hﬂava 71/]/2' (75)

Note, second term in the above equation is

2 82 —

So one gets an inkling of how the wave equation comes about.
The Ricci scalar and the Einstein tensor are now evaluated. Renaming
some summed over indexes helps carry out the calculation,
R = gﬁuRBU = nﬂlegV
= T’ﬂu[huuvﬂ i - Ua“hﬂuva i - h?ﬂ o + hﬁava 71/]/2
= [hﬁ#w B na#hﬂﬂ’ﬂ o T nﬂyh’ﬂ w T hua’a w]/2
= hH¢ —n**h

T Yo VY
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This yields the Einstein tensor,
Ggy = Rg, — ggl,R/2 ~ Rg, — ngyR/Q
- [huﬂvﬂ o na#hﬁuva o hvﬁ 137 + hﬂava s
- TIﬁV(hlmm o Wa“hvu 7a)]/2'

If the above is written in terms of the variable h, the trace inverse
instead of h, and a gauge transform is applied, out pops the following wave
equation:

Gpu = (1/2)[(h} = 6,)'h/2),5,, — 1™ (hpy — M50 h/2) s o1

+hgo, + (hg —0851/2) 0w
= 15w (R =" R2) e + 1 R )]

= (1/2) (5 50 = 1 Pgws s + st sa o = M3 h i sa
— 16, 3 = 2hag o + 057 hoa
— (M5 Psar sy + 180" P s = 20807 Py 0)]/2)

= 18y = 1 hBusa s+ B e — N h 0 /2

= [0S s)op = 1™ hgwsa s+ (Bg"sa )i — 10" (B 0)5,]/2-

The Lorentz gauge, in analogy with electrodynamics, is BUX,X = 0. Then
the above equation simplifies to a single term. There are four equations
BUX,X = 0, one for each o. There are four free gauge functions £7. So it is
possible to find a gauge, using Eq. (7.4), for which the simplification holds.
The Einstein tensor becomes

2Glgy = 167TTB,, = —nauhﬁu,a = —Dingl,,

. _ (7.6)
Ohgy = —167Tp,, OB = 16777

This is a wave equation with a source proportional to the energy-—
momentum tensor. The wave propagates with the speed of light and all
frequencies are allowed.

7.2 Plane Waves

In empty space there is no source, so plane wave solutions are possible. With
enough plane waves of different wave vectors and accompanying amplitudes,
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any wave shape can be accommodated by superposition. In the case of a sin-
gle wave vector k, with amplitude A4,,,, a complex constant, the wave func-
tion in rectangular coordinates is the real part of EW = A, exp(ik,xX).
The phase factor is an invariant. It is easily shown that

}_L;w,ﬂ = Z'kg}_Llw, (7.7)
Ol = —(kgk®)h =0, kgk? = 0. (7.8)
As with an electromagnetic wave, the relation between frequency k° = w
and wave 3-vector k is identical. In free space, there is no dispersion, so the

phase and group velocities are unity. The direction of k is the direction of
wave travel. The gauge condition forced h,”,, = 0. Thus,

kAL = 0. (7.9)

This is another restriction, an orthogonality restriction on A,/

A more useful solution can be obtained, by again applying a gauge
transformation with vector £,. The vector satisfies [I¢, = 0. It can produce
a solution TTi_LW, with amplitude fl,“,, that is traceless TTBu“ = /Lj‘ =0.

Using ,, = B,, exp(ik,rX) and results from Problem 2,

Bu’u’ = TTBMU = Buu - é}w - guau + 77HV§X,X»
Ay = Ay — i(Buky + ku By — 0,0, BXky ), (7.10)
/_lu‘" = A" — i(Buk" + k,B* — 6M“BXI€X),
0= /_1”“ =Al - i(Buk" + k,B" —ABXky) (7.11)
= A} +2iB,k" = Al +2iB"k,,, iB"k, =—-A/"/2.
Thus, if A" # 0, one can choose a B), to make flu" =0= TTEH“.

This gives one requirement for the four B),. The other three can be used to
impose the condition A, U” = 0 because from Egs. (7.8)—(7.10),

0= k' AL, = k" Ay — i(BukPky + Buk™ky, — ky BXky) = kA,
= (A kMUY = kH(A,,U"). (7.12)

The remaining three requirements on the four B, can force,

AU = 0. (7.13)
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Then Egs. (7.12) and (7.13) force,
Ag, UY = 0. (7.14)

In the language of the subject, the superscript TT stands for transverse
traceless gauge. In order to see how it is transverse, let the wave be moving
in the z = 3-direction. Let U" = 4",

0= UY Ay = 6% Ay — Ay — A0
=k, A" = w(f;lﬂo + A“3) = wA"3,

In this case only, A(H),(w),(m),(gl) are nonzero, and the symmetry and
traceless conditions yield

0= Af = A+ A7,

. L, L _ (7.15)
Ay = Ay, A= —Axn, A= Agg.
In this gauge, the following conditions also hold:
~(TTh) =TT =TT 1 = 0,
g (7.16)

TT}—LW _ TThW _ mw(TTh)/z _ TTth'

7.3 The Graviton

For electromagnetic waves, the wave function of the vector field A, can
describe all of the physics. When this field is quantized, the quanta are
photons with spin s = 1. In quantum electrodynamics, the interactions to
lowest order are the exchange of virtual photons. In GR, the wave function
of the field describing the physics is a tensor of rank 2 ﬁuy. Thus, a quantum
theory of gravity has a exchange particle of spin s = 2, with zero rest mass,
called the graviton.

A transparent way to see this is to consider what happens to a transverse
electromagnetic or transverse, traceless gravitational plane wave amplitude,
under rotation. If the plane wave is traveling in the 3-direction, the only
nonzero amplitudes are A; for the electromagnetic wave and Ajj, for the
gravitational wave. Here (j,k) # 3. One can rotate these wave functions
by angle ¢ about the axis along the propagation direction, using the infor-
mation in Fig. 1.1. Another set of rectangular axes, where basis and unit
vectors are the same, is obtained. The nonzero elements of the rotation
matrix z',; are: R';, = R?%, = cos¢, R',, = —R?%, =sin¢, R%, = 1.
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Using the rotation A = Rkj,Ak, the electromagnetic amplitudes
become

Ay = R111A1 + R211A2 = CoS ¢A1 — sin ¢A2,
Ay = R12/A1 + R22/A2 = sin ¢ A; + cos pAs.

These equations yield

Ay tiAy = (cosdp tising)A; + (—sind £ icosd)As
= exp(Fip) A £ (cos ¢ £ isin@)ids = exp(Lig)[A; £ iAs].
Using the rotation Ajj = le,R"k,flln and Eq. (7.15), the gravitational
amplitudes become
Ay = RY RY Al 4+ RY R% Ay + R RY, Ay + R% R%, Ay
= cos? $A11 — 2sin¢gcos pAis — sin? dAL
= cos 2(;5/_111 — sin 2¢f112,
Ay = Ry Ry Ayt + R'y Ry Ara + R Ry Ayt + R Ry Ay
= sin® pA;; + 2sin¢cos pA1p — cos® pA,
= —cos2¢A +sin20A44,
Ayy = RY RY Ay + RY R%, Ajs + R%,RY, Agy + R% R%, Agy
= sin ¢ cos pA1; + (cos? ¢ — sin? ¢) Ay + sin ¢ cos pA 1
= sin 20411 + cos2¢A1s.

These equations yield

Allll :l: iAllzl = —AQ!Q! Zl: iAl’Q’
= exp(+2i¢)(A11 £ id10)
= exp(£2i¢)(— A £iA12).

In quantum mechanics, a plane wave is an eigenfunction of linear
momentum. If under rotation by angle ¢ about the direction of propa-
gation, the eigenfunction is transformed ¥ — exp(ing)¥, then it is also an
eigenfunction of helicity o = n. In our case, n = %1 for electrodynamics
and n = £2 for gravitation. When the fields are quantized, it leads to spin
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s = 1 photons, with only the projections s, = 41 along the direction of
propagation. For gravity, it leads to spin s = 2 gravitons, with only the
projections s, = 2. Since string theory naturally allows for a spin s = 2
particle, a great many talented theorists study string theory. They hope to
unify gravity and the other interactions.

7.4 Gravity Wave Detection: LIGO Experiment

In order to see how the wave affects free particles, consider a particle initially

at rest in a Lorentz frame. The velocity components are U° = 1 and U = 0.

As previously shown, in the TT gauge this velocity forced 77 h,o = 0. The

following equations of motion for the particle’s coordinates are obtained
du*+

0= ——+TH UYUX
dr T hux

[z=0]=-T%,
= 0" (" hoo,0 +" " hooso =" " hoo,,) /2 = 0.

So initially the acceleration vanishes. This means that the particle will be
at rest at a later time, and by the same argument, the acceleration will
be zero at a later time. Thus, the particle can remain at its coordinate in
this gauge. This has no invariant geometrical meaning. However, suppose
particles at x = 0, € experience a wave. The proper distance between them
changes to

- / (g2)/2d = e(galz = 0])/2
0

e(1+ TThyylz = 0])'/2
0]/2). (7.17)

(14 TThy,[x

Q

Thus, the wave can be detected because the proper distance between two
objects will wiggle in its presence.

Observations of changing pulsing period, of a pulsar in a binary neu-
tron star system, indicate that energy is being carried away. This is an
indirect detection of a wave, one that is continuously generated. This
system is described in a later section. Calculation indicated that waves
from sufficiently close, violent, short-lived, astronomical events could be
detectable on earth. Waves from such events have been observed by the
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Fig. 7.1 One of two LIGO interferometers. See text for description.

LIGO (2015) experiment via construction of identical interferometers in
Washington state and Louisiana.

In Fig. 7.1, one interferometer is illustrated. A laser beam is split and
travels down the arms of a long “L.” The closest mirrors to the beam splitter
are slightly transmitting. The splitter and mirrors are hung in vacuum-like
pendulums, so that they are essentially free particles. The light travels back
and forth about 100 times in the 4km long light storage arms. The light
from the arms interferes destructively, so that no light gets to the photo-
detector. The light heads back towards the laser, where it is recirculated
by a power recycling mirror. The latter is not shown in the figure.

If there was a gravitational wave of sufficient power, it would alter a huge
region of space. The laser beams wouldn’t return to the beam-splitter out of
phase. A signal would appear in the photo-detector. This would happen in
both interferometers with a separation time of 0.007s, the light travel time
between them. Such a coincidence greatly limits the background noise. The
interferometers are updated all the time, and their signal-to-noise resolution
in the desirable frequency range has improved, so that h ~ 10722 is close to
detectable. That’s quite an achievement. However, many expected signals
are still in the noise. In order to confirm a wave detection, a coincidence
of like signals in the interferometers, plus knowledge of what the signal
should look like, is required. The latter is where theoreticians make their
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Fig. 7.2 LIGO evidence for the first gravitational wave detection. See text for
description.

presence felt. For example, the signals from coalescing black holes, or from
supernova, yield very distinctive time structures.

In February, 2016, close to when the first edition of this book went to
press, LIGO announced observation of a robust signal. Its time structure
is shown in Fig. 7.2. The amplitude h =~ 10~2! was due to the merging of
two black holes. The event took place about 1 Bly away, and each black
hole had equivalent mass M > 30M;. In <0.5s they merged into a sin-
gle black hole, and about 4M, was radiated away. This was more power
than that of the visible universe. Since then, more such events have been
detected. One was seen by LIGO and two newly constructed international
detectors, for example, Virgo. This can pinpoint the direction of events by
triangulation. Another event, the merger of two neutron stars, was also
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seen electromagnetically, making it easier to locate the source. A new age
of astronomy, of Galilean significance, has begun!

7.5 Wave Equation Solution With Sources

If there are no sources, plane wave solutions are allowed. However, without
knowledge of the source, the wave amplitudes and the power carried by the
wave, cannot be calculated. When scientists build a detector-like LIGO,
they know the minimum signals that can be observed. Before many hun-
dreds of millions of dollars are spent, one would like to be confident, that
the sought for gravitational waves, carry enough power to be detected. Thus
solution of the wave equation with sources is a necessary part of the pro-
gram. Such a signal is distinctive from the background noise, even though
the two may have the same power level.

Most readers have solved the wave equation with sources in electrody-
namics courses. They may skip this section without loss. It is included for
completeness, and as a handy reference. The method of Fourier analysis is
used to solve Eq. (7.6). This analysis makes use of the following theorem
concerning the Dirac delta function:

St — ) = — / " dwespliw(t’ — ). (7.18)

27 J_ o

One sees that Eq. (7.6) looks like,

2
Ov[F t] = <v2 - %) V[, t] = —4nS[F, 1],

where ¥ = h* is the wave function and S = 47T*" is the source. Using
Fourier transforms, one can write

U7, t] ! / dw¥[F, w] exp[—iwt],

:% .

where

U[r,w] = / dt'U[7, t'] expliwt'],
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since
— 1 > > ! = 4/ - !
Ulrt] = Py dw dt'U[7, t'] expliw(t’ — t)]
T J—c0 —o0

- /OO dt' v [7, 1t’]2i /oo dw expliw(t’ —1)])

:/ AU — 1) = B[F .

The formal mathematical solution to the wave equation can be expressed
as an integral over all space and time,

\P[F,t]z/ dt’/ dv' S| YGF 7 ],

where
Ov[r, t] = —4xS|r,
/ dt’/dVS”tDG[ ],
OG[7t, 7' t'] = —4nd(t’ — )6(F' —7) = —4nd(t’ — t)é[R]

- 4@[1%’]% / " expliw(t’ —t)].

— 00

The function G is called a Green function. It is easily solved for using
Fourier transforms,

Gt 7' 1] = %/ dwG[F,w, 7' t'] exp[—iwt],
OG[7F, t, 7', t'] = % dwO(G[F,w, 7', '] exp[—iwt]),
O(G[F,w, 7, '] exp|—iwt]) = —4nd[R] expliw(t’ — t)],
(V2 + w?)G[F,w, 7', t'] = —4n[R] expliwt'],
Gr,w, 7', U] = g[R,w] expliwt’].

The last form results because we are in unbounded space, and the source
for G[F,w, 7', '] is only nonzero at R = 0. Thus the spatial dependence can
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only be radial, a function of R. When R # 0, the differential equation to
solve is

0= (V? +w)g[R,w] = (Vi + w?)g[R, w]
= R™'(Rg[R,w]).r g + w?g[R,w]
= (Rg[R,w)),r ,r + w?(Rg[R,w]),
Rg[R,w] = exp[+iwR],
RG[F,w, 7' t'] = expli(fwR + wt')] = expliw(£R + t')],
G[F,w,7',t'] = expliw(£R + ')]/R,

1 [ (L v
Gt ) = = [ SRl ER T 1)
2 R

— 00

=7 — 0 (7 7 ),
v Y
hl“/ /dV/ dtS—»/ /5[ (t:F(|T r |)]

|7 — 7 (7.19)
/dVS[J—v>fﬂ
s |7 =7

r—r

Cif T
[eS) |T_T | .

In the last form you note that the minus sign is chosen. Then the wave
function at 7, ¢ depends on the source at ¥’ and at an earlier time. Earlier
by | — 7’| because ¢ = 1. This is physical as the wave must travel from
the source to the observation point. If the plus sign was chosen, then what
happens later than ¢ at the source would dictate the wave function at 7, ¢.
That is why the solution is called the retarded time solution. Whatever the
t' dependence of the source, just substitute ¢t — | — 7’| for ¢'.

7.6 The Energy—Momentum Tensor

To consider the energy—momentum tensor, it is easiest to begin in an SR
frame. Consider a system of n free particles at x,X(t), with momenta P, X(t)
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at time t. The system has a momentum density

TH(2X) = 3" PA()6(F — u(t))

odxO(t
=Y RA®) xgt( ) 57— (). (7.20)
Its current is defined by
o oodx ()
TH (2X) = ;Pn“(t) o O(F — 7n(t)), thus,
—— sode, () L
TH (2X) = ;Pn“(t)Td(r — (1)), (7.21)
P = o, (1) = my o
dr
_1/9dx, 7 (t) dx,” (t)
_ _ 2\—1/2%n _ n
mp (1 — (vn)”) 7 Bn—r
I PEOPY(E) .,
AV (X — n n _
TH (xX) ; Folt O(F —7a(t)), so,
TH = T"F symmetric. (7.22)

The next proof shows that T is a tensor of rank 2. Write Eq. (7.21)
as an integral over the four-dimensional (4D) delta function,

T[w(w)z) _ Z/dt/Pnu(t/)de’;/(t/)
S [arrrn o i -

T

(7 — 7 ()t —t)

-y / dr P ()U,? (7)5(7 — Fa(1))3(r — 1).

On the right-hand side of the first line dt’ cancels. Thus ¢’ can be replaced by
the invariant 7, when one changes variables. The right-hand side of the last
equation is a contravariant tensor of rank 2 because on the right-hand side
it is multiplied by the invariant d7 and by the invariant 4D delta function.
As this is a tensor equation, TH¥ is a symmetric tensor of rank 2 in any
frame.
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Take a partial derivative of this tensor with respect to a spatial coordi-
nate. From Eq. (7.21),

dx,ft(t) §(7 — 7 ()7

(%) ; = 3 P 2
A0
- Z Pnﬂ (t)

- Z P F(t)d(F — 7n(t)),t, however,

dz,i(t) @ ..
dz,i(t) 0
dt  9x,i(t)

(1" =T (t))

(00 = Tt 1190, (019 = ~(r010) + Ty,

1) = ~10(a%) + 3 L O 7, ),

n

TR (%), = dpziz(t)a(ﬁ Fult)).

—— is proportional to the force on the particle, the right-hand
side of the above equation is just the density of the force. For free particles
TH”,; = 0. That is conservation of momentum. However, in this inertial

frame,
T;“j”j = Tﬂf/;g = 0 = THV;V. (723)

The above is a tensor equation and holds in any frame. The energy-
momentum tensor has the properties enumerated, when the Einstein equa-
tion Eq. (5.9) was discussed. If the particles were charged, they would
interact via long range electric and magnetic forces. An additional term
Ty o could be added to our tensor and the sum of these tensors would
have zero divergence.

7.7 Quadrupole Radiation

An important case occurs when the source varies harmonically in time S =
ATH = j,[F"'] exp[—iwt’]. With the source near the origin, the observation
point 7 may be in one of three zones: near, intermediate, and far. Each
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zone allows for different approximations. The far zone, where d < \ < r,
is of interest to us. A violent event, triggering a gravitational wave, is likely
to occur far from us. Here d is the source size, and is much smaller than
the wavelength of the radiation. That, in turn, is much less than the radial
coordinate of the observation point. Then,

77| = (2 0 =27 TV = (L =27 ()

~r(l—7F-F')r)=r—é -7/,

S / av'j SRt I — & 7))

r—eé. 7’
exp[i(krfwt)]/ PR a oy
~ SPIIT 2 D) [ gy, —iké, -
. ~ Jul '] exp[—iké, - 7]
(kr — wt
~ M/ dV'j,[r'], to lowest order, (7.24)
r o0
4
_ 2 / AV TRt — ). (7.25)
r o0

The far zone is approximately locally inertial because it is so far from the
source. In natural units 27/A = k = w, but kr and wt are written so that
the equations look familiar. For the harmonic dependence, the solution
Eq. (7.24) looks like an outgoing spherical wave with amplitude given by
the integral. Recall that g,,, = 7., + hy, thus the solution for h** and hHv
are expressed in terms of the rectangular coordinates. Raising and lowering
indices is done by n* and 7,,. After these manipulations are carried out,
the amplitudes can be expressed in other coordinate systems.
From energy conservation, the lowest order approximation yields

0=TM;, =T, +T¢,T% + T TH ~ T,
T, = Too’0 +T0% |
_ (TOO,O + TOk,k),O _ TOO70 0 4 TOk,k 0,
TP 0.0 = (-T%0) = —(=T7% ) =T%; ,
/ avaiz"T" o 0 = / dVatz"TI* ;.
o0 0

Integrate the integral on the right-hand side of the last equation by parts
twice. The surface terms, far from the origin, vanish because T7% = 0 there.
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Thus,
/ dVaiz" T o 0 = / dVa'a" [T ] i
Av[T7*, 'z

AV[T7* [’ 2™ + z'a",,]

I
|
TS

V[T (6" + "]
_ / AVTI (52", + 5]
= / AVTIH (6. 6" + 67,6%5)

:/ dV(T"i+T”i):2/ avrm.

oo

Using this result in Eq. (7.25) yields

rhit i 1]/2 = / v’z (Tt = 11),0 0

- d2 foo dV’x/iI/nTOO[F/,t o ’I”] B d2]in B dQIm
N dt? Todrr di2

(7.26)

Since the wave function is a real quantity, the real part of Eq. (7.26) is
the solution. This leads to quadrupole radiation because }_Ll“/ is a tensor of
rank 2. In electromagnetism, in lowest order, dipole radiation is possible
because A, is a tensor of rank 1.

7.8 Gravity Wave Flux and Power

The wave flux is its energy/area/time. In natural units it is just m=2. This
quantity is integrated over the area of a sphere. That determines the power
P or the wave luminosity L. As the source loses energy, it changes, and that
observation can be used to detect the wave. The result from electromag-
netic waves cannot be taken over directly as their amplitudes are tensors
of rank 1, while a gravity wave amplitude is a tensor of rank 2. Thus, while
the flux is still proportional to the absolute square of the amplitude, the
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all important proportionality factor is different. In order to calculate it, the
approach of B. Schutz (2009) is followed.

Consider a plane transverse traceless wave moving in the z-direction.
The flux transferred to an approximately continuous array of oscillators, ele-
mental springs, is calculated. The springs are aligned along the x-direction
in the plane z = 0. The springs have natural length [y, equal masses m,
small spring constant mwg/2, and small damping constant m~y. The num-
ber of springs per unit area is j—z = «. As the oscillators acquire energy, the
wave loses energy, and its amplitude decreases. The relationship between
flux and amplitude is found, not to depend on the springs, but is a property
of the wave. The springs are just used as calculation facilitators.

Let the origin be at a spring’s center with the masses at x; 2. In flat
space, the equations of motion for the masses are as follows:

% = —wi(za —x1— 1) /2 — 77d(x2d; Il),
% = W2 (wo — 11 — 1) /2 + yw, (7.27)
TR NS T L)
One element of the wave 7T h,,, is considered. The other elements, and there

must be other elements, since the trace is zero, would be handled in the
same manner. When the wave is encountered, Eq. (7.17) yields the proper
length between the masses,

I = (zg —x1)(1 +77 hpp/2)
~wg— a1+ lo T hea/2,
zg—x =1 -1y TThy,/2.
The terms on the right-hand side of Eq. (7.27) are unmodified by "7h,.,

because they are already expressed in terms of small quantities. This
leads to

d2((1 —=1o) —lo TThys /2)
dt?

d(l —lo)

0=
dt

+wi(l —1lo) + 2y

d*¢
dt?

e 1o d? TThy,
+ Wil + 2y EOT' (7.28)



Gravitational Waves 125

This wave element can be expressed as
TTh, = AcosQ(t — 2). (7.29)

Insertion of Eq. (7.29) into Eq. (7.28) yields a differential equation with a
sinusoidal solution,

_d%¢ dg
T a2 dt
& = Beos[Qt — z) — €.

0 w3+ 2= + (10 AD?/2) cos Q(t — 2),

In order to obtain the constants B and e, plug the solution into the differ-
ential equation. What multiplies both cos Q(t — z) and sin Q(¢ — z) must
vanish,

0 = B(ws — Q?)[cos Q(t — z) cos e + sin Q(t — z) sin ¢]
—2ByQ[sin Q(t — z) cose — cos Q(t — z) sin €]
+ (10 AQ?/2) cos Q(t — z)
= BsinQ(t — 2)[sine(wi — Q) — 29Q cos €]
= cos Qt — 2)(B[(wi — Q2) cos € + 2yQsin €] + IpAN?/2),

2782 290, wi — Q2

t = —= 1 =
an e wg — QQ, Sin €, Cose€ [(279)2 T (w% — 02)2]1/27

(7.30)
B = —(IpAQ%/2)[(27Q)? + (w2 — Q*)Y~Y2, B/JA< 1. (7.31)

Each oscillator is responding with a steady oscillation B cos(Qt — ).
The energy dissipated by friction is compensated by the work done on the
spring by the gravitational forces of the wave. Multiplying Eq. (7.28) by
md€ /2 yields

a2

2 TTT,
0= %df {— ergﬁ} +m’yd§% - (mlo/4)d§w.

dt? dt?

Each term in the equation has units of energy. The energy dissipated by
friction is dF = m~yd¢§ %. The rate of that energy change averaged over a
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period T is

dE\ _ my /Tdt dé )"
dt /T Jo dt
2 2 T—z
— #/ d(t — 2) sin?(Qt — 2) — €)
myQ2B?
-

As the wave passes through the z = 0 plane, all the oscillators take part.
This yields the time averaged decrease in the flux,

mya)?B?

(6F) = -1

(7.32)
It is small as |B| < 1.

The change in the wave amplitude is now required. The oscillations of
the oscillator masses are also a source of a gravitational wave. The energy
density is dominated by the mass term. For an oscillator, at a distance
r=(p*+ 22)1/2, from the observation point on the z-axis,

Too = Zmia[w — 7] =m([0(z" —a1) +6(z" — 22)]8(y" — y0)d(2"))

=m([6(z" —[~lo— (I —10)]/2) +d(z" — [lo+ (I = 10)]/2)]0(y — y0)d(2"))
=m([§(x' — [~lo — Bcos(Q(t — 1) —€)]/2)
+ (2’ — [+lo + Bceos(Qt —7) —€)]/2)]0(y" — y0)d(2")).

From Eq. (7.25), h% = constant/r because the integral of a one-
dimensional delta function is zero or one. This is not a wave that takes
energy to very faraway points, and similarly for h?2. Due to presence of
§(2'), the elements h*3 = 0. Due to the two delta functions d(2’ — xq) +
§(z' + x¢), the element h'2 = 0. So the only nonzero term is h'! = h*®
where

2d*1**  md?[ly + Bceos(Q(t — 1) —€))?
rodt2 r dt?

2mloBQ2
N—————¢

~

o =

os(Q(t —7r) —e). (7.33)

In the last equation, the B? term is neglected.
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At a point on the z-axis, the contribution from all of the oscillators is

Pow = —2Bl0m§22/ a2mpdp cos[Qt —r) — €]/r,
0

pdp = (1% — 22)Y2d(r? — 2%)Y? = rdr,

haw = —47raBlomQQ/ cos[QU(t —r) — e|dr

= 4raBlom sin[Q(t — r) — €]|°

= —4raBlymS sin[Q(t — z) — €.
In the last line, sin oo = 0 has been used.

Since the incident wave was in the T'T gauge, the above must be put in
that gauge. Then it can be combined with the original wave, to calculate the
reduction in amplitude, when passing through the plane of the oscillators.

The only nonzero spatial component of k,, is k3 = 2. Thus from Egs. (7.10)
and (7.11), using B/A < 1, and that there is a single amplitude,

TTB:ELE = BLELE - 511/2 = hww/2a
TThyp(net) = Acos(Qt — 2)) — 2mraBlomQsin(Qt — 2) —€)  (7.34)

A[(1 + 27 (B/A)lgmS sin €) cos(Q(t — 2))

—2na(B/A)lgmQ sin(Q(t — z)) cose].
Consider the following quantity:
f = (A+2raBlomQsine)[cos(Qt — z) + U)]
= (A + 2maBlymSsin€)[cos(Q(t — 2)) cos U — sin(Q(t — 2)) sin V]
= Acos V(1 4+ 2ra(B/A)lgmQsine)[cos(Q(t — z)) — sin(Q(t — z)) tan ¥].
The above is approximately the same as Eq. (7.34) because you can take,

tan O — (27ra(B/A)EOmQ cosfe
14 27a(B/A)lgmQsine

< 1, thus, cosV¥ ~ 1,

TTh,.(net) =~ (A + 2raBlgmSQsine) cos(Qt — z) — V).
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So apart from a small phase shift ¥, the change in the wave amplitude is
§A = 2naBlymSsine. Using Eqgs. (7.30)(7.32) gives

§(F)  myaQ?B?/2 ~QB

5A C2maBlomQsine 4wl sine

_ 2(lo/2)AQ/[(29Q)* + (w§ — 9272 1 02

T Al @)/ (2 F (@ - 227 T6m
dTTﬁgm dTTwa

dt dt >

() = 02 = O (T, TThe) —

Though oscillators were used, the last equation has only wave properties;
the oscillators have disappeared. They were just used as facilitators.

In general, a wave traveling in the z-direction, has more than just an
h** amplitude, but all the amplitudes give similar results. From Egs. (7.11)
and (7.15),

TTT”LM = — TTﬁyy = hmm - B/2 = Bm - (Bm + Eyy)/2
1 - - 1 d2(Im — Iyy)
= gl =hyy) = 2
_ _ _ _ 2d%1
T T xy
hyy = hye = hyy = hyy = — .
Yy Yy Yy Yy rdi2

So, for a wave traveling in the z-direction, the general form for the flux is

1 /d TThy d TTH
(F) = %< dt dt > (7:35)

Now define,
jij = Iij — 5”Ikk/3 (736)

One can prove that [ is traceless and I;; = Lj if the amplitudes are in the
transverse traceless gauge. The above equations can then be written,

- - 1d?(Ipy — Iy)
" T cx — dyy

hoe = — hyy - ;Tv
T, TTY, ngjxy

xr - xr —
v Y rodt?
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d TT;L d TTwa d TTB d TTBwy
321(F) = i Y
m(F) < dt a T dt >
d TT}_L d TTByac d TTB d TT}_Lyy
+ yr + vy
dt dt dt dt ’
d®(Ipy — I,) d®(17% — TYY) A1, d3T*Y
1672 (F) = e 4—=Y
mr () < dt3 dt3 LrTERTE

(7.37)

It is easiest to calculate the radiated power with LJ Also, it doesn’t lead
to radiation, if a spherically symmetric mass distribution oscillates radially.
This is the Birkhoff theorem. It shows that in empty space, an object giving
rise to a Schwarzschild metric, will still yield a static metric, if it oscillates
radially. Problem 11 leads one through the proof, presented in Weinberg
(1972).

Waves typically travel radially outward from the source, and not just
in the z-direction. The luminosity is the normally outward flux, integrated
over the surface of a sphere, of radial coordinate r, centered at the source.
Equation (7.37) is not yet written in a form, that makes obvious, the out-
ward wave flux at any point on the sphere. However, it can be put into
such a form with a little manipulation. On the z-axis at the sphere’s sur-
face, the normal outward wave is in the z-direction. Therefore, one can
rewrite Eq. (7.37) in the desired form. Use 0 = I+ fyy + I,. and obtain

BTy BT Ly T &L, d31*
2 _ 1] zJ zz
1677 <F>_<2 TR T T > (7.38)

The first product in Eq. (7.38) is independent of the integration point
(0, $) on the surface. The products with the index z are particular to the
integration point. They arose because at an arbitrary point, the outward

normal unit vector 7 has components n* = n; = x*/r. If the point is on the

37, 37
z-axis, then n123 = (0,0, 1) and ddfgz =n ddfgl. In general then, Eq. (7.37)

can be written,

B A3 B 3Tk
2 _ ij i ij
167r°(F) = <2 TR —4n'ny, TR >
dsjij delm
ats  dt3 /)’

1 2
P:L:/ dcose/ dgr? (F).
0

-1

+ <ninjnmm (7.39)
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As an illustration, if the point was on the z-axis, the normally outward wave

. . . . . A3 T

in the z-direction is required. Therefore, n*?3 = (1,0,0), and n‘“3L =
d®I.;

et

Lomr? () — < PLy P19 PLy P19 L, d31”>
dt3  de3 dt3  dt3 3 dt?
As expected, the above has the same form as Eq. (7.38) with 2 replacing z.
When integrating over the solid angle, only the unit vectors need to
be integrated. The I terms are independent of the integration point. The
integrals are easily calculated,

1,2,3

n = (sin 6 cos ¢, sin O sin ¢, cos H),

1 2
/ dcos@/ dop = 4,
-1 0

1 27
. Ar
/dcose/ déning = —5',,
1 0 3

1 27

/ dcos@/ don n!nin,, = %((5”5% +0°,07, +6%6,,).
1 0

Using these results the luminosity is

3T 33 Tij 3T 33 Tij
4L_<2d1”d1 4 d3T;; d31 >

3 dt3s 3 A3 a3

1 (&3, 31, d3L; d3I
— d 2—22 7.40
+ <15 ( TR TR TE R T >> (7.40)

L71 274+2 d3L; I\ 1 /d*L;; d*1%
4 3 15 a3 de3/ 5\ dt3 dt3 /)’

7.9 Binary Neutron Star System Radiation

The binary pulsar PSR B1913+16, shown schematically in Fig. 7.3, was
discovered by R. Hulse and J. H. Taylor (Hulse, 1975). This occurred in 1973
at the Arecibo radio telescope. It is in a gravitational bound state with an
unseen neutron star. The pulsar is a magnetized neutron star, whose rapid
rotation generates a plasma, the source of beamed radio waves. They are
seen at earth, as periodic pulses, every 0.059s. This is because the radio
waves are beamed along the magnetic axis, but that axis rotates about the
spin axis of the star. The rotation period of such a massive compact body
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Fig. 7.3 The magnetic axis of a pulsar, along which radio waves are beamed, is rotating
about the pulsar rotation axis. The beam is periodically in the line of sight of an earth
observer.

is very stable against external perturbations. It is actually a very accurate
clock. Modern timing devices can measure the period with high precision.
Search the WWW for “pulsar” and you’ll find some wonderful images.
Neutron stars are highly compact massive objects. They are supported
against gravitational collapse by neutron degeneracy, a purely quantum
effect. For a mass of 1.4Mj, the neutron star surface radial coordinate is
~10-20 km.

Upon discovery, it was noted that the pulsing rate varied. This was
interpreted as due to the pulsar traveling in a changing gravitational field,
as it orbited an unseen neighbor. The pulsar was tracked for decades, and
the parameters of the orbit were obtained from the slight changes in the
pulsing rate. The orbiting is a source of a gravitational wave. The wave
carries away energy, reflected in changes in the orbit. Since the pulsar is a
radio emitter, the experimenters have to remove the distortion, due to the
index of refraction of the intergalactic medium. An optical pulsar would
have been simpler.

The discoverers were joined by J. M. Weisberg who performed much
of the data analysis. Their paper Weisberg (2010) and references therein,
describe the intricacies of extracting the orbit parameters. They found that
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this is a wonderful system with which to test GR. For example, the advance
of the periastron is ~35,000 times that of the perihelion of Mercury. The
periastron is the distance of closest approach to its unseen neighbor. How-
ever, the prize here is the detection of a gravitational wave carrying energy
away from the system.

The pulsar orbital period was measured at periastron over the course
of decades. The best-fit parameters extracted from the data are: masses
my = mg ~ 1.4Mj; distance from earth r = 6400 parsec (pc), where 1 pc =
3.3 1y = 3.1 x 10 m; period T = 7.75 h; eccentricity e = 0.617; and
semi-major axis a = 1.95 x 10°m. The prize was obtained through the
detection of a decrease in the period 4L = —(2.4056 + 0.0051) x 10~'2.
The excellent agreement with the GR calculation is shown in Fig. 7.4. This
“indirect” confirmation of gravity waves led to the 1993 Nobel Prize for the
discoverers.
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Fig. 7.4 The cumulative shift of the time of periastron, the closest approach distance
between the neutron stars, of the Hulse-Taylor pulsar PSR B1913+16 binary system.
The data points agree with the solid curve GR calculation to within 0.33%.
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The cumulative shift in the time of periastron is a particularly illustra-
tive way to express the data. Weisberg used for this quantity (see Suzuki,
2019)

AT 1,

P ar e

Here, Tp is the time between the start and the last periastron, and ATp is
the cumulative shift. Try using Tp = 30y and see that ATp ~ —40s.

Some texts, that call attention to this system, treat the orbits as circular.
This gives a result off by an order of magnitude from the correct result
because the eccentricity is large. Though more calculation is required, the
Newtonian elliptical orbit calculation will be used in this text. It was first
worked out by P. C. Peters (1964), although in a different notation, and
with many steps left to the reader.

Before beginning the calculation one should review the properties of
the two-body Newtonian system (see Problem 6). The gravitational wave
amplitude is expected to be very small, so Newtonian orbits adequately
specify the star positions. The reduced mass p travels in an elliptical orbit
in the 8 = 7/2 plane, with focus at the center of mass, taken at rest. Its
position 7 = p[¢]é,, period T, and energy of the system E, are obtained
from,

m=mq+ma, K=mime/m,

pQ% = % = [ma(1 — e?))/2, (7.41)
p = [a(l —e?)]/(1+ ecos ) (7.42)
E:f%%:fg <2”7m)2/3, (7.44)

dI' _ 3n ypda 3 197 dE (7.45)

at - omi2t T (27T)2/3 pm?2/3 dt’

dE  1umda
-t 7.46
dt 2 a? dt’ (7.46)
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where J is a constant angular momentum, a is the semi-major axis, and e
is the eccentricity. In Newton’s theory of the two-body system ‘Cil—‘; =0, but
in GR the gravitational waves, generated by the motion of the masses, take
power out of the system. The energy decreases, becoming more negative,
with time. So @ and T" decrease with time. Such changes can be compared
with observation to test Einstein’s theory.

The wave power calculation needs the energy—momentum tensor,
assumed dominated by the mass density. The latter is used to get the inte-

grals Iij y

2
Too = > _mid (¢ = Fft) 6 (v —7y) 0 (2),
= (7.47)

2
Loy zayy = Zmz(ﬁffzfv (7?15)2» (sz)Q)
i=1

The superscript R means the retarded value, that when the wave left the
binary. From now on, all the variables a,e, ¢ have retarded values, and
the superscript is dropped. The mass positions are obtained from that of
the reduced mass,

Py = (—1)) iy ) = (—1)" miip(cos ¢, sin ¢). (7.48)

The second derivatives, with respect to time of the I’s, are needed for the
wave amplitude. The third derivatives are used to calculate the luminosity.
The time derivatives of @ and e are due to the gravitational wave radiation.
They are < %. Thus, the latter is the only time derivative that counts,
and it is given by Eq. (7.41).

From Egs. (7.41) and (7.42), I, is

=T () - (225
o (B o ()

12 cos @ 2
~nle-1" (5%0)
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The derivatives are as follows:

dlve wla(l- 62)]2 (—2cos¢sin¢ N 2ecos2¢sin¢> do

dt (14+ecosp)® (14ecosp)’® ) dt
in 26
— 1 — 2 12 _8mag
plma (1-e”)] 1+ecose’
A1, 2um )
= - (lu— =) [sin® ¢ — cos® ¢ — ecos® @], (7.49)
A1, B 2um3/2

(14 ecos )’

dt* o (1-e2))/
X [2sin2¢ + 3esin¢ cos? 9] . (7.50)

The yy terms are as follows:

. oy (_sino \?_ple(t-e)]’
by =ulo( =) () == L

dly, ov7l/2  esing Al

dt plma (1—e*)] 1+ecoso dt ’
d?I 2

pre s (1Mjle2) (e* + ecos ¢+ cos2¢ + e cos® ¢) | (7.51)
d*1,, —2um3/?

2
s~ [a(1—e2)]?/? 1 ceosd)

X [2sin2¢+esin¢(1+3cos2 9)]. (7.52)

The xy terms are as follows:

Ixy:u[a(1,€2)]2%0s¢2: [0(1*62)]2 sin 2¢

(1+ecos) 2(1+ ecosp)?’
dl,, ov71/2 €OS2¢ + ecos @
= 1— ik AL bt o
dt u[ma( e)] 1+ ecoso
d? I, uwm ) . 9 2
e :—a(l_e2)s1n¢[4cos¢+e(1+sm ¢ + 3 cos (;5)], (7.53)
d31.y B —2pmB/?

dt® a1 - ) (1+ecos¢)’

X [2 €08 2¢ — e cos ¢ (1 — 3cos? qﬁ)] . (7.54)
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The wave equation solutions are as follows:

. 2d%I;; dum
hi' = - Yo I .
T dt2 a(l—ez)rfj[(b]’ (7.55)

where frz, fyy, foy are functions of ¢ and are given in Egs. (7.49), (7.51),
and (7.53). Using the best-fit orbit parameters, the factor multiplying f;;
is ~0.7 x 10722, This shows where the small amplitudes expected by LIGO
come from.

The luminosity can be calculated using Egs. (7.36) and (7.40),

_ 1 1
Iij = Ii' — géijlk’“ = Iij - §§U (Img + Iyy),
_ 1 1
Ixx = gz — g (Izz + Iyy) = g (21:6:6 - Iyy)v
_ 1 1
Ly = Iy — 5 (IM + Iyy) = _§ (IM - 2Iyy)»
_ 1
zz — 75 (Izz + Iyy)»
I, = I,
The luminosity becomes
L L[ T
5\ dt3 dt3 /’
d3Lj d31% B d3Ixy A3 17y
a3 dt3 T dt3 de3
A1, d3Iyy a3rer B3 vy
i (2 a3 di3 ) (2 PP )
31 31 3y JBree
Y _ e 2 —
(- T) (O )
n A1, n d3Iyy a321e n d31vv
dt3 dt3 dt3 a3 )’
- 8u2m3
15[a (1 —e2))°

x {(1+ecosp)!(e?sin® ¢ + 12[1 + ecos¢]?)).  (7.56)
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In order to average over a period, use Eq. (7.41), to change the integra-
tion variable from ¢ to ¢,

- 8/1,27’77,3
(0= 15[a (1 —€2)]®

1 T
X T/ dt(1 + ecos ¢)*(e? sin? ¢ + 12[1 + e cos ¢]?),
0
2

[ma (1 — €2)]'/? e

Su’m? m'/? Ja(1—- 62)]2
15]a(1—e2)]° a¥2 [na (1 — €2)]'/?

1 2

X 5 ; (14 ecos¢)? [62 sin? ¢ + 12 (1 + ecosqﬁ)ﬂ d¢

4p2m3
157ab (1 — 62)7/2

2w
x/ d¢(1+ecos¢>)2 [12+24ecos¢+e2 (1+1lcos2¢)].
0

However,
2m 3
/ d¢cos®t23 p = 27,0, 7,0, "
0

So the final answer is

oy 322wt L4 get 4+ et 32p7md
(L) 5 2 5]
5 a (1—e?) / 5 a
32 (2r\'% 2 (2xm\"/?
= — —_ /3 — — -
s (T) pwm*°F €] 5 < T ) Fle]. (7.57)

Since e = 0.617, the enhancement factor due to the eccentricity is F'[e] =
11.84. Thus, the luminosity and the period change are a factor 11.84
times greater in magnitude than would be calculated for the circular orbit
case.
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The change in the period, obtained using Eqgs. (7.45) and (7.57), yields

dE
—— = (L
dt < >7
dT - 3 T5/3 32 10/3 u2m4/3F
at T (2m)? E( g 71073 [e]
g3 32 pm?/3 487 [ 27m\°?
= -3(02m¥ TeE Fld=-— (=) Fld (75

212 x 1.4 x 1.484 x 103 \ /3
7.75 % 3.6 x 103 x 3 x 108

= 24 x1072 =76 ps/y.

—30.16 x 11.84 (

This result agrees with the data within 0.33%. The above expression can
be used to find T and a, after any elapsed time, since % o —T~5/3,

It should be noted that these gravitational waves cannot be seen by
LIGO. At the frequencies that are of order 7', the LIGO noise is much
larger than 10722, When the two stars get close to merging, the signal will
be huge because they are so close. However, as Problem 8 indicates, this
is hundreds of million years in the future. There was an announcement in
October, 2017 of LIGO spotting such a merger in August, 2017. Unlike the
merger of two black holes that results in a final black hole, which can only be
detected via gravitational waves, this merger was also seen by optical, radio,
and gamma-ray burst telescopes. The merger event was 1.3 Mly away, or
about 60 times farther away, than the system here considered. The merger
produced a kilonova. The line spectra from heavy elements like gold were
detected. This confirmed the model of heavy element creation, expected
from such explosions.

Problems

1. Start with Eq. (7.1) and show the steps that lead to Eq. (7.2). Starting
with Eq. (7.3) show the steps leading to Eq. (7.4). Show that the second
term in Eq. (7.5) is equal to —Ohg,.

2. In showing that GR admits a wave equation solution, the utility of a
gauge transformation and use of the trace inverse was noted,

h,u/u’ = h;w - g,uw - gl’v;u
}_L;u/ = hu — 77;wh/2 =hu — WuunXﬁhﬁx/z
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(a) Show AV = BV b, gy, —pEn,.

(b) Show that if h*";, = h*¥,, # 0, the above gauge transform makes
B“/”/;Ul = 0, with the correct gauge vector choice. What is the
choice?

Prove §(t' —t) = 5= [7_ dwexpliw(t’ —t)].

Prove that if I;; = I;; — §;;1,*/3, then Trace(I) = Y, I;; = I,' = 0.
Then prove that for a wave traveling in the z-direction, Eq. (7.38) and
Eq. (7.37) are the same.

. Prove

1 2m
/ dcos&/ dgn'ny = 4né', /3, and,
0

—1

1 27
/ dcos@/ don'ninn,, = 4r (68, + 6°,,6%, + 8%,67,,)/15.
0

—1

. Obtain Eqs. (7.41)—(7.46) for the orbit of the Hulse-Taylor pulsar from

Newtonian physics.

Show for the Hulse-Taylor pulsar that the wavelength of the gravita-
tional wave is much larger than the source size and much smaller than
the distance to the observation point. This justifies use of quadrupole
radiation for the power in the far zone.

. Calculate the period as a function of time for the Hulse—Taylor pulsar.

How many years will it take for the semi-major axis a to be reduced to
half of the observed value and for a to fall to one-tenth of its observed
value?

. Suppose the stars of the Hulse-Taylor binary system traveled in the

same circular orbit of radius R such that they are at opposite points
of the diameter. In this case, calculate the amplitudes Bij and show
that the frequency of the gravitational wave is twice that of the star
rotation.

Use the results from Problem 9 and carry out the calculation of the
power output. Show that you obtain the last form of Eq. (7.57) with
Fle] = 1.

To prove the Birkhoff theorem, consider a spherically symmetric, time
varying gravitational field in empty space. It has a metric in the form
of Eq. (5.11) with the functions A, B, C, D now functions of r and ¢.
Show that a transform to new coordinates,

¥ = r[D(r,t)]"/2, dt’' is of the form F (v, t)dt — G(r', t)dr’,
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where F(r',t) = t'+, —G(r',t) = t',,», and F,,» = —G, are such as
to get rid of the dr’dt’ term. The metric, after dropping the primes,
is then, given by Eq. (5.15), except now, ® = &(r,t) and A = A(r, ).
Find the nonzero C symbols that, due to the time dependence, did not
appear in Eq. (5.16). Next, show that Rg3 < A,; and so in free space,
A = A(r), and g33 = 1/(1 — 2M’/r). Next calculate the terms in Rog
and Rg33 that have time derivatives. Show they are directly proportional
to (A,; or A, ;) and so vanish in free space. Thus, as in the stationary
case, 0 = Roo = Rs3 yields (googs3),» = 0, or, goo = —f(t)(1 —2M'/r).
Finally, show that if a new time, dt” = dt[f(t)]'/?, is defined, the
Schwarzschild metric is obtained. Therefore, a spherically symmetric
pulsating gravitational field does not produce a gravitational wave that
can carry energy infinitely faraway.



Chapter 8

Black Holes and Kerr Space

8.1 Static Black Holes

In the era before SR and GR, there was speculation about possible compact
spherically symmetric objects of large mass M’ and radius R from which
even light could not escape. The incorrect argument was made on the basis
of the escape speed v, of an object of mass M, using Newtonian mechanics.
The escape speed condition is that the total energy vanishes at r = R. Then
the object stops at » = oo. This yields

M(vg)?/2—MM'/R=0, vg=(2M'/R)Y?

So when R = 2M’, vg = 1, and light would be bound to the compact
object.

The connection to GR is easy to see. It is just where the Schwarzschild
metric has a singularity other than » = 0. As spherical coordinates will be
used, let r? = (r)?. The metric is

(dr)* = (1 —2M'/r)(dt)* — (1 — 2M' /r)~*(dr)?
—72[(d6)? + sin® O(d¢)?]
= (1 — R/r)(dt)? — (1 — R/r)"(dr)? — r?[(dh)* + sin? A(dep)?].
Thus,

1-R/r=0, (1-R/r)"'=00 whenr=R,

141
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where R is called the Schwarzschild radius. For an object with the mass
of the sun, it has a very small value R = 2M, = 2.968 x 10°m. In the
case of the sun, such a radius is well within the sun’s radius, and wouldn’t
contain much of the sun’s mass. A black hole, however, is a real singularity
at r = 0, and R is external to it. In the region accessible to observation
R/r < 1, the applications of the Schwarzschild metric found in Chapter 6
apply. However, to emphasize that black holes are spoken of, 2M’ will be
replaced by R for the rest of this chapter.

The apparent singularity at R is not real and is due to the choice of
coordinates. This can be seen by recalling that in deriving the Schwarzschild
metric, the Ricci tensor R, vanished in vacuum. Thus, there can’t be a
real singularity at the vacuum point » = R. One can seek other coordinates
that make the apparent singularity disappear. The following ones, known
as the Kruskal coordinates (Kruskal, 1960) (r/,t"), do the trick:

r? —t? = K*(r/R — 1) exp[r/R], (8.1)
2r't' /(r'? + t'*) = tanh[t/R], t = Rtanh '[2¢"t'/(r® + 1?)]. (8.2)

For given r, Eq. (8.1) yields hyperbolas in the (/,¢’) plane, as illustrated
in Fig. 8.1. If r > R, the hyperbolas are symmetric about the r’-axis. They
cross that axis at positive values of 1/, that increase as r — co. If r < R, they
are symmetric about the ¢’-axis. They cross that axis at positive values of
t', that increase as r — 0. The singularity at 7 = 0 in these coordinates is a
hyperbola. However, since it is a singularity, it isn’t completely understood
by current physics.

When r = R, ¢ = +r/. These are lines with slopes +1 that define
the asymptotic behavior of the hyperbolas. For given ¢, Eq. (8.2) allows
introduction of constant K’,

K' =tanh[t/R], 0<|K'| <1, (8.3)
0=K'"r?—2't' + K't",
= (2r £ [(20)% — (2K"1")2]Y?) /(2K")
= (r"/K")[1+ (1 - K?)Y?. (8.4)

These lines start at the origin. They extend in the positive r’-direction with
slope [14(1—K"?)'/2]/K’. Note that when t = 400, K’ = +1. They overlap
the lines of r = R. A massive particle, shown schematically by the dashed
curve in Fig. 8.1, travels from r» > R to r = R. It will cut through all the
time lines, and get there at ¢ = oo. This time is measured on the clock
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Kruskal coordinates (r’,t") for a black hole. In these coordinates, the only

dt =R

(2 + t2)2(dr’ + r'dt’) — 2 207 di + ¢ dt’)]

[1 _ (27‘%’/[7"2 + tl2])2](T/2 + t/2)2
d’l”/t/((’l“a 4 t/2 o 27“/2) + dt/T/(TQ 4 t/2 o 2t/2)

=2R

(7,/2 + t/2)2 _ (2T’t/)2

= 2R(r"* — *) "t dr" + ' dt'],

G2 (dr')? + 2 (dt')? — 20"t dr' dt!

(dt)* = (2R)

(T/2 _ t/2)2

singularity is at » = 0. The light cones are erect and as wide open as in SR. Once light
or any massive particle gets to r < R, it can never get to r > R again.

of a faraway at-rest observer. However, the time on a clock moving with
the particle, the particle’s proper time, proceeds as if nothing unusual was
happening. As the light cones in these coordinates are, as erect and open
as in SR, once the object gets to r < R it must go to the singularity, and
similarly for photons.

In order to see this, the metric must be written in terms of v/, #'. A little
manipulation of Eq. (8.2) yields,
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G2 (dr")? + "2 (dt')? — 20"t dr' dt’
K*(r/R — 1)? exp|2r/R]
t2(dr')? + 2 (dt")? — 2r't'dr’ dt!
K42%(1 — R/r)2exp[2r/R]
dr')? 4+ "2 (dt")? — 2r't'dr’ dt!

= (2R)

=4R*

(1= R/r)(dt)? = apt il

Kir2(1— RJr) expl2r/ ] (8.5)
Similarly manipulation of Eq. (8.1) yields
2(r'dr’ —t'dt') = (K?/R) exp[r/R)(1 +7/R — 1)dr
= (K/R)*r exp[r/R]dr,
8.6
()2 — i ) — 2 (50
T =
K*4r? exp[2r/R] ’
(dr)?  _ (dr)? 4 (dt'): — 27t dr' dY
1—-R/r K4*r2(1 — R/r)exp[2r/R)]
Combining Eqgs. (8.5) and (8.6) gives
2 2 2 n2 12
(1 —R/T‘)(dt)2 _ (dT‘) — 4 4 [T t ][(dt) (dT‘) ]
1—R/r K*r2(1 — R/r) exp[2r/R)]
_ARP[(dt')? — (dr')?]
 K?rexp[r/R]
This yields the relation for the element of proper time,
4 3 N2 _ AV
ar? = AW Z @] g2 4 o(ag?). (87)

K2rexp[r/R]

In Eq. (8.7), r is not regarded as a coordinate, but as a function of v/ and
t’. One can see that there is no singularity at » = R. The metric is well
defined as long as 72 is positive definite. There is a singularity at » = 0, as
expected.

The condition for light signals is dr = 0. Thus, for radial travel df =
d¢ = 0, one obtains dt’ = 4dr’. This means that the light cones shown in
Fig. 8.1 are vertically erect and fully open, as in SR. Massive object world
lines would move inside the cones because their speed is less than that of
light. So once r < R, massive objects and light move towards increasing t',
inside and on the surfaces of the cones. They must get to the singularity.
The surface at R is a one-way membrane called an event horizon. As the
object moves towards r = R, it may send out light signals to a faraway
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observer. The light may possess a given frequency, so that the crests are
emitted at regular intervals of the object’s proper time. The proper time is
running slower and slower, compared to the time on a faraway clock. The
time periods between intervals on the faraway clock become longer and
longer. The light is red shifted to the extreme. Such signals disappear from
the view of the faraway observer before the object reaches the horizon.

In recent years, observation has confirmed the existence of black holes.
Stars near the center of our galaxy have been observed for decades. Their
orbits indicate rotation about an unseen mass. Other sightings include the
accretion of visible matter into a dark area. Such is often accompanied by
the emission of X-rays and gamma rays as the gravitational pulls on the
matter are so violent. Gravitational waves indicating the mergers of two
black holes have been detected, and are discussed in Chapter 7.

And at last, an actual picture of a black hole has been constructed. The
Event Horizon Telescope Collaboration (2019) used a collection of very long
baseline radio telescopes. They looked at the giant black holes in the center
of our galaxy and galaxy M87. The latter is 55 x 10° ly away. Putting all
the data together produced sufficient triangulation accuracy to construct
the image shown in Fig. 8.2. The characteristics of this black hole were
worked out by modeling extremely curved space, strong magnetic fields,
and superheated matter. The mass was (6.540.7) x 10° M, and the horizon
radial coordinate was ~ 2 x 103 m. The latter is about 2.5 times smaller

Fig. 8.2 First image of a black hole in M87 by the Event Horizon Telescope
Collaboration.
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than the size of the central dark region. The light surrounding this region is
due to bound superheated matter and the bending of light. Since the light
intensity isn’t the same all around, the black hole must be rotating (see
below).

Black holes arise from the supernova of massive stars. If the remnant
mass is greater than the mass that could be supported by neutron degen-
eracy pressure, a purely quantum effect, nothing can prevent a complete
collapse to a singularity. All that is left is an event horizon. This is such a
special object that quantum questions are raised.

Consider the singularity. At first it seems to be a point of infinite den-
sity. We have other experience with infinite density. For example, electrons
and muons have no structure, but from their motion in electromagnetic
fields, have finite mass and charge. However, K. Thorne (2014) explained
that there is no matter in a black hole. There is only the infinite warping
of spacetime. The in-falling matter is crunched out of existence, leaving
an event horizon. Our present physics just cannot handle this singularity.
A quantum theory of gravity is required.

Black holes are predicted to have a finite life span. They evaporate with
the emission of Hawking radiation [Hawking (1975)]. The radiation has a
very low temperature black-body spectrum. This is a quantum effect in
the region of extreme gravity, a still unsolved problem in general. Here,
the process is very briefly described. At the event horizon, quantum fluctu-
ations in the vacuum produce particle-anti-particle pairs. Normally, these
particles would immediately recombine, before energy and momentum non-
conservation could be observed. However, if one particle is just inside the
horizon, it can’t get out, while the other particle may be outside the horizon.
It can escape from the black hole. The net effect to an outside observer,
could such low temperatures be detected, is that a particle has emerged
from, and mass has been lost by the black hole. So R has decreased. Even-
tually, the black hole will evaporate. Not to worry, the evaporation time of
a solar mass black hole is orders of magnitude greater than the age of the
universe.

8.2 Black Holes with Angular Momentum

R. P. Kerr found the metric for the space outside a spinning sphere. This
occurred almost 50 years after Einstein published GR theory, so one gets
a feel for the difficulty of the problem. The paper’s length is a single page
(Kerr, 1967). No doubt an elegant proof for a mathematician. However, it is
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not transparent for mere mortals like this author. Nor have I found a proof
that is sufficiently transparent and brief to justify presentation in this text.
Lengthy proofs are available, see Adler (1965) and Chandrasekhar (1983).
For our purposes, I'll ask you to accept that the metric written in terms of
spherical coordinates has the following form:

(dr)? = (1 — Rr/%)(dt)* + (2Rrasin® /) dtdp — (X)) (dr)?
—%(dh)? — sin? 0(r? + a® + Rra*sin® /%) (d¢)?, (8.8)
A=7r>+a*>—Rr, X =1>+a%cos’0. (8.9)

When a = 0, the metric becomes that of a Schwarzschild black hole. One
observes that the angular momentum forces an additional constant a into
the metric. That constant has units of meters in our naturalized units,
but that is also the units of angular momentum per unit mass, and it is
interpreted as such.

Since (dr)? = —gdatda”, the element of area [g11g22]'/?dfd¢ does
not have the form of the element of area for a sphere 2 sin dfd¢. This is
another surprising feature of spacetime near a rotating black hole. The met-
ric g, has off-diagonal elements, but it is easy to find g"” using g**ge,, = 6¥.
Problem 5 asks for the proof of the following results:

g =1/gu, i=1,3, (8.10)
9% = ¢*° = g2/, " = —g22/ T, ¢**> = —goo/ T, (8.11)
T = Asin? 4. (8.12)

The natures of the singularities for a black hole with angular momentum
are more complicated than those of a static black hole. There is a true
singularity at ¥ = 0, (r,0) = (0,7/2), as every term in (dr)? blows up
at that point except for the (dr)? and (df)? terms, both of which vanish.
You could also form the scalar R$**X Ry, to see that it has the above
singularity condition.

In the case of the static black hole, there was a coordinate singularity
because the (dr)? term blew up at r = R. In this case, gs3 = /A — oo,
when A — 0,

0=A=r*4+a®>—~Rr=(r—Ry)(r—R_),
(8.13)
r=Ry=R/2+ ([R/2]? — a®)"/2.
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One observes that the maximum limit for a is R/2. This is called the static
limit, and here R4 = R_. The inner horizon, given by R_, is also called the
Cauchy horizon. Both horizons are one way, you can cross only going in.
The outside or event horizon is the boundary between the black hole and
the outside world. If a = 0, it reduces to R, but in this case, it is smaller.

For a Schwarzschild black hole, goo = 0 when g33 = co. However, for a
rotating black hole, the surface where ggp = 0 occurs when

0=%—Rr=7r>—Rr+a®cos?’f=(r—ry)(r—r_),
(8.14)
r=rs=R/2+ ([R/2)? — a®cos® §)1/2.

The values of 1 depend on 6. In general r— < R_ and r4 > R, . The equal-
ity is at |cos @] = 1. The region between R and r is called the ergosphere.
In this region, all objects experience frame-drag (see Section 8.3). Due to
the cos? § term, the outer extremity of the ergosphere is not a true sphere.
It is flattened and equal to the event horizon at |cos@| = 1, but otherwise
extends beyond the event horizon, and is accessible to observation.

8.3 Frame-drag

8.3.1 Simple Examples

The metric elements are independent of 2% and z2. Thus, Py and P, are
constants of the motion for massive particles. So even if the particle starts
with P, = 0, but Py # 0, subsequently the angular velocity is nonzero,

dt

PO:m_ :.QOVPV:.QOOP(M
dr
d

P2 _ m_¢ — QQVPV — g2OP07
dr

o _dg [dt _ g _ _gn

dt — dr/ dr ¢ 922

Rra
= —— > 0.
Y[r? 4+ a?] + Rra?sin” 0

The particle will develop angular momentum and angular velocity because
of the metric. The angular velocity is in the direction of the spinning mass.
The spinning mass drags spacetime, so this effect is called frame-drag.
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An interesting effect for light is predicted when dr = df = 0, § = 7/2,
and 7 = R. For light (dr)? =0,

0= (1—R/r)(dt)* + (2Ra/r)dtdd — (r* + a* + Ra?/r)(d¢)?

d do\”
:17R/r+(2Ra/r)—¢f(r2+a2+Ra2/r) dé ,
dt dt
d¢ —2Ra/r + [(2Ra/r)? + 4(1 — R/7)(r? + a® + Ra?/r)]*/?
dt —2[r2 + a2 + Ra?/r)]
_ a¥Fa
- (R?+2a2)
The solution ‘fi—‘f = 2a/(R?+2a?) represents light going in the same direction

as the rotating black hole. As dt is the proper time of a faraway observer, the
angular velocity according to that observer is constrained by the properties
of the black hole. The other solution is zero, a rather unexpected result, if
light is emitted in the direction opposite that of the black hole’s rotation.
A massive particle, that moves slower than light, would soon find itself
rotating in the same direction as the black hole. This would occur even
if it started rotating with arbitrarily large kinetic energy in the opposite
direction.

However, one must realize that the faraway observer can neither confirm
nor falsify this prediction. That observer cannot observe these at-rest pho-
tons, even in principle. If an effect can neither be confirmed nor falsified,
then we are not speaking of a scientific prediction. As noted in Problem 2.15,
the measurement of light speed requires a local observer, one armed with
a proper-time clock and proper distance measuring device. That observer
would experience severe frame-drag, move in the same direction as the black

hole, and would observe the photon traveling with ¢ = % = 1.

8.3.2 An Experimental Test

Gneral Relativity predicts that a gyroscope orbiting a non-spinning spher-
ically symmetric mass will precess (geodetic precession) in its plane of
motion. Frame-drag causes gyroscope precession perpendicular to the plane
of motion, the Lense-Thirring effect (Lense and Thirring, 1918). L. Schiff’s
(1960) paper stimulated the Gravity Probe B (GP-B) experiment. This
experiment was designed to test the Lense—Thirring prediction. The exper-
imental predictions were calculated using Schiff’s equation (3), but steps
leading to it were not provided in Schiff’s paper. GP-B was started about
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50 years ago by NASA. The experiment (Everitt, 2011) is a classic of mod-
ern technology.

Four fused silica rotors served as the gyroscopes. They were machined
to be spherical and homogeneous to one part per million. They were coated
with superconducting niobium and kept at a temperature of 1.8 K(elvin). In
orbit, the rotors were suspended electrically, and spun up with helium gas.
The spinning niobium spheres develop a magnetic moment, and sensitive
magnetometers mounted inside the housing could keep track of the spin
direction. For calibration, there was also a star seeking telescope inside
the housing. The device was put in a circular polar orbit about earth,
where it fell freely for about a year. However, gravity is very weak near
the earth’s surface. The sought for precession is very small. Another five
years were required to model the systematic errors, for example, the small
non-spherical rotor contribution, in order to be confident of the result.

The experimental results, in arcseconds/year (" /y) are: geodetic pre-
cession, 6.602 £+ 0.018 and frame-drag precession 0.0372 £ 0.0072. These
are to be compared with the GR predictions: 6.606 and 0.0392. The geode-
tic result is in excellent agreement with GR. Frame-drag precession is a
much smaller effect, and the large error is due to consideration of numerous
sources of systematic error. So while in agreement with GR, it can’t rule
out competing theories.

8.4 Calculation of the GP-B Predictions

8.4.1 FExpansion of the Metric Elements

In this section, the calculation of the predictions for the GP-B precessions
will be carried out. It is too difficult to work with the full metric. One
can expand the metric elements to higher than the lowest order correction
explored in Chapter 5, and obtain meaningful results. Such calculations are
the essence of what is called post-Newtonian celestial mechanics. In making
these calculations, I have been guided, in part, by S. Weinberg (1972).

In Chapter 5, the weak gravity lowest order correction to the metric,
for a static spherically symmetric source of gravitation, gave the Newtonian
potential ¥,

goo = Moo + hoo = =1 = 2¥g = —1+2M'/r, (8.15)
gii =1+ hy=1-2¥g, (8.16)
oA (M)r)Y? < 1. (8.17)
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The g;; value was obtained in Problem 5.2. The typical small speed was
found to be v. Here earth’s mass M, = M’ is the source mass, so that
R — 2M, in the Kerr metric. The above metric elements are of order o2
and because there will be higher order corrections, they are now written as
2hoo, 2hi.

In order to see how to expand the metric elements in powers of small 7,
consider the Kerr metric, e.g.,

goo = —(1 = 2M.r/%) = noo + 2M.r/% = —1 + 2M.r/(r? + a* cos? 0)

—1+ (2M./r)(1 4+ [a/r]* cos* §)~!

—1+@2M./r)(1 —[a/r]*cos* O +---)

=-1+ 2h00+ 4h00-‘r-" . (818)

The superscript 4 at the left of hgo indicates the next higher order correction
directly proportional to the #*. It is due to a being an angular momentum
per unit mass. Thus a/r, is dimensionless in the natural system of units.
An expansion in even powers of v is expected, as there is no sign change in
goo, when the sign of ¢ changes.

Next consider the expansion of g;;. In the Kerr metric, only g;; # 0,

e.g.,
g33 = /A = (r* +a®cos® 0)(r* — 2M.r + a*)™*
= (1 + [a/r]* cos? 0)(1 — 2M. /7 + [a/r]*) "

= (1+ [a/r]? cos® 0)(1 + 2M./r — [a/r]* + [2Mc/r — [a/r]]* + )

=1+ 2]7% <l%sin29>

+ (2TM€)2>< (1—%(2—00829)—1—%)4-“-

Thus, the general expansion is
Gij = Nij + 2hij + 4hij 4+ (8.19)

This is again an expansion in even powers of v, for the same reason as for

gJoo-
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For a black hole, [a/r]?/[R/r] < 1 since a/R < 1/2. The earth’s
moment of inertia (query any search engine) is ~ 0.8297 (uniform sphere) =
0.829(2M.R?), where R, and w. are earth’s radius and angular velocity,

[a/R.]? = [Iwe/M.])*/R? = (0.829]2/5] Rew,)* = 0.27 x 1012,
2M./R. = 1.4 x 107Y, thus [a/R.]*/[2M./R.] ~ 0.19 x 10~.

The mass term dominates.
Finally, consider the metric element gg,;. In the Kerr metric, only goo is
nonzero,

go2 = —2M_rasin® 0/ /(1 + [a/7]? cos? 6)
= —2[M,/r][a/r]rsin® O(1 — [a/r]? cos® O + [a/r]* cos* O + - --).
So the general expansion is expected to be
goi = *hoi + "hoi+ . (8.20)

Here an expansion in odd powers of v is expected, as gp; changes sign when
t changes sign.

One sees that the lowest order term in the metric element, responsible
for frame-drag, is directly proportional to the 2. This is sufficient for the
GP-B experiment, and so the only terms kept satisfy,

Term «x v, n <3. (8.21)

8.4.2 The C Symbols

The C symbols involve g*”. They are also obtained as expansions in 7",
that satisfy Eq. (8.21). From, g#¢g,¢ = §4,,

1= ¢%g0¢ = 9900 + 9" g90i = (n°° + 2h°) (oo + *hoo)

=1 2h% = Zhoo, (8.22)
2p00 _ _ 2
0= goggig =9"gi0 + QOjgij = 3hion™ + 3h0jmj, (8.23)

3hi0 _ 3hi07
5" =g"gje = 9%g50 + 9% gir = (" + 2hF) (e + Zhir) o)
=%k 4 Zhpn™ + PP = 6% 4 Phpn™ + 2R,

2h¥ = — 2hj;.



Black Holes and Kerr Space 153

The C symbols involve terms with a partial derivative with respect to
time. It’s important to note that as for powers of v,

2 x v/r.

ot

This result and Eqgs. (8.18)—(8.20) are required to make sure Eq. (8.21) is
satisfied. The C symbols are obtained from

Ffw = gfx(guxw T Guxon —Guwx )/2-
Those with contravariant index 0 are as follows:
I8 = 9™ (gox 0 +90x:0 —900:x )/2
= 9" (9000 )/2 + 9% (290i,0 — 900+ ) /2, (8.25)
100 = 1" *hooo /2 = — *hoos0 /2,
I0; = 9" (Gixs0 +90x+i —Giosx )/2
9%°(9i0,0 +900,i —9i0:0 )/2 + 9% (95,0 +90ji —90i )/2,  (8.26)
2F81 =" (hooi )/2 = — *hooi /2,
= 9% (Gixsj +Gjxsi g )/2
% (gi0,j +950: —ij20)/2 + 9% (Girsj + ik —Gijor ) /2,
°TY = = Chiosy + *hjosi — *hij0)/2.

(8.27)

Those with contravariant index ¢ are as follows:

Lo = 9% (gox 0 +90x:0 —900rx )/2
= 9"900:0 /2 + 9" (gok-0 +9or:0 —9ook ) /2, (8.28)
Tho = 0" (= 2hoo )/2 = — %hooyi /2,
Lo = 97%(goxsj +9ix0 —9oj )/2
= 9"(900, +950,0 —90j:0 ) /2 + 9" (9okj +95k:0 —Gojo )/2,  (8.29)
5T = 1" Chokj + *hjkso — *hoje )/2
= (®hoirj + *hjio — *hoji)/2,
Tl = 9™ (Gixok +9hkxi — ik )/2
o o (8.30)
= 9" (9505k +9k055 —9jk:0)/2 + 9" (Gjmok +Gkm s —Gikm ) /2,
T = 1" Clijmok + 2oy — *hjim ) /2
= (Phyjisk + 2hkir; — 2hjkyi )/2.
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8.4.3 Ricci Tensor and Einstein Field Equations

In order to express the various expansion terms of a metric, as potentials in
terms of the energy momentum tensor, just like 2hgg = —2¥ 4, the Einstein
field equations are needed,

Gue = Rug — gusR/2 = 87T e,
9" (R — gueR/2) = 8mg" Ty,
R—2R = —R=8mg" T,
Ry = 87(Tw — g9 Txe/2).

(8.31)

The nonzero Ricci tensor elements R, will be evaluated so that Eq. (8.21)
is obeyed. The reader should note that R, in this text has the opposite
sign of R, in Weinberg’s text. In some of the equations below, n* is used
to remind the reader to sum over .

—pE  —rxT1é _1XxT1¢€ . _T1¢
Ry = B e, = T3 U — L Doy + e =Tgon -

However, the product I'T" o 7”3 and may be neglected. Moreover,
Roo = T§g.¢ —T¢000 =T, —Thow0,

2R00 = 2].—‘60,1' = 7?’]ii 2h00,i i /2 = —V2 2h00/2. (832)

Ro; = ;e —Tegyi = T80 —T00si 1% —Tgi = ;5 i

*Roi = 17 [(*hojyi + hijso — hoisj )y —Chojsj + 2hije0 = *hojsg )i ]/2
=177 (Chijio 5 = *hoiss i = *hiji0 i+ *hojg i )/2
= [V Phoi + 177 (Phijso 5 — *hjjs0 i + *hojsg i )]/2- (8.33)

Rij =T90 =T, +15 % =T s
*Rij =+ *hoosi »j /2 + 0™ [Chking + 2hjrsi — Zhijor ok ]/2
— [P higeri + Rkt — 2hiiok )i /2
=2ho0yi j /2 + 0™ [Chiiri + 2hjryi — Zhijon ) o) /2
— [P higeri + 2Rkt — 2hiiok )i /2
= [=V? ?hij + *hoosi 5
+ 0 Chiiog ok + 2R ok — 2Riksi 1 )]/2- (8.34)
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Solution of the field equations with this form of Ricci tensor is quite
difficult, but use of the result in Problem 3.4, simplifies things. There it
was seen that one can always transform to a set of harmonic coordinates,
that satisfy g“”Ffw = 0. This equation must hold for every order in o.
Thus,

9T, = ¢%T0 + ¢°Ti + g% T0; + ¢" T,
0= oy 5T

= —1" 2hoo,0 /2 = 0" (Phio,; + *hjo,i — *hij0)/2

= 2h00,0 /241" (= *hioyi + *hiivo /2), (8.35)

9T = 9%Tho + ¢*Tho + g% Th; + g™ Ty,
R A
= =1 2hooyi /240" Chjik + 2hiir; — Rk )/2
=2hooyi /2 + 177 (Phjivy — 2hjji /2). (8.36)
Differentiate Eq. (8.35) with respect to 27 and obtain
0= 2h00,0j /2 4+ 1 (= *hivsi yj + 2Riir0 1 /2)s
210050 1 /2 = —0" (= *hioyij + 2hiivo 1j /2). (8.37)

Differentiate Eq. (8.36) with respect to 2V and use Eq. (8.37), and obtain

0= 2ho0yi 0 /2 + 177 (Phjirj 0 — *hjjei 0 /2), use i <> j,

2ho0yj 50 /2 + 10" (Phijyi 0 — 2hiiyj 0 /2), use Eq. (8.37),

—17" (= 3hiosi vj + 2Riir0 1 /2 — ZRigyis0 + 2hiisj 0 /2)

= =" (Chio. o %hiivo Tt 2hij7i 0 ), use i <> j,
= =17 (Phjoj vi — 2Rjjs0 i + 2hjiri 0 ). (8.38)
Differentiate Eq. (8.36) with respect to z* and obtain
0= 2hoosi ok /2 + 1777 ([ Phjirj k] — 2hjjiox/2), usei sk,
= (Phoosi ok 177 ([ Phjiri ok + 2hikoj i ] — hyjin)/2. (8.39)
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Equations (8.38) and (8.39) allow simplified expressions for the Ricci tensor
elements,

*Ro; = —V? 3hi0/2, 2Rij = -V? 2hij/2. (8.40)

In order to solve Eq. (8.31), the expansion properties of the energy—
momentum tensor, studied in Section 7.6, must be examined. Going to an
SR frame is the most transparent procedure. 7%, Tgﬁ, and T are the
energy, momentum, and momentum flux densities, respectively. Thus,

T =3 " P05(i" — 7 () ~ par(1+0%/2+ )

= 2700 4 4p00 (8.41)
TEG:ZPl (7 — 7 (1) ~ prro(1+02/2 4 ---)

— 370 4 5pi0 4 .. (8.42)
T fZP WIS(F — Fu(t)) & prt(1 + 022+ - +)

— Aqij 4 6pig L (8.43)

Even if not in an SR frame, the above are the general expansions for
the energy-momentum tensor. Just remove the bars identifying tensor ele-
ments. It might seem surprising that the lowest order term in 7% is labeled
with a “2” on the upper left. It has no explicit factors of v, however,
mass/volume has units of M’/V’ oc 9%r/V’. This is just what is needed for
Egs. (8.31) and (8.32). In the case of 2R;;, the term 27" comes from the
rightmost term in Eq. (8.31). A similar explanation holds for the term 377.

So keeping the lowest order term in 7", and using Eqgs. (8.18)—(8.20),
(8.31), (8.32), and (8.40) yields

—V? %hoo/2 = *Roo = gougor *R" = 2R%
= 87 (T — noog TH /2) = 87 (P — (m00)? 2T%/2)
=471 2T = drmpyy, (8.44)
—V? %hio/2 = ®Roi = gopgiv *R*™ = nooni; *RY = — *R”
= =8 (*T" — g0igu T" /2)
= 87 1", (8.45)
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7v2 2h”/2 — 2R” — gip.gjl/ QR;,LU — nzknjm 2ka — 2R7,_]

= 87(T" — gij g T /2) = —8mnijnoo 2T /2

= 471"[71']' 2T00 = 47‘(7’]1‘ij. (846)
The result is that the solutions to Eqs. (8.44) and (8.46) are the

same. This is what was found in Chapter 5. The solution that vanishes
at |F] = oo is

*hii *hoo , 2TO0(F! 1) M’
2 2 e /d |7 — 7| |71’ (8.47)

where the volume integral is over all space. The approximation is for a
point external to a spherically symmetric source mass M’. Similarly, the
solution for 3ho;, Eq. (8.45), yields a 3-vector potential ®. Unlike U, this
potential was unknown before GR, however, like W its origin is the GR
field equations. Thus,

. X 3Ti0 7ot
3h0i — 3h01 = q)l =o' = —4/dV’% (848)
rT—7r

The integral in Eq. 8.48 will now be expanded, and because gravity is
so weak, only the lowest order terms are kept,

D, 74/dV’ STO  t) |7 — 7|~

74/dV’ STOF ) (1% + "% — 27 . 7)71/2

4 . 1 s
- (/ V' ST 1) + 507 /dv’x’ﬂ 3T10(F’,t)). (8.49)

Q

This can be further simplified using energy and momentum conservation,
T3, =0 so TH,, = =TV TH —Th T,
po 0 pug _ pr &0
T =—I,T DT

5L -

Terms like I'T are, at minimum, directly proportional to #*. They may be
neglected. Also T"" is due to earth and is static. Thus, to the order needed,
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the above condition yields
0= 270 ;4 3790
= 3790 .
This means that the following integrals vanish:
0= / av'z" AT, = / dv'z""z TR,
Integrate each integral by parts,
J

0= —/dV’ ST 2", = —/dV’ STI0(7")6

= - / dV' 3T ("), (8.50)

0= /dV’x’ix’j STROF') 1

= [Vt ) TR
= [V ST T,
/ dV'z" 3TO(F) = — / dV'z" 3TI0(7"), thus,
2 / av'a" STy = / dV'a" BT (7" — / dv'z"7 3TO(F').  (8.51)

Since 3T is the source momentum density, Egs. (8.49), (8.50), and (8.51)
allow ® to be expressed in terms of the source’s angular momentum

—

2
(I)I(F) _ 7_172/6”//[17/2 3T10(F1) o :17/1 STQO(F/)]

2
_ _I3/dvl[$/3 3T10(F’) o :1711 BTBO(F/)]

KA
=
=
S~—
\
—
[N}
\
3
w
NI
=
X
i

(8.52)
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This is the way earth’s angular momentum finds its way into the GP-B
predictions.

8.4.4 Spin

In SR, a particle has constant velocity and spin,

fi ) fi
Wty e et
T T (8.53)
a5 _,
dr
In the particle’s rest frame,
S, =(0,5), thus, (8.54)
SaU" = 0. (8.55)

This is an invariant and holds in any frame.
For spin, the equation of motion is obtained from parallel transport
Eq. (4.2), with dg = dr for a free falling massive object,

0=W"S,; = ddi:(sﬂ,u —T%,5),
% = I}, SeU" = Fﬁusfdj—y’
Cﬁzii =TS Cif Sk + Iy So + I Sk
d;; = 1'% S0+ Tk Sy + 19 5'0 + F?jskddi;' (8.56)

The last equation results from multiplying the previous equation by ‘fi—t
From Eq. (8.55), with U? ~ 1 and v* < 1,

Then to order 735
ds;
dt

= —T%v"™ S + T8 Sk — T Spv™v? + TS0

[ 2T Sm] + (PT5Sk) + L5 Sk
= [ 2100, V™S /2] + 0" (Chioyi — 2hiosk + 2hriso )Sk)/2
+ 10" Chiiyy — 2hijok + 2higy )Skv? /2)
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= —Wa,i TS+ 0" (Dp —Pisk — 206V G0 ) Sk /2
0 (ki Vs 05V Gk~ Yy ) Skv? .
For the component Sy,

ds:
dt

— W08 — 517 - VUg+0'8 - VUG — Vg, 7
= Vg TS+ [(V x ®)3S55 — (V x D)255]/2

— U081 — 517 - VUG 40§ VU — Vg, 7
= Vg, 75+ x (Vx®)/2

— U081 — 517 VUG 40§ -Vl — Vg, 7

For the full spin vector, it is obvious,

—

P ; § ,
d_f =S x (Vx®)/2~8Ug,—2VIc(7-5)

—

—S(7-VUg) +3(S - V).

The invariant S,,5* doesn’t change,

0 = USuS")
dt

d , . »

= —-(9"8080 + 9" 8:50) + g% S0 + 9" 9:5;)

= (907 S; — 9807 8;) — g70'8:S; + 97 9:S)
d 00,,% j ij 27117

= S VST S 4 [+ “hU]SiS;5), use Eq. (8.24),
d, . oy s

= E(*('U -2+ S — 2hi;8iS;)
d = A2 |d2

= E(*(U - 8)7 + |S]7 4 214 ¥ SiS;)
d = =, — —

= (=T 5)* +1S]* +2¥g|SP),

Thus, what is being differentiated is a constant.

L= W, TS+ (Do — P12)52/2 4+ (P31 — P1,3)53/2

S

(8.58)

(8.59)
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Since W is of order ©2, an alternative spin vector correct to order 725,
can be defined,

§=S5+veS -9 5)/2),
|8 = (14 W6)*[SP + |6]°(7- §)° /4 — (14 ¥6)(@- §)°  (8.60)

~ (142%¢)|S]? — (7- 5)2.

This result is the same as Eq. (8.59). The solution for S in terms of , to
the same order, is easy to obtain

(1-W6)5 = (1-W2)5 — (1 - Ua)(T- §)/2)

~ S —i(@-9)/2,
=(1-VUg)5+3(-5)/2
~(1—-Vg)§+ (V- 38)/2. (8.61)
The vector § proves useful if one calculates its total time derivative to
order 73S. Using Z—f = —V VU and neglecting terms like 17%,
ds s = Ldbe  (dv. - . dv s
| bl S AN Wi L a =
o ( +\Ifc)dt Sdt (dtv S+7|S pra dt1>/2
ds — ~d¥ -
N 5= (VUg[o- §] + TV - S])/2
dt dt
ds

= =+ 5(Va0+VVe 0) + (VUG- 5] + 3]V - 5))/2.

Now substitute Eq. (8.58) for 42 and Eq. (8.52) for @,

ds ~ =

- =5 (Vx®)/2— SUq,0—2VUa(T-5) - S(7- V) +3(S - V)

+ 8V, 0+VUq-T) + (VO[T 5]+ 0[VU¢ - S])/2

]. - =g — - —, — —
—5[V x & x §+3(VU6(- §) - 5(S - V)]

1 - o . .
—=[VXx®+30Ux VUg| xS, use Eq. (8.52),
2
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Equation (8.58) showed that ‘fi—f was calculated to order 73S. The aim is
to calculate Z—f to order 5. The terms on the right-hand side of the above
equation are to order 73S. To obtain the desired order for ‘é—f, use Eq. (8.61)
with § &~ 5 The above becomes the classical equation for a precessing

spin,
ds =
2 _—Q0x3
g7 X §,
= . (FxJ) 3., -
Q=—-1|Vx 3 +§’UXV\Pg. (8.62)

The spin precesses at a rate |Q| around the direction of € without change
in magnitude.

8.4.5 Numerical Predictions for the GP-B Experiment

One can show how Eq. (8.62) is used to predict what GP-B expected. The
gyroscopes are freely falling in orbit about earth. The origin of coordinates
is earth’s center and the approximation used for calculating ¥« is that the
earth is a spherically symmetric mass,

M, - o
Vo= —2¢ Yoo =M L
T T

Then, noting J. is constant,

- A A > (s T
VX<T—3XJ6>—T‘—3(V' e)Je<V'r—3>
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Jz 3 22 NP
i U —3aly =350
yx Yz .
|: ) 3T—26x — 3T—2€Z:|

z 2T . 2y .
{—3 < ) - el
f

l\D| *l

(8.63)

%w|m .

The above form is due to treating 7 as a general 3-vector. You know the
GP-B orbit is planar. If this condition was imposed above, by taking i as a
vector with two components, then V.7 /13 # 0. An incorrect result would
have been obtained.

The precession rate is, from Eqgs. (8.62) and (8.63),

This formula agrees with Eq. (3) in Schiff’s paper.

Figure 1 of the GP-B paper defines the experimental geometry. The
gyroscope and its housing are launched in a close in, circular, polar orbit.
The orbit rotation is counter clockwise, leading to an angular momentum
vector that points out of the orbit plane and toward the reader. This is taken
as the €, direction. Earth’s angular momentum is directed from south to
north pole, and is in the orbit plane pointing up. This is taken as the é,-
direction. Then, é, = é, X &, lies in the orbit plane, and is in the direction
indicated for the initial spin.

The position of the gyroscope is

7= pé, = p(ézcosd + é,sing), p=11R,,
where ¢ is the angle between J, and T. Then,
7= (M./p)%. x &, = (M./p)'/?e,,
M, =4.431 x10"%m, R, = 6.378 x 10°m, T, = 2.584 x 1013 m
Je = 0.829(2M.R? /5w, m?, w, = 27/T..
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First, consider the geodetic precession rate,

G 3 (MNP M, 3 (MNP
geo—2 P p2 z—2 P Z

- 1
|Qgeo| = 3 X 1072m~1 =1.02x 10712571,

In a year, t = 3.156 x 107 s,
|Qgeolt = 3.22 x 107° rad = 6.6",

in agreement with the GP-B expectation. The precession direction,

Qoo X &y = 62 X &y = —éy,
is in the plane of the orbit and downward, in agreement with the first figure
in the GP-B paper. This geodetic precession precesses in the same sense as
the orbit rotation. It doesn’t appear to depend on GR. However, it actually
comes from terms in the equations of motion required from curved space,
and so it is a consequence of GR.
Now consider the frame-drag precession Q ta- It depends on J_;,

~ 1 e N
(g = — <3‘] Te, — Jeex)

PP\ P

%(3 COS ([cos Ppé, + sin pé, | — é;).

Averaging over a revolution, the cos? ¢ term yields 1/2, while the cos ¢ sin ¢
term yields zero. Thus,

~ Je . 1Je.
(Qfa) = —3(3/2 —1)é, = §p—36x7

hS)

|<ﬁfd>| :l Je 1 :6X1073
|Qgeo| SMS/Q p1/2 )

in agreement with the GP-B expectation. The precession direction,

is out of the orbit plane. The spin precesses in the same sense as the earth
rotates, hence frame-drag. This agrees with what is shown in the first figure
of the GP-B paper.
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8.5 Kerr Space Geodesics

8.5.1 FEquations of Motion

Motion in the equatorial plane § = 7/2 of a black hole is considered. Prob-
lem 7 shows this is a possible solution, even in Kerr space. The equations
of motion for objects with finite rest mass m are most easily obtained by
noting 0 = g,u,0 = Guv,2. S0 Ug = Py/m and Uy = P»/m are constant. The
constants will be chosen so that the equations of motion match Eqgs. (6.2)—
(6.5), with Eq. (6.6), when a = 0. Thus,

do 2_ 2
—_— = U = UUU
dr g
Uop — gooU:
= ¢®Upy + ¢22U, = 920Y0 A900 2 (8.64)
When a = 0,
d — 1-R U.
b _ 7900 _p, ( /r) _ U
dr A r2(1—R/r) 12
Equations (6.2) and (6.6) yield
dp h
E = 7’2E7/1/27 SO cnoose,
J
Carrying on,
dt
Db UO _ OUUU
dr g

—g22U U
= ¢%U, + ¢°2U, = g22 0A+ go2V2 (8.66)
When a =0,
dt _ —g2Uo _ Uo
dr A 1—R/r’
Equations (6.3) and (6.6) with 2M’ = R yield
dt 1 hoos
E = m, SO cnoose,
1
Uo (8.67)

= e
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Using the above constants and the invariant U,U" yields

—1=U,U" = UpgU° + UsU? + g33(U?)?
__922+2902J+900J2+ﬁ dr ?
B E'A AN\dr )’
, (8.68)
ar\®_ A 92t 2902J + gooJ?
dr r? E'r?
r?+a?—rR  r*+(a®>—J*)+(J—a)’R/r
- r2 + Er2 :
When a =0,
dr\? r? —J?(1 - R/r)
Y -
(dT) (1= R/r)+ E'r?

= (1= R/r)(-1+[(1 = R/r)™" = (J/r)*|(1/E")).

Equations (6.5) and (6.6) with 2M’ = R yield

E <Z_:) = (1 —R/r)(=E = (J/r)* + (1 - R/r)7").

So the required equations in Chapter 6 are reproduced with the choices in
Eqgs. (8.65) and (8.67).

The orbit equation is obtained with Eqgs. (8.64) and (8.68). Using
A=(r=Ru)(r - Ro),

dp _do [dr

dr — dr / dr

2 2 2 2 -1/2
_ 4 {(TR+2§TR) " %+ (a® — J;/;(J—a) R/r]
aR/r+ (1 —R/r)J
E’1/2(r—R+)(rfR,)

’ —-1/2
. {E (r— R;)(r -R.) 1 J27; a? N (J TS)QR]
« =R/ (8.69)

(r—=Ry)(r—R-)
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For photons, E' =0,

o o 2 2 _ Nepil/2
d¢—:I:J (J—a)R/r 1_J a+(J a)’R

& T (r—R)(r - R) = r (8.70)

In some of the calculations below, I have been guided by or have used the
parameters of S. Chandrasekhar (1983).

8.5.2 Clircular Motion
First the circular orbits of photons are considered. It is convenient to cal-

2
culate (g—g) and then take B/ = 0:

(8.71)

1= <ﬁ)2 J Lo U-a'R (8.72)

Per unit mass, the left-hand side of the above equation is a constant energy
and on the right-hand side is a kinetic energy term plus an equivalent
gravitational potential energy term = V[r|. For circular motion r = R,

J=J., gg =0, and < P = 0. For stable orbits, ;2 > 0, while for unstable

orbits, er <0.In thls case,

0=1+(J. —a)’R/R? — (J? — a®)/R2, (8.73)
d
Dol o= 3(J. —a)*R/R. — 2(J? — a?), (8.74)
dr R,
d2VP 2 5
|, —3(J. —a)’R/R2 < 0. (8.75)

From Eq. (8.75), it is seen that photon circular orbits are unstable. From
Eq. (8.74),

ﬁ(cha)2 _3RJ.—a

Ri=—-—F—F5=— .
2 J?2—a? 2 Jo+a

(8.76)

When a = 0, there is only one unstable circular orbit for photons
R.=3R/2.
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For direct motion, a > 0, while for retrograde motion a < 0. Inserting
Eq. (8.76) into Eq. (8.73) yields

0=14+ (Jo —a)*(Je +a)®2°R (J2 —a®)(Je +a)?2?

BR(J. —a)]? BR(J. —a)]*
(Jo+a)® = %RQ(JC —a) = %RQ[(JC +a) — 2d], (8.77)

27 27
0=(J.+a)?— ZR2(Jc +a) + 7aRQ.

The following identities allow a transparent solution to the above equation:
cos® A = (cos3A + 3cos A) /4,
cos3A = cos3(A+ [1 £ 1]xn/3).
Take as solution for Eq. (8.77) the following,
(Jo+a) = KcosA,
(Jo 4+ a)® = K3(cos3A + 3cos A) /4.

Solve for the constant K by first eliminating the cos A terms. Then solve
for cos 34,

3K®/4 =2TKR?*/4, K =+3R,

cos3A = F2a/R, so can take,

cos3A = 2|a|/R, (8.78)
Je+a = —3R(a/|al) cos(A + [1 + a/l|al]7/3). (8.79)

When o = 0, take a/|a| = 1.
For the cases of minimum and maximum |a|, the results are as follows:

a=0, 34=17/2, J.=3"2R/2, R.=3R/2, R\ = (R,0),
a=R/2, 34=0,J.=R, Re=R/2, R. = R/2,
a=—R/2, 3A=0, J.=TR/2, R. = 2R, Ri = R/2.

The result for a = 0 agrees with the answer to Problem 6.10. The results
for J./R' and R./R’, where R' = R/2, for all values of a, are shown in
Fig. 8.3. The retrograde orbits are farther out, where frame-drag is not so
strong.
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direct (lower) retro (upper)

L L L L a/Rl
0.2 0.4 0.6 0.8 1.0

direct (lower) retro (upper)
Rc/R!

: : : alR’
02 04 06 08 10

Fig. 8.3 Photon unstable circular orbit parameters for direct and retrograde motion:
Je/R' upper, R./R’ lower, as functions of a/R’ where R’ = R/2.

Now circular motion of massive objects is studied. Recall such motion
was considered in Problems 6.7-10 for the case a = 0. Here all values of a
are considered. Rewriting Eq. (8.71) yields,

1 (dr>2 L =Ry —R)

L dr 72
1 (J2—a® (J—a)?R
+ E 2 73 ’
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r 73

(T—R+2£r—R_) N % (J2 —2a2 _ (J_G)QR). (8.80)

Once again, per unit mass, there is a constant energy on the left-hand
side of Eq. (8.80), and on the right-hand side a kinetic energy term and a
gravitational potential energy term = V' are present.

The calculations for the circular orbits are given below. At this point,
some of those results are used to have a qualitative look at V' as shown
in Fig. 8.4. When there is a circular orbit, V = E'~!. Using R’ = R/2,
plots show V versus /R’ for a/R’' = 0.8. The top plot uses E'~! = 0.77
and J/R' = 2.71, which produce a stable circular orbit with minimum
radial coordinate R./R’ = 2.91. Note that the minimum just barely exists.
In the middle plot R./R’ = 4, and the constants are E'~! = 0.8 and
J/R' = 2.8. Here, the minimum is clear. In the bottom plot, the constant
E’~! = 0.81 has been changed slightly, while J has not been changed.
Due to this small change in E'~!, there is no longer a circular orbit, with
minimum at V' = E’~!. For this case, the orbit is an ellipse with extreme
radial coordinates at /R’ = (3, 5.5). Recall, in Chapter 6 the ellipses
were shown to be precessing. So qualitatively one sees how the potential
determines the bound orbits.

dr _ av

For circular motion with r = R., 0 = 4L = &~
) dr dr

_ R?+(J —a)’R/R. — (J? —a?)

= (R, _R)(R. R

(8.81)

and

,  3(J—a)?R/2— (J? —d®)R,
E = - R (RET2— o) . (8.82)

In order to solve for R. = f[a, R, J, E'], one must satisfy simultaneously a
cubic and a quadratic equation. I have not heard of such a solution.

If @ = 0, the solution is trivial. Therefore, Eq. (8.82) becomes, with
JQ/E/ — (U2)27

2(Us)?
0= Rz — %Rc + 3<U2)27

R. = (U;)Q (1 + [1 - %} 1/2) :

(Up)? > 3R2. (8.84)

(8.83)
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direct: 1/E'=0.77, J/R'=2.71

0.90
0.85¢
0.80

0.75

r/R

direct: 1/E'=0.8, J/R'=2.8

/'R

direct: 1/E'=0.81, J/R'=2.8

090
0.88
0.86
0.84 ¢
0821
0.80
0.78 1
076l : : : : - iR
0 2 4 6 8 10

Fig. 8.4 Potential for direct orbits versus r/R’ for a/R’ = 0.8, where R’ = R/2. Top:
E’—1, J that yield the circular orbit with the minimum radial coordinate, Middle: E’~1,.J
that yield a circular orbit with a larger radial coordinate, Bottom: E'~1 changed slightly
from the middle plot value, to give a bound, precessing elliptical orbit. Here, the extreme
radial coordinates are (3, 5.5)R’.
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This solution is available because two of the four parameters are eliminated.
Only a simple quadratic equation needs solving.
The condition for orbit stability is easily found,

— 2%)2 <1 — %) > 0. (8.85)

A2V
dr?

R

So the orbit is stable if R, > 3R. This occurs if the positive sign is taken
in Eq. (8.83). The minimum stable, circular orbit occurs for,

(U3)* = 3R?, R.(min) = 3R. (8.86)

This value for R.(min) is twice the value of the photon circular orbit when
a = 0. If the negative sign is taken in Eq. (8.83), the minimum unstable,
circular orbit occurs for,

Us — 00, R.(min) =3R/2.

This is the same as for the photon minimum circular orbit. So here the
speed would approach unity. For stable orbits, R. > 3R, while for unstable
orbits, 3R/2 < R. < 3R.

However, for any a, if you assume a value for R, has been found, then
solutions for J and E’ can be found. These lead to further progress. Equat-
ing (8.81) and (8.82) leads to a quadratic equation for J. It is convenient
to set R. = 1/u,

14+ (J—a)®Ru® - (J? —a*)u®>  3(J—a)*Ru/2— (J? —a?)

1+ a?u? — Ru - (R/2 — a?u) '

0=A'"J?>+ B'J+C’', where,
A" = ufl —2uR +u*R* — a*Ru?/2)),
B’ = au®R(3 + a*u® — 2uR),
C' = —(R/2)(1 + 2u%a® — 2u®a®R + u*a?),
B au’R/2(3 + a®u? — 2uR) F (uR/2)"/?(1 + a*u® — uR)
u[l = 2uR 4+ u?R? — a?u3R/2]
~auR/2(3 + a’u? — 2uR) F (R/[2u])Y/?(1 + a*u® — uR)
(1 — Ru + [a2u3R/2]*/2)(1 — Ru — [a?u?R/2]/2)

J =

(8.87)

Once J is known, Eqgs. (8.81) and (8.82) can be treated like a pair of
coupled equations. They can be appropriately combined to eliminate the .J?
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terms, and allow one to solve for E’ in terms of J. Then one uses Eq. (8.67)
to get Uy,

(1 —3uR/2 ¥ 2[a®>u®R/2]"/?)(1 — uR £ [a*>uR/2]}/?)?

E' =
(1 —2uR + u?R? — a®>u3R/2)?
_(1=3uR/2F 2[a*u’R/2]'/?) (8.88)
- (1—uRF [a2udR/2]1/2)2 '
U, o 1 —uR F [a®>u®R/2])'/?

T B2 T (1-3uR/2F 2[audR/2]/2)1/2

These results check with those of Chandrasekhar. His parameters are
E=FE"Y2=_Ujand L = J/E'"/? = U,. The easiest way to verify that
the above expressions are the same is start with his expression for L,

I J R\ ? 1+ a?u®+ (a2u3R/2)1/2
T E2 T\ 2u) (1= 3uR/2 T 2aPPR/22)Z

(8.89)

R\ 1+ a%? £ (a®PR/2)V/
2u 1 —uR F [a?u3R/2]1/2

J:LE’1/2:1F(

(RN’ 14 a2u? + (auPR/2)Y/2 1 — uR + [a®uP R/2]"/2
RS 1—uRF [a2udR/2)Y/2 1 —uR+ [a2u3R/2]}/2"

The reader can confirm the above expression is identical to Eq. (8.87) by
multiplying out the numerator, and noting the denominator is the same.

One case of interest is that of marginally bound objects. They have no
radial velocity, when very far from the origin. Here E/~! = V and from
Eq. (8.80) V' = 1. The circular orbit radial coordinates Remp = 1/u are
from Eq. (8.88):

[1—uR T (a*u®R/2)Y%? =1 — 3uR/2 T 2(a*u’R/2)Y/2.
Thus,
0 = (uR/2)[a*u® + 2uR — 1 + 4(a*u’R/2)/?],
1 = a®u® + 2uR + 4(a*u®R/2)Y? = [au + 2(Ru/2)Y/??,
+1 = au + 2(Ru/2)"/?,
2Ru = (£1 — au)® = 1 F 2au + a*u?,
u=[R=+a+ (R?+2aR)"?]|/a?
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a? R+a7F (R?+2aR)"/?
R+a+ (R2+2aR)Y2 R+ aF (R?+2aR)'/2

Rcmb =

= R+a+ (R*+2aR)Y2 (8.90)

The positive sign before the square root must be taken, or the radial coor-
dinate is inside or on the horizon.

It’s important to note that, for the remaining + sign, the larger Remp
goes with the upper or plus sign, and thus must be for the retrograde
orbits. The smaller Ry, goes with the lower or minus sign, and thus must
be for the direct orbits. This upper—lower convention must then hold in
Eqgs. (8.87)—(8.89). Some specific results are as follows:

a = 07 Remp = 2R7
a=R/2, Remn, = R/2 direct, R(3/2 + 21/2) retrograde.

Compare these results, with those obtained for photons, and massive par-
ticles with @ = 0. Photons have the smallest radial coordinate and the
massive particles the largest. The direct orbits of marginally bound orbits
are in between. At a = R/2, all direct orbit radial coordinates are at R/2.
This will be shown below for the innermost, massive particle, stable, cir-
cular orbits. Thus, the graph of R as a function of a will be similar to
what is seen in Fig. 8.3, but above those curves. The innermost stable radial
coordinates of massive particles would be higher still. As Repmp < Re(min),
the minimally bound circular orbits are unstable. Forcing E/ = 1 is the
culprit.

The innermost stable radial coordinate of a massive particle occurs
when

dE'~t 1 dF’
=0.

du —  E? du

For the case a = 0, Eq. (8.82) yields

2
o 2J%u (13Ru),

R 2
dE’
0= =1-3Ru,
du

R.(min) = 1/u = 3R,
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the expected result. In the general case, Eq. (8.88) yields

dE/—l

U

0= =1 — 3Ru — 3a®u® T 8a(R/2)"/?u3/2.
This equation can be put in standard form using v = 1/R.(min), z =
R.(min)/(R/2), and 0 = a/(R/2). Then,

0 =22 — 62 F 8oz'/? — 302 (8.91)

When o = 1, the solution for the direct orbit case is x = 1, as expected.
When o = 0, the solution is = 6, as expected. Equation (8.91) has an ana-
lytic solution, see https://duetosymmetry.com/tool/kerr-isco-calculator/,

F=14 =01+ 0) 4 (1= )7,
g = (302 + fHY2, (8.92)
r=3+g+[3— B+ f+29)2%

Rather than analytically check that Eq. (8.92) is the solution to Eq. (8.91),
a numerical evaluation with Mathematica indicates that the value of the
latter is everywhere less than 10~ ', when the former is used for x.

The result for = yields the innermost radial coordinate for any a. Note
that the upper sign yields the larger innermost R.. It represents retrograde
orbits, where the frame-drag is not so potent. The lower sign yields the
smaller innermost R.. It represents direct circular orbits, where frame-drag

2
Cflr‘z/ can be calculated.

is strong. Once R.(min) is determined, E’, J, and
As for stability, Mathematica indicates,

A2V
W|r:Rc(min) > 0,

everywhere, for both direct and retrograde orbits. So V' is a minimum and
the orbits are stable.

8.5.3 General Geodesics

The general geodesics for photons can be viewed schematically using
Eq. (8.70). Very interesting orbits occur when J = J., the value allow-
ing circular orbits of r = R, and the light starts towards the black hole
from r > R.. Equation (8.70) can be rewritten with the aid of Eq. (8.76),
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to transparently show the importance of R,
i@iichqL@R’/r)(cha) 1
dr (r—=Ry)(r—R_) [1+4+ 2R/r3)(J.—a)?— (J2—a2)/r2]!/?

_ Re—3Jc/Rc+2(Jc +a)/r
3 (r=Ry)(r-R-)

1

“RA(J, — a)[2/r® — 3/ Ref1? + ((Jo — a2 R)1]1/2
R.—3J:/R.+2(J.+a)/r
3 (r—R)(r—R)

1
“ RAR(], — a)2/r® — 3/ Rojr% + 1/ R/
 R.—3J./Re+2(Je+a)/r
3 (r—Ry(r—R)

1
“R2(J, —a)(2)r + 1/R)2(1)r — 1/R0)

 RY?2 _3J./R.+2(J.+a)/r 1

~ (Jeta) (r—Ry)(r—R-) (2/r+1/R)V2(1/r —1/Rc)’

(8.93)

In Figs. 8.5 and 8.6, a = +0.4R is used, in order to check these results
with those of Chandrasekhar. In Fig. 8.6, the orbits are sketched. Note, the
circles are not drawn to scale, so the photon path is more clearly shown. The
spin of the black hole points out of the page. In order to start the direct,
retrograde orbit in the same (counter clockwise), opposite (clockwise) sense
as the spin, the derivatives, :I:%, shown to scale in Fig. 8.5, require opposite
signs. The magnitude of the derivative becomes infinite as r — R, from
outside. It spends an indeterminate amount of time moving in this circle
and the horizon circles, but some instability will force the orbit to smaller
r and eventually to the singularity.

In the case of direct motion, the derivative doesn’t change sign as R,
is traversed. The light travel continues in the same sense. The derivative
decreases in magnitude, and then increases to infinite magnitude, when
r — R.. So the direct photon goes around the horizon, in the same sense
as the spin, as you would expect from frame-drag.

Punching through R, the derivative discontinuously changes sign, and
decreases in magnitude. It passes through zero, where it continuously



Black Holes and Kerr Space 177
—R'dphi/dr direct versus r/R' for a=0.8R'

~R'dphi/dr
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> - - 1R
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R'dphi/dr retrograde versus r/R' for a=—0.8R'
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Fig. 8.5 Photon direct (upper) and retrograde (lower) orbit derivatives :I:R’% for a =
0.8R’, R' = R/2. Other parameters are listed in Fig. 8.6. The opposite signs have been
used to start the orbits direct (counter clockwise), retrograde (clockwise), in the same,
opposite sense as the black hole spin. The photon approaches from r > R..

changes sign. It becomes infinitely large as R_ is approached, and so goes
around in the same sense as the spin. On punching through R_, the deriva-
tive discontinuously changes sign for the final time. It then decreases in
magnitude as the singularity is approached.

For retrograde motion, the derivative magnitude decreases rapidly as
R, is traversed. It crosses zero, continuously changes sign, and increases as
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Fig. 8.6 Photon orbit sketch for a = 0.8R’, R’ = R/2. The circles are not drawn to
scale to clearly show the photon path. The inner two circles are the horizons R(_ ;) =
(0.4,1.6)R’. The spin of the black hole points out of the page. The dashed, direct orbit is
started in the same sense as the spin, with J = J. = 3.237R’. This yields R. = 1.811R/,
the third circle from the center. The solid, retrograde orbit is started in the opposite
sense as the spin, with J = J. = 6.662R’. This yields R. = 3.819R’, the biggest circle.
The photon approaches from r > R..

R, is approached. It goes around the horizon in the same sense as the spin.
This shows the influence of frame-drag, which is extremely strong at the
horizon. Once sucked inside R, the sign of the derivative discontinuously
changes, and the magnitude decreases. It then increases to infinity, as R_ is
approached. Traversing R_, there is a last discontinuous sign change, and
the magnitude decreases, as the light proceeds to the singularity.

This very odd behavior for light is predicted by the GR equations. At
first, it seems non-scientific, as it cannot be tested. Orbiting photons can’t
be observed. However, in principle it could be tested. The photon’s energy
gives rise to a gravitational effect.

The interested reader may enjoy seeing what orbits occur when
Eq. (8.70), with different parameters, is input to Mathematica. Once a
figure like Fig. 8.5 is obtained, the orbit can be sketched. Of course, the
option for numerical integration always exits, but the above procedure is
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relatively simple. The same games can be played with massive particles
using Eq. (8.69).

8.6 An Interstellar Example

The movie “Interstellar” illustrates some wonderful effects concerning GR
and black holes. One such effect, showing a distinct difference between a
spinning, and a static black hole, is discussed. Astronauts, from a dying
earth, punch through a worm hole. They find themselves in a different
part of the universe, that otherwise is unreachable, due to the large proper
distance from earth. They explore the planets of a solar system, whose star
is a huge rotating black hole, aptly named Gargantua. They hope to find
a planet that can serve as a new home. One planet is in the minimum,
stable, circular orbit, almost as close as possible to the event horizon. This
is possible because Gargantua is rotating extremely close to its maximum
value a = (1 — 1.3 x 107'*)R/2 (Thorne, 2014). An enormous time dilation
factor of ~ 6 x 10*, as required by the movie director, is experienced. The
pilot astronaut spends a short time — hour(s) — on the planet, and after
the entire trip, has hardly aged. However, when he returns to earth, he finds
the young daughter he left behind, is now a very elderly woman.

This example shows how such phenomena can be possible with a spin-
ning, but not a static black hole. The radial coordinate of the planet’s stable
circular orbit is 7 = R.(min). In Section 8.5, the following was found:

3R, a=0,
R.(min) =
R/2, a=R/2.
Thus, for a static black hole, Eqs. (8.65)—(8.67) and (8.88) yield

1 8\
E/2 § ’

a3 (8\"*_
dr — 2\9 o

The time period dt is that read on a faraway at-rest clock, and dr is the
time period on a clock attached to the planet. So from a static black hole,
a time dilation factor at most 1.4 is possible.

In Gargantua’s case, you might expect a larger time dilation. The radial
coordinate of the event horizon is half, what it would be, in the static case.
However, a time dilation factor of 6 x 10* is truly impressive. The innermost,
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stable circular orbit solutions come from solving Eq. (8.91) and Eq. (8.92)
is the exact solution. The exact solution could be evaluated with Mathe-
matica, but it isn’t very instructive. Chandrasekhar quotes, unfortunately
without proof, the following result:

R.(min) = (1 + (46)'/3)R/2, when a =

|

(1—-0), d—0.

Here the proof is indicated. Start with Eq. (8.91), and note z =
R.(min)/(R/2) and o = a/(R/2). If a = (R/2)(1 — ), then = 1 + ¢,
€ — 0. So the differential equation to solve for the direct case is

0=(14€?=6(1+e)+81—-0)1+eY2-3(1-46)>2

Now expand (1 4 €)/2 for very small e. Given Chandrasekhar’s solution,
the expansion should go, at least, to the third order. Thus,

0=1+4+2+e—6(1+e)+8(1—0)(1+¢/2—€2/8+€/16) — 3(1 — 20)
=(1-64+8-3)+e2—6+4)+2(1—1)+¢/2
+0(—8+6 —4de+ €2 —€3/2)
~ /2 — 26, thus e = (46)'/3.
Obviously expansion beyond third order can be neglected. This yields
R.(min) = (1 + (40)/3)R/2.

If one now uses § = 1.3 x 1074, the Thorne value, the following results are
obtained:

dt
R.(min) = 0.500019R, E, L =0.577372 x (1, R), P 61874.
T

So the movie illustrates a valid scientific effect. The radial coordinate of
the planet is extremely close to that of the horizon. However, the calculation
of the proper distance from the horizon, left as a problem, indicates it isn’t
as close to the horizon as you might think. The curvature of space is very
large in this region.

Problems

1. A massive, spherically symmetric star goes supernova. The remains of
the star are a mass three times that of the sun M’ = 3M, that will col-
lapse radially to a static black hole. If the remains start with a surface
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radial coordinate twice that of the sun r = 2R, what is R/r, where R
is the Schwarzschild radius? The surface starts its collapse from rest. As
the star collapses, excited *He atoms at the surface emit radially, pho-
tons of characteristic frequency v/, while the atoms continue to freely
fall with the rest of the star. What frequency v will be observed by
a stationary observer at 2R, in terms of the photon emission radial
coordinate r? When the collapse goes through R show that the pho-
tons are red shifted to the extreme. As a hint, recall Egs. (2.27), (2.28),
and (6.2)—(6.6).

. Other metrics can be used to illustrate that light cannot escape from a
singularity. The following metric from the element of proper time will
also do the trick,

(dr)? = (1 — M'/r)*(dt)* — (1 — M'/r)=*(dr)?
—72((d6)? + sin® B(dp)?).

There are singularities at » = M’ and » = 0. Change coordinates to
(v, 7,0, ¢) with the transformation, t = v — f(r), so that g,.. = 0. Then
the singularity at » = M’ is removed. Find f,,, the new metric, and f
such that v = 0 at » = ¢ = 0. Does this metric describe a black hole?
That is, can light originating at r < M’ get to r > M’ while light
originating at r > M’ can get to both r < M’ and r = oc.

. A particle crosses the event horizon r = R of a Schwarzschild black
hole. What is the maximum proper time to get to the singularity at
r = 07 Suppose the particle starts from rest at » = 5R. How much
proper time passes before it reaches r = R?

. In Problem 3, the proper time for travel to the horizon of the black
hole is finite. Here, the time ¢ on a clock of a faraway at-rest observer
is considered. Take a particle at rest far from the black hole so that
E’ =~ 1. Calculate how long it takes to get to the horizon of the black
hole?

. Show Egs. (8.8) and (8.9) lead to Egs. (8.10)—(8.12).

. Compare the ratios of the radial coordinates and areas of the horizon
of a static Schwarzschild black hole to a rotating black hole.

. For the static Schwarzschild black hole, a solution § = 7/2 is possible.
Write out the equation of motion for the coordinate 6, and show it also
is a solution for a rotating black hole?

. Suppose the orbit of the GP-B gyroscopes was about the equator
instead of about the poles, and their orbital angular momentum was
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10.

11.
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in the same direction as the earth’s angular momentum. Calculate the
magnitudes and directions of the geodetic and frame-drag precessions.
You should find something interesting for the frame-drag precession.
Have you any explanation? That is found in Schiff (1960). Explain why
a polar orbit is better for the experimenters.

. Suppose a black hole has maximum spin a = R/2. A massive particle

with 6 = 7/2 is released from rest at » = 5R. What is Ccll—f and ‘Cil—: at the
outer edge of the ergosphere and at the horizon?

What is R for the black hole in M87 using its given mass? Do you think
a is similar to that of Gargantua or close to the static value? Explain
and obtain an estimate for a.

Suppose the black hole in M87 was Gargantua and suppose you were
on the planet in the closest, stable, circular orbit. The planet is not as
close to Gargantua as its radial coordinate implies. What is the proper
distance to the horizon? What angle is subtended between Gargantua’s
center and horizon? Compare this with the angle subtended between
the sun’s center and its radial edge, as seen from earth. Try to visualize
what the view of the sky would be, since you know what the view of the
sun is from earth. Gargantua didn’t look this big in the movie because
the director wanted a different visual effect.



Chapter 9

Cosmology

9.1 Robertson—Walker Metric

There are a large number of particles that group into various structures in
the universe. In order to make headway, the cosmological principle is used.
This principle states that no position is favored, or every observer’s view
is the same. At first this seems crazy. Our position is certain to give a view
of the solar system that is different from that of the sun or another star. So
the proviso, when averaged over a large enough distance~ 10° pc, is added
to the principle. Such a distance includes many galaxy clusters. On this
scale, as shown in Fig. 9.1, the universe is spherically symmetric about any
point or is isotropic, and looks the same in all directions or is homogeneous.
Also when a faraway source is observed, the observer is looking back in time
because the radiation travels with finite velocity.

The best model of the universe has it starting in a hot, dense state
about 13.8 Bya. It has since been expanding and thus cooling, review Prob-
lem 2.15. There is a relic signal from the past, from about 0.37 My after the
start, called the cosmic microwave background (CMB). This background,
observed in all directions, yields the most ideal Planck black-body spec-
trum yet found. The CMB originates from the time when the radiation was
much hotter, but still cool enough so that atoms could form. At that point,
the electrons could no longer scatter the radiation. The universe became
transparent to the CMB photons, and they too cooled with the univer-
sal expansion. The decreasing temperature is a scalar providing a time
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Fig. 9.1 Views of the universe at various distance scales. At the largest scale, the universe appears homogeneous and isotropic.

Credit: Andrew Z. Colvin.

781

UOVDUMUDTS 1540, T fig20190)9) (D40UDE)



Cosmology 185
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Fig. 9.2 The COBE (2015) Project CMB data compared with a Planck spectrum.

marker for the expansion. In Fig. 9.2, the results of the COBE experiment,
available at COBE (2015), is compared with a Planck spectrum. A sum-
mary of all the data (Fixsen, 2009) shows that a T' = 2.726 K spectrum is
observed everywhere you look and substantiates a homogeneous, isotropic
universe. The theoretical prediction is wider than the error bars on the
data points. The COBE, WMAP (2015) and PLANCK (2015) experiments
have observed subtle structure in different directions of the sky, on a much
finer temperature scale ~ 1072 K. This structure is thought to be due to
random fluctuations in the extremely young universe, and led to formation
of structures observed today.

Experiments are carried out and they yield g, (xX), T, (2X). A different
coordinate system #X is considered equivalent if all of universal history
appears the same when expressed in terms of these coordinates. That is,
at any place and time, expressed in terms of XX, the relations between the
two systems are as follows:

guu(XX) = gu'v' (XX)7
T, (XX) = Ty (XY).
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Then as cosmic time has been determined from a scalar, that scalar is only
a function of time,

S(a®) = S(z),
20 = 2%
So all “good” coordinate systems use the same “cosmic” time. These
assumptions allow a suitable metric to be obtained.
The expanding universe or cause of the decrease in the universal black-
body temperature requires a time-dependent metric of the form,

dr? = dt* — Q*Cyda'dr?, Q= Qlt]. (9.1)

Here, ¥ = 2%¢;, dF = dz'é;, and the scale factor @ is only a function of cos-
mic time. Since there is no preferred direction, go; = 0 and goo = —1 because
cosmic time is the same for all observers. The quantity C;; is required to
make the universe spherically symmetric and seen to be the same if one
translates from one origin to any other. The following, with r? = (r)?, is
the simplest form that will do the trick,

S o k(mpa™dz™)? L k(F-dR)?
Cijdztdx? = njda'da! + —————— = dr - dif + ———=—,,
Javar g 0+ 1 — knggzsat " T+17kr'r (9.2)
dif - dit = (dr)? + r2((df)? + sin® 0(d¢)?), - dF = rdr,
i (dr)z 2 2 .2 2
Cijda'da’? = T2 +7r2((d0)* + sin” 0(dep)~). (9.3)

It is clear that any other coordinate system that is just a rotation of coor-
dinates will give the same form because the metric is expressed in scalar
products. The curvature constant k is needed to account for a possible,
flat, open, or closed universe. The scale factor ) allows for a universe that
evolves in time.

This equation yields the Robertson—Walker metric (Robertson, 1935;
Walker, 1936). It will soon be seen that the curvature constant k can take
on only the values (1,0, —1). The quasi-translation below takes the origin
to d. It is just an ordinary translation if £ = 0, and it is obvious that in
this case Cy;da'da? and Cyjrda’ dz?” have the same form. However, this is
also true for the other values of k (see Problem 1):

a-r

o =2t +d (1—kr2)1/2—(1—(1—k(a)2)1/2)a—)2 ,

., 9.4
km/m/xl dx™ ( )

. . -/ -7
Cyydx’ dx’? = npjda" do? + —————7—.
1 —kngpasx
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The reason constant k can take on only one of the above three values is
because r and ) can be renormalized,

k >0, chooser = kl/zr, Q= Qk_l/z,
(1—kr?) ™t =(1-7)"",
(dr)? = k™ ()

- 1—72 7

k <0, chooser=|k|"?*, Q=Qlkl~"?
(1= kr®)™h = (L blr) = (4797,
(dr)? = |k~ (dr)?,
(dr)?
1472
So from now on the bars over r and @ can be dropped.
To get an idea of how the curvature is affected by k, consider the three
possible cases. When k& = 0, the quasi-translation becomes an ordinary

translation so that the universe is flat. For other values of k, the metric is
diagonal, so the determinant of the metric and the invariant volume element

dr? = dt? — Q? [ + 7%((df)? + sin? 0(d¢)2)}

are as follows:
2

r .
(~det(gu))* = Q° 37 sin
BV — OPdt— " drsingdod
=Q t(l o YE 7 sin 0.

If £ =1, choose sinu = r,
u=sin"! r,
du = (1 —r3)~2dr,
d*'V = Q3dt sin® udu sin 8dAde.

As u increases, it increases faster than sinu. So, for large u, the areas of
spheres do not increase as fast as in a flat universe. Such a universe is closed.
If £ = —1, choose sinhu =7,

w=sinh™'r,
du = (14 r3)"Y2dr,
d*V = Q3dt sinh? udu sin dOd¢.
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As u increases, it increases slower than sinh u. So, for large u, the areas of
spheres increase faster as compared to a flat universe. Such a universe is
open.

The problem of cosmology is to find Q(t) and k. The sections that follow
indicate what observations are made and what they lead to. It turns out
that £ = 0, but for historical reasons and to indicate what cosmologists had
to go through, it will be written as k for awhile longer.

9.2 The Red Shift

As elements are de-excited they emit characteristic photons, the line spec-
tra of the elements. By comparing light from distant sources with what is
observed in the laboratory, it is found that the characteristic wavelengths
are always shifted to the red in very distant sources, and the farther away,
the more the shift. This doesn’t work for close objects like the Andromeda
galaxy at a distance of 2.6 x 10° ly. Local gravitational effects and other
local motion mask the expanding universe effect. This red shift is different
from that encountered in Chapter 5, where the light was emitted in stronger
or weaker gravity than the observed light.

Assume a light wave crest leaves a typical galaxy at radial coordinate
r = d when t = t; and Q = Q1. The light travels in the —é,-direction
reaching us when ¢t = ty and QQ = Q. Many red shifts are observed at tg, so
the red shift is labeled by t;1. The next crest leaves at t; + dt1, and arrives
at to + d0tp. During the small period of time between crests, () is essentially
constant. As ¢ increases, r decreases and the metric yields for df = d¢ = 0,

0= (dr)® = (dt)* — Q*(dr)*(1 — kr*)7",
dt/Q = —dr(1 — kr?)~'/2,
to 0
/t dt/Q = f/d dr(1 — kr?)~12 = f(d),

fld] = (sin~'d,d,sinh~'d), k= (1,0,—1)

~d ifd<1lork=0, (9.5)
to+dto to to
d = f(d) = d = dw 9.6
| we=sa=[Taq= [ avy, (9.6)

W[to] — W[tl] W[to + 6t0] — W[tl + (Stl],
Wlto + dto] — Wlte] = Wty + 6t1] — Wt1],
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dWt]
dt

dWt]

oto

lty, = Ot1

% _ %, Qo1 = Q(to), Q(t1).

The above equation leads to a simple relation between the frequencies
of the emitted and received radiation,

oo 1 Ao Qo
R a:l—l—z (9.7)

If 2 > 0, then A\g/A; > 1, which is a red shift. If z < 0, then \g/\; < 1,
which is a blue shift. If for faraway sources there is always a red shift, then
Qo/Q1 > 1 and the universe is expanding. This is what the observations
indicate, and z is called the red shift.

In elementary physics classes and indeed when SR was studied, one can
show such shifts find a natural interpretation in terms of the Doppler effect.
This is not strictly correct as frequencies are affected by the gravitational
field of the universe. It is approximately correct, as shown below, for close
in sources with small outward radial speeds. From Eq. (2.26), we have

|t17

n/v=[1+v)/1-v)?~1+v=1+2 v=2z

The same result is obtained from Eq. (9.7). However, to relate that
result to v, the proper distance L, to the light source is needed. For a light
source at radial coordinate d, L, is given by the metric and Eq. (9.5),

d d
L= [ ()2 = Qo [Car -k = Qoft@) - (03)

~Qod ifd<lork=0. (9.9)

In texts, the proper distance is also called distance now, proper motion
distance, co-moving distance, or co-moving radial distance. In this case,
the proper velocity of the source is as follows:

drL, dQo
vp = =d—| =d—,
dt dt : dt
dQo Qo — Q1
= t t
dt to — t ) 1 — to,
Y _ Ql {Qo B 1]
d to—t1 [
Ql QQ Lp z

= Zz z = -,
to—t1  to—t1  to—t1d

Z = Vp.
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This is the same result as obtained using the Doppler shift. However, it
only works for close sources with L,/(to — ¢1) ~ ¢ = 1, and the universal
expansion can be neglected.

In 1929, E. Hubble observed what he thought were faraway sources, as he
had no idea of the size of the universe. We now know they are rather close
in objects. He noticed that essentially all the sources showed red-shifted
light, indicating an expanding universe. He measured their non-relativistic
speeds from the red shift using the Doppler effect and also obtained an esti-
mate of the distances to the sources using Cepheid variable stars, discussed
below. The distances were severely overestimated because many of these
stars were very dim and part of their light output was scattered by cosmic
dust. The observed stars were so close that local motion was hiding the
universal expansion. Though his data had large spread, he inferred a linear
relation between velocity and distance z ~ v, = Hd. This is the only such
relation that would be the same for all observers, independent of position,
as illustrated in Weinberg (1977, Fig. 1). These data gave the first value for
the Hubble parameter, at times mistakenly called the Hubble constant H.
He reasoned that if faraway objects were all rushing away from us, then at

HubblcI (1929)
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Fig. 9.3 Modern replotting of Hubble’s 1929 Fig. 1 by Richard Pogge, The Ohio State
University, using the original data of Hubble (1929, Tables 1 and 2).
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an earlier time they must have been on top of each other. This allowed him
to arrive at an expansion age for the universe v = d/ty = Hd, ty = H™ 1.
The determined age was much lower than the current value, but indicated
that it was to be measured in billions of years. This announcement (Hubble,
1929) of a linear relationship between velocity and distance ignited the field.
Such measurements still continue with ever improving accuracy (Fig. 9.3).

9.3 Determining Distance

For very close stars, the distance can be determined by parallax. As the
earth orbits the sun, the star whose distance is to be measured, appears to
move against the background of seemingly fixed distant stars, as indicated
in Fig. 9.4. From the extreme wanderings that occur half a year apart, the
parallax angle p can be determined from the straight line light paths,

b/dj =b/d=tanp ~p, dj=>b/p.

The origin is at the sun’s center, b = 1.496 x 10! m is the radial coordinate
of earth, and d is the radial coordinate of the star. In Newtonian physics,
these coordinates are the distances. This formula is good enough because
gravity is so weak, and only close stars are considered.

General Relativity (GR) requires taking gravity into consideration. The
light paths are geodesics as indicated by the dashed curve in Fig. 9.4. Follow-
ing the development of Weinberg (1972), light leaves the source at position
cf, and eventually reaches us. In the coordinate system 2+, where the origin
is at the light source, the tip of the ray path is at ¥’ = fir’. Here 7 is a
fixed unit vector and 7’ is a parameter describing positions along the path.
In order to translate to the coordinate system in which the light source is
at d and the origin is at the center of the sun, the quasi-translation Equa-
tion (9.4) must be used, so that the same metric holds for both observers.

For this case, use @ = d and 2' < 2V . Thus,

Ia g
Pty = d | (- k) -1 kd2)1/2]¥ - (9.10)

Only light rays passmg close to the orlgm are observed, so that 7 must
nearly point in the —d-direction. Thus 7 ~ d+5 where § < 1 and d-6 = 0.
In what follows, only first-order terms in § are kept. In Fig. 9.4, it is the
small angle between the light path and —d as measured in the z#’ system.
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Position of close-in star relative to distant (fixed) stars

Newtonian
light path

earth sun earth

\ sarth positions /
six months apart

Fig. 9.4 Parallax is the wandering of a close star against the background of fixed, distant

stars as the earth orbits the sun. From the extremes of the wanderings, the parallax angle
is determined and geometry yields the distance to the star.

If the relation for 7 is inserted into Eq. (9.10), then

-

) = (e ) = )2 = [ (1= k)2

—rd| e (- - - )]

=76+ dld(1 — kr'*)Y? — ' (1 — kd*)/?]
ds, atr' =d.

Q

It is seen that the light ray comes closest to the origin when v’ = d, as only
the very small vector ¢ is involved.
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The impact parameter b is really the proper distance of the light from the
origin at this point. Use of the above equation, Egs. (9.5), (9.6), and (9.8)
yield b = QopdS. Measurements of parallax amount to measurements of the
light direction as a function of b. The light ray has a direction, at this point,
given by the derivative of the above vector,

dr(r’ - s _
D = 6 dldkr) (1~ )72 (L )2
d
=6 +d(1— kd*)™V? [~kd® — (1 — kd®)]
=6 —d(1 — kd*)~V/?,
di (')
¢ = —(1— kd®)!/?
€ ( ) dr’ |,

d—(1—kd*)'?5~e.

To first order in 4. , the observer’s line of sight at this point is in the direction
of €. This direction is opposite the light ray direction at this point. Then
the angle between the line of sight and d is, noting that the small angle
approximation holds,

prle—d =1 —kd*)"26 = b1 — kd®)'?/(Qod),
9.11
dj =b/p=Qud/(1 — kd*)'/* = Qud = L. o

The above is an exact result if £ = 0. From Euclidean geometry, a source at
distance d|, with impact parameter b < dj, has a parallax angle p = b/d.
The above expression is general. These distances can only be measured for
stars close to us. There d is the proper distance to the star.

Take d for the closest stars to be 4 ly, or 3.8%x10% m. In this case,
p = 0.83”. The best satellite telescope Hipparcos (HIPP, 2015) can measure
angles to a precision of 0.002”. So individual stars up to about 1600 ly
can be measured by parallax. If you can measure lots of stars N in the
same vicinity, for example, a globular cluster or nearby galaxy, the error
can be beaten down by a factor N'/2. Millions of stars in the Magellanic
Clouds have been measured, so that parallax can reach there. The GAIA
experiment (Soszynski, 2012) hopes to reach a sensitivity of 20 x 1075,
allowing stars tens of thousands of light years from earth to be measured
by parallax.

To go to larger distances, the comparison of absolute luminosity L
and apparent luminosity flux L, is exploited, where absolute means the
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actual power output, and apparent is the measured power per unit area of
the observing mirror. Dividing by the area standardizes the observations
of different observers. Put the origin at the center of the observing mirror
instead the sun. Let the mirror have radius b, area A, and normal along
the line of sight. The light that reaches the mirror surface lies in a cone, in
the ' system, with half angle §. The fractional solid angle of this cone is
AQ /47, where AQ = 762 = 7[b/(Qod)]? = A/(Qod)?.

This quantity is the fraction of all isotropically emitted photons that
reach the mirror. It is just the inverse square law. However, due to the
red shift, each photon emitted with frequency v = E/h, at Q is shifted
to a lower frequency v(Q1/Qo) = v/(1 + z), when observed at Q. Also,
the photons that were emitted at time intervals d¢1, are received at inter-
vals 6t1Q0/Q1. Then the absolute luminosity is decreased on traveling the
requisite distance in all directions such that

dE . Q1) A
E (recelved) = Lab <@> W,
o dE . o LabQ% _ Lab
Ly, = o (received) /A = QL = Ind
Lo \'*_ Q3d
dr, = = — 12
g <477Lap> Ql (9 )
_ Qo _ _
= [Qod > = d (1+2) = Ly(1+2). (9.13)

The apparent luminosity flux is decreased via the inverse square law,
from which the luminosity distance dy, is defined, as in Euclidean geometry.
The luminosity distance is larger than the proper distance because after the
light is emitted the source and earth separate due to the expanding universe.
The light must travel a longer distance than just the proper distance when
it was emitted, and the light itself is red shifted. For objects with small
red shifts, this doesn’t amount to much. However, as we shall see, there are
many objects with large red shifts. For close objects z ~ 0 and d| = dr,. So
for sources that allow a parallax distance measurement, L, leads to the
source’s Lgp.

There are corrections that experimenters must apply. For example,
detectors are sensitive to only part of the electromagnetic spectrum. Some
light originally leaving the source is red shifted out of the sensitive region,
while other light is red shifted in. Corrections must be made for our rotation
about the Milky Way center and the absorption of light on its journey.



Cosmology 195

Period-Luminosity Relation for Cepheids
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Fig. 9.5 The absolute luminosity—period relation for Cepheid variable stars. The curves
indicate the trends of the data. Type II stars are metal rich and brighter than the metal
poor type I stars.

Once a large number of stars have their distances measured by par-
allax, their L, is determined from L,,. Some stars are variable in their
luminosity. For example, Cepheid variables have periods of intensity vari-
ation that are closely linked to L,;. The trends in the data are shown in
Fig. 9.5. The observation of variable stars with this characteristic, in far-
away galaxies, gives their L, from their period. Measurement of L, yields
dy, for the galaxy. Such observations get astronomers out beyond a number
of galaxy clusters. Along the way, the L, of the brightest stars in galaxies
and brightest galaxies in clusters are obtained. Looking out to even farther-
away galaxies and clusters, it can be assumed that their brightest stars and
galaxies have the same L, and the distance to them is determined by L.

Nowadays, type 1 supernovae, that have no hydrogen lines in the visible
spectrum, are used as standard candles. Their L is calibrated from close
in explosions, and used for the most remote sources. They are standard
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candles because their explosions arise from the same cause. These rela-
tively rare sources were white dwarfs, supported from collapse by electron
degeneracy. The latter is a purely quantum effect due to the statistics of
identical fermions. They add mass by accretion from nearby objects until
carbon fusion is ignited, and the star blows up. It emits as much visible
energy as the entire galaxy for a very short time. Their observation gets
us out to Bly distances. The WWW has many figures for visualizing the
topics in this section.

9.4 Red Shift Versus Distance Relation

Return to the conditions of Section 9.2 where the red shift was defined.
An expansion of Q about ty can provide a relation for z in terms of the
radiation travel time u; = tg — 1 or the luminosity distance dy. Assume,
the expansion can neglect terms of third order or higher, in the expansion
variable u =ty — t,

- Qo W dQy Qo d*Q
Q=CQ-v7 -+ 57 2 = a2

to
=Qo|1l— id;QO + u_2d2Q0
I Qo dt " 2Qp df?
= Qo [1 — Hou — qoHiu?/2] . (9.14)
In the above equation,
1dQ 1 d’Q 1 dH
== 4= —— =1+ —=— 9.15
o T moar  Tma (9-15)

where H is the Hubble parameter with present value Hy and —q is the
acceleration parameter with present value —qq.

Evaluate Eq. (9.14) at time ¢;, where u = wuy, and find the relation
between the travel time and red shift,

1= % [1— Hous — Hiqou? /2]
= (1 -‘rZ) [1 — Houy — HgQQ’U,%/ZI s

Houy + Hiqoui /2
1 — Houy — HZqou3 /2

[Houl + ngou%/ﬂ [1 + Houl]
~ Houy + Hau3 (1 + qo/2).

z =

Q
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This is a quadratic equation that is easily solved for uq,

_ —Ho+Ho[1+42(1+ q0/2)]""*
v = 2H2(1+ q0/2)
1—(1422(14qo/2) — [42(1 4+ q0/2)]?/8)
2HZ(1 4 q0/2)

:—HO

Hiou —2(14 q0/2)]- (9.16)

The relation between dy, and z comes from Eq. (9.6) with f(d) = d and
from Egs. (9.13)-(9.16). Since du = —dt,

t() t()
d = / dt/Q = le/ dt [1— Hou — H§q0u2/2]’1 ;
t1

t1

0
Qod ~ — / du [1+ Hou + goHZu?/2 + H3u?|

1

_ / du [1+ Hou + (1 + qo/2) H2u?] ~ us (1 + Houy /2)
0

= 1= 2+ a0/ +2 (1 - 2(1+0/2)) /2]
0
~ g =2+ w)/2],
dr = Qud(1+2) = 214
0
~ Hio (14 2(1—q0)/2]. (9.17)

To lowest order in z, the above is the Hubble relation z = Hydy,. So the
program is to measure z and dj, as accurately as possible, for many objects,
to determine Hy and gg. To measure the latter you need to measure at very
large distances where z > 0.5. Here, type 1 supernovae serve as standard
candles. A number of them, at various dy,, are needed to determine the shape
of the curve. For Hy, objects with 0.05 < z < 0.1 are needed, to confirm
the approximate linearity of the dy versus z relation. For smaller red shifts,
you could be measuring a local velocity rather than the universal expansion.
Even for the Virgo cluster, that was beyond Hubble’s reach, dy, ~ 16.5 Mpc
and z ~ 0.04.
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Fig. 9.6 Supernova data for red shift versus luminosity distance indicate that the uni-
verse is undergoing an accelerating expansion (see text).

A sample of the modern data is schematically shown in Fig. 9.6. Hubble’s
data region is a very small area near the origin. The two groups providing
the data are the HighZ Supernova Search Team (Riess, 1998), and the
Supernova Cosmology Project (Perlmutter, 1999). The data are shown
schematically as rectangular bands, and especially at the highest red shift
values, indicate that a straight line fit fails. An accelerating expansion is a
better explanation. The data are fit to Robertson-Walker dynamic models
for the matter and dark energy densities as discussed below in Section 9.6.
The analysis from the PLANCK Collaboration (2015) yields the following;:

Hy = (67.84 1.7%) km s ' Mpc ™!, (9.18)
tu, = Hy ' = (1444 1.7%) x 10° y, (9.19)
qo ~ —0.54. (9.20)
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The result for ¢ is based on a calculation using the best fits for the

matter and dark energy densities (see Problem 12). However, just fitting
4?Qo
at?
The universe is open and will expand forever. As shall be seen, a way

would have found —gg > 0. Thus > 0. The expansion is accelerating.
to explain this in GR is to keep a nonzero cosmological constant A in
Eq. (5.9). The contribution from the cosmological constant is a form of non-
understood “dark” energy that provides a negative pressure. In a younger
universe, dark energy was not so important, however, it has now taken
over.

This leads to a note worthy item. The proper velocity v, = d% is going
to get larger and larger as time increases. A future observer may see v, > 1.
This doesn’t conflict with relativity. The photons emitted by an object still
have ¢ = 1, however, space is being created between objects. This is absent
from relativity theory, and that’s what’s making v, > 1.

9.5 Fluids

In order to solve Einstein’s equation (5.9), the energy-momentum ten-
sor T}, is needed. Also, even though gravity is weak, GR is required.
For example, if the universe had a uniform mass density p, the quantity
M/r = 4npr?/3 > 1, at some r. In order to make headway, the many bod-
ies making up the universe are subject to a simplifying assumption, namely
that they constitute a perfect fluid. Then an momentum—energy tensor,
that makes testable predictions, can be obtained.

In the SR frame O where all the particles are at rest the fluid is called
dust. In this frame, the number density of dust particles is N/V = nm=3.
In another SR frame O’, where the particles are moving with velocity @/,
the volume element is contracted by a factor 1/y = (1 — ||?)/2. In O’
n' =n.

The flux of particles across a surface is the number crossing the surface
in the direction of the normal to the surface per unit area per unit time.
Thus, all particles within a distance v" At’ of the surface, where o' is the
speed in the normal direction and within area AA that defines the size of
the surface, will cross the surface in time period At’,

f= (" AYAA) /(A AA)

</
= yno' .
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Note that the vector N¥ = nUH combines both the flux and number

density,

NY = U = n,
N = nU? = 'ym)?,

N¥ Ny =02 (=1+ (')?) = —n>. (9.21)
This result shows that n is an invariant, just as a particle’s momentum
vector P* = mU", yields PP, = —m? for the particle’s invariant rest
mass.

In frame O, the energy of each particle is just the rest energy. If all
the particles had the same rest mass m, the total energy density would be
p = nm. In the frame O’, the energy would be m increased by a factor
7. The number density would be similarly increased, thus p’ = v2p. The
energy—momentum tensor is the mathematical way to express these things,

TH7 = PN = pU U”". (9.22)

It’s obvious that this tensor is symmetric and its divergence is zero. Physi-
cally, it represents the flux of PP across a surface of constant 27 .

For example, dust has only one nonzero element 700 — p. Using
Egs. (1.9)—(1.11) and (2.10), the tensor in O’ is as follows:

Y = xﬂ/aﬁ "BD/ 50 P

T =% 52" 5 p = 7*p,

T =2 g2’ g p=~2pv’

T =2 g2l g p = o0
The element 77 being a momentum density change across a surface is
proportional to the force on the surface. In a liquid, this is equivalent to
the pressure p = Energy/Volume = Force/Area.

To get to the properties of a perfect fluid, consider a general fluid and its
thermodynamic properties. In this case, one can consider the rest frame of
each fluid element. This is the element’s momentarily co-moving reference
frame (MCRF). Since fluids can be accelerated, this frame may not remain
the MCRF at all times. Other elements have different MCRF’s. In this
frame, there is no bulk flow and no spatial momentum in the particles. All
scalar quantities associated with a fluid element are defined to be the values
in the MCRF. These include: rest energy Nm, rest energy density mn, total
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energy density p, number density n, internal energy per particle p/n —m,
temperature T, pressure p, and entropy per particle S. In addition, there
are the vectors U” and N#.

In the element’s MCRF energy E can be exchanged by the fluid absorb-
ing or emitting heat +£d@, and by doing work or by having work done on it
+dW = £pdV. When this is allowed, other elements of T"” become finite.
For example, the first law of thermodynamics yields, for an element with
N particles,

dE = dQ — pdV,
V = N/n, dV =—Ndn/n?,
E=pV, dE=Vdp+ pdV,
dQ = Vdp+ pdV + pdV

% (dp —(p +p)d§),
dg = dQ/N,

(9.23)

d
ndqg = dp— (p +p)7n =nTdS,

where T is the temperature in K(elvin) and S is the entropy per particle.

For the energy—momentum tensor this means 700 — p, the energy den-
sity. Since none of the particles in the element have spatial momentum, the
energy flux T9% is a heat conduction term as is T%°. In the case of a perfect
fluid, there is no heat conduction in the MCRF, so that 70 = 70 = 0.
Viscosity is a force parallel to the interface between elements. Its absence,
in a perfect fluid, means that the force is perpendicular to the interface and
T =0, i # j. This makes the energy—momentum tensor for a perfect fluid
diagonal. Also there is no preferred direction so all T% have the same value.
This feature will be preserved for the fluid as a whole as it is true for each
element,

TOO =p,
T =p, thus, (9.24)
T = (p+p)UPU” +pif”, U' =0,

In the above equation, U i — 0 because no direction is preferred. The above
equation is a tensor equation and is the equation in a locally inertial frame.
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For GR in general,
T = (p+p)UMU" +pg"”, U’ =0. (9.25)

As previously discussed, this tensor and the vector that forms it have zero
divergence,

T, =0 (9.26)
ut;,, =N",=0. (9.27)

9.6 Robertson—Walker Einstein Dynamics

The nonzero C symbols, Ricci tensor and scalar, and Einstein tensor for
the Robertson—Walker metric were evaluated in Problems 4.7 and 4.8. The
following results were obtained for the C symbols,

o 14 1dQ
1 ”Q dt 9 07 Q dt 9

I}, = 1= sin? 00 = —r (1= kr?)sin 0 = T,,  (9.28)

I‘ZT =771 Fiqb = —sinfcosb, I‘zr =71 Ff;e = cot 6.

These allowed the calculation of the Ricci tensor and scalar,

= g R = guR" /",  (9.29)

dQ\? d2Q
2 (k—f— (g) ) +QW

Q| (dQ\’
W“F(E) +k

v 1
R=¢""Ryu, = g"" Ry, = 6@

and the Einstein tensor elements,

)

G = Ruy — guwR/2, G" = R™ — " R/2,

1 {/dQ\?
o1 ()

1 2Q  [dQ\*?
Gii = *gii@ leW + <E) +k|.

: (9.30)
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The Einstein equation for the 00 element is as follows:

G + Ag" = 87T =8rn [(p + p)UOUO + pgoo]’

A
GO = 87 |(p + p)UU® + pg® — 8_goo )
™
Writing the cosmological constant term in the form of a perfect fluid is
revealing,

G =387 [(p+p)UU° + pg” + (pa + pa) U°U® + prg™]

A
pA+pA =0, py=———=—pa, (9.31)
8

G =8m[p+ pal.

In these equations, p is the energy density due to matter and radiation, so
that p = pr + pa, and p is the ordinary pressure associated with these
energies. They can only be functions of time. However, positive A yields a
positive “dark energy density” and a negative “dark pressure.” These stay
constant as the universe expands and because the universe is now so large,
A drives the expansion. It is interesting to recall that in Problem 5.4 the
Schwarzschild problem with A included was solved. In weak gravity A led
to a repulsive Newtonian force.

Using Eq. (9.15), g% = —1, (UO)2 = 1, and inserting the explicit form
for G% into Eq. (9.31) yields

d 2
3% [<d—?) +k| =87 [p+pal,
e (9.32)
(d—?) = —k+871Q%[p+ pal/3, or,
2 k
% = *;W +[p+pal- (9.33)

The present-day critical energy density p. can be defined,

3H3c?
81G

3H?
Pe= g
T
At the present time, Eq. (9.33) can be rewritten,

pe(MKS) = =7.66x10710Jm . (9.34)

1 3k

= — | —— =0 Q Q Q. 9.35
P SWQ%eroerA &+ Qpro + Qa0 + Qa (9.35)
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The data of the PLANCK collaboration (2015) yield
Qe =0, Qro~55x107" Qo =0.308, Qp=0.692. (9.36)

These results are best fits to lots of data including red shift versus distance
and the very small measurable non-uniformity of the CMB. However, the
observed density ratio for the ordinary luminous matter is Qoo = 0.05. So
there must be a form of “dark” matter, that only interacts with ordinary
matter via gravitation, such that Qpyg ~ 0.253. It’s an interesting universe;
the stuff that the stars and ourselves are made of accounts for only five
percent of its energy density. The rest is now made up of non-understood
dark matter and energy.

Experimenters in deep underground laboratories have mounted experi-
ments to directly detect the rare interactions of dark and ordinary matter.
In space, they look for gamma rays from dark matter, anti-matter annihi-
lation, but so far there is no positive result. There is good indirect evidence
for dark matter. For example, much stronger than expected gravitational
lensing by galaxies of distant objects is observed. Another example concerns
stars far from the center of galaxies close to us. As the galaxies are close,
red shifts due to the universal expansion are extremely small. The stars far
from the galaxy center are rotating about the galaxy center of mass, located
near the luminous center of the galaxy. The velocity of these stars can be
measured by observing Doppler-shifted spectral lines of the elements. Some
stars will have blue-shifted lines, while stars on the other side of the center
will have red-shifted lines.

In order to keep things simple, suppose the bulk of the galactic luminous
mass M is spherically distributed and the stars at distance R from the
center are well outside of this mass distribution. Let the velocity relative to
the galactic center be V. Then from elementary Newtonian considerations,
the centripetal acceleration is due to gravity,

V2/R=M/R?* VxR 2

However, the observations on Andromeda (Rubin, 1970), are in conflict
with this expectation. If only the luminous matter was available, the stars
should be flying off from the galaxy. They found that the velocity varied
from being flat to V' o< R. The latter behavior would be expected for stars
moving inside an unseen uniform mass density p,

V?/R = [(4n/3) pR®] | R* = (47/3) pRR,
V2 = (47/3) pR*, V x R.
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This enormous sea of unseen matter in which the galaxy is contained is
termed “dark” matter.

You might ask how the luminous mass of stars is determined? Many
stars exist as binary pairs. By determining their orbits about the common
center of mass, the masses may be obtained. The mass, luminosity, and
temperature of the stars form a profile of these stars. It is found that all
stars follow a sort of universal distribution on a plot of luminosity versus
temperature. So the masses of stars that are not part of a binary pair
are deduced from their position on the plot, called a Hertzsprung-Russell
diagram (see Kaufman, 1985).

Return to the Einstein field equations. Since ) gives the size of the
universe, the quantity Q%pomorpmo — Q*M/Q3? = M/Q decreases as Q
increases. However, Q?p, increases as Q2 increases because pj is constant.
This term has taken over, as the dominant energy density as @ has increased
so much. The radiation energy density is small now because the universe
has expanded and cooled, but as seen below was once the dominant term.
From Egs. (9.25) and (9.30)—(9.32), the Einstein equation for G™ is as
follows:

A
G +8r—¢g"" = 8xT"™ = 8npg"".
81

Inserting the explicit form for G"" yields
1 dQ\? d2Q A
0=¢g"|—-= | k — 2Q— 8m | — —
g [Q2<+<dt)+th2 TOT g TP
| 8T A 2 d2Q A
|5 (o) 5@ v (s )]

_ S AN _28Q o (A
T3\ Tsr) T gar T s )

The second derivative is positive now because p ~ 0 and dark energy dom-
inates. Thus, the expansion will continue at an ever faster rate. If there
was no dark energy content, a positive 9 would not be observed, and the
universe would eventually collapse with a big crunch.

dt?
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9.7 The Early Universe

In the very young smaller universe, the energy density was dominated by
the radiation. At present, the universal CMB presents the most perfect
black-body spectrum or Planck distribution. Penzias and Wilson, radio
astronomers at Bell Labs, discovered this spectrum in 1964-65. The inter-
esting story of that discovery is described by S. Weinberg (1977). In the
Planck distribution, the energy per unit volume in the range of wavelengths
between A and A + d\ is given by

A 2rhe !
_ 2
du = 167 hCF <exp {m} — 1) y

u = / du = aT* (9.37)
0

5 4
ST RBT) 7 565 % 107197 g,
15 (2mhe)

The above formula is written in MKS units so it appears as you have learned
it in elementary thermodynamics. Problem 8 explores the conversion to nat-
ural units. The temperature must be given in Kelvin. At present, Ty = 2.726
K. The distribution vanishes at both A = 0, 0o, and reaches a maximum at
A~ 1.2630h¢/(kpT).

In the past, the size of the universe was smaller by the cube of the scale
ratio f = Q/Qo. Also the wavelength of each photon would be smaller by
a factor f because as time decreases, the space between typical particles
decreases. The photons’ wavelengths are compressed by the same factor.
This is just the same as saying the photons have been red shifted to the
values we now measure. As a photon’s energy goes inversely as its wave-
length, the energy density is larger by the factor f~%. In the past,

du 5. dA 27 he -t
du' = F = 167 hcf4>\5 (exp [)\kBTo] — 1) ,

N =\ dN = fd),

X'/ f 2rhef -t
. 2
du' = 167 hc)\’5/f (exp [XkBTo -1

dN 21he !
2
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So in the early universe the Planck distribution also described the radi-
ation, but with a higher temperature 7’ = T/ f. As the radiation energy
density is directly propositional to 74, in that epoch the radiation domi-
nates, and the Einstein equation for G0 yields

1dQ\?
GOO =3 (a d—cf) = 87TpR7
dQ : 22 PR
= — H il
<dt) 0@ Pe

= H3Q* Y <@>4

e \ @
= H}QiQmQ ™2 = 0*Q 2,
aQ 1 B
E = ba, SO QdQ = bdt,
Q?/2=0b(t—t). (9.38)

So @ = 0 was achieved at some finite time in the past. Taking ¢’ = 0,
leads to @ = 0 when ¢ = 0 and Q — /2. So there had to be a start to
the expansion. The start is called the “big bang,” and time started at that
moment.

The very early universe, say way before 0.01 s, is not as complicated as
now. Then there were just elementary particles and anti-particles in thermal
equilibrium with the photons, at a very high temperature. There were equal
numbers of all types of particles as the energetic photon—photon collisions
could produce all types of particle—anti-particle pairs. The pairs rapidly
annihilated into photons. Since expansion is a cooling process, the density
was also decreasing. When 7' became so low that even electron—positron
pairs could no longer be created in photon—photon collisions, matter parti-
cles and anti-particles went through their final annihilation. Problem 2.15
showed that the photon energy was then 0.511 MeV, the temperature
was 0.59x 101 K, and Q/Qo = 4.6 x 1071°. As we are here and there
is no observed evidence for primordial anti-matter, some matter was left
over. Using the energy density data given in the previous section and the
most simplistic model for the nucleon and photon energies, a nucleon to
CMB photon fraction of ~ 0.23 x 10~ is obtained in Problem 9. More
refined models obtain a fraction of ~ 0.61 x 10~°. Thus, for every order
10 anti-matter particles, there must have been order 10° + 1, matter par-
ticles. No one knows why!
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All the free matter particles except the protons and electrons are unsta-
ble. For example, except for the neutron, the muon has the longest mean
life 660 m or 2.2 us. So all of these exotic particles are gone well before the
universe age is 0.01s. They are now produced at accelerators or by astro-
physical processes. The free neutron has a mean life of 830s, so many of
them stick around much longer, but some decay into protons n — per. The
number of protons increases and that of neutrons decreases. The universe
is still too hot for nuclei more complicated than 'H to form, and not be
blasted apart by the radiation. However, at a universe age of between 180 s
and 240 s, the nucleons could freeze into stable complex nuclei. Calculations
predicting 76% 'H and 24% “He are in agreement with observation.

There are only minute amounts of other hydrogen, helium, and lithium
isotopes because their binding energies/nucleon are so much smaller than
that of *He. Essentially all the neutrons froze into *He. You may ask why
weren’t there heavier nuclei, with even larger binding energies per nucleon
formed? Well, in her wisdom, Mother Nature did not make any stable nuclei
with five or eight nucleons. So it wasn’t possible for *He to pick up another
nucleon, nor was it possible for two *He nuclei to combine. Later on very
massive stars formed and died, the heavier elements being created in fusion
reactions in the stars, reactions between stars, and during supernova. The
latter causes the star’s contents to be spewed out into space, and become
the material of a later generation of stars — the sun.

It is still too hot for atoms to form because their binding energies are in
the eV range while nuclear binding energies are in the MeV range. So the
photons continue scattering from the electrons. At ~0.37 My, atoms formed,
and the universe became transparent to the photons. As the universe
expanded, their wavelengths stretched and their temperature decreased,
while maintaining their Planck distribution. This is the present-day CMB.
The universe became transparent to neutrinos before photons as their prob-
ability for interaction is smaller. So the former have a lower temperature.
However, such times are so small that they don’t effect these calculations.
It would be nice to observe the neutrino black-body spectrum, and measure
a lower T than we do for the photons, but that seems an impossibility at
present.

In this early time era, Eq. (9.38) yields

1dQ 1

— qtl/? S —
Q=at’", H ot 57"



Cosmology 209

As you go back in time, H is increasing rapidly. Also if ¢ = 0 is the begin-
ning, then radiation that left then, that is observed at time t, defines the
horizon distance Dy (t). This is the proper distance to the radiation source
that emitted photons at t = 0, that are observed at ¢. For that radiation,

(dr)* = (di)* = Q (¢) (dr)* =0,

dt [rme® bar
dr = —, / dr = —
Q Jo o @

’r‘max(t) t dt/
Di () = Q/O dr = Q/O > (9.39)

t
= t1/2/ di't' =12 = ot.
0

So as you go back to very small times, the size is decreasing like t'/2, but the
horizon is decreasing like ¢. This means the horizon is getting smaller faster
than the size of the universe. So less of the universe could be observed. For
example, for t = (0.0001,0.01)s, Q/[aDg] = 0.5t~1/2 = 0.5(100, 10) s~ /2.

If there was no causal connection between particles at the beginning,
how can one account for the flatness and the observation that the back-
ground radiation is the same in all directions? This is especially true for
opposite directions. A model called “Inflation” (Guth, 1998) postulates that
before the Planck time tp = (hG/c5)1/2 ~ 0.5 x 107*3s the universe was
causally connected and went through a vast, extremely rapid inflation in
size before it settled down to the expansion path outlined in this chap-
ter. The Planck time is constructed from the three basic constants, G, h,
and c¢. A Planck length Lp = ctp ~ 2 x 1073 m and a Planck mass,
Mp = (he/G)Y? ~ 1 x 1022 MeV/c? may similarly be constructed. Since
h is present, a quantum theory of gravity is required to understand the
beginning.

9.8 Matter and Dark Energy Domination

For most of the history of the universe, the dominant energies have been
a combination of matter and dark energy A. Dark energy is now taking
over. However, the period where matter was dominant and dark energy
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was neglected can be examined,

dQ 2 POM+DM PM

- — H2 2 PFOM+DM = H2 2P M

( dt ) OQ e OQ De
PMO

(%)
p Q
= HyQyQumoQ ' = *Q 7,
QY2dQ = bdt, 2Q%%/3=b(t—t"), t" ~ 0,

= HjQ

d
Q « t2/3, d_cf o< 2t71/3/3,

1dQ _ 2 2.4

T Qd 3t 3
Here, t” ~ 0, compared to the billions of years that the radiation was
no longer important. In this case, tg, = (2/3)H;' = 9.7 By. The fac-
tor 2/3 due to GR was not included in Hubble’s evaluation of the age of
the universe. This was the expectation before dark energy was added to
the energy-momentum tensor. The calculation above really jammed up the
works for awhile because some of the globular clusters in our galaxy are
measured to be older. It takes the cosmological constant or dark energy to
make an older universe. If dark energy becomes completely dominant, then
you get H (future) = constant. So the critical density will not change in the
future.

This leads to a perplexing problem. One assumes that the dark energy
has something to do with the vacuum. However, if one worked out vacuum
energy, that involves all those virtual particles; it would be seen that the
measured dark energy is smaller than the calculated value, by more than
70 orders of magnitude.

If all energy densities are kept and a change of variable u = Q/Qo,

dQ/Q = du/u employed,
dON 2
(%d_?) = H3 (pr + pm + pa) /pe
= H2(Qn + Q10 (Qo/Q)* + Qro (Qo/Q)Y)
= Hg (QA + QMOU_3 + QROU_4) ’

1d
_Q =H=H, (QA + QM0U73 + QR()U74) 12 s (940)

Q dt
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di — du
Hou (24 + Qarou=3 + Qrou=?)

o (9.41)

Initially © = 0 while at the present time u = 1. Thus,

1
to = Ho_l/ dzu (QA + Q]\/[Oui3 + QR0u74)_1/2 = 13.8 By,
0

when the integral is performed numerically. This indicates the expansion
time is close to the Hubble expansion time H; ! One can differentiate
Eq. (9.40) with respect to time and calculate the present value for gy (see
Problem 12).

The proper distance to a source that emitted light at ¢ ~ 0, that is just
received today, is the distance to the horizon. From Egs. (9.39) and (9.41),
this is

dt’ AN
aw=ofg-g[u(g) -
1 (9.42)
d _
Dpyo = Ho_l/ U—Z (QA + QMOU73 + QRQU74) 1/2 = 46 Bly,
0

when the integral is done numerically. However, there are objects farther
away, so that their light will be viewed in the future. There are also objects
that will never be viewed. This is because the speed of light is unity, but
the space between objects is expanding more and more rapidly. No observer
will see the light from such separated objects. We can’t tell how large the
universe is at any time. This partially explains why the night sky is dark,
as every line of sight does not end on a star. However, a better answer lies
in the previously discussed scenario: the amount of matter that gravity can
clump into stars is about a billion times smaller than what was available
in the early universe. The matter available for stars is now so dilute that
every line of sight would not end on a star. If it did, the universe would be
too hot for life as we know it.

One can see what the past was and what the future holds by changing
the integration upper limit. Figure 9.7 shows that with increasing time, H
has decreased rapidly, turned, and is entering its ultimate fate of constancy.
When the universe is twice as large as now H ~ 0.85H(. Figure 9.8 shows
that at that size the age will be ~ 1.8¢3. When the universe was ten times
smaller than it is now, its age was = 0.25¢(, but when the universe is ten
times as large as now, the age will be ~ 3.6¢y. This is a potent illustration
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L L L L L / O
" Q/Q(0)

Fi

—

g. 9.7 H/Hg versus Q/Qo.

S S S S T S S S S S S | Q/Q(O)
2 4 6 8 10

Fig. 9.8 Age * Hg versus Q/Qo, where Age is the expansion age.

of the accelerating expansion. The size is increasing faster than the aging.
By the time that size is reached H =~ 0.8 Hy, and will remain constant; the
horizon distance will be Dy ~ 13Dpy, and increasing linearly with age.
It’s intriguing to imagine the view (Fig. 9.9).
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Fig. 9.9 Dy * Ho versus Q/Qo, where Dp is the horizon distance.

Problems

1. Consider the quasi-translation of coordinates to new origin at a,

R . 7ed
7l =7F4+a (1—kr2)1/2—[1—(1—ka2)1/2]—a2 )

where r* = - and a® = @ - @. Show that this relation leads to,

o k(™ da™)? o k(Mmpa™da™)?
i’ ird. ¢ d J Y = 7«d 1d ! ’
Nirjrazr” dr’ + [T — nijdr dx’ + 1— kot T
L REAR? k(e d7)?
d’f‘l'd’f‘l—f—w :d’f"dr—f—m, or,
47 dF (1= k) + k(7 dP )2 dF - di(1— k) + k(7 di)?
1—kr? N 1—kr2 '

This can be proved with straightforward but lengthy algebra. Derive
7.7/ F.drf’ and dr ' - dr’, in terms of 7, dr and d, to begin the
calculation.

2. A distant galaxy has a red shift z = 0.25. Using the red shift versus
distance relation, what is the luminosity distance dy and the proper
distance now? What is the approximate proper velocity now, as given
by the Hubble relation? What was the proper distance when light left

the galaxy? Use the data for Hy and ¢ in the text.
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3. Show that H(z) ~ Hy(1 — dgozﬁloz + ).

Using %—?/Q = H,show 1+2 = exp[j;tlo Hdt], where t; is the time light
left the source at d, and tg is the time observed at the origin. Also show
that H; = —4%2/(1+ z). Note, many red shifts are observed at ¢, so the
red shift z is labeled by t1, the time light was emitted.

. Consider the conservation of energy and momentum 7"*;, = 0 for a

perfect fluid in a locally inertial frame. Show this leads to conservation
of entropy % = 0 or adiabatic flow. Make use of Egs. (9.23)—(9.27).

. Assume the perfect fluid that represents the universe. Do not assume

k = 0.Here (p(t), p(t)) are the (energy density, pressure) of the universe
and are functions of time. Apply energy and momentum conservation
and show that for the Robertson—Walker metric,

LdQ _ d(p@) | d@*

g dr 1dQ
Qdt  dt dt

Tdt

+3(p+p)

Use the results of Problem 6 to show that in the present universe p o
Q3. Show that in the young radiation-dominated universe the equation
of state was p = p/3.

. In cosmology and astronomy, black-body radiation plays an important

role. In this problem, the Planck spectrum is written in MKS units,

d_u B 1672he 1
D
87T5k4B 4
u=-—=_
15(27he)3 ™ 7
0.2014(2m)h
Ao T = #)67
kg

where du is the energy density in Jm™ of the radiation in the region
between wavelengths (A, A 4+ d\) in m; T is the temperature in K;
and kg = 1.381 x 1023 in JK~! is Boltzmann’s constant. The con-
stants ¢ and A, are given in Chapter 1. The wavelength A .y is that for
which % is a maximum. Evaluate the numerical values in the above
equations in MKS units. Transform the equations to natural units and
evaluate the numerical values. Note that T is the same in both sets of
units.

Use the present values of the ordinary matter energy density, the radi-
ation energy density and the temperature to calculate approximately
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the number of baryons/photons. The proton rest energy is 938 MeV,
and kp = 8.62 x 107! MeV /K.

Hydrogen atoms could begin to form when the typical energy of a
photon was about 0.015F;, where Ej is the atom’s ionization energy
13.6eV. That’s because there were too few higher energy photons in the
Plank spectrum to ionize the atoms that were formed. From this time
to the present, how much have the photons been red shifted? At that
time, what was the ratio of the radiation energy density to the mass
energy density, including dark matter? Use results from Problem 8, if
needed.

In the text it was shown that for a radiation energy density-dominated
universe Q o t'/2. Now show that the typical photon energy is given
by kpT = at~'/? and evaluate a. Find the times in seconds when
kT = (1, 103, 10°) MeV. Take k = 0 for the curvature constant.
Hint: work in MKS units, use the Plank formula for the radiation energy
density, express « in terms of G, &, ¢ and then numerically evaluate c.
Using the data provided, calculate gy, the present-day value of the
acceleration parameter.
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M/r earth, 29
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speed of light, see invariant
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cosmological principle, 183
covariant derivative

see vector, tensor
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dark matter, 204
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dipole radiation, 123
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early universe, 206
matter development, 207
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gravitational wave, 110
Maxwell, 52
Maxwell’s wave, 3
of motion, 50, 54, 55
Schwarzschild motion, 92
wave, 44
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light deflection near sun, 95
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gravitational lensing, 97
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Newtonian, 29, 55, 88, 105
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weak, 107
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radiation, 146
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homogeneous, isotropic universe, 183
horizon distance, 209, 211
Hubble, E., 190, 198, 210
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contravariant, 6
covariant, 6
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divergence of a vector, 43
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partial derivative of, 41
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see metric
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covariant derivative, 42
partial derivative, 1
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221

cosmic critical energy density,
203
cosmic dark matter energy
density fraction, 204
cosmic energy density, 203, 205
cosmic energy density, matter,
203, 209, 214
cosmic energy density, radiation,
203, 207, 214
cosmic matter energy density
fraction, 198, 204
cosmic radiation energy fraction,
204
cosmic scale factor, 39, 186, 188,
189, 193, 194, 196, 205207,
215
cosmic temperature, 39, 185, 206
dark energy density fraction, 198
Hubble, 190, 196, 197, 209
Hubble age, 191, 211
Hubble age now, 198
Hubble now, 198
Penzias, A. A., 206
Perrin, R., 81, 88
Planck, M., 4, 39
black body spectrum, 39, 183,

206, 214
time, length, mass, 209
potential

Newtonian gravity, 34
Pound, R. V., see experiments
proper distance, 20, 85, 86, 189, 193,
194, 209
proper velocity, 189
pulsar, 130
Hulse-Taylor, 130, 139

quadrupole radiation, 121, 123

Rebka, G. A., Jr., see experiments
red shift, see wavelength shift
Ricci, G., see tensor, invariant
Riemann, B., see tensor
Robertson, H. P., see metric
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Schiff, L. 1., 149, 182
Schwarzschild, K., 67, 76, 81
radius, 142
see metric, tensor
Shapiro, I. I., see experiments
simultaneity, 3, 7
spacetime, 5, 7
diagrams, 11
speed limit, 8
spin, 159
supernova, 107, 195

Taylor, J. H., see experiments, pulsar
tensor, 6
covariant derivative, 45
curvature, 64, 109
curvature, Schwarzschild, 68
Einstein, 66, 67, 109, 110
Einstein, Robertson—Walker, 202
Einstein, Schwarzschild, 68

energy-momentum, 110, 119,
121, 134, 199, 201, 210

energy—momentum, perfect fluid,
202

energy-momentum, 67
equation, 35
Kronecker delta, 1, 17, 42
metric, 17
metric, covariant derivative, 45
Ricci, 64, 109, 142
Ricci, Robertson—Walker, 202
Ricci, Schwarzschild, 68
Riemann, 54, 63, 65, 66
transform, 21, 41

theorem
Birkhoff, 129, 139
local flatness, 48

Thorne, K., 146, 179, 180

tidal force, 48

time
clock comparison, special
relativity, 8, 9
dilation, 9, 10
event, 2
proper, see invariant
see gravity
transform
coordinates, 2
Fourier, 117
Galilean, 7
gauge in electrodynamics, 108
gauge in weak gravity, 108, 110,
111
linear, 5
Lorentz, 5, 9, 10, 13, 35
Lorentz gauge, 110
twin paradox, 10
calculation with acceleration, 23

uncertainty relation, 30
units, 4

vector, 5
acceleration, 24
basis, 5, 21
contravariant, 17
covariant, 17
covariant derivative, 42, 44
displacement, 5, 19
gradiant of an invariant, 41
momentum, 26, 35
parallel transport, 59-61
partial derivative, 42
position, 19
tangent, 51, 60, 61
transform, 5, 18, 19, 21
unit, 2, 6
velocity, 22

Walker, A. G., see metric
wave
amplitude electrodynamics, 111,
112
amplitude weak gravity, 111, 112



effect on particles, 114

flux and power, 123

function, 111

gravity, 124, 132

plane, 110

transverse traceless, 111
wavelength shift

cosmic red shift, 188, 189, 196,

197
Doppler, 26, 189

Index
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Weinberg, S., 95, 129, 150, 154

Weisberg, J. M., see experiments,
Hulse-Taylor pulsar

white dwarf star, 196

Wilson, R. W., 206
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