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Preface

HE theory of relativity is a core component of physics curricula, yet the level at which it’s

taught can differ widely, from minimal coverage of special relativity (SR) in modern physics
courses, to treatments using four-vectors in mechanics courses, to covariant treatments of electro-
dynamics, to graduate courses on general relativity (GR). I have sought to create a text aimed at
advanced undergraduate/first-year graduate students, which starts with the foundations of SR and
continues through to GR, at roughly the same level of sophistication. What makes that a challenge is
the mathematics involved toward the end of the journey. General relativity requires the mathematics
of curved spaces, the province of differential geometry. If linear algebra comprises the mathematics
of quantum mechanics, differential geometry is the lingua franca of GR, and most physics stu-
dents learn this branch of mathematics in courses on GR. We start at the beginning developing the
mathematics as required with the goal of providing in one voice, hopefully in an accessible style,
the full picture of the subject. I assume students have had, or are taking, the standard courses in
undergraduate physics curricula—analytical mechanics, quantum mechanics, electrodynamics, and
mathematical methods—but not dedicated courses in relativity beyond what one encounters in a
modern physics course. I assume familiarity with the Michelson-Morley experiment (MM). I do not
presuppose a mastery of tensors; we supply a reasonably in-depth treatment of tensors, on flat and
curved spaces. There are numerous texts on relativity available, of varying degrees of rigor. I have
sought a middle ground between treatments that are qualitative and lacking in mathematical details
and works written by experts for experts.

Here are some points of note.

Minus signs: Minus-sign ambiguities arise at several places in relativity. The first is the Lorentz
metric. We choose (—+++); this seems best (to me)—it singles out time as the quantity warranting
special treatment, so true in relativity, and it leaves alone the Euclidean metric for spatial variables.
Students must learn from the outset that relativity mostly is about time. The perennial debate over the
Lorentz metric will not be settled here. Another source of minus sign confusion is in the Riemann
curvature tensor 2% s: I have put the indices associated with derivatives in the third and fourth
places, i.e., v and 6. We take the Ricci tensor as the contraction over the first and third indices of the

Riemann tensor, R, = R Lo Finally, the energy-momentum tensor is defined so that 79 > 0.

Notation: An attempt has been made at being consistent. Scalar quantities are indicated in italic
font: the speed of light, c. Vector quantities are indicated with boldface italic font: force F'. Tensors
considered as geometric objects are indicated with boldface Roman font: T (this notation doesn’t
appear until Chapter 5). Components of tensors are indicated in italic font with indices: T,,,. Tensor
densities are indicated with Gothic symbols, ‘T; that notation is sparingly used.

Units: I have kept all the factors of ¢, G, and £ in formulas. There is a certain panache in advanced
physics of working in units where ¢ = G = 1, etc. The aim of this practice is to: 1) avoid repetitively
writing the same old factors, and 2) gain insight into the geometric meaning of formulas. In a first—
and perhaps only—exposure to the subject, I have consistently worked in SI units.

Mathematics: Relativity is a mathematical theory; there’s no way around that. Tensors constitute
the very language of relativity: An equation of physics expressed as a relation between tensors,
if valid in one reference frame, is valid in all reference frames. Yet the mathematical preparation
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of students in this area is often insufficient for a study of relativity, and the power of the theory
cannot be harnessed without knowledge of its mathematical structure. To fill this gap, roughly 25%
of the book is devoted to the mathematics of relativity. Chapter 5 is an introduction to tensors
on flat spaces. Most courses will not cover all this material; consider the latter half of Chapter 5
reference material (which is used throughout the book). The first half of Chapter 5 comprises a
“tensor starter kit"—a foundation for the use of tensors in SR. For GR, a deeper understanding must
be developed. To study GR at anything beyond a superficial level requires a working knowledge
of tensor fields on curved spaces, which is developed in Chapters 13 and 14. I considered putting
the material in Chapter 13 (manifolds) into an appendix, but decided against: It should be part of
the main exposition of the subject. Nevertheless, it could be skipped on a first reading. Chapter 14
(curvature) presumes a familiarity with manifolds, but not all their properties in detail. Consult the
latter half of Chapter 5 and Chapter 13 as needed. The mathematics contained in Chapters 5, 13, and
14, if encountered for the first time, would be daunting despite my attempts to guide you through the
maze. It takes time to become proficient in the theory of relativity, to learn its methods and scope.
Physics students tend to learn mathematics on a “need-to-know” basis, and most learn this material
in courses on GR. Physicists often find themselves strangers in a strange land of mathematics.

Organization: Chapter 1 presents an overview of SR and GR. Chapters 2-10 develop non-
gravitational phenomena (SR), first without, and then with the use of tensors. Chapters 11 and
12 introduce the principle of equivalence (the equivalence of local gravity and acceleration) and
the treatment of accelerated motion in SR. Chapters 13 and 14 are where a traditional book on
GR would begin. Chapters 15—-18 present Einstein’s field equation, the standard first topics in GR,
and the extent to which they have been tested, mainly on the scale of the solar system. Chapter 19
concludes with a brief introduction to cosmology. Appendices contain specialized topics.

History: I have reproduced passages from the writings of Newton, Einstein, Minkowski, and others.
It’s instructive for students to see how the luminaries of physics have grappled with the very subject
they are encountering. No attempt has been made to offer a history of relativity.

Going outside the box: Relativity is foundational to much of physics. The book is offered against
the backdrop of the corpus of physical theory, to which the student is assumed to have had exposure.
When instructive I point out parallels with other branches of physics; I do not pretend that other parts
of physics don’t exist.

Disclaimers: In addition to typos and outright blunders, I welcome comments on what is not clear.
Invariably, when delving into a subject with sufficient depth you get “hot” on the material, and many
conclusions seem obvious. Later, however, they may not be so obvious. I have attempted to give all
the details necessary to derive the important equations. If the presentation seems ploddingly slow at
times, I’ve succeeded in bringing you up to speed. It’s all relative!

Acknowledgments: I thank my colleague Brett Borden for being my [ATEX guru and differential
geometry sounding board. I thank the editorial staff at CRC Press, in particular Francesca McGowan
and Rebecca Davies. I thank Evelyn Helminen for making figures. I thank my family, for they have
seen me too often buried in a computer. My wife Lisa I thank for her encouragement and consum-
mate advice on how not to mangle the English language. Finally, to the students of NPS, I have
learned from you, more than you know. Try to remember that science is a “work in progress”; more
is unknown than known.

James H. Luscombe

Monterey, California



CHAPTER 1

Relativity

A theory of space, time, and gravity

ELATIVITY is a theory of space and time that provides the foundation for much of physics. It

applies to any branch of physics that makes use of the four variables z, y, z, ¢, where =, y, z are
independent spatial coordinates and ¢ denotes time.! While originating from a reasonable premise
(see below), the theory of relativity? implies conceptions of space, time, matter, and motion vastly
different from what our everyday experience of the world leads us to formulate. To understand
physics in full, as applied to phenomena beyond ordinary experience, one must study relativity (as
well as quantum mechanics); our everyday experience is but a special case of all that’s possible in
the universe. We’ll see that relativity consists of two theories: the special theory of relativity (SR)
and the general theory of relativity (GR).

1.1 THE PRINCIPLE OF RELATIVITY
TO VANQUISH COORDINATES, TRANSCEND THEM

In broadest terms, relativity holds that the universe doesn’t care what systems of coordinates, or
reference frames we use to describe physical phenomena.® Such a statement hardly sounds rev-
olutionary, yet its implications are far-reaching because in the theory of relativity time is taken
as a coordinate in a four-dimensional geometry of space and time, rather than as a parameter in
pre-relativistic physics.* Coordinates are essential for making measurements and performing calcu-
lations, yet they’re not fundamental—they don’t exist in nature—they 're artifacts of our thinking,
what we as humans impose on the world. Therein lies the rub. We need coordinates for practical
purposes, yet the goal of physics is to formulate laws of nature as manifestations of an objective
reality, that which occurs independently of human beings.’ The laws of physics should be expressed
in a way that’s independent of coordinate system. Relativity is an outgrowth of a single idea, the

!Isn’t that all of physics? Classical thermodynamics, for example, utilizes variables that characterize the state of thermal
equilibrium, which is independent of position and time.

2Referring to relativity as a theory can give the impression that it’s speculative. Relativity has been thoroughly tested
and is among the most secure theories in physics. It’s up to us to fit our minds to the Procrustean bed of physics.

3We use the terms reference frame and coordinate system interchangeably.

4Classical physics refers to non-quantum physics; relativity belongs to classical physics. Pre-relativistic refers to physics
developed prior to the advent of relativity, which dates to the year 1905.

SWe use the term objective as it’s used in science, to refer to objects that exist, or processes that occur, independently
of the presence of human beings. That idea conflicts with the acausality of measurement as taught in quantum mechanics.
There is a successful marriage of quantum mechanics with SR (the Dirac equation), but not with GR. Progress has been
made in incorporating quantum effects into GR, such as Hawking radiation, but there is not presently a consistent theory of
quantum GR, what’s referred to as quantum gravity.
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principle of relativity, that physical laws be independent of the reference frame used to represent
them. Relativity is therefore a law about laws.® Albert Einstein said: “.. . time and space are modes
by which we think, and not conditions in which we live.’[2, p81] The program of relativity is to
express equations of physics in such a way that, if true in one system of space-time coordinates, are
true in any coordinate system, and thereby transcend coordinates. We will travel far in the theory of
relativity in pursuit of this goal, which, as we’ll see, is achieved by expressing equations as relations
between tensors,’ tensors defined on a four-dimensional geometry where time is a dimension.

1.2 THE LAW OF INERTIA: FOUNDATION OF SPECIAL RELATIVITY
Motion exists . ..relatively to things that lack it.—Galileo, 1632[3, p116]

Motion is ubiquitous, yet learning to describe it correctly took a long time to achieve. Galileo
taught, for the purposes of formulating laws of motion, that states of uniform motion are the same
as rest,® when observed from reference frames in which the law of inertia holds, inertial refer-
ence frames (IRFs).” There are an unlimited number of possible IRFs, which therefore comprise
a class of frames from which to describe motion. Our first order of business is to examine inertia
and IRFs, because SR is based on the equivalence of IRFs. That we have singled out a particular
type of reference frame is what puts the “special” in SR. There are two aspects to the principle of
relativity: The fype of phenomena that are the same for observers in equivalent reference frames,
and the class of equivalent frames of references. With SR, Einstein showed that mechanical and
electromagnetic phenomena obey the same laws for all inertial observers;'? with GR, he extended
the class of equivalent observers to all observers, wherein he provided an explanatory framework for
gravitational phenomena. We must understand how relativity is implemented for IRFs (SR) before
tackling arbitrary frames of reference (GR).

1.2.1 Inertia

The property of matter known as inertia, so familiar to us today, had a difficult time in becoming
established. Pick up a rock and throw it. What makes it move when it leaves your hand? According
to Aristotle, “Everything that is in motion must be moved by something,” an idea seemingly so
compelling, it stood for almost 20 centuries.!! Galileo refuted that idea with a simple experiment.'?
Drop a stone from the mast of a ship that’s at rest; note where it lands. Now repeat the experiment on
a ship that’s in uniform motion. In the Aristotelian theory, the rock would land at a point displaced

The principle of relativity is a different kind of law than other physical principles. It presumes the existence of laws of
nature, that there are reproducible manifestations of the workings of nature waiting for us to describe, of which we possess a
language rich enough to accurately describe. That language is mathematics, which physics relies on heavily. It’s remarkable
that mathematics, a human invention, applies so well to the description of nature. To quote Eugene Wigner:[1] “...the
mathematical formulation of the physicist’s often crude experience leads in an uncanny number of cases to an amazingly
accurate description of a large class of phenomena. This shows that the mathematical language has more to commend it than
being the only language which we can speak; it shows that it is, in a very real sense, the correct language.”

7If you're uneasy about tensors, don’t worry; students are frequently ill-prepared when it comes to tensors. The mathe-
matics of tensors will be developed as we proceed. Vectors are special cases of tensors.

8Galileo did not explicitly isolate the concept of inertial motion as a general principle, yet it’s quite clear from his
writings that he understood it. Even today, students of physics are well advised to read Galileo’s Dialogue.[3]

9There are reference frames in which the law of inertia does not hold, noninertial reference frames—see Section 1.6.

10We11 refer to inertial observers as observers at rest relative to IRFs. The “observer” is essentially the reference frame.

1T Aristotle classified motion as natural and unnatural. Natural motion occurs among the four elements air, earth, fire,
and water, which seek to find their natural places, e.g., heavy objects naturally move toward the center of the earth. Natural
motion is unforced, not requiring the action of an external agency. Unnatural motion, however, such as horizontal motion
on Earth, is forced and requires a mover. What’s the “mover” when the rock leaves your hand? Aristotle argued that air,
displaced by the motion of the rock, wraps around the rock and pushes it on. A rock thrown in vacuum would not move!

12The history of inertia is more involved than our account here. A succession of investigators in the time between Aristotle
and Galileo questioned the Aristotelian theory.
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from the mast by the distance the ship had moved during the fall."> Galileo maintained there would

be no displacement because, first, the rock shares in the motion of the ship,14 and second, free
particles move without movers, that free particles—those with no forces acting on them—once set
in motion, maintain that state of motion, termed inertial motion."> The rock accelerates under the
action of gravity, but maintains its constant motion in the direction of the uniform motion of the ship
because there is no force acting in that direction (assuming negligible wind resistance).'®

The primary state of motion, that exhibited by free particles, is inertial—in a straight line at
constant speed. Free particles of and by themselves cannot change their states of motion. That fact
is highly important (essential, actually) for SR and GR. The unfolding of the inertia concept mirrors
the historical development of physics, from Aristotle to Einstein, at least as far as our understanding
of motion is concerned. Galileo’s experiment with the ship is a variant of an argument used by
Aristotle to prove that Earth is immobile: An object projected straight up from the surface of the
earth returns to the same place and thus Earth could not have moved in the meantime. Galileo
maintained that nothing can be inferred from such an argument about Earth’s motion or rest. What
Galileo asserted is that, except in relation to other objects, uniform motion of one’s reference frame
cannot be detected—a fundamental tenet of relativity—in this case by mechanical means.!”

Isaac Newton conceived of inertia not just as the property of free objects to maintain states of
uniform motion, but also by what he called the inherent force, the property by which matter resists
changes in motion: “Inherent force of matter is the power of resisting by which every body, so far as
it is able, perseveres in its state either of resting or of moving uniformly straight forward.”[4, p404]
Thus there are two aspects of inertia: perseverance and resistance. His definition of inertia should
be read together with his first law of motion: “Every body perseveres in its state of being at rest or
of moving uniformly straight forward, except insofar as it is compelled to change its state by forces
impressed.”’[4, p416] Objects move inertially unless prevented from doing so by imposed forces,
to which they provide a resistance, the inertial force.'"® The inertial force is the reaction by which
objects “push back™ against forces attempting to prevent states of inertial motion:

Because of the inertia of matter, every body is only with difficulty put out of its state
either of resting or of moving. Consequently, inherent force may also be called by the
very significant name of force of inertia. Moreover, a body exerts this force only during
a change of its state, caused by another force impressed upon it, and this exercise of
force is, depending on the view point,'? both resistance and impetus:?° resistance inso-
far as the body, in order to maintain its state, strives against the impressed force, and
impetus insofar as the same body, yielding only with difficulty to the force of a resist-

131n the Aristotelian theory, once the stone has been released (and no longer has a mover), it can only undergo its “natural”
motion toward the center of Earth; where the ship goes after the release of the rock is immaterial.

14This point, obvious to us today, was one that Galileo had to take pains to establish, that objects can have a superposition
of motions, i.e., velocity is a vector quantity. In the Aristotelian theory, objects not subject to movers can only have their
natural motions. That objects can have “two motions” (downwards and sideways) was foreign to the Aristotelian worldview.

13Galileo based this conclusion on his experiments with inclined planes: Objects accelerate on planes oriented downward,
decelerate on those oriented upwards, and have no acceleration on horizontal planes.

16Truth in advertising: A particle dropped from a sufficiently high point would show a displacement from the Coriolis
acceleration. By Earth’s rotation, a body dropped from a high elevation has a higher transverse velocity than the ground.
Such a displacement actually confirms Galileo’s hypothesis that different types of motion can be imparted to particles.

"In the Aristotelian theory, the speed of the ship could be inferred from the displacement of the rock. Perhaps one has
ridden in a train through a tunnel (or a submarine), where, if the ride is smooth enough, one doesn’t have a sense of motion.
The MM experiment failed to detect uniform motion by electromagnetic means.

18We’ll see in GR that your weight is the force which must be supplied to prevent you from continuing in a state of
inertial motion. What’s seen as accelerated motion in three dimensions (under the force of gravity) corresponds to a constant
state of motion in four-dimensional spacetime (defined on page 5). As shown in GR, gravity is a property of spacetime.

19What we refer to as reference frame, Newton called point of view.

20Impetus is another word for momentum. What we call momentum, Newton called quantity of motion, defined [4, p404]
as “the velocity and quantity of matter jointly”’; hence momentum p = mw. In SR, momentum is defined as p = m~yv
(where v = (1 — v2/¢?)~1/2 and c s the speed of light), an alternative “quantity of motion.” For v < ¢, y ~ 1.



4 m Core Principles of Special and General Relativity

ing obstacle, endeavors to change the state of that obstacle. Resistance is commonly
attributed to resting bodies and impetus to moving bodies; but motion and rest .. .are
distinguished from each other only by point of view, and bodies commonly regarded as
being at rest are not always truly at rest.[4, p404]

Inertial reference frames

In IRFs the law of inertia holds true, that free particles move in straight lines at constant speed. In
view of the transition to GR, several issues are exposed by this benign statement.

1. What'’s a free particle? The answer is seemingly self-evident: If free particles are unacceler-

ated, then not-free particles are accelerated, right? Not so fast. Such reasoning doesn’t take
into account how acceleration is measured. Not all unaccelerated particles are free, and not
all free particles are unaccelerated: It depends on the reference frame. In IRFs, acceleration is
caused solely by forces. No force, no acceleration, and forces arise from physical interactions.
In noninertial reference frames (see Section 1.6), acceleration can be an artifact of the choice
of frame and not necessarily the result of forces. Forces can be identified from their physical
sources. Acceleration—seemingly the quantity most accessible to direct observation—is not
unambiguous because to measure it a standard of rest must be specified. Consider Earth in
the gravitational field of the sun. In a frame with the sun at rest, Earth’s acceleration is in
the direction of the force produced by the sun; Newton’s second law of motion is satisfied.
In a frame with Earth at rest, however, it is not satisfied because Earth’s acceleration is zero.
Newton’s second law is not a general law of physics because we’re free to choose reference
frames in which it doesn’t work.?! IRFs are frames in which objects with no forces acting on
them have no acceleration.

. What’s a straight line? In a given geometry, the straightest possible line is called a geodesic
curve, a concept that we’ll develop. But what specifies the geometry? In GR, the geometry
of spacetime?” is not something known a priori, but is instead determined by its energy-
momentum content. Spacetime geometry is therefore physical, something that emerges from
the distribution of matter-energy-momentum. Spacetime in GR is not something passive and
inert; it evolves in response to matter. The version of Newton’s first law that survives to GR is
that free particles follow geodesic paths in spacetime, those determined by the distribution of
energy-momentum. We return to this idea when we take up GR.

. What’s constant speed? For speed, we need time. But whose time? Newtonian mechanics
utilizes an absolute time that pervades the universe—see page 8. In relativity, time and space
do not have separate existences and are reference-frame specific.

1.2.3 Equivalence of inertial reference frames

Once a frame has been found meeting the criteria for an IRF, any other frame moving relative to it
with constant velocity also constitutes an IRF.?* A natural equivalence among IRFs is established
by free particles: All inertial observers agree that the trajectories of free particles are described by
constant velocity; all agree on the law of inertia. The value of the speed is reference-frame specific,
but all agree on its constancy. Thus, all inertial observers agree on the laws of mechanics: Forces
manifest in changes of states of inertial motion. Different inertial observers can observe the same
phenomena and describe them by the same laws. Transforming from one set of inertial observers to

another does not change the laws—the very heart of the principle of relativity.

211n a sense, that’s the problem GR fixes.
228pacetime is defined on page 5. Is it obvious what the geometry of spacetime should be?
23The motion of free objects is seen as unaccelerated in both frames.
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1.2.4 Coordinate transformations and the principle of covariance

Transformation is central to relativity. Transformations between reference frames are effected math-
ematically as transformations among the different coordinates assigned to the same event by all the
different, yet equivalent inertial observers. An event is a point in space at a point in time. Any-
thing that happens, or has happened or will happen, comprises an event. The totality of all events
is a four-dimensional continuum referred to as spacetime (no hyphen). We require that the math-
ematical form of the laws of physics be unaffected by changes in reference frames, changes in the
coordinates assigned to events, a theme that accompanies us from Newtonian mechanics to SR to
GR, that the laws of physics be expressed in a way that their form is invariant under progressively
more general coordinate transformations. Form invariance of physical laws is called the principle
of covariance, the requirement that the equations of physics adhere to the principle of relativity by
having the same mathematical form in all reference frames.

Coordinate transformations in SR must be linear. All inertial observers agree that the spacetime
trajectories (worldlines) of free particles are straight (see Section 1.4). Coordinate transformations
between IRFs must be such as to map straight lines in spacetime onto straight lines so as to preserve
the law of inertia. Only homogeneous, linear transformations map straight lines onto straight lines,
where both lines pass through the same origin of the coordinate system. We’ll work through some
examples to see how inertial frames can differ and yet be equivalent.

1.2.4.1 Boosts

Figure 1.1 shows frames S and .S” with origins displaced by vector R, where the coordinate axes

Z 4

X

Figure 1.1 Frames S and S’ in boost configuration: coordinate axes are parallel.

are parallel. We will of course be interested in the case of relative motion where R = R(t) is time
dependent, but for now let R be fixed. Any transformation between frames with parallel axes (as in
Fig. 1.1) is called a boost.

In Fig. 1.1 the same point in space, denoted with an asterisk, is referenced by vectors 7 and 7,
with 7" = r — R (law of vector addition). This simple (linear) coordinate transformation can be
“inverted” by interchanging primed and unprimed quantities and letting R — —R, r = ' + R.
That rule will stand us in good stead with linear coordinate transformations: Interchange primed
and unprimed quantities and reverse the transformation parameter (velocity, angle, etc.). Suppose
S is an IRF, i.e., a frame in which a free particle is unaccelerated, # = 0. By differentiating the
transformation equation we conclude that # = 0. If S is an IRF, so is S’ when it’s connected to S
by a displacement. There is no unique origin for IRFs.
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1.2.4.2 Rotations

A more complicated example of a linear transformation is a rotation. Figure 1.2 shows frames S and

~

Figure 1.2 Frames having a common origin with axes rotated through a fixed angle ¢.

S’ having a common origin but with coordinate axes rigidly rotated relative to each other by a fixed
angle ¢. How are the coordinates assigned to the same point related? It’s an exercise in trigonometry

to show that / , »
€ cos sin r\ x
(3/) - <— sin ¢ cos¢>) (y) = R.() (y) ; (1.1)

where we’ve introduced the rotation operator, R (¢), which effects a rotation about the z-axis (com-
ing out of the paper, not shown) through an angle ¢. The inverse transformation is obtained by inter-
changing primed and unprimed quantities and by letting ¢ — —¢. If in S a free particle is observed
to be unaccelerated, with & = 0 and ¢ = 0, then because ¢ is constant, #’ = 0 and ' = 0. A frame
rotated relative to an IRF is also an IRE.>* There is no unique orientation of IRFs. General linear
transformations involving both boosts and rotations are covered in Chapter 6.

1.2.4.3 Q@Galilean transformations

Now let R in Fig. 1.1 vary linearly with time, R = wt, where v is a constant vector. Both
observers carry identical clocks, which are synchronized when the origins coincide. By “common
sense” reasoning, T and 7’ are related by ' = r — vt. Implicit is the assumption that time in S’, /,
is the same as that in S, t' = ¢ (absolute time, see page 8). This “obvious” assumption was rarely
made explicit in pre-relativistic physics. By differentiating the transformation formula, we have the
Galilean velocity addition formula®® ' = u — v, where u = dr/dt and v’ = dr’/d#. If in S a
free particle is described by # = 0, then # = 0 as well. If S is an IRF, then so is S’ if it’s moving
uniformly relative to S. It’s difficult to appreciate at first the deep implications of this result!

The transformation 7’ = r — vt can be written in terms of its vector components:

x x Vg
v)i=1lyl|—tlv]| - (1.2)
z z v,

Equation (1.2) underscores the pre-relativistic concept that we live in a three-dimensional world
with time as a universal parameter (¢ = t). If time is included as a separate dimension, however,
r’ = r — vt and t' = ¢ can be expressed as a linear transformation in four-dimensional spacetime:

t 1 000 t

' —v; 1 0 0 x . .

1= =, 01 0 Y (Galilean transformation) (1.3)
Z —v, 0 0 1 z

24The frames S and S’ are related through a fixed angle. A rotating reference frame, with ¢» = ¢(t) is not an IRF.
2 How velocities transform between IRFs in SR is treated in the next two chapters.
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Let’s get in the habit of listing the time “coordinate” first,® as in Eq. (1.3). Equation (1.3) is the
Galilean transformation (GT), the form of relativity based on everyday experience. Despite its
common-sense appeal, the GT does not lead to predictions in agreement with experiment;>” it will
be replaced by another linear transformation of spacetime coordinates that does lead to agreement
with experiment—the Lorentz transformation (LT).?8

1.2.4.4 Form invariance

The idea of form invariance can be illustrated using the GT, because acceleration is invariant under
that transformation: @’ = (d2?/dt’?)r’ = (d?/dt?)(r — vt) = (d?/dt?)r = a. Observers in S and
S’ agree on the form of Newton’s second law: F' = ma’ = ma = F, where mass is the same in
all IRFs.?’ The laws of mechanics are invariant under the GT. What about electromagnetism?
Maxwell’s equations predict the existence of electromagnetic waves that propagate with a speed
given in terms of electromagnetic parameters, ¢ = 1/,/€ofig. It’s shown in Appendix A that the
wave equation transforms under the GT for frames in relative motion along a common x-axis as:

0? 1 02 5, oy 07 1 0% 20 0?

) AN .

ox?2 2 o2 ox'2 2 0ot? 2 02O
Form invariance therefore does not hold for the wave equation under the GT, implying a crack
in the foundation of physics. The inconsistency is that Maxwell’s equations are fundamental laws

of physics, yet a prediction of those equations is not invariant under the GT, while the laws of
mechanics are. Let’s consider the three possible explanations for this inconsistency:

(A3)

1. The principle of relativity applies to mechanics, but not to electromagnetism. Maxwell’s equa-
tions predict a speed of electromagnetic waves, but don’t specify a reference frame. Perhaps
there is only one reference frame in which the speed of light is ¢? If so, one could detect that
frame by electromagnetic means—the MM experiment.

2. The principle of relativity applies to mechanics and electromagnetism but Maxwell’s equa-
tions are incorrect. If so, one should find discrepancies between the predictions of Maxwell’s
equations and experimental results. Such discrepancies have yet to be found.

3. The principle of relativity applies to mechanics and electromagnetism, but Newton’s laws
are incorrect. If so, one should find discrepancies between the predictions of Newton’s laws
and experimental results—something routinely done at particle accelerators which produce
speeds v < c. If Newton’s laws are incorrect, so is the GT, and we’re back to square one.

Einstein opted for the third explanation. He asserted that the principle of relativity applies to all of
physics, not just to mechanics. He then took that idea to its logical extreme. The speed of light is a
law of physics, not merely something that we measure. Einstein took the bold step of asserting that
the speed of light is the same for all inertial observers, which experiment has shown to be true!

1.3 SPACE, TIME, AND SPACETIME
1.3.1 Newtonian space and time

Relativity is concerned with space and time and how the two are related through motion. It’s useful
to state Newton’s conceptions of space and time, which, while not satisfactory by today’s standards,
continue to frame the discussion:[4, p408]

261 pre-relativistic physics, time is a parameter, not a coordinate.

2TWhat’s wrong with common sense? If you had to put your finger on it, it would be the assumption that t' = ¢, the
notion of absolute simultaneity.

28The properties of Lorentz transformations are developed throughout this book.

29Mass is the same in all IRFs, wherein all observers claim themselves at rest.
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e Absolute space, of its own nature without reference to anything external, always remains
homogeneous and immovable.

e Absolute, true, and mathematical time, in and of itself and of its own nature, without reference
to anything external, flows uniformly and by another name is called duration.

What’s meant by absolute? Einstein gave a good definition:[5, pS5] “...absolute means not only
physically real, but also independent in its physical properties, having a physical effect, but not itself
influenced by physical conditions.” We’ll use absolute in Einstein’s sense—physically existing, but
not influenced by physical conditions. Newton’s space and time are absolute in that sense: They
exist—by definition—independent of anything else. These notions unravel in relativity. Space and
time are not independent of each other, but are two aspects of a single entity: spacetime.

It’s understandable that space would be conceived as absolute. Look out at the night sky. Space
appears as a vast, fixed arena containing the objects of the universe. Already we’re up against cosmo-
logical questions. Does space exist independently of the objects in the universe (as Newton would
have it), passively containing them, or do the properties of space manifest because of the objects in
the universe (the picture afforded by GR)? Is the universe separate from the objects it contains? Is it
a vast collection of independent objects, or is it a single entity? GR will weigh in on these questions.

1.3.2 Simultaneity—the death knell of absolute time

Snap your fingers. In the Newtonian framework you’ve just specified “now” at every point of the
universe, no matter how distant, because time exists independently of space. That notion is indicated
in Fig. 1.3. Two points in space having the same time are said to be simultaneous. An instant of time

time

space

Figure 1.3 Surfaces of simultaneity in Newtonian spacetime.

thus determines a three-dimensional surface of simultaneity,® extending throughout all of space.
Simultaneity is therefore absolute in pre-relativistic physics, existing independently of anything
else. In relativity, simultaneity is not absolute—two events simultaneous in one IRF, are not in
another. Sit equidistant between two friends, and have them snap their fingers at the same time; you
hear both simultaneously. To someone walking past you at a constant rate, however, the same finger-
snaps would not be simultaneous.?' The finger-snap would be heard first from the sound source that
the walker is moving toward. Whose description of these events is “right”? Relativity shows there
is no absolute meaning to the “same time.” Absolute time does not exist—it’s not true that time
exists independently of anything else. Time is not a parameter provided by the universe, as it is in
pre-relativistic physics; relativity shows that time exists locally, relative to a given reference frame.

30 Actually a three-dimensional hypersurface. Our familiar notion of surface (such as the surface of an apple) is a two-
dimensional set of points, or manifold, embedded in three-dimensional space. A hypersurface is an (n — 1)-dimensional
manifold embedded in n-dimensional space. Manifolds and hypersurfaces will be systematically introduced in later chapters.

31The relativity of simultaneity is illustrated in Fig. 1.6.
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The term relativity is misleading. Relativity does not claim that “everything is relative” (as is
sometimes falsely stated), only that some things are relative, such as simultaneity. Relative refers to
measurements made relative to a given reference frame, the results of which may not be the same
in all reference frames. The purpose of relativity is to discover what is not relative, that what is the
same for all observers is a law of physics. Relativity shows that simultaneity is not a law of physics.

1.3.3 Absolute space—is it real?

Absolute space, “homogeneous and immovable,” would be the ultimate reference frame from which
it could be decided whether objects are “really” at rest. How would we recognize an object abso-
lutely at rest? The answer is, we can’t.’> Rest cannot be ascertained against a backdrop of “noth-
ingness” (absolute space); there must be other objects around to compare with—rest exists only in
relation to other objects, which can be considered reference frames. The same is true of motion. We
cannot perceive motion in itself (relative to absolute space); motion is perceived only in relation to
objects—all motion is relative.>® Nevertheless, if a reference frame could exist from which all mo-
tion is relative to, yet which is itself absolutely at rest, let yourself be at rest in that frame. Someone
drifting by in a rocket ship would say you’re in motion! Everything moves with respect to everything
else, and every inertial observer claims they are at rest.

Absolute space is thus an empty concept because only relative motion can be observed. Perhaps
that’s why it went largely unchallenged in the 200 years between the time of Newton and the late
19 century, because it has no observable consequences.>* The concept of absolute space received
support, however, from Maxwellian electrodynamics. Maxwell’s equations predict a speed of elec-
tromagnetic waves, but they don’t specify a reference frame—what better evidence for a preferred
frame like absolute space? Physicists of the late 19" century inferred there must be only one ref-
erence frame in which the speed of light is ¢ (called the ether frame, presumably absolute space).
Einstein, however, reached the opposite conclusion: If Maxwell’s equation don’t specify a reference
frame, all inertial observers measure the same speed of light.

1.3.4 Spacetime coordinates and notational conventions

In the theory of relativity time is taken as a coordinate in the specification of physical phenomena,
in addition to spatial coordinates. Ask a friend to meet you for coffee. You must specify a point in
space, three coordinates (on the surface of Earth usually two suffice), at a point in time, making four
numbers in all. Thus, you’re asking to meet your friend at a specified spacetime point, i.e., event.
The “gist” of relativity is that different observers assign different coordinates to the same events,
underscoring that coordinates are without fundamental significance. Events are physical and exist
independently of the coordinates assigned to them.® The procedure in SR by which coordinates
are assigned to events, the coordinization of spacetime, is discussed below. In GR, the assignment
of spacetime coordinates is associated with its mathematical structure as a manifold. In SR, space-
time is flat, while in GR spacetime is curved. Flat geometries can be covered by a single system
of coordinates, whereas curved geometries require overlapping coordinate systems. Curved geome-

32The unobservability of absolute space underscores a lesson from the history of physics: Physics is based on what can
be measured. Notions of what might or could exist “anyway,” but that we can’t detect, like absolute space, tend to get excised
from physics. “Excess” theoretical structures imply that alternative theories are possible.

33Recall Galileo’s words (page 2): “Motion exists relative to things that lack it”.

34There were objections to absolute space most notably from George Berkeley and Ernst Mach. Berkeley’s 1721 essay
On Motion objected to absolute space because it’s not observable; see [6], paragraphs 58, 59, and 64. Mach’s Science
of Mechanics [7] (published in 1883) provided the most incisive and influential critique of Newtonian mechanics. Mach
contended we’re not allowed to invent concepts like absolute space. In the world we know of, motion is relative. We should
not invent concepts that contravene that fact. “No one is competent to predicate things about absolute space and absolute
motion; they are things of thought, pure mental concepts, that cannot be produced in experience.”

33Spacetime in SR is absolute—existing, but not influenced by physical conditions.
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tries, however, are locally flat—what we learn about coordinatizing spacetime in SR applies to
limited regions of spacetime in GR. To locate an object in three-dimensional space, three numbers,
or coordinates, must be specified. In the Cartesian coordinate system, the numbers are tradition-
ally denoted (x,y, z). But there are other coordinate systems, e.g., spherical coordinates, (7,0, ¢).
We’ll denote spatial coordinates in a way that doesn’t commit to a particular coordinate system with
the notation (z', 2%, 2?), or simply 2%, where it’s understood that i = 1,2,3. The use of super-
scripts takes some getting used to, but it’s standard notation in tensor analysis.>® When there’s a
possibility for confusion, we’ll denote the square of z as ()2 to avoid mistaking it with the co-
ordinate 2%; contrary to what you might think, problems of that sort do not occur often. The time
coordinate will be parameterized, for reasons explained in Section 1.4, as 2 = ct. An event thus
has coordinates z°, ', 22, 23. To save writing, spacetime coordinates are conventionally denoted
z#, where it’s understood that p = 0, 1, 2, 3. Greek letters denote spacetime coordinates, x*, while
Roman letters denote spatial coordinates, 2. The indices p and k are dummy indices having no
absolute meaning. Thus, Zi:o v =20 + Z?Zl 27, As we’ll see, two types of coordinates arise
in non-orthogonal coordinate systems: contravariant, denoted with superscripts, x*, and covari-
ant, denoted with subscripts, z,,. Because GR seeks to work in arbitrary coordinate systems—not
necessarily orthogonal—both types of coordinates, z” and x,,, will be used.

Sidebar discussion: In 1908 Hermann Minkowski delivered a seminal presentation, Space and
Time,’” in which he showed that the results of SR, as derived algebraically by Einstein in 1905,
have a natural and intelligible explanation when space and time are conceived geometrically as
belonging to a four-dimensional continuum with a non-Euclidean geometry.

The views of space and time which I wish to lay before you have sprung from the soil
of experimental physics, and therein lies their strength. They are radical. Henceforth
space by itself, and time by itself, are doomed to fade away into mere shadows, and
only a kind of union of the two will preserve as an independent entity.

Many of the terms we use in relativity are due to Minkowski: Proper time, spacelike vector, timelike
vector. He didn’t use the term [lightcone, but he did speak of “front” and “back” cones, which we
will call future and past lightcones. It’s clear that Minkowski had worked out much concerning
the geometry of spacetime, what today we call Minkowski space (see Chapter 5). Minkowski died
suddenly in 1909 at age 44; one can only wonder what additional contributions he might have made.
What we call spacetime, Minkowski called the world: “A point of space at a point of time, that is,
a system of values z,y, z,t, I will call a world-point. The multiplicity of all thinkable x,y, 2,1
systems we will christen the world.” The term worldline is due to Minkowski:

We fix our attention on the substantial point which is at the world-point x, v, z, t, and
imagine that we are to recognize this substantial point at any other time. Let the varia-
tions dz, dy, dz of the space coordinates of this substantial point correspond to a time
element d¢. Then we obtain, as an image, so to speak, of the everlasting career of the
substantial point, a curve in the world, a worldline, the points of which can be referred
unequivocally to the parameter ¢ from —oo to +0o0. The whole universe is seen to re-
solve itself into similar worldlines, and .. .in my opinion physical laws might find their
most perfect expression as reciprocal relations between these worldlines.

36To quote O. Veblen (from 1927), [8, p1] “Recent advances in the theory of differential invariants and the wide use
of this theory in physical investigations have brought about a rather general acceptance of a particular type of notation, the
essential feature of which is the systematic use of subscripts and superscripts ....” The use of subscripts and superscripts
is not as arbitrary as it might first appear; the way the two types of indices are used in calculations is quite logical and
consistent.

3TReprinted in The Principle of Relativity [9, p73], an important collection of articles by Einstein, Lorentz, Minkowski,
and Weyl. A chance to read the original literature in English translation.
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1.4 SPACETIME DIAGRAMS

Comprehending relativity is greatly facilitated through the use of spacetime diagrams, also called
Minkowski diagrams, and we’ll use them freely. On such diagrams, time is displayed along the
vertical axis, with spatial dimensions displayed on horizontal axes (see Fig. 1.4). It’s simplest to

z\t

Figure 1.4 Particle worldlines: A is at rest, B is in uniform motion, and C is accelerated.

take time as orthogonal®® to the three-dimensional space of spatial variables, as in Fig. 1.3. While
we employ an orthogonal spacetime coordinate system, the geometry of spacetime is non-Euclidean
(as we’ll show); don’t be fooled into thinking that an orthogonal set of axes implies a Euclidean
geometry. Many ingrained habits must be unlearned in “doing” geometry on spacetime diagrams,
particularly in calculating distances. Particle A is at rest in the reference frame of Fig. 1.4. The
“motion” (history) in spacetime of a stationary object is a line parallel to the time axis. Particle B
has constant velocity; its worldline is straight, with speed v = Az /At = tan § m s~ . Particle C'is
accelerating; its worldline is curved. In IRFs the worldlines of free particles are straight.

Ct’\
lightline

Az

m\
(4

Figure 1.5 Lightline (photon worldline) on a spacetime diagram.

Of particular interest are the worldlines of photons; see Fig. 1.5. Using meters and seconds as
the units of length and time, the worldline of a photon would be almost parallel to the spatial axis,
with 6 & /2. There’s nothing fundamental about units, however; one size doesn’t fit all and it’s
common to adopt units that are suited to the problem at hand (e.g., the electron volt). It’s convenient
to scale times by 1/c ~ 3.3 ns m~!, the time for light to travel one meter. With ¢t — ¢/(1/c) = ct,
the worldline of a photon—the lightline—is at the angle 7 /4 with respect to the ct and z-axes. We’ll
draw lightlines at 45° angles relative to the space and time axes.

The relativity of simultaneity can be illustrated on a spacetime diagram. Consider a photon
source C' in a train car® situated equidistant between detectors A and B; see Fig. 1.6. The source
emits photons back to back. In a reference frame at rest with respect to the train car, photons arrive
at the detectors simultaneously. In a reference frame at rest relative to the train station, however,

381In rotating reference frames, the orthogonality between space and time breaks down.
3Einstein’s relativity tends to get done in train stations and in elevators.
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Figure 1.6 Relativity of simultaneity. Photons are received simultaneously in the frame of
the emitter, but not in a frame in which emitter and receiver are moving to the right.

which the train is assumed passing through, the photon source and the detectors are in motion with
speed v from left to right. The two frames synchronize their identical clocks when the origins of their
coordinate systems coincide, whereupon the photons are emitted. Seen from the frame of the station,
event A happens before B; the photon first encounters detector A moving toward it. Simultaneity is
not absolute: What’s observed as simultaneous in one IRF, is not in another.

There’s a fundamental reason to use ct as the temporal coordinate. The fusion of space and time
into spacetime requires that spacetime coordinates all have the same dimension. The coordinates
of an event in one IRF are, under the LT, a linear combination of the coordinates in another IRF,
which can be accomplished only if space and time coordinates have the same dimension. We require
a conversion factor between spatial and temporal measures, which must be the same for all IRFs.
We’ll show (Chapter 3) that a LT followed by a LT, is itself a LT—what’s required by the principle
of relativity that all IRFs be equivalent. Such universality is possible only if the conversion factor is
universal. The principle of relativity requires a universal speed. Experiment shows that speed is the
speed of light. For frames in relative motion along a common z-axis (see Fig. 3.1), the spacetime
coordinates transform under the LT (Eq. (3.17))

ct! v =By 0 0 ct
| _|-By ~v 00 x
2! 0 0 01 z

where v = (1 — $2)~/2 is the Lorentz factor, with 3 = v/c. Under the LT, the time coordinate
in S’ is a mixture of the time and space coordinates in S 40 For that reason, the time coordinate
20 = ct must have the dimension of length.

The worldline of an object at rest in a given IRF is parallel to the time axis in that frame, e.g.,
worldline A in Fig. 1.4. The worldline of A might just as well be the time axis in that frame, what
we’ll assume from now on. Let observer B be at rest relative to A—see Fig. 1.7. At time ¢1, A emits
a photon toward B that’s reflected by a mirror attached to B, with the return of the photon recorded
at time to. A concludes that B has the spatial coordinate x, = c(to — t1)/2, half the time difference
between emission and reception, and that the reflection event occurred at time ¢, = (2 + t1)/2,
the mean of the two times. This procedure is called the radar method of coordinatizing spacetime;
it assigns spacetime coordinates to events,

(ctp,xp) = (Fc(ta +t1), 3c(ta — t1)) (1.5)

401t is sometimes said (erroneously) that the GT is the version of the LT for low speeds, v < ¢, yet that cannot be
true—the GT does not mix in the spatial coordinate for the new time coordinate, at any speed.
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Figure 1.7 Radar method of assigning coordinates to events.

based on measurements made by A using light signals.*! The radar method builds in the isotropy of
the speed of light (established in the MM experiment). The “outbound” speed of light is the same
as that for the photon’s return journey, and we are free to orient A and B in any direction.

We can redraw Fig. 1.7 as the left portion of Fig. 1.8. A photon emitted at time ¢; is reflected

A A

t2 t+x/c

131 t—ux/c

Figure 1.8 Photon emitted at t — x/c is reflected at (¢, z) and received at t + z/c.

from spacetime point (¢, x) and received at time ¢5. We haven’t drawn observer B in Fig. 1.8, whose
only role in Fig. 1.7 was to hold a reflector. Using Eq. (1.5), we can solve for ¢; and ¢, in terms of
(t,x),t1 =t —a/cand ty = t + 2:/c; these times are shown in the right portion of Fig. 1.8.

1.5 RELATIVITY OF CAUSALITY: SPACELIKE AND TIMELIKE

While spacetime coordinates are reference-frame dependent, there is an invariant involving the
squares of coordinates that’s the same for all inertial observers,** the spacetime separation

52 = —(29)? + Z(xl)2 . (1.6)

For an event with coordinates z* in one IRF, the coordinates of the same event in another IRF, W s
are such that*?

—(ct'+ @)+ @)+ () =5 =—(ct)? + (2)* + () + (2)* . (1.7)

4INote that the radar method does not call upon us to compare times as measured in different reference frames; it uses
measurements made in a single reference frame.

42That there is an invariant quantity among coordinates assigned by different inertial observers to the same event implies
that spacetime possesses an intrinsic geometry—the subject matter of the rest of the book.

43Equation (1.7) applies to IRFs having a common spacetime origin. Note the prime placed on the index, at.
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Equation (1.7) can be verified using the special case of a LT given by Eq. (1.4); it’s true, however, for
any LT. In Chapter 4 we define a LT as any linear transformation that leaves s? invariant. The space-
time separation is an example of a quantity that’s not relative—it’s observer independent. A way to
motivate the invariance of s is to consider two IRFs in relative motion along their common z-axis.
At the instant their origins coincide, a flash of light is emitted. Both see an expanding wavefront that
in their coordinates is described by —(ct)? + 22 = 0. In whatever way the coordinates transform
between IRFs, by the principle of relativity both must conclude that 22 — (¢t)? = 0 = (2/)? — (ct')%.

While a wavefront of light is described by s> = 0, Eq. (1.7) holds for any value of s2.

xozs p
xélzl) A:L'N‘ ] $(2)

1
> T

Figure 1.9 Spacetime separation vector between distinct events.

The separation between events is defined analogously.** Consider two events in a given IRF that
have coordinates xé‘l) and l’é). Define the difference vector*> Az* (see Fig. 1.9)

x9 20 Az

1 1 1

Agh =gl — gt = |7 —|* = Az
2~ ) 22 z? Az?

a3 23 Az

(2 1
The spacetime separation between these events is defined in the same way as in Eq. (1.6):

3
(As)? = —(Az)? + ) (Az))?. (1.8)

i=1

Even though the separation has been defined as the square of the quantity As, the value of (As)?
can be, depending on the events, positive, zero, or negative. There is the temptation to define As
itself as an imaginary quantity when (As)? < 0, a temptation we will resist.*

The three possible signs of (As)? provide an absolute way of characterizing spacetime separa-
tions. Because (As)? is an invariant, no LT can change its sign.

spacelike if (As)? > 0;
(As)? is called: { lightlike  if (As)?> =0
timelike  if (As)? < 0.
Figure 1.10 shows examples of the three types of spacetime separations. Timelike separations do

not have to be “above” the lightline, nor spacelike separations “below.” It’s the slope of the lines
that counts, not their location in a spacetime diagram.

44Because coordinates are defined relative to an origin, s2 is the separation between the event with coordinates z* and
the event at the origin.

45Such a vector is called a four-vector; see Chapter 5.

460ne could either work with a Euclidean geometry that allowed pure imaginary distances, or one could work with a
non-Euclidean geometry from the outset. The latter is more in keeping with the requirements of GR; we will not venture
down the path of “ict”—as was done in the early days of relativity.
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Figure 1.10 Timelike, lightlike, and spacelike separations of spacetime events.

We can always find a reference frame in which spacelike-separated events are simultaneous: For
At = 0, it is automatically the case that (As)? > 0. However, for frames in which (As)? > 0,
At can be of either sign or zero. Thus, one cannot speak of a causal relation between spacelike-
separated events. For A and B spacelike-separated events, one can find frames in which the events
occur in either order,*” in which A precedes B or B precedes A. This fact is a major departure from
pre-relativistic physics, in which the time order of events is absolute.*® Timelike-separated events,
on the other hand, can never be simultaneous: No reference frame can be found for which At = 0
as it would violate (As)? < 0. The temporal order in which timelike-separated events occur is
therefore absolute because we can’t find a frame in which At vanishes. Only for timelike-separated
events can we speak of causality.

1.6 SEGUE TO GENERAL RELATIVITY: NONINERTIAL FRAMES

Newton’s laws work in IRFs, which as we have seen, are frames of reference in which Newton’s
laws work! What saves us from a circular trap is the ability to identify physical sources of force;
only in IRFs is the acceleration of objects solely due to forces—only in IRFs does the Newtonian
paradigm apply (F' = ma). From the point of view of fundamental physics, Newton’s second law
is limited by its specialization to IRFs. GR provides equations of motion valid in arbitrary frames of
reference. To what extent do noninertial reference frames find use in Newtonian dynamics, despite
nominally being excluded from the framework of pre-relativistic mechanics? Such a question might
appear off topic, but given that SR is based on the equivalence of IRFs, and that GR frees itself from
IRFs, it’s useful to look at pre-relativistic uses of noninertial frames.

1.6.1 Linear acceleration

Referring to Figure 1.1, » = R + r’ where now we allow all quantities to be time dependent.
Differentiating twice with respect to absolute time, # = A + #' where A = R is the relative
acceleration between frames.*’ Let S be an IRF in which the observed acceleration of a particle of
mass m is associated with a force, # = F'/m. We therefore have an equation similar to Newton’s
second law:

# = L (F—ma) . (1.9)
m

The acceleration observed in the accelerated frame (#') is due to forces (F') and the force-like
quantity —m A, termed the fictitious force, so named because, while it has the dimension of force,
is not a force; genuine forces can be traced to physical interactions. Acceleration and force have the
same values in all IRFs; they are absolute, observer-independent quantities. In noninertial frames,
7/ is an apparent acceleration: It’s not absolute, it’s reference-frame dependent; from Eq. (1.9) 7' is

4TDemonstrated in Section 2.4.

48For the most part the predictions of SR smoothly go over to those of Newtonian mechanics as v/c — 0. Certain
conclusions, however, have no counterpart in pre-relativistic physics, such as the acausality of spacelike-separated events.

The transformation of acceleration under the LT, which does not assume absolute time, is covered in Chapter 3.
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offset from the acceleration due to forces F'/m by the acceleration of the reference frame, A. The
acceleration A in the fictitious force is the acceleration of the frame, not that of the particle.
Figure 1.11 shows a noninertial frame N, an elevator accelerating relative to IRF [ O, a

e TA N TA

free particle —|

o

elevator meets particle

Figure 1.11 Left: In I # = 0 (free particle); in N, apparent acceleration 7' = — A. Right:
In N, 7 = 0 (atrest);in [, F' = mA.

free particle has inertial motion, # = 0, whereas in N it has acceleration #' = — A. An observer in
N concludes a force produces the observed acceleration, yet there is no force, no physical agency
acting on the particle, which is why —m A is called fictitious. When the elevator floor meets the
particle, however, the fictitious force becomes real.>' At this point, the elevator prevents the particle
from continuing (“persevering”) in its inertial motion. An inertial observer concludes there is a force
on the object, F' = mA, which follows from Eq. (1.9) with #/ = 0. The object resists changes in
its inertial state and exerts a force back on the elevator, —m A = F; (“endeavors to change the state
of that obstacle”).”> When observed from a noninertial frame, a particle moving by inertia appears
to accelerate in the direction opposite to the acceleration of the frame; we can still apply Newton’s
second law in this case by regarding the apparent acceleration as caused by a fictitious force. When,
however, the particle is prevented from moving by inertia and made to move with the acceleration
of the frame, the particle resists acceleration through a real force, the inertial force.

1.6.2 Rotating reference frame

Inertial forces arise in rotating reference frames. Consider a frame (2/,y’, z’) rotating at a constant
rate () relative to an IRF (z, y, z) about the common z, 2’ axis. As is well known,>® the acceleration
observed in a rotating frame is related to the force F' through an equation analogous to Eq. (1.9),

1
M= — (F—2mQXx# —mQxQxr). (1.10)
m

The inertial force F; = —2m€Q X ' —m€Q X £ X r involves the Coriolis force and the centrifugal
force. These forces are quite real, as anyone who has ridden a merry-go-round can attest.

50 Assume the elevator is sufficiently outside the gravitational field of Earth that gravity can be ignored.

SHt’s sometimes said, incorrectly, that any force observed in a noninertial frame is a fictitious force. Forces in noninertial
frames are quite real, as anyone who’s ridden in an automobile can attest. “Real fictitious forces” are best given another
name—inertial force—because they arise from the inertia of matter.

2We're referring to Newton’s words cited in Section 1.2.

33 Any standard text on classical mechanics will have a derivation of the centrifugal and Coriolis forces.
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1.6.3 D’Alembert’s principle

By d’Alembert’s principle,>* Newton’s second law is written in a seemingly trivial way F —ma = 0,
equivalently F'+F; = 0, so that an object in motion can be treated as if in static equilibrium between
impressed forces F' and the inertial force F; (produced by the mass in response to the changes in
inertial motion brought about by F').[10, p88] That a mass in motion can be treated as if at rest
underscores the relativity of motion. An object appears at rest in a frame moving with an object
(7" = 0), and in such a frame we have from either Eq. (1.9) or Eq. (1.10) equilibrium between
impressed and inertial forces. D’ Alembert’s principle could be considered a precursor to GR—it
gives insight into how an equation of motion might appear in an arbitrary frame of reference.

An example from elementary mechanics illustrates these ideas. The left portion of Fig. 1.12
schematically shows a car undergoing acceleration A as seen from an IRF. Attached to the car is

A—y

I AT N T
F;
m

Figure 1.12 Ball hanging from the ceiling of an accelerating car. Forces as seen from an
inertial frame, /, and a noninertial frame, N.

a ball of mass m hanging from a string. The forces “impressed” on the ball are the tension 7" in
the string and its weight W. As shown in the middle portion of Fig. 1.12, these are the forces that
cause the ball to undergo the acceleration observed in inertial frame I, T'+ W = mA. In the usual
coordinate system involving horizontal and vertical components, where vertical is defined by the
direction of gravity, Newton’s second law separates into two scalar equations 7'sin = mA and
T cos§—mg = 0, from which we find tan § = A/gand T' = m+/g? + A2. In the noninertial frame
N of the car, no acceleration is observed and Eq. (1.9) gives the same equation of force balance:
0 =T+ W —mA. When the car is not accelerated, the ball hangs “straight down” in the direction
of gravity with the tension equal to the weight, T = mg. With the car accelerated, we can view the
tension as balancing the resultant of W and the inertial force F; = —mA, T = — (W + F;) (right
portion of Fig. 1.12). Alternatively, the inertial force is the opposite of (reaction to) the resultant of
the physical forces, T and W, F; = — (T + W).

1.7 GENERAL RELATIVITY: A THEORY OF GRAVITATION
1.7.1  Newtonian gravitation—consistent with the theory of relativity?

In elementary physics one first learns about Newton’s law of motion F' = ma, which applies for
any force F', and, second, Newton’s law of gravitation—an expression for a force law—that masses
m1 and my at locations r; and r experience an attractive force of magnitude

myims

F=g e
|71 — 72

where G is the gravitational constant. Newton’s law of gravity works well in explaining many phe-
nomena, from predicting solar eclipses to sending satellites to distant planets. Despite its successes,
however, Newtonian gravitation is not consistent with relativity, for two main reasons.

34D’ Alembert’s principle is a formulation of classical mechanics equivalent to Hamilton’s principle (a more well-known
formulation of classical mechanics.) See Appendix D.
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1. The locations specified by r; and r5 in Newton’s formula are implicitly assumed to occur at
the same time. Relativity shows there is no absolute meaning to the “same time.”

2. What mediates gravity? If m; were to move suddenly, Newton’s formula would have that
the force on mo would change instantly, yet instantaneous interactions are not physical, the
bugaboo of action at a distance.>

Newton wrote in 1693:[11, p217] “...so that one body may act upon another at a distance
through a vacuum without the mediation of anything else, by and through which their action and
force may be conveyed from one to another, is to me so great an absurdity, that I believe no man
who has in philosophic matters a competent faculty of thinking could ever fall into it.” In 1713
he wrote,[4, p943] “I have not as yet been able to deduce from phenomena the reason for these
properties of gravity, and I do not feign hypotheses ...it is enough that gravity really exists and
acts according to the laws that we have set forth, and is sufficient to explain all the motions of the
heavenly bodies ...”. Newton appeals to pragmatism: Even though he can’t explain the workings
of gravity, his law of gravity works and works well and, as he tells it, explains “all” the motions of
celestial bodies. Or does it?

1.7.2 Do we need a relativistic theory of gravitation?

Under what conditions do relativistic effects become important in gravitational physics? We know
that modifications to Newtonian dynamics manifest as speeds become comparable with the speed of
light, v < c. What relativistic effects are specifically associated with gravity? Consider the energy
of the gravitational field. In Newtonian theory, the energy stored in the gravitational field of a mass
M of radius R with uniform mass density is given by the expression>®

3 GM?
5 R
Let’s ignore the numerical factor and take as a measure of gravitational energy the terms GM?/R.

The rest energy is another kind of energy, Eey = M 2. By forming the ratio Egray/ Erest We Obtain
a characteristic dimensionless number specifying the gravitational energy relative to the rest energy,

Egrav o GM _ g

Eregt - Rez T 2
where @ is the gravitational potential—the gravitational potential energy per mass—which has the
dimension of speed squared.’” Newton’s law of gravity, like Coulomb’s law, is a 1/r2 law. Any

result obtained in electrostatics has an analog in Newtonian gravity. For future reference, Table 1.1
compares the properties of the Newtonian gravitational field with those of the electrostatic field.

Egrav =

(1.11)

33Newton’s law of gravitation was controversial when it was introduced. Aristotle taught that heavenly objects (stars and
planets) by their nature move in circles at constant speed, while on Earth heavy objects move toward the center of Earth.
Stones fall, but planets don’t. Descartes, in an attempt to explain planetary orbits, proposed that the sun sets up a whirlpool
motion to keep planets moving in circular motion. Kepler (at roughly the same time) discovered that planets move in elliptical
orbits, not circular. It’s against this backdrop that Newton’s law of gravity is startling. Newton offered no explanation of how
the sun could exert an influence on Earth over vast distances—action at a distance. He “merely” offered a formula that
predicts the motion of objects subject to gravity. With his inverse-square law, Newton could account for Kepler’s three laws
of planetary motion; he also showed that Descartes’s whirlpool hypothesis contradicts Kepler’s third law. To illustrate the
difficulty inherent with action at a distance, what would you think of a theory purporting that radiant energy disappears
from the sun and eight minutes later appears on Earth without accounting for how it happens? Newton’s law of gravity is an
effective, phenomenological description that provides no explanation for the mechanism of gravity. As we’ll see, GR holds
that spacetime itself is the underlying substrate that mass couples to.

36 A similar expression holds for the energy stored in the electric field associated with a uniform ball of charge, a calcu-
lation you’ve probably already done.

57The electrostatic potential is the energy per charge, which is given a special unit—a volt is a joule per coulomb.
Gravitational energy per mass (the gravitational potential) has the dimension of speed squared; just think of kinetic energy

X mv2.
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Table 1.1 Comparison of Newtonian gravitation theory with electrostatics.

Newtonian gravitation Electrostatics
M
Force between point objects Fyoo = -G ;n T Foee = Qg 5 r
T dmegr
GM
Field vector of a point source g=———-T E = if
r2 4mregr?
Gauss’s law V.g=—47Gp V - E = pejec/€0
Irrotational field (of point source) V Xg= VXxE=0
GM
Potential energy of point objects U(r)=— mn Uelee (1) = g
r dmegr
GM
Potential of a point source O(r)=——— Dejec (1) = @
T 4megr
Poisson equation V20 = 4nGp V2®elec = —petec/ €0

/ 1 /

Potential of an extended source ~ ®(r) = -G / L)/d:”r’ Deec (1) = peL(r/)d?’r’
|r — /| dmeg ) |r — ']

lg(r)]

Local energy density %O |E(r) ‘2

- 8rG

A large value of the ratio in Eq. (1.11) (of order unity) would indicate an object for which the
gravitational energy is comparable to M c2. The dimensionless quantity in Eq. (1.11) occurs in GR
as a measure of the significance of relativistic effects in gravity; be on the lookout for it. While
v < c is an indicator that Newtonian dynamics provides an accurate description, ® < c? is an
indicator that Newtonian gravitation should suffice. Numerical values of this ratio are listed in Table
1.2 for various systems.

Table 1.2 Ratio of gravitational to rest-mass energy.

System  GM/(Rc?) = ®/c? Comment
Earth 107? GPS system inoperable
without relativistic corrections
Sun 106 Precession of planetary orbits
unaccounted by Newtonian mechanics
Black hole 0.5 As relativistic as it gets
Universe 0.5 Ditto for the universe!

The gravitational energy of the Earth is seemingly a negligible fraction (10~?) of its rest energy
and thus we would conclude that the Newtonian theory of gravity should suffice. While largely true,
there are nonetheless small effects due to time dilation in a gravitational field that must be taken into
account if the global positioning system (GPS) is to operate properly. Gravitational time dilation is
not the special relativistic time dilation (“moving clocks run slow”), but rather is an effect associated
with gravity, that clocks run slower the deeper they are in a gravitational potential well. The GPS
system would go wrong in a matter of minutes if relativistic effects were not taken into account.
Even for weak gravity there are important effects that Newtonian theory cannot describe.
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For the sun, with Eg.,, ~ 107%M ¢2, the orbit of Mercury precesses at a small but measurable
rate that cannot be accounted for in Newtonian mechanics, yet which is explained precisely by GR.
The precession of orbits is one of the classic tests of GR.®

Newton’s law of gravity contains no characteristic length scale over which it applies: It’s
intended to apply for any distance. GR, however, features an intrinsic length associated with
a spherically symmetric mass M, the Schwarzschild radius rs = 2GM/c?. (Remarkably, the
Schwarzschild radius can be obtained from Newtonian mechanics as the radius of an object for
which the escape velocity vee = +/2GM /R = ¢.) If M lies within the Schwarzschild radius, then
r = rg defines an event horizon for external observers: Signals emitted cannot reach outside ob-
servers and we have a black hole. Black holes are regions of spacetime from which nothing, not even
light, can escape. For black holes, Fg,y /B = % Clearly implicit in the description of a black hole
is the prediction that gravity affects the propagation of light. Gravitational lensing, the deflection of
light by gravity, is an experimental tool for investigating dark matter, a hypothesized form of matter
that, while not luminous, can nevertheless be inferred from its gravitational influences.

For the universe, GM/Rc? can be estimated from its mean mass density p and size R: M =
3mR3p. Let p be the critical density obtained from cosmological theory,” p. = 3H3/(87G) ~
1072 g cm™3, where Hj is the Hubble constant. Thus, GM/Rc* = 1(RHy/c)?. Take the size
of the universe to be R = cty where ty = Hy is the Hubble time, the approximate age of the
universe. With these substitutions, G M/ Rc? = % While one can question any of these assumptions,
the larger point is that the universe is “just” as relativistic as a black hole!

Because gravity is always attractive, why doesn’t the universe collapse? Newton concluded that
the universe must be infinite in extent to avoid such a collapse. GR, however, predicts an expanding
universe! To preclude this possibility,° Einstein introduced an adjustable constant, the cosmological
constant A, with the purpose of producing a static, finite-sized universe. It was later shown (in 1922,
by Alexander Friedmann) that GR predicts an expanding universe no matter what the value®' of A.
The “standard model” of cosmology, the Friedmann-Robertson-Walker model, is derived from GR,
including A, a term now thought to be associated with dark energy, a proposed form of energy
that leads to a universe that’s not only expanding, but is accelerating in its expansion. In 1998 an
acceleration to the expansion of the universe was discovered, and A was invoked as an explanation.®?

Thus, astrophysical and cosmological phenomena® require for their explanation a relativistic
theory of gravitation. We need a theoretical framework that can handle arbitrary gravitational fields,
from the environment near planets and stars, to that of black holes, and ultimately the universe. GR
is a theoretical tool for describing spacetime that incorporates the effects of gravity.

1.7.3 Thinking about relativistic gravity

Can Newtonian gravity be “fixed up” so as to be relativistically correct? The short answer is no. No
“tweak” of Newton’s formula has ever been found, perhaps with factors of « here and there; it takes
a major revamping of our concepts of space and time.

It’s instructive to ask, given that action at a distance is a flaw of Newtonian gravitation, how
is that problem sidestepped with Coulomb’s law, which has the same structure as Newton’s law of

33 The three classic tests of GR are the precession of orbits, the bending of light by gravity, and the gravitational redshift.

39The mean density of the universe p is thought to be quite close to the critical value, p.. Knowledge of p is of crucial
importance to cosmology, as it determines whether the universe is open or closed. It’s found that p/p. = 1.0023 £ 0.005.
When contemplating a number like 1029 g cm—3, it’s helpful to keep in mind the density of Earth (~ 5.5 g cm™?) or the
density of the sun (~ 1.4 g cm™3). The universe as a gravitating system can perhaps be considered another state of matter,
that which is governed by an incomprehensibly small density.

01n 1929, it was deduced that the universe is expanding from the redshift in spectral lines observed from distant galaxies.
To Einstein in 1917, it was obvious that the universe must be static.

61 As shown by Friedmann, Einstein’s static solution of the equations of GR is not stable against small perturbations.

%2The 2011 Nobel Prize in Physics was awarded for the discovery of the accelerating expansion of the universe.

3 And even the terrestrial GPS system.
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gravity? The force between charges ¢; and go has magnitude

F—Fk q192 -
|1 — 72

where k is a proportionality factor that depends on the unit of charge adopted. Coulomb’s law suffers
from the same disease as Newton’s law—action at a distance and instantaneous interactions. What
saves the day is the field concept. Charge ¢; sets up a condition in space—the electric field—that
g2 interacts with at its location, which can be symbolized: Charge; <— Field <— Charge,. We
obtain an expression for the static electric field simply by rewriting Coulomb’s law,

F = q2 k% = QQE .
71 — 72

Now, merely writing F' = ¢F would be a change of variables if we didn’t ascribe physical re-
ality to the field. And we do ascribe reality to the field because we discover—using Maxwell’s
equations—that the electromagnetic field is a dynamical quantity that propagates at the speed of
light and transports energy and momentum. Through Maxwell’s equations, we discover that the
electromagnetic field satisfies a wave equation. Thus, electromagnetism is not transmitted instanta-
neously as Coulomb’s law would lead us to suspect, but is instead a propagating field at finite speed.
Is the same true of gravity? The concept of a field, one that has dynamical properties, answers the
problem posed by action at a distance: It’s the field that mediates the interaction between particles,
and the field propagates at finite speed.

Physics thrives on analogies. The paradigm of propagating fields leads us to ask: Can we formu-
late a field theory of gravity? Start by rewriting the force law:

F=ms g™ 5 | =mag,
71— 72

where ¢ signifies the gravitational field. The Newtonian gravitational field satisfies Gauss’s law
V.g = —47wGp, where p is the local mass density. Note that the divergence of g is negative—there’s
a negative flux of field lines through any closed surface; gravity is always attractive. This seems like
a promising start, but what are the other “Maxwell equations” for gravity? Recall the crucial dis-
coveries in electromagnetism: Charges in motion (currents) produce magnetic fields, time-varying
electric fields induce magnetic fields, and time-varying magnetic fields induce electric fields. Are
there analogous phenomena in gravity? Does matter in motion lead to new phenomena, akin to a
magnetic field, that affect the motion of nearby masses?

There are no “Maxwell equations” for the gravitational field that have been discovered through
experiments, akin to Faraday induction. Thus there is no way, based on analogies with the electro-
magnetic field, to develop a field theory of gravity. Yet that’s what GR accomplishes—a relativistic
field theory of gravity distinct from the theory of the electromagnetic field. Once the machinery of
GR has been developed, we’ll discover analogs between gravity and electromagnetism in limiting
cases, that the gravitational field satisfies a set of equations analogous to the equations of electro-
statics and magnetostatics. GR predicts frame dragging, a gravitational analog of the Lorentz force
in electromagnetism—that spacetime is altered by objects in motion, “dragging” nearby objects out
of position compared to the predictions of Newtonian physics. While the frame-dragging effect is
small, experimental confirmation was reported in 2011. GR also predicts a propagating disturbance
in spacetime, gravitational waves, which were detected in 2016.54

%4The 2017 Nobel Prize in Physics was awarded for the observation of gravitational waves.
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1.7.4 How does GR work?

The central content of GR is the Einstein field equation which schematically has the form

) 8rG .
Local curvature of spacetime = o (Local energy-momentum density) .

The curvature of spacetime, or equivalently, the geometry of spacetime, is determined by the energy-
momentum contained in that spacetime. Spacetime curvature in turn completely determines the
trajectories of particles. Mathematically, the Einstein field equation is a relation between second-

rank tensor fields®?
81

G,u.l/ - e T,ul/ . (1.12)

(You’ll know what this all means soon enough: G,,, is the curvature tensor and 7, is the energy-
momentum tensor that describes the density and flux of energy-momentum in spacetime.) Just as
Maxwell’s equations relate the electromagnetic field to its sources (charge and current densities), the
Einstein equation relates spacetime curvature to its source: energy-momentum density. In Maxwell’s
equations, the electromagnetic field is on spacetime; in Einstein’s equation, spacetime itself is the
field! Gravity is not a force in the usual sense; gravity is spacetime!

The spacetime separation, Eq. (1.8) can be written

3 3
(88)* =D muAatAx”, (1.13)

pn=0rv=0

where the quantity 7),,, is the Lorentz metric tensor

-1 0 0 O
0 1 0 0

=109 o0 1 o (1.14)
0 0 0 1

The metric tensor® contains the information required to calculate the separation between spacetime

points with coordinate differences Ax*. Note the metric “signature” in Eq. (1.14), the terms on the
diagonal, (— + ++). This pattern holds for all inertial observers; the metric tensor in SR is fixed.
Because of the minus sign for the time coordinate, the geometry is not Euclidean.®’

The worldlines of truly free particles would be straight throughout all of spacetime. When one
contemplates gravitation, one realizes that global inertial frames (holding for all of spacetime) are
an idealization: We can’t avoid the rest of the matter of the universe! Force-free motion can therefore
have only approximate validity. In GR the separation between spacetime points, which in Eq. (1.13)
applies for finite coordinate differences Ax*, is replaced by infinitesimally separated spacetime
coordinates dx*:

3 3
(ds)? =" g (w)datda” (1.15)

pn=0r=0

%5The Einstein field equations are a set of 10 equations between the elements of second-rank symmetric tensors in
the four-dimensional geometry of spacetime. These equations are variously referred to in both the singular (Einstein’s field
equation), because it’s one equation between two tensors, and in the plural (field equations), because there are 10 independent
equations between the components of the curvature tensor and the energy-momentum tensor. When you refer to “Einstein’s
equation,” people assume you’re referring to £ = mc?. The Einstein field equations are vastly richer in content than
E = mc?.

96 All things tensor will be explained in upcoming chapters.

7The spacetime geometry of SR is called semi-Euclidean because while not strictly a Euclidean geometry, which would
have metric signature (4 + ++), is nevertheless a flat geometry.
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where the quantities g,,,, () are not constant, but vary throughout spacetime—a metric tensor field %3

The curvature tensor G, in Eq. (1.12) is, as we’ll see, a complicated expression involving
derivatives of the metric tensor field g,,, (z). The Einstein field equation implies a set of ten non-
linear partial differential equations for g, (). Once the tensor components g,,,, (x) are known, the
equations of motion for particles and photons are known. Particles and photons in free fall (subject
to no forces other than gravity) follow geodesic curves, the shortest possible paths in spacetime,
determined through a variational principle § f ds = 0. Motion, however, determines the energy-
momentum tensor 7},,,. There is thus a feedback mechanism; see Fig. 1.13. Motion determines the

2

G;w T’;w

A

Figure 1.13 Motion determines spacetime curvature, which determines motion.

9uv

energy-momentum tensor 7},,,, which determines the curvature tensor through the Einstein equation,
the solution of which determines the metric tensor g,,,,, which controls motion. GR explains gravity
in terms of a varying metrical relation between neighboring spacetime points, g,,,,(«), wherein par-
ticles get closer together in the future than they are now. Gravity is a manifestation of the curvature
of spacetime, that determined by the distribution of energy-momentum.

1.7.5 Gravity is spacetime

That last statement requires elaboration, which we’ll do in a roundabout way. What do we need
to understand GR? For one, we have to enlarge our mathematical toolbox. The mathematics of
curvature is the province of differential geometry, the theory of tensor fields on curved manifolds.
The requirement imposed by the principle of relativity, that laws of physics be independent of
the reference frame used to represent them, leads to a program, the principle of covariance, of
expressing equations of physics as relations among tensors because, if a tensor equation is true in one
reference frame, it’s true in all reference frames. Once the mathematical foundation of tensor fields
has been laid, the Einstein field equation can be introduced forthwith. It’s important to recognize that
a truly new equation of physics cannot be derived from something more fundamental. Once the field
equation has been written down (however it was conceived), there isn’t a lot of wiggle room: Either
its predictions agree with experimental measurements or they don’t, and so far GR has passed every
test put to it. Is that all we need, more math, in particular the mathematics of tensors? (That and the
physical insight of Albert Einstein.) What about SR? In a sense GR doesn’t require SR, implausible
as that might sound. The thesis of GR is that energy-momentum causes spacetime curvature, where
spacetime is modeled as a four-dimensional manifold. The surface of Earth is curved yet we know
locally it can be approximated as flat. So too with spacetime: Curved spacetime is locally flat.
Manifolds are locally flat at any point, where the condition for flatness is that the derivatives of
the metric tensor vanish in a neighborhood of that point. That leaves open the question of what the
metric tensor should be for small regions of spacetime. Einstein’s answer is that it should correspond
to the metric of SR. In 1911, in the time between the development of SR and that of GR, Einstein
proposed the equivalence principle that the effects of gravitation are eliminated in a reference frame
of limited spatial extent that’s freely falling in gravity. In a freely falling frame, objects not subject
to forces (other than gravity) remain either at rest or in a state of uniform motion;* a freely falling

%8We study tensor fields in Chapter 13.
%Einstein called this the happiest thought of his life.
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frame is therefore an IRF, where SR holds sway. SR therefore becomes a theoretical “boundary
condition” on GR: the theory of spacetime that results for vanishing gravity. GR must give rise to two
incompatible limits as shown in Fig. 1.14: SR as G — 0 and Newtonian gravity for v < ¢. GR thus

General relativity

G=0 w}

Special relativity Newtonian gravity
Figure 1.14 General relativity supersedes special relativity and Newtonian gravity

supersedes both theories.”® It’s only in this sense that GR needs SR; GR is the more comprehensive
theory. Even though it serves as but a limiting case of GR, it’s important to develop SR to understand
what is discarded from the Newtonian framework. We do this first without tensors, and then, once
tensors have been introduced, we develop special-relativistic physics in tensor form. Getting back
to gravity, freely falling particles move along geodesic curves in four-dimensional spacetime at
a constant rate—no acceleration, no force required.”! In three-dimensional, space-only geometry,
such particles appear to accelerate, which the Newtonian paradigm associates with a force. It’s from
this perspective we say that gravity is not a force in the usual sense but rather is a manifestation of
the properties of spacetime. This point of view is fully developed in the book.

1.8 HASTA LA VISTA, GRAVITY

In the next chapter we begin a systematic exposition of SR, first without tensors, and then once ten-
sors have been introduced (Chapter 5), we cover special-relativistic physics using tensors, following
through with Einstein’s program of the principle of covariance. Only in Chapter 15 is gravity taken
up as a manifestation of spacetime curvature. At this point we say hasta la vista gravity, knowing
that we’ll catch up with you further on down the trail.

SUMMARY

We have presented an overview of the special and general theories of relativity without delving into
specifics. Many definitions have been introduced which form the basic vocabulary of the subject.

e The theory of relativity is an outgrowth of a single idea, the principle of relativity, that the laws
of physics be expressed in a way that’s independent of the reference frame used to represent
them. The principle of covariance is the requirement that equations of physics adhere to the
principle of relativity by having the same mathematical form in all reference frames, a goal
achieved by expressing equations as relations between tensors defined on a four-dimensional
geometry where time is a dimension.

e A primitive concept in relativity is an event—a point in space at a point in time. The totality
of all events is a four-dimensional continuum: spacetime. The theory of relativity is the study
of the geometry of spacetime, the relation between points of space and points of time—which
in broad terms is what physics is about. In SR spacetime is absolute—physically existing,
but not influenced by physical conditions. In GR, spacetime geometry is determined by the
distribution of energy and momentum. GR achieves a symmetry between spacetime acting
on matter (particles follow geodesic curves established by the curvature of spacetime) and

7ONewtonian mechanics is correct for phenomena with v < ¢ and for which Planck’s constant can be ignored. To the
diagram in Fig. 1.14 we should add another axis with i # 0, a theory that has yet to be formulated.
"See Section 14.3.5.
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matter acting on spacetime (curvature determined by energy-momentum through the Einstein
field equation). Such a symmetry, which might be expected generally—Newton’s third law,
implies that spacetime is physical.

SR is based on the equivalence of IRFs established by free particles; SR is the law of inertia
expressed in spacetime. All inertial observers see the worldlines of free particles as straight,
and all inertial observers can claim themselves at rest. The geometry of spacetime in SR is
flat. The conditions for flatness were not specified in this chapter, but a hallmark of a flat
geometry is that the metric tensor consists of constant elements, as in the Lorentz metric,
Eq. (1.14). SR shows that the laws of mechanics and electromagnetism are equivalent for all
inertial observers, but not gravitational phenomena, which requires the machinery of GR—the
transition from global to local IRFs.

EXERCISES

1.1

1.2

Are the events A and B in Fig. 1.6 timelike, lightlike, or spacelike separated? That they are
simultaneous in one frame, but not in another suggests what type of spacetime separation?
What if in the right portion Fig. 1.6, the train was traveling from right to left, would event A
still occur before B?

Note: The remainder of the exercises for Chapter 1 require no relativity. Work them using
nonrelativistic physics.

Objects O1, O», separated by a distance L, move along the z-axis with speed v < ¢. O emits
a photon toward O-, reflecting at event E7, which O; absorbs at event Fs. See Fig. 1.15.
Calculate the times ¢; and to in terms of L, v, and c. It may be helpful to draw the “space
only” version of the diagram.

J\t
12 F

ty Ey

~

Figure 1.15 Figure for Exercise 1.2.

1.3

A river of width L flows with speed v, with respect to its banks. Two swimmers can swim
relative to still water at speed ¢, where ¢ > v,.. The swimmers decide to have a contest. One
will swim across the river and back. Call the time to accomplish this task 7", . The other will
swim up the river the same distance L and back. Call the time to accomplish this task T} .

a. Show that
2L /¢ 2L , 2L/c 2L
T, — = T =-——" == P1.1
H 1_ﬂ2 C’y L /71_62 C’Y7 ( )
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where 8 = v,./c. Thus, TH > T'| . For the across-the-river swim to arrive at the point on
the other bank directly across from the starting point, the swim must be “aimed” upstream
at an angle tan @ = v, T, /(2L) relative to the line joining the points directly across the
river from each other.

b. Show that for small 53:
L
Ty —T. = 252+0(54). (P1.2)

1.4 Consider Fig. 1.16. In the same river, a swimmer swims out to a distance L; and back at a
constant angle ¢ relative to the bank. Call T'(¢) the time to accomplish this task.

—ur
Ly
Ly
¢

Figure 1.16 A swimmer swims to a distance L in the river, and back, at an angle ¢ relative
to the bank. A second swimmer swims to a distance Lo and back, at an angle ¢ + /2.

a. Derive a formula for T'(¢). It’s instructive to use the Galilean velocity transformation. Let
c denote the velocity of the swimmer in the frame of the water. Relative to still water, the
swimmers swim at speed c. The velocity of the swimmer as observed from the bank is
v=wv, +c,orc=1v— v, “‘Dot” this vector into itself to find

& =v? 4+ 02 — 2vv, cos(v,v,) ,

where (v, v,-) denotes the angle between the vectors v and v,.. Show that

T(¢) = 126122 \/m (P1.3)

where 5 = v,./c.
b. Show that Eq. (P1.3) reduces to Eq. (P1.1) in the appropriate cases.

c. A second swimmer swims out to a distance Lo and back at a constant angle ¢ + 7/2
relative to the bank. Let T'(¢) + 7/2) be the time to accomplish this task. Write down a
formula for T'(¢ + m/2). Take Eq. (P1.3) and let Ly — Lo and ¢ — ¢ + /2.

d. Calculate the difference in time for the swimmers to accomplish their tasks, AT(¢) =
T(¢p+ w/2) — T(¢). Show that

AT(¢) = 126222 V1—pB%cos? ¢ — 12L_1[/3§ \/1—B2sin? 6. (P1.4)

e. Using Eq. (P1.4), show that for small /3

52
T
f. Now imagine that we continuously change the angle ¢ in Fig. 1.16. Using Eq. (P1.4),

show that, to leading order in small 53, the time difference between the two legs changes

with the angle according to

d B*(Ly + Ly)
c

AT(7/2) — AT(0) (L1 + L2) + O(BY) . (P1.5)

—AT(¢) =

. 4
1 sin2¢ + O(5%) . (P1.6)



CHAPTER 2

Basic special relativity

T HE basics of special relativity (SR) are presented in this chapter using spacetime diagrams.

2.1 COMPARISON OF TIME INTERVALS: THE BONDI K-FACTOR

A B

B A
kT kT
T T

Figure 2.1 Inertial observers A and B emit photons separated by time 7'. Each sees the
other move away at the same speed, v. Photons in the moving frames are received separated
in time by kT, where k = k(v).

Let inertial observers A and B in relative motion carry identical clocks, the worldlines of which
are shown in Fig. 2.1.! A sends two flashes of light to B, a time T apart. What time separation
does B measure? Not T—the second photon has further to travel. Perhaps if we knew the relative
speed between A and B, the time in B could be calculated? That presupposes, however, the New-
tonian conception that time is the same everywhere. SR shows that time is specified by a clock in a
reference frame. We know that worldlines of free particles are straight in IRFs, and that spacetime
coordinates in different IRFs are related by a linear mapping (Section 1.4). The time difference mea-
sured in B must therefore be proportional® to T, call it kT'. The Bondi k-factor [12] is a function of
the relative speed between frames, k& = k(v). In particular, as v — 0, k(v) — 1. Both observers see
the other moving away at the same speed, and thus the k-factor must be the same for both observers
(equivalence of IRFs). Photons emitted by B separated by time 7" are measured by A to have a time
separation k7" (see Fig. 2.1). The rabbit is in the hat.

A and B synchronize their clocks when their worldlines cross (see Fig. 2.2). After time 7', A
emits a photon toward B, which is reflected back to A. On B’s clock, the photon arrives at time k7.

'The worldline of an observer is the time axis in its reference frame. Imagine yourself holding a clock in a room: You
define the time axis for your reference frame. We don’t show the spatial axes in spacetime diagrams except when necessary.
The worldline is the location of z = 0 in that frame.

2This one assumption is really the whole show. The time measurements involved are at the same spatial locations in
each frame, Az = 0. Thus, At in one frame is linearly related to At in another.

27
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AL A B

k(kT)

~

xT

Figure 2.2 Photon emitted at time 7', reflected at time k7, and received at time k27 .

A records the arrival of the photon at a time that’s a multiple, &, of the time at which B reflected
the photon, k7. Thus, A records the arrival of the photon at time k27'. Using Eq. (1.5), A assigns
coordinates to the photon reflection from B:

(ct,z) = (3¢(k*T +T), 2e(K*T = T)) . 2.1

What was never in doubt is that A sees B moving at speed v, which in A’s coordinates is expressed
as x = vt. Thus, using Eq. (2.1),

v_w cr(k*-1)/2 k-1

b= A GEN 22
Solve Eq. (2.2) for k:
1+
k= 1-3 5 (2.3)

Voila! We see that £(0) = 1 as expected. There’s a sign convention implicit in Eq. (2.3): 8 > 0
corresponds to the “receiver” moving away from the photon source. Thus, k£ > 1 for 5 > 0. For the
source approaching the receiver, let 3 — —f3, 0 < k < 1. From Eq. (2.3), k(—v) = k=1 (v).

The k-factor, which relates time intervals, is the inverse of the relativistic Doppler factor, which
relates frequencies’ (derived in Appendix B, Eq. (B.3)). It seems that we’ve arrived at a fundamental
result of SR without invoking any relativity! If we examine the argument, however, we see that it uses
the principle of relativity, that all inertial observers can claim themselves at rest, and the isotropy
of the speed of light (through the use of the radar method). We motivated the k-factor by appealing
to linearity, that all inertial observers see straight worldlines of free particles. The k-factor is thus
firmly rooted in the fundamentals of relativity. As we now show, all the standard results of SR can
be derived using the k-factor.

We can see the connection with the Doppler effect by referring to Fig. 2.3. An emitter emits
signals regularly with time separation At; it thus emits at the frequency f. = (At)~!. The receiver
receives signals separated by time At,...; hence the received frequency is frec = (Atrec)_l. The
reception time is related to the emission time through the k-factor, At,... = kAt. We therefore have
the relativistic Doppler effect, in agreement with Eq. (B.3),

1
frec = %fe . (24)

While the receiver is approaching the emitter, k£ < 1, a blueshift, and after, £ > 1, a redshift.

3The relativistic Doppler effect is the classical Doppler effect combined with time dilation. Time dilation is not some-
thing we “officially” know about yet; it’s derived in Section 2.2.
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emitter worldline ——

receding

approaching

’T

receiver worldline — At

L

Figure 2.3 Doppler effect. Approaching observer receives photons at a blueshifted fre-
quency; receding observer receives photons at a redshifted frequency.

2.2 TIME DILATION

Figure 2.4 shows the worldlines of inertial observers A and B who have synchronized their clocks.

zsA B
t (t, )

t—x/c

x -~

Figure 2.4 Time dilation. Proper time 7" occurs at time ¢ = 77" in reference frame A.

A emits a photon at time ¢t — /¢ that’s reflected by B. A assigns coordinates (, ) to the reflection
event. B records the arrival of the photon at time 7" using its clock. B is at rest relative to the clock;
time measured in that frame is the proper time. The time T is related to the time ¢ — x/c through
the k-factor:

T=Fk({t—z/c). (2.5)

In A, x = vt, implying
T=k(t—pt)=kt(1—-8)=ty/1—- 52, (2.6)

where we’ve used Eq. (2.3). Equation (2.6) is usually written

1
= —=T =1T. 2.7)
V1-—p? 7
Equations (2.6) or (2.7) are referred to as time dilation—"“moving clocks run slow.” Suppose B
measures 7' to be one hour. A will measure a time longer than one hour, and conclude that the
moving clock runs slower. We show in Chapter 4 that the effect is symmetrical: Both observers
claim a moving clock runs slow.
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A/\ A/\
t (t,2) t (t.2)
(T,2' =0) (T,z' =0)
t—ux/c
x x

Figure 2.5 Left: k-factor relates time for two events (black dots), 7" = k(¢ — z/c) Right:
Time dilation relates the time coordinates assigned to the same event, ¢t = 7.

Let’s be clear on what times are being compared. The k-factor relates the time coordinates of
two distinct events—emission and reception of a photon, shown as black dots in Fig. 2.5. Emission
occurs at time ¢ — 2 /c in A, and reception occurs at event (7, 2" = 0) in B. The worldline of the
clock, B, defines the line 2’ = 0, just as the time axis in A is the line x = 0. The k-factor relates the
reception time in B to the emission time in A, with T' = k(t — 2 /¢). The time dilation factor on the
other hand relates the time coordinates assigned to the same event by two observers, with ¢t = 7T

2.3 VELOCITY ADDITION

Figure 2.6 shows the worldlines of three inertial observers, A, B, and C, which synchronize their
clocks as they pass at the origin. A emits two photons with a time separation 7'. The two photons

C

kacT = kpckasT

AJ\

Figure 2.6 Composition rule for k-factors.

arrive in B separated by time k4pT, where k4 p is the k-factor associated with the relative speed
between A and B. The photons arrive in C' separated by time kac1. Alternatively, the photons
leave frame B separated in time k47T, which arrive in frame C' with time separation kpckapT.
Thus, kocT = kpckapT, implying the k-factors satisfy a multiplicative composition law:

kac = kapkpc - (2.8)

The k-factor is a proxy for speed: the larger is 3, the larger is k. The projection of the interval T’
(along the time axis in the rest frame) onto the time axes of frames in motion is a measure of speed.
The way the geometry of spacetime works, k-factors are multiplicative between frames.
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Combining Eq. (2.2) with Eq. (2.5),

Fic =1 _ kagkhe —1

= = . 2.9
fac Fic+1  kipkheo +1 29
Using Eq. (2.3) for each of the k-factors, it follows that (show this)
Bas + Bec
= 2.10
Pac 1+ BasBBC (210

the Einstein velocity addition formula. For low speeds, Sap < 1, fpc < 1, and Sac =~ Bap +
BBc, the Galilean velocity addition formula. If we substitute Spc = 1 in Eq. (2.10), we obtain
Bac = 1for any Sap. There is an invariant limiting speed implied by the theory, 5 = 1.

Example. Apply the velocity addition formula to the speed of light in a moving medium. The speed
of light in the rest frame of a medium of index of refraction n, is ¢/n. What is the speed of light u
when the medium has speed v relative to the lab frame? Using Eq. (2.10),

o= = () e

The coefficient multiplying v, (1 — n~=?2), the Fresnel drag coefficient, was confirmed in the Fizeau
water tube experiment of 1851, where v < c. Relativistic velocity addition thus has an observable
consequence at relatively slow speeds—the speed of the flow of water in the Fizeau experiment.*

Example. Particles A and C have velocities 54 = 0.95 and Sc = —0.95 relative to a linear
accelerator. What is the velocity of C' relative to A? It’s helpful to draw a spacetime diagram—
see Fig. 2.7. B is a laboratory observer, situated between A and C'; the precise location of B is

A kpckapT = kacT
kAT
T
A B C

Figure 2.7 Spacetime diagram for particles A and C' approaching each other.

unimportant. Because A and C' are both approaching B, we can set Sap = Spc = —0.95 and use
Eq. (2.10) to conclude that S4c = —0.9987. In Fig. 2.7, particle A emits two photons separated by
time 7. Because A is approaching B, kap < 1; similarly for kpc.

4The Fizeau experiment is worth learning about—an ingenious interferometric experiment not unlike the MM experi-
ment. It uses a tube constructed so that water can flow in opposite directions, through which beams of light pass in such a
way that each beam propagates in the direction of water flow. The light beams are then brought together to interfere, where
the change in phase is correlated with the speed of the water. In the Fizeau experiment, the flow of water can simply be
turned off, something that Michelson and Morley couldn’t do—turn off the motion of the earth!
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2.4 LORENTZ TRANSFORMATION

Figure 2.8 shows the worldlines of observers A and B in relative motion (what we often call frames
S and S’), which synchronize their clocks as they pass. Each uses the radar method to assign coor-
dinates to the same event, P: (¢, ) and (¢, 2’). A photon emitted by A at time ¢t — x/c reflects from
event P and is received at time ¢ + x/c. B emits a photon at time ¢ — 2’ /c which reflects from the
same event, and is recorded at time ¢’ + 2’ /c. Note the symmetry: Both observers claim to be at rest;
both emit a photon at the “same time” using their respective coordinates, t — 2 /c and t' — 2’ /c.

AJ\
t+ax/c

t—zx/c

Figure 2.8 Inertial observers A and B use the radar method to assign coordinates to the
same event, (¢, ) and (¢, 2').

The emission and reception times in the two frames are naturally related through the k-factor:

t'—a'Je=k(t—x/c)
t+z/c=k(t'+2'/c). (2.11)

Solve Eq. (2.11) for (¢, 2'):

ct’:%(kfl—i-k)ct—%-%(k*l—k)x
x'z%(kfl—k)ct—&—%(kfl—kk)x.

Using Eq. (2.3), we have the matrix equation (show this)
"\ 1 =B\ [ct
()= D6 @

Location of 2’-axis: Lines of simultaneity

the same as Eq. (A.6).

With the LT, we can find the location of the z’-axis—the spatial axis of S’—in relation to the space
and time axes of S. The t'-axis is the worldline seen in S, & = wvt, or ¢t = S~ 'z. The same
result follows from Eq. (2.12) as the locus of points with ' = 0 (check it!). What about the z'-
axis? Answer: The locus of points associated with ¢ = 0, which from Eq. (2.12) is ¢t = Saz.
Figure 2.9 shows the 2’ and ¢’ axes both situated at the angle ¢ with respect to the x, t axes, where
tang = B. As f — 1, ¢ — w/4. The coordinates assigned to the same event in each reference
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Ctz;ibjct
t
t/
T
/
)
>

Figure 2.9 Coordinates assigned to the same event—the asterisk—in reference frames in
relative motion with speed 3: (¢, z) and (¢, 2"). The ¢’ and 2’-axes form the same angle ¢
with respect to the ¢ and z-axes, with tan ¢ = (3.

frame are found by projecting onto the respective space and time-axes, as shown. Knowing the -
axis provides a way to test for the simultaneity of events (in S’): If two events can be connected by
a line parallel to the 2’ axis, they have the same time in that frame. Lines parallel to the x-axis are
lines of simultaneity.’

We began our discussion of spacetime diagrams by agreeing to take the time axis as orthogonal
to the space of spatial variables. All IRFs are equivalent, yet the space and time axes of S’ do
not appear orthogonal in Fig. 2.9. We don’t know yet how to form the inner product of spacetime
vectors. We'll see that the ¢’ and 2’-axes are indeed orthogonal in S’

Example. Particle B moves away from A at speed § = 0.25, from left to right. What are the
coordinates in the moving frame assigned to an event that in the rest frame occurs at ¢t = 2.25 and
x =1.5?For § = 0.25, v = 4/+/15 = 1.03. Use the LT, Eq. (2.12):

"\ 1.03 1 —0.25\ (2.25\ [(1.94

) —0.25 1 1.5 ) \0.97) "
These are the coordinates shown in Fig. 2.9. What if the speed is negative (particle moves from right
to left)? Figure 2.10 shows the spacetime diagram for § = —0.25.

t/ Act

Figure 2.10 Spacetime diagram for a particle moving with negative velocity, right to left.

SLines parallel to the t-axis are lines of co-locality; between timelike separated events one can always find a frame of
reference where the events occur at the same location in space.
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Example. Relativity of causality

Spacelike-separated events can occur simultaneously or in either time order, depending on the ref-
erence frame (mentioned in Section 1.5). The left portion of Fig. 2.11 shows spacelike-separated
events A and B as seen from a reference frame moving with speed 5 = 0.26 relative to the un-
primed frame. A precedes B in both frames. In the right portion of Fig. 2.11 the same events occur
in the opposite order in a frame moving with speed 5 = 0.71.

Ctzs t, 4 .Ij

Figure 2.11 Time order of spacelike-separated events is reference-frame dependent.

2.5 LENGTH CONTRACTION

We now discuss, from several points of view, length contraction, the converse of time dilation, a
phenomenon students (and others) tend to find more confusing than time dilation.

2.5.1 Using the k-factor

A rod of rest length D moves along the z-axis with speed v from left to right. Figure 2.12 shows
the worldlines of the front and back ends of the moving rod as By and By,cx from the perspective
of reference frame A. Clocks are synchronized when the front edge of the rod passes the origin, O.
You may find it helpful to visualize how you would use a radar gun to measure the distance to an
approaching rod, traveling straight at you. As we now show, the length of the rod as measured in A
is d = D/, the phenomenon of length contraction.

A emits a photon at time —d/c (negative time, relative to the origin O), which reflects from
the back end of the rod, event E. The reflected photon arrives in A at time d/c. The coordinate of
the back end of the rod is, from the radar method, d. In B the emitted photon passes the front end
of the rod at point P in Fig. 2.12. It’s as if in frame B a photon was emitted from the front end
of the rod toward the back end. Such a photon would have been emitted at time —d/(kc) in the
B-frame. We've used that k(—v) = k= (v); the receiver (front end of the rod) is moving toward the
source—negative speed. The reflected photon encounters Bione at point Q in Fig. 2.12, which occurs
at time kd/c (use the k-factor together with the time d/c in the A-frame). By the radar method, the
coordinates for event F in frame B are

d

(ct' 2') = (2(k — kY d

5k k‘l)) = (B, dv) - (2.13)
Thus D = ~d, or d = D/~: Rods in motion appear shorter than the length measured in its rest
frame. We’ll show in Chapter 4 that the relation is symmetrical: Both observers claim that a rod in
motion has a length shorter than its rest length. The line labeled D in Fig. 2.12 is where the z/-axis
in B intersects event F (a line of simultaneity). In both reference frames, the spatial coordinates of
the two ends of the rod have been obtained at the same time.
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Figure 2.12 Length contraction. Rod of rest length D has length D/~ measured in A.

2.5.2 Using the Lorentz transformation

Length contraction can be more readily demonstrated using the Lorentz transformation (LT). Figure
2.13 shows the worldlines of the front and back ends of the moving rod as Bi;one and Bp,ck as seen in
the frame of observer A. Both observers want to measure the length of the rod, and both are careful
to measure the two ends of the rod at the same time in their reference frames.® But of course, what’s
simultaneous in one frame is not in another. Observer B, at rest relative to the rod, measures Az’
at t’ = 0 as the rest length of the rod. Observer A records the locations of the two ends of the
rod at time ¢, measuring the length as Az. The events used to measure length in frame A are not
simultaneous in frame B, and vice versa; see Fig. 2.13. Referring to the events with At = 0, we

have from Eq. (2.12),
At 1 -B 0
Ar )T T\=p 1 )\az) -

Thus, Az’ = vAxz (length contraction) and cAt’ = —ByAux (relativity of simultaneity).

2.5.3 Pole and barn

A paradox is a conflict between reality and your feeling of what reality ought to be.
—Richard Feynman [13, p18-9]

One of the more well-known of the supposed paradoxes associated with SR is the pole and barn
problem. In this thought experiment, a runner carries a pole that in its rest frame is 20 m long (a

To measure the length of a stick moving past you, you wouldn’t first measure the location of one end of the stick, and
then only an hour later measure the location of the other end.
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Figure 2.13 Length contraction Az = Az’ /v where Az’ is the proper length.

long pole!). The runner is headed toward a barn that in ifs rest frame is 10 m long. The speed of the
runner is such that ¥ = 2 (8 = v/3/2). In the frame of the barn, the pole appears 10 m long because
of relativistic length contraction. Thus, the pole fits entirely within the barn at one instant of time.
In the frame of the pole, however, the barn appears 5 m long, and the pole cannot fit entirely within
the barn. Can these descriptions be reconciled?

Actp A’ Front barn
/ actp
Backpole Af----------- B
s ‘1 Front pole Front pole
Back pole
\\ B/
Back barn — Front barn— Back barn " \
/fF—10m— 10m 5 20 m om—  p
Barn Frame Pole Frame

Figure 2.14 Reference frames of barn and pole on spacetime diagrams (not to scale).

The left portion of Fig. 2.14 shows the events in the reference frame of the barn, with the pole
approaching from left to right. We consider the front of the pole and the front of the barn to be on
the right, with the back of the pole and the back of the barn to the left. The front of the pole first
encounters the back of the barn. As the pole passes through the barn there is an instant of time when
the pole fits entirely within the barn. These events are labeled in Fig. 2.14 as A (back of the pole
encountering the back of the barn) and B (front of the pole encountering the front of the barn).

The same events are shown in the reference frame of the pole in the right portion of Fig. 2.14.
We can place the origin of spacetime coordinates wherever we want, but to use the LT formula the
origins of the two systems of spacetime coordinates must coincide.” In both diagrams the origin is
the event in which the front of the pole encounters the back of the barn. Events A and B (from the
left diagram) are shown in the right diagram as events A’ and B’. The events are the same, but the
coordinates assigned to them are different in the two frames.

TBecause the Lorentz transformation is a linear, homogeneous coordinate transformation.
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In the barn frame, A has coordinates (20/+/3, 0)—the time to cover 10 m at speed 3 = /3/2.
In the pole frame, the same event has coordinates

ctp\ 1 =B\ [cte\ [ 2 =3\ [20/v3\ [40V3
:cp)_”’ -8 1 <x3>_<—\/§ 2 0 )‘(—20 '
B has coordinates in the barn frame (20/+/3, 10) and coordinates (10/1/3, 0) in the pole frame.
Where’s the paradox? Well, there isn’t one, save for our intuition-derived expectation that the
pole fitting entirely within the barn should be an objective fact, the same for all observers. That’s
the point of the exercise: What’s simultaneous in one frame (events A and B in the barn frame) is
not in another (A" and B’ in the pole frame).

2.5.4 Length contraction, Minkowski, and the fourth dimension

Objects in motion have a length L contracted in the direction of motion, L < Lg, where Ly is the
rest length. Does that mean objects in motion shrink? Consider an analogy from crystallography.
Through a crystal lattice, various planes may be drawn containing lattice points, lattice planes,
labeled by Miller indices® (hkl), e.g., the (100) plane or the (110) plane—see Fig. 2.15. A plane is

(110) (111)

Figure 2.15 Separation between atoms in a crystal is lattice-plane dependent.

a two-dimensional slice of a three-dimensional geometry. Restricting your attention to one of these
planes, what is the distance between lattice points? The answer depends on the plane. Does it make
sense to ask what is the real distance between atoms? There’s no definitive answer if all we see is a
two-dimensional sampling of the points that have an arrangement in three dimensions.

The same reasoning applies to objects we see at an instant of time in our three-dimensional
world, objects that exist in four-dimensional spacetime. Figure 2.16 shows the worldlines of the
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Figure 2.16 Worldtubes intersecting lines of simultaneity for frames in relative motion.

ends of two identical rods, much as in the previous figures. The points of an extended object (such

8This nomenclature is discussed in any book on solid-state physics.
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as a rod), considered in spacetime as a collection of worldlines, comprise a worldtube, shown in
crosshatch in Fig. 2.16. In the (¢, 2) coordinate system the rest length, or proper length, is the line
PP. In the (', 2") system, attached to an identical rod moving along the x-axis, the rest length is
the line Q'Q’. The line PP, as seen from the (', ') system is shown as P’ P/, while Q'Q’ is shown
as QQ in the (¢, x) system.”

Minkowski argued that the apparent deformation of a moving object can be understood as aris-
ing from a three-dimensional slice (surface of simultaneity) of a four-dimensional entity. The length
depends on the intersection of the worldtube with an observer’s space—surface of simultaneity.
The way the non-Euclidean geometry of spacetime works, the intersection with the rest-space of an
observer produces the largest length.'” By considering spacetime as a whole, by taking a geometric
point of view, Minkowski found that the perplexing results of SR can be given an intelligible expla-
nation. His most far-reaching conclusion is that observers in relative motion have different spaces
as well as times. One must arrive at this conclusion if surfaces of simultaneity (observer-dependent
slices) in a four-dimensional spacetime are three-dimensional spaces.

The usual length contraction hypothesis, according to Minkowski

...sounds extremely fantastical, for the contraction is not to be looked upon as a con-
sequence of resistances in the ether, or anything of that kind, but simply as a gift from
above—as an accompanying circumstance of the circumstance of motion.

Minkowski held that the idea of a four-dimensional world explains the principle of relativity:

...the word relativity-postulate . ..seems to me very feeble. Since the postulate comes
to mean that only the four-dimensional world of space and time is given by phenomena,
but that the projection in space and in time may still be undertaken with a certain degree
of freedom, I prefer to call it the postulate of the absolute world (or briefly, the world-
postulate).

We should then have in the world no longer space, but an infinite number of spaces,
analogously as there is in three-dimensional space an infinite number of planes. Three-
dimensional geometry becomes a chapter in four-dimensional physics.

Basically, because in a four-dimensional world observers in relative motion have their own spaces
and times, all inertial observers describe phenomena the same way because all are at rest in their
respective frames. Thus, every inertial observer measures the same speed of light using its own rest-
space coordinates and time. There cannot be absolute motion in the sense of Newton because there
is not just one space and one time.

Minkowski’s explanation of length contraction—the same four-dimensional worldtube inter-
sected by spaces of different observers—makes a compelling case for the reality of four-dimensional
spacetime. Einstein did not at first embrace Minkowski’s theory, but soon started to make use of
tensor methods in spacetime geometry. General relativity (GR) would not be possible without a
geometrical perspective on spacetime.

2.5.5 FitzGerald-Lorentz contraction

In 1888 Oliver Heaviside showed (based on the ether model) that the electric field surrounding a
spherical charge would cease to have spherical symmetry if the charge was in motion relative to the
ether. In the Heaviside model, the longitudinal component of the electric field (in the direction of
motion) is affected by motion, but not the transverse components.” In 1889, G.F. FitzGerald took

9We’re using the notation employed by Minkowski.[9, p78] Why? To encourage you to read the original literature!

101n a crystal, the lattice constant is reported as the shortest distance between atoms.

''This is of course exactly the opposite from SR, where the longitudinal field component is invariant and the transverse
components transform between IRFs. See Chapter 8.
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Heaviside’s result and suggested ad hoc that the shape of an object would be altered in the direction
of motion. As is well known, if the length L of the arm in a Michelson interferometer is distorted
in the direction of motion such that L. — L+/1 — 32, it would explain the null result of the MM
experiment while preserving the notion of the ether. In 1892, Lorentz independently published the
same idea, although Lorentz attempted to work through detailed models of inter-molecular forces
that would demonstrate the effect. The idea came to be known as the FitzGerald-Lorentz contraction
hypothesis (FL).

Einstein’s hypothesis that the speed of light is the same in all IRFs also accounts for the null re-
sult of the MM experiment, without making assumptions about the internal constitution of matter. As
we’ve seen, an identical formula L = Lg+/1 — 32 is derived in SR, and it’s important to understand
the difference between relativistic length contraction and the FL contraction. Length contraction in
SR is a coordinate effect, the difference in spatial coordinates of something that should be seen in
its totality in four-dimensional spacetime. There is not implied an actual contraction, in distinction
to the FL contraction. Asking whether a stick “really” contracts is tantamount to asking whether
it’s “really” moving, which can be answered only from absolute space. If SR is correct and there is
no ether and length contraction is a “real” contraction, the MM experiment would show a positive
result, because the FL contraction would introduce a time difference between the arms of the inter-
ferometer. A real length contraction is not compatible with the null result of the MM experiment
and isotropy of the speed of light.

2.5.6 Experimental status

There is no direct experimental confirmation of relativistic length contraction. Elementary parti-
cles can be made to move rapidly (speeds comparable to ¢), but their linear dimensions cannot be
measured directly, while macroscopic objects, the dimensions of which can be measured, cannot be
made to move at relativistic speeds. The predictions of SR all emerge from the principle of relativ-
ity, and length contraction is one of its consequences. It’s often said that SR rests on two postulates
(the way Einstein presented it): the principle of relativity and the invariance of the speed of light
in IRFs. The principle of relativity alone predicts a universal speed, which experiment shows to be
the speed of light.!? Time dilation has been confirmed through the measurement of the relativistic
Doppler effect (Ives-Stillwell experiment [14]). The MM experiment [15] showed that the speed of
light is isotropic, used in the derivation of the radar method. The Kennedy-Thorndike experiment
[16] showed that the speed of light is independent of the velocity of the source, implicitly used in the
derivation of each of the effects of SR (Doppler effect, time dilation, Lorentz transformation, length
contraction). While there is no direct confirmation of length contraction, we show in Chapter 8 that
the Lorentz force ¢ (E 4+ v X B) can be derived without approximation as a frame transformation,
a derivation that relies heavily on length contraction.

2.5.7 Length contraction in one frame is time dilation in another

Time dilation and length contraction are each a consequence of the relativity of simultaneity. Both
effects emerge from a comparison of events measured from reference frames in relative motion. In a
frame at rest relative to clocks and rods, measurements taken at the same location (proper time) and
at the same time (proper length), are different from measurements made in a frame in which clocks
and rods are in motion, the measurements of which occur at different locations (time dilation) and
at different times (length contraction). As we now show, what can be interpreted as time dilation in
one frame can be interpreted as length contraction in another.

12Thus, Einstein’s second postulate is not strictly necessary. We argue in Chapter 3 that Einstein’s second postulate is the
assertion that photons have no rest mass.
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Referring to Fig. 2.7, particles A and C' are launched at time ¢ = 0 with speeds of 0.95¢, a
distance L = 3.2 km apart (the length of the Stanford Linear Accelerator). At what time do the
particles collide, in the lab frame and in the frame of one of the particles? In lab-frame coordinates
(see Fig. 2.17), the particles collide at half their initial separation, t;, = L/(2v) = 1.6 km/0.95¢ =
5.61us. The proper time, the time that particle A experiences before the collision is, from Eq. (2.7),
T =t/ = 1.75us, where v = 3.2 for 8 = 0.95. Moving clocks run slow.

CtL

Figure 2.17 In laboratory coordinates, C' starts at L and collides with A at L/2

Let’s calculate that time using length contraction, knowing (page 31) that in the rest frame of
A, C approaches with speed 5, = 0.9987. The Lorentz factor associated with /3, is v, = 19.51.
One might think that C' “sees” a contracted length L/~, = 3200 m/19.51 = 164 m (for the starting
separation L = 3.2 km). A would then suffer a collision after a time L/(~,.8,¢) = 0.55us, not the
same as our previous calculation of 1.75us. What’s wrong with this apparently too-facile argument?
As is often the case, the problem lies in simultaneity. The starting separation is specified in the lab
frame; only in that frame can we say the particles are 3.2 km apart at ¢ = 0. What length should we
use?

Let’s write down the LT between the lab frame and the IRF associated with A. The laboratory
is rushing from right to left in frame A—negative velocity. From Eq. (2.12) with § — —§,

()= D) @

The inverse of Eq. (2.14) is found by reversing the speed, 3 — —/3 (see Exercise 2.3). Thus, we

have the equivalent LT
cta) 1 =B\ [ct]
()= 7)) @1

The location of the ¢, axis (in the ({4, z 4) coordinate system) is found from Eq. (2.14) by setting
21, = 0 (ctg = —B 'a,); the location of the =, axis is found by setting t;, = 0 in Eq. (2.14)
(ct4 = —Px 4). These axes are shown in Fig. 2.18.

In the lab frame, particle C' starts at (0, L). The coordinates in A associated with that event are

found from Eq. (2.15):
cta) 1 -5 0
TA =7 —ﬂ 1 L)~

In A, C starts at coordinates (ct4 = —f8yL,x4 = vL), i.e., in A the rest length is L, because
that’s what gets contracted to the length L specified in the lab frame, a frame that’s now in motion
with respect to A. The time coordinate ¢I'y = —fB~vL is the time difference in A between events
that are simultaneous in the lab frame.

The worldline of C' in Fig. 2.18 connects the event with coordinates (—3+L,~yL) with the col-
lision with A at (¢T',0). We can compute 7" from the known relative velocity between A and C":

~L

BT:CT—Fﬁ’}/L’
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Figure 2.18 Events of Fig. 2.17 shown in the frame of particle A. Not drawn to scale.

or

L
T = %(1 —B.B). (2.16)
Using Eq. (2.16), T' = 1.75us, the same as we found in the lab frame using time dilation.

We can ask, what equivalent length, call it D, did particle C' traverse at speed [(,.c? That is,

express cI' in terms of an equivalent length,

vL D
l=-—01-88)=—.
g, L) =g
It is not difficult to show that ]
1-88,=—, (2.17)

T

where 7, = (1 — 3,)~ %2 (use B, = 26/(1 + (2)). Thus, particle C sees the rest length v L in the
A frame contracted to yL/~,..

2.6 FOUNDATIONAL EXPERIMENTS

2.6.1  The Michelson-Morley experiment: Isotropy of ¢

Exercise 1.4 is modeled on the MM experiment. The “swimmers” are beams of light, and the river
is the ether, streaming past us in our reference frame at speed v,.. Our speed relative to the ether
is unknown, but can be estimated to be on the order of the speed of Earth in its orbit around the
sun, v, ~ 3 x 10* m s™!. (Thus, 8, ~ 10~%.) Associated with the time difference AT between
the arms of the interferometer is a shift of N = fAT fringes, where f is the frequency of the
light. Fringes are alternating bands of light and dark seen when the beams of light in the arms of
the interferometer are brought together, and correspond to alternating conditions of constructive and
destructive interference. A single fringe represents one wavelength of the light source. Associated
with the time difference given by Eq. (P1.2), we should expect to see N = (L/\)/3? fringe shifts
implied by the motion of Earth relative to the ether. The trouble is, we can’t stop the earth to count
fringe shifts. Staring through the telescope in the interferometer, there’s no “zero” marking on the
fringes, implying that N = (L/))3? can’t be tested. Michelson came up with the idea of watching
the fringe pattern as the apparatus is rotated; in that way one could actually observe the number
of fringe shifts AN. In rotating the apparatus through 7 /2 radians, one should, using Eq. (P1.5),
expect to see AN fringe shifts, where

AN = $(AT(7/2) — AT(0)) ~ ﬂ; (L1 + Ls) .

€
A
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As the interferometer is rotated continuously, Eq. (P1.6) gives the expected change in fringe shift

per radian
d A C d _ ﬁg Ll +L2

P N(¢) = X@AT(@

In the MM experiment L1 + Lo ~ 22 m and the yellow light of sodium was used, A\ = 589
nm. Michelson expected to see 0.4 fringe shift and he estimated he would have been able to observe
0.01 fringe shift. Figure 2.19 shows the fringe-shift measurements from the MM experiment (solid

sin 2¢ 4+ O(B%) . (2.18)
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Figure 2.19 Fringe-shift measurements from the MM experiment (solid lines) versus ori-
entation of the interferometer.[15] Dashed curve is Eq. (2.18) divided by eight. Upper data
taken at noon, lower data taken in the evening. Reprinted by permission of the American
Journal of Science.

lines), reported as fractions of a wavelength, for various orientations of the interferometer—upper
data taken at noon, lower data taken in the evening.[15] The dashed curve is the result of Eq. (2.18)
divided by eight. The number 0.05) in Fig. 2.19 represents 0.4 fringe shift (what they expected to
observe) divided by eight. Just to be clear: What they expected to observe would have been eight
times as large as the dashed curve in Fig. 2.19. The area under the dashed curve, say from N (north)
to F (east) is foﬂ/Q sin 2¢d¢ = 1.

The data shown in Fig. 2.19 represents the first experiment in support of SR. Michelson and
Morley stated about their results: “It seems fair to conclude from the figure that if there is any
displacement due to the relative motion of the earth and the luminiferous ether, this amount cannot
be much greater than 0.01 of the distance between the fringes” (which we note is in the noise of
their measurements). They concluded: “It appears, from all that precedes, reasonably certain that if
there be any relative motion between earth and the luminiferous ether, it must be small . ...”

The MM experiment can be called the most successful failed experiment.'> The experiment has
been repeated with ever-increasing precision, but always with the same negative result. In 1979 a
group reported [17] a fringe shift of (1.5 4 2.5) x 10~!?, consistent with no effect at all. In 2009, a
group reported [18] a measurement of the isotropy of the speed of light, Ac/c ~ 10717, It appears
we’re unable to detect motion relative to the ether, and if it can’t be measured, does it exist?

3For which Albert Michelson was awarded the 1907 Nobel Prize in Physics!



Foundational experiments ® 43

2.6.2 The Kennedy-Thorndike experiment: ¢ # ¢(v)

The Kennedy-Thorndike (KT) experiment [16] is a modification of the MM experiment where the
arms of the interferometer are intentionally made as different as possible.!* Let the longitudinal arm
oriented in the direction of the earth’s motion have length Ly, and let the transverse arm be oriented
perpendicular to the longitudinal arm with length Ly # L.

To analyze the KT experiment, assume 1) the ether frame exists and 2) the FL contraction is real.
We know these assumptions can be used to explain the results of the MM experiment; let’s see how
we do with the KT experiment. Take the lengths Ly, and L7 to be measured in the ether frame.'>
The interferometer travels with speed v in the ether frame. We can use Eq. (P1.1) for the round-trip
times, except now the longitudinal arm has the contracted length Ly, /(v). The traversal time in the
longitudinal direction is then T, = 2L v(v) /¢, and that for the transverse arm is T = 2Lpy(v)/c
(no contraction in the transverse direction—Chapter 3). The number of fringe shifts produced as a
consequence of the earth’s motion relative to the ether is

N= -1 =22 ), (2.19)

where f is the frequency of the light. Equation (2.19) has in common with the MM experiment that
it can’t be tested directly because we can’t stop the earth. In the MM experiment the apparatus was
rotated to detect a shift in fringe pattern. In the KT experiment, the apparatus was firmly fixed in the
laboratory; the “rotation” is provided by Earth itself, either from its daily rotation or its annual orbit
around the sun. The fringe shift between Earth having velocity v and v’ is, from Eq. (2.19),

AN = QATLf (v (") = y(v)) . (2.20)

Like the MM experiment, the KT experiment produced a null result within experimental uncer-
tainties, AN = 0, which from Eq. (2.20) would not seem possible because v’ # v. The experi-
mental finding can be reconciled with the prediction of Eq. (2.20) if we attribute to the ether a new
ability, that of altering the frequency of light in a velocity-dependent manner. For Eq. (2.20) to pro-
duce AN = 0, it must be true that f'v(v") = f(v), where f” and f are frequencies that have been
altered (by motion through the ether) relative to the frequency measured in the ether frame, call it
fo- That is, for Eq. (2.20) to produce a null result, it must be the case that f'v(v’) = fv(v) = fo.

On the basis of the ether model we require, to explain the MM experiment, the ability of the
ether to contract objects in the direction of motion, and, to explain the KT experiment, the ability
of the ether to modify the vibrational frequencies of systems in motion, all so that it (the ether) can
evade detection! On the other hand, Einstein’s hypothesis, that the speed of light is the same in all
IRFs, naturally accounts for the MM experiment because there’s no preferred orientation of IRFs,
and the KT experiment because all IRFs in relative uniform motion are equivalent, in addition to SR
making numerous other predictions. The MM experiment shows that the round-trip time required for
light to cover a distance in free space is independent of direction, i.e., the speed of light is isotropic,
while the KT experiment shows that the round-trip time for light to cover a distance is independent
of the velocity of the source. Thus, the speed of light is independent of the velocity of the source.
The ether model requires length contraction and time dilation for motion with respect to a unique
reference frame, the ether, whereas in SR these relations are symmetric between IRFs: All inertial
observers see rods in motion contracted and moving clocks run slow—Chapter 4.

14The MM experiment was carefully crafted to have equal-length arms.
15Such an assumption renders these quantities unknowable—that’s the problem with absolute space that “makes no
impression on our senses”—but we’re assuming the ether frame to exist; no conclusion will depend on the value of AL.
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SUMMARY

Spacetime diagrams were used to illustrate the basic effects of SR, the “ingredients” used in descrip-
tions of processes in space and time: time dilation, length contraction, simultaneity, the Doppler
effect, and the velocity addition formula. These phenomena are interrelated—time dilation in one
frame can be explained as length contraction in another. It’s not always clear which effect is most
appropriate to use in analyzing a given problem. Can these effects be viewed from a unified perspec-
tive? Yes, and there are two ways of going about that. The first is to consider how all the spacetime
coordinates change between IRFs; this is accomplished using the LT. With the LT at our disposal,
we can focus on the relevant events involved in a given problem. We present a systematic derivation
of the LT in the next chapter. The second way is to exploit relativistic invariance, to focus on what
does not change between frames, the subject of Chapter 4.

EXERCISES
2.1 Derive Eq. (2.10) from Eq. (2.9) using Eq. (2.3) for each of the k-factors.

2.2 Derive Eq. (2.17). Use that 8, = 23/(1 + 8?).
2.3 The inverse of Eq. (2.12) is found by setting 5 — — 3. Show that

o1 B 1 -8y _ (1 0
T\ 1)\ 1)7\o 1)
2.4 Derive the k-factor from the Lorentz transformation. Referring to Fig. 2.20, a photon is emit-

ted at time 7" and received in a frame moving away at time k7. The Lorentz transformation
relates the coordinates assigned to the same event:

- D)

We’ve used the inverse transformation. The time ¢ is the time 7" plus the time for the photon
to travel the distance x, t = T + x/c. Show that k is given by Eq. (2.3).

Figure 2.20 Derive the k-factor using the Lorentz transformation.



CHAPTER 3

Lorentz transformation, |

E provide a systematic derivation of the Lorentz transformation' (LT) and examine its kine-

matical consequences, what can be said without taking into account the causes of motion.
(Relativistic dynamics is taken up in Chapter 7.) We derive the LT first for frames in standard con-
figuration (defined below) and then for frames not in standard configuration. Along the way, the
velocity addition formula emerges as a bonus.

We make two assumptions about space and time (appropriate for SR), that space is isotropic
(all directions are equivalent) and that spacetime is homogeneous (no location or instant of time is
preferred).? These concepts are distinct: Isotropy does not necessarily imply homogeneity, nor does
homogeneity necessarily imply isotropy. One could have homogeneous, anisotropic spaces (a crys-
talline environment, for example, where one direction is preferred over the others), and one could
have inhomogeneous, isotropic spaces (all spatial directions equivalent, yet a special location of the
origin—a set of concentric spheres about a specified origin). Remarkably, these two assumptions
together with the principle of relativity suffice to determine the LT.

3.1 FRAMES IN STANDARD CONFIGURATION

Let IRFs S and S’ be in relative motion with velocity v. Whatever is the direction of v, it is by
assumption constant (IRF); let v define the direction of the z-axis. The observers synchronize their
clocks when the origins of their coordinate systems coincide, i.e., where and when they have a
common spacetime origin. Frames in standard configuration move along their common z-axis with
their y and z-axes parallel, as shown in Fig. 3.1.

z

S

Figure 3.1 Frames in standard configuration. S’ moves to the right along the common z-
axis with y and z-axes parallel.

IThe LT is derived in Appendix A as the linear transformation that preserves the form of the wave equation. The same
is derived in Section 2.4 using the k-factor method. The more ways you have of looking at something, the better.
2In GR, spacetime is neither homogeneous nor isotropic; the gravitational field results from the curvature of spacetime.

45
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3.1.1 General form of the Lorentz transformation

The LT, symbolized L(v), is a linear mapping between the spacetime coordinates assigned to events
by different inertial observers. All inertial observers see straight worldlines for free particles, and
straight lines are preserved under homogeneous, linear mappings.? The most general linear homo-
geneous mapping between four-dimensional spaces has 16 parameters. For frames in standard con-
figuration, that number can be reduced considerably by invoking homogeneity and isotropy. Write
L(v) as a 4 x 4 matrix containing four unknown functions of v, «(v), §(v), y(v), n(v):

ot’ a(v) o(w)d| 0 0 ot ot
| | —vy(v)/0 ~w) | O 0 | _ x
vl 0 0 [n() O y | L) y |- S
2 0 0 0 nv) z z

We’ve introduced in Eq. (3.1) an unknown parameter ¢ having the dimension of speed. We argued
in Section 1.4 that the principle of relativity requires a universal speed, the same in all IRFs.* Let 6
represent that speed; experiment will show that § = c.

We indicate mathematically that L is a mapping from the coordinates of .S to those of S’ with
the notation L : S — S’. That is, L associates an element of S with an element® of S’. Denote

. . A|B .
the matrix in Eq. (3.1) in block form: <T’T) . Block B = 0 because of isotropy: We’re free

to orient the y and z-axes however we choose; the assignment of 2’ and ¢’ can depend only on the
relative speed and not on the orientation of y and z, otherwise clocks situated differently around the
x-axis would show different times in violation of the assumption of isotropy. Block C' = 0 because
of homogeneity: The assignment of 4" and 2’ can’t depend on the choice of spacetime origin. Block
D is diagonal because frames in standard configuration have parallel y and z-axes. The coefficients
n(v) are the same for y and z because of isotropy; we’ll show that n(v) = 1. In block A there
are functions «(v) and §(v) in the equation for ¢/, but only one independent function ~(v) in the
equation for 2/, because the location of 2’ = 0 (in S) is described by x = vt.

3.1.2 What if S” moves to the left?

We could equally well consider the motion of S’ along the negative x-axis (Fig. 3.2), in which case

ZIS/ ZS

/

Y Y
Figure 3.2 Motion of S’ along negative x-axis of S.

the LT would follow from Eq. (3.1) by letting t — ¢, 2 — —x,y = —y, z — 2z, ' = t', 2’ — —a/,

3That is, lines that pass through the origin.

4This is because, as we’ll show, LTs have the property that a LT followed by a LT is itself a LT.

5The level of mathematical maturity is only going to increase from here on. Don’t fight it; mathematics is in your future
lightcone.
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y — —y',and 2’ — z:

ot a(—v)  6(—v)d 0 0 ot ot
' | [ vy(-v)/0 ~y(—v) 0 0 N - )
—y | = 0 0 n(—v) 0 =10 (=) -y |- (3.2)
z' 0 0 0 n(—v) z z

By changing the sign of x but keeping the sense of time unchanged (the “orientation” of time),
v — —v. We’ve changed the signs of y and y’ for cosmetic purposes: to keep .S and S’ right-handed
systems when we reverse the sense of the « and x’-axes. It’s as if we’ve rotated Fig. 3.1 180 degrees
about the z-axis in .S to produce Fig. 3.2.

Equation (3.2) can be derived from Eq. (3.1) by defining a “reverse” operator,

1 0 0 O
10 -1 0 O
E=10 o -1 0
0 0 0 1
Apply R to Eq. (3.1):
ot ot ot
x’ T 1 T
R = RL = RL(VWR R . 3.3
v | =R || = RLOR R 33
2 z z

Comparing Egs. (3.3) and (3.2), we require that RL(v)R~! = L(—v). By working out RL(v)R™*
(doit!), we learn that «(v), y(v), and (v) must be even functions, whereas §(v) is an odd function.
An odd function of v can be written foqa(v) = vfeven(v). Let’s represent §(v) in terms of the

even function «(v), 06(v) = —va(v)/f(v), where f(v) is an unknown even function having the
dimension of speed. The mapping L(v) : S — S’ can now be parameterized
ot’ a(v) —va(v)/f(v) 0 0 ot ot
! —vy(v)/0 ~v(v) 0 0 x x
— — L v . 3.4
Y 0 0 n() 0 y Wiy GH
z' 0 0 0  nv) z z

We still have four functions of v to determine: «(v), f(v), v(v), n(v).

3.1.3 Inverse transformation

If frame S sees S’ moving away with speed v to the right, S’ sees S moving away with speed v to
the left. We’ll call this the inverse transformation. By the principle of relativity, the mapping S” — S
must be of the same form as L(v) in Eq. (3.4), except for v — —v (see Fig. 3.3):

ot ot ot
T x’ x

=L(— , | = L(—v)L , 3.5
Pl=seo [ 5] = peomw | 65
z 2 z

where we’ve used Eq. (3.4). From Eq. (3.5), it must be the case that L(—v)L(v) = I, the identity
mapping, and hence L1 (v) = L(—v). The inverse LT is the original LT with the sign of the velocity
reversed. Working out L(—v)L(v) (do it!), we find

o [a—v2’y/(9f)] (a—'é)va/f 0 0
L(—v)L(v) = (07/9)(()7 —a) vbr- an/(ef)} 7;)2 8 . (3.6)
0 0 0 n?



48 m Core Principles of Special and General Relativity
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Figure 3.3 Inverse transformation: Motion of S along negative x’-axis.

/

For the right side of Eq. (3.6) to be the unit matrix we require 7(v) = +1. Because 7(0) = 1, we
have n = 1. Thus, coordinates transverse to the motion are unaffected. For the off-diagonal terms
in Eq. (3.6) to vanish, we require a(v) = y(v), implying that y(v) = [1 — v?/(6f(v))] -1z Thus,
the LT for frames in standard configuration has the form

Y(v)  —vy()/f(v) 0 0
L(v) = —v*y(()v)/& 7%”) (1) 8 3.7
0 0 0 1

There’s still f(v) and 6 to determine.

3.1.4 Group property

All IRFs are equivalent. If we transform from S to S’, and then from S’ to S”, the net effect must
be the same as a single transformation from S to S”, its group property. We’ll show that the group
property requires f(v) to be a constant; it will also establish the Einstein velocity addition theorem.
Using Eq. (3.7), transforming from S to S’,

t'=y(vy) [t —viz/(0f(v1)] 2 =y(vy)(z —v1t) , (3.8)

where v is the speed of S’ as seen from .S. Transforming from S’ to S”,

t" = y(v2) [t' — vox’ /(0 (v2)] 2 =y(va) (2" — vat') (3.9

where 5 is the speed of S’ as seen from .S’. Substitute Eq. (3.8) in Eq. (3.9). We find

=t (1+ 7755 [t (o) . (767 * 7) 3] (10

2" = (w1 )y (v2) (1 + 97}1(1;?)) lx - (1 + 91}1(1;?))1 (01 + va)t

By the principle of relativity, Eq. (3.10) must be equivalent to a LT from S to S”. Equation
(3.10) must therefore have the same form as Eq. (3.8) for some speed w, the speed of S” as seen
from S:

t" = y(w) [t —wz/(0f(w))] 2 =y(w)(x —wt) . (3.11)

The factors multiplying the square brackets in Eq. (3.10) must be identical (so that Eq. (3.10) has
the same form as Eq. (3.11)), implying that f(v;) = f(v2) or that f(v) is a constant; call it f. With
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f(w) = f, Eq. (3.10) simplifies:

v =) (1492 ) |- H

0f )1 fO1+viva/(0f)
" = v(v1)y(v2) (1 + a7 > {x “1r vlvg/(ef)t} . (3.12)

Comparing Eq. (3.12) with Eq. (3.11) suggests that the compound speed w is given by

w — V1 + Vg
1 -+ Ul’l)g/(af) '

Equation (3.13) is more than a suggestion, however; it will be a requirement if it can be shown that

(3.13)

V1V

V() =()1(w2) (1+ 57) (3.14)
when w is given by Eq. (3.13). You're going to show (Exercise 3.1) that Eq. (3.14) is an identity
when the compound speed is given by Eq. (3.13) for any 6 and f. We therefore have the form of the
velocity addition formula and the LT, except for the constants ¢ and f.

3.1.5 Existence of a limiting speed

The velocity addition formula Eq. (3.13) implies the existence of a universal limiting speed, which
we denote for now as 0. Let v; and v both be equal to ¢). We have from Eq. (3.13)

w = 72w
IRERTION

In order for w = v, we must have 1> = 0f. If v; = 1, Eq. (3.13) (with §f = v?) implies w = 1)
for any vo. If v1 = 9 — pq and vo = Y — po, with g3 > 0 and po > 0, Eq. (3.13) implies that
w < 1) for any pu1, 2, with equality holding for 17 or s equal to zero or both (see Exercise 3.2).

It might seem that Eq. (3.13) implies three universal speeds, 6, f, and ¢. Simplicity emerges if
6 = 1, which, because 1> = 0 f, implies that f = 6. In that case there is a symmetry in the LT—see
Eq. (3.7)—the space and time variables transform in an equivalent way.

3.1.6 Value of the limiting speed

The value of the limiting speed must be found experimentally. Figure 3.4 shows four data points for
measured speeds /5 and kinetic energies E}, of electrons.[19] The solid line represents the prediction
of SR and the dashed line is the Newtonian prediction. We’ll show (in Chapter 7) that kinetic energy
is related to speed through the relation Ej, = (y — 1)mc?, implying that

B2 =1—(1+Ex/mc*) ",

which is plotted in Fig. 3.4 as the solid curve. For low speeds 32 ~ 2E},/mc?, which is shown as a
dashed line. The data clearly show the existence of a limiting speed, in accord with the predictions
of SR and completely at odds with Newtonian mechanics, with the limiting speed equal to the speed
of light within experimental accuracy. This experiment was repeated at much higher energies, up to
20 GeV, with the limiting speed found to equal ¢ within 2 parts in 107.[20] Note that for an energy
of 20 GeV, the abscissa in Fig. 3.4 would extend to the right by a factor of 4000.

Taking 0 = f = c as consistent with experiment, we have the LT from Eq. (3.8)

t =7t —vz/c?) ' =x@—-vt) Y=y =2z, (3.15)
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Figure 3.4 Measured speeds [19] (black dots) versus kinetic energy of electrons.

the same as Eq. (A.6) and Eq. (2.12), while the velocity addition formula from Eq. (3.13),

V1 + U2
= = 3.16
1+ vivg/c?’ (3.16)

the same as Eq. (2.10). Multiply by ¢, and the LT for frames in standard configuration is

ct! v =By 0 0 ct
1 [-By ~ 0 0 x
=10 0 Lol (3.17)
2! 0 0 0 1 z

3.1.7 Why ¢? Do photons have mass?

The question naturally arises why the speed of light is the limiting speed. While there’s no definitive
answer, the only particles that travel at the speed of light are those with zero rest mass. In SR the
connection between energy and momentum is, as we’ll show, E? = (pc)? + (mc?)2. If m = 0, then

lp|=E/c. (m=0) (3.18)

As we show in Chapter 7, in SR, p = ymwv and E = vymc?. Eliminating ym between these
equations, we have the general formula, valid for any m

p=Ev/c*. (any m) (3.19)

Equation (3.19) is compatible with Eq. (3.18) only if |v| = ¢ for m = 0. Does the photon have a
rest mass, m.,? Experiment places an upper bound on a possible photon mass,® m, < 10~ ¥eV /2.
While extremely small (24 orders of magnitude smaller than the electron mass, and 18 orders of
magnitude smaller than the neutrino mass), if m, # 0 the speed of light would not be identical
with the limiting speed 1) implied by the LT. Photons have momentum because they have energy,
even though they have zero mass. That photons act as particles carrying energy and momentum is
verified in Compton scattering experiments.

The LT contains a finite universal limiting speed (the same in all IRFs) which we’ve identified
with the speed of light in vacuum. The universality of ¢ follows from the principle of relativity; it
does not have to be postulated. If ¢ # 1, photons have a nonzero rest mass, and ¢ would not be
universal. Einstein’s postulate of the universality of c is equivalent to the photon having zero mass.

A good source of information on the properties of elementary particles is the Particle Data Group, maintained online.
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3.1.8 Discussion

Let’s take a moment and review the essentials of the derivation just given. A linear mapping between
four-dimensional spaces would have 16 parameters in general. For frames in standard configuration,
that number reduces to four independent parameters when homogeneity and isotropy of spacetime
are assumed, Eq. (3.4). When the principle of relativity is invoked, leading to L~ (v) = L(—v), that
the mapping from S — S’ is the same as that from S’ — S (with v — —v), the LT takes the form
of Eq. (3.7) containing f(v) and 6. Invoking the principle of relativity again, that a LT followed by
a LT is itself a LT (all IRFs are equivalent), we find that f(v) = f, a constant. Comparison with
experiment establishes that the limiting speed § = f = ¢, leaving us with the LT in the form of Eq.
(3.17). That the LT can be derived under such general assumptions lends considerable support to
the correctness of SR. In fact, it might lead one to wonder where all the non-intuitive “weirdness”
associated with SR comes from; where did we take a “radical” step? It seems that the radical step, if
it can be considered such, is in the inclusion of a separate time for each IRF, that time can no longer
be considered absolute, that it too is relative to the frame of reference. Once we sign off on the idea
that physics is most naturally viewed from the perspective of four-dimensional spacetime, the rest
is the equivalence of IRFs, something that has long been known from the law of inertia. SR is the
law of inertia expressed in spacetime.

3.2 FRAMES NOT IN STANDARD CONFIGURATION

Up to now our picture of reference frames in relative motion has been that of Fig. 3.1. Because the
relative velocity v is constant (IRFs), frames in standard configuration suffice for many purposes,
where the z-axis is aligned with v. There are occasions, however, when we need the LT between
reference frames having a more general relationship.

To derive the LT for a general boost (see Fig. 1.1), where v is not aligned with a coordinate axis,
express the position vector 7 as a sum of vectors parallel and perpendicular to v, r = 7| + r (see
Fig. 3.5). The vector 7| is the projection of 7 onto v,

Z 4

e

Figure 3.5 Decomposition of 7 = 7| + 7 into vectors parallel and perpendicular to v.
N N v
rH:(vor)v:(v-r)ﬁ, (3.20)

where © = v/v is a unit vector. The vector r is by definitionr, = r — 7). For the components of
7|, the already known LT applies, while the components of 7 are unchanged. From Eq. (3.15),

t'=yt—v-r /] =9y —vt)  r=rL. (3.21)
We then have, using Eq. (3.21),
r=r+r =y —vt)Fre =y —vt) e =y =r+(y - Drp—qvt. (322)
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Combining Eq. (3.20) with Egs. (3.21) and (3.22), we have the vector form of the LT,

t' =y [t —r- 'u/c2]

2
,_ 1 (r-v)v ot = Y . — ot
r'=r+4(y )702 Yot =7+ 20+ (r-v)v—v
A2
:’y(’l" — 'Ut) + m’l} X ('U X T‘) y (323)

where we’ve used A X (B X C) = B(A-C) — C(A - B) in the last line.
Referring all vectors to the (x, y, z) basis, Eq. (3.23) can be expressed as a matrix equation,

ct' v =By —Byy =By ct

x _ _61'7 1+ 04/32 aﬁxﬂy of. 3. X (3.24)
Z/ *ﬂy'}/ O‘Byﬂ"c 1+ O‘ﬂqf O‘Byﬂz Yy ’ ’

Z/ _52’7 O‘ﬁzﬂx aﬁzﬁy 1 + 0453 z

where o = v2/(1 + 7). If B, = B, = 0 and 8, = f3, Eq. (3.24) reduces to Eq. (3.17). Note the
symmetry of the matrix in Eq. (3.24), which arises because boosts connect frames having parallel
coordinate axes.

Equation (3.24) is therefore not the most general LT, because it prescribes transformations
among a particular class of reference frames—those having parallel coordinate axes. We show in
Chapter 6 that an arbitrary LT can be represented as a rotation followed by a boost. Rotations are
described by three angles and boosts are described by three velocity components. The most general
LT requires six parameters to be completely specified.

3.3 TRANSFORMATION OF VELOCITY AND ACCELERATION

The LT is a linear mapping between the coordinates of IRFs in relative motion. Velocity and ac-
celeration involve ratios of differences between space and time coordinates. We can use the LT to
“build” the transformation equations for these quantities.”

3.3.1 Velocity transformation

Let S move relative to S with constant velocity v. Let u = dr/dt be the velocity of a particle as
seenin S and let ' = dr’/d¢t’ be the velocity of the same particle seen in S’. Form the differentials
dr’ and d¢’ from Eq. (3.23) holding v constant:

2
2
dr’ =y (dr —vdt) + ———v X (v X dr
7 (dr — o) v x (v x )
dt’ =y [dt —dr - v/c?] = ydt [l —u-v/c?] . (3.25)
Divide dr’ by dt’ in Eq. (3.25) to obtain the velocity transformation equation
, u—v vy v X (vXu)
= . 3.26
“ 1—'u-u/c2+c2(1+7)(1—v-u/c2) (3:26)
By decomposing w = w|| + w_ into vectors parallel and perpendicular to v, we obtain
/ up—v
u (3.27)

- 1—v-u/c?’

7Which is to say, the velocity and acceleration vectors do not transform according to the LT because they are not four-
vectors. In Chapter 7 we define velocity and acceleration four-vectors by differentiating the four spacetime coordinates with
respect to the proper time; these vectors do transform with the LT.
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while u | transforms as

’ U

u, = (3.28)

yl—v-u/c?]’
Whereas the coordinates transverse to v are left unchanged, r’J_ = 7, the same is not true for the
transverse velocity components; time transforms between frames, time is not absolute.

The inverse of Eq. (3.26) provides a clean statement of velocity addition in vector form. Switch
primes and unprimes, and let v — —wv:

vt . o v X (vxXu)
S ltvew/ 14y (1+v-u//c?) ]

u (3.29)
Equation (3.29) specifies the resultant of adding the velocity of S’ relative to S, v, to the velocity
seenin S, u'.

3.3.2 Non-colinear velocities

Equation (3.29) differs from Eq. (3.16), which applies for colinear velocities (all in the same line).
When v and ' are not colinear, new physical effects manifest.® For non-colinear velocities, there’s
an asymmetry in Eq. (3.29): The two velocities do not occur in the formula in a symmetrical manner.
We define the direct sum of two velocities, which has ordered “slots” for the vectors being added,

v, + Vp Ya Vg X (Vg X vp)
l+wvg-vp/c? A(l+7,) 1+v, v/

vV, DUy = (3.30)

where 7, = 1/4/1 —v2/c? is the Lorentz factor associated with v,. The relativistic addition of
velocities is not associative,
v, D vo # vy Dy . (3.31)

Only when the velocities are colinear does v1 + vy = vo + v;.

3.3.3 Acceleration transformation

The transformation equation for the acceleration vector a = du/dt can be obtained by differentiat-
ing Eq. (3.26) (v is constant),

1 ¥ 1
du’:{du—vodu v+ v XuXdu (3.32)
Y1 —v-u/c?)? c(1+1) ( ) c?
Divide Eq. (3.32) by dt’ in Eq. (3.25) to obtain
1 ol 1
a = a— v-a)v+ svXuXa (3.33)
V21 —v-u/c?]? { c2(1+v)( vtz

While Eq. (3.33) is a complicated expression, it suffices to note that a’ # a! That alone tells us that
F = ma is not consistent with SR.> We show in Chapter 7 how to “fix up” Newton’s second law to
be relativistically correct. Equation (3.33) can be simplified by decomposing a into vectors parallel

and perpendicular to v, @ = a); + a_. We find:
a ’

WL v-ufef

a; +vX(uxa)c
21— u-v/e’

a, = (3.34)

I
a =

We’ll use Eq. (3.34) in Chapter 12.

8The prime example is Thomas precession.
9We showed in Chapter 1 that F' = ma is invariant under the Galilean transformation.
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3.4 RELATIVISTIC ABERRATION AND DOPPLER EFFECT

Let frames S and S’ be in standard configuration—see Fig. 3.6. Let an object in .S” have velocity
u’ in the 2/-y’ plane. Let u' be oriented to the a’-axis at angle ¢’ so that v}, = u/cos®’ and

yz\S y/z\S,
u/
v
—
u
9/
0
> T > a’

Figure 3.6 Relativistic aberration.
u,, = u'sin@. What is the angle ¢ observed in S between the velocity u and the z-axis? That

qilestion can be answered using the velocity transformation equations.
Use the inverse transformations of Eqs. (3.27) and (3.28):

p ul, +v u cos + v
Uy = ucosf = =
* 1+wvu/cosb' /2 14 vu cos®/c?
u/ ! o 0/
Uy = usinf = Y = v . (3.35)

vy (1+vu cosb'/c?) v (1+ v cosb /c?)
Divide the two equations in Eq. (3.35),

Uy B ' sin 6’
o tan 6 = —7 0t ucosd) (3.36)

For a light ray in S’, set &/ = ¢ in which case Eq. (3.36) becomes

sin 6’
0= ————. 37
tan Tt o0 (3.37)

Equation (3.37) is the formula for the relativistic aberration of light. As f — 1, the angle 6 gets
increasingly compressed into a cone of half-angle § ~ +~!, a phenomenon known as relativistic
beaming. To show this, set 5 = 1 in Eq. (3.37), in which case we have, approximately,

1
tanf ~ tan(6'/2) . (3.38)

Irrespective of the emission angle @', 6 is compressed into v~ for sufficiently large .

Referring now to Fig. 3.7, suppose there’s a source of light at rest at the origin of S’ that emits
signals with frequency f. (as measured by an observer at rest relative to S’). The source emits
signals into the direction §’, measured from the 2’-axis. Let £, E/, denote the events in S” at which
successive light signals are emitted; the first at # = 0 and the second at AT’ = f; 1. In S, event
E; (corresponding to E) occurs at the origin at ¢ = 0, for which a light ray is seen to be emitted
into the direction 6, measured with respect to the z-axis. (The two frames synchronized their clocks
as the origin of S’ passed the origin of S.) Event E5 in S (corresponding to EY) occurs at time
ty = vAT’ (time dilation) at position zo = S~ycAT’, at which another ray of light is seen to be
emitted in S. (Figure 3.7 is not a spacetime diagram.!®) In S, both rays are detected at a distant

10There are no spacetime diagrams in Chapter 3, which works with three-vectors, vectors in three spatial dimensions.
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Figure 3.7 Two photons emitted from source at rest in S’ in direction #’, observed in S.

location P. The question is, What is the time AT in S between the reception of the two signals?
The first arrives at P at time 77 = 71/¢, where r; is the distance of P to the origin. The second
signal arrives at P at time T = yAT’ + 15 /¢, where 75 is the distance from P to the location 5.
Thus,

1
AT:TQ—le’}/AT/—f—E(TQ—Tl). (339)

Assume that P is sufficiently distant that we can approximate ro =~ 11 — xgcosf = r; —
BycAT cos 6. Thus, from Eq. (3.39),

AT = ~vAT' (1 — Bcosb) . (3.40)
Let f, = (AT)’1 denote the frequency observed in S; from Eq. (3.40)

B fe
~ y(1—Bcosb)

where the second equality follows from the aberration formula; see Exercise 3.8b. Equation (3.41)
is a general expression for the relativistic Doppler effect.

We’ll show in Section 5.3.2 that both Eqs. (3.41) and (3.37) (Doppler shift and aberration)
emerge as the result of a single LT involving an appropriately defined four-vector, a vector in space-
time. That is, the Doppler effect (involving time) and aberration (involving spatial directions) are
two aspects of the same thing when viewed from the perspective of four-dimensional spacetime.

For ¢’ = 7 in Eq. (3.41) (radiation emitted against the direction of motion, source receding), we
recover our previous result, Eq. (2.4), the longitudinal Doppler effect. For § = 7/2 in Eq. (3.41)
(radiation received in S orthogonal to the direction of motion), we have the transverse Doppler

effect:

fo =1+ Bcost) fe, (3.41)

1
Jo=—fe. (3.42)
gl

The transverse Doppler effect is a direct consequence of the time dilation of a moving clock; there
is no analogous effect in pre-relativistic physics. It was first measured in 1979.[21]

SUMMARY

We derived the LT for frames in standard configuration using the homogeneity and isotropy of
spacetime, and the principle of relativity, Eq. (3.17). The theory predicts a limiting speed, which
experiment shows is the speed of light. We derived the LT for a general boost—where the velocity
does not line up with coordinate axes—in Eq. (3.24). The addition of non-colinear velocities v; and
v 1S not associative, v, + vy # vs + v1.
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EXERCISES

3.1

32

3.3

3.4
3.5

3.6

3.7

3.8

3.9

Show that Eq. (3.14) is an identity when the compound speed is given by Eq. (3.13), for any
0 and f. Hint: Square Eq. (3.14) first. Don’t forget the definition y(v) = [1 — v?/(6f)] 12

V1 + Vg

1 + ’U1’U2/’l/}2 ’
implies that w < 4. Hint: Let v; = 9 — 1 and vo = ¥ — po, where 1 > 0 and s > 0.

Show that Eq. (3.13), written in the form w = where ¢ is the limiting speed,

Referring to Fig. 1.1, suppose that the vector R is time dependent, with R = vt + %atQ,
where v and a are constant vectors. The two observers synchronize their clocks as the origins
coincide. Suppose S is an IRF. Show that S’ is not an IRF if @ # 0. Assume absolute time.

Derive Eq. (1.3). Let 7' = r — vt. Assume absolute time.

Derive Eq. (1.1). Show that if one frame in Fig 1.2 is an IRF, the other is as well. Thus, there
is no unique orientation to IRFs. Note: ¢ is fixed here. One system is rotated with respect to
the other, not rotating.

Write down the inverse transformation to Eq. (1.1). Show that R, (¢)R.(—¢) = Iz, the 2 x 2
identity matrix.

Show, under the transformation Eq. (1.1), that (z)? + (3/)? = 2 + y?. That is, the distance
to the origin (axis of rotation) is preserved under a rigid rotation of the coordinate axes.

a. Referring to Eq. (3.37), show that the aberration formula can be written

B+ cos ¢’

0= ———-.
o8 1+ Bcost’

Hint: cos? 6 = (1 + tan? )~ !
b. Show that v(1 + Scos#') = [y(1 — Bcosh)] "

Let A = Az be a velocity vector in a rectangular (x, ¥y, z) coordinate system. Consider the
vector A+dA where dA = dA|£2+dA, g is a differential velocity with components parallel
and perpendicular to A. Define another differential velocity dw = ’yfldA”,é + vadAL g,
where v4 = 1/4/1 — A%/c2. Using Eq. (3.30) show, to first order in small quantities, that
Addw=A+dA.
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Geometry of Lorentz
invariance

HAT is the essence of SR? If you had to reduce relativity to a one-line description what

might it be? The Bondi k-factor was derived in Chapter 2 using the principle of relativity
(all inertial observers can claim themselves at rest, isotropy of the speed of light). The standard
effects of SR were then derived using the k-factor, including the LT. Can it be said that the k-factor
is the essence of SR? In Chapter 3 the LT was derived using the principle of relativity (all IRFs are
equivalent), linearity (all inertial observers see straight worldlines for free particles), and isotropy
and homogeneity of spacetime. Perhaps the LT is the heart of SR? The invariance of the spacetime
separation follows from the LT, but can also be explained using the principle of relativity (all inertial
observers claim they are at rest, all measure the same speed of light, Section 1.5). Amongst these
interconnected ideas, can one be seen as more fundamental? As we continue in our study of rela-
tivity, we will have fewer opportunities to explicitly invoke the principle of relativity, and we’ll rely
progressively more on the use of Lorentz invariance. A Lorentz invariant is a quantity that remains
unchanged under the LT, what all inertial observers find to be the same. Lorentz invariance brings
to the fore Einstein’s program for relativity that what is not relative has objective meaning.

In this chapter we look at the geometry of spacetime implied by the Lorentz invariance of the
spacetime separation. We will promote invariance to a more fundamental status than the LT. Instead
of saying that the invariant separation follows from the LT, the LT will be defined as any linear
transformation that preserves the spacetime separation. If we had to come up with a “tagline” for
SR, it might be the physics of the invariant separation in absolute spacetime. Such a description
presages that for GR, which might be the physics of dynamic spacetime.

4.1 LORENTZ TRANSFORMATIONS AS SPACETIME ROTATIONS

In this section we show that boosts can be considered rotations in spacetime. To develop that idea
we first consider rotations in Euclidean space and apply what we learn to LTs.

4.1.1 Active vs. passive transformations

Equation (1.1), which describes how the components of a two-dimensional vector transform upon
rigidly rotating the x and y-axes counterclockwise through an angle ¢ (see Fig. 4.1), can be written

(r) = R(¢)r . 4.1)

Parentheses have been placed around r in Eq. (4.1) to indicate that r is the same vector before and
after the transformation: only the coordinates have changed as a result of changing the coordinate

57
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Figure 4.1 Left: Passive transformation—same vector r, different coordinate system.
Right: Active transformation—different vectors, 7, 7/, same coordinate system.

system (left portion of Fig. 4.1). A rotation can just as well be seen, however, as a transformation of
the vector, changing not the coordinate system but changing 7 to a new vector 7/,

r = R(¢)r, 4.2)

where the components of r and 7’ are expressed with respect to the same coordinate system (right
portion of Fig. 4.1). In either case, the coordinates are transformed. The transformation in the form
(r) = R()r is a passive transformation, leaving the vector unchanged but changing the coordinate
axes, while ¥’ = R(¢)r is an active transformation, changing the vector with respect to the same
coordinate system. It’s not necessary to make the notational distinction in Eq. (4.1). Rotating the
coordinate axes counterclockwise by the angle ¢ is equivalent to rotating the vector r clockwise
through ¢. The components of 7’ in an active rotation are the same as those of ()’ in a passive
rotation except for the sign of the angle: a positive angle in the active transformation is opposite to
that for the passive.

4.1.2 Rotational symmetry

Symmetries have two aspects: a transformation and something invariant under the transformation.
For rotations the distance to the rotation axis is preserved: z'? + y"? = (wcos¢ + ysin ¢)? +

(—xsin ¢ + y cos $)? = x> + y2. The terms 22 + y? can be generated from the inner product 77 'r:

rTy = (x y) (i) =22+ y2 . “4.3)

Rotational invariance can then be expressed as r'7r’ = »Tr. Using Eq. (4.2),
rir =T = rTRT($)R(¢)r , 4.4)
where we’ve used for matrices A and B, (AB)T = BT AT Rotational symmetry requires of R
RY(¢)R(¢) =1, 4.5)

or that R7(¢) = R~'(¢) = R(—¢) (an orthogonal matrix). It can be seen explicitly from Eq. (1.1)
that RT (¢) = R(—¢).

The inner product in Euclidean space is defined by r - » = 7+ = 22 + y2. Clearly r - » > 0,
where equality implies » = 0. The length (norm) of r is defined as ||r|| = /7 -7 = /22 + 32
From Eq. (4.4) the inner product is invariant under rotations, as is the norm, ||7/|| = ||R(¢)r|| =
[|7||- The invariance of the inner product generalizes to different vectors, v} - v = 7 - 5. The
distance from 7; to 79 is also preserved, ||R(¢)r1 — R(d)r2|| = ||R(@)(r1 — 72)|| = ||r1 — r2]].

T
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Even though the coordinates change under rotation, the norm and the inner product do not. Coordi-
nates are relative to a coordinate system, but the norm and inner product are absolute quantities—
they have the same value in all frames connected by rotation. Because these quantities are absolute,
they have geometric meaning. A geometry is characterized by its symmetries, its invariants.

Seen as a passive transformation, the invariance of the inner product under rotations should not
come as a surprise—it’s the same vector before and after the transformation. Seen as an active trans-
formation, rotations map circles onto themselves—an invariant circle; see Fig 4.2. Let x = cos «

Figure 4.2 Invariant circle under active rotations (dashed line).

and y = sin « be the coordinates for a point on the unit circle. The rotation matrix R(¢) maps (x,y)
into (2, y"), where

'\ [ cos¢p sing) (cosa\ [cosacosd+sinasing)  [cos(a— ¢)
y' ) \—sing cosp) \sina) \sinacos¢ —cosasing) \sin(a—¢)/
The transformed point in the active rotation lies on the unit circle at the angle o — ¢. All possible

rotations in the Euclidean plane about a fixed axis are represented by the mapping of a point on a
circle into another point on the same circle.

4.1.3 Invariance of the spacetime separation under Lorentz transformations

Under LTs the spacetime separation from the origin is preserved:
7(Ct/)2 +l_/2 +y/2 +Z/2 — *(Ct)Z +l’2 +y2 + 2,2 . (17)

In analogy with rotations, therefore, boost transformations can be considered rotations in spacetime,
even though they can’t be visualized as such. Rotations in Euclidean space are the result of twisting
around an axis of rotation. About what axis are we twisting in implementing a LT? It can’t be
visualized. If we generalize the concept of rotation to be a mapping affecting pairs of coordinate
axes (x and y, for example), the LT is a rotation in that sense. In four-dimensional spacetime, there
are (3) = 6 pairs of axes: three pair the time axis with a spatial axis, and the other three involve
space-space pairs of axes.! We show in Chapter 6 that the most general LT is characterized by
six independent parameters pertaining to mappings of the six possible pairs of coordinate axes in
four-dimensional spacetime.

Equation (1.7) specifies that for an event with spacetime coordinates (ct, x,y, z) in one frame,
then for the coordinates of the same event in another IRF, (ct’, 2, 3/, 2’), the two sets of coordinates
are such that Eq. (1.7) is satisfied.? For frames in standard configuration, the transverse coordinates
are unaffected by the motion, and in that case —(ct)? + 22 is an invariant, one that’s easier to see
the geometric meaning of.

'We’re using the binomial coefficient, “/N choose k,” jZ = N!/(k!(N —k)!). In three dimensions there are ‘;’ =3
pairs of coordinate axes, the same number as the dimension of the space, and thus we can associate a three-dimensional
vector with a rotation. The case of three dimensions is special, however: n = 3 is the non-trivial solution of (g) = n. Only
in three dimensions can we associate a rotation with a vector in the same space. The axis of rotation in a four-dimensional
space would be a vector in a six-dimensional space.

2Such a statement is possible only if the two frames have a common spacetime origin.
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The hyperbolic form of the LT (for frames in standard configuration) is, from Eq. (A.5):

ct’ coshf sinh@)\ [ct\ _ ct
(x’) - (sinh9 cosh9> <x> = L(0) (x) ’ (4.6)
where tanh § = —f3. Using Eq. (4.6),

—(ct')? + 2’ = — (ctcosh 0 + xsinh §)? + (ct sinh 6 +  cosh 6)? 4.7
=(cosh? @ — sinh? 0)(—(ct)? + 22) = —(ct)? + 22 .

For given coordinates (ct,z), compute the number k = —(ct)? + 22, where k can be positive,
negative, or zero (contrast with the Euclidean distance, which is always positive). Equation (4.7)
shows that —(ct’)? + 22 = k for all possible LTs starting with (ct, ). The locus of points such
that —(ct)? + 22 = k is a hyperbola; see Fig. 4.3. The active form of the LT maps hyperbolas onto
themselves, the invariant hyperbola. The asymptotes are the lightlines ct = +z.

Figure 4.3 Invariant hyperbola —(ct)?+2? = k. For k > 0 or k < 0 there are two branches.
Figure 4.4 shows the LT from the passive and active points of view. As a passive transformation

ct4 cta

Figure 4.4 Passive and active forms of the Lorentz transformation.

the same spacetime point has coordinates in two reference frames (left portion of Fig. 4.4). To
understand the active transformation, consider the hyperbola associated with £ > 0. As shown
in the right portion of Fig. 4.4, the spacetime vector 7 intersects the hyperbola at point P with
coordinates ¢t = vk sinh a and 2 = V& cosh o, where « is a hyperbolic angle, the angle between
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r and the z-axis.> The LT maps the point (ct, x) into (ct’, z'), where

ct! cosh® sinh@ [Vksinha sinh(a + 0)
1] = . = \/EJ .
x sinhf cosh®) \ Vk cosh a cosh(a + 6)
The transformed coordinates (relative to the same coordinate axes) are to be found on the hyperbola
with ct’ = vk sinh(a+60) and 2/ = vk cosh(a +6), i.e., at the hyperbolic angle « 46, the point Q

in Fig. 4.4. A boost is therefore a rotation* along the invariant hyperbola through the angle @, where
tanh 6 = — (.

4.2 KINEMATIC EFFECTS FROM THE INVARIANT HYPERBOLA

ct pet!

Figure 45 P lies on the hyperbola —(ct)? +2? = k which intersects the z-axis for all IRFs
at the same values 2/ = V/k.

Event P in Fig. 4.5 has coordinates (ct, z) in one frame and (ct’, ') in another. P lies on the
hyperbola —(ct)? + 22 = k for some k > 0. The hyperbola intersects the z-axis (¢ = 0) at z = V&,
and the z’-axis (¢’ = 0) also at 2’ = /k (point Q). Because the hyperbola is Lorentz invariant, it
intersects the z’-axis associated with any LT (starting from (ct, x)) at the same value, z' = \/k.

The invariant hyperbola can be used to illustrate time dilation and length contraction. Referring
to Fig. 4.6, IRFs S and S’ in relative motion synchronize their clocks when the origins coincide.
The worldlines of the clocks consist of the time axes, t and #'. Let the clock in S’ show one unit of
time at event B’ which is where the unit hyperbola (k = —1) intersects the ¢'-axis. The hyperbola
intersects the ¢-axis at event A, which is also one unit of time for the clock in S. In S, event B is
simultaneous with B’ (draw a line parallel to the z-axis). Because B > A, S concludes that the
moving clock in S’ runs slow. As seen from S/, however, event A’ is simultaneous with A (draw
a line parallel to the z’-axis). Because A’ > B’, S’ concludes that the clock in S runs slow. Both
observers conclude that a clock in motion runs slow.

Referring again to Fig. 4.6, let there be a rigid rod in S’, in motion relative to S. At the instant
the back end of the rod is at the origin of both frames, the front end is at )" in S’, where the unit
hyperbola (k = 1) intersects the z’-axis. (S’ measures Q' as the length of the rod at ' = 0.) The
hyperbola intersects the z-axis at P, also at one unit of length. The worldline of the front end of the
rod intersects the x-axis at (), which is the measured length in S (two ends of the rod at the same
time, t = 0). Because ) < P, S concludes that the moving rod is contracted in length. Now let the
rod be at rest in .S, in motion relative to S’. S measures the length of the rod as P (both ends at the

3Hyperbolic angle is measured in hyperbolic radians, twice the area enclosed by the vector 7, the unit hyperbola, and
the x-axis, similar to a circular radian which is twice the area between 7, the unit circle, and the x-axis.[22, p444] The range
of hyperbolic angle is unlimited, as we see from tanh § = —f.

4The non-associativity of velocity addition (Section 3.3) is a consequence of the non-commutativity of rotations in
four-dimensional spacetime. As is well known, three-dimensional rotations do not commute.
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Figure 4.6 Length contraction and time dilation using the invariant hyperbola.

same time, ¢ = 0). The worldline of the front edge of the rod intersects the x’-axis at P’, which is
the length measured by S’ (both ends of the rod at the same time, ¢’ = 0.) Because P’ < @', S’
concludes that a moving rod is contracted in length. Both observers conclude that a rod in motion
is contracted.

Length contraction and time dilation are thus symmetric between IRFs. That’s quite possibly the
key difference between SR and the ether model (Section 2.6), wherein length contraction and time
dilation purportedly occur relative to the ether in order to explain the MM and KT experiments,
properties attributed to the ether for the sole purpose of allowing it to evade detection! In SR, length
contraction and time dilation are relations between coordinates assigned to events by any two IRFs.

4.3 CLASSIFICATION OF LORENTZ TRANSFORMATIONS

We now define a LT to be any linear transformation that preserves the spacetime separation. To see
how that comes about, define a time inversion operator T' that maps t — —t and leaves the spatial
coordinates unchanged, a matrix representation of which is:

-1 0 0 O
0 1 0 O
T = 0 0 1 0 4.8)
0 0 0 1
With T, the spacetime separation can be generated from »7Tr = —(ct)? + 22 + y? + 22. With

the coordinates in another IRF obtained from the LT, ()" = L(v)r, we have the invariance of the
separation expressed in the form 7' Tv" = vTTr, implying that r'T T’ = T LT T Lr = rTTr. We
thus have a requirement on any linear transformation L that preserves the spacetime separation,

LTTL=T. (4.9)

Equation (4.9) is analogous to the orthogonality condition for Euclidean rotations, Eq. (4.5), which
could be written RT TR = I to make it appear like Eq. (4.9). Instead of the operator T, however, we
could just as well define the parity operator, which inverts the spatial coordinates and leaves time
unchanged:

(4.10)

o O O
s}
\
[y
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Equation (1.7) would then be generated by the invariance of 77 Pr, implying
LTPL="P. 4.11)

Equations (4.9) and (4.11) each impose a requirement on transformations that preserve the
spacetime separation. Which should we use? It’s traditional in the relativity literature to write

LTyl =1, 4.12)

where 7) is a diagonal matrix with either (—1,1, 1, 1) on the diagonal, symbolized diag(—1,1,1,1),
or diag(1,—1,—1, —1). Both conventions are in prevalent use. We will use = diag(—1,1,1,1),
Eq. (1.14).°> The matrix 7 is the Lorentz metric tensor. Any linear transformation satisfying Eq.
4.12)isa LT.

Transformations satisfying Eq. (4.12) have the mathematical property of constituting a group,
the Lorentz group. Without venturing unduly into group theory, the four properties a set of elements
must have to be a group are easily demonstrated:®

e If L; and Ly are LTs, so is the composition L = L; Ly. From Eq. (4.12), LY LTnL Ly =
LInLy = n. A LT followed by a LT is itself a LT, a manifestation of the principle of
relativity—all IRFs are equivalent.”

e The composition law for LTs (matrix multiplication) is associative: (Lj Lo) L3y = L1(L2Ls3).
e There exists an identity element L = I, which qualifies as a LT, Inl = .

e For each L there exists L~ in the group, which is more difficult to prove, although it must be
so physically by the principle of relativity. Take the determinant of Eq. (4.12). Using the rules
of determinants, including det LT = det L, we find (det L)2 = 1 and hence det L = =+1.
Because det L # 0, L~ exists. To show that it belongs to the group, multiply Eq. (4.12)
from the left by (L7) ™" and from the right by L~ (LT) ™' LTpLL=t = (LT) ™ L1,

and thus n = (Lil)T nL~1 because for any matrix (LT)f1 = (L*I)T. Hence, L~ 'isaLT.

For later use with tensor analysis, it will be useful to adopt a notation for the elements of the
LT matrix, the utility of which will become apparent in the next chapter. Denote the elements of
the LT matrix as L¥, where the top (bottom) index labels rows (columns), and where Greek letters
conventionally have the range (0, 1, 2, 3), with 0 labeling the time coordinate (Section 1.3).

It can be shown (Exercise 4.1) that (L8)2 > 1. There are then four possible types of LT: L > 1
(orthochronous), L8 < —1 (non-orthochronous), det L = +1 (proper or improper). These consti-
tute four categories of LTs, conventionally denoted as follows.

° Ll :det L = +1, LY > 1, proper, orthochronous LTs.
The requirement det L = +1 (proper LTs) excludes the possibility of P or 71" as LTs. As
aresult, LTs € Ll connect smoothly with the identity transformation as the transformation
parameter (speed or rotation angle) continuously goes to zero. The requirement L > 1 maps
positive time onto positive time, “orthochronous.”

° Lt cdet L = —1, L8 > 1, improper, orthochronous LTs.
This class allows for the possibility of P as a LT, but excludes 7.

ST prefer (—1, 1, 1, 1) because it singles out time for special treatment, and relativity is all about time.

6T say without unduly venturing into group theory because it’s a vast subject. Much you may try to resist it, “der
Gruppenpest” is an essential part of theoretical physics, which, if studied long enough, will entail picking up at least a
nodding acquaintance with group theory. Groups are defined in almost any undergraduate book on algebra.

7We showed explicitly in Section 3.1.4 that the group property is satisfied among frames in standard configuration; here
we’re establishing it for any linear transformation that satisfies Eq. (4.12).
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° Lf sdet L = —1, L8 < —1, improper, non-orthochronous LTs.
This class includes 7" but excludes P.

° Li sdet L = +1, L8 < —1, proper, non-orthochronous LTs.
This class allows for the combined operation PT’, inversion of time and space.

Only LTs € Ll are elements of the Lorentz group, because only this class includes the identity
transformation. As a result, only LTs € LL can be built up out of infinitesimal LTs (Chapter 6).
It can be shown that L € L¢_ can be written as the product T'L’, with L' € LE_. Thus we have
the mapping TLT|r — L*. Similarly, we have the mappings PLT._ — LT and TPLI_ — Lﬁ_. All
possible LTs can therefore be obtained from L € L1 and the discrete transformations 7" and P.3

4.4 SPACETIME GEOMETRY AND CAUSALITY
441 Vector norm

A geometry involves the ability to specify the distance between points, and a natural way to do that
is through the inner product between vectors—which allows one to assign a magnitude to vectors.
We define the inner product between spacetime position vectors’ using the Lorentz metric:

-1 0 0 O ct ct
rer= rTm' = (ct Ty z) 8 (1) ? 8 Z:j = (—ct x Yy z) j; (4.13)
0 0 0 1 z z

=— (et + 2%+ 9>+ 22,
In this way 7 - 7 is a Lorentz invariant: For (7)" = L(v)r,
v v’ = (Lw)r) 'nLw)r =rTLT (v)ynLv)r =rTyr=r v,

where we’ve used Eq. (4.12). The invariance of the dot product extends to different position vectors,
r}] -1, = 11 -r9. The invariant inner product is highly useful in practice: If its value is known in one
IREF, it has the same value in any other frame obtained from the first by a LT. Just as with rotations
in Euclidean space, the invariance of the inner product among spacetime vectors is a property of the
geometry. While coordinates transform between IRFs, there is an intrinsic property of the spacetime
geometry, the inner product, which has been defined to generate the spacetime separation.

The norm of a spacetime vector can now be defined,

Vrer  forr spacelike (r-7 >0)
[l7]| =< v/=r-r forrtimelike (r-r<0) . (4.14)
0 for r lightlike (7 -7 = 0)

A vector with unit norm is a unit vector. Note that in contrast with Euclidean geometry, where
77 = 0 implies » = 0, a spacetime vector can have zero norm and be non-zero. A vector with zero
norm is called a null vector. Because the norm has been defined using the inner product, it too is a
Lorentz invariant.

Spacetime separations are non-intuitive. The analog of the “3-4-5” right triangle in Euclidean
geometry is in spacetime geometry a “3-5-4” triangle (see Fig. 4.7), an instance of time dilation—

8In quantum field theory, systems with Lorentz symmetry must also have CPT symmetry—that the physics is unaffected
by the combined transformation CPT where C (“‘charge conjugation”) converts a particle into its antiparticle.

9The symbol 7 has been used to denote two-dimensional vectors, as in Eq. (4.3), three-dimensional vectors, as in Eq.
(3.23), and now as a four-dimensional vector. Soon we’ll refer to a spacetime position vector as a four-vector.
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Figure 4.7 Moving clocks run slow: in the non-Euclidean geometry of spacetime.

the length of the hypotenuse (proper time) is shorter than the base of the triangle (time ascribed
to the moving clock). The hypotenuse is a timelike vector with norm /—[—52 + 32] = 4. Does
the hypotenuse in Fig. 4.7 look shorter than the base of the triangle? Don’t bring your geometric
expectations, based on a lifetime of Euclidean reasoning, to spacetime diagrams. Figure 4.8 shows
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Figure 4.8 Timelike unit vectors (left) and spacelike unit vectors (right).

timelike and spacelike unit vectors: Each vector in Fig. 4.8 connects the origin with a unit hyperbola.
These are not all unit vectors in the same frame; each would be a unit vector in some IRF, however.

4.4.2 Orthogonality

Can spacetime vectors be orthogonal? We assumed in setting up spacetime diagrams that the time
axis (timelike) is orthogonal to the space axis (spacelike). Vectors can be timelike, lightlike, or
spacelike. Is orthogonality possible for each type of vector? For A and B spacetime position vec-
tors, can A - B = 0, where the inner product is defined in Eq. (4.13)? Denote the time component
of A as A" and the space components as A notation we use in Chapter 5). Then, using Eq. (4.13),

A-A=—(A%21||A|]2 where here ||A]| = V/ A - A is the Euclidean norm of the spatial part of
the vector. A spacetime vector is spacelike, lightlike, or timelike according to whether I|4]| > 4°|,

|A]| = |A°, or ||A|| < |A°|. Orthogonality implies that A°’B? = A . B. Of the three types of
vector (timelike, spacelike, lightlike), which can meet this condition?

e Let A be a timelike vector. Vector B can be orthogonal to A only if B is spacelike.
Proof: Assume that A°BY = A . B (orthogonality) and |A°| > ||A]| (timelike). Then,
|A°B| = |A - B| < ||A|| ||B]| (Schwartz inequality). But |A° Iy
| B9 < || B]|. For orthogonality to hold, B can only be spacelike.

Timelike vectors cannot be orthogonal, and timelike vectors cannot be orthogonal to lightlike
vectors. A timelike vector can only be orthogonal to a spacelike vector.

e Let A be a lightlike vector. Vector B can be orthogonal to A if B is spacelike or lightlike.
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Proof: From A°B° = A . B, |B°| = |A - B|/|A°| < ||A]| ||B||/|A°| (Schwartz). But
| A% = || A]| (lightlike), implying that || B|| > |B°|. B is either spacelike or lightlike.
Lightlike vectors can be orthogonal to lightlike and spacelike vectors; two lightlike vectors
can be orthogonal if and only if they’re scalar multiples of each other.

e It is possible for spacelike vectors to be orthogonal.
= Two spacetime vectors can be orthogonal if at least one of them is spacelike or both are light-

like, in which case they are proportional to each other.

4.4.3 Partition of spacetime

Spacetime can be partitioned into five regions (see Fig. 4.9):

T, = Future timelike, (As)? < 0, > 0;
T_ = Past timelike, (As)? < 0,t < 0;

S = Spacelike, (As)? > 0;
L, = Future lightlike (future light cone), (As)? = 0, > 0;
L_ = Past lightlike (past light cone), (As)? =0, < 0.

The LT maps each of these regions onto itself. Because (As)? is Lorentz invariant, the spacelike

Figure 4.9 Partition of spacetime into spacelike, lightlike, and timelike regions.

region .S is mapped onto itself under the LT; likewise with timelike and lightlike regions, where we
include future and past sets. The past and future sets, however, are separately preserved under the
LT. We prove this for 7', where for ¢ > 0, we must show that ¢ > 0 for x € T'.. From Eq. (4.6),

ct’ = ctcosh@ + zsinh 6 . (4.15)

Forz € T, —ct < = < ct. Using this inequality together with Eq. (4.15), it can be shown that
te™% <t < te?, and hence that ' > 0 if ¢ > 0. The proof for T"_ is similar. It’s simple to show that
the future and past light cones are separately preserved under the LT.

4.4.4 Temporal order and causality

Events in T’ cannot be simultaneous in any reference frame, and the temporal order in which events
occur is the same for all observers (discussed in Section 1.5). Event A in Fig. 4.10 has ¢ > 0 and
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ct
absolute future

absolute past

Figure 4.10 Absolute past and absolute future. Events in 77, occur after the event at O in
any reference frame. Events in 7_ occur before O in all reference frames.

occurs after the event at the origin, O. No LT can change the time coordinate of A to ¢ < 0. Thus
A occurs after O in all IRFs. For this reason, 1", is called the absolute future because events in this
region occur after O in all frames. Likewise, 7" is called the absolute past because events in this
region occur before O in any frame.

Events on the future light cone, L, can be influenced by electromagnetic signals from a source
at O. Because physical effects cannot propagate faster than light, any effect originating at O can
reach only those points inside 77, or on L. And because the temporal order of events cannot be
altered by a LT in this region of spacetime, it’s possible to introduce notions of cause and effect in an
absolute sense, independent of reference frame. A causal connection between events can exist only
if they are timelike or lightlike separated. Vectors that are either timelike or null are called causal
spacetime vectors. At each point in spacetime, there corresponds a light cone with its vertex at that
point—see Fig. 4.11. Each event along the worldline of a particle can affect only those events that

<\ >
N

L

Figure 4.11 A point in spacetime can influence only those events within its future lightcone.

lie in or on its future light cone, and can be affected only by events in or on its past light cone.'?

19Ty quantum field theory, measurements of a field at the origin and at an event P do not interfere if P is spacelike
separated from the origin. Operators must therefore commute for spacelike-separated events.
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SUMMARY

A LT is any linear transformation such that LT nL = 5, where n = diag(—1,1,1,1).
The inner product between spacetime vectors is Lorentz invariant where r - » = 7 nr.

Spacetime can be partitioned into a future timelike region, a past timelike region, a spacelike
region, and the future and past light cones. The LT maps each of these regions into themselves.

There can be a causal connection between events in spacetime, where notions of cause and
effect, “earlier” and “later” are independent of reference frame, only if they are timelike or
lightlike separated.

Two spacetime vectors can be orthogonal if one of them is spacelike or both are lightlike.

EXERCISES

4.1
4.2

4.3

4.4

4.5

4.6

Show that (L9)* = 1+ Y% | (Li)®. Conclude that (Z3)” > 1. Hint: Use Eq. (4.12).

Show that L= = nL”n and LT = nL~'n. Hint: (n)? = I.

0 1
- (4 8).
Ly Ly
a. Use the result of Exercise 4.2 to find L~ in terms of the matrix elements of L. Because

we have generally that L= (v) = L(—v), use your result for L™ to argue that the off-
diagonal terms must be odd functions of v, while the diagonal terms are even functions.

Assume a 2D LT, where ) = <_1 O) s

b. Use your result for L~ to conclude that L must be a symmetric matrix with L} = LJ.
Hint: Compare the results of LL~! = I with LTnL = .

Show that the inner product between two spacetime vectors is invariant under the LT, r} - 75 =
T1 + T2, where the inner product is defined as 7y - 5 = rlang.

Events A, B, and C have spacetime coordinates (ct, z) of (2,1), (7,4), and (5, 6), respec-
tively. For each pair of events, answer the questions: (1) Are the events timelike, spacelike, or
lightlike separated?; (2) Is it possible that one of the events could be caused by the other?

Show:

®

If two lightlike vectors are orthogonal, they are scalar multiplies of each other;
b. That the inner product between a lightlike vector and a timelike vector is negative;

c. That the sum of a lightlike vector and a timelike vector is timelike. Use the result of the
previous problem;

d. For two future-pointing timelike vectors, i.e., spacetime vectors A, B with A° > 0 and
BY > 0,that A- B < 0;

e. For A a future-pointing timelike vector and B a past-pointing timelike vector, that A -
B > 0.



CHAPTER 5

Tensors on flat spaces

INSTEIN’S program for GR, that the laws of physics be independent of coordinate system, is
realized by expressing equations as relations between tensors.! Tensors are highly useful in SR
as well: The time has come to address this important topic.

Tensors are generalizations of vectors. In an n-dimensional space, a vector is specified by n
numbers. A second-rank tensor requires n? numbers for its specification; a rank-r tensor requires
n” numbers. Physical quantities exist requiring more than n numbers for their specification, the
stress tensor for example. We start by defining vectors in spacetime, and then work our way up to
tensors. The traditional way of introducing tensors is through their transformation properties—how
the n” numbers transform between reference frames (Section 5.1). In Section 5.5 we show that
tensors are linear relations between scalars, vectors, and even other tensors.

5.1  TRANSFORMATION PROPERTIES
5.1.1 Spacetime position four-vector

Spacetime is modeled as a four-dimensional continuum? obtained from the concatenation of space
(R3) with time (R), R* = R3 x R. Unadorned R*, however, cannot support the physics of SR; we
require a mathematical model having more structure. Minkowski space (MS) is a four-dimensional
vector space (with points in one-to-one correspondence with those of R*) spanned by one timelike
basis vector, e;, and three spacelike basis vectors, e, e,, €., where by convention basis vectors
are labeled with subscripts.> While any four linearly independent vectors can constitute a basis
(known as a tetrad), in IRFs we require time to be orthogonal to space. Points in MS (events) are
located by a position vector (relative to the origin-event*) r» = rte, +r%e, + rYe, +r%e, called a
four-vector, where by convention coordinates are labeled with superscripts. A change in reference
frame is a change of basis vectors (the passive form of the transformation) in such a way that the
components of r transform according to the LT.> In Section 4.4 we were careful, in introducing
the inner product, to refer to spacetime position vectors, because so far that’s the only four-vector
we have: a position vector for every event. As we develop SR, a succession of four-vectors will be
introduced. The edifice of relativity theory is built on four-vectors and the Lorentz invariants that
can be constructed from them. With the understanding that additional four-vectors are forthcoming,

I'A sizable portion of Einstein’s 1916 article is devoted to tensors in a section, “Mathematical Aids to the Formation of
Generally Covariant Equations.”[9, p111].

2 Appendix C reviews linear algebra, including the Cartesian product. While the universe is well described as a four-
dimensional entity, string theory is a proposed framework for quantum gravity that invokes extra spatial dimensions.

3Every vector space has a basis, with its dimension the maximum number of linearly independent vectors.

4Vector spaces require a zero vector, which we can take as an arbitrarily chosen event for the spacetime origin.

SMinkowski space is an inner-product space endowed with a very specific structure; it’s not simply a vector space. To
speak of timelike and spacelike vectors, an inner product must already have been introduced—Section 4.4.
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we refer in this chapter to arbitrary four-vectors A:
A=Ale, + A%e, + AVey, + A%e, . (5.1

We’ll soon distinguish two fypes of vectors: contravariant and covariant. Any vector whose prove-
nance can be traced to the position vector (more generally to oriented line elements) is referred to
as contravariant. The vector A in Eq. (5.1) has the form of a contravariant vector. Covariant vectors
are a geometrically distinct type of vector, related to oriented surface elements.

We adopt a notational convention that allows us to write four-vectors more compactly than
Eq. (5.1). We reserve zero to label the time component of four-vectors as well as the associated
basis vector, and we use 1,2, 3 to label spatial components and basis vectors, instead of x, ¥y, z, or
7,0, ¢. Thus, Eq. (5.1) can be written A = A% + A'e; + A%e; 4 A®es. This convention enables
the use of summation notation: A = Zi:o A%e,. Note the Greek letter o as the summation
index. A convention in the theory of relativity is that if the sum runs from O to 3, use a Greek
letter as the summation index; however, if the sum runs from 1 to 3, use a Roman letter. Thus,
S A%, = Al + Y°_| Ale;. Now, having introduced this convention, much of what we
cover in this chapter is general tensor analysis pertaining to any space and not specifically to MS.
When that’s the case there’s no need to adopt a notation that singles out the timelike dimension.
When we deal with relativity, however, we stick to the convention.

We will encounter expressions involving sums over numerous indices, and writing out the sum-
mation symbols becomes cumbersome. The Einstein summation convention is that repeated raised
and lowered indices imply a sum. Thus, ZZ:O A%e, = A%eq. Of course, « is a dummy index
that has no absolute meaning. The expressions A%e, = A” eg = Ae, are equivalent and imply
the same sum. Remember: The rule is that repeated upper and lower indices imply a summation.
Terms such as A“eg do not imply a sum. I will gradually work in the summation convention to gain
practice with it, but after a point I will simply use it without comment.

We’ll use z* to denote the components of the four-position, z = (2°, 2!, 2%, 23). Not just
any collection of four numbers constitutes the components of a four-vector.® For example, can we
package the components of the electric field vector F into a four-vector, finding something suitable
to include as the time component? It turns out the answer is No. Likewise there is no four-vector
having the components of the orbital angular momentum L as its spatial part.’

5.1.2 Metric tensor

We defined the inner product between position four-vectors in Eq. (4.13) so as to produce an in-
variant under the LT, the spacetime separation. Here we generalize the inner product for arbitrary
four-vectors in a way that it generates an invariant under any invertible coordinate transformation,
which includes the LT. For vectors defined with respect to the same basis, A = A%e,, B = Bfe 8
(summation convention), form the inner product by “dotting” them together,

A . B = (AOCO + Alel —+ A2€2 =+ A3€3) . (Boeo + Blel —+ B262 + 3363)

3 3
=A“BP (e, - ep) = Z ZAaBﬁ (eq - €5) , (5.2)
a=0 =0
where a double sum is implied by rwo sets of repeated upper and lower indices. There are 16 terms
in Eq. (5.2) when it’s expanded out. We’ve “passed the buck” in defining the inner product between
four-vectors to the inner product between basis vectors, e, - eg. We're going to leave these as
unspecified for now and represent them with a new symbol labelled by two indices,

Jap = €q * €5 . (5.3)

6 Another way of saying that Minkowski space is not R*.
7Fear not, however: The vectors F and L will find their place as components of tensors.
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The 16 quantities {g, s} are the elements of the metric tensor, our first tensor. The metric tensor

is one way to define a geometry:” Geometric properties such as arc length and surface area can be
calculated once the metric has been specified. Said differently, each geometry (including spacetime)
has its own metric tensor. Combining Eqgs. (5.3) and (5.2),

3 3
A-B=g,A*B’ = Z ZgagAaBﬁ
a=0 =0

The components of the metric tensor are symmetric in their indices, gng = gga; the metric tensor
is always symmetric. For an n-dimensional space, a symmetric second-rank tensor has n(n + 1)/2
independent elements (show this); in MS there are 10 independent elements of the metric tensor.

To calculate the metric tensor, we must understand what’s meant by basis vector in this context.
Consider the infinitesimal displacement vector!? in the spherical coordinate system,

ds = dr# + rdf6 + rsin 0dod = dre, + dfey + doe,
= Z (coordinate differential)’ x (basis vector) P = Z dz'e; . 5.4

?

The basis vector e; is whatever multiplies the coordinate differential dz' in the expression for ds.
In spherical coordinates, e, = 7, ey = ré, and e, = 7sin 0@. Basis vectors are not necessarily
unit vectors: their magnitude and direction generally vary throughout a coordinate system. The
vectors {e; } are tangent to the coordinate curves that pass through a given point and point toward
increasing values of the coordinate, the coordinate basis. Figure 5.1 shows coordinate basis vectors

Figure 5.1 Coordinate basis vectors at point P in the spherical coordinate system.

e,, eg, and ey “attached” to the point P. Only one coordinate curve is shown in Fig. 5.1, the portion
of a semicircle!! that results for fixed values of  and ¢, with 0 < 0 < 7/2. The coordinate curve
for the radial coordinate is the ray (for fixed 6 and ¢) 0 < r < oo, while that for the azimuth angle
is the circle (for fixed # and ) 0 < ¢ < 2.

8 Actually, Eq. (5.3) specifies the covariant elements of the metric tensor, go 3- We will shortly introduce 9P, the
contravariant elements of the metric tensor.
9What is a geometry? O. Veblen and J.H.C. Whitehead offered:[23, p17] “...a branch of mathematics is called a geom-
etry because the name seems good, on emotional and traditional grounds, to a sufficient number of competent people.”
10The infinitesimal displacement vector ds is the profotype contravariant vector. Anything called vector (in this case
contravariant) must have the properties of the prototype.
Semicircle because the polar angle has the range 0 < 6 < 7.
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We can now calculate the metric tensor for the spherical coordinate system using Eq. (5.3):

9rr  Gro  Gro 1 0 0
l9i] = | 9or 900 90p | = |0 12 0 , (5.5)
Jor 90  Goo 0 0 r2sin®0

where [g;;] indicates the tensor components arranged as a matrix. The matrix in Eq. (5.5) is diagonal
because the coordinate system is an orthogonal coordinate system, with, for example, e, - ey =
r# - 0 = 0. The metric tensor is always diagonal for orthogonal coordinate systems. Using Egs.
(5.4) and (5.5), we have the square of the line element in spherical coordinates:

(ds)? = ds - ds = g;;dz'da? = g,..(d7r)* + goe(d)* + gse(de)? . (5.6)

The line element ds = v/ds - ds represents a physical displacement and must have the dimension of
length. The metric tensor supplies the information required to calculate the distance between points,
the separation of which is characterized by coordinate differentials. If the coordinates do not have
a physical dimension, such as angular coordinates, the metric tensor must carry the information so
that gijdxidxj has the dimension of length squared (see ggo and g4 in Eq. (5.5)).

We can write (ds)? in Eq. (5.6) in the following way:

1 0 0 dr dr
(ds)?> = (dr do dg¢) |0 r? 0 do | = (dr r2d0 r?sin®6de) | d6
0 0 7r%sin?6 do do

= (dr)? 4+ r*(d0)? + r?sin? 9(d¢)? = g;;da’da’ . (5.7)

Equation (5.7) has the form of Eq. (4.13) except with 7 replaced by [g;;].
Now consider an arbitrary three-dimensional coordinate system where point P is at the intersec-
tion of three coordinate curves labeled by (u, v, w) (see Fig. 5.2). For a nearby point ) define the

w
P /ds Q
v
\dv
du
u

Figure 5.2 General (u, v, w) coordinate system.

vector As = 1@; As is also the vector As = (r + Ar) — r, where r + Ar and r are the position
vectors for () and P relative to the origin (not shown). To first order in small quantities,

or or or
ds = %du + %dv + %dw , (5.8)

where the derivatives (with respect to coordinates) are evaluated at P. The derivatives
e, =0r/dul, e, =0r/Ov], e, =0r/ow|, (5.9)

form a local basis—an arbitrary ds in the neighborhood of P can be expressed as a linear combina-
tion of them—and theyre tangent to the coordinate curves. A local set of basis vectors is determined
by the local structure of the coordinate system.
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Example. The position vector in spherical coordinates can be written
T = rsinf cos ¢& + rsin @ sin ¢y + r cos 62 .
Applying Eq. (5.9), we have the vectors of the coordinate basis

e, =0r/0r = sin 0 cos ¢& + sin 0 sin ¢y + cos 2
ep =0r /00 = rcos cos p& + 1 cos O sin ¢y — rsin 62
ey =0r/0¢ = —rsinfsin ¢ + rsin b cos ¢y .

The norms of these vectors are ||e, || = 1, ||eg|| = 7, and ||ey|| = r sin 0 (show this). The magnitude
and direction of the basis vectors are not constant. The unit vectors are thus

€, =sin # cos ¢ + sin 0 sin ¢y + cos 2
€9 =cos b cos ¢x + cos O sin ¢y — sin 2

€y = — sin ¢ + cos ¢y .

Clearly, by definition, e, = é,, eg = 7€, and e4 = 7sin 0é4.

What about Minkowski space? For spherical coordinates, the geometry was specified first and
then we derived the metric tensor. Physics determines the metric of spacetime for us. From Eq.
(4.13), (ds)? = —(da®)? + (dz')? + (d2?)? + (d2®)? = gapdr®da”, and thus we have the
Lorentz metric tensor, what we previously wrote down in Eq. (1.14):

-1 0 0 O
0 1 0 O
0 0 0 1
Note that the inner product between the fime basis vectors, e - g = —1, which is non-intuitive but

consistent with our definition of timelike unit vector (Section 4.4).

In Euclidean geometry (ds)? = g;;da’dz? > 0 for any sign of the differentials dx'. A metric
is said to be positive definite'? if (ds)? > 0 for all dz?, unless the coordinate differentials vanish,
dz® = 0. Said differently, the distance between two points in a Euclidean geometry vanishes only
if the points are coincident. In MS, however, (ds)2 can be positive, negative, or zero (spacelike,
timelike, lightlike), in which case the metric is said to be indefinite. With an indefinite metric, two
points may be at zero distance [(ds)2 = 0] without being coincident (dz? # 0). We show in Section
5.6 that an indefinite metric must have a nonzero null vector.

5.1.3 Dual basis, lowering and raising indices

The basis vectors {e; }?:1 for an arbitrary coordinate system will not in general be mutually orthog-
onal. It’s highly useful nonetheless to have some type of orthogonality relations among basis vectors.
To that end, we define another set of vectors, {e’}"_,, the dual basis, labeled with superscripts, that

12 A test for positive definiteness is provided by Sylvester’s criterion that various determinants (principal minors) associ-
ated with [g;;] all be positive.[24, p52] The Lorentz metric fails this test: It’s not positive definite, and in fact is indefinite.
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are orthogonal to each of the vectors {e;}, such that!?
; ; 1 ifi=y
e-e; =0 = , ,j=1,---.,n 5.10
J J 0 ifi 7&] ( J ) ( )

where we’ve written the Kronecker delta in a new way.'# By definition, e?-e; = 0and e' - e, = 0,
but in general e' - e? # 0.
Figure 5.3 shows a non-orthogonal basis e;, ez for vectors confined to a plane. Any vector in

AQ@Q\\

A2eyf------% A

/

"

o

62‘\ ,/ 1

(D) / |

J/ l

/ I

\ 4 1

|

él A161 I

I

el l

I

I

|

Figure 5.3 Basis vectors ej, es, and dual basis vectors e!, e2.

the plane can be expressed as a linear combination A = A'e; + A%e,. The dual basis vectors e!

and e? are shown, constructed so as to satisfy Eq. (5.10): e2-e; =0,e?-e; = 1,e' - e; = 0, and

e! - e; = 1. The same vector can be expressed as a linear combination of the dual basis vectors:

A = Aje' + Aye?, where the components of A in the dual basis are labeled with subscripts.
We can express a vector in either basis. Using the summation convention,

A= Ale; = Ape” . (5.11)

There must be a connection between the components A’ and A, (of the same vector). Take the inner
product of both sides of Eq. (5.11) with e},

€j - A= Aiej c€e; = Aigji = Akej . ek = AMS; = Aj 5
where we’ve used Egs. (5.3) and (5.10). Thus,
Aj =g Al (5.12)

13The number of dual basis vectors {e?}?_, is the same as that for the original basis {e;}"_: the two sets are isomor-
phic. In crystallography the dual basis is called the reciprocal basis. For the (generally non—ortl’logonal) directions of crystal

axes {e;}?_;, the dual basis vectors are defined as
1 ez X es 2 ez X ey 3 e; X e2
e = e = el = ——
el - (62 X 63) ep - (62 X 63) el - (62 X 63)

These vectors satisfy e’ - e; = 6; Could it be said that one cannot understand solid-state physics without first studying GR?
14The dual basis vectors span a logically distinct vector space known as the dual space, which plays a fundamental role in
tensor analysis. Appendix C contains an introduction to the dual space. From a set of vectors (in general non-orthogonal), a
new, orthonormal set of vectors can always be found (Gram-Schmidt process). The dual basis is not such a set. The dual basis
is in general non-orthogonal; the vectors {e’} are orthonormal to every vector in the set {e; }, but not amongst themselves.
The Gram-Schmidt process is a basis transformation in a given vector space; the dual basis is the basis of another space.
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Equation (5.12) is an instance of lowering an index: The (covariant) metric tensor connects the
components of a vector in the dual basis A; with its components in the coordinate basis,!> A’. Now
take the inner product between Eq. (5.11) and e”:

e A=Ae e, = A = A = Aet el (5.13)

where we’ve used Eq. (5.10). We define the contravariant elements of the metric tensor as (compare
with Eq. (5.3)) - o
gl =e'-éel (5.14)

where g/ = ¢7*. Combining Egs. (5.14) and (5.13),
AV = Apgh . (5.15)

Equation (5.15) is an instance of raising an index: The contravariant metric tensor connects the
components of a vector in the coordinate basis A’ with its components in the dual basis, A,.

Is there a relation between the contravariant and covariant elements of the metric tensor, g;; and
¢"7? Combining Eq. (5.15), the raising of an index, A* = g%/ A;, with Eq. (5.12), the lowering of an
index, Aj = gjkAk,

At =g A; = g gu AR (5.16)
Equation (5.16) is equivalent to
(6% — g7 gjr)A¥ =0. (5.17)
But because the { A*} are arbitrary,
g9 gk = 0% . (5.18)
The two types of metric tensors are inverses of each other. Using Eq. (5.5) we have for spherical
coordinates,
1 0 0
7] =0 1/r? 0 . (5.19)
0 0 1/(r’sin?6)

The representation of vectors in the coordinate and dual bases provides a convenient expression
for the inner product,

A-B = (Ae;) - (Bre") = A'Bre; - " = A'By6% = A'B; | (5.20)

where we've used Eq. (5.10). Likewise, A'B; = g A;gi, B¥ = A;B*¢’, = A; B, where we've
used Eq. (5.18).'° Note that Eq. (4.13) can be written r - 7 = zHx,,.
We now prove a useful result, that we can form an identity operator out of the basis vectors,
(summation convention)
[=eé'e;, = e;e’, (5.21)

where there is no “dot” between the vectors; Eq. (5.21) is an operator.!” In Cartesian coordinates,
Eq. (5.21) reads I = ee, + eYe, + e’e,. Let I = e'e; act on a vector defined first with respect to
the dual basis, and then with respect to the coordinate basis,
[-A=e'e;-(Aje)) =e'A;(e;-€)) =e'A;0), =e'A; = A
=e'e; - (Ale;) =e'A/ (e;-e;) =e'Alg;; =€'A; = A,

5Note from Eq. (5.12) that all components A* in the coordinate basis contribute to the components A 4 in the dual basis.

16Such index manipulations are affectionately known as index gymnastics.

17The juxtaposition of two vectors without a dot or cross between them is called a dyad. A dyadic is a sum of dyads. The
dyadic identity operator in Eq. (5.21) is analogous to the completeness relation I = Zn [n) (n| in Dirac notation.
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where we’ve used Eq. (5.10) in the first line and Eq. (5.12) in the second line to lower the index.
Raising and lowering indices applies to basis vectors as well. Expand a dual basis vector in the
coordinate basis,

e = cijej , (5.22)
where the ¢/ are unknown expansion coefficients. Take the inner product between e” and both sides
of Eq. (5.22), €* - €' = g = cliek - e; = 4% = ¥, where we have used Eq. (5.10). Hence,
c* = g'* and e’ = g'e;, just like Eq. (5.15). By a similar argument, e; = g;;€/. We can now

establish the identity of the two forms for 7 in Eq. (5.21), epef = gkjejgklel = 5ljejel = éley.

5.1.4 Coordinate transformations

We now examine how the components of ds change under invertible coordinate transformations.

Dry and technical as this material tends to be, it’s highly important for learning about tensors.'3
Let there be n independent, analytic functions of the coordinates z*,--- , 2", yi(at, -+  a")
(t=1,---,n), which we can denote {y*(x7)}?_,. A set of functions is independent if the Jacobian

determinant—the determinant of the matrix of partial derivatives 9y’ /dx7 (the Jacobian matrix)—
does not vanish identically. The functions y* then provide another set of coordinates, a new set of
numbers to attach to the same point in space,

yi:yi(xl’,..vxn)’ i=1,---,n (5.23)

and constitute a transformation of cooordinates."® By assumption (nonvanishing Jacobian determi-
nant), Eq. (5.23) is invertible: 27 = 27 (y!,--- ,y"), (j =1, -+ ,n).

Consider a point P with coordinates 2* and a neighboring point Q with coordinates * +dx*; see
Fig. 5.4. The points (P, Q) define the infinitesimal displacement vector ds = ]@ with components

yi + dyi
Q

Figure 5.4 Infinitesimally separated points in two coordinate systems.

dz®. Referring to the same points (P, Q) let there be a different coordinate system, %7. In this

coordinate system the same vector ds has components dy’. The components of ds in the two
systems of coordinates are related by calculus,

W

dy' = 9

oxJ

where the partial derivatives Aé = Oy’ /07 | p comprise the elements of the Jacobian matrix asso-

ciated with the coordinate transformation at point P.2° The derivatives exist through the analyticity

de! = A;dxj , i=1,---,n (5.24)
P

18We should be interested in coordinate transformations for two broad reasons. In SR, a LT is a change in basis vectors
in MS. In GR, spacetime cannot be modeled as MS. The curved spacetime of GR requires the mathematical structure of a
four-dimensional manifold. A curved manifold cannot be covered by a single coordinate system; it must rely on overlapping
“coordinatizations” of spacetime. Overlapping coordinate systems are another way of describing the same spacetime event
using different coordinate systems.

19For the most part we treat coordinate transformations from the passive point of view, where new coordinates are
assigned to the same points. Coordinate transformations can, however, be viewed in the active sense where new coordinates
refer to different points in the same coordinate system (same basis vectors), in which case the transformation equations
determine a mapping between points.

201n writing the elements of the Jacobian matrix as A; , we're using the notation for matrix elements introduced in Section
4.3. The top index labels rows and the bottom index columns.
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of the transformation equations, Eq. (5.23). The quantities A; are constant for () in an infinitesimal
neighborhood of P. Equation (5.24) then represents a locally linear transformation, even though the
transformation equations in (5.23) are not necessarily linear.?!

We adopt a notational device—the Schouten index convention—that simplifies tensor transfor-
mation equations.[25] Instead of inventing a different symbol for each new coordinate system (y,
Z', T, etc), choose x to represent coordinates once and for all. Coordinates in different coordinate
systems are distinguished by primes attached to indices. Thus, Eq. (5.24) is written dz? = A;l dat,
with Aél = 92" /9x7; Bq. (5.23) is written 27 = 27’ (7).

Coordinate differentials in one coordinate system thus determine the coordinate differentials in
another coordinate system. The transformation inverse to Eq. (5.24) is

o

oxJ’
where A;, denotes the partial derivatives {9z /Ox" ‘ . Combining Egs. (5.24) and (5.25), dz* =
Al da?’ = Al A da®, or

da?

dej, EAg,dxj/ ; i=1--,n (5.25)

(% — Ayl ) dz* = 0. (5.26)

The matrices [A’,] and {Aﬂ are thus inversely related®

ALAT =5 (5.27)

Equation (5.27) is simply the chain rule: (92 /027" ) (927" /02*) = da' Jda® = &7,

Equations (5.24) and (5.25) indicate how the components of ds transform between coordinate
systems. How do the basis vectors transform? We now use the key fact that ds is the same when
expressed in the two basis sets, {e;} and {e; },%

ds = dz'e; = dz’'e;r . (5.28)
Using a familiar strategy, take the inner product between ds and e* on both sides of Eq. (5.28),
ef.ds=dz'e’ - e; = dxiéki = daoF = da?' e - ej = A{ldxlek cej, (5.29)
where we’ve used Eqgs. (5.10) and (5.24). Thus,
Al'er . ejdat = dat . (5.30)
By the reasoning used in Egs. (5.17) and (5.26), Eq. (5.30) implies that A{/ek - ejr = %, in turn

implying that [e* - e;/] is the inverse of the matrix [A{ /} (because the inverse of a matrix is unique).
Referring to Eq. (5.27), we identify>*
ox*

G

e -e; = Al (5.31)

2lWe're anticipating the possibility of nonlinear coordinate transformations (which we’ll need in GR). At point P, the
derivatives (Oy*/0x7)|p are constant only within a small neighborhood of P; a nonlinear transformation can thus be treated
as if it’s linear within a small region. The LT is strictly linear and the restriction of derivatives to their values at a point is
unnecessary.

221n other notational schemes one must come up with different symbols for the Jacobian matrix and its inverse; e.g., U
and U, or U and U 1. In either case, one has to remember which matrix applies to which transformation. In the Schouten
method there is one symbol with two types of indices, primed and unprimed. Other schemes use the same symbol for the
Jacobian matrix and its inverse, but with two ways of writing the indices, A?. and A ?. Not only does one have to remember
which applies to which transformation, such a scheme quickly becomes unintelligibI]e to students at the back of the room.

2We have chosen once and for all to represent basis vectors with the symbol e.

24Note that because of the prime on the index there is (hopefully) no chance of confusing A?, = ek

- ;s (from Eq.
(5.31)) with e* - e; = 6? (from Eq. (5.10)). In the Schouten method, the symbol Ai is defined as the Kronecker delta,
Ai = 6%.
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Similarly, in Eq. (5.28) take the inner product between ds and e, a dual basis vector in the trans-
formed coordinate system,

’ . ’ . !’ !’ ! ! ! na ’
el ds=da'er -e; = },dxl e’ e, =da’ e - e = da’ 6@-, =dz"* |

where we’ve used Eq. (5.25) and the analog of Eq. (5.10) in the transformed coordinate system,
ek - e = &%, We conclude that Aj,e*" - e; = §%, and hence that

’ ’ 6$k/
k _ Ak _
e’ e =A7 = e (5.32)
Jacobian matrices therefore connect basis vectors in different coordinate systems (as well as coor-
dinate differentials). From Egs. (5.31), (5.32), and the identity operator, Eq. (5.21), we obtain the
transformation equations between basis vectors,

. , ‘ .
e,=1-e,=eje -e; =ejAl ey =1-ey =eje’ -ey =e;Al . (5.33)

Likewise, the dual basis vectors transform inversely to Eq. (5.33)

./ ./

. . . . . . 3 . .
e=1I1-e=¢eejy-e=A€e e =1-e =elej-e" =A;e. (5.34)

You will refer to these equations more than once; remember where you put them.

5.1.5 Tensor transformation properties: Contravariant, covariant, and all that
5.1.5.1 Scalar fields: ¢’ (r') = ¢(r)

An invariant is a quantity that does not change under coordinate transformations. The simplest type
of invariant is a scalar, a number, such as the spacetime separation. A scalar field is a function
¢(r) that assigns a number to each point in space. Points are invariant under passive coordinate
transformations, which attach different labels (coordinates) to points, but do nothing to the points
themselves. Any set of points is therefore invariant, as is any point function. The value of a scalar
field is invariant under passive coordinate transformations.?’ If a point has coordinates z* and 7’
in two coordinate systems, we require of a scalar field that ¢(2%) = ¢(z'(27")) = ¢/(27"), i.e., the
form of the function of the transformed coordinates may change, ¢’, but not its value ¢’(r’). Scalars
do not exhaust the possible types of invariants under coordinate transformations; invariants other
than scalars exist.

5.1.5.2 Contravariant tensors

How do the components of vectors other than ds transform under a change of basis? The question
can be answered because we know how basis vectors transform. Calculus was used in Eq. (5.25)
to specify the transformation property of the components of ds = dx’e;. We could establish how
basis vectors transform (Egs. (5.33) and (5.34)) by requiring ds to be the same when represented in
different bases, ds = dz’e; = da’ /ej/, Eq. (5.28). That ds is the same in different bases implies
that it has an existence independent of coordinate system. A quantity having such a property is said
to be a geometric object. The infinitesimal displacement vector ds is the prototype of a class of
geometric objects referred to as contravariant vectors.*

A vector T = T'e; has contravariant components 7" if they transform as T = Ag 79, 1.e., like

Eq. (5.25). In that way T is a geometric object, T' = T e; = TjAé-/ e = T" e;, where we’ve used

25The temperature at a point, for example, doesn’t care what coordinates you assign to the point.
26By a contravariant vector, we mean a vector with contravariant components. The same terminology applies to con-
travariant tensors, covariant tensors, etc.
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Eq. (5.33). The contravariant components transform inversely (“contra”) to the transformation of
basis vectors. Any set of n quantities {7} that transform like the components of ds,

oxr

—7 .
907 L (5.35)
are said to be the contravariant components of a vector. Any mathematical objects that transform
like the components of ds form the contravariant components of a vector.

A set of (n)? quantities {7/} are said to be the contravariant components of a second-rank
tensor if they transform as

TF = AF' 79 =

e Y 8l‘i/ 83}‘7/
iy A AT kl kl
T = AL Ay T = 9k al . (5.36)
One way to create tensors is by multiplying vector components. For A* and B7 contravariant vector
components, 7% = A*BJ comprise the components of a second-rank tensor because they auto-
matically transform properly. A set of (n)" objects {7 '} that transform as the product of r
. Y K,k k! .

contravariant vector components, Thiky k. = Ay Az, + - Ay T2 gre the contravariant
components of a tensor of rank .

Example. Show that {¢g%/} are contravariant tensor elements. To do so, we must show that they
transform properly. Starting from the definition Eq. (5.14), g"7" = e’ - &/ = ALel . A] € =
A}; A{/gkl, where we have used Eq. (5.34), in agreement with Eq. (5.36).

Transformation relations such as Eq. (5.36) pertain to the components of tensors, but they do
not define what a tensor is. Like vectors, tensors are geometric objects. It’s common practice to
refer to symbols like 7%/ as “tensors,” but that’s not correct. We’ll use a special notation to indicate
tensors: boldface Roman font for tensors, T, as distinguished from boldface italic font for vectors,
A. A second-rank tensor T is a generalization of a vector,”” T = T/ e;e;. A second-rank tensor is
independent of coordinate system,

Y ./ ./ . X ] -/
T =177 eye; = Al AL T AK AT e e, = (A;?,A; ) (A?,Afn) T'™eyen
_6k6n Tlm _ Tk:n =T
=010 €r€n = €r€En = )

where we’ve used Eqs. (5.36), (5.33), and (5.27). It’s important to distinguish the tensor components
T% from the tensor as a whole, T, just as we distinguish a vector, A, from its components, Al A
rank-r tensor is T = T*1k2""kre; ey, --- ey, . At some point we’ll break training and start referring
to tensor components as tensors (despite our admonition); continually referring to “the tensor whose
components are 7>’ becomes cumbersome. The distinction between a tensor and its components
should be kept in mind nevertheless.

5.1.5.3 Covariant tensors and mixed tensors

The invariance of scalar fields (¢'(r') = ¢(r)) allows us to introduce how derivatives transform
between coordinate systems. Using Eq. (5.25),

o9 0x' 9¢ _ 4 0
oxi” — Bzd oxt I 9zt

Again, calculus is used to establish a prototype transformation equation. The form of Eq. (5.37)
is the inverse of the form of Eq. (5.35) (note the location of the indices); Eq. (5.37), however,

(5.37)

2The order in which the basis vectors is written is important; in general 7% # TJ%.
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has the same form as Eq. (5.33). Just as the infinitesimal displacement vector ds is the prototype
contravariant vector, the gradient of a scalar field V ¢ is the prototype of a class of geometric objects
called covariant vectors. A vector T' = T,,e™ has covariant components 7 if they transform as
T, = AT, sothatT =T,,e™ =T, An/e” =T, e" , fromEq. (5.34). Any set of n quantities
{T;} that transform like
i '
Ty = Aj T—ajTi (5.38)
are the covariant components of a vector—they “co-vary” with the basis vectors?®
A set of (n)? objects {7;;} that transform like

Tyjr = AL AL Ty (5.39)

are covariant components of a second-rank tensor. A second-rank tensor with covariant compo-
nents, T = T;;e'e’, is independent of basis (as can readily be shown). A set of (n)" objects
{T},...r,, } that transform like Tk/, k= AZ;1 +++ A" T, .., are the covariant components of

a tensor of rank 7, T = T}, ..., e~ - - - eFr.

We now define mixed tensors. A set of (n)3 objects {T .+ that transform as
i’ i’ Al gm
Tj/k’ = Ap AJ’Ak’TIl)m (540)

are the components of a third-rank tensor with one contravariant and two covariant indices. Nota-
tionally, the upper and lower indices are set apart, T";,.. It’s good hygiene in writing the'components
of mixed tensors not to put superscript indices aligned with subscript indices (as in 77, ); adopting
this convention helps avoid mistakes.?” The components of a mixed tensor of type (p, q) (having p

contravariant indices and ¢ covariant indices) are a set of n(P*%) objects {T" v . jq} that trans-
form as
Ky -k, K s s ty--
T my m/ — A At:A’ﬂi/l : An‘i' T 8g ¢ (541)

The tensor of type (p,q) is T = T 1mk’;n1...mqekl +-ep, €M - €M A tensor as a geometric
object is independent of the basis vectors used to representit: T = T;;e'e’ =T"e;e’ = T, e'ej =
Tij €;€;.

Is ¢*; an element of a second-rank mixed tensor as the notation suggests? How does it transform?
Using Eq. (5.41), (53.) = Al ATk = A7 AF, = 67, from Eq. (5.27). The transformation of 8,

m
(6")1 has the value of 47 ¢ in the new frame. The Kronecker delta is a constant tensor, a tensor with
elements that are numerlcally the same in every coordinate system. (The same is not true of §;;.3 - 0)

Equation (5.10) defines the elements of the mixed metric tensor, g'; = €' - e; = 51]-.

5.1.5.4 Inner product is a scalar
We now show that the inner product defined by Eq. (5.2) is invariant. Using Eq. (5.20),
(T-U) =T,U" = ALATTLU7 = " T, U7 = T;U7 =T - U , (5.42)

where we’ve used Eqgs. (5.35), (5.38), and (5.27). If we know the value of the inner product in one
coordinate system, we know it in all coordinate systems. Note that the metric tensor is lurking in Eq.
(5.42) from lowering indices: T - U = g,zT*U? = TU".

28 A useful mnemonic for the placement of indices is “co goes below.”

2For example, by writing guaC”a’\ =CH l,>‘ we know where v “comes from.” Had we written C% )‘, where would v
“go” if later we decide to raise the index?

30The Kronecker symbol was defined in Eq. (5.10) as a mixed tensor. The Kronecker symbol as it’s usually written, &; s
is in general tensor analysis obtained by lowering an index: d;; = gikékj = Gij-
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5.1.6 Tensor contraction and outer product

When a contravariant (upper) index is set equal to a covariant (lower) index and summed over, it
reduces a tensor of type (p, ¢) to one of type (p — 1,q — 1), i.e., it lowers the tensor rank by two, a
process called contraction. Consider T"j =U "Vj, a second-rank tensor formed from the product of
vector components U* and V;. If we set j = i and sum over i, T% = U'V;, we form a scalar. The
inverse process, of forming the components of higher-rank tensors from products of the components
of lower-rank tensors, is called the outer product. The product of the components of a tensor of type
(r,s) with the components of a tensor of type (p,q) form the components a new tensor of type
(r + p, s + q). For example, the quantities 7" = UV}, are the components of a third-rank tensor.
If we set j = k and sum, we lower the rank by two to form a vector (first-rank tensor), 7% = UV,
To prove that T is the component of a vector, we must show that it transforms like one,

Ti' _ Ui’k/vk, _ A;/A%UlmAn/Vn — A;/ <A::L Z,) UlmVn = A;/(s%UlmVn
=AUV, = AT,

where we’ve used Eqs. (5.36), (5.38), and (5.27). The tensor that results from components obtained
through outer products is called the tensor product, C = A @ B.If A = a'e; and B = e,
C=a'ple; ® e; = Ce; ® e;. The quantities e; @ e; are a basis for type (2,0) tensors formed
from the basis vectors e; for type (1, 0) tensors.

5.1.7 Quotient theorem

The direct test for whether a set of mathematical objects form tensor components is to verify that
they transform appropriately. There is an indirect method for checking the tensorial character of a
set of quantities known loosely as the quotient theorem, which says that in an equation UV =T, if
V and T are known to be elements of a tensor, then U is also a tensor element. With the quotient
theorem, we use known tensors to ascertain the tensor character of putative tensors.

Suppose {T,} is a set of quantities we wish to test for its tensor character. Let { X"} be the
components of a contravariant vector. If the sum 7, X" is an invariant, then by the quotient the-
orem, the quantities 7). form the elements of a covariant vector. From the given invariance, we
have T, X" = T, X* . We can use the known transformation properties of X", Eq. (5.35), to write

T,X" = TS/Ale 7, or equivalently (Tj — TS/Af) X7 = 0. Because the { X7} are arbitrary, the

terms in parentheses must vanish, establishing T; = AjITS/ as the elements of a covariant vector.
Let’s take a more challenging example. Suppose we run into an equation,

" =U"S" (5.43)

where it’s known that T is a type (2,2) tensor and U is a vector. By the quotient theorem we’re
entitled to conclude that S is a tensor of type (1,2). To show this, introduce contravariant vector
components {z'} and covariant vector components {y,.}. Multiply Eq. (5.43) by yny,x"2! and
contract,

T ymynz™ et = U™ S™ ymynz®a! = (U™ym) S™uymaa! . (5.44)
We take this step so that the left side of Eq. (5.44) is a scalar (because we have contracted all
indices); U™y, is also a scalar. We have therefore established that S™,,y,z*z! is a scalar, and
thus S™,,, yn ¥ 2t = 8™ yna*a!. Now use the transformation properties of z* and ¥, Egs.
(5.35) and (5.38), S",;,l,AfL,yiA?/a:jAﬁ;xm = 8%, yix?x™. Because ' and y; are arbitrary,
8™ ;,A?IAIT; =S¢ establishing S as a type (1, 2) tensor.

Jgm>
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5.1.8 Geometric interpretation of covariant vectors

We’ve now met the main players: scalars, contravariant and covariant vectors, and their generaliza-
tions as tensors. Contravariant vectors share the attributes of the displacement vector and should
simply be called vectors. What then are covariant vectors? Their components transform like those
of the gradient vector, which doesn’t immediately convey a picture of what they are. For many stu-
dents a course in relativity is their first introduction to covariant vectors, and one might wonder how
important they are, given that one has arrived this far in a scientific education without encountering
them.?! Can we provide a geometric interpretation of covariant vectors?

As we now show, covariant vectors represent families of parallel planes.>® Figure 5.5 shows a

Figure 5.5 Plane in 3-space. The vector » — 7 lies in the plane.

plane in 3-space. Locate a point on the plane having coordinates (z:3, 22, 23) with the fixed vector
ro. Let 7 locate an arbitrary point on the plane with coordinates (z*, 22, 23). Let there be a vector
w perpendicular to the plane with components (w1, wa, ws). The vector 7 — 7 lies in the plane
and thus w « (r — 7o) = 0. By the quotient theorem, w is a covariant vector. The coordinates {z7}
of all points on the plane then satisfy the equation of a plane w;x* = d, where d = w - r¢ is
a constant. The intercept p' of the plane with the i™ coordinate axis is found by setting all other

coordinates 7/ = 0 (j # i), with the result that p* = d/w; (see Fig. 5.6). For a plane parallel to

Figure 5.6 Covariant vectors w represent families of parallel planes.

the first, its coordinates satisfy w;z* = d’, where d’ # d is another constant. The intercepts of the
parallel plane are given by ¢' = d’/w;. Subtracting these equations, w; = (d' —d) / (¢" — p).
The components w; are therefore related to the intercepts made by a pair of parallel planes with the
coordinate axes. The direction of w is perpendicular to the planes, and the magnitude is specified

310ne reason covariant vectors are relatively unfamiliar is that the distinction between contravariant and covariant is
unnecessary in orthogonal coordinate systems, and physics is most often done using orthogonal coordinate systems. We’re
marching towards GR, however, which touts itself as applying to any coordinate system.

32Planes are two-dimensional structures embedded in three-dimensional space. Planes in higher-dimensional spaces are
called hyperplanes: (n — 1)-dimensional structures embedded in n-dimensional spaces, with n > 3.
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by the distance separating the planes in the family, with magnitude inversely proportional to the
interplanar separation.>

The connection with gradients thus becomes apparent. The level set of a function is the locus
of points such that f(z!, - ,2™) = fo, where f is a given constant value. As is well known, the
gradient of a function is orthogonal to its level set.>* Consider the change in a scalar field ¢ over a
displacement ds = du‘e;, with ”

d¢p = —
¢ ou’
We can represent d¢ (a scalar) as an inner product between ds and a new vector (the gradient) such
that dp = V¢ - ds. If ds lies within the level set, d¢p = 0, implying that V ¢ is orthogonal to the

level set of ¢. By the quotient theorem, V ¢ is a covariant vector which we can represent in the dual
basis, V = €'V,

dp =V¢-ds = (Vig)e' - (du'e;) = (Vi) du’d"; = (Vi¢) du’ . (5.46)

du’ . (5.45)

Comparing Egs. (5.46) and (5.45), V; =9/ Ou’. Note the location of the indices: A derivative with
respect to a contravariant component, u*, is a covariant vector component, V;. To show that V; is
the component of a covariant vector is simple; see Eq. (5.37), V;y = A, V.

Example. The electric field E is a geometric object. It has a natural representation as a covariant
vector E; = —V;¢ from its role as the gradient of the electrostatic potential ¢ (7). It’s also naturally
represented as a contravariant vector from its relation to the Newtonian equation of motion E? =
(m/q)dv’/dt. The two quantities are related through the metric tensor, E* = g%/ E;. The distinction
is necessary only in non-orthogonal coordinate systems.

Gradients provide a geometric interpretation of the dual basis vectors. Vectors normal to the
level set of a function® f(u, v, w) can be expressed in a basis of normals to coordinate surfaces,

e "=Vu e"'=Vv eY=Vuw. (5.47)

A coordinate surface is the surface that results by holding one of the coordinates fixed.>® A sphere,
for example, results by holding the radial coordinate fixed and letting the coordinates 6, ¢ vary; the
sphere is the coordinate surface associated with the radial coordinate.?” Figure 5.7 illustrates the
distinction between coordinate basis vectors e, (tangents to coordinate curves) and the dual basis
vectors e”, orthogonal to coordinate surfaces. The vectors in Eq. (5.47) are dual to the basis vectors
e; in the sense of Eq. (5.10), (u, v, w = u', u?, u?)

or ou' ok B ou’

Example. Consider a coordinate system (u, v, w) defined by = u+v,y = u—v, and z = auv+w,
where « is a constant. These equations can be inverted, with

1 1
u:i(x+y) vzi(m—y) w:z—%(xz—gf).

33Your inner mathematician would want to know that vectors defined from families of parallel planes can be added to
other such vectors to produce new vectors of the same type. They can, as shown in the delightful book by Weinreich.[26]

34 Anyone who’s worked with topographic maps knows that a steeper terrain (gradient) is implied by contours of equal
elevation spaced closer together.

33Defined with respect to a general (u, v, w) coordinate system.

30In an n-dimensional space with n > 3, (n — 1)-dimensional coordinate surfaces—called hypersurfaces—result by
holding one of the n coordinates fixed.

3For a sphere, the unit vector # is both tangent to the radial coordinate curve and orthogonal to the radial coordinate
surface: The distinction between the two types of vectors is unnecessary in orthogonal coordinate systems.



84 m Core Principles of Special and General Relativity

Figure 5.7 Vectors of the coordinate basis e, are tangent to coordinate curves, vectors of
the dual basis e” are orthogonal to coordinate surfaces.

The coordinate surfaces for u = wug and v = vy are planes, while the surface for w = wy is a
hyperbolic paraboloid. The position vector can be written

r=w+v)+ (u—0)g+ (quv+w)z .
Using Eq. (5.9), we find the coordinate basis vectors

_or
T Ou

_or
)

_or
T dw

e, =Z+9Y+avz e, = —y+auz ew =Z.

It’s easily shown that e, - e, = a?uv, e, - e, = av, e, - e, = au; this is not an orthogonal
coordinate system. From Eq. (5.47),
1 1

«
e'=Vu=g(@+y) e =Vv=_(2-9) e’ =Vw=2-_(12-yj).

)

It can be verified that e - e, = e -e, = e -e, = lande“-e, = e -¢e, =€’ -¢e, = 0.

Equation (5.10) is satisfied.

5.1.9 Connection with relativity

If a tensor equation is true in one reference frame, it’s true in all reference frames. Suppose we
have a relation between tensors, valid in one coordinate system, A;; = B;;. Write this equation
as D;; = 0, where D;; = A;; — By;. If D;; = 0 in one coordinate system, then D ;; = 0 in
any coordinate system, because the tensor transformation equations are linear and homogeneous.
Thus, A;/j+ = By in all coordinate systems. While the individual components A;;, B;; transform
between frames, the form of the equation is the same in all coordinate systems.3® For physical laws
to be the same for all observers, they must be formulated in a covariant manner, which is why it’s
so important to be able to establish whether a given set of objects constitute a tensor.

Let’s pause for a passage from Einstein’s 1916 article on GR. Based on what we’ve covered in
this chapter, you should be able to follow what he says:[9, p121]

38 Tensor equations are called covariant equations because their form co-varies with transformations between coordinate
systems.
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Let certain things (“tensors”) be defined with respect to any system of coordinates
by a number of functions of the coordinates, called the “components” of the tensor.
There are then certain rules by which these components can be calculated for a new
system of coordinates, if they are known for the original system of coordinates, and if
the transformation connecting the two systems is known. The things hereafter called
tensors are further characterized by the fact that the equations of transformation for
their components are linear and homogeneous. Accordingly, all the components in the
new system vanish, if they all vanish in the original system. If, therefore, a law of nature
is expressed by equating all the components of a tensor to zero, it is generally covariant.
By examining the laws of the formation of tensors, we acquire the means of formulating
generally covariant laws.

We can write the LT in tensor notation as a coordinate transformation in MS:
at = LE x” . (5.49)

Regardless of the details of the LT (whether simple, as in Eq. (3.17), or more complicated as in
Eq. (3.24)), because the LT is linear, Ll’f/ = (’h“l/ax”, the same as Eq. (5.35). Thus, we can use
all the apparatus of tensor analysis in SR with the LT as the Jacobian matrix, A%, and indeed we
must use tensor analysis in relativity to formulate covariant equations. The inverse of Eq. (5.49)
isat = L‘V‘/x"/ where L, is obtained from L‘V‘/ by letting 5 — —f. The analog of Eq. (5.27) is
LAy = on.

By definition the LT satisfies Eq. (4.12), LTnL = 7, a matrix equation. In terms of tensor com-
ponents (using (L)% = L), Eq. (4.12) is equivalent to 77,,, = L L} 7. The defining requirement
of a LT is none other than the transformation equation for the Lorentz metric! The Lorentz metric
is the same in all IRFs: The principle of relativity requires the invariance of the spacetime interval
(ds)?. The Lorentz metric is thus a constant tensor in MS. If z# transforms as in Eq. (5.49), the
basis vectors transform inversely, showing that the LT is equivalently a change of basis vectors,

ew =L 5. (5.50)

The time axis in an IRF is perpendicular to the spatial axes, so that 7y, = eg - e; = 0. It would
not appear from Fig. 2.9 and similar figures that time is orthogonal to space in the transformed
frame. Nevertheless, as we now show, in the transformed frame 79/1, = 0. Using Eq. (5.50),

Ny = ey ey =LTe, - Lg/eﬁ = L?/Lgln(lﬁ
=19 LY L L} L? L2 L3, L3 ns: 5.51
=L7,Lymoo + Ly, Loy + Ly, Limao + Ly Lymas , (5.51)

where we’ve used that [n] is diagonal. Thus, 1o = (87)(7)(—1) + (7)(87)(1) = 0.

5.2 TENSOR DENSITIES, INVARIANT VOLUME ELEMENT

We now bring onto the stage another member from our cast of mathematical players, densities (the
final member of the “fab four” prototypes of physical quantities, in addition to scalars, covariant,
and contravariant vectors). Consider the integral of a scalar field, [ ¢(z)d"z. Is the integral a scalar?
Not in general. While ¢/ (') = ¢(r) under a coordinate transformation, we have to take into account
the transformation of the volume element. Under the change of variables x = (27 ,), the volume
element of a multiple integral transforms as

dz =dz! - dz" = Jdzt - d2™ = Jd"2’ (5.52)
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(so that the integral transforms as [ ¢(z')d"z = [ ¢(z Jdmz' = [¢'( (27")Jd™2’), where
“the Jacobian” .J is the determinant of the J acobian matrix A G
ozt Oxt
J=| : E’(§<<>) = |22 |- |43 (553)
: : x , 3’
ox™ ox™ v
ozV oz™

In general we work with oriented volume elements, implying that we don’t take the absolute value
of the Jacobian determinant.>

Relative tensors of weight w have components that (by definition) transform according to the
rules we have developed (such as Eq. (5.41)), with the additional requirement of the Jacobian raised
to an integer power, w:*

[ / k'
T oy = AR A AT A TR (5.54)

Linear combinations of tensors of the same weight produce new tensors with that weight. Products
of tensors of weights w; and wy produce tensors of weight w; + ws. Contractions of relative tensors
do not change the weight. A tensor equation must be among tensors of the same weight. We require
that tensor equations valid in one coordinate system be valid in all others; this property would be lost
in an equation among tensors of different weights. Relative tensors with w = +1 occur frequently,
what we’ll call tensor densities. Tensors that transform with w = 0 are called absolute tensors.

The covariant metric tensor is an absolute tensor: From Eq. (5.39),

gy = AL AT gi, - (5.55)

The determinant of the metric tensor, however, is a relative scalar of Weight41 w = 2. Let g denote
the determinant of the covariant metric tensor (a convention we adhere to). Applying the product
rule for determinants to Eq. (5.55),

g =J%, (5.56)
where we have used Eq. (5.53). The sign of g is an absolute quantity, invariant under coordinate
transformations. Equation (5.56) then provides an alternate expression for the Jacobian, one that
separates the contributions from the coordinate systems it connects: J = /¢’/g. For positive def-
inite metrics, g > 0; for the Lorentz metric, g = —1. Using Eq. (5.56), v/|¢’| = J+/|¢g| and thus
\/m is a scalar density (transforms with w = 1).

Combining J = /¢’ /g with Eq. (5.52), we have the invariant volume element

Vigldy - dy™ = /|g|dat - - - da™ . (5.57)

Note how Eq. (5.57) has a net weight of w = 0: y/|g|d™x is an absolute scalar. (Under z — y,
d™y = J~'d"x from Eq. (5.52).) Thus, the integral of a scalar field f ¢d™x is not invariant, but
J ¢+/|g|d"x is, something we make frequent use of in GR; in SR it’s unnecessary because |g| = 1.
Substituting J = /¢’ /g in Eq. (5.54), we find that
—w/2k1 R p s A% —w /2ttty
(gD 2Ty = Al AT AT e A (o)™ )

my

3By not taking the absolute value of the determinant, we allow for the possibility of transformations with J < 0.
Transformations for which J < 0 allow us to further classify tensors as pseudotensors, those that transform as tensors when
J > 0, but transform with an additional change of sign when J < 0.

40Beware: Relative tensors are also defined with w replaced by —w. I have adopted a definition that leads to w = +2
for the determinant of the covariant elements of the metric tensor.

4IThe same is true of the determinant of any covariant second-rank absolute tensor.
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For a tensor T of weight w, (|g|)~*/?T transforms as an absolute tensor. Conversely, an absolute
tensor U when multiplied by (|g|)"/? becomes a tensor of weight w. In particular, /]|g[U is a
tensor density.

A notational issue arises if J = 1. The Jacobian of proper LTs is unity, for example (Section
4.3). In that case densities “fly under the radar”: Physical quantities that properly are tensor densities
nominally transform as absolute tensors when J = 1. It’s traditional in the theory of tensor analysis
to indicate densities with a special notation, with Gothic letters: T instead of T. I will use this
notation sparingly, but it can come in handy; without it, one has to keep calling attention to the fact
that certain symbols represent tensor densities.

5.3 DERIVATIVES OF TENSORS AND THE FOUR-WAVEVECTOR
5.3.1 Derivatives of tensors

Is the derivative of a tensor a tensor? How would we answer such a question? I hope you’re saying,
“How does it transform?”. Before delving into that question, we need to establish some notation.

In Section 5.1 we used the gradient of a scalar function to motivate the concept of covariant
vector, V = €'V;. Because a geometric object is independent of basis, however, we could have
declared it to be a contravariant vector, V = e;V’—the contravariant components of a vector
can always be found from the covariant components by raising the index: V7 = ¢7¥V,.. For the
gradient as a contravariant vector, the change in a scalar function d¢ = V¢ - ds would require that
we express ds = e’dx; as a covariant vector, with the result that d¢ = (Viqb) dz;, in which case
we would conclude that V* = 9/0x; (note the placement of the indices). The quantity V*, being
the contravariant component of a vector, must transform as such,

i 0 _Om 0 _ (0xk) i
v B 8'1:7;’ N ami/ 6Ik a (8{1%/) V : (5'58)

By Eq. (5.35), however, Eq. (5.58) should read v = A};V’“. Comparing Eqgs. (5.58) and (5.35),
we conclude that A% = dz% /dx* = Dz}, /dxy. Using Eq. (5.27), Ak, = dx* )0z = dxji Dy,
Note how the indices work here.

We now define the four-gradient, for which we switch to a fairly standard notation. Let 0,
denote the covariant four-vector of partial derivatives d/0z* (instead of V,, which will be used in
Chapter 14 for another purpose),*

e 2 (29) = () ).

Likewise, let 9# denote the contravariant version. However, instead of 0#* = 9/ Ox,, (which is
correct), use the fact that it can be obtained by raising the index, 0" = ¢g*”d,.. Using the Lorentz
metric,
M=o, = —i,v = —i, V| =(-00,V)= (V).
0x0 d(ct)
The only effective difference between 9" and 9,, is in the time component, 3° = —dy. The inner
product 0,,0" generates the wave-equation operator,
0? 9 1 02

auaM:aHaH:_WJFV :—C—Q@Jrv? (5.59)

42 Another prevalent notation for the partial derivative is to write O¢/OxH (what we're calling 9;,¢) as ¢, ,,. This taxes
everyone’s eyesight. In this notation, A, /dz* = A, ,,, what we’ll write as 9, A,, which causes less eye strain.
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As an inner product, the wave-equation operator is invariant. The wave equation is preserved under
the LT (Appendix A); here we see that it can be written compactly in covariant form,** 9* Op-

Getting back to the issue, consider the partial derivative of a tensor, 9T%/ oxP = F 5 . We have
written Fg in tensor notation, but is it a tensor? How does it transform? By differentiating Eq. (5.35),
we derive the transformation equation for the derivative of a tensor:

o™ 9z 9 T s 0PN

dz™ Oz OxP P Qo + o OxBoxr
Equation (5.60) is not in the form of a homogeneous transformation that we require of tensors. The
derivative of a tensor is not in general a tensor (at least, not for the partial derivative). For SR,
however, with its flat geometry (MS) and linear coordinate transformations, the inhomogeneous
term in Eq. (5.60) vanishes, dg A;‘/ = 0. Within the confines of SR we can treat partial derivatives of
tensors as tensors. When we venture into GR, however, which is based on more general coordinate
transformations, we’ll have to face the matter of how to define the derivative of a tensor so that it
transforms as a tensor, yet reduces to the partial derivative on a flat geometry (see Chapter 14).

(AQ'TP) = AP T . (5.60)

5.3.2 The four-wavevector

Among solutions to the homogeneous wave equation 0,0"¢(z®) = 0 are monochromatic plane
waves ¢ = ppel*' =t which we can write in the relativistically suggestive form ¢ =
s G )2") The three-wavevector k = k# has magnitude k£ = 27/, with the propagation
direction represented by the unit vector n2. To satisfy the wave equation, there must be a relation
between w and k, the dispersion relation, w = ck. We can write the phase factor in covariant form
if we define the four-wavevector

k, = (ff,k) =Y (-1,7). (5.61)
c c
In that way, k2" = —wt + k - . Whenever we add a new four-vector to the pantheon of four-

vectors (which right now consists of the prototype contravariant and covariant four-vectors, dx* and
0,.), we must provide justification for why we’re entitled to do so. In this case we have a scalar field
¢ and thus the phase k, 2" is a scalar. By the quotient theorem %, is a covariant vector. The spatial
parts of k,, meet our expectation of covariant vector (Section 5.1.8): k = 2w/ is proportional to
the density of waves (number of wave crests per unit distance, 1/)), and k - « is fixed for a plane
perpendicular to k (equation of a plane). The time component of k,, is proportional to the density
of waves in time, kg = —(27/c) f (with the frequency f the number of wave crests per unit time).
The contravariant version k* = "k, = (w/c)(1,7), and thus k,, is a null vector, k,k* = 0.

We can now use the fact that because k* is a four-vector, it transforms as such under the LT,
k* = L* k. For S and S’ in standard configuration, let k& = (w'/c)(1,cos @', sin’, 0) in S’ and
k* = (w/c)(1,cos0,sin0,0) in S. Under the LT,

1 v By 0 0 1
cosf | By ~ 00 cos 6’
(w/e) sinf | (W'/e) 0 0 1 0 sin 6 (5.62)
0 0 0 0 1 0

The time component of Eq. (5.62) yields w = w’vy (1 + 5 cos §"), the relativistic Doppler effect, Eq.
(3.41), while the spatial parts of Eq. (5.62) generate Eq. (3.37), the relativistic aberration formula.
With one equation, the LT of the four-wavevector, we obtain the Doppler effect and aberration
formulas, which were obtained in Section 3.4 by a more laborious procedure. What in one IRF is
partitioned into frequency and direction of propagation has a different partition in another IRF.

43The wave equation operator, which can be considered the Laplacian operator in a four-dimensional space with Lorentz
metric, is sometimes written (12, which is termed the d’Alembertian operator. 1 prefer 0% 0,,—which is easier to write.
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5.4 INTERLUDE: DRAW A LINE HERE

The rest of this chapter contains more advanced material on tensors; it could be skipped on a first
encounter—read it when you need it. What we’ve covered provides a foundation for the use of
tensors in SR. For GR a deeper understanding of tensors must be developed. If you’re not familiar
with the dual vector space, now would be a good time to consult Appendix C. From here on, we
step up the level of mathematical sophistication, what the subject requires us to do, and which we’ll
do again* in Chapter 13. What we develop in the rest of Chapter 5 is used in Chapters 13 and 14.

5.5 TENSORS AS MULTILINEAR MAPPINGS

So what are tensors, really? Our treatment has emphasized the transformation properties of tensors,
that tensors consist of sets of quantities that transform according to certain rules. This approach
leaves one with a lifeless view of tensors. In this section we give a definition that’s not circular, as
in a tensor is anything that acts like a tensor. We show that tensors are linear mappings between
vectors, scalars, and other tensors. That tensors are operators can be seen from their definition as
geometric objects, T = T e;e;, and that dyadic sums are operators (page 75).

5.5.1 Bilinearity defined

For vector spaces V1, V5, a function F' that acts on elements of the set 1} x V5 (see Appendix C) to
produce a number, F': V; x Vo — R, is bilinear if it’s linear in both arguments:

F(awl + bw27y) = G’F(why) + bF(m27y)

bilinear function
F(z,ay: + by2) = aF'(z,y1) + bF(z,y2)

fora,b e R, x,x1, 22 € Vi, and y,y1,y2 € Vo.

5.5.2 Tensor product space

Let V be a vector space with basis {e;}"_;, with V* the space dual to V with basis {e’ }1_1s 50
that* e’(e;) = &7. The set of all bilinear functions that act on V; x Va themselves form a vector
space, the tensor-product space denoted V* @ V5" (similar to V'*, the set of all functionsw : V' — R).
For dual vectors wy € Vj* and wo € V5, define bilinear functions w; ® we € Vi* ® V5 (the tensor
product of wy and ws), w1 ® wy : Vi x Vo — R such that, forv; € V; and vo € V5,

w1 ® wa(v1,v2) = wi(v1)wa(va) . (5.63)

Bilinear functions that act on V7 x V5 can be represented as linear combinations of tensor prod-
ucts. For ' : ¥} x V5 — R a bilinear function, let the numbers F),, = F(eu, e, ) be the result
of F' acting on basis vectors of V7, Vs. The function (actually, tensor) can be constructed from*®
F=F,e'®e" ForxecViandy € Vs,

F(CE,y) = F(xileilvyi2ei2) = xilth(eilveh) = milyizFiliz = Filizeil ® ei2 (.’13, y)

= Filiz eil (:c)eiQ ('y) y

44 An analogy from hiking is apt: The top of the mountain is never where you want it to be.

4SWe use the notation of Appendix C where Eq. (C.1) replaces Eq. (5.10).

46What's the difference between expressing a tensor as F = Fuoet ® e” and what we had earlier in this chapter,
F = F,,ete”? Answer: Nothing, really, except that the tensor product notation enforces a sense of order, of where the
basis vectors “come from.” The order of the basis vectors matters in cases where F),,, # Fy .
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where we’ve used Eq. (5.63) and e’ (x) = €'(z’e;) = x70% = x*. The terms e/ @ e/** are linearly
independent and form a basis for the space V;* ® V5*. The dimension of V;* ® V5" is the product of
the dimensions of 1/ and V5.

The tensor product has the properties (for any scalar A and any vectors u, v, w):

uRvw)=(u®v)w
Av@w)=(Av)@w =v® (A\w)
(u+v)Ww=uRwW+vew
uRVtw) =uRkUtuldw.

rules of the tensor product

It’s associative and distributive but not commutative, u ® v # v ® u (the tensor product is based on
ordered pairs). Consider (v — v3) ® (W1 —ws3) = V1 @ W1 — V2 @ W1 — V] ® W + Vo ® Wa.
This expression cannot be simplified further; each tensor product is distinct, with its own identity,
an element of a larger-dimensional vector space.

5.5.3 Second-rank tensors as bilinear functions

Elements of the tensor-product space Vi* @ V5" are second-rank covariant tensors. Using Egs. (5.34)
and (5.39), F,,,e" ® e” transforms as a geometric object:

’ ! 7 ’
F=F,e'®e = FWAZ,e“ ® AV e” =F, e @e” .

We have an intrinsic definition of tensor (akin to a vector being an element of a vector space): A
second-rank covariant tensor T is an element of the tensor-product space Vi* ® V5, the space of
bilinear functions T : V; x V5 — . The action of T on a pair of vectors can be symbolized
in a coordinate-independent way as T(u,v). In a basis, T(u,v) = T,,e" @ e” (u'e;,vie;) =
Tu'v et (e;)e” (ej) = Tiutr?.

Contravariant tensors are likewise elements of a tensor-product space. For vy € V; and vy € Vs,
we can construct a bilinear function that acts on V" x V5, v1 ® va : Vi x V5¥ — R, such that the
action of v1 ® vs on an element (wi,ws) € Vi* x V5 has the value

V1 ® v (Wi, ws2) = v1(w1)va(ws) = wi(v1)wa(v2) ,

where we’ve used Eq. (C.2). Bilinear functions that act on V}* x V' form a vector space, V; ® Vs, the
elements of which are second-rank contravariant tensors, I'*"e,, ® e,. Mixed tensors have similar
definitions. The space of all bilinear functions v ® w : V* x V — Ris V ® V*, the elements of
which are the tensors F* e, ® e”. The space of all bilinear functions w ® v : V x V* = Ris
V* ® V, the elements of which are the tensors Fu Vet ®e,.

5.5.4 Higher-rank tensors: Multilinear mappings

Amap T : Vi x -+ x V. — R is multilinear if it’s linear in each argument, T(vq, - ,av; +
bvl, - v,) = aTl(vy, -, v, ,0p) + bT(v1,-- -, 0}, - ,v,), 1 <i<r, where v; € V; and
(a,b) € R. Multilinear mappings that act on products of vector spaces, forv € V andw € V*,

VR RUAWR - Qw | Vi x - xV*xVx.---xV ] =R (5.64)
k 1 k 1

form a vector space denoted 7;*(V'), the elements of which are type (k,1) tensors, T} : (V) x

(V)" = R: T} thus operates on k dual vectors and [ vectors and produces a number. A type (0, 1)
tensor is a dual vector (check it!). A type (1,0) tensor is an element of V** (isomorphic to V/,
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Appendix C). A basis for ’77“(V) can be constructed out of tensor products of the basis vectors
for V and V* e, ® - ®e;, el ®- - @ ell. The tensor is the linear combination T} =
T'Ll ]1 jzeil@ ®eik®€h®---®e”,withTm1 mknl---nl _Tk( 1o e™Mk eny >en1,)'
The tensor product of a tensor A of type (r, s) and a tensor B of type (k, 1) is a new tensor, A ® B,

of type (r + k, s + 1), an operator on (V*)" % x (V)**! such that
A ® B(wlv T va+k7v17 e 7Us+l)
= A(w17 e awrvvh e 7US)B(wT+1u e 7w7‘+k7vs+17 e av5+l)-

Tensors are mappings between products of vector spaces and numbers. Another role of tensors,
however, is that they can map tensors to tensors. A type (1,2) tensor, T = Tij L€ Qe ® e*, when
acting on (w, v1,v9) produces a number, T : V* x V' x V' — R. The action of T on a dual vector,
however, T(w, -, ) = Tijkei®ej®ek( w) = (T wwie))el el = (Tijkwi)ej@)e’C =T;re’ ®e”,
produces a covariant tensor. Thus we can equally well express the actionof Tas T : V* — V* ®
V*. The same T acting on vectors produces a vector, T(-,v1,v9) = Tijke,- ® el ® ef(vy, 1) =
(leeJ(vl) k(’Ug)) e; = (Tijkajbk) e; = T'e;, which we can express as T : V x V — V.
Tensors wear many hats.

The mathematical style of this section may be unfamiliar, yet it’s on par with the level of math-
ematics in graduate texts in GR. GR requires a level of mathematical maturity a notch higher
than in other branches of physics. You should take away that tensors are multilinear “machines”
that effect mappings between geometric objects (scalars, vectors, and other tensors). The com-
ponents of a tensor T in a given basis are the values it produces acting on basis vectors, e.g.,
Tijk---l - T(ei7 €j, €L, 7el)'

5.6 METRIC TENSOR REVISITED

That tensors can wear different hats (mappings onto numbers, mapping between spaces) is exempli-
fied by the metric tensor, a type (0, 2) symmetric, bilinear function g : V' x V' — R, i.e., it takes a
pair of vectors (in either order) and produces a number. That idea generalizes our original definition
as the dot product between basis vectors, Eq. (5.3). We can, however, also let g act on a single vector
g(v,") = ge' ®e’(vie;) = g v'dle” = g, vte” =v,e”, and we see thatg : V — V*, thus
providing a natural accounting for the lowering of an index. What about raising indices, can g act on
a dual vector, g(w, -)? That operation isn’t defined. We know, however (Appendix C), that there’s a
one-to-one correspondence between v, and v”. The mapping g : V. — V™ must be invertible; there
must exist a unique linear mapping g~! : V* — V such that

v=ove; =gl (gv) =g () = vg () = v; [(g7)  erwe e
= (g_l)]C ekél = v; (g_l)kj er =vey .

Thus, (g_l)k] v; = gMv; = v*. It’s customary to omit the inverse symbol, where it’s understood
that the contravariant tensor (g with upper indices) is the inverse of g with lower indices, Eq. (5.18).
The lowering of an index on ¢g7* produces: gjk = gug’t = (g_l)]l gkl = 6%, which was defined in
Eq. (5.10), €’ - e

In a sense we’ve come full circle. We started this chapter with the inner product of basis vectors,
Eq. (5.3). We now know that g is a bilinear invertible function, what’s called nondegenerate. We also
know that the elements of any tensor are specified by its action on the basis vectors gos = g(€q, €3).
The metric g also connects the elements of V' and V'* in a natural way (raising and lowering indices).

A symmetric bilinear function g is nondegenerate (invertible) when:

e The matrix of components [g;;] has a nonvanishing determinant, g # 0;

e For every nonzero v € V, there exists aw € V such that g(v, w) # 0.
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These are equivalent aspects of a transformation being invertible. A matrix A has an inverse if and
only if det A # 0. The second requirement follows from the fact thatg : V' — V* is invertible if and
only if the nullity (dimension of the null space) of g is zero. In that case, for every nonzero v € V,
g(v) # 0; g(v) is not the zero functional. Thus, for a vector w € V, [g(v)] (w) = g(v, w) # 0.
Symmetric bilinear functions g can be classified as follows. For nonzero v € V,

e g is positive (negative) definite if g(v,v) > 0 (g(v,v) < 0);

e g is definite if it is either positive definite or negative definite;

e g is positive (negative) semidefinite if g(v,v) > 0 (g(v,v) < 0);

e g is semidefinite if either positive semidefinite or negative semidefinite;
e g is indefinite if not definite.

Vectors u,v € V are called g-orthogonal if g(u,v) = 0. A null vector of g is orthogonal
to itself, g(v,v) = 0. If g is definite, the only null vector is the zero vector. If g is indefinite, it
must have a nonzero null vector.*’ A basis {e;}"_, is called g-orthonormal if g(e;,e;) = 0 for
i # j, and g(e;, e;) (no sum) has one of the values +1, —1, or 0. Let ny, n_, and ng denote the
number of vectors e; for which g(ej, ej) is respectively +1, —1, or 0, where ny +n_ + ng = n.
Every symmetric bilinear function g on V' has an orthonormal basis; moreover, the numbers 7,
n_, and ng are the same for all square matrices obtained from [g;;] by a transformation SgS7,
where S is a non-singular matrix (Sylvester’s “law of inertia”).*® The integer s = n, — n_ is
called the signature of g. For g nondegenerate, an orthonormal basis must have ng = 0 and thus its
determinant g = (—1)"-.

5.7 SYMMETRY OPERATIONS ON TENSORS

A tensor whose components remain unchanged when two of its covariant or two of its contravariant
arguments are transposed is said to be symmetric in these two arguments. For example, if

1 k _ 1 k
T(w s, W 7’U1,"',Ui7"‘,'l)j,"'71)l)—T(w s, W avlv"‘7vj7"'7vi7"'avl)v

then T is symmetric in contravariant arguments ¢ and j. A tensor whose values change sign when
two of its covariant or two of its contravariant arguments are transposed is antisymmetric in these
arguments. Transposing covariant and contravariant arguments makes no sense, as they are defined
with respect to different basis sets; symmetry and antisymmetry are with respect to covariant or
contravariant arguments only. The symmetry or antisymmetry of a tensor is a geometric property,
independent of basis transformations. A tensor antisymmetric (symmetric) in all of its arguments is
said to be totally antisymmetric (totally symmetric).*’

We now introduce a notation for signifying symmetric and antisymmetric tensors; its use can
save much writing in complicated expressions. First, a permutation 7 of the integers (1,--- ,n) is
a one-to-one mapping of the set onto itself with the values 7(1),--- ,m(n). (We use 0123 as the
reference list in relativity.) The permutation 7 : 1234 — 4132 has values (1) = 4, 7(2) = 1,

4TProof: Because g is not positive definite, there is a nonzero vector v € V such that g(v,v) < 0. Because g is
not negative definite, there is a nonzero vector w € V such that g(w,w) > 0. Let u = av + (1 — o)w so that
g(u,u) = a’g(v,v) + 2a(1 — a)g(v,w) + (1 — a)?g(w,w). For a = 0, g(u,u) = g(w,w) > 0, and for a = 1,
g(u,u) = g(v,v) < 0. With an appeal to continuity, there must exist some value of « for which g(u, u) = 0.

8For a real symmetric matrix A and for S an invertible matrix such that D = S AS7 is diagonal, the number of negative

elements in D is the same for all S. That’s the “inertia” in Sylvester’s law of inertia—the invariance of the numbers n_, n
and no.[27, p360]

49The distinction is often lost between tensors that are symmetric or antisymmetric in various indices versus totally
symmetric or antisymmetric tensors; it’s often just assumed that an “antisymmetric tensor” is totally antisymmetric.
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m(3) = 3, and m(4) = 2. There are n! permutations of n integers. The symmetric part of a tensor
(with respect to indices ¢; - - - i,,) is defined with (parentheses around the indices)

1
T(ir"in) ! ZTiﬂu)'“i«(n) )
s

where the sum is over the n! permutations of (1---n). The antisymmetric part (with respect to
i1 - - - 1,) 1 defined with [square brackets around the indices]

1
T[’Llln] = ﬁ Z(SﬂTiﬂ(l)...iﬂ(n) )

where d, the parity (also called the signum (sign)) of the permutation is +1 for even permutations
and —1 for odd permutations.”® An even (odd) permutation is a permutation obtained through an
even (odd) number of pairwise interchanges of the numbers, starting from the reference sequence
(1---n). The sequence 2413 is an odd permutation of 1234. A second-rank tensor can be decom-
posed into symmetric and antisymmetric parts, T;; = T(;5) + 1];;). The same is not true of higher-
rank tensors. For example, T;jx # T{;jx) + T}ijx)- The notation can apply to any groups of indices.

For example, T(”)k[lm = %(Tijklm + Tjiklm - Tijkml - Tjik;nl) denotes a tensor symmetric in its

first two contravariant indices and antisymmetric in its covariant indices.

5.8 LEVI-CIVITA TENSOR AND DETERMINANTS

Totally antisymmetric tensors and determinants play an important role in differential geometry.
Determinants share with totally antisymmetric tensors the property of being antisymmetric under
interchange of columns. In this section we introduce some concepts from the theory of determinants
and allied expressions.

5.8.1 Generalized Kronecker delta

Generalized Kronecker deltas 5;1;’z have k superscripts and k subscripts, with £ < n, where each
index ranges from 1 to n such that:

+1 if ¢y - - -4y is an even permutation of jy - - - jg,
5;1;’; =< —1 ifdy---iy is an odd permutation of j; - - - j,
0 if 71 - - - 4% is not a permutation of j; - - - ji or if 41 - - - 75 are not all distinct.

Forn =3and k = 2,61} = 622 = 6] = 613 = 0, but 613 = 613 = 631 = 1and 637 = 633 =

823 = —1. These quantities can be used to produce antisymmetrized expressions. Any three-rowed
Ay - A,
determinant (for example) can be constructed from among the quantities ( gi gn ) :
A A Ay
W AB,C. = A; (B;Cr — BrCj)+A; (BrC; — B;Cy)+ Ay (B;C; — B;C;) = |B; B; By
i C; Ck

The quantity 6% ¥ is a type (m, m) tensor.’!

50The parity of a permutation is unique. While there are many ways of realizing a given permutation of the reference
sequence through pairwise exchanges, all ways require either an even or an odd number of exchanges.[28, p47]

3 Proof: Let T*1"*5m be the components of a type (m, 0) tensor. Then, 6511A‘A‘A‘§7’:’T51"'Sm generates an alternating
sum of m! terms, Th1k2km _kaki-km ... je alinear combination of (m, 0) tensors, and hence an (m, 0) tensor.

"knL

By the quotient theorem, 6511 is a type (m, m) absolute tensor.

< Sm
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5.8.2 Levi-Civita symbols

The permutation symbols, or the totally antisymmetric symbols or the Levi-Civita symbols, are a
special case of the generalized Kronecker delta:

+1 if;---14, is an even permutation of 1 - - - n,

€iyeiny =045 =00 m ="' = ¢ —1 ifiy---ip is an odd permutation of 1- - - n,

gy

0 if two or more indices are equal.

Permutation symbols always have n indices (whereas 65111]): is such that k£ < n). For n = 3, out of
the 3% = 27 possible values of €ijk, only 3! = 6 are non-zero, with €193 = €231 = €312 = 1 and
€132 = €213 = €321 = —1. There is only one independent element of €;;;, or gk,

For an n X n matrix A with elements A%, define a function of its matrix elements:

DA(/Bla'.' 7ﬁn) = gal"‘anAgll .Ag: '

This expression implies an alternating sum of n!, n-tuple products of the matrix elements (there
are n! ways to choose « - - - av,, so that they’re all distinct). The terms within each n-tuple come
from a different row of the matrix (a; - - - o, are distinct) and, as we’ll see, a different column.
The function D4(B1,- -+, B,) is antisymmetric in all column indices 3.2 Thus, DA (B1,- -+ , Bn)
vanishes if any two indices (; and 3; are equal. The quantity D4 (f1,- -, 8,) has the properties
of the determinant®® of A, and in fact equals det A (—det A) when f3; --- 3, is an even (odd)
permutation of 1---n. Thus,

EaranAGl - Agt =¢€pg,..p, det A (5.65)
Through an analogous argument it can be shown that
goom AP Al = PP det A (5.66)

Equations (5.65) and (5.66) generalize the more-frequently encountered definitions of determinant:
det A = g;,..4, A} -+ Alp = ghin AL .. A7 [30, p30] The product rule for determinants is
easily derived with these results: For n x n matrices A, B, C' such that C' = AB,

det Adet B = det Aeg,..5, B -+ B = co,.a, AG - AG" B - Bl
= cara, (AZBY) - (A5 Bl ) = coya, OFF - O = det O

The generalized Kronecker delta is the determinant of Kronecker deltas (upper indices are totally
antisymmetric, which must be a permutation of the lower indices),

a1 i
B Bk
arag Qay ¢Qay  cQap .
SEITEE = gy 0501550 05 =

_ pisle o]
o o = Klog o og) (5.67)

(653 (093
5,31 5,6’k

For example, 6’2 = 6% — 0°*5"? is a generalized Kronecker delta.
J1J2 J1J2 J2 71

52Proof: Interchange indices a; <+ ; among the matrix elements Agz in the n-tuple, then restore the matrix elements
back to their previous positions with respect to the order of the indices in €44 ..., , and now interchange o; <+ «; in

€ay-ani Da(B1,- -+, Bn) is antisymmetric under 3; <+ f3;.
3The determinant of an n X n matrix [A;] can be defined as a function of its columns det A = f(C1,--- ,Cy) with
C) = Azi, .-+ ,Cy = Al The function f is determined by the properties that 1) it’s multilinear and antisymmetric in its

arguments, and 2) produces the value 1 for the identity matrix.[29, p99]
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Equations (5.65) and (5.66) hold for any n X n matrix. Applying Eq. (5.65) to the Jacobian
matrix we have (see Eq. (5.53)) €0y .-a, Aggl e Agz =€p..p, J. The permutation symbol thus has
the transformation property:

epl..p = J_lAgil -~-Ag:ga1,..an . (5.68)
Comparing with Eq. (5.54), €q,...a,, IS a covariant tensor with weight w = —1. From Eq. (5.66)
it follows that €71V = JAZ% ~--Agzeﬁl“'ﬁ"; ghin s therefore a contravariant tensor of

weight®* w = +1. Combining Egs. (5.68) and (5.65), (¢4,..5,)" = JTVAGH - Afreaya, =
1
J M Jep...p: ; thus (epyp,) = €p;...p, > the transformed permutation symbol has the value of

€8,..., in the new frame. The permutation symbol g, ...5, is a constant tensor; ditto for e#1Fn.
By the rules established in Section 5.2, we obtain an absolute covariant tensor by multiplying
€4y, With 1/|g|. We define the covariant Levi-Civita tensor as

=lgleiy i, - (5.69)

Note the change in notation from ¢;,...;, (permutation symbol, tensor density) to €;,...i,, , absolute
tensor. The contravariant Levi-Civita tensor follows from raising indices on ¢, ...; . . From Eq. (5.69),
Jrin = gjm ,..gjnzneil.“i” — |g|gjm ...gjnlngil”.in — /\g| (det gw) grin

where in the last equality we have the determinant of the contravariant metric tensor, multiplied
by e71Jn_ Using Eq. (5.18), det g/ = g~!, the inverse of g (determinant of the covariant metric
tensor). Writing g = sgn(g)|g| (where sgn(g) is the sign of g), we have for the contravariant tensor

eIin — Sgn(g) gt in — (_1)717 1 gliin , (5.70)
V1l vari
where we have used sgn(g) = (—1)"— (the sign of ¢ is invariant, Section 5.2, which in a g-
orthornormal basis is (—1)"~, Section 5.6). In Minkowski space, €923 = —¢(;23.

A type (n, n) totally antisymmetric tensor (in n-dimensional space) can have only one indepen-
dent element: all nonzero tensor elements are equal to plus or minus times the same quantity. The
generalized Kronecker delta 50‘1 (’” is therefore proportional to the outer product of permutation
tensors 6?1 g” = A ¥neg /3n , Where A is a scalar. The proportionality constant can be evalu-
ated with any set of indices for which both sides of the formula are nonzero. From Egs. (5.69) and
(5.70), consistency requires that A\ = (—1)"~. We then have the useful result, using Eq. (5.67),

i i1
6j1 6]n
11 Zn _ n_ i1-% R SRR ) _ . .
Fiin = (=1 ine g, = e, = | . (5.71)
in L. in
611 6]71

5.9 PSEUDOTENSORS

Consider a right-handed three-dimensional Cartesian coordinate system as in Fig. 5.8. Associated
with the vectors x, y is the third z = & X y. The vector cross product is antisymmetric in its
operands (A X B = —B X A), and there is a definite (but conventional) role assigned to the
vectors participating in the cross product, Vector; X Vectors. The direction of A X B is that of
the thumb on a human’s right hand as A is “crossed” into B. The cross product is a different kind

54We could use a Gothic letter, such as & or ¢, for the Levi-Civita symbols. We conform to more standard notation and
use ¢ to denote the Levi-Civita symbol (a tensor density), and € to denote the absolute Levi-Civita tensor.
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z=xT XYy

Right handed

Figure 5.8 Right-handed and left-handed three-dimensional coordinate systems.

of vector, one derived from two vectors. An antisymmetric combination of two vectors is called a
bivector (which is also an antisymmetric tensor, see Section 5.10.2).

An inversion of the coordinate axes in a right-handed system produces a left-handed coordinate
system, with 2’ = &’ X vy’ given by the direction of the thumb on the left hand; Fig. 5.8. Under an
inversion, the coordinates of the position vector  in the transformed system are the negative of their
values in the original system: (2/,y’, 2") = (—z, —y, —z). Vectors with components that transform
under inversion like the components of r are called polar vectors. Note that r is the same vector
before and after the inversion (passive transformation), in keeping with the requirement that a vector
is a geometric object that maintains its identity under a change of basis.

Are all vectors polar? Yes (on semantic grounds) and no because nonpolar vector-like quantities
exist. Figure 5.9 shows the cross product A X B between polar vectors. Under inversion, the com-

Figure 5.9 The vector cross product is a pseudovector.

ponents of A and B are negative relative to the inverted coordinate axes, but those of C = A X B
are positive. The cross product of polar vectors is therefore a fundamentally different kind of object:
It’s not a polar vector and should not be called a vector. Vectors with components that do not change
sign under inversion are called axial vectors or pseudovectors.

Pseudotensors transform as tensors when the Jacobian of the transformation is positive, but
transform with an additional change of sign for J < 0. For J > 0, pseudotensors have all the
invariance properties expected of tensors.”> We infer from its transformation property, Eq. (5.68),
that the permutation symbol €,,...q,, is a pseudotensor in spaces of an odd number of dimensions.
For an inversion of a three-dimensional Cartesian system, the Jacobian matrix has (—1, —1,—1) on
its diagonal (zeros otherwise), and hence J = —1. A third-rank tensor made from three covariant
vectors 15, = U;V; Wy, (not a pseudotensor) would change sign under inversion, but not ;1. The
components of the cross product C = F X G (for F and G contravariant vectors) can be written

35The term pseudotensor is unfortunate, implying false tensor; perhaps “half-tensor” or “demi-tensor” would be better.
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C; = aijk.Fij. It’s readily shown using Eq. (5.68) that C; transforms as C;; = J’lA{/Cj. The
cross product, which only lives in three dimensions—see below—is a pseudovector.

Polar vectors are related to the prototype vector, r: velocity, v = 7; acceleration, a = ¥ = 7;
force, F' = ma; electric field, E = F'/q; current density, J = pv. Axial vectors are associated with
a cross product: torque, 7 = r X F'; angular velocity, v = w X r; angular momentum, L = r X p;
magnetic field, F' = qv X B. Generally we have the rules for three-vectors:

e polar vector X polar vector = pseudovector
e pseudovector X pseudovector = pseudovector
e polar vector X pseudovector = polar vector.

Note that this classification relates to the behavior of vectors under inversion of spatial axes.

A pseudoscalar results from the inner product between a polar vector and an axial vector, such
as between electric and magnetic field vectors, E - B. A pseudoscalar reverses sign under inversion.
For A, B, and C polar vectors, A - (B X C) is a pseudoscalar.

Should pseudotensors concern us? Do the equations of physics depend on our choice of coor-
dinate system? Pseudovectors depend on a handedness convention, which is arbitrary. The cross
product associates a vector with a plane, and there are two sides to a plane. Does the universe care
which hand we use? If not, then a valid equation of physics cannot equate tensors with pseudoten-
sors. Faraday’s law relates two axial vectors, V X E = —9B/Jt. Note that the curl of the curl
does not change the vector character of what it operates on, as in the free-space wave equations:
VXVXE=—(1/c?)0?’E/ot>?and V X V x B = —(1/c*)9*B/ot?.

5.10 TOTALLY ANTISYMMETRIC TENSORS

Totally antisymmetric tensors are a significant part of tensor analysis. On the physics side,
Maxwell’s equations can be put in covariant form using antisymmetric tensors. On the math side,
the generalization of the classic theorems of vector calculus to higher dimensions can be given
systematic expression with antisymmetric tensors. We document their properties in this section.

5.10.1 Dual tensors

Antisymmetric tensors have the property that from them new tensors can be defined known as dual
tensors.”® The idea is based on a simple property: The contraction of an antisymmetric tensor A,
with a symmetric tensor S*¥ produces zero.”’ Consider the tensor comprised of the product of
X7 and Y*, the components of three-vectors. The contraction of X/ Y* with €i;% picks out the
antisymmetric part,
€ XY = L e (XTYF — XFYT) + ein (XIYF + XFYT)]

because the contraction of €;;, with a symmetric tensor is zero. The elements of the antisymmetric
tensor 77% = X7Y* — X*kY7 are therefore naturally associated with the elements of a three-vector,

Py =de,;,T9% . (5.72)

The vector P is called the dual of the tensor T, denoted *T = P. Equation (5.72) can be written
(+T), = 3€ijxT7%. (By raising and lowering indices, (+T)" = 3¢’;, 7% = $¢7*T};.) Does it go

56The use of the word dual in dual tensor has nothing to do with the dual in dual space. Beware.
5T Proof: App SHY = Ay SH = — A, SV = — A, SHY, where in the last equality we have let o <> v.
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the other way, can an antisymmetric tensor be associated with the components of a vector? We need
a way to invert Eq. (5.72). Using Eq. (5.71),

elmieijk _ 5lj672 _ 5lk57? . (5.73)

Contracting Eq. (5.72) with €™ and using Eq. (5.73), it’s readily shown that 7" = "™ P;. One
calls T the dual of P, T = P, with (xP)” = ¢“* P, (equivalently (xP);; = €ijiPF). It can
be shown that * (*P) = P and * (*T) = T. The dual-tensor pairs (not densities) for n = 3 and
n_ = 0 are shown in Table 5.1 (¢;;5 = \/g€ijk)-

Table 5.1 Tensor-dual tensor pairs forn = 3,n~ =0
Tensor Dual tensor
0 A3 - A2
[A7] = (A1, 42, 43) (), =va[-4® o a
Az —AY 0
0 A12 A13
[Aij} — 7A12 0 A23 [(*A)z] — \/§ (AQS’ _A13, A12)

_A13 _A23 0

In four dimensions, associated with a second-rank antisymmetric tensor T is its dual, *T, another
second-rank antisymmetric tensor with elements

(4T, = 3Emnre T (5.74)
By raising and lowering indices on Eq. (5.74),

(*T)rt _ %GrtmnTmn — %ertmnTmn . (575)
We thus have a dual pair of antisymmetric second-rank tensors, the elements of which are given in
Table 5.2. Each has six independent elements; each is a “repackaging” of the same information. In
this case * (xT) = —T, which can be shown using the identity obtained from Eq. (5.71) with n = 4

and n_ = 1, egmne™™™ = —2(57,6%, — 67,6%).

Table 5.2 Tensor-dual tensor pairs forn =4, n~ =1
Tensor Dual tensor
0 Tor  To2  Tos 0 =153 T3 Tio
Tos] = —To1 O T T3 {(*T)aﬂ} _ L [ Ixn 0  —Toz To2
ob —Too —Tia 0 Ty Vgl ~Tiz  To3 0 —To1
—Toz —Ti3 —Tpz O T —Toe Ton 0

For a rank-m totally antisymmetric tensor in n dimensions (m < n) with elements 77" the
elements of its dual, a rank (n — m) tensor, are defined by

1
(+T),. = —¢ e (5.76)

1 Tn—m ] 51T T

By raising and lowering indices (and by renaming indices),

(*T)Tl"'Tm — 1 €s1~~~sn,mr1mrmT

Sqes, - 5.77
(n—m)! L S
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In general, * (*T) = (—1)™(=™)+7-T_(Respect the order of the indices in the Levi-Civita tensor
and use Eq. (5.71)). For n = 4 and m = 1 there’s a dual relation between a four-vector and a third-
rank tensor, (xT)"™ = e 15255, (*T),, pyry = €sirirars I°'. An antisymmetric third-rank
tensor in four dimensions has “four choose three” (g) = 4 independent components, just enough to
associate with the components of a four-vector. A scalar (denoted *7") can be obtained by setting
m =n = 4in Bq. (5.76), T = fi€g, 5,555, 15152535 = Les192855T . The “taxonomy”
of antisymmetric tensors and their duals will become clearer when we introduce the Hodge star

operator, below.

5.10.2 Exterior algebra: wedge products, k-multivectors, and k-forms

Recall (Section 5.5.2) that for a vector space V, the tensor product space V' @ V' is the space of all
bilinear functions (second-rank contravariant tensors) F' € V@V : V* xV* — R. The subspace of
V' ®V obtained from the restriction to antisymmetric bilinear functions, denoted VAV or A2V, is the
space of antisymmetric second-rank contravariant tensors, the wedge product (or exterior product®®)
space. The elements of A2V are constructed from wedge products of vectors vy, vy € V:

V1 NV =11 QU — UV XV

so that v1 A va (w1, ws) = v1(w1)va(ws) — va(w1)v1(ws). The wedge product exploits the non-
commutativity of tensor products, v; ® vo # vs ® vy, and satisfies for w,v,w € V and \ € R:
(same as the rules for the tensor product, page 90, except with the imposition of antisymmetry)

uANv=—-vAu antisymmetry
(uAV)ANw=uA(vAw)=uAvAw associativity
M) Av=uA(\)=\(uAv)
(u+v)Nw=uAw+vAw bilinearity

uAN(v+w)=uAv+uiw.

Note that v A v = 0. Elements of A2V are called bivectors.

Let {e;}I; be a basis for V. For u = u'e; and v = viej, u Av = (u'e;) A (viej) =
utv? (e; A ej). For each “diagonal” term e; A e; = 0; moreover e; A e; = —e; A e; fori < j, so
that for the bivector A

AEu/\v:Z(u’vJ—qu’)ei/\ejEZA”ei/\ej:§A”ei/\ej. (5.78)

i<j i<j

The typical element of A*V is a linear combination of wedge products e; A ej, 1 < i < j < n,
which form a basis. The dimension of A%V is thus (g) = %n(n — 1). The components A% in
Eq. (5.78) are antisymmetric, as are the basis vectors e; A e;, hence the factor of % in front of
the unrestricted sum over i and j. The components of w A v (an element of A2V, in the basis
{e; A e;}) are antisymmetric combinations of the components of v and v (elements of V, in the
basis {e;}), (u Av)" = 6;;ulv’”. The virtue of wedge-product basis vectors is that they naturally
carry information about orientation—see Fig. 5.10, a topic we discuss below.

The wedge product extends to more than two vectors. The k"-wedge product of vectors v € V,

viA AV = (511,;’“ v, ® - ®v;,, termed a k-multivector,” is an element of the space ARV,

38The term exterior was introduced by the mathematician Hermann Grassmann in 1844. The wedge product of two
bivectors containing a common vector (a A b) A (a A ¢) = 0. The wedge product of bivectors is nonzero only if they have
no vectors in common, or that the wedge product is “exterior” to (outside of) each other. The exterior product should not be
confused with the outer product defined in Section 5.1.6.

59We’ve used the term k-multivector instead of what they are often called, k-vectors, to avoid confusion with 4-vectors,
vectors in Minkowski space.
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€9 €9
B — 4: e % e
€1 —e

e; N\ey es Nep = —e; Neg

Figure 5.10 Oriented basis vectors, €1, —e1, €1 A es, es A €.

the space of all totally antisymmetric type (k,0) tensors.®* For ease of notation, A°V = R and
AV = V. For fixed dimension n of the base space V, we can only have type (k, 0) antisymmetric
tensors defined on products of V for®! k < n. The dimension of AFV is (Z)

Example. The elements of AV consist of totally antisymmetric combinations of products of three
vectors called trivectors:

aANbANCc=aR3bR®c—a®c®b+cRa@b-—c®bRa+bRc®a—-bd®a®c.
Using the basis for V, an element of A3V can be expressed as an unrestricted sum over indices
aNbAhe= %(a/\b/\c)ijkeiAej/\ek,
where the components of the trivector are totally antisymmetric combinations of the components

of the individual vectors (i.e., the determinant), (a A b A ¢)”/ = 5f%€nalbmc”. The wedge product
between a vector and a bivector is a trivector: (a Ab) Ac=aA(bAc)=aAbAec.

The wedge product vanishes among linearly dependent vectors. If u = Av, clearly u A v = 0. A
set of vectors {vy,- - , vy} is linearly independent if (and only if) v1 A -+ Awvy # 0, ie., ifit’sa
nonzero element (tensor) of AV

Example. In R? with basis vectors {ej, ez, e3}, leta = 1 (es —e3), b = 2(e; — e3), and ¢ =
—2e; + 5es — 3es. The wedge product betweena andbisaAb = —e; Nes —es Nes —es Nej.
The trivectora AbAc = (3+2—05)e; Aey Aes =0.In this case ¢ = 6a — b; ¢ is not linearly

independent of @ and b.

Wedge-product spaces can equally well be constructed out of dual vectors, denoted AFV*, the
space of all antisymmetric type (0, k) tensors, the elements of which are called k-forms. The Levi-
Civita tensor €45 i a 4-form. All results for k-multivectors hold for k-forms by interchanging the
roles of V and V*. Dual vectors are called 1-forms because A'V* = V*,

5.10.3 Oriented area: Generalization of a x b to arbitrary dimension

We need to be able to describe areas in a covariant manner, i.e., using tensors. In three-dimensional
space a pair of vectors (a, b) specify an area, that enclosed by the parallelogram they span (see Fig.
5.11), with magnitude found from the cross product |a X b|. As we’ll explain, the cross product
is valid only in three dimensions. In this subsection we show that a generalization of a X b (no

0The k"-wedge product v1 A --- A vy, involves v;; @ -+ ® v;, and hence is a multilinear function on ®@*V*, and

thus is a type (k, 0) tensor, restricted by 6;1;" to be totally antisymmetric in all arguments.
1For k > n, we run out of distinct indices so that antisymmetric tensors of order greater than n are zero.
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Figure 5.11 Area of the parallelogram spanned by a and b equal to |a X b.

absolute value), valid in any dimension, is the oriented area a N b—a signed area—which is a
second-rank antisymmetric tensor, and which in three dimensions is dual to a vector (Table 5.1).
We’re accustomed to the idea of surface areas as vectors for n = 3. For arbitrary n, the oriented
area is (as we show) an element of a vector space of dimension %n(n — 1). The case of n = 3 is
special, the non-trivial solution of n = in(n — 1).

The oriented area spanned by vectors (a, b) is defined through the requirement that it be specified

by an antisymmetric, bilinear function A(a, b), such that for A, u € R:

A(a,b) = —A(b,a) antisymmetry
A(a, Ab + pc) = AA(a, b) + pA(a, c) L
bilinearity
A(Xa + pb,c) = MA(a,c) + pA(b,c) .

We shouldn’t be surprised if we find that A(a,b) = a A b because wedge products share the same
properties (see page 99). Let’s show first that the requirements make sense.

If a or b is scaled by a factor A\, we want the area they span to scale by the same factor (see Fig.
5.12), arequirement that argues for bilinearity. For negative A, the orientation of the parallelogram

Figure 5.13 Oriented area: A(—a,b) = —A(a, b).

is reversed, and the oriented area changes sign (Fig. 5.13). If we didn’t allow for a signed area
A(a,b) wouldn’t behave properly. From A(a,b+ ¢) = A(a,b) + A(a, ¢) set ¢ = —b; if area was
strictly a positive quantity we’d have the nonsensical result A(a,0) = 2A(a, b) # 0. With A(a, b) a
bilinear function, with ¢ = —b, A(a,0) = A(a, b) — A(a,b) = 0. We also want A(a, a) = 0: zero
area enclosed by a single vector. By writing @ = b + ¢, A(a,a) = 0 implies A(b,c) = —A(c, b);
bilinearity of A(a, b) implies antisymmetry.

The quantity |a||b| sin  (no absolute value sign) satisfies the requirements for an oriented area.
Antisymmetry follows from the sign of the angle 6. Additivity follows from the property of parallel-
ograms that the area spanned by its sides is invariant under a shear transformation where one of its
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sides is displaced in the direction parallel to the other side,** A(a,b+aa) = A(a,b)+aA(a,a) =
A(a, b); see Fig. 5.14. A geometric proof of additivity is shown in Figure 5.15.

Figure 5.15 Oriented areas are additive: A(a, b+ ¢) = A(a,b) + A(a, c).

Let (e1, e2) be a two-dimensional orthonormal basis with @ = a’e; and b = b’e;. The oriented
area spanned by a and b is, using bilinearity and antisymmetry, given by the expression A(a, b) =
Ald'e;, be;) = a'b/ A(e;, e;) = (a'b® — a®b) A(er, e2) = zll 22 |A(e1, e2). Thus, the oriented
area (spanned by a and b) is a multiple (the determinant of the vector components) of that spanned
by e; and es (see Fig. 5.16), which we can take to be unity because the basis is orthonormal. This

Figure 5.16 Oriented area spanned by a, b is proportional to that spanned by e;, es.

expression for A(a, b) is almost the formula for a X b (when computed in terms of the components
of a and b), except that we have not equated A(eq, e2) with a unit vector perpendicular to the plane.
Instead, A(ey, es) carries the orientation specified by e; and es.

%2Invariance under shear transformations is analogous to the invariance of the value of a determinant of a matrix to adding
multiples of one column of the matrix to another column. It’s also a property of the wedge product: @ A (b + aa) = a A b.
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Now let {e;}?_; be an orthonormal basis, with @ = a’e; and b = b/ e;. We have

A(a,b) = a't’ A(e;, e;) = (a'b® — a®b') A(eq, e2) + (a®b® — a’b*) A(ez, e3)

+ (a®b* — a'b®)A(es, e1) (5.79)
al a2 a2 a3 a3 al
=1 2 Aler, ez) + b2 BB A(ez, e3) + p ol Ales, er) .

Referring to Fig. 5.17, the area enclosed by the cross-hatched parallelogram is a superposition of the

Figure 5.17 Projection of a parallelogram onto the three coordinate planes.

oriented areas obtained from projections onto each of the planes defined by pairs of coordinate axes.
Each of the three projections is the oriented area obtained from the restrictions of the vectors a, b to
two dimensions. Projections are linear operations: parallelograms are projected onto parallelograms.
Equation (5.79) indicates that oriented areas add like vectors. The three projected areas coincide
with the Euclidean components of @ X b, except that we haven’t equated with spatial unit vectors the
oriented areas spanned by the basis vectors in the coordinate planes, A(eq, e2), etc. Rather, the three
areas A(e;, e;) serve as a basis for a space of oriented areas. Equation (5.78) (three-dimensional
space), has the same form as the expression for a A b in an n-dimensional space, Eq. (5.79).

We can now generalize to arbitrary dimension. Consider a parallelogram® spanned by a and b
in an n-dimensional space with basis {ey, - - , e, }. There are (%) = in(n — 1) planes spanned by
{ei,e;} with 1 <i < j < n.Projections onto planes spanned by {e;, e;} are obtained by omitting
all components of a and b except those for e; and e;. We may regard the (g) projections as the
components of a vector representing the oriented area in a new vector space, the space of oriented
areas. Each of these components is necessary to specify the geometric orientation in n dimensions.®*
Only in three dimensions does the number of coordinate planes equal the dimension of the space,
and thus only in three dimensions can we associate the oriented area with a vector a X b of the same
dimension as the space of the vectors a and b.

The oriented area spanned by n-dimensional vectors @,y € V is a bilinear antisymmetric

1

function A(z,y), whose value is a vector in the space of oriented areas of dimension 5n(n — 1).

The wedge-product space A2V, the space of antisymmetric vector products, is also of dimension
%n(n — 1). Are the two the same? Vector spaces are isomorphic if (and only if) they have the same

dimension. The space A2V represents every possible bilinear antisymmetric product of vectors, and

93 The generalization of parallelograms to higher dimensions are known as parallelotopes.[31, p122]
%4The orientation of a parallelogram in four dimensions is specified by six projections onto coordinate planes.
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thus any antisymmetric, bilinear function A(«, y) is proportional to & A y, implying that the spaces
are the same.

Example. In R?, with a = a’e; and b = be;, it’s straightforward to show that a A b =

1 2 2
A(el, 62).

a a a
bt b2

a
bt b2

e1 A ez, As shown on page 102, A(a,b) =

5.10.4 Oriented volume: Generalization of a - (b X ¢)

Let vectors a, b,c € R? span a parallelepiped (see Fig. 5.18), the volume of which we denote as

Figure 5.18 Parallelepiped formed from vectors a, b, c.

Vol(a, b, ¢). For vectors in three dimensions, Vol(a, b, ¢) = |a - (b X ¢)|. Because the triple vector
product is cyclically invariant, however [a - (b X ¢) =b:(c X a) =c-(a X b)],a- (b X ¢) (no
absolute value) is totally antisymmetric, similar to a A b A c. That would suggest (but not prove) the
oriented (signed) volume spanned by a, b, c is found from the expression a A b A c. We show that

is indeed the case, in n-dimensional space the oriented volume spanned by vectors {vy, -+ , v} is
given by the wedge product vi N\ -+ - N\ U,.
We’re guided by two requirements, that for Vol(vy, -+ ,vy,):

e If a vector is scaled by a factor A\, the volume is scaled by the same factor,

Vol(vy, -+, Av;, -+ ,v,) = AVol(vy, - -+ ,v;, -+, vy,), implying multilinearity.
o If v; = w; for j # i, we require that Vol(v1,--- ,v;,--- ,v;, -+ ,v,) = 0, implying
Vol(vy, - -+ ,v,) is a totally antisymmetric function—the same as v1 A - -+ A vy,.
These requirements imply that parallelepipeds spanned by the vectors {vy, va, -+ , v, } and {v; +
Avg, Vg, -+, U, } have the same volume for any value of A.
A theorem that we sketch the proof of, is that for vectors in an n-dimensional space, paral-
lelepipeds spanned by {wy, - ,u,} and {vy,--- ,v,} have equal volumes if the n-fold wedge

products are equal up to a sign, u; A -+ A u,, = £v1 A - -+ A v,. To show this, we transform the
set of vectors {v;} into the set {w;} through a sequence of transformations, of two types. Either
multiply v; by a number A, or add Av; to another vector vj, (shear transformation). The substitu-
tions w; — Aw; and u; — wu; + Auy are such that u; A --- A u, changes in the same way as
Vol(uq, - - - ,uy). Under successive transformations v; — Aw; or v; — wj + Ay, v1 A -+ A,
and Vol(vy, - - - , v, ) transform in the same way until {v;} has become {u;} (up to the ordering of
vectors), with uy A -+ Au, = av; A -+ Av, and Vol(uq, -+ ,u,) = aVol(vy, - - ,v,) where
o is a number. The two oriented volumes are the same if v = £1.
We therefore have a means of comparing n-dimensional volumes:

vi A A,

Vol(vy, -+ ,v,) = Vol(wy, -+, uy,), (5.80)

UL N N\ Uy
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but not (yet) of determining the volume. We’re allowed to “divide tensors” in Eq. (5.80) because for
V' an n-dimensional space, the highest non-trivial wedge-product space is A"V, the dimension of
which is (2) = 1. Any n-multivector v; A - - - A v,, can serve as a basis for A" V.

Let {e;}_; be an orthonormal basis for V. The parallelepiped spanned by these vectors can be
taken to have unit volume for an n-dimensional space. With the vectors {u; } in Eq. (5.80) given by
the basis vectors {e; }, fix the proportionality by setting Vol(ey, - ,e,) = (1)es A -+ A e,. The
oriented volume of an n-dimensional parallelepiped is then (relative to the unit volume)

Vol(vy, ++ ,vp) =V1 A Ay, . (5.81)

In what follows, we need the use of a theorem. Let A be a linear operator on the n-dimensional
space V, A: V — V, and let V have the basis {e;}?_,. Then,

(Ae)) A~ A (Aep) = (det A) ey A+ Ney (5.82)

where det A is the determinant of the matrix elements® of A. As an immediate application, ex-
pressing the i contravariant vector in the basis {e;}, v; = v]e;, we have combining Egs. (5.82)
and (5.81),

Vol(vy, - ,v,) =01 A+ Av,, = (detvf) etN---ANe, . (5.83)

The determinant of the vector components det v; can be interpreted as a volume change factor.

Example. In Cartesian coordinates, let a = a&, b = by, and ¢ = cz. Using Eq. (5.81), we have
that Vol(a, b, ¢) = abc & A g A Z, the same as obtained from Eq. (5.83).

One could worry that the unit-volume tensor e; A - - - A e, has been chosen arbitrarily and will
change if we select another orthonormal basis. It turns out that e; A --- A e, is the same for any
orthonormal basis, up to a sign. Let there be two orthonormal bases, {e;} and {f;}. Then there
exists an orthogonal transformation R that maps {e;} into { f;} such that’® det R = +1. We then
have as a special case of Eq. (5.82)

AN ANf,=detRegt A---Ne, =Fer N---Ne,. (5.84)

We’re entitled to refer to the volume given by Eq. (5.81) as the volume.

5.10.5 Ordered basis

The + factor in Eq. (5.84) is an essential ambiguity that cannot be avoided. A nonzero element 6
of A"V specifies an orientation of V. Ordered bases fall into two classes: those in the orientation
and those not. An ordered basis {e;}?_, is in the orientation specified by f if e; A --- A e, = b,
where o > 0. The orientation is the collection of bases having the same sign as . There are only

65Proof: Let Ae, = Aiej, r=1,---,n,ie., the action of A on e, is to produce an element of V', which has its own
expansion in the basis {e; }. From the multilinearity of the wedge product,

(.Ael)/\---/\(.Aen):Ai1 cAlne, Ao Aey, :Ai1 c Al el Ao ANep = (det A)er Ao Aen,

where we've used e, A+~ Aej, = €4y...5, €1 A - Ae, and Eq. (5.65). Your inner mathematician might worry that det A
is basis dependent. It turns out the value of a determinant is the same in all bases. If the abstract operator A is represented
by a matrix A in one basis and by A’ in another, then there exists an invertible matrix R such that A’ = RAR™.
Taking determinants, det A’ = det Rdet A (detR)71 = det A. Why the concern with basis independence? As budding
relativists, you seek what is the same in all reference frames. Accept no substitute.

% Proof: Let f; = RZ e, where { f; } and {e; } are both orthonormal bases under the inner product g. Then, g(f;, fj) =
. S
di; = RERLg(ex, e)) = RERLS, = >, RERY = RF(R])T. Thus, det d;; = 1 = [det Ri]".
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two orientations, o« > 0 or & < 0; there is no third alternative.®’ Orientations with o > 0 (o < 0)
are called right-handed (left-handed). For example, in R? the bases {e., e,,e.} and {e,, e,,e.}
are in different orientations because e, A e, Ne, = —e, Ae, Ae,.

For each n-dimensional space® V, elements of the highest wedge-product space A"V specify
oriented volumes v1 A - - - A v,,, what we’ll refer to as n-volumes.

Table 5.3 Volume elements of n-dimensional oriented vector spaces.

n-volume The old way Covariant way

2-volume aXxXb alb
3-volume a-(bXc) aNbAc
4-volume ? aANbANeNd

5.10.6 Hodge star operator

For V' an n-dimensional space, AP V' and A" ~P V have the same dimension—and are isomorphic—
because of the symmetry of the binomial coefficients, (7)) = (," ). The Hodge star operator,
denoted simply as *, is a linear mapping * : AP — A™~P that implements the isomorphism.%® This
mapping accounts for the “taxonomy” among tensors and their duals noted in Sec 5.10.1.

To proceed, we must define an inner product for multivectors. For V' a two-dimensional space,
denote the inner product for A%V as (v1 A va,v3 A vy) to distinguish it from g(vy, v2). We require
(-, -) to be symmetric and bilinear (Section 5.6). Let V have an orthonormal basis {e; } (with respect
to g). For simplicity take (e; A e2, €1 A es) = 1. Then, for u = u’e; and v = v/e;,

(wAv,er Aes) = (ulv? — ulo! ot W
; €1 €2>—(U’U UU)<€1/\62’61/\62>_ vl 1)2

)

:‘g(uvel) g(uveQ)
g(v,e1) g(v,e)

where g(u, e;) = u’. Generalizing, the inner product for AV is defined as”®
(wg A== Aug,v1 A -+ Aog) = det g(u;, ;) . (5.85)

For each k, therefore,
k
(ex N+~ Nep,er A~ Neg) = (=1)"= | (5.86)

where n* is the number of minus signs in the g-orthonormal basis {e; }%_, .

Example. Consider the bivector A = £ A%e; A e;, Eq. (5.78). Using Eq. (5.85),

gii i
Imi  Gmj

1

(et Nem, A) = 34 (e) Nep,e; Nej) = LAY = 24 (g1iGm; — Gmigi;)

- % (Alm - Aml) - Alm .

The inner product returns A;,,, similartoe; - B = ¢; - Bjej = ngij = B;.

For {e;}"_; an orthonormal basis on V, let w = e; A --- A e, be a basis for the “top space”
A™V; w is unique up to a choice of sign,”' which we take to be positive. The idea behind the star

7Because {e;} is linearly independent—a basis.

8 A proviso should be added: vector spaces V' with inner product g(v;, vj).

%9Two spaces related by the Hodge star operator are called Hodge duals. The dual in Hodge dual (those spaces related by
1 AF /\”*k) has nothing to do with the dual in dual spaces, the distinction between V and V'*.

"OFor k = 1 Eq. (5.85) reduces to the inner product between single vectors.

7LShown in Section 5.10.4.
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operator * : APV — A"FV s as follows. For a = eq A -+ - A ey, we'd “like” o A (xa) = w, s0
that x(e; A -+ Aex) = ert1 A -+ - A e,—that’s the gist of the idea.

The Hodge operator is defined with an extra requirement so that for two k-multivectors v =
viA--Avgand B =up A Aug, withl < k <n,

aA(xf8) = (a, Bw . (5.87)

From Eq. (5.87), w A (xw) = (w,w)w = (—1)"~ w, where we’ve used Eq. (5.86) and n_ is the
number of minus signs in the g-orthonormal basis for V. Thus, *w = (71)"‘ 1, where 1 denotes
the basis vector of A°V, the dual of A"V Using Eq. (5.87), 1 A (x1) = g(1,1)w = w, where
g(1,1) = 1. Thus, 1 = w; the dual of A” is A™. From Eq. (5.87): (o, B) = (—1)"" * (a A ).

Lete; =e; A---Aeypand ey = ey 1 A--- A e, sothat’? e; A e; = w. Using Eq. (5.87),
er N (xer) = (er,er)w = (er,er)er A ey sothat xe; = (e, er)e;. The wedge product e; A
(xe;) = (es,es)er A ey. It’s straightforward to show that”® e; A ey = (—1)k("_k)
that xe; = (—l)k(”fk) (e, ey)er. These results are summarized in Table 5.4.

ej N\ ey, so

Table 5.4 Hodge duals.

sl=w=erNey sw = (—1)"-1

ey = <€[,6[>6J ey = (—1)k(n_k)<ej,6]>e[

By combining these results, *(xe;) = (—1)k("_k) (er,er){es, e )er. But, for an orthonormal
basis, (er,er)(es,e;) = detg(e;,e;)detg(e;, e;) = (w,w) = (—1)"—. For k-multivectors,
therefore, the star operator composed with itself satisfies

xox = (—1)"- =k (5.88)

We found the same relation in our discussion of dual tensors, near Eq. (5.77).

For n = 3, we have the wedge-product spaces A%, A', A2, A3, all having an odd number of
dimensions, 1,3, 3, 1. There is therefore a dual relation between A" and A% and between A! and
A2. From Eq. (5.88) with n_ = 0, x o ¥ = 1 for all k (check it!). In this case, xe; = e3 A es,
xey = ez A e; and xe3 = e A es. There is thus a close resemblance between the cross product
and the wedge product. They are in fact Hodge duals, * (a X b) = a A b. The space A° is a space
of scalars but its dual A? is a space of pseudoscalars (see Section 5.9). This can be seen from the
relation among basis vectors, *1 — e; A e2 A e3. Under an inversion 1 is invariant (scalar) but w
changes sign (pseudoscalar). Likewise, Al is a space of vectors and A? is a space of pseudovectors,
as can be seen from the basis vectors xe; — e A e3: Under inversion e; changes sign (vector) but
e, A es does not (pseudovector).

For Minkowski space, we have the wedge-product spaces A, Al, A2, A3, A* with dimensions
1,4,6,4, 1. There is an isomorphism between vectors and totally antisymmetric third-rank tensors
(>s</\1 — /\3), and a relation between second-rank antisymmetric tensors, *A2 — AZ. It should
be noted that the isomorphism *A? — A2 does not imply the identity of the two second-rank
antisymmetric tensors, only that they are isomorphic.

72The notation I = (41, - ,ix) is a multi-index, a strictly-increasing string of integers 1 < 41 < iz < -+ < i, < n.

73Consider that w A v1 A - -+ A v = (fl)kvl A A v A, ie., “pulling” a vector through a k-multivector entails
k interchanges and hence k minus signs. Fora € APV and b € A9V, a A b € APT9V  unless p + ¢ > n in which case it
is zero. The wedge product satisfies the antisymmetry condition a A b = (—1)P9b A a.
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5.11 INTEGRATION ON MINKOWSKI SPACE
5.11.1 Differential volume elements

One dimensional

The “volume element” along a curve is the differential displacement vector da with components
dX® = dx® (in a notation we’ll use for the higher-dimensional volume elements). The direction in
which the curve is traversed specifies the orientation. If the orientation is reversed, the signs of d>*
are reversed.

Two dimensional

A pair of infinitesimal contravariant vectors d& ;) and dx 2y specify an oriented area dx (1) Adx (),
the components of which are d¥*? = (dm(l) A da/,'(g))aﬁ = 5f}5dx€1)dxz’2). The vectors dx ;)
have components dxﬁ.) (= 0,1,2,3), relative to a coordinate system in MS. The order of the
vectors is important and specifies the orientation of dz (1) A dz(s).

Three dimensional

Three vectors dx (1), do(2), and dx(s) specify an oriented volume dx (1) A dz(z) A dx(z), with

dxzesy = (dm(l) A dm(g) A Cl.’l?(g))ozﬁ’Y = 535?(137}(‘1)

are written determines the orientation. The quantity dX*77, a third-rank antisymmetric tensor, has
as its dual a four-vector with components (d¥*), = %Gaﬁv AdX¥8Y (from Eq. (5.77)).”* Consider

dx‘(’2)da:‘(’3). The order in which the vectors

an arbitrary linear combination the vectors dx(;), A = Zle agydey; dX* is orthogonal” to A.
Thus, d¥* is normal to every vector lying in the surface having oriented volume d¥..

Four dimensional
In four dimensions, four vectors d:c(l), dm(2), d:c(g), d:v(4) determine an oriented volume dw(l) A
dx (o) A dx(3) A de(4), the components of which are

N _ af~yo o L v Lo T
dE Bo = (dx(l) A dx(2) A d$(3) A dm(4)) ¥ = 5 ﬁwdx’l)dx@)dx(&dx@) .

nrvoT (

The order in which the vectors are written determines the orientation. The orientation is usually
chosen so that d%%12% > 0. We can associate a scalar with dX*#7? its dual dS* = §;€q,,5d5*770.

5.11.2 Stokes’s theorem

Stokes’s theorem relates the integral of the gradient of a tensor over the volume of an n-dimensional
space V,, to an integral of the tensor evaluated at the surface S,,_; that bounds’® V,,, which we
indicate schematically as [, V(T)dV" = [,  TdS (n=1)_To apply the theorem, the orientations
of Sn—1 and V,, must agree. Let dx(;) A -+ A dx(,) be an oriented volume element of V;, and
dy@y A -+ A dy(,—1) an oriented volume element of S, 1. Let dy(o) be a vector in V;, that’s
orthogonal to every vector in the surface S,,_; and that’s outwardly pointing. The relation between

74We’re writing the dual of dX*#7 as (dX*), instead of (*dX), to avoid confusion with another use of the symbol *d,
the exterior derivative—Section 13.7.

75 Proof: Consider the inner product A* (d£*), = Zle a(i)dxf‘i) (dX*),. There is, for each value of 7, a term of
A o B .l ach i P F A w als dices
the form dxmeag,ykd:p(wdx@)dz(g). For each i, there are terms of the form dxwdx(i) (@ equals one of the indices
(e, B,7)). symmetric in A and p, which vanish when contracted with €, g+ x.
76Stokes’s theorem is the fundamental theorem of calculus in higher dimensions: ff(df/da:)dac = f(b) — f(a).
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vectors lying in the surface S,,_; and those belonging to the space V,, is illustrated schematically
in Fig. 5.19 (schematic because the figure shows only part of the surface: S,,_1 is a closed surface).

de() dy(o)

d:l!(g)
diL’(g)

Figure 5.19 Vectors belonging to the surface (dy 1), dy(s)) and the volume (dx;), dyp)).

The orientation of dy gy A dy(1) A - -+ A dy(,—1) must match that of dx (1) A -+ A dx(y).
We state without proof Stokes’s theorem, that for a tensor F defined on V/,,

0, Fdy? = f *5d%’ (n=2)
V2 Sl
05 F %, d57P7 = f Fo, A5 (n=3)
V3 52
0, F® ,dXTP17 = f A8 (n = 4) (5.89)
V4 SS

where « can be absent or present or could be replaced by two or more free indices.
Let’s show how this works for n = 2, where .S; is chosen parallel to the coordinate axes. Let V5
be a square where S is traversed in the clockwise direction (see Fig. 5.20). The vector dyy must be

dyoL S,

dy,
1 d:c(l)
(erlh Vo dyy ﬁ/o /L> dx (o)
dyo J
jiﬁh

\jdyo

Figure 5.20 Orientation of dyy and dy; on S; everywhere matches that of dz ;) and dz ).

outwardly pointing at all points of S;. Let the direction of .S fix the orientation of V5: dx (1) Adx(y)
must have the same orientation as dyo A dy;. Let dz ;) = (0,0,dy,0) and dz () = (0,dz,0,0).

Thus, d¥77 = 577 dafyydaly = 872 dydz. Applying Eq. (5.89) to F* defined on V5,

9, Foydx"’ = /V 0, F°3637 dydz = /V (8,F° — 81 F%,) dyda

:/ F‘dex—/ F‘dex—/ azdy—&—/ “2dy5% Fe, dz’ .
top bottom right left S1

Va
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Gauss’s theorem

Gauss’s theorem relates the integral over V;, of the divergence of a tensor to an integral of the tensor
evaluated at the surface S,,_1. For n = 4 it states that:

Qg FPdx* = f{ FePasy (5.90)
V4 SS

where dX* is the dual of dX*#7® and dX; is the dual of dX”77. The free index « gets a “free ride™;
it can be absent, present, or replaced by two or more free indices.

5.12 THE GHOST OF TENSORS YET TO COME

The title of this chapter is tensors on flat spaces, yet no explicit use was made of the geometry be-
ing flat, and in fact we won’t officially define flatness until Chapter 14 (vanishing of the Riemann
tensor). Where the property of flatness lurks is in the implicit assumption that spacetime can be
covered by a single coordinate system—sufficient and appropriate for SR where inertial observers
see force-free motion as straight lines in spacetime. GR is based on the recognition that IRFs are an
idealization having only local, approximate validity. In Chapter 13 we consider tensors on more gen-
eral spaces known as manifolds. In SR we can assume that partial derivatives of tensors are tensors
because of the strictly linear coordinate transformations between IRFs (Section 5.3). Derivatives of
tensors on manifolds are treated in Chapters 13 and 14.

SUMMARY

This chapter comprised our first look at tensors, a topic of considerable importance to relativity.

e Minkowski space is a four-dimensional vector space having one timelike e and three space-
like basis vectors e;, © = 1,2, 3, where basis vectors are labeled with subscripts. Points in
MS (events) are located relative to an origin-event with position four-vectors, r = z''e,,
where coordinates (20, 2!, 22, 2%) are labeled with superscripts. We adhere to the Einstein
summation convention that repeated raised and lowered indices imply a summation.

e Coordinate basis vectors {e,} are locally tangent to coordinate curves. The position four-
vector x* e, has the geometric character of a line element; it has contravariant components,
where contravariant and covariant refer to behavior under coordinate transformations. Asso-
ciated with the coordinate basis is another set of vectors {e”}, the dual basis (labeled with
superscripts) that are everywhere orthogonal to the vectors {e,}, such that e’ - e, = §%,.
A vector expressed in the dual basis B = Bﬂeﬂ (with components labeled by subscripts) is
called a covariant vector. Covariant vectors are orthogonal to coordinate surfaces and have
the geometric character of a wave vector, where consecutive planes of equal phase become
closer as the magnitude of the wave vector increases. The distinction between covariant and
contravariant vectors is unnecessary in orthogonal coordinate systems.

e The components of the metric tensor are the inner products between basis vectors, either
Jop = €a - epor g®? = e . el The mixed metric tensor g% = e® - ey = &5. The
metric tensor connects the contravariant and covariant components of vectors (raise and lower
indices), A% = g*# Az and A,, = g, A”. The inner product between vectors is expressed
using the metric tensor, A - B = gaﬁA"‘Bﬁ = A“B,,.

e Transformations between coordinate systems are smooth, invertible functions, z7 C =g (x?)
y ; S/ . . . . . .
and 2 = z"(2? ), where we use the Schouten index convention. A transformation is invertible
when the Jacobian determinant of the transformation does not vanish identically.



Exercises m 111

The importance of tensors to relativity is that if a tensor equation is valid in one reference
frame, it’s valid in any reference frame. It’s important therefore to be able to establish whether
a given set of mathematical objects constitute a tensor. The quotient theorem provides an
indirect test for tensor character.

The Lorentz metric is invariant under the LT, e, - €,» = e, - €, = 1),,,,. I’s a constant tensor
in MS. Other constant tensors are the Kronecker delta ¢; and the Levi-Civita symbol, &;,...;,, .

Spacetime gradients come in two varieties, covariant 9,, = 9/0x*, and contravariant, 0" =

x,. The are relate raising an index, = .. The construc =
0/0z,. Th lated by g dex, oM g d,. Th truct 9,,0" 0*0,
generates the wave equation operator and is a Lorentz invariant.

Relative tensors transform with the Jacobian raised to an integer power w, J". Tensors that
transform with w = =+1 are called tensor densities. Tensors that transform with w = 0 are
called absolute tensors. The quantity \/@ " is an absolute scalar, where ¢ is the determi-
nant of the covariant components of the metric tensor. The sign of g is an absolute quantity.

Antisymmetric tensors have associated with them new tensors called dual tensors.

EXERCISES

5.1
5.2

53

54

5.5

5.6

5.7

5.8

59

5.10

5.11

5.12
5.13
5.14

Show that (a5t + sty + Qsre) 2250 = 3a,gex" 2528

Show that a symmetric second-rank tensor in n dimensions has n(n + 1)/2 independent
components.

What is the metric tensor for cylindrical coordinates, (p, ¢, z)? Hint: The line element is
ds =dpp + pdoe + dz2.

Simplify the expression g;; A'B/ — A* By,.

dr

d@) then dz; = (dr r2d#).

Show in polar coordinates that if dz® = <

Of the three four-vectors, A = 4eg + 3e; + 2es + e3, B = 5eg + 4e; + 3eo, and C =
eo + 2e; + 3es + 4es, which is timelike, which is lightlike, and which is spacelike?

Show that for 2* = (ct,r), then x,, = (—ct, 7).
Show that the metric tensor g;; transforms as a second-order covariant tensor.

If [g55] = <f (1)), what is [gij]?

Show that the metric tensor g = g;;e’e’ is actually the identity I. Hint: Use Eq. (5.21).

Show that if d;; has the usual values for the Kronecker delta in one frame, it does not have
those values in another frame. Show that (6;;)" = >, AfAS.

In an n-dimensional space, evaluate 555,@. (Answer: n. Why?)
Verify that LEn,. Ly = —1.

Ify=2and2* = (1 1), show that 2% = 21" = 2 — /3. Show that the transformed basis

vectors are eqr = 2eqp + V3eq and ey = \/§eo + 2e;. Draw a spacetime diagram showing
all quantities. Show explicitly that 2* e;; = 2’e;.
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5.15

5.16

5.17

5.18
5.19

5.20

5.21

5.22

5.23

5.24
5.25

B Core Principles of Special and General Relativity

Verify using Eq. (5.72) that for three-dimensional Euclidean space, Py = T?%3, P, = —T'3,
and Py = T12.

Show that in three-dimensional Euclidean space, * (+P)’ = P’. You'll need ¢/ ¢ 4, = 207,
(from Eq. (5.71)). Show that * (xT7,,) = T,. Use Eq. (5.73).

Show that in MS for a second-rank antisymmetric tensor, * (*7")""" = —T™". Use Egs.
(5.74) and (5.75) and the identity €ggp €™ = —2 (6".8% — 6",8%,).

Show that Eil...inéilmi” = (—1)"*71'

Show that if the quantities {A; ...;, } are totally antisymmetric in their indices, then
S AL, = KA

J1-dk Ji- gk

Show for the generalized Kronecker delta in an n-dimensional space that

giviririn _ (=) G

Jrdrirgrcty (n _ k)! Jigr "

Hint: The indices 4,1 - - - 7}, must all be distinct, and they must also be different from any of
the indices 74 - - - 7,.. Consider the binomial coefficient (Z::) the number of ways to choose
(k — r) indices from (n — r) where order is immaterial. There is then a sum over (k — r)!
permutations of the indices 2,41 - - - i.

Let F be a second-rank antisymmetric covariant tensor with respect to the basis e”, i.e., F,, =
—F),,,. Show that the contravariant components F'*” are also antisymmetric. Show that F is
antisymmetric in any coordinate system, i.e., show Fr'v' = —Fv'i" and Fyyr = —Fy.
Antisymmetry is thus an intrinsic (coordinate-independent) property.

Show from the fact that antisymmetry is coordinate independent for a second-rank tensor, a
symmetric tensor F),,, = F,, is symmetric in any coordinate system.

Show that in MS,
€I asay = = (00 (873053 = 072673) + 671 (2002 — 02073
+ gy (052053 — 05205)]

Hint: The indices take on four values. How do we know that? Well, you are told this is MS
(four dimensions) and you noticed that for an n-dimensional space the Levi-Civita symbol
€i,---i,, has n indices, each of which takes n values (as opposed to the generalized Kronecker
symbol which has k£ < n symbols, each of which takes n values).

Show that a tensor of type (1, 1) maps a vector onto a vector, T}(v) : V — V.

Consider a three-dimensional spacetime, with one timelike unit vector ey and two spacelike
unit vectors, e; and ey. The metric relation for this space is (ds)? = —(dxg)? + (dz1)? +
(dl‘g)Q. Starting from the volume element w = ey A €1 A e, show that the Hodge duals are
given by xey = —e; A es, xe; = ey A ep, and xey = ey A ej. Hint: For sets of wedge
products e; A ey = w, xe; = (ey, er)es (Section 5.10.6).



CHAPTER 6

Lorentz transformation, Il

ow that we’ve had an exposure to tensors, we delve deeper into the properties of Lorentz
N transformations, freely making use of the concepts and notation developed in Chapter 5.

6.1 DECOMPOSITION INTO ROTATIONS AND BOOSTS

We show that Lorentz transformations can be uniquely decomposed into the product of a boost and
a rotation. The proof begins at Eq. (6.17). First we consider rotations and boosts separately.

6.1.1 Rotations

Rotations about spatial axes can be represented as spacetime transformations using 4 x 4 real ma-
trices with the (0, 0) element equal to unity. Such operations are passive transformations involving
the mapping of coordinate axes (see Fig. 6.1). The 4 x 4 matrices for counterclockwise rotations

Figure 6.1 Rotation of 1-2-3 coordinate system into 1’-2-3’ system.

about each of the (1,2, 3)-axes through angle 6 are as follows:

1 0 0 0 00 0 O
{0 1 0 0 _ 00 0 O 2y _ 2
R (0) = 0 0 cosf sind =T+9 00 0 1 +O07) = 1+01+0(07)
0 0 —sinf cosf 00 -1 0
1 0 0 0 00 0 O
10 cosf 0 —sinf| 00 0 -1 2y _ 5
Ry(0) = 0 o0 1 0 =1+40 000 0 +00°)=T+0J,+0(6%)
0 sinf 0 cosf 01 0 0
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1 0 0 0 0 0 00
10 cosf sinf 0| _ 0 0 1 0 2\ _ 2
R3(0) = 0 —sinf cosd 0]~ I+6 0 -1 0 0 +0(6°) = I+0J5+0(6%) . (6.1)
0 0 0 1 0 0 00

We’ve written R;(6) as the sum of the identity matrix I and a matrix 6.J; containing the terms that
are first order in small values of . Is a rotation a LT? A LT must satisfy Eq. (4.12), LTnL = 7, and
(L3)? > 1 (Exercise 4.1). These requirements are met by the matrices R;(6) in Eq. (6.1). Rotations
are valid LTs.

The matrices J; in Eq. (6.1) are known as the infinitesimal rotation generators,

00 0 O 0 00 O 0 0 0 O
00 0 O 0 00 -1 0 0 1 0
715100 0 1] 27|00 0 o B=1o0 —1 0 o0 ©.2)
0 0 -1 0 01 0 O 0 0 0 0
They satisfy the commutation relations [J;, J;] = —&;;,Ji. The operator for finite-angle rotations

about an arbitrary axis can be developed through repeated applications of infinitesimal rotations, as
we now show. The matrices .J; are antisymmetric.

Rotations do not commute in general: R; R; # R;R;. They do commute, however, for infinites-
imal rotation angles. By writing R; ~ I + df#*J; (no sum),

RiR; ~ (I+d0"J;) (I +d67.J;) = I* + 0" J;] + A6’ 1.J; + d6"d67 J; o J;
~I+d0'J; +d07J; ~ R;R; .
The non-commuting part begins at second order in infinitesimal quantities. To first order in small
angles, R;R; = R;R;. An infinitesimal rotation can be built up as (where we keep terms to first
order in small quantities)
R(df) =R (d6)Ro(df) Ry(df3) = I + do*Jy + d6?J, + 6 J,

0 0 0 0
0 de®  —de?
—de? 0 det
de*  —det 0

=T+ =T4e, (6.3)

o O O

where € denotes the matrix of infinitesimal angles in Eq. (6.3). Rotation matrices satisfy R R = I,
Eq. (4.5), and thus for infinitesimal rotations (I + €*)(I + €) = I, which will be satisfied to first
order if € is antisymmetric, €l = —¢ (which we see explicitly in Eq. (6.3)).

Applying the infinitesimal rotation operator R(df) = I + € to the position vector r, ' =
R(dO)r = (I + €)r,ordr = v’ — r = er. In terms of components,

0 o 0 0 0\ /0 0
dx 0 0 ded  —de? T ydf? — 2do?
dy | = o —a® o a8 | |y| T |2d6" —waes | - 64
dz 0 d#* —deot 0 z xdf? — ydo*

Equation (6.4) is equivalent to dr = r X d, where we’ve made a vector out of the infinitesimal
rotation angles, d@ = df'e; + df%e; + df3es (permissible only for infinitesimal angles).! The
matrices R; in Eq. (6.1) describe counterclockwise, passive transformations of the coordinate axes.
When applied to the vector r, however, Eq. (6.4) describes an active, clockwise rotation of r through
the infinitesimal angle d6.

ITechnically d# is a pseudovector; see the rules on page 97.
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For given angles df*, d§?, d§3, d@ defines a direction in space, the axis of rotation. Instead
of specifying d@, however, it’s easier to first specify the axis of rotation with a unit vector n, and
deﬁne the rotatlon about 7. Let d@ = nd¢, which defines the angle of rotation d¢ about 7. Clearly,

= |d@|. Let n', n?, n3 be the components of 7 with respect to the coordinate system, 2 = n'#;
(sum implied), w1th df? = n'd¢. Define the generator for infinitesimal rotations about 7,

0 0 0 0
J(R) =n'J; = 8 _?13 %3 _7;‘2 6.5)
0 n? -nt 0
The operator for an infinitesimal rotation d¢ about 7 is then
R(n,d¢) = I+ doJ(n) . (6.6)

Rotations through a finite angle ¢ about the fixed axis n can be realized from a succession of
infinitesimal rotations about the same axis. Define the rotation operator as the limit of [V rotations
through angle ¢/N as N — oo. Using Eq. (6.6):

¢ N
R(f¢) = lim <1+ NJ(ﬁ)) = e/ (?) 6.7)

where we’ve used the Euler definition of the exponential function. The operator for a rotation ¢
about a fixed axis 1o is the exponential of the generator. The exponential of an operator is defined
from the power series,

exp(6T() = 3 @), (68

m=0

and hence we need all powers of J(7) for Eq. (6.8) to serve as a practical expression for rotations.
Fortunately, Eq. (6.8) can be summed because the powers of .JJ(72) close among themselves in a sim-
ple way. By the Cayley-Hamilton theorem, a square matrix satisfies its own characteristic equation,
which from Eq. (6.5) is A*> = —\. Therefore, J(R)3 = —J(A). Forn = 1,2, -,

J(n) = (=1)"(R)? IR = (1) (7). (6.9)

Combining Eq. (6.9) with Eq. (6.8) and separating even and odd powers,

R(ng) =™ = Z (/) =TI+ Z ¢2n+ J(R)> T 4 i (‘é’:!J(ﬁ)%
s o ¢2" .
=1+ J(n) T;)(—l)" @ 1) J(R) nz_:l DA
=I+ J(A)sing + J(R)*(1 — cos @) . (6.10)

A rotation is thus characterized by three parameters: the angle ¢ and the unit vector 7. Because
Zf: 1(n")? = 1, there are only two independent components of 7.
From Eq. (6.10), R(n¢) is the 4 x 4 matrix

1
(o) = | o , 6.11)
0
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where R = 07 cos ¢ + (1 — cos p)n'n + sin ¢e’;,n*. Written out as a matrix,

cos ¢ + (n1)2(1 — cos @) n3sing +n'n?(1 —cosg) —n?sing +n'n3(1 — cos¢)
[R;] = (—n?’ sin ¢ + n'n2(1 — cos ¢) cos ¢ + (n?)%(1 — cos ¢) n'sin ¢ + n?n3(1 — cos ¢) )
nZsing +n'n3(1 —cos¢) —nlsing +n3n?(1 — cose) cos ¢ + (n?)%(1 — cos @)

For finite rotations, the rotation operator has no particular symmetry; it is, however, orthogonal
R(—¢) = RT(¢) (show this).

6.1.2 Boosts

The LT for arbitrary boosts> was given in Eq. (3.24). We now obtain the same result through a suc-
cession of infinitesimal boosts. Using the hyperbolic form of the LT, Eq. (4.6), where the parameter
0 is related to the velocity by tanhf = —/, the 4 x 4 matrices for boosts in each of the three
directions are

coshf sinhf 0 0 01 00
_ | sinh@ coshd 0 O] 1 0 0 O o\ 9
L.(0)= 0 0 10 =I+40 00 0 0 +00°)=1+0K,+0(6°)
0 0 0 1 0 0 00
coshf 0 sinhf 0 00 10
_ 0 1 0 0ol _ 00 00 o 5
L,(0) = sinh® 0 coshf O =1+46 100 0 +0(0*)=T+60K2+0(6°)
0 0 0 1 0 0 0 0
coshf® 0 0O sinh@ 00 0 1
_ 0 1 0 0 _ 00 00 2\ _ 5
LO=| ¢ o1 o =I+014 o o o] TOO)=1+0K3+0(6").
sinhf® 0 0 coshf 1 0 0 O
In analogy with Eq. (6.2) we define the boost generators,
01 00 0 010 0 0 0 1
1 0 0 0 0 0 0O 0 0 0 0
Ki=19 00 0] %2={1 00 0] ®={0o 00 0 (6.12)
0 0 0 0 0 0 0O 1 0 0 0
The matrices K; have the commutation relation [K;, K j] = €;;xJr. The boost generators and the
rotation generators have the commutation property [J;, K;] = —e;1 K. The matrices K; are sym-
metric.

Infinitesimal boosts in different directions commute,
LiLj=(I+d0"K;)(I +d¢'K;) ~ T+ d0'K; +d0’K; ~ L;L; ,

where df? = —dp°. Finite-velocity boosts, however, do not commute for different directions, as evi-
denced by the non-associative addition of non-colinear velocities, Eq. (3.31). A general infinitesimal
boost can be built up as

L=1IL,LyLs=I+d0 'K, + d0>K, + d03 K,
0 dot de? de3
et o0 0 0
2 0 0 0
3 0 0 0

2Refer to Fig. 1.1, with R = Bct.
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Specify a velocity direction with the unit vector B, where d0 = Bd. Let B have components
relative to the coordinate axes, b', b2, b3, where df’ = bidf. Define K (3) as the generator of
infinitesimal boosts in the direction 3,

0 b b B
A i BP0 0 0
K(B)=bK,; = 2 0 0 0 (6.13)
¥ 0o 0 0
The operator for an infinitesimal boost df in direction B is then (analogous to Eq. (6.6))
L(B,df) = I + dOK (B) . (6.14)
We can “integrate” Eq. (6.14) to obtain a finite boost in the fixed direction B :
0 -\ 5
L(B) = lim <1 + K(ﬂ)) = fKB) (6.15)
— 00

The operator for a boost B is the exponential of the generator, analogous to Eq. (6.7). Using Eq.
(6.13) it’s simple to show that K (8)*" = K ()% and K(8)?""! = K(f3). We can therefore sum
the infinite series implicit in Eq. (6.15),

R o 2n+1 e 2n
UPI =14 KBS gy + KOS 5,
=1+ K(B)sinhf + (cosh — 1)K (3) =1 ByK(B)+ (v—1)K(B)?,

where sinh # = —(~ and cosh 6 = ~. A boost is thus determined by three parameters, 8 = [ B8,
where |3] = 1 has only two independent components. As a matrix L(/3) is

7 | -8 —B% —B3
L) =| , 6.16
-5

where L} = 0% + % 3737 is the space-space part

1+a(Bh)?  aB'p? af'5?
(L= af8"  1+a(B?)?  ap’s® |,
af’ Bt afp? 14 a(f?)?

where @ = ?/(1 + 7). Equation (6.16) is identical to Eq. (3.24). The matrix [L}] is symmetric.

6.1.3 Decomposition into a rotation and a boost

We now show that an arbitrary LT, denoted A, can be decomposed into a boost and a rotation,

A = L(B)R(nd) . (6.17)

Note what this is not saying: Equation (6.17) is not informing us that a rotation followed by a boost
constitutes a LT, what could be symbolized as LR — A. We already know that because of the group
property satisfied by LTs (Section 4.3). The theorem says something much stronger, that a given
A can be decomposed into the product of a boost and a rotation, A — LR. Because A is a LT it
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satisfies Eq. (4.12), ATnA = . There are 16 elements of A, yet because 7 is symmetric only 10
equations are implied by Eq. (4.12). The most general LT must contain six parameters. These are
the three parameters that specify the boost 8, and the three that specify the rotation, ¢mn.

Multiply the matrices representing rotations and boosts, Eq. (6.11) and Eq. (6.16):

AG [ AT A3 AS v =8t B B 1o 0 0
A= Atl) _ —B" 0
o I I VR [l e L 0| R
A§ —6° 0
(6.18)
We find for the time components of Eq. (6.18),
y=A) a8 =N —aBR] =47 (6.19)
The three boost parameters are thus determined by the first column of A, Aj:
Bt = —AL/AY . (6.20)

The complete boost matrix L(B) is specified by the first column of A. Using the results of Eq. (6.19)
in Eq. (6.16),

T R VY
Ag '
L= o ALA] . (6.21)
A2 ) 04*0
0 BTy A§
AG

Note that L is symmetric for any 3. From the (0,0) component of 7,5 = AL AR7, ),

(A2 =S (A =1, (6.22)

(2

from which we infer that (A8)2 > 1, while the (0, i) components imply that

AQAY = AJA =0 (6.23)

J
Combining Eq. (6.20) with Eq. (6.22), we have (because (Ag)2 > 1)
’ 1
52 = (BZ)2 =1- 2
; (AD)

The boost parameter defined by Eq. (6.20) is therefore physically admissible.
Now, invert Eq. (6.17)

<1.

R=L"YB)A = L(-B)A (6.24)

and show that the matrix R so obtained represents a rotation. Because L is completely determined
in terms of the elements of A, using Eq. (6.21), Eq. (6.24) is equivalent to

e e R WEV IRV IPVIRY
40 . AL
R= S ALNY 9 ; (6.25)
_A2 §i 4 0770 A2 A
0 J 1+ A8 Ag J

3 0
_AO
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Multiplying these matrices, we find from the (0, 0) element of Eq. (6.25),

3
N 2
R§ = (A8)° =Y (a3) =1,
j=1
where the second equality follows from Eq. (6.22). Likewise, from Eq. (6.25),

3
R} = AQAY = AJA =0,

J=1

which follows from Eq. (6.23). It can be shown that RE’) = 0, but it takes a few more steps. The
space-space part of Eq. (6.25) is given by

R} = — AJAY +Z<5ﬂ HAO)A;:_A{;AQJFA“ OZAZAI
=1
A
—AJ _ 077k
=M~ Ty (6.26)

where we’ve used Eq. (6.23) between the first and second lines. The rotation matrix is thus com-
pletely determined by the elements of A,

M)A : (6.27)

It can be shown from Eq. (6.27), using the space-space part of 7,5 = AL A7 37 p» that RTR =TI and
thus Eq. (6.27) satisfies the requirement for a rotation matrix, Eq. (4.5).

We have to show uniqueness. Assume there are two decompositions of the same A, A = L(B)R
and A = L(B’)R’. If this were true, it would imply that

I=L"YB)AR™' =L Y (B)L(B)R'R™" = L(-B)L(B)R'R™" . (6.28)

The (0, 0) component of Eq. (6.28) is equivalent to 1 = L(—f3)% L(B’)§, which in turn is equivalent
toyy(1—-pB-8")=1or

1-B-p'=/(1-p)1-p57). (6.29)
The only solution to Eq. (6.29) is 8’ = 3, implying from Eq. (6.28) that R’ = R.

6.2 INFINITESIMAL LORENTZ TRANSFORMATION

We’ve considered separately infinitesimal rotations and boosts; let’s combine them to characterize
the most general infinitesimal LT. Start by writing

AP = §H 4 A (6.30)

where [A2] is a matrix containing infinitesimal parameters. For any LT 7,5 = AL AL, which,
using Eq. (6.30), implies to first order that 74, A + 15, AL, = 0. The matrix [A] must be such that
NavAj is antisymmetric in (cv, ). Thus, A§ = 0 (no sum), Ay =AY, and )\; = f/\g.

The matrix [A\/] is therefore a 4 x 4 matrix with zeros on the diagonal having six independent
elements—just enough for the six parameters of a LT. The combined set of rotation and boost
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generators, Egs. (6.2) and (6.12), is a natural six-dimensional basis for matrices of this type. Thus,
for infinitesimal parameters 3% and 67,

0 _61 _52 —ﬁ?’

3. 4 _p1 93 _p2
M= @B = [T e p |- 63D
i=1 —ﬂ?’ 02 _91 0

Sometimes it’s convenient to “package” the parameters of an infinitesimal LT into a quantity that’s
antisymmetric. Define w,g = n(w/\g,

o g
_n1 0 03 _02

-B3 6* -0t 0

Elementary boosts act as rotations where one of the axes affected is the time axis (Chapter 4). Spatial
rotations about coordinate axes affect the other two axes. For either elementary boosts or rotations,
two axes are involved. The quantities w,g specify the parameter involved with the transformation
affecting the o and (3-axes.

6.3 SPINOR REPRESENTATION OF LORENTZ TRANSFORMATIONS

It hardly needs to be said that the LT has the form of a 4 x 4 real matrix. It turns out that LTs can also
be obtained from 2 x 2 complex matrices with unit determinant. If that elicits a “so-what” response,
stay tuned: Experience shows that the more ways you have of looking at something, the better.

To start, we need the Pauli spin matrices o; (i = 1,2, 3):

o) = (? é) oy = (? Oi) o3 = ((1) _01> . (6.33)

If we add to the collection of Pauli matrices the 2 x 2 identity matrix oo = (), the set
{00,01,09,03} = {0,} is a basis for complex 2 x 2 matrices (Exercise 6.4). The Pauli matri-
ces are Hermitian; they’re also unitary because ()2 = 0. They have the properties:

{01,0m} =20umo0 o1, 0m] = 21,00 00k = 006k +ielon (6.34)

where {A, B} = AB + BA is the anticommutator, in addition to the commutator, [4, B] = AB —
BA. They have the trace properties,

Tro; =0 Tro;o; = 204 Trojopo; = 2igjy (6.35)

where Tr A = ), A;; indicates the sum of diagonal elements.
Spacetime coordinates x* can be “encoded” in a 2 x 2 Hermitian matrix, X, using the basis
{o,}: (for real coefficients, {o,, } is a basis for 2 x 2 Hermitian matrices)

20+ ozt — ix2>

X =alo, = (:Cl Lig? 0 g3 (6.36)

3 As noted by Richard Feynman: “It always seems odd to me that the fundamental laws of physics, when discovered, can
appear in so many different forms that are not apparently identical at first, but, with a little mathematical fiddling you can
show the relationship. ... There is always another way to say the same thing that doesn’t look at all like the way you said it
before. I don’t know what the reason for this is. I think it is somehow a representation of the simplicity of nature. ... Perhaps
a thing is simple if you can describe it fully in several different ways without immediately knowing that you are describing
the same thing.”[32]
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The coordinates xz* can be recovered from X with the relation

H = %TrauX . (6.37)
Equation (6.37) can be verified directly from Eq. (6.36), or using % Tro,x¥o, = %x” Troyo, =

%(26,“,)35” = x. There is a one-to-one correspondence between the set of all 2 x 2 Hermitian
matrices (call it H) and R*: Every matrix X € Hs is associated with a point z# € R* through Eq.
(6.37), and the same point in R* implies the same matrix X through Eq. (6.36).

Now define the “transform”™ of X (which effects a LT, as we’ll show),

X' =MXM', (6.38)

where M is a 2 x 2 complex matrix with unit determinant (unimodular), det M = 1. Like X, X'
is Hermitian.* The set of all complex 2 x 2 unimodular matrices M comprises a group known as’
SL(2, C). The coordinates x'* associated with X’ can be found from Eq. (6.37): 2/ =  Tro, X'
The quantities 2'# are real from the hermiticity® of X’ and o,,. Equation (6.38) implies’ det X' =
det X The determinant of X is a Lorentz invariant: det X = (2°)? — (21)2 — (22)? — (2%)% =
—x, 2. The construct X' = M XM Y thus effects a LT, a linear mapping between spacetime coor-
dinates that preserves the spacetime interval.® Combining Eqs. (6.38), (6.36), and (6.37),

et =3iTro, X' =iTro,MXM' = L Tro,M2"o,M" = L (Tvo, Mo, M) ¥ .

1
2
Remarkably, there’s an association between matrices M € SL(2,C) and LTs:

AM)Y =5 Tro, Mo, M. (6.39)
How is this possible? A complex 2 x 2 matrix is associated with eight real numbers, but because
we require det M = 1 + 0i there are only six independent parameters, just enough to encode
the six parameters of a LT. Equation (6.38) defines, for each M € SL(2,C), a mapping from
the set of 2 x 2 Hermitian matrices onto itself, Ho — Ho. It’s an active LT: Under X — X’
induced by M, we have the coordinate transformation z# — z’#, where x* and x'* are refer-
enced to the same basis. Proper, orthochronous LTs have det [A#] = 1 with AJ > 1 (Section
4.3). The LT defined by Eq. (6.39) has those properties (Exercise 6.14). The group property of
LTs is preserved by Eq. (6.38): If X' = M XM and X" = NX'NT, with N, M € SL(2,C),
then X" = NMXM'NT = (NM)X(NM)', where NM € SL(2,C). The LTs induced by Eq.
(6.38) therefore have the property A(MN) = A(M)A(N). A correspondence thus exists between
SL(2,C) and the set of all LTs, the Lorentz group, call it L. Every LT can be seen as arising from
an element of SL(2,C). The correspondence is not one-to-one, however: For each M € SL(2,C),
— M induces the same LT.”

Any matrix M € SL(2, C) generates a LT through Eq. (6.39).!° We’d like to be able to choose
these matrices in a systematic way so that the LTs they generate are in a form we recognize. Let’s

XN = (MXMHT = (MHIXTMT = MXMT = X7,

3The product of matrices M1, M2 € SL(2,C) is an element of the group and the inverse of any matrix in SL(2, C) is
an element of the group: det M1 = (det M)~ = 1.

S(z/t)* = %Tro';X'* = % Zij(au):jXﬁ = % Zji(au)jin’,j = %Tr op X' =a't.

"Because det M = 1: det X’ = det MX M1 = det M det X det MT = |det M|? det X = det X.

8Linearity: M (X + oY) Mt = MXMT + aMY MT.

9 A property-preserving mapping between algebraic structures (such as between groups) is known as a homomorphism.

10Now would be a good time to interject the distinction between a group and its representations. Groups of transforma-
tions are abstract, whereas representations are explicit instantiations of the group elements, often in the form of matrices.
The term “SL(2, C) representation” is loose (but common) jargon. Elements M € SL(2,C) do not represent LTs in the
sense of group representations. Yet, there’s a LT for every M € SL(2, C). A careful statement is: The Lorentz group has
representations given by Eq. (6.38) for every M € SL(2,C).
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guess, based on Eqgs. (6.7) and (6.15), that the matrices M can be expressed as exponentials of

appropriate generators,
6
M = exp (Z fiGi> . (6.40)
i=1

We know that matrices M € SL(2,C) are associated with six independent real numbers; let these
be represented by the quantities {f;}%_; in Eq. (6.40). The strategy is to let the parameters f; be
infinitesimals and relate the G; to the boost and rotation generators K; and .J;.

For an infinitesimal LT, we have using Egs. (6.38), (6.36), (6.40) to first order, and (6.30):

X'=MXM' = (I > m—) (a¥0v) <1 + ﬁGI) =" |0+ fi (0,6G] + Gion)
=a"o, = (Lha") o, = (08 + Ab) a0, = at'o, + 2" Moy, ,
implying that to first order in small quantities,
6
Moy =3 fi (0,61 + Gio) (6.41)
i=1

Equation (6.41) connects the generators G; with the generators of the LT; see Eq. (6.31).
Let G be associated with an infinitesimal boost in the z!-direction. With ¥ = ' [K{]" from
Eq. (6.31),"" we have from Eq. (6.41)

B 0 = fi (00Gl + Guo)

which is satisfied by f; = 8% and G; = %al. The same holds for the other directions: f; = 3 and
G; = %O’i,i = 1,2, 3. The form of M that generates boosts is (with b = 8/ and o = (01, 02,03))
the Hermitian matrix

Mp(B) =e!®?)%/2 = [ cosh§/2 + (b- o) sinh /2

~ (cosh0/2 +b>sinh6/2  (b' —ib?)sinh 6/2 6.42)
“\ (bt +1ib?)sinhf/2  coshf/2 —b3sinh§/2) :

where (b-0)?" = I and (b- 0)?"*! = b 0. Combining Eqgs. (6.42) and (6.39), it can be shown
that

cosh 0 | bl sinh 0 b? sinh 0 b3 sinh 6
bl sinh
A(B) = b2 sinh 6 5; + bipy (cosh® — 1) ) (6.43)
b3 sinh 0

which is identical to Eq. (6.16) with tanh § = — . Contrast Eq. (6.42) with Eq. (6.15), both involve
exponentials of a matrix: L = X involves the 4 x 4 boost generator K, whereas M involves the
2 x 2 Pauli matrices with half the boost parameter 6.

Example. Let

~ (cosh@/2 sinh/2
M{(6) = (SinhG/Q cosh9/2) ’

There’s a slippery minus sign lurking here. Equation (6.31) specifies a passive infinitesimal LT, whereas Eq. (6.38)
refers to an active LT, with the two related by LP¥1Ve(8) = Lactve(—g3) That’s why we chose A = +31 [K;]%.



Thomas-Wigner rotation m 123

Note that det M = 1. Using the result of Exercise 6.14, the LT induced by M (0) is

20 coshf sinh® 0 0 20
2| | sinh@® coshd 0 0] |t
22| 0 0 10 v
x'3 0 0 0 1 23

a boost in the z!'-direction.

Let G4 be associated with an infinitesimal rotation about the z*-axis. With A% = 6 [J;]" from
Eq. (6.31), we have from Eq. (6.41)

0 (1) 0 = fa(0, Gl + Gyo)

which is satisfied by f; = 6! and G, = %01. The same holds for the other directions: f; 3 = 69
and Gjy3 = 505, 7 = 1,2,3. The form of M that generates rotations is the unitary matrix
Mpg(fg) =e'™9)?/2 = [cos¢p/2 +i(R - o) sin ¢/2
_ [cosp/2+in3sing/2  (in' + n?)sing/2 (6.44)
“\ (int —n?)sing/2  cos¢/2 — in®sin ¢/2 ’

where 7 - o = n'o;, with n’ the components of the rotation axis 7. Combining Eq. (6.44) with Eq.
(6.39), we find, identical to Eq. (6.11),

With M = HU expressed as the product of a Hermitian matrix H and a unitary matrix U (each
having unit determinant), we recover the decomposition of LTs as the product of a rotation and a
boost, A(HU) = A(H)A(U) = LR.

6.4 THOMAS-WIGNER ROTATION

Let an accelerated particle'? have velocity w at time ¢ in IRF K. We show in Chapter 7 that there is
always an IRF frame K’ in which the particle is instantaneously at rest. At t + dt the particle has
velocity w+dw in K and appears instantaneously at rest in another frame, K. Let K’ be connected
to K by a boost L(u) and K" connected to K by a boost L(u + du). The components of a four-
vector A in K" and K" are related to those in K by A’ = L(u)A and A” = L(u + du)A. The
components of A” are thus related to those of A’ by A” = L(u + du)L(—u)A’. Is the compound
transformation A7 = L(w + du)L(—u) equivalent to a boost with velocity du? Surprisingly, the
answer is No. For |du| < |u|, At is (as we show) a LT with a new boost velocity dw and a rotation
fde, where the rotation is about the direction u X du with angle d¢ = [y2/((1+7)c?)] |u X dul,
and where dw = fVQduH + ydu, with du = du) + du, decomposed into vectors parallel and
perpendicular to w (see Fig. 6.2). The infinitesimal velocity dw is, in the notation of Eq. (3.30), the
velocity such that u @ dw = w + du to first order (Exercise 6.10). The composition of non-colinear
boosts thus results in a LT that is the product of a boost and a rotation, the Thomas-Wigner rotation.
The Thomas-Wigner rotation is one of the more subtle effects of physics; it’s a manifestation of the
non-associativity of the addition of non-colinear velocities.

12 Accelerated motion is treated in Chapter 12. In that chapter we’ll make use of results obtained in this section.
BDiscovered by L.H. Thomas in 1926[33] and later derived by Wigner.[34]
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duL

d
du m u) ~du,

u dw 'deu”

u + du

Figure 6.2 A particle has velocity w at time ¢ and u+dw at time ¢+d¢. The velocity change
du can be decomposed into vectors parallel and perpendicular to u: du = du) + du.
The boost dw = 72du” + vdw is such that u & dw = w + du to first order.

Our goal is to find A7 = L(u + du) L(—u) for du < |u|, which, if we were to work with LTs
in the form of 4 x 4 matrices would be a task of considerable complexity. Exhibiting the Thomas
rotation simplifies if we use the SL(2, C) representation of LTs (Section 6.3). Any conclusions we
draw from M7y = M (u + du)M (—u) will apply to Ar because Eq. (6.39) is a homomorphism
between SL(2, C) and the Lorentz group L1 (Section 4.3).

The boost matrix Mp in Eq. (6.42) can be written in the form (Exercise 6.8), converting from
0 = — tanh j3 to the Lorentz factor ~:

L+ gl
Mp(u) =/ I— o 6.45
B(u) 5 N TR (6.45)

Let’s write, to first order, Mp(u + du) = Mp(u) + dM, with dM (a matrix) the differential of
Eq. (6.45). With this definition, M7 can be written

Mp=(M@u)+dM)oM(—u)=1+dM o M(—u) . (6.46)
The differential dM is, from Eq. (6.45),

d 2 +~)d
aM = LI S .o A Y W (6.47)

230+ @O+ A

with dy = (7%/c?)u - du. Using Eq. (6.46), it can be shown that by combining Egs. (6.47) and
(6.45) and making use of the result of Exercise 6.5:

3 2

Y Y . Y
Mr=I——du-0 — ———(u-d . _— du)-o. 6.48
T 5odu o 263(14_7)(11 u)(u a)+1262(1+7)(ux u):o (6.48)
The following relation can be derived (Exercise 6.9),
3
2 2 _
du - —(u-d -o) =[yd duy]-o =dw- 6.49
~du o-+62(1+7)(u u)(u- o) = [yduy +y°dy] - o w-o, (6.49)

where du = du + du is resolved into vectors perpendicular and parallel to w. Combining Egs.
(6.48) and (6.49), the matrix M7 is, to first order in small quantities,
1 dw ~?
Mpr=I+-|—+i5F++—
r +2( ¢ —HCQ(l—I—v)
Now examine the form of the boost and rotation matrices, Eqs. (6.42) and Eq. (6.44), for in-
finitesimal parameters: Mp(dB) ~ I — 1(dB - o) and Mg(ndd) ~ I + Ldo(n - o) (for

u X du> -o. (6.50)
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small arguments). Thus, My factorizes (correct to first order), Mr ~ Mpg(dw)Mg(ndg), cor-
responding to an infinitesimal velocity boost dw = ydu + 'yzdu” and an infinitesimal rotation
Ade = v2(ux du)/(c*(1+7)), so that the rotation is about the direction of u X du with magnitude
(Thomas rotation)

72

d¢p = ——— |u X dul , 6.51

6= ey v x dul (651
The rate of rotation is a6 )
Y

— == |u X , 6.52

ATy X (652)

where a is the acceleration. Thomas rotation is purely kinematical: It occurs regardless of the cause
of acceleration as long as u X a # 0.
Using the correspondence M — A we have, correct to first order, that

Ar = L(u + du)L(—u) = L(dw)R(Ad¢) = R(Ads)L(dw) . (6.53)

Equation (6.53) implies
L(dw)L(u) = R(—nd¢)L(u + du) . (6.54)

The two boosts on the left of Eq. (6.54) affect the relativistic addition of velocities, u & dw =
u + du. This compound LT, call it A = L(dw)L(u), can be decomposed into a boost followed by
a rotation, what we have in Eq. (6.54). A boost followed by a boost is not a boost for non-colinear
velocities. Boost transformations are represented by symmetric matrices. The product of symmetric
matrices, however, is not necessarily symmetric so that the product of non-colinear boosts is not
itself a boost. Indeed, the antisymmetric part of the product of symmetric matrices is related to the
commutator between the matrices (Exercise 6.13), and LTs in different directions do not commute.

SUMMARY

e Rotations are LTs. A rotation through an infinitesimal angle d¢ about the direction 7 is de-
scribed by the operator R(7,d¢) = I + d¢J(n), where J(n) is the infinitesimal rotation
generator. The operator for finite rotations about 71 is R(R¢) = e®’ (%) Rotations are speci-
fied by three parameters: ¢ and 7. There are only two independent components to 72 because
of the constraint Z:;:l(nif = 1. The rotation matrix has no particular symmetry, but is

orthogonal RT (¢) = R™1(¢) = R(—¢).

e The LT for an infinitesimal boost is L(3,df) = I + d0K(B) where 3 is a unit vector in
the direction of the relative velocity, df is the infinitesimal change in the parameter 6, with

tanh @ = —p3, and where K () is the boost generator. The operator for a finite boost is

L(B) = &K (B). Boosts are specified by the three components of 8. The boost matrix is
symmetric.

e An arbitrary LT, A, can be uniquely decomposed into the product of a rotation and a boost,
A = L(B)R(n¢). Given the elements of A, the elements of L(3) and the elements of R(71¢)
are uniquely determined.

e The composition of non-colinear boosts is not a boost, but rather is a boost followed by
a rotation, L(u + du)L(—u) = L(dw)R(nd¢), where dw = ~*duj + ydu,, with
du = du) +du . decomposed into vectors parallel and perpendicular to . The infinitesimal
velocity dw is such that the relativistic addition of velocities u & dw = u + du. The rotation
is about the direction u X du, through the angle d¢ = 72 |u X dul| /(c*(1 + 7)). If du is
parallel to u, d¢ = 0 and dw = y2du.
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EXERCISES

6.1

6.2
6.3

6.4

6.5

6.6
6.7
6.8

6.9

6.10

6.11

6.12

6.13

Show that the characteristic polynomial of the rotation generator matrix Eq. (6.5) is A3 + \ =
0. The components of the unit vector 7. are constrained so that Z?:1 (n%)? = 1.

Show that Eq. (6.10) for a rotation of 90° about the z-axis reduces to R, (7/2) in Eq. (6.1).

Verify that Eq. (6.21) is a symmetric matrix. Does the matrix 12 in Eq. (6.27) have any partic-
ular symmetry?

a. Show that the Pauli matrices o;, Eq. (6.33), together with the 2 x 2 unit matrix, oy, form a
basis set for 2 x 2 complex matrices. That is, show that any possible complex 2 X 2 matrix
can be expressed as a linear combination of the basis matrices.

b. Show that the set {oq, 01, 02, 03} is a basis for 2 x 2 Hermitian matrices when the expan-
sion coefficients are real numbers.

Show for arbitrary three-vectors A and B that (o- A)(o-B) = (A-B)I+io-(A X B), where
o = (01,092,03) is a “vector” of Pauli matrices. Use the properties of the Pauli matrices in
Eq. (6.34). Note that the final result is not symmetric in A and B.

Show using Eqs. (6.38) and (6.42) that A(M)§ = cosh 6.
Show forn = 1,2, - - that (b - a)?" = I where b is a unit vector.

Show that Mp in Eq. (6.42) can be written

MB(u):Hl—FvI— 7 u-o
2 c/2(1+7)

The quantities b’ are given by (8)!/8 = u*/(cB).

Derive Eq. (6.49). Decompose du into vectors parallel and perpendicular to u: du = du) +
du | . Hint: (u . duH) u= u2du”.

Show that dw = fyzduH + ~vdu is such that w @ dw = u + du where the direct sum is
defined in Eq. (3.30).

Show that the generators of 2 x 2 unimodular matrices found in Section 6.3 satisfy the same
commutation relations as the generators of boost and rotation LTs.

Commutators among the boost generators K; do not close among themselves (whereas they
do among the rotation generators .J;). Define new generators

Show that

[Li, L] = —eijiuLi [Ri, Rj] = —€iji Ry [Li, Rj] = 0.

Let M and N be symmetric matrices, M;; = M;; and N;; = Nj;. You're going to show that
the product of symmetric matrices is not necessarily symmetric, where the antisymmetric part
of the product of symmetric matrices is related to the commutator between the matrices.

a. Show that (MN)U = (NM)ﬂ
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6.15

6.16
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b. Define, for any matrix D, its symmetric and antisymmetric parts D;; = %(Dij +Dj;) +
1(Dy; — Dj;) = ij + DiA}. Define the commutator of two matrices as [M, N|;; =
(MN);; — (NM);;. Show that the commutator of two symmetric matrices is given by

(M, NJij = 2MN)3

The composition of two boosts is the product of two symmetric matrices. You’ve just
shown that the product of two symmetric matrices (M N') does not have to be symmetric,
and the antisymmetric part of (M N) is related to the commutator of M and N.

The terms A¥ in Eq. (6.39) effect a linear transformation of coordinates preserving the space-
time interval, and hence is a LT for any 2 x 2 complex unimodular matrix M. The deter-
minant of proper LTs is +1 (Chapter 4). Can we calculate the determinant of the matrix
[A%] with elements specified by Eq. (6.39)? The direct approach would be to use Eq. (5.65),
Eop paps NGO AL AL? AL? which would be quite difficult. A simpler approach (although not
simple) is to show that the matrix [A#] can be factored as the product of two matrices. Let M

have elements M = <a b).
c d

a. Work out directly the eight matrices specified by o, M and o, M f
b. Show using Eq. (6.39) that

A A A AY a b c d a* b* —ib*  a*
Ay AL OAL AL 1| ¢ d a b b* a* ia* —b*
A2 A2 A2 A2 2 | —ic —id ia ib ¢t d¥ —id*
A} A A3 A3 a b —c —d) \d* ¢ it —d*

c. Write this as A = 1 AB. Show that det A = —4i (det M)? and det B = 4i (det M*)?.

Conclude that det A = |det M \4. Only when we specify det M = 1 do we have a proper
LT, what we inferred from Eq. (6.38).

d. For orthochronous LTs, A8 > 1 (Exercise 4.1). Show this condition is satisfied by A8 as
specified by Eq. (6.39) if det M = 1. This problem is tantamount to showing that because
det M = 1, the elements of M satisfy the inequality |a|® + |b|* + |¢|> + |d|* > 2. Hint:
For positive real quantities x and y, v +y > 2,/zy, with equality holding if y = x (show
this). Write down the sum of the magnitude squared of four complex numbers (a, b, ¢, d):
la|? 4+ |b]? + |c|* + |d|?. Use the inequality to show that |a|? + |b]?> + |c|? + |d|*> >
2 (Jad| + |be|). Now invoke det M = 1, ad—be = 1. Prove the inequality [1+z| > 1—|z|

for any complex number z.
0/2 0
e
=0 )

generates a boost in the 23-direction. It may be convenient to use the factorization derived in
Exercise 6.14.

Show that the matrix

Minkowski space can have bases consisting of four null (lightlike) vectors, a null basis. Just as
with any basis, there’s not a unique null basis. As an example, define the four vectors (where
{e, }2:0 is the usual orthogonal basis that generates the Lorentz metric n = diag(—1,1,1, 1))

€)= ep+ e é1 =ey)— e €y = ep + ey é3=ep+es.
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6.17

6.18

a.

b.

Show that the vectors &, are each null, i.e., €, - €, = 0 (no sum).

Are the vectors €, linearly independent? If so, we can speak of a null basis, along with the
conclusion that a basis of null vectors spans Minkowski space. Hint: Work out the wedge
product éy A €1 A €2 A és. Equivalently, consider the basis transformation in matrix form:

éo 1 1 0 0\ /eo
el (1 -1 0 0| |e
é&|l |1 0 10 e
é3 1 0 0 1 €3

Evaluate the determinant of this matrix.

Show that the metric tensor §, s defined by these basis vectors has the form

— —= N O
— = O N
—_ O = =
O~ =

In Section 5.6 we mentioned Sylvester’s law of inertia, that the signature of the metric
tensor is an invariant. Show that the metric tensor g,z obeys Sylvester’s theorem. (Hint:
Find the eigenvalues.) The null basis is clearly not an orthogonal basis. We showed in
Section 4.4 that null vectors can be orthogonal if and only if they’re proportional to each
other, i.e., not linearly independent. We cannot have an orthogonal, null basis.

Show that the matrices in Eq. (6.42) and Eq. (6.44) have unit determinant. Show that the
matrix in Eq. (6.44) is unitary.

Show that Eq. (6.54) follows from Eq. (6.53).

6.19 a. Show to first order in small quantities that

2 2
Mg (u + du) Mg (Rdg) Mp(—u) = I + i;—2(u x du) - o — ;—du o, (P61
c c
where fd¢p = % (u x du)/(c*(1 + v)). Make liberal use of the result of Exercise 6.5.

Using the correspondence M — A, including the correspondence of the generators %o- —
K and 50 — J, where K and J are “vectors” of the boost and rotation generators, show
that Eq. (P6.1) is equivalent to

2 2
L(u + du)R(Ade)L(—u) = I + Z—Q(u x du) - J — %K cdu. (P6.2)

We’ll use this formula in Chapter 12.



CHAPTER 7

Particle dynamics

E take up the dynamical description of motion involving four-momentum, the generalization
V V of Newton’s quantity of motion that brings together energy and momentum.

7.1 PROPER TIME, FOUR-VELOCITY, AND FOUR-ACCELERATION

Proper time

Time is not a parameter provided by the universe, something external to one’s frame of reference,
rather it’s local to each reference frame, and the most local time is the proper time, what’s mea-
sured on the wordline of a clock, the time between events in the frame of the clock that are without
spatial separation. Proper time can be defined on accelerated worldlines if we work with infinitesi-
mal quantities—over short enough time intervals accelerated motion can be approximated as having
uniform speed, where SR holds sway. Figure 7.1 shows an accelerated worldline. One can always

ctNS Ct/ SI /

Figure 7.1 Instantaneous rest frame S’, in which events A and B are co-local.

find an IRF, an instantaneous rest frame, that briefly serves as a proxy for the rest frame of a clock,
in which events appear at the same location.! In Fig. 7.1, events A and B occur at the same location
in S’ for the time interval A(c7). From the invariance of the spacetime separation between IRFs
(here S and S”), we have referring to Fig. 7.1,

— (eAT)? = — (cAt)? + (Ar)? = Az, Azt (7.1)

'We can find an instantaneous rest frame because the tangent to the worldline of a material particle, the four-velocity, is
a timelike vector (see below). The worldline shown in Fig. 7.1 is notional and not accurately drawn.
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where Ar = /(Ax)? + (Ay)? + (Az)2. Equation (7.1) implies

LAy
c2 At

Letting all quantities become infinitesimal, we have a differential form of time dilation

1

(AT)? = (At)? = —gAn At (7.2)

dr = dt\/1 — §2(t) = %\/—dx#dx# , (7.3)

where ((t) = u(t)/c, with u(t) = dr/dt the instantaneous velocity as seen in S. If u(t) is known
for t; <t < t;, the elapsed proper time can be found by integrating Eq. (7.3):

t
nemi= [ AT ). a4
t

i

The left portion of Fig. 7.2 shows the proper time in the frame of an accelerated clock obtained

gt‘ ct
3 s
to t2
t 2
to to )

> X

Figure 7.2 Proper time along an accelerated worldline (left) and a straight worldline (right).

by integrating Eq. (7.4), and the associated times in S. The differences between the proper times
shown in Fig. 7.2 represent equal “ticks” of the clock in its rest frame, as it’s seen to accelerate in
S: 713 — Ty = 15 — 11 = 11 — 7p. The right part of Fig. 7.2 shows an unaccelerated worldline for
which there’s a linear relation between proper time and coordinate time, ¢ = ~7; for accelerated
worldlines the connection between ¢ and 7 is nonlinear.

In Newtonian mechanics, particle trajectories x%(t) are parameterized by absolute time, which
in pre-relativistic physics is the same for all observers. In relativity, time is a coordinate, implying
that spacetime trajectories (worldlines) be given as parameterized curves, z# = z#(\), where A
is an observer-independent parameter.” The proper time cdr = /—dx pdxt is a Lorentz-invariant
measure of the arc length of worldlines. All observers agree on the proper time along a given
worldline. However, like any line integral, the path length (proper time) depends on the curve,
which has an interesting twist in the non-Euclidean geometry of spacetime. Figure 7.3 shows two
paths (I and I7) between the same endpoints A and B. Using Eq. (7.4), we have the inequality

B B
AT = / de > / dtm = A7y, (7.5)
Al ATl

because 5 # 0 along path 1. What appears to be the shortest path on a spacetime diagram is
actually the path with the longest elapsed proper time! Among all worldlines connecting timelike-
separated events, the straight worldline has the longest elapsed proper time. Basically this is the
twin paradox, which we analyze in a later chapter. In Euclidean space, a straight line is the shortest
distance between two points; in MS a straight line is the longest distance between timelike-separated
points. Expectations of distance between points based on our experience with space-only geometry
lead to erroneous conclusions in the geometry of spacetime.

2The worldlines of free particles have a simple parameterization in terms of the proper time: t = 7 and z = BcyT.
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ct»~ B

____ié___________} T

Figure 7.3 The straightest path in Minkowski space is the longest path.

Four-velocity

The four-velocity is the rate of change of the coordinate differentials dz® on the worldline with
respect to the proper time

o — d «
U = S at(r). (7.6)

We’re entitled to call U® a four-vector because we have differentiated the prototype four-vector z*
with respect to an invariant quantity,® 7. Using Eq. (7.3), we have the useful result

d dtd d

dr —drdt  at’ {77
Combining Eq. (7.7) with Eq. (7.6),
dz® dz®
« P— pr— — 7.8
& =@~ ew 7:5)

where u = dr/dt is the three-velocity. Note that U* — (¢,0) as w — 0. From Eq. (7.8), U, =
NapU 8 = 4/ (—c,u). The norm of the four-velocity (an invariant) is U,U® = —c2. The four-velocity
is a timelike vector; if we worked in units where ¢ = 1 it would be a timelike unit vector. The four-
velocity is tangent to the worldline at every point. On an accelerated worldline the direction of U
changes, but not its magnitude—see Fig. 7.4.

Ct‘\

> X

Figure 7.4 Four-velocity vector is tangent to the worldline at every point.

Four-acceleration

The four-acceleration is similarly defined,

d

At =U —vdt(v(c,u)),

.1y . . ’ . . . /
3Differentiating the LT z# = L*,z¥" with respect to the invariant parameter 7 produces U* = L‘: ,U"", the transfor-
mation formula for the four-velocity. The four-velocity transforms like a contravariant four-vector.
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which is a four-vector for the same reason that U® is. The components of A% are A° = ¢,
A? = v2a® 4 yu'¥, where a is the three-vector acceleration a = du/dt and ¥ = *(u - a)/c?. The
four-acceleration is thus

At = 2 (7QM,a+’yQuu'2a) . (7.9)
C C
Note that A* — (0,a) as u — 0. The four-acceleration is spacelike. Differentiate UsU” = —c?:
Us AP+ AgUP = 2U3 AP = 0. Thus, A* is orthogonal to U” (in any IRF), and a vector orthogonal
to a timelike vector is spacelike (Section 4.4). One can show explicitly that .A4,.A% > 0.

7.2 THE ENERGY-MOMENTUM FOUR-VECTOR

We discussed in Section 1.2 how the non-invariance of the wave equation under the GT implies, if
mechanics and electrodynamics are to be subject to the principle of relativity, that Newton’s second
law must be modified to be relativistically correct. One should recognize that any truly new equation
in physics cannot be derived from something more fundamental, it can only be motivated and made
plausible, and that ultimately its validity can only be established through testing against experiment.

With that said, what guidelines do we have in producing a relativistically correct mechanics?
First, the equation of motion should have the same form in every IRF, which can be achieved through
the use of four-vectors, or more generally tensors. Second, for a free particle it must reduce to
AP = 0. If A" vanishes in one frame it vanishes in all IRFs (because it’s a four-vector). Third, the
equation of motion should reduce to F' = ma in any frame where the speed of the particle is much
less than the speed of light. Of course, F' = ma is a relation among three-vectors, not four-vectors.
These considerations suggest K* = m. A" as a covariant equation of motion for a suitably defined
four-force, K* (the Minkowski force); K" is a four-vector because m is an invariant and A* is a
four-vector. The four-momentum defined as P* = mU" = m~(c,u) is a four-vector for the same
reason; P* is timelike, P* P, = m2U“U, = —m?c?. Putting together these definitions,

dilTPM = K", (7.10)

would be a suitable generalization of Newton’s second law. Too bad we don’t know what K* is.
Ready for the new physics? The quantities U* and .A* are kinematic descriptions of worldlines;
where’s the dynamics? We're going to redefine the three-momentum as

pmyu= %
V-2

The transition to relativistic mechanics comes from redefining the three-momentum from p = mu
to p = myu; Newton was understandably wrong with his quantity of motion. Defining p = m~yu is
consistent with the definition P* = mU*" so that P* = (m~c, p). We require that the three-vector
form of Newton’s second law still holds

(7.11)

dp _

=F
dt

, (7.12)

with p given by Eq. (7.11). The spatial part of K* must then be 7 F, i.e., K* = (K° ~F), so that
the spatial part of Eq. (7.10) is consistent with Eq. (7.12). The time component K° can be found
from K*U,, = mA*U,, = 0, implying that K = yF -u/c. Thus, K°c has the dimension of power
delivered by the force.* The four-force is now determined: K* = v(F - u/c, F); K" is also called
the power-force four-vector.

4While K¢ has the interpretation of the power delivered by the force, K has the dimension of force. All components
of a four-vector must have the same physical dimension.
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We’re lacking a physical interpretation of P = m-c. From the time component of Eq. (7.10),

dpPY dpPY ~ d
_— —_— = KO = 7F . :> e PO ) = F M . 7.13
ar  Tat JFru= g (P “ (7.13)
Because F - u is the rate of work done, Pc can be interpreted as the energy
E = P% =m~yc?. (7.14)

Equation (7.14) is of course Einstein’s famous equation showing the equivalence of mass and energy.
A constant could seemingly be added to Eq. (7.14) and satisfy Eq. (7.13), a constant having the
dimension of energy. Such a constant, however, must be zero;> E = m~yc? already captures a
constant energy associated with a particle, mc?.

The kinetic energy of a particle, 7, is the work done on it from rest,

/F-dr:/i—lg-dr:/i—f-udt:/dp-u:/d(myu)-u
2
Zm/(vdU+ud7)-U=m/(vdU+uv3u u)-u:m/7<1+u2W2>u-du
C

31 2 m d(uQ) 2
= = = — e - E
m/,y 2d(u ) > / (1 u2/02)3/2 yme” + « +a,

where we've used the trick w - du = 1d(u-u) = $d(u?) and « is an integration constant. Because
T = 0if y = 1, a = —mc?. We thus have the expression for the kinetic energy,

T

2

T=(y—-1)me® = E=T+mc*. (7.15)

Example. At CERN electrons can be accelerated to energies exceeding 100 GeV. What is the speed
of an electron of 100 GeV total energy? Use E = ymc? to find 7,

E 102 GeV
mc2  0.511 x 103 GeV
Take apart the Lorentz factor to find the speed:

1 1
=,J1-—=~1--—=1-13x10"1.
B =4/ 2 52 3x10

The electron speed differs from the speed of light by one part in 101!,

=1.96 x 10° .

’Y:

The four-momentum is now specified in terms of dynamical quantities:
Pt =(E/ec,p) , (7.16)

where p = myu and E = myc?. Energy and momentum are components of a four-vector (the
“momenergy”), and transform together under a LT, P* = L& P". For this reason, the four-

momentum is called the energy-momentum four-vector. From Eq. (7.16), PP, = —m?c* =

—(E/c)* 4 p? or®
E =+/(pc)?2 + (mc?)?. (7.17)

5 At lowest order in 3, the spatial parts of the LT for P* (P”/ =L ' PV) imply the three-vector relation p’ = p— BP°.
On the other hand, the GT of the momentum is p’ = p — mcp for all 8 (multiply the Galilean velocity formula by m).
We require therefore that in the limit of small speeds, limg_,q PY = mec. The LT of P* would not have the correct
non-relativistic limit if we took £ = P%c + «, where « is a nonzero constant.

%When we solve PH P, = —E?/c? + p? = —m?2c? for B, we obtain E£ = ++/p2c2 + m2c?. One would normally
exclude the negative sign as unphysical. In relativistic quantum mechanics, the complete set of solutions unavoidably con-
tains negative energies. In 1928 Dirac postulated antiparticles based on this “doubling” of the solutions to the equations of
relativistic quantum mechanics. The antiparticle to the electron, the positron, was discovered in 1932.
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We can set m = 0 in Eq. (7.17) and extend four-momentum to photons.” With p = E/c in Eq.
(7.16), the four-momentum of a photon Q* = (E/c) (1,7) is a null vector, with 72 a unit vector
specifying the direction of propagation. We see that Q* is proportional to the four-wavevector,
k* = (w/c) (1,7), Eq. (5.61). A proportionality factor is naturally suggested by the Planck relation
E = hw for the energy of a photon, and thus

_hw
7C

Q" (1,n) = hk* . (7.18)
The identity Q" = hk" for photons is “one half” of wave-particle duality, with the three-momentum
of photons (particles) given in terms of a wave property p = hk. Does the converse relation hold
for massive particles (“matter waves”) with wave properties ascribed to particles, k* = P*/h?
The extension of p = hk to particles of nonzero mass, k = p/h = m~yv/h, confirmed in the
Davisson-Germer experiment, contributed decisively to the development of quantum mechanics.
Wave-particle duality is anticipated by SR.

7.3 ACTION PRINCIPLE FOR PARTICLES

The methods of analytical mechanics apply in SR with suitable modifications. By Hamilton’s prin-
ciple, Eq. (D.17), of all the paths x(t) a particle might take between fixed endpoints, the actual path
is the one that extremizes the action integral

ty

Sz] E/ L(z,z)dt, (7.19)
to

where the integrand L is the Lagrangian function. In pre-relativistic mechanics L is the differ-

ence between the kinetic and potential energies, L(z, %) = T(&) — V(x); we’ll show how that’s

generalized in SR. Analytical mechanics specifies the canonical momentum, Eq. (D.25), and the

Hamiltonian function H, Eq. (D.26):

pza—? H=pt—-L,; (7.20)
0%

definitions that are retained in SR. The Hamiltonian H = H (p, x) is a function of p and z and is
a constant of the motion, Eq. (D.32), a constant we can take to be the energy. The extremal path is
such that first-order variations dx(¢) around it lead to second-order variations of the action integral,
a condition signified by writing .5 = 0,

55 = / &ié) Sw(t)dt = / [gi _ % (‘;ﬁﬂ Sa(t)dt = 0, (7.21)

where we’ve used Eq. (D.10). By requiring the integrand in Eq. (7.21) to vanish, we obtain the
Euler-Lagrange equation, the differential equation that describes the extremal path

oL d (0L
— === . 7.22

Oxr dt ( ot > (7.22)
The Lagrangian formalism is a trusty machine for generating equations of motion.

To what extent do these ideas work in SR? Consider a free particle in one dimension. It would
seem natural to take the Lagrangian to be the relativistic kinetic energy, Eq. (7.15):

L < me? (y—1) =mc? [1 11 . (wrong!) (7.23)

J1—i2j2

"The particle nature of photons is established in Compton scattering experiments.
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What is the canonical momentum obtained from Eq. (7.23)? Using Eq. (7.20),

_ oL _ mc2@ =my3 . (wrong!) (7.24)

P=%: =" oz

Equation (7.24) is not the same as Eq. (7.11); it’s not right. What about the Hamiltonian? Using
Egs. (7.20), (7.23), and (7.24), H = p?/(m~?) — mc?(y — 1), which is not the same as Eq. (7.17).
Something is wrong: The Lagrangian of a free particle is not the kinetic energy! We can’t generalize
[from nonrelativistic to relativistic physics. It usually doesn’t work that way.

At this point, let’s guess at the Lagrangian for a free particle:®

L=—-mc*\/1—v2/c?. (7.25)

It’s a simple matter to show that Eq. (7.25) correctly reproduces the relativistic momentum and the
relativistic Hamiltonian:

oL
p:—a:m’yx H:px_L:C p2+m262:CPO,
X

The methods of analytical mechanics generate the components of the energy-momentum four-vector
using Eq. (7.25) as the Lagrangian. Guessing, however, is not satisfactory; we’d like to know how
to derive Eq. (7.25).

What do we want from a relativistic action principle? The action, a scalar, should not depend
on our choice of coordinates; it should therefore be expressed in terms of Lorentz invariants. The
simplest scalar along worldlines is the proper time 7, the arc length of the worldline. Take as the
action of a free particle

B

S = —a/ dr, (7.26)
A

where the minus sign gets the nonrelativistic limit right and « is a constant, characteristic of a

particle. (We show that o = mc?, where we stick to the convention that action has the dimension of

energy X time.) We can put Eq. (7.26) into the same form as Eq. (7.19) by writing

S:fa/dT:fa/d—Tdtz/Ldt.
dt

L:fad—T:fom/lfBQ:fmczx/lfBQ, (7.27)

the same as Eq. (7.25), where we’ve used Eq. (7.2). The constant o can be obtained from the form
of L for slow speeds: L = —a + 2a8? + O(B*). Taking o = mc? establishes contact with the
pre-relativistic Lagrangian, L = —mc? + %muQ; a constant added to the Lagrangian does not affect
the equations of motion.

The Lagrangian of a free particle is not the kinetic energy. In units of me?, T = ~ — 1 while
L=—y""Asf—0.v—1=38" 458"+ 0(8% and — ! = —1+ 358> + 38* + O(8°).
The canonical momentum is basically 0L/03. We see that 9T'/98 matches 9L/ as 8 — 0, and
hence we may replace the Lagrangian with the nonrelativistic kinetic energy for sufficiently slow
speeds. The two functions are completely different for large 5, however: T diverges as § — 1, while
L — 0as 8 — 1. In fact, L must vanish as 8 — 1: The arc length of a lightlike curve is zero.

The Lagrangian is then

8Students sometimes leave off the prefactor of —mc? from the relativistic Lagrangian, Eq. (7.25). That term, however,
is needed to make the identification of the canonical momentum with the spatial parts of P* and the identification of the
Hamiltonian with the energy, as the time component ¢P®. We need that factor!
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For forces derivable from a potential energy function, F; = —9V/0x", the relativistic equations
of motion are generated by the Lagrangian’
L(z,&) = —mc*/1 — 2 = V(z). (7.28)
From Eq. (7.28),
oL ) 0L oV
- = My, - = -
oz’ 7 ox* ox*
which when combined with Eq. (7.22) produces the equation of motion
d . ov
the same as Eq. (7.12).
For a particle of charge ¢ (see Eq. (D.41))
L(z,&) = —mc®/1 -2 —qop+qu- A, (7.30)
where ¢ is the scalar potential and A is the vector potential. From Eq. (7.30),
oL oA oL 0¢ - 0A
— = md; ; - = — , C——
T P PO
which when combined with Eq. (7.22) leads to the equation of motion
d ¢ dA; 0A
dt(m/yx) Yo ~ Tt tau ox' 9B +ux B, (7.31)

The equivalence between Eq. (7.31) and the Lorentz force is shown in Appendix D.

7.4 KEPLER PROBLEM IN SPECIAL RELATIVITY

We analyze the Kepler problem in SR (we revisit this problem in GR). Consider a particle of mass
m in the Newtonian gravitational potential produced by mass M, V (r) = —k/r, where k = GMm.
The motion is planar, just as in Newtonian mechanics; therefore, work in polar coordinates (r, ) so
that the velocity squared is v2 = 72 + r262. The Lagrangian, Eq. (7.28), is in this case

. 1 . k k
L(r,7,0) = —ch\/l -5 (P2 +r20%) + = = —mc®y 4+ = (7.32)
c r r
The canonical momenta are therefore
oL oL .
Dr = E = m"}/f‘ Po = % = m’y’l“29 . (7'33)

The angular momentum py is constant because OL/96 = 0 (and hence the motion is planar). The
Hamiltonian, another constant of the motion, is from Eq. (D.26):

R k 2 k
H=p#+psf+m®y == = cfm2e2 4 p2+ 20 2 (7.34)
T T T

We seek the orbit equation r(6). It turns out to be easier to work with the variable « = r~! and
then convert to » = u~! when required. Thus,
d 1d 17 -
“ A (7.35)

a6~ r2de g P’

9Note that we've written force as a covariant vector because it’s derived from the gradient of the potential energy
function.
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where we’ve used Eq. (7.33). An expression for p, can be obtained from Eq. (7.34),

1 AN
i (H T > B2 (7.36)
c r r
By squaring Eq. (7.35), using Eq. (7.36), and substituting 7! = u we have
du\®> 1, 171 5 2.2 22
(d€> = p—gp,, = p—g LQ (H + ku)” — pgu” —m=c*| . (7.37)
Now differentiate Eq. (7.37) with respect to 6. We find
d?u 9 kH

where a? = 1 — k?/(pyc)? is a constant. The solution of Eq. (7.38) can be written
1
u(f) = , (14 ecosa (6 —6y)) , (7.39)

where p = (pjc? — k?) /(kH) is a characteristic length, 6 is a constant we can take as zero, and
€, the eccentricity, is a parameter of the orbit obtained from € = (rmax — Tmin)/(Tmax + 7min ). The
orbit equation is, from Eq. (7.39) with 6, = 0,

p
)= ———. 7.40
r(®) 14 ecosab (7.40)

The orbit described by Eq. (7.40) differs from the classic Kepler orbit in one significant way:

a # 1. Relativistic Kepler motion is an ellipse with an advancing line of the apsides (see Fig. 7.5).
The apsis (plural apsides) is a point on the orbit of either closest approach to the center of force

Figure 7.5 Precessing orbit, from Eq. (7.40) with ¢ = 0.75 and o« = 0.96. Line of the
apsides advances by A# per revolution. Classical Kepler orbit shown as a dashed curve.

(the periapsis) or the point furthest away (the apoapsis), with the line between them the line of the
apsides. Successive points of apoapsis occur at angles § = (2n + 1)m/«, where n is an integer
(show this). After one revolution, the line of the apsides advances through the angle

_ (mod 27) = __ (mod 27) . (7.41)

1 —k2/(poc)?

To calculate Af requires that we know the angular momentum py. For the classic Kepler prob-
lem (o = 1) it’s straightforward to show that p3 = kmp. For the relativistic problem, however,

Al
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determining py entails a fair amount of algebra. At the turning points of the motion p,. o< 7* = 0, and
thus from the constancy of H, Eq. (7.34),

2 k 2 k
¢y [m2c? + 2—9 - =cy/m2c + Z—e — ) (7.42)
Tmin T'min T'max T'max

Equation (7.42) can be solved for pg, with the result'

G2M? GM 1+ €
4a%c¢t  2ac?1 — €2

P =GMm?p [\/1+ (7.43)

The nonrelativistic result is found by letting ¢ — oo in Eq. (7.43). Using the parameters of the orbit
of Mercury and the mass of the sun, GM/(ac?) ~ 10~10; the nonrelativistic value for py is thus
an excellent approximation in this case. Using the nonrelativistic expression for py in Eq. (7.41),
k%/(p3c®) = GM/[ac®(1—€?)] which is also small. We may therefore approximate Eq. (7.41) with
its Taylor expansion,

Af ~ 7; GM .
ac?(1 — €?)
The orbit of Mercury is known to exhibit an advancing perihelion,!! the famous 43" per century
(an arcsecond is 4.848 x 10~° radians). As we’ll see in Chapter 17, GR also predicts an elliptical
orbit featuring an advancing periapsis. For the orbit of Mercury the prediction of GR agrees with
the observed value of 43" per century. The formula for the precession angle obtained in GR is the
same as Eq. (7.44) except for a factor of six; the precession angle predicted by SR is a sixth that

predicted by GR—see Eq. (17.58).

(7.44)

7.5 COVARIANT EULER-LAGRANGE EQUATION

Equation (7.29) is the relativistic generalization of Newton’s second law. It’s not “fully” relativistic,
however, in that it’s a relation among three-vectors, not four-vectors. The interaction potential V' (r)
(in the Kepler problem, for example) is a function only of the instantaneous spatial location of the
particle. Neither the equations of motion, nor the Lagrangian have been expressed in covariant form.
In this section we obtain the covariant Lagrangian of a free particle.

In pre-relativistic mechanics the action integral is stationary around a path in configuration space
where the spatial location of a particle is specified by generalized coordinates, {¢*}" ;. The points
of the paths (actual and varied) are labeled by absolute time. In the path functional S[path] =
J L(q'(t),¢*(t))dt, time is integrated out, leaving the action as a function solely of the path.

In the theory of relativity time is another coordinate, “configuration space” is spacetime and
paths are worldlines. We therefore need a parameter other than time to label the points of worldlines
(actual and varied). The proper time would meet this need except that 7 is path dependent (Section
7.1). We assume that a parameter exists, call it A, such that the coordinates of all worldlines can be
parameterized * (). At the end of the calculation we set A = 7.

A straight line in MS (inertial motion) has the longest elapsed proper time between the events
that it connects (Section 7.1). In GR, the worldline of a free particle is a geodesic, the straightest pos-
sible curve on a curved geometry (Chapter 14). Extremal proper time is a property that distinguishes
the worldlines of free particles. Using the spacetime metric, —(cd7)? = (ds)? = g, dz*dz”, im-

plying cd7 = /=g, dz*dz”. The covariant generalization of Eq. (7.26) is'?

" v
S = —mc2/d7 = —mc/ —gw%%d)\ . (7.45)

10The quantity a is the semi-major axis of the orbit, a = %('rmax + Tmin)-
perihelion is the point of closest approach in the orbit of a planet around the sun.
12We “borrow” a factor of ¢ from ac = mc? to include with edr in Eq. (7.45).
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The covariant generalization of Eq. (7.27) is then:

d dxr dav
L= —m02£ = —mc —gm,%d—x/\ = —mecy/ g UrUY (7.46)

where the four-velocity U® = da®/d\ is tangent to the worldline. When in Chapter 8 we allow a
coupling to the electromagnetic field, L will also contain the coordinates z*. Let’s do the variational
calculus with L = L(z*, U*). In that case,

0L oL OL oL d
__ Lo O s __ n n
58 = mc/ [&W&U + T H(SU }d/\ mc/ [8x“6$ + 0w d)\éx dx,  (7.47)

where 0U* = (d/d\)dx#(N), the variation in the derivative is the derivative of the variation, Eq.
(D.7). The second term in Eq. (7.47) can then be integrated by parts with the integrated term van-
ishing because the endpoints of the path are held fixed. Thus,

OL d 0L
— o %
08 = mc/ Lr“)gc“ Y (8U“>} oxtdN .

To have 0.5 = 0 for arbitrary (and independent) variations dx*, the integrand must vanish, leaving
us with the Euler-Lagrange equation in covariant form

d [ 0L oL
— == ) = = =0,1,2 7.48
dr <8U“> dzr’ p=0123 (7.48)

where we have identified A = 7 for the extremal worldline.
There’s another way to define the free-particle Lagrangian, basically the square of Eq. (7.46).
Substitute (L)? in Eq. (7.48),

2 2
d (8L> oL :d(ZLaL>_2LaL:2L[d ((’)L) 8L}+28L dL

dx\our ) gzr —dx T oun Bre dx\our)  9zr] T ToUr dX
oL d?r

_ 2 ar _

= Im i e = O
where the terms in square brackets vanish by Eq. (7.48), and in the second line we have used L. =
—mc2dr /d), Eq. (7.46). For the extremal path 7 is at most a linear function of A (shown in Chapter
14, the affine parameterization) and thus d%7/d\? = 0. Thus, we can equally well take for the
free-particle Lagrangian

1 dzt da” 1
_ —— = = LURUY 7.49
"IN ax 2"k (7.49)
instead of (7.46). Equation (7.49) leads to the same equation of motion as (7.46), even in GR, and
is more convenient to use in certain calculations.

Let’s calculate the canonical momentum using the two Lagrangians. Using Eq. (7.46),

L

oL 0 —mc
—— _ _ o - = A _ pso 3 o
0 =~ MeggmV 9 UPU7 = —gmU"U’\< 9o UP0%, = 9ps0”,U°)
—mec megueU?

e (gU” g U”) = e

2y/—gaURUX T V=g U0
where we have used OU® /90U = ‘% and we have lowered the index on U Because this equation
applies for the actual worldline, set U’Uyz = —c?. If we use Eq. (7.49), 0L /OU* leads us directly to

mU,,. For either form of the free-particle Lagrangian, Eq. (7.46) or Eq. (7.49), the Euler-Lagrange
equation yields d P, /dT = 0 or A,, = 0, the law of inertia.

=mU, ,
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7.6 PARTICLE CONSERVATION LAWS

In pre-relativistic mechanics, conservation of linear momentum, angular momentum, and energy
follow directly from Newton’s second law. Another way to establish conservation laws, one that
we can use in the theory of relativity, involves coordinate transformations that leave the action
integral invariant. The path taken by a particle is the one that extremizes the action (Hamilton’s
principle). The value of the action integral is invariant under coordinate transformations (Appendix
D). As we’ll show, invariance of the action implies the existence of conserved quantities along
worldlines. Conservation of four-momentum is implied by invariance under spacetime translations
(homogeneity of spacetime) and conservation of angular momentum is implied by the invariance of
the action under LTs.

Invariance, conservation—is there a difference? An invariant does not change between reference
frames; a conserved quantity doesn’t change during processes. Momentum may be conserved in a
given reference frame, but is not an invariant (it transforms as a four-vector). In Chapter 9 we show
that conservation laws associated with fields (as opposed to particles) can also be derived from
invariance of the action.

Consider a nonrelativistic free particle in one dimension with action integral

ty
S = / imi?dt . (7.50)
t

i

The worldline of stationary action is obtained from Lagrange’s equation, which in this case (& = 0)
is a straight line x(t) = « + (t, where « and S are integration constants, to be fit to the endpoints:
ity —xpt;  wity —x4ts _xp—wx _ Aw

o = = = - = —
tr—t; At == T M

Substituting & = 3 back into Eq. (7.50), we obtain the action function,

1l o, 1 Az mi(xy —ay)?

What transformations leave S invariant? We can shift the origin of the coordinates, z — =’ = x +a,
and we can shift the origin of time, t — ¢’ = ¢ + b; both transformations leave S unchanged. We
show in Eq. (7.60) that the first symmetry implies conservation of momentum and the second implies
conservation of energy.
Is the nonrelativistic action invariant under the GT? Under v — 2’ = x —vt, t — t' = t, we
have from Eq. (7.51)
m (Ax")?  m (Az — vAt)?

I—— =
5%572 At/ 2 At

=S —mvAx + %U2At .

The nonrelativistic action is therefore not invariant under the GT (S’ # S); there are no conserved
quantities implied by the GT. The relativistic action, however, is a Lorentz invariant (by construc-
tion). For a free particle, from Eq. (7.26)

S = —mc? /dT = —mc AT = —mc?\/(At)?2 — (Ax)2/c2 . (7.52)

The action function in Eq. (7.52) is invariant under a shift of the spacetime origin, which (as we
have noted) implies conservation of energy and momentum.
As another example, take a nonrelativistic particle in a uniform gravitational field,

m

5= /t jf (5562 - mgx) dt . (7.53)
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Lagrange’s equation gives & = —g, and hence x(t) = o+ 5t — %th. Solving for « and 3 in terms
of the endpoints of the motion,
_ thi - tia:f 1

1
— —gt; == 54

Substituting (¢) back into Eq. (7.53), and using Eq. (7.54), we obtain

2 2

;S = %(AA? - g% (xf + ) — % (A1)® (7.55)
What are the symmetries of S now? Clearly, S is not invariant under a shift in the origin. Under
x — x + ain Eq. (7.55), S — S — mgaAt. Because S is not invariant under this transformation,
momentum is not conserved along the worldline, which we should not expect for a particle in a
gravitational field. Equation (7.55) however is invariant under time translations, ¢t — ¢+ b, implying
conservation of energy.

Let’s now consider what’s implied by invariance of the relativistic action integral under an in-
finitesimal change in spacetime coordinates, z# — x* + dz*. We require

A2
05 = / <(s P+ aaL(;(x”)) dA=0. (7.56)

ol

Following the same steps as in Eq. (7.47), Eq. (7.56) is equivalent to

Az oL d /oL
- M —
A1+ A 1 [8# (893#)}5 dr=0. (7.57)

In the usual variational problem (Appendix D), in order to discover the extremal path, we vary the
path such that the variation vanishes at the endpoints. In that case, we would set the integrated part
in Eq. (7.57) to zero, and we would require the vanishing of the integrand in Eq. (7.57) to derive
Eq. (7.48). Here we are doing something different. We are changing variables on the extremal path
and are demanding that the action be invariant. In that case, Euler’s equations are satisfied and the
integral in Eq. (7.57) vanishes, leaving us with the conservation law (set A\ = 7 and U* = da* /d1)

oL
o)

08 = oxt

oL
st =0. 7.
T . 0 (7.58)
With P, = 0L/0U*", Eq. (7.58) is equivalent to
Pda|” =0. (7.59)

Invariance of the action under x* — " + dx* implies the existence of a quantity P,,0x" that is the
same at the endpoints of the worldline, i.e., is conserved.

For dx* derived from constant shift in coordinates, = = (cdt, r), Eq. (7.59) becomes
T2

=0, (7.60)

T1

P, éxt F o

T1

(=Edét+p-or)

implying (as advertised) that energy and momentum are conserved along the worldline if the action
is invariant under a translation of spacetime coordinates, i.e., if the action is independent of the
location of the origin of the spacetime coordinate system.

What’s implied by invariance under infinitesimal LTs, dx* = Az (Section 6.2)? From Eq.
(7.59), P,dat = P, Aa” = P¥ng, Aia”. Because 1q, Y is antisymmetric in («, ) (Section 6.2),
Eq. (7.59) picks out the antisymmetric part of the tensor P*x" and is equivalent to

T2

1
3 (PHz” — P zH)nu Al =0.
1
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Define the angular momentum tensor
MW =zt PY — ¥ PH . (7.61)

Invariance of the action under infinitesimal LTs implies that M*" is conserved along worldlines.
An antisymmetric second-rank tensor in four dimensions has six independent components. Three
are associated with the orbital angular momentum pseudovector, L; = %gijkM 7k the dual of the
spatial parts of M*". The time components of Eq. (7.61) form a vector M = z0P! — z? PV =
¢ (tP' — 2" E/c*) which implies the constancy of tp —rE/c?. Because E and p are conserved, Eq.
(7.59), a free particle moves with the constant velocity

dr @p
—_— == 7.62
dt E (7.62)
Equation (7.62) is the same as Eq. (3.19). With E = ymc?, Eq. (7.62) implies p = m~yv.
More than one free particle
A system of n particles is described by n worldlines xﬁ‘ (1;) (@ = 1,...,n), each characterized by

its own proper time 7;. We must introduce a separate proper time for each particle; proper time
is recorded in an instantaneous rest frame and we cannot find a frame instantaneously at rest with
respect to more than one particle. Each worldline is parameterized separately,

daj da¥
cdr; = \/—gudat'de? = [ =g df)\f df)\z_ d\; = /=g, U Uy dN; .

The action integral for non-interacting particles is the generalization of Eq. (7.45),

S =— Zmic/d/\“ /=9, UFUY . (7.63)

Hamilton’s principle applied to the variation of the worldlines z!'();) leads to a separate Euler-

Lagrange equation for each particle. Without providing details, invariance of S under spacetime
translations implies conservation of the total momentum ) _, p; and the total energy, >, F;. Invari-
ance under infinitesimal LTs leads to conservation of the total angular momentum tensor, » M 1-’“’,
the spatial components of which imply conservation of the total angular momentum, and the time
components imply that ), (tpi — Eir;/ 02) = constant. Because the total energy is a constant,

SuriBi Pty p
ZiEi B Z’LEL

The center of energy R =", r;E;/ Y, E; moves with constant velocity,

dR Y pi Y, mivivi
ac >i B B 2o MiYi

Equation (7.64) is the analog of the center-of-mass theorem in pre-relativistic mechanics. For non-
relativistic speeds 7; — 1 and R — Zz miri/ > , My4; the expression for R reduces to that of the
Newtonian center of mass. Note that R is not the spatial part of a four-vector. The location of the
center of energy is reference-frame dependent.

-+ constant .

= constant . (7.64)
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7.7 ENERGY-MOMENTUM CONSERVATION

Processes involving relativistic particles are studied in nuclear and high-energy physics, processes
in which particles initially far enough apart to be considered free, come together and interact over
small spacetime regions, and then move apart again as free particles. In such processes, the total
four-momentum of the particles is conserved:

N N’
dopr=>"pPr, (7.65)
i=1 j=1

where we allow for the possibility that the number of particles after the interaction N’ is not the
same as before, V. Equation (7.65) has been verified in countless experiments.

The analysis of Eq. (7.65) is often easiest in a particular frame of reference. We know that
through the use of Lorentz invariants, the results obtained are independent of reference frame. Eval-
uating such invariants, however, is often easiest in a particular frame—why not use that one? In this
section we review selected processes between relativistic particles and the reference frames used to
analyze them.

7.7.1 Center of momentum frame

The center of momentum (CM) frame is the IRF in which the spatial part of the total four-momentum
is zero, ) . p; = 0. The analysis of many processes simplifies in the CM frame. It’s always possible
to find such a frame because of the timelike character of P* for material particles. The total four-
momentum in the CM frame is thus P%,, = (E/c,0), where E = Y. E; = >, m;7;¢*. The “rest
mass” in the CM frame, Moy = E/ = ZZ m;7i, 1s not the sum of the masses of the individual
particles because of their velocities u; relative to the CM frame. The center of energy is at rest in
the CM frame.

7.7.2 Spontaneous decay

Almost all particles will decay into others if they can while not violating conservation laws—energy-
momentum of course—but others like charge conservation. A particle of mass M can spontaneously
decay into particles with masses mi, ms and momenta p;, ps. Working in the CM frame, four-
momentum conservation implies Mc* = E1 + Eyand 0 = py + po. Using Eq. (7.195), M =
mic® + mac® + Ty + Ts. Because Ty + T» > 0, spontaneous decay is possible only if M >
m1 + mo. For charged pion decay 7+ — ut +v,, 77 — u~ + 7, M+ = 139.57 MeV/c?,
m,+ = 105.66 MeV/c?, and m,,, < 0.17 MeV /c?; the inequality M > my +ms is easily satisfied.

7.7.3 Pair production, pair annihilation

The positively charged electron e™ (positron) was discovered in 1932. Soon afterwards it was dis-
covered that a photon could undergo pair production, where a photon is annihilated and an elec-
tron and a positron are created together, v — ™ + e~. One would think that a photon of energy
E = 2mc? could convert its energy into an electron-positron pair (m is the electron mass). As we
now show, pair production cannot occur spontaneously in free space; another particle is necessary.

Let Q* = (E/c)(1,n) be the photon four-momentum, Eq. (7.18), the conservation of which
iny — et + e~ would require Q" = P* = ((E+ + E_)/c,p+ + p—). This equation cannot be
satisfied (try it!). Before the reaction, the four-momentum is lightlike (Q*Q, = 0), and afterwards
it is timelike (P* P, < 0). We cannot get into the CM frame of a photon (without killing it).

The problem can be circumvented by allowing another massive body to participate: The sum of
a lightlike vector and a timelike vector is timelike (Exercise 4.6¢.). Consider y+X — X'+et+e™,
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where X denotes another body of mass M. In the rest frame of X the total four-momentum P* =
(E+ Mc? En) /c and thus

PrP, = —= (E+ Mc*)* + (E/c)* .

1
2

. / . . ’ ’

By four-momentum conservation P # = P!, and by Lorentz invariance P*P, = P"P, .

We are free to evaluate the invariant in an arbitrary inertial frame. In the CM frame Pr =
((Ex + E+ + E_)/c,0) and thus

’ ’ 1
P"P, = —— (Bx + B, +E_)?.

The threshold energy is the photon energy E' such that the particles in the final state have no kinetic
energy. At threshold, (E + McQ)2 —E?= (M + 2mc2)2 or

E:2m02(1+%) .

For m/M < 1 (such as in the vicinity of a nucleus), the threshold energy E > 2mc?. If the process
occurs near another electron, the threshold energy E = 4mc?.

The inverse process is pair annihilation, e™ + e~ — ~ ++. (The process e™ + e~ — ~ does not
conserve energy-momentum.) Because two photons are created, we can get into the zero momentum
frame associated with the final state. Let p, and p_ be the momenta of the positron and electron,
and let g1, g2 be the momenta of the photons. In the CM frame of the initial state one has p_ =
—p+. Momentum conservation requires that go = —gqj, i.e., the photons are emitted in opposite
directions with equal momenta and hence with equal energies. From energy conservation, the energy
of each photon is £, = /(pc)? + m2c*. The smallest possible photon energy is obtained if p = 0,
or b, = mc?. The special case of a lightlike four-momentum vector with zero spatial part allows
us to equate it to a timelike vector (P* for e, ™).

7.7.4 Compton scattering: v +e¢ — 7 + ¢

Compton scattering is the inelastic scattering of a photon by a free particle. The effect gives ex-
perimental confirmation that the momentum of electromagnetic radiation is carried by particles
called photons. In this process, a photon of energy E scatters from a particle (usually an electron)
into a direction at an angle ¢ from the incident direction (see Fig. 7.6). Because the electron re-

,y/
0l 4
%ﬁl ,,,,, T,:L ;,,

Figure 7.6 Compton scattering of a photon from an electron.

coils, the scattered photon has an energy E’ < E. Let the four-momentum of the photon (electron)
before and after the collision be Q* and Q'* (P* and P’*). From four-momentum conservation
Pr 4+ Q" = P'" + Q'". We can eliminate P'* (four-momentum of recoil electron):

PYP, = (P"+ Q" = Q")(Pu+ Qu— Q) = P*Pu + 2P*(Qu — Q) + (Q* — Q") (Q, — Q)
= P"P, +2P"(Qu — Qu) + Q"Q, — 2Q"Q,, + Q*Q,,
This equation simplifies considerably because of the invariant magnitude of four-vectors: P’ ”P;/L =

PrP, = —m?c? and Q'Q, = Q' "Q:L = 0 (null vector). Energy-momentum conservation there-
fore reduces to the equation

PMQu—Q,) =Q"Q), . (7.66)
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In the rest frame of the electron P* = (mc,0,0,0), Q* = (E/c)(1,1,0,0), and Q" = (E'/
¢)(1,cos 0,sin 6, 0). The inner products are thus Q*Q), = (EE'/c*)(—1 + cos0) and P*(Q,, —
Q) = m(E" — E). Substituting these results in Eq. (7.66), we find

1 1 1

E—EZWH—COS@) .

Using the Planck relation E = he/\, we have the (experimentally verified) Compton scattering
formula as it’s usually written:

h
/\,—)\Z%(I—COSQ)EAc(l—COSG),

where A\c = h/(mc) is the Compton wavelength, the wavelength of a photon such that its energy
is equal to mc?. For electrons A\¢ ~ 2.4 x 1072 m. Note that nowhere in these formulas does the
charge of the particle appear. Photons carry no charge!

SUMMARY

e The proper time dr is the time measured by a clock along its worldline. In an IRF, dr =

/—(ds)?/c = dt\/1 — 32, where 8 = wu/c is the instantaneous velocity as seen from that
frame. The proper time is an invariant quantity cdr = \/—dx,dz# and provides an absolute

(observer-independent) means to parameterize the worldline, =+ = z# (7).

e The elapsed proper time between events is path-dependent. Straight worldlines between
events have the longest proper time; this is the basis of the so-called twin paradox.

e The four-velocity is defined as

dz® d
U = == =g (ct,2) =1(eu).
The four-velocity is a timelike vector (U*U, = —c?), tangent to the worldline with an in-

variant magnitude.

e The four-momentum P* = mUH* = (E/c, p) where E = m~yc? and p = m~yu. The invariant
magnitude of P* is given by P*P,, = —mc?. The connection between energy and momentum

is £ = cv/p? + m2c2.

e The four-acceleration A* = dU* /dr is a spacelike vector orthogonal to U, A,U* = 0.

e The Lagrangian for a particle is L = —mc?y/1 — 32 — V(z). For a charged particle L =
—mc?\/1 — 2 — q¢ + qu - A. The free-particle Lagrangian is the integrand of the action
integral, L = —mc?(dr/dt).

e The covariant free-particle Lagrangian can be written in two ways, L = —mcy/—g,, UrU"
and L = %mng ~U". Both lead to the same equations of motion. The first form emphasizes
the geometric feature that the elapsed proper time for a straight line in spacetime is the longest,
the second leads to an extremum in the coordinate-invariant generalization of the kinetic
energy.

e The Euler-Lagrange equations in covariant form are

d [ 0L oL
i (o) =g =012
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e The canonical momentum is P, = 9L/OU".

e The angular momentum tensor is M*¥ = z#PY — x¥ P*. The angular momentum pseu-

dovector L is the dual associated with the spatial parts of M*”, L; = %sijkM 7% The time
components M form a three-vector associated with the relativistic version of the center of
mass theorem in mechanics.

Invariance of the action integral under coordinate transformations is a recipe that allows us
to identify conserved quantities along the worldline of a particle. Invariance under a shift in
the origin of spacetime coordinates implies energy-momentum conservation, and invariance
under infinitesimal LTs implies conservation of the angular momentum tensor.

EXERCISES

7.1

7.2

7.3

7.4
7.5

7.6

1.1

7.8

7.9

7.10
7.11

7.12

Show explicitly using (7.6) and (7.9) that the four-acceleration and the four-velocity are or-
thogonal, Ug A? = 0.

Derive the form for the relativistic Hamiltonian, H = c¢y/p? + m?2c?2, starting with Eq. (7.25),
the relativistic Lagrangian, and the definition of the Hamiltonian in Eq. (7.20). The Hamilto-
nian should be a function of position and momentum, H = H (z, p).

Show from Eq. (7.52) that the relativistic action for a free particle becomes, an expansion for

Ar < cAt,
1 (Ax)?
Sl = =P At + im( At) +
The nonrelativistic action, Eq. (7.51), thus “lives” inside the relativistic action.

Derive Eq. (7.55), the nonrelativistic action for a particle in a gravitational field.

Using Eq. (7.9), show explicitly that the four-acceleration is spacelike, A, A% > 0. Show
either (or both) of these results:

: 1
A%A, =45 |a® - — (u X a)’
c

4( 2 ’72 2
=7 (a +62(u-a)>.

Why are the terms in square brackets positive?

Show that a covariant definition of the energy (valid in any reference frame) is £ = —P*U,,.
(This involves an inner product between four-vectors, an invariant quantity. Is there a partic-
ular reference frame that simplifies the expression?)

Show that an electron in vacuum cannot emit a photon, asine™ — e~ + 7.

Show explicitly that the process v — e™ + e~ cannot conserve energy and momentum in
vacuum.

Let the four-acceleration in Eq. (7.9) be denoted A* = (AY A). Show that A° = u - A/ec.
Because the norm A4, A" is invariant, the four components of .A* cannot be independent.

Derive the Hamiltonian for the relativistic Kepler problem, Eq. (7.34).

Show that for a free particle the angular momentum tensor is constant, i.e., dM*” /dT = 0,
as we would expect from Eq. (7.61).

Show that UpA; — U; Ag = —cy3a;, where a; is the three-acceleration. Use Eq. (7.9).



CHAPTER 8

Covariant electrodynamics

HE material in this chapter is often referred to as “relativistic electrodynamics.” Such a term,

however, is redundant: Electrodynamics is consistent with SR and has been since its inception;
there never was a nonrelativistic predecessor. What’s meant by relativistic electrodynamics is the
covariant theory of the electromagnetic field. It’s useful to see the covariant formulation of elec-
tromagnetism (essential, actually): constructs encountered here have analogs in GR, which is also a
relativistic field theory.

8.1 ELECTROMAGNETISM IN SPACE AND TIME

The electromagnetic field is described by four interrelated equations known collectively as
Maxwell’s equations:

B
V-B=0 VXE—&-%:O
D
V-D=p VXH—%:J, 8.1)

where the charge density function p(r) and the current density vector J(7) are the sources of the
fields. Writing Maxwell’s equations in their customary form—with three-vectors—carries with it
the implication that space is decoupled from time. The covariant version of Maxwell’s equations is
developed in Section 8.5. Note that there are two sets of field vectors: (E, B), which are prescribed
independently of sources, and (D, H) which are determined by (p, J). We’ll refer to the equations
involving (E, B) as the homogeneous Maxwell equations, and those for (D, H) the inhomogeneous
Maxwell equations. Maxwell’s equations as written in Eq. (8.1) are explicitly free of parameters
pertaining to a medium, including free space. In free space D = ¢y E and B = poH, where
€0 = 107/(4mc?) and pg = 47/107 in SI units. By definition, egpo = ¢~2. E and H can arguably
be considered the fundamental fields.'

UH is often called the magnetic field with B referred to as the magnetic induction. Edward Purcell remarked:[35, p392]
“This seems clumsy and pedantic. If you go into the laboratory and ask a physicist what causes the pion trajectories in
his bubble chamber to curve, he’ll probably answer ‘magnetic field,” not ‘magnetic induction’.” Purcell further noted: “It
is only the names that give trouble, not the symbols.” B has the fundamental property that it always has zero divergence,
V - B = 0. Moreover, the Lorentz force gv X B involves B. H however responds to currents, independent of the medium,
and currents are subject to experimental control; from that point of view H can be seen as fundamental. The two are related
by B = po(H + M) where M is the magnetization of the medium. For the two electric fields, D couples to free charges
(independent of the medium), while E is controlled by potential gradients. In this case, potentials are easier to control
experimentally than the placement of charge; E can be seen as fundamental. The two are related by D = ¢p E + P, where
P is the polarization of the medium. For the purposes of classifying fields, it should be recognized that EZ and H are vectors,
whereas D and B are vector densities. From that point of view (E, H) should be treated on equal footing. Add to that the
criterion of which fields are subject to experimental control and E and H are often taken as the fundamental fields.

147
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Table 8.1 Tensor character of electromagnetic fields (< indicates isomorphism)

E = covariant vector B = covariant bivector <+ contravariant vector density
D = contravariant vector density H =contravariant bivector density <+ covariant vector

The pairs (E, H) and (D, B) have different tensor characters,” summarized in Table 8.1. To
see this, introduce scalar and vector potential functions ¢ and A such that

B=VXxA E:—V(ﬁ—%. 8.2)
ot

In that way the homogeneous Maxwell equations are satisfied identically. From Eq. (8.2) we see
that the vector F in Faraday’s law (the only place where E “officially” appears in Eq. (8.1)) occurs
naturally in the theory as a covariant vector (related to a gradient, the prototype covariant vector).
The quantity A in Eq. (8.2) must then be considered a covariant vector. So far so good: E and A
are covariant vectors. The B-field, however, (from B = V X A) has the structure of a covariant
bivector, B <+ %Bij e’ A e’ (Section 5.10.2). Ordinarily such an observation would find no place
in applications of electromagnetic theory; in our march to GR, however, we need to understand
the fundamental transformation properties of the electromagnetic fields. This aspect of the B-field,
formally present in the non-covariant theory as an isomorphism with an antisymmetric tensor B;;
in three dimensions, presages what we’ll find in the covariant formulation, that the electromag-
netic field comprises a second-rank antisymmetric tensor in four dimensions. Such a tensor has six
independent elements, just enough for the components of E and B. In three dimensions, By, is
isomorphic to a contravariant vector density B’ = %sijkBjk (its dual, Section 5.10.1).> That B
is a contravariant quantity can be seen from the integral relation 595 B - da = 0: the surface area
vector da, being normal to S is a covariant vector, implying that B is a contravariant vector per
area, or vector density. Likewise, D is a contravariant vector density: fs D -da = Q (charge @
is a Lorentz scalar, Section 8.3). From the Ampere-Maxwell law we infer that H has the struc-
ture of a contravariant bivector density, § = %ﬁij e; A e;. The dual of % is a covariant vector,
H;, = %sij 7%, which can be inferred from f H -dl = I; a covariant vector is a vector per length.
Note that - D and H - B both generate scalar densities; %(E - D + H - B) is the energy density
of the electromagnetic field.* That (E, H) and (D, B) have different tensor properties implies that
constitutive relations must be in the form of tensor equations: ' = ¢ E; and B* = ;/* H;, where
€% and ;! denote second-rank tensor densities, the permittivity and permeability tensors.’

2Maxwell [36, p11-13] distinguished two types of vectors, forces and fluxes, corresponding to our distinction between
vectors (E, H) and vector densities (D, B). We do a disservice in teaching electromagnetism when we introduce D and H
as “auxiliary”; they’re an integral part of the framework of Maxwell’s equations.

3The notation for vector densities is explained in Section 5.2, and €%k transforms with w = +1, Section 5.8.2.

4Shown in any standard text on electromagnetism.

SConstitutive relations apply between the Fourier components of the fields. One typically works in the frequency domain
and Fourier transforms the time coordinate. Such a linear operation does not change the tensor character of the fields. For
free space, when we write D = €oE two things are happening: The covariant components E; are being mapped into the
contravariant components D, and we’re converting a vector into a vector density. It might be thought for isotropic free space
that the permittivity tensor €*/ is the number g multiplied by a “unit tensor,” §* . The quantity §*J can be obtained by raising
an index on the Kronecker delta 6;., with §%F = gkJ §i = gk? The free-space fields are related by D* = egg'* E), = eg E".
Thus, the free-space replacement D — € E is actually short hand for quite a bit: convert E (naturally a covariant vector,
with units V/m) into its contravariant form, then multiply by ep which brings to the party the right units to convert E into a
vector density, D (C/m?). Similar remarks apply for the free-space replacement B — ju0.H.
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From here on we assume free-space fields (D = ¢y F and B = poH). Combining Eq. (8.2)
with the inhomogeneous Maxwell equations, we obtain®

0 P 9 10%°A 109\

V3¢ +
The differential equations for ¢ and A are thus coupled in a nontrivial manner, and one wonders
whether introducing potential functions was a good idea. There is a way, however, that these equa-
tions simplify: Suppose that
1 0o

V-A+—-—=0 8.4
Tz ot ’ 84
the Lorenz condition. If Eq. (8.4) holds, the equations in Eq. (8.3) separate,
1 0%¢ p 1 0%A
Vip———=-12 VA - = _—puJ. 8.5
¢ c2 Ot? €0 2 Ot? Ho 8.5

While ¢ and A appear to be uncoupled in Eq. (8.5), they remain coupled through the Lorenz condi-
tion. The sources are also coupled through the continuity equation (see below).

The Lorenz condition can always be satisfied through a gauge transformation. The potentials
(¢, A) are not unique in their determination of (E, B): The transformation

A A=A+ Vy ¢—>¢’=¢—%, (8.6)

where x(7,t) is an arbitrary scalar function, leaves E and B unchanged; E and B are said to be
gauge invariant. Suppose ¢ and A are such that V - A + 9(¢/c?)/0t = f(r,t) # 0. Under the
transformation Eq. (8.6), the new potentials would satisfy

¢' and A’ now satisfy the Lorenz condition. Using potentials that satisfy Eq. (8.4) is said to be
working in the Lorenz gauge, which we assume to be the case in what follows.

Balance equations and charge conservation

Conserved quantities satisfy continuity equations, and because conservation laws play an important
role in SR and GR, let’s take a moment and derive the continuity equation. Balance equations (for
any quantity /) have the form

d
- pde = —]{ J¢, -dS +/ O'de . (87)
de Jy s v

Here V' is a volume bounded by surface S having outward-pointing surface element d.S, p,; is the
density of ¢ ([1)] m™3), Jy, is the flux of ¢ through S ([¢)] m~2 s71), and oy, is a source term
representing the rate per volume at which ) is created or destroyed in V, ([¢)] m~3 s~1). Equation
(8.7) specifies that the rate of change of the amount of ¢ in V' is accounted for by flows through S,

The vector A appearing in Eq. (8.3) should be taken as its contravariant version: A divided by area must have the same
tensor character as puoJ.
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and by the net rate of creation of 1 in V' by means other than flow; there are no other possibilities,’
which is why it’s called a continuity equation. When the transport of 7 occurs because of flow®
(convection), Jy = pyv. If f Jy - dS is positive (negative), the amount of 7 in V' decreases
(increases) in time. By applying the divergence theorem to Eq. (8.7) (for fixed V'), we arrive at the
local form of a balance equation:
7]
Do gy =0y, (8.8)
ot
If oy, = 0, 1 is conserved; in that case the only way v in V' can change is to flow through S.
Charge is conserved and thus it obeys the continuity equation (in non-covariant form)
dp
—+V.-J=0. 8.9
2+ (8.9)
Equation (8.9) is secretly buried in Maxwell’s equations: Take the divergence of the Ampere-
Maxwell law in Eq. (8.1) and make use of Gauss’s law.

8.2 SOURCES IN SPACETIME: THE FOUR-CURRENT

How does density transform between reference frames? The topic was covered in Section 5.2, where
we noted that because the Jacobian of the LT is unity, LTs do not highlight the density feature of
physical quantities. Density is the amount of a substance, “stuff,” per volume. While the amount
of stuff is invariant, volume is not. We know from Eq. (5.57) that \/Ed‘l:c is invariant. In SR
lg| = 1; 4-volume is thus invariant under the LT, dz® dz' dz? dz?’ = da®da'dz2da®. Let the
primed variables denote the rest frame. By time dilation, dz® = fydxol, and thus charge density
transforms under the LT as p = ypg, where pg is the proper density.
The current four-vector density or simply four-current is defined as

JH = (pc, pu) = (pc, J) . (8.10)

As with the introduction of any four-vector, we must show that it belongs to the club, and here
there’s a quick way and a sophisticated way. The quick way is to show that it transforms as expected
under the LT. In the rest frame, J v = (poc,0). In another IRF connected by a boost, we have
using Eq. (6.16), J* = L, JY" = (ypoc, Bypoc) = (pc, pu), where p = ~po. Note that J# =
po(ye,yu) = poU*. The four-current is timelike, J*.J, = —p3c® (from U“U, = —c?), and is
tangent to worldlines of charged particles. The continuity equation, (8.9), can then be written in
covariant form,’

i 0 i m
0 gy Opc 0T 9 01 _9)

= act) T 0w T 0a0  om  own

= 9,J" . 8.11)

Conservation is expressed covariantly as the vanishing four-divergence of J*.

The fancy way is to show that J* is related to the four-velocity in a Lorentz invariant manner.
Let z(t) be the worldline of a particle in a particular reference frame. We can ascribe “density” to a
particle through the use of the Dirac delta function,

plr,1) = a8(r — 2(0))  T(r1) = S5 e — 2(1)

7 An example of a source term occurs in semiconductor physics, where additional charge carriers are generated by the
interaction of electromagnetic radiation with the semiconductor.

8The Poynting vector S, the flux of electromagnetic energy, is given by S = wuc with u the density of electromagnetic
energy. Not all currents are convective, however. There can be diffusive transport, such as in Ohm’s law, J = o E.

“Implying that if charge is conserved in one frame, it’s conserved in all frames connected to the first by a LT.
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where §°(z) is such that [ d®zf(x)d®(z — y) = f(y). These expressions can be combined into
a four-vector through the device of introducing the integral over time of another delta function and
then changing variables to the proper time,

o0 0

plat) = q/OO d2%6(2% — 20)83(r — 2) = q/ dT%é‘l(az —z(7))

—00

J(z")=q¢q dzoi—j(S(xo 2083 (r —2) = qc/ de—z54(I —2(7)),
oo o T

where 64 (x—1y) = 6(z" —y°)d(z! —y')6(2? —y?)5 (23 —y?) is the four-dimensional delta function
and 2#(7) = (2%, 2) is parameterized by the proper time. We have let d2" — (dz°/dr)dr in the
first integral and dz°(dz/dt) = cdz — ¢(dz/d7)dr in the second. Multiplying the expression for
p by ¢, we have the four-current J# as an integral over the four-velocity U* = dz*/dr,

oo

JH () = (pe, J) = qc/ drU"(1)0%(x — (7)) . (8.12)

Before accepting Eq. (8.12) as a four-vector we should ascertain that the delta function is Lorentz
invariant. The two requirements on d*(x — y) are that it’s nonzero only if z# — y* = 0 and
J d*z6*(z) f(x) = f(0). The first property is independent of reference frame: From -y =
Lﬁ/ (¥ —y¥), if 2 = y* in one frame, the same is true in all frames. Thus, we can write
542" —y') = S§*(x — y), where S is a constant. (Recall that §(az) = §(z)/|al; while v — 2’
as y — , there could be scale factors.) It turns out that S = 1 for a LT. Writing 2 = Lx for
=L gV,

) = / A28 (! — o) (o) = / A 85 (@ — y) f(La) = TUSFG)

where J is the Jacobian, Eq. (5.52). Thus, S = J and J = 1 for a LT. The Dirac delta function is
therefore a Lorentz invariant.'”

8.3 CONSERVATION IN SPACETIME: SPACELIKE HYPERSURFACES

A hypersurface ¥ is an (n — 1)-dimensional surface embedded in an n-dimensional space. For
example, setting z° = 0 in MS specifies a hypersurface spanned by three spacelike vectors. At any
point of ¥ there’s a vector n,, orthogonal to all vectors lying in X at that point.!" Hypersurfaces are
classified as spacelike, null, or timelike according to whether n,, is timelike, null, or spacelike (see
Fig. 8.1). Spacelike hypersurfaces (SHs) have timelike normals, and timelike hypersurfaces have
spacelike normals. For ¥ not null, n,, can be normalized so that n,n* = ¢, where ¢ = —1 (+1) for
Y spacelike (timelike). SHs play an important role in the theory of relativity.

Let {y'} be coordinates intrinsic to hypersurface 3. Displacements on ¥ are described by
(ds)% = hy;dy’dy’, where h;; is the induced metric on 3, the restriction of g, (the metric of
the embedding space) to vectors tangent to . We show in Section 13.6 that if g,,, is positive defi-
nite, so is the induced metric on X. If, however, g,,,, is indefinite then the induced metric is indefinite
on timelike hypersurfaces, but positive definite on SHs. On a three-dimensional hypersurface the in-
variant volume element is d¥ = \/W d3y where h = det h;;. The oriented volume element can be

10The Dirac function 64 (x) is not invariant under arbitrary coordinate transformations because d*z is not invariant.
However, \/Qd‘laz is an invariant, implying that §*(z)/ \/E is invariant under general coordinate transformations.

'The normal vector belongs to the n-dimensional embedding space. If for example the hypersurface is specified by
! = 0 in an n-dimensional space, the coordinates of a point in the hypersurface are z' = 0,z2,--- , z™. The normal
vector nq is such that nox® = 0, where n1 # 0. As discussed in Section 5.11 for the elements of the oriented 3-volume
dxeB87 its dual (dX* ) is a vector orthogonal to the hypersurface.
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X’ spacelike
hypersurface

timelike
hypersurface

Figure 8.1 Hypersurfaces are spacelike or timelike if its normal is timelike or spacelike

written dX,, = n,dX. Note that d¥,, as a vector belongs to the embedding space. To apply Gauss’s
theorem, we need the orientations of X and the embedding space to agree (Section 5.11). We specify
the orientation so that n, X* > 0 for a vector X* that points out'? of X.

Combining the continuity equation, (8.11), with Gauss’s theorem, Eq. (5.90), we have that the
net flux in spacetime is zero,

7{ JHAS, =0, (8.13)
S

where S denotes a closed hypersurface. Nothing is lost or gained along the worldlines of a con-
served quantity. Consider a region of space large enough so that J# — 0 on timelike hypersurfaces
(see Fig. 8.2). A physical four-current differs from zero only in a finite region of space; thus we

Figure 8.2 The net flux in spacetime is zero for conserved quantities

can choose spatial boundaries (timelike hypersurfaces) so that on them J# = 0. A finite region of
space, in spacetime is a tube of infinite length in the time direction, the worldtube. Because Eq.
(8.13) requires a closed hypersurface, we “cap off” the worldtube by SHs, 1 and Ys. Zero net
flow then requires that [y, J*dX, + [y J"d¥, = 0. Taking the outwardly pointing normals,

astH = —69,d%y and as? = 6%,d%y, we have from Eq. (8.13)

jiﬂdzﬁ =Q(22) - Q(X1) =0, (8.14)

where Q(X) = fz JYd3y. Equation (8.14) indicates that the total charge in a SH is independent of
SH, i.e., conserved.

121f for a vector X that points out of the volume we require uXH >0, thenng > 0 for a future pointing vector (take
XH = (XO, 0,0,0)), with XY > 0. For a metric where n®nqo < 0, n® is inwardly pointing. See R.M. Wald[37, p434] or
Hawking and Ellis.[38, p50]
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A continuity equation implies the existence of a fixed quantity contained in a SH. In the rest
frame take the outwardly pointing normal (to ¥) to be n,, = (1,0,0,0). In another IRF, n,, =
Ly,n, = Lz, = (1, B) (Note that n“,nﬂl = —1; the spacelike character of X is preserved under
LTs.) If in one frame ) = f JOd3y, then in any other frame (related by a LT) Q = f JrdE,
because of the Lorentz invariance of J#*d¥,,. Conserved quantities can then be written in covariant
form, Q = fz J#dX,, for SHs ¥. There are two interrelated ideas here: The invariance and the
conservation of charge: () is conserved because it’s independent of the SH used to evaluate it (a SH
is a slice of “now”), and @ is a Lorentz invariant because the LT maps SHs onto SHs.

8.4 THE FOUR-POTENTIAL

We can group the potentials ¢ and A into a single quantity, the four-potential'

A" = (¢/c, A) (8.15)

(A* should not be confused with the four-acceleration 4*). The wave equations for ¢ and A in
Eq. (8.5) are the time and space components of a single wave equation for A*. Using Eqgs. (8.15),
(8.10), and (5.59), the four equations implied by Eq. (8.5) are equivalent to an inhomogeneous wave
equation for the components of the four-potential,

B OMAY = —pgJ* (8.16)

Because 0,,0" is Lorentz invariant, we have from Eq. (8.16) that A® transforms the same as J“ and
hence is a four-vector. The Lorenz condition in covariant form is,
1 0¢ A d(@/c) _ 0A° QA

= A= —+ — =09,A". 17
2 ot d(ct) v 0x0  Ox? O .17)

Note that the covariant four-potential A, = (—¢/c, A).

8.5 MAXWELL EQUATIONS IN COVARIANT FORM: FIELD TENSOR

We define the electromagnetic field tensor (antisymmetric, covariant tensor):'4

F=0,A, — 0,4, = (0AA) . (8.18)

Derivatives of tensors transform as tensors under the restricted, linear coordinate transformations
of SR (Section 5.3), but not under the more general transformations used in GR. It turns out that
the antisymmetric combination of derivatives in Eq. (8.18) transforms as a tensor even on curved
manifolds.!> The field tensor is the generalization of the curl to four dimensions applied to the four-
potential: It’s a four-dimensional covariant bivector. Instead of B = V X A, F},, = (0N 4),,
covariantly “encodes” both of the relations in Eq. (8.2). An antisymmetric second-rank tensor in n
dimensions has n(n — 1)/2 independent elements, just enough (for n = 4) for the six components
of E and B!
We can evaluate {F),, } by combining Egs. (8.18), (8.15), and (8.2):

0 —E1/C —EQ/C —E3/C

| Eije 0 B? -B?
[FMV} - EQ/C _BS 0 Bl (8~19)
Es/c  B? —-B! 0

3The dimension of ¢/c (Volt - s/m) is the same as that for A, as can seen from the Lorenz condition Eq. (8.4).
14The field tensor is sometimes called the Faraday tensor.
15Thus, F},, is a bona fide tensor even in curved spaces.
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To derive the top row of [F},,], Foi = 0pA; — 0;Ag = 0A4;/0(ct) + 0;(¢/c) = —E;/c. The
diagonal elements F,,,, are identically zero (antisymmetry). The other independent elements of Eq.
(8.19) follow from Eq. (8.18) using B? = %Eiijjk.

The field tensor is gauge invariant. The four-vector version of the gauge transformation is'®

Al = Ay + OaX - (8.20)
Combining Eq. (8.20) with Eq. (8.18),
F;“, = BHA’V—(?,,A;L =0, (A, +0u,x)—0, (A + 0ux) = 0, A —0,A,+0,0,x—0,0,x = Fu

where we assume that 9,0, x = 0,,0,,x. From Eq. (8.20) it can be seen that A" satisfies the Lorenz
condition, Eq. (8.17), when the gauge function x satisfies 9,0%x = —d AP,
The homogeneous Maxwell equations can be expressed as a covariant equation involving F,,:

MY By = 0. (p=0,1,2,3) (8.21)
For example, take p = 0:
€929, Fyy =e"701 F\y + €922 05 F\ + €22 05 F),
28012381F23 + 8013281F32 + 8021382F13 + 5023182F31 + 8031283F12 4 8032183F21
=261230) Foz + 2692310y gy + 2e%31205
=2e0123 (9 Fo3 + 0y Fy1 + 03F15) = 20;B' =2V -B =0,

where we have used €'?% = 1 and the antisymmetry of ¢#**? and F),. For j a spatial index, Eq.
(8.21) generates the components of Faraday’s law. In the notation of Section 5.7, the homogeneous
Maxwell equations can be written 0, Fjg) = 0.

A simpler way to write Eq. (8.21) is to use the dual of the field tensor (see Eq. (5.75)),
A7, Frg = 20, (xF)" = 0. (n=0,1,2,3) (8.22)

Combining Eq. (8.19) with Eq. (5.75), we find that

0 B! B2 B3
—Bl 0 —Eg/C EQ/C
v —
[% ] “B?  By/e 0 _E /e (8.23)

—33 —EQ/C El/C 0

The homogeneous Maxwell equations are the vanishing four-divergence of the dual field tensor,
8, (+F)" = 0.For u = 0,9, (+F*) = 0; (+F)" = 9;B" = 0.

The inhomogeneous Maxwell equations can be expressed in covariant form with the introduc-
tion of another antisymmetric tensor, (actually a tensor density, but we won’t use the notation &#")

0 D'¢ D?¢ D3¢
7D16 0 H3 7H2

V] =
[G } - —D2C —H3 0 H1 (824)
—D?’C HQ —H1 0
It can readily be verified that the inhomogeneous Maxwell equations are equivalent to
0,GH = Jr. (r=0,1,2,3) (8.25)

16We put the primes here not on the index, but on the function. In the index convention of Section 5.1 we put the prime
on an index to indicate a new coordinate system. Here we are transforming a function; hence the primes on the function.
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As a check, set u = 0in Eq. (8.25): 9,G% = c9;D* = J° = pc, Gauss’s law. Can G*” be derived
from F},,? No, in the same way that the inhomogeneous Maxwell equations cannot be derived
from the homogeneous. In free space, however, the replacements D — ¢gFE and H — p !B are
equivalent to the replacement G* — 11y Lpmv where FH = pron P Fop =0"AY — 0" At is the
contravariant version of F},,:

0 ElJe E?/c E3/c
—El/C 0 B3 _B2
—EQ/C —Bg 0 B1
7E3/C BQ 7Bl 0

[Fr] = (8.26)

From Eq. (8.26), E' = cF and B; = ¢, F7*. The inhomogeneous Maxwell equations for fields
in free space can then be expressed covariantly as

O F" = poJ" . (u=0,1,2,3) (free space) (8.27)

Thus, Maxwell’s equations can be expressed covariantly in terms of the divergence of four-
dimensional second-rank antisymmetric tensors, *F'** and G*”, Egs. (8.22) and (8.25), or, for fields
in free space, Eq. (8.27). The covariant form of Maxwell’s equations was derived by Minkowski in
1907, a development that’s sometimes criticized as not providing anything “new.” We can hardly
expect the covariant formulation of a theory that was already consistent with SR to predict new
physical effects. Minkowski’s contribution demonstrates that physical fields (E and B) can be de-
scribed as tensor fields on a four-dimensional spacetime manifold, which is a huge achievement.
Can Newton’s law of gravity be so expressed? That is in fact the goal of GR, and we’ll be guided
by what we learn in this chapter. We show in Eq. (8.43) that dP*/dt = qF**U,,, that the Newton-
Maxwell equation of motion is relativistically correct once the mechanical side of the equation is
fixed up by packaging p = m~ywv and E = m~yc? into a four-vector.

8.6 LORENTZ TRANSFORMATION OF E AND B FIELDS

A side benefit of packaging the components of E and B into a tensor is that we immediately know
the LT of E and B from the transformation property of tensors. Einstein used a different approach
in his 1905 paper: He derived the transformation equations for E and B by applying the LT to the
coordinates of the two curl equations in free space and demanding that the form of the equations be
invariant (the principle of covariance). Einstein had not yet adopted the four-dimensional geometric
view of spacetime. The elements of F'** transform under the LT as

P = L LY FOP (8.28)

We cannot directly transform E and B under the LT because they are not four-vectors. As we’ll
see, the components of F and B transform among themselves, and thus we need a six-dimensional
animal to express their transformation properties—but that’s just what we have, an antisymmetric
second-rank tensor in four dimensions.
Let’s work through some examples using the LT for frames in standard configuration. From Eq.
(8.28), withy =0and v =1
El

/

PV = 2 L LY PP = 1Y (L) PO + LY FoY) = LY (=P 4+ 47)
’ ’ El El
== BYLY PO+ yLg B2 = (By)*F1 92 P =% (1 = %) — = —.
The longitudinal component of E is invariant, EY = E!; the same is true of the longitudinal
component of B. As another example, take ¢ = O and v = 2
L, E2' ., , , , E2?
FO? = D S DY IE R = LR = L P 4 LY P =5 F - P =0T By
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and hence £ = ¥ (E2 - ng). The transverse components of the fields thus transform among
themselves. Note that the components of the field vectors transform differently under the LT than
do components of the position vector. We find that for frames in standard configuration:

EY =E' E¥ =y (E®-uB3)  E¥ =~ (E®+uB)
By =B, By —~ (32 n C%E?’) By =~ (33 . CEEQ) . (8.29)

We can put Eq. (8.29) in vector form. Decompose E and B into vectors parallel and perpendic-
ulartov, E = E| + E, and B = B + B, . From Eq. (8.29),

E| =E| E| =vy(E, +v x B)
1
B =By B =v (BL 32X E) . (8.30)
The projection of E onto v is E| = (v - E)v/v?, and E; = E — Ej|, allowing us to write

v

E' =y (E+v XB)—(fy—l)(v-E)ﬁ
/ 1 v

B’ =y B—C—zvxE —(’y—l)('v-B)U—Q. (8.31)

Finally, using the “BAC-CAB” rule, an equivalent way of writing Eq. (8.31) is

2

E =E + B)— —1 E
v(v X B) =T 7)v><(v>< )
v 7
/
B'=B -~ 5(vx E) 70 7)vx(va). (8.32)

To lowest orderin v, B’ ~ E+v X Band B'~ B — (v X E)/c?.

Statements such as “the field is purely electric” (or magnetic) lack intrinsic meaning. While the
magnetic field may be zero in a particular frame, it will be nonzero in another frame, as we see from
Eq. (8.32). In general one has electric and magnetic fields; the two fields do not separately exist,
they’re aspects of a single entity, which all observers agree is a tensor quantity, F'*".

8.7 LORENTZ FORCE AS A RELATIVISTIC EFFECT

The “relativism” between electric and magnetic fields can be illustrated by showing that the force
experienced by a charge in motion relative to a current-carrying wire arises from an electric field in
the rest frame of the charge. A current-carrying wire is electrically neutral (a charge at rest relative
to such a wire is neither attracted nor repelled). We can conceive a current-carrying wire (in the
lab frame) to be a line density A (charge per length) of immobile positive charges, together with a
line density of equal and opposite sign moving with a constant speed v to the left (the drift speed),
producing a current I = \v directed to the right (see Fig. 8.3). Consider a positive charge ¢ that in
the lab frame moves at speed u to the right. In the rest frame of ¢ (call it the ¢g-frame), the positive
charges of the wire move to the left with speed v, = u, but the electrons in the wire move to the
left with a different speed v_, which from the velocity addition theorem, Eq. (3.16), is

u—+v

== 1+uv/c?’

In the rest frame of the electrons in the wire, the charge contained in length [y is A\glp = Al, where
I = lp\/1 — B2 is the contracted length in the lab frame (5, = v/c) and A is the line density in
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Figure 8.3 Left: Rest frame of wire. Right: Rest frame of charge

the electron frame. Thus, \g = A\\/1 — 32 = A/, (how densities transform, Section 8.2). There
are three frames of reference here: the lab frame, the rest frame of electrons in the wire, and the
rest frame of ¢. The line density of electrons as observed in the g-frame is thus A_ = A\gy_ where
v- = (1—$%)"1/2 with 3_ = v_/c. Thus,

Ao =v_N = a= Yu(14+uv/c?)N,

v

where we’ve used Eq. (3.14), v = v,7u (1 + uv/c?), with v, = 1/4/1 — 42 and 3, = u/c. The
line density of positive charges in the g-frame is Ay = 7, A. The net line density in the g-frame is
thus

~ ~ uv

)\EA_*X_F:’}/U‘?)\.

The wire, which in the lab frame is electrically neutral, appears negatively charged in the g-frame
because of the difference in transformations between the densities of positive and negative charges
in the wire. As u — 0, A= 0.

In its frame, therefore, g experiences a force from the electric field at a distance r from a nega-
tively charged wire, (the coordinate r is unaffected by the LT)

qQUUA

_ polqu , .. polqu
#) =7 ()=

EX G=vyuqux B,
2rr 2mr

A
qF = a

2mwegr

“2megcr —) =%
where 7 points from the wire to ¢, w = uZ (£ points along the wire) and B = pol¢/(27r) (the
B-field of a long wire). The spatial part of the four-force K* is vF' (Section 7.2). The three-force
in the lab frame is therefore qu X B. The Lorentz force is a consequence of frame transformations.
The magnetic force is a second-order effect in powers of (speed/c)—the speed of the particle and
the speed of the current; that it’s an appreciable force at all in the lab frame is a testament to the
strength of the Coulomb force.

8.8 INVARIANTS OF THE ELECTROMAGNETIC FIELD

The transformation properties of the electromagnetic field follow from the transformation proper-
ties of the field tensor, Eq. (8.28). A scalar derived from the field tensor would therefore imply a
Lorentz-invariant relation among the field components.

There are two independent invariants that can be built this way, call them I; and I,; any other
invariants are functions of I; and /5. The first is the scalar density

1 . .
I =3G"F, =-ED' +HB =-E-D+H-B, (8.33)

where we’ve used Egs. (8.24) and (8.19). For free-space fields, Eq. (8.33) is equivalent to [; =
FrE, = |B|” — |E|? /2. If for example I; = 0 in one reference frame, e.g., |B| = |E| /c, then
that condition holds in any reference frame. The second invariant is the pseudoscalar density

I = _2 (+F)"' F,, =E,B'=E-B, (8.34)
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that is, Z - B is the same in all IRFs.

Thesse invariants allow us to make qualitative statements about the fields that are valid in any
IRE. If Iy = 0 in one frame, i.e., EZ and B are orthogonal, they are orthogonal in all frames. Suppose
in one frame that I; > 0, i.e., |B| > |E| /c. Then it would be possible to find a frame in which E
vanishes, but not B. Likewise, if I; < 0, it would be possible to find a frame in which B = 0 but
not E. If I, = 0 and I; = 0, such as occur in electromagnetic plane waves, then |E| = ¢ |B| and
E - B = 0inall IRFs.

8.9 ACTION PRINCIPLE FOR CHARGED PARTICLES

8.9.1 Covariant equation of motion for a charged particle

The non-covariant Lagrangian for a charged particle is L = —mc?y/1 — 2 + q¢(—¢ +u - A), Eq.
(7.30). Noting that g(—¢ + u - A) is basically A, J" = p(—¢ + u - A), we are led to consider as a
generalization of Eq. (7.45):

S = —mc/ —gudarday —i-/A#J“d?’mdt . (8.35)

The new term in Eq. (8.35) involves the Lorentz invariants d®>zdt and A ud # 17 Because it involves
the spacetime volume element, it’s appropriate for describing the coupling of the current density to
the field. We want the action for a particle coupled to the electromagnetic field. Using Eq. (8.12)
for J# (the “density” of a particle)

/AMJ“dgxdt: q/AM/dTU"54(a:—z(T))d4x = q/dTAHU” = q/AMdﬂc“7 (8.36)

where d3zdt = d43:/ c. Combining Eqgs. (8.36) and (8.35), we have the action integral of a point
charge coupled to the field

dar dav dzt
5 :/ l‘mcv Iy an Ty A

and hence the generalization of Eq. (7.46),

L = —mecy/—gu, URUY +qA, UM . (8.38)

What equation of motion is implied by Hamilton’s principle? Using Eq. (8.38),

oL OL 0A
= A —— —qgUe== .
BTl mU, + qA, E qU Dk (8.39)

A = / e/ =9 UPT7 + qUP Ay ()| dA,
(8.37)

The canonical momentum 0L /9U* is the “kinetic” momentum mU,, associated with an uncharged
mass, together with the additional term ¢A,,, a momentum associated with the coupling to the field.
From the covariant Euler-Lagrange equation, Eq. (7.48),

0A

d c
E (mUM + qAM) = qUaaTJ . (8.40)

Equation (8.40) can be cast into a more transparent form using the chain rule

dA, 0A,dx”  _ 0A,
dr  Oxv dr =v Oxv (841

1"Equation (8.35) is valid only in SR. It should be written with the invariant volume element 4 /|g|d*z (Section 5.2). In
SR g = —1. We use the more general formulation in GR.
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Combining Egs. (8.40) and (8.41),

av, (aAu 0A,

m-t oo &UV)U = qF,,U". (8.42)

Equation (8.42) is the covariant equation of motion for a point charge. Equivalently, Eq. (8.42) can

be written
dPH

dr
The quantity ¢ F'**U,, is the four-force experienced by a charged particle (see Eq. (7.10)).

The equation of motion Eq. (8.43) is gauge invariant because F'*” is, yet the Lagrangian Eq.
(8.38) is not. Huh? Two Lagrangians are equivalent—generate the same equations of motion—if
they differ by the total time derivative of a function. That function is none other than the gauge
function. Under A, — A, + 0,x, U"A, — U*A, + da"(0,x)/dr = U*A, + dx/dr. For
the action integral Eq. (8.35), the interaction term transforms as J*A, — J*A, + JFO.x =
JFA, + 0y (J*X) — xO,J*. The last term vanishes by the continuity equation, (8.11). Under
the gauge transformation, J* A, generates the four-divergence 0, (J*x). By Gauss’s theorem,
fV4 d*zd,, (J'x) = |, s, (J#x) dX,,. For the equation of motion derived from Hamilton’s principle
to be gauge invariant, the end points of the varied worldlines must be held fixed on the hypersurface
enclosing the volume of integration.

= qgF"™U, . (8.43)

8.9.2 Lagrangian density for the electromagnetic field

Equations (8.35) or (8.37) can be written schematically as S = Sy, + Sps, where Sy, the “matter”
action, describes the motion of a free particle and Sgjs, the “field-matter” action, contains the
interaction between A (z) and a charge or current. Here we add a third term, S, an action for the
field, so that for a system consisting of a particle, the electromagnetic field, and the field-particle
interaction, S = Sy; + S + Spy- When S is varied with respect to the worldlines x#, treating
A" as given, Hamilton’s principle leads to the particle equation of motion, Eq. (8.43). As we now
show, when S is varied with respect to the generalized “coordinates” of the field, A*, treating
the worldlines z#(7) (and hence the four-current J#*) as given, Hamilton’s principle produces the
“equation of motion” for the field, Eq. (8.27), the Maxwell equation with sources.

To build the action for the field, we require that S be: 1) Lorentz invariant; 2) gauge invariant
(so that it leads to the correct field strengths E and B); and 3) at most quadratic in the fields so that
it leads to equations of motion linear in the fields (the electromagnetic fields obey superposition).
These requirements suffice to determine Sr.'8 The first requirement can be met by constructing Sy
out of the invariants for the field, /; and I, Eqgs. (8.33) and (8.34). We rule out /5, however, because
it’s a pseudoscalar. We rule out nonlinear combinations such as (I;)? and (I5)? as they do not lead
to linear equations of motion. We also rule out A, A* as it’s not gauge invariant. The action integral
meeting these requirements is

Sp=a / E,Frdzdt, (8.44)
where « is a constant to be determined (we show that & = —1/(410)).

Adding Eq. (8.44) to Eq. (8.35), we have the action integral for the combined system of matter,
matter-field interactions, and the field:

S =Su+ / dPzdt [A,J" + aFMF,,)] . (8.45)

185 is determined up to the divergence of a four-vector which could depend on the fields. The surface integral that
follows from Gauss’s theorem does not contribute to the equations of motion because the variations vanish at the surface of
the volume of integration.
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The integrand in Eq. (8.45) is a Lagrangian density (Appendix D),
L =A,J" +aF"E,, . (8.46)

A Lagrangian density is the Lagrangian for fields, where the generalized “coordinates” are the field
degrees of freedom A, («). The Lagrange equation for fields is Eq. (D.65),

0L 0L
% (6(8MAU)> =gr - @=01L23) (8.47)

To take the derivative in Eq. (8.47), we need to express F of F,pinterms of A,:
FPF,5 = g g"PF\,Fos = ™" (0xA, — 0,A)) (0aAp — 95 As) -
Now we can take the derivative,

a X v 174 14 14 14
mFaﬂFaﬂ = gorgPP [F,\p (5/35 o — 01 a) + Fog (816", — 6" A)} L
The derivative on the right of Eq. (8.47) is, using Eq. (8.46), 0. /0A, = J". Equations (8.46) and
(8.47) imply that —4a0, F** = J¥. By setting —4a = 1/py we reproduce Eq. (8.27), 0, F"* =
oJ" . For future reference,

0% 1
el R 8.48
D0, A) o (8.48)

where % = —F*PF,5/(41). Note the order of the indices in Eq. (8.48).

8.9.3 More than one charged particle

What should the action integral be for a system of charged particles, {¢;}7"_,? We know that n
particles are described by n worldlines {z(7;) }1_,, each with its own proper tlme 7; (Section 7.6).
A straightforward generalization of Eq. (8.45) would be

Zml /dm/ 9 UrUY + /d?’xdt (ZA Jz”f—F’“’F ) , (8.49)

where J!'(z) = gic [ d\;U!' ()6 (z — zi(\;)), Eq. (8.12). The first term in Eq. (8.49) represents
the inertial properties of the particles, Eq. (7.63), the second term captures the coupling of charges
to the field, while the third is the action integral for the free electromagnetic field. Varying S in
Eq. (8.49) with respect to the fields A,,, for fixed worldlines, Hamilton’s principle leads (as in Eq.
(8.47)) to the Maxwell equations

O F" =gy JI (8.50)

Varying S in Eq. (8.49) with respect to the worldlines for prescribed fields A,,, we obtain an equation
of motion a la Eq. (8.43) for each particle

dr

The total current generates the field, Eq. (8.50), and particles respond to the field, Eq. (8.51). All is
good, right? Well, since you asked, these equations are incomplete. Accelerated charges radiate en-
ergy (and the momentum that accompanies it); there is thus a loss of mechanical energy-momentum
(radiation damping) not accounted for in Eq. (8.51). (Energy-momentum of fields is treated in Chap-
ter 9.) Maxwell’s equations are time-reversal invariant (Exercise 8.5), yet radiation is an irreversible
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transfer of energy between particles and fields. Irreversibility is a tough one to get right. Closely
related is that the particle-field coupling in Eq. (8.49) is between charges and the field created by
other particles. There’s no prescription for a coupling between a charge and the field it creates, the
self-field, yet it’s the self-field that produces radiation damping. We’re going to have to leave this
issue here; length restrictions preclude us from venturing further down this fascinating path.

8.10 GAUGE INVARIANCE AND CHARGE CONSERVATION

What happens if we drop the requirement of gauge invariance? As we show, new physical possibili-
ties present themselves, namely that of a photon mass. Non-gauge-invariance also forces us to adopt
the Lorenz gauge to preserve charge conservation.

Let’s add the non-gauge-invariant term A, A* to the Lagrangian density (the Proca Lagrangian):

1 1
L FWE, A AP AT 8.52
Tt T genz e A (8:52)

where A is an unknown parameter having the dimension of length.!” The length A can be associated
with an equivalent mass through the formula for the Compton wavelength, A = h/(m.c), where
m. is the implied photon mass. Combining Egs. (8.52) and (8.47), we obtain the field equation

O F"" = g J" — (m.c/h)” AV . (8.53)
From Eq. (8.53), we obtain modifications to the inhomogeneous Maxwell equations:

1 0F
V-E=L_(mye/h)?¢ VxB= 5 thod (myc/h)* A . (8.54)
€0 C
The field vectors (E, B) therefore couple to the potentials (¢, A) as well as to the sources (p, J);
in this theory the potentials have an independent existence and are not merely artifacts that help us
calculate the fields.?"
By taking the divergence of the curl equation in Eq. (8.54),

V- (VXB)=0=pV-J+ C—é%V - E — (myc/h)’ V « A = 198, J" — (myc/h)* 9,A"
where we’ve used Eq. (8.54) for V - E. The Lorenz condition 0, A* = 0 is a requirement for charge
conservation, 0, J"* = 0 (whereas for m, = 0 they are separate conditions). The Proca theory is
not gauge invariant; it requires the Lorenz gauge to preserve charge conservation.

We can seek solutions to Eq. (8.54) by invoking the electromagnetic potentials, as in Eq. (8.2).%!
For the case of electrostatics, the Poisson equation becomes

V26 — (mye/h) ¢ = —L . (8.55)

€0

For a point charge (), the solution of Eq. (8.55) is ¢(r) = [Q/(4mepr)] exp(—m~cr/h), leading to
a modification of the electrostatic field

T dweg \ r2 hr

@ ( ! + ch) exp(—mcr/h)T . (8.56)

9The term A“AM/(/J,OA2) must have the same dimension as F'*” F,,, / j1o. From Eq. (8.18), F'*¥ F},,, has the same
dimension as A* A, divided by length squared. The quantity A must therefore have the dimension of length.

20In quantum mechanics the vector potential couples to the phase of an electron’s wave function, leading to measurable
effects such as the Aharonov-Bohm effect, even when the magnetic field is zero. This illustrates the physical reality of the
potentials, which are not just calculational artifacts.

21 That is to say, the homogeneous Maxwell equations are unaffected by the new term in the Lagrangian.
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More generally, combining Eqs. (8.18) and (8.53) and using the Lorenz condition, we obtain the
wave equation for the four-potential (compare with Eq. (8.16))*?

(a,taﬂ - (mvc/h)2> A = g (8.57)

Equation (8.57) supports plane-wave solutions, A* = Ay exp(ikqz®), with the dispersion relation
w? = k% + (mycz/h)z.

Does the photon have mass? The weak bosons W+ and Z are massive (mass of W+ =
80.4 GeV/ ¢®; mass of Z = 91.2 GeV/ ¢?), and thus a photon mass is not altogether out of the
question. The range of the interaction, however, approximately the Compton wavelength associated
with the mass of the mediating boson, suggests a small photon mass. Attempts to measure 712, must
search either for discrepancies to a 2 distance dependence of the electric field, Eq. (8.56), or for
a frequency-dependent speed of light. The group velocity vy = Ow/0k = c(1 — (mc?/ hw)z)l/ 2,
and thus for hw > mc?, vy & ¢ (1 — % (myc?/ hw)2>. For two wave packets with frequencies

w1 > wy > (m.,c?)/h, the difference in propagation speed is

Av 1 2 (1 1 m?2c?

—~3 (m4c?/h) (w% - w%) R~ 7877’;h2 (A=) .

For waves of different frequencies that travel the same distance L there is a difference in arrival
times At ~ L(Av)/c* which provides an estimate for m.. A study in 1999 of the difference in
arrival times from gamma-ray bursts from supernovae placed an upper limit to the photon mass at
m, < 2.4 x 1071 eV/c2[39]

Gauge invariance, charge conservation, and a possible mass of the photon are thus interrelated
concepts. As discussed in Section 3.1.7, Einstein’s second postulate for SR (the universality of the
speed of light) is equivalent to the photon having zero mass and experimentally it has been found
that the universal limiting speed predicted by SR is equal to ¢ with high precision.

SUMMARY
This chapter has treated electrodynamics from the covariant perspective.

e The current four-vector density (four-current) J¢ = (pc, pu). The electromagnetic potentials
form a four-vector, the four-potential A*# = (¢/c, A). In covariant form charge conservation
and the Lorenz condition are written d,,J* = 0 and 9, A" = 0. The four-potential satisfies
an inhomogeneous wave equation d,,0" A% = —oJ* in the Lorenz gauge.

e A continuity equation d,J* = 0 implies the existence of a conserved quantity () =
Js, J*dX,, that’s independent of the SH .

e The tensor F** and its dual (+F")*" allow Maxwell’s equation to be written in covariant form,
0pFP = 119 J and O5(xF)*? = 0, where F* = 9*A” — 9" A*. The components of the
electric (magnetic) field are related to the elements of the field tensor through B¢ = cF?
(Bi = 3eijiF7F).

e The transformation equations for E and B under the LT are obtained from the transformation
of the field tensor, F**" = Lk LY FP.

22Equation (8.57) should be contrasted with the Klein-Gordon equation (KG), the relativistic quantum equation in which
the Compton wavelength naturally appears. The Hamiltonian for free particles is H = cP? = \/(pc)2 + (mc?)2. Instead
of trying to solve the Schrodinger equation in the form Hv) = Exp, reinterpret the equation as H21) = E21). Making the

usual correspondences, £ — ¢hd/0t and p — —ihV, the KG equation is (auau - (mc/h)Z) 1 = 0. The KG equation
applies for a scalar field, whereas the Proca equation is for a vector field, A¥; it also involves the sources J*.
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e The quantities I; = 2 F*F,, = |B|?> — |E[?/c* and I = (c¢/4)(*F)*F,, = E - B are
relativistic invariants of the electromagnetic field.

e The covariant Lagrangian of a charged particle (in prescribed electromagnetic potentials A,,)
is L = —mey/ =g, UFUY +qA, U*. The covariant equation of motion for a charged particle
isdP*/dr = qF*U,,.

e The Lagrangian density for the electromagnetic field & = —F*F,,, /(4uo) + A JH.

EXERCISES

8.1 Show that the four-current as given by Eq. (8.12) satisfies the continuity equation, d,,J* = 0.
Use the identity

d dz® 0 o 0
E(S(x —2(1)=—=—06(x—2)=-U 8?5(33 —2).

8.2 Show that F'™ = £/'™ B;. Use the relation B; = 3¢;;, F7* and Eq. (5.73).

8.3 Show that the spatial components of Eq. (8.21) reproduce Faraday’s law.

8.4 In a material medium there are bound charges and free charges, bound currents and free
currents. The total charge density p = p; + p; and the total current density J = Jy + Jy,
where p, = —V-Pand J, = OP/0t+V x M, with P and M the response of the medium
to the applied fields, E and H.

8.5

a.

b.

C.

Can the three-vector relations D = e E + P and H = B/uo — M be packaged inside
tensor equations? There are three pairs of three-vectors (D, H), (E, B), and (P, M),
each pair with six quantities. This suggests the use of antisymmetric second-rank four-
dimensional tensors to encode relations between pairs of three-vectors. Show that

GH = LFMV .V
Ho

where G*¥ and F*" are given by Egs. (8.24) and (8.26), and

0 —cP' —cP? —cP?
CPl 0 M3 —M2
CP2 —M3 0 M1
CP3 Mg —M1 0

MM =

Define the bound current four-vector density J|' = (pyc, Jp,). Show that 9, M*" = J}'.

Show that 9,,J{ = 0. Hint: This follows trivially from the antisymmetry of M ",

Maxwell’s equations are invariant under the LT, Section 8.5. You’re going to show that they’re
also invariant under the parity and time reversal operations P and T (Section 4.3). In Section
5.9 we introduced the distinction between polar and axial vectors, with polar vectors such
as the electric field changing sign under P (what we can denote as P(E) = —E), and
axial vectors like the magnetic field invariant under P (P(B) = +B). We can use a similar
notation for the signature under time reversal.

a.

Show that the entries in the table are correct, then verify that Maxwell’s equations in Eq.
(8.1) are separately invariant under P and 7T'.
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8.8

8.9
8.10
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b. Suppose magnetic monopoles were found to exist with V - H = p,,,. How would the
monopole density p,,, behave under P and 7'?

c. How do A and ¢ behave under P and 7'? Complete the following table:
Alg

P
T

d. How does the four-current J* transform under PT’, an inversion of both space and time
axes? Ditto for the four-potential A*.

e. How does the four-gradient 0,, transform under P7'? Show that the wave-equation opera-
tor 0*0,, is invariant under P71’

Starting from Eq. (8.32), show that E’ - B’ = E - B.

Note that (A X B) - (C x D)= (A-C)(B-D)—-(A-D)(B-C).

What are the dimensions of the four-potential? Hint: L = ¢ A, U*.

The Minkowski force was defined in Section 7.2 as K* = dP*/dr, where it was shown
that K* must have the form K* = (vF - u/c,vF) where F is the three-force. Equation
(8.43) gives us an explicit expression for the Minkowski force, K* = ¢qF*"U,. Show that

qU, F'* meets the requirements of the Minkowski force. You should find oy, = ZE -
) ) c
and F**U, = v(E + v X B)". Use the result of Exercise 8.2.

Show that the time component of Eq. (8.43) reduces to mc?*y = qu - E.

Work out the time component of Eq. (8.41). Interpret this equation.



CHAPTER 9

Energy-momentum of fields

ONSERVATION laws for particles (energy, momentum, angular momentum) follow from in-

variance of the action integral to transformations of spacetime coordinates (Section 7.6). In
this chapter we show how conservation laws for fields follow from the same type of reasoning. To
do so, we establish Noether’s theorem, one of the central tools of field theory.1

9.1 SYMMETRIES AND CONSERVATION LAWS

The action integral associated with a set of physical fields {¢, ()} is an integral of the Lagrangian
density over spacetime (Appendix D), S = [.Z(¢qa,0,¢q)d*z. We're going to examine the be-
havior of S under infinitesimal coordinate transformations, which we’ll write in the form

ot = T = ot + €N (), .1

where the €’ are infinitesimal parameters and the quantities A!' () are known functions. The range
of the index i is at this point unspecified; the ¢’ need not be part of a four-vector. The form of Eq.
(9.1) is sufficiently general that it allows us to consider within the same formalism infinitesimal
translations, \¥(xz) = 0¥, and infinitesimal LTs, where the functions \!'(z) have more structure
(Section 6.2). Invariance of S under Eq. (9.1) is called a continuous symmetry because the ¢’ can
vary continuously, as opposed to discrete symmetries such as parity and time reversal (Section 4.3).
We allow for the possibility of infinitesimal variations in the fields under Eq. (9.1),

Pa () = 0o (T") = pa(@") + €' Qia () , 92)
where the €, () are known functions. Noether’s theorem is that for every continuous symmetry of

S there exists a conserved quantity. The reader uninterested in the proof should skip to Eq. (9.10).
Invariance of the action integral under Eq. (9.1) requires that

Z(x)d*'T = / Z(x)d 'z, 9.3)
1% \%

where V is a spacetime volume, V" is obtained from V' under Eq. (9.1), and .Z is the Lagrangian
density expressed in the new coordinates. Rewrite Eq. (9.3) as follows:

= Z(7) - ZL@) d*T 7)d*7 — z)d*z . .
O—/,(f() 2(@) d'T + 2@ /V.Z( )d 9.4)

We’ve massaged Eq. (9.3) in this way so that the integrand of the first integral in Eq. (9.4) is first
order in small quantities; consequently, we can let V/ — V and consistently work to first order. At

I'There is no shortage of proofs to Noether’s theorem, discovered in 1918. We follow that given in Gross.[40]
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that point we can substitute T for = as a change in dummy variables. Equation (9.4) then becomes
to first order

0= /V (Z(x) = Z(x))d 954—/‘/(.,2”(:10) + 0,2 (x)oa") Jd*x — /V.,?(x)d T, 9.5)

where in the second integral we have replaced . (%) with its first-order Taylor expansion around
x, and where .J is the Jacobian determinant of the transformation # — x. From Eq. (5.53) and Eq.
9.1), J = det 0z#/0x” = det (6%, + €'9, A (z)). Because we want only terms to first order in
€, we need keep only the product of the diagonal terms in the Jacobian determinant, which to first
orderis J = 1+ €', \!". Substituting this result for .J into Eq. (9.5), we have, keeping terms to first
order,

= L) — L(x))d*z+ € K dr. )
0_/V(.5f() L(z))d'z + /va“(A’g)d (9.6)

Equation (9.6) is equivalent to Eq. (9.3) to first order in small quantities.
The integrand of the first integral in Eq. (9.6) is the functional variation §.£ (z) at point = (see
Eq. (D.6)),

D(z) - L(@) = %5% () + %5@% (@), ©.7)

where the variations 0@, and 6(0,¢,) are similarly defined (Appendix D). We can eliminate 0.%/
0¢, from Eq. (9.7) using the Lagrange equation for fields, Eq. (D.65). Together with §(0,¢.) =
0,(0¢4), Eq. (9.7) is equivalent to

0% (x)

5L () = 0, (%) Sbe(x) + %ap(a%(x)) — 9, [({%5%(@} 98)
The variation d¢,, (x) can be written
06a(2) = 06(2) = $a(r) = 00(T) — ¢a(z) = (0(T) — b (@)
= €'Qia(7) — €N ()00 = € [Qia(x) — M ()00 9.9)

where we’ve used Egs. (9.1) and (9.2), and in the last equality we’ve replaced ¢, — ¢, because
we’re already at first order in e. Combining Eqgs. (9.9), (9.8), and (9.6),

_ 4 8"2& W .
0= /deau [8(3#%)( N ()b + i (2)) + M) 2| 9.10)

The € are independent parameters and V is arbitrary: The integrand of Eq. (9.10) must vanish for
each value of the index 7,

8MJZ_“:O7 (2'2172)...) 9.11)
where

0L

9(0uda)
Equation (9.11) is a continuity equation for each 7. Noether’s theorem is that for each continuous
symmetry of S there is a conserved current, J!' prescribed by Eq. (9.12). Conservation laws for
fields are expressed as continuity equations among the components of a tensor field.

Jzﬂ = )\f(l’)g + [7>‘;/(x)au¢a + sz(x)] . 9.12)
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9.2 SPACETIME HOMOGENEITY: ENERGY-MOMENTUM TENSOR

The first thing to try in an application of Noether’s theorem is invariance under infinitesimal transla-
tions, z# — TH = a# 4 € (homogeneity of spacetime), implying from Eq. (9.1) that A (x) = 0.
In addition, ;,(x) = 0 because ¢, (Z) = ¢q(x), for any tensor field under a shift in coordi-
nates. We show that invariance under spacetime translations implies conservation of field energy
and momentum.

From Egs. (9.11) and (9.12) with?> \!(z) = §# = g,/ and Q;, = 0,

0 0L
— gL —(0,00) =———| =0. =0,1,2,3 9.13
g |97 %~ el gm0 v ) O
The terms in square brackets comprise the canonical energy-momentum tensor,
0L
TVH=glL — (0vpa) =7 - (9.14)
00 560
It’s convenient to raise the index on Eq. (9.14) and work with the contravariant tensor
0L
T = g ¥ — (0" —_—, (9.15)
g (0"9x) BN
in terms of which Eq. (9.13) is a set of four continuity equations
o, T =0. (n=0,1,2,3) (9.16)

Continuity equations imply the existence of conserved quantities (Section 8.3)

Q" = / T3y = /T“”dZV (n=0,1,2,3) 9.17)
b))

contained within a given SH X.. The four quantities Q*, the Noether charges—we’ll look at their
physical interpretations shortly—transform as the components of a four-vector. To establish that,
use the quotient theorem. The strategy is to show that B, Q" is a scalar for some four-vector, B,,.
Let B,, be a vector with constant (non-spatially varying) components. Contract Eq. (9.16) with B,
9B, T" = 8,0 = 0, where C* = B,T"". By Section 8.3, [, C'd®y is a scalar. From Egq.
9.17), B,Q" = [, B,T"°d%y = [, C°d?y, a scalar.?

Interpretation of T+

Noether’s theorem provides a recipe for constructing the tensor 7" for any system of fields and
for identifying conserved quantities given only the Lagrangian density .%° and metric tensor g"”.
The quantity 7" plays a significant role in GR—it’s “one half” of Einstein’s field equation! It’s
essential that we understand the physical interpretation of TH" .

From its definition 7°° is the Hamiltonian density (compare Eq. (9.15) with Eq. (D.72)),

0L

T = % + 0™ s o< = H
RArTEre
where we’ve used n°° = —1 and 8° = —0,. From Eq. (9.17),
Q" = / HPBr=F.
>

The tensor element TC is the energy density of the field.

2The mixed metric tensor is the Kronecker delta, Eq. (5.10). We write A\, = g,/ with the contravariant index set off for
no reason other than cosmetic: In this way it’s the rows of T¥# that turn out to satisfy continuity equations, 9, T"* = 0
(which makes comprehending the content of the energy-momentum tensor easier in my opinion). If we had taken A\, = g/,
(covariant index set off), the columns would have satisfied continuity equations, 9,/ 7" = 0.

3The essentials of this argument can be traced to Weyl.[41, p272]
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What is the interpretation of the other conserved quantities, (Q*? Invariance of the action under
spatial translations in the i-direction implies a conserved quantity we will call the i-component of
the field momentum. Because the time component (of the four-momentum) cP’ = E = Q°, we
identify a four-momentum for the field through the relation P* = Q" /c. Under this interpretation,
which is standard, we have for the spatial components of the field momentum,

Pi _ EQL _ 1/ Ti0d3x )
)

C C

T /c is the momentum density of the field in the i" direction, denoted g*. Thus, T = g'c.
If we integrate Eq. (9.16) over a finite three-volume V', we have the balance equation

d . .
— [ T3z = —c/ 0,THd3x = —c/ THAY, . (9.18)
dt Jy v s
For ;1 = 0 in Eq. (9.18), we see that the rate of change of field energy in V" is balanced by the energy
transported across the boundary of V. Thus, ¢T'% is the energy current density in the i direction,
denoted S%; T = S*/c. The spatial components of Eq. (9.18) are

d 1, iy

— [ =T"d%z = —/ TYdy;
dt v C S

or that the rate of change of the i-component of momentum in V' is balanced by the transport of

7-momentum through the boundary of V. The quantity 7™ thus represents the rate of change of

i-momentum per unit area in the j th direction,

Tij:AiZiz/At:AFEZ =0,
J J
where F is a force (time rate of change of momentum is a force). The spatial components 7% thus
tell us the force exerted by the field in the iM_direction across a surface oriented in the jth-direction,
what is termed a stress. The space-space part of TH is the stress tensor, o .
There are thus four parts to the energy-momentum tensor,

T = energy density = w TV = (energy current density)i =45
, S force)
—T" = (momentum density)’ = ¢* TY = (force)’ =o",
¢ (area)

which we can display as a matrix

w | S'/c S%/c S3/c

. T. | o1t 012 o3
[TH ] = izc o21 022 o23 . 9.19)

936 31 032 o33

From here on, we take for granted the interpretation of the energy-momentum tensor:

energy density | energy current density
T = momentum stress tensor
density
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9.3 SPACETIME ISOTROPY: ANGULAR MOMENTUM TENSOR

Next consider what Noether’s theorem has to say about invariance under LTs, which implies isotropy
of spacetime. For particles, invariance of the action under infinitesimal LTs implies conservation
of angular momentum along worldlines (Section 7.6). Do fields have angular momentum? (Hint:
Photons have spin.) In this section, we examine angular momentum as a consequence of Noether’s
theorem.

LTs depend on six parameters (Chapter 6, three for rotations, three for boosts). The range of
the index 7 in Eq. (9.1) for infinitesimal LTs is therefore 1 < ¢ < 6. Instead of arranging the six
parameters as a vector, however, they can be “packaged” in an antisymmetric 4 X 4 matrix as in
Eq. (6.32). To use Noether’s theorem, we need to know how coordinates and fields transform under
LE = 0 + A, where [A\"] contains the infinitesimal parameters of the transformation, Eq. (6.31).
For coordinates, compare Eq. (9.1) with the variation in coordinates produced by the LT. We identify
€M (z) = Mx¥ (apologies for notational abuse). For fields, we have to do a little more work.

How do four-vector fields (such as A*(x)) transform under the LT? To answer, form the scalar
product ¢ (z) = n,¢"(x) where n,, are the elements of a fixed but otherwise arbitrary four-vector.
From the invariance of scalar fields (Section 5.1),

D(T) = nyd” (T) = nuot(z) = v(x) | (9.20)

where Z# = LZa”. From Eq. (9.20), n,¢"(z) = Lzlny,gb”(x) = n, ¢ (T). Four-vector fields
transform as a four-vector when the position coordinates are also transformed,

¢" (@) = LI ¢"(x) . 9.21)

Comparing Eq. (9.2) with Eq. (9.21) when we use L* = ¥ + A4, we identify €/, (2) = A4, ().
Let J#* = €'.J! be the net current in Eq. (9.12) summed over the six independent parameters of
the LT. With €\ () — Ma” and €Q;,(z) — N ¢, (), we have using Eq. (9.12),
0L

JH = Noxt L+ 300 [—Xx" 0,0 + Ao, ()] 9.22)
nPa

Combine Eq. (9.14) (canonical energy-momentum tensor 7 ,**) with Eq. (9.22) to obtain

0L
JE =N T+ Ny - (9.23)
r ? (8u¢a)
Raise indices here appropriately, with the result
0L 0L
JE = AL | 2P T ¢T} = wr [‘TPTT” i e i (9.24)
g 9(0u6p) . 9(0u6p)

where w;, = nw)\z , Eq. (6.32). Because w;, is antisymmetric, the contraction in Eq. (9.24) picks
out the antisymmetric part with respect to (7, p) (Section 5.10.1):

1 T
JH = §prJP H7

where JP™H is the angular momentum current density tensor

0L _ , 0%
(0udp)  00udr)

Noether’s theorem therefore implies six conservation laws (the parameters w,, are indepdent),

JOTH = gPTTH — T TPH 4 7

(9.25)

0 JP ™ =0. (p=0,1,2,7 > p) (9.26)
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By the reasoning of Section 8.3, Eq. (9.26) implies six conserved quantities,
JA = / JPAQ3y = / JoArdy, (9.27)
pX

The quantity .J?* is the (antisymmetric) angular momentum tensor for fields.

In seeking an interpretation of the angular momentum current, a natural idea is to take the first
group of terms in Eq. (9.25) as representing what can be termed the orbital properties of the field—
the spacetime flow of energy and momentum, with the second group representing something else,
an intrinsic angular momentum, call it spin:

0L, 0%
Oudp) "~ 0(8udr)

spin density

JPTH = gPTTH — g TTPE 4 T a1

orbital momentum density

Thus, write J*7# as the sum of two terms JP"H = LPTH 4 SPTH with

LPTH = pPT™H — T TPH (9.28)
0% 0%
SPTH = @7 — P . (9.29)
a(aﬂ¢0) 8(8ﬂ¢7)

Splitting the angular momentum into orbital and spin parts is an appealing idea, but there’s no
guarantee it’s anything other than giving names to the terms: neither L°7* nor S*"* need be sep-
arately conserved—it’s the total angular momentum J*7# that’s conserved, Eq. (9.26). For this
idea to be well defined physically, an independently existing orbital angular momentum would
have to transform like a tensor under the LT, which would be defined by an integral over a SH,
LAY = [ LA dY, (likewise with the spin, SP* = [ S#AdX ). Independence of SH, however,
would imply a conservation law, GILLﬁ A= () (similarly 6,,,5[”‘“ = 0). From Eq. (9.26),

0= 0, J7" = 8, L™ + 0,5 = T — T"7 + 9,5

where we’ve differentiated L°7* using Eq. (9.28) and we’ve used the continuity equations for 77#,
Eq. (9.16), implying

9,8°™ = TPm 7P = 2T lP7) (9.30)
We arrive at an important conclusion: We can meaningfully speak of a field spin density when the
canonical energy-momentum tensor is symmetric; otherwise, the separation into orbital and spin
angular momentum cannot be made relativistically invariant.

Scalar fields

Scalar fields transform under the LT such that £;,(z) = 0 in Noether’s theorem. Tracing through
the steps, for a scalar field JP™* = LPTH: there is no spin part to the angular momentum of a scalar
field. Because the total (conserved) angular momentum is “all orbital” in this case, the canonical
energy-momentum tensor of a scalar field is necessarily symmetric. Only multi-component fields
(like A*(x)) can have a nonzero spin density.

Example. The elastic displacement field ¢(z,¢) of an isotropic medium is a scalar field. Its La-
grangian density is (see Eq. (D.66)) £ = —3 (0"¢) (0,,¢). Using Eq. (9.15), we find the energy-
momentum tensor for this field:

0Z
9(0,9)
which is symmetric. As an exercise, you should be able to show that 7% = 1 [(99¢)? + 3, (0;9)?].

T = gL — (0"9)

=g"Z+(9"9) (9"9) ,
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9.4 SYMMETRIC ENERGY-MOMENTUM TENSOR

Is it possible to represent the angular momentum in “r X p” form? We defer for now the why behind
this question; let’s see if it can be done. At issue is whether an equivalent energy-momentum tensor
0" can be found such that J#7* in Eq. (9.25) can be written in the form

JETH = g7 — gTOPH (9.31)

What would we require of #**? First, do no harm: The conservation law Eq. (9.26) should be
satisfied. From Eq. (9.31),

B JETH = 07 — 077 4 2P0 — 270,00 | (9.32)

For the right side of Eq. (9.32) to vanish, 6#* must 1) be symmetric and 2) have zero divergence,
0,0" = 0, i.e., 0" should satisfy the conservation law expected of an energy-momentum ten-
sor, Eq. (9.16). Add to this list the requirement that conserved quantities be preserved, the Noether
charges Q*, Eq. (9.17), and the angular momentum tensor .J?*, Eq. (9.27). As we’ll see, the sym-
metry requirement on 6#” is the most difficult; after that, the rest fall into place.

The antisymmetric part of the canonical energy-momentum tensor 7 is equal to the diver-
gence of the spin density, Eq. (9.30); T1#*] is the source of the field spin density. Perhaps we can
use the spin current to build a symmetric tensor 6#”. Let

THY _y g = T . AHY — 7)) | oplwv] L Aer) o Alev] , (9.33)

where A"¥ is to be determined such that 0 is symmetric. Choose Al 5o that it cancels T,
where we use Eq. (9.30):
Al — _plw] — —%8,\5“”’\ )

We are done if we can find a suitable expression for the symmetric part, A Let

AlBr) — %3/\ (Sw\v + Sv)\u) )

Thus, A" = 10, (§# 4 S¥ M — §#2) results in a symmetric tensor 6. But wait, there’s
more. Consider the terms

PR = F(SHN 4 SRR — gAY (9.34)
which are antisymmetric in the second and third indices: Y*\ = —1***  as follows from the

antisymmetry of S*#, Eq. (9.29). The antisymmetry of )#*" implies that
0" = 0, TH + 8,0\p"N = 9, TH

because 0,0y is symmetric. Thus, 0,60*" = 0 if 9,T*” = 0. The modification of the canonical
energy-momentum tensor in Eq. (9.33) is therefore equivalent to

THY — QR = TH 4+ \pH | (9.35)

We can add to T** the divergence of a third-rank tensor antisymmetric in its latter two indices and
achieve the symmetric energy-momentum tensor, 01" .

What we require of T/ is that it have zero divergence (Noether’s theorem). Beyond that, we’re
free to modify it so that it’s symmetric. The Noether charges Q* are invariant under Eq. (9.35).
From Eq. (9.17),

@” E/ 9“0d3x:/ T“Od3x—|—/ 3,\1/)“’\0d3x:Q“+/ O 0d3x
1% 1% v 1%

=Q" + / PH0ds; (9.36)
S
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where we’ve used #%° = 0 (antisymmetry). Now let V' encompass all of space (implicit in the
definition of *), and assume that the surface terms vanish in Eq. (9.36) because the fields fall off
sufficiently rapidly as |z| — oo; Q" = Q.

The same conclusion holds for the angular momentum tensor, but it takes more doing. It can be
shown that (Exercise 9.10)

Jéxﬁu _ JQBM NN (xawﬁ/\u _ (E’B’Q/Ja/\u) . (9.37)

Thus, under T — ** = T 4 9y\p*M, where "M is an antisymmetric tensor, the angular
momentum current transforms as J** — JgB“ = JOPH 4 9\ GOPM where GBI = pqpBr —
2P1p@M is antisymmetric in (a, 3) and (\, i). Using Eq. (9.37),

7 = / I3z = / J B+ / 320\ G0 = JoP / d320,GP0 = J*P 4 / GP1048; .

As usual, argue that for physical fields the surface terms vanish; 7a’8 = Jop,

Thus, it’s always possible to find a symmetric energy-momentum tensor 6** by removing the
antisymmetric part of the canonical energy-momentum tensor T#¥! which is the source of the
spin angular momentum of the field. The symmetric tensor 6#* describes the same total energy-
momentum as does 7", implying that the total energy-momentum due to field spin is zero. Field
spin only modifies the distribution of energy-momentum. The location of energy-momentum is
important in GR, because energy-momentum is the source of the gravitational field, and in GR the
field couples to 6#” rather than T*".

9.5 THE ELECTROMAGNETIC FIELD
9.5.1 Symmetric energy-momentum tensor for the electromagnetic field

What we’ve developed applies to any system of fields; all we require is a Lagrangian density func-
tion. Here we specialize to the electromagnetic field. Combining . = —F*#F,5/(4p0) (Section
8.9) with Eq. (9.15), we have the canonical energy-momentum tensor: (using Eq. (8.48))

1
poTH = _ZQWFQBFW — (OM AN FA . (9.38)
It’s straightforward to show from Eq. (9.38) that
1
T = — |BP + L|EP? + 6 [V (¢E) — ¢V - E] . (9.39)
2#0 2
The components T°° and 7% are more difficult to calculate. It can be shown that

) ) 1 ) )
T’O:g’c+a[v-(EA’)*AZV°E} , (9.40)
0

where g' = ¢o(E X B)?, and

TOZ:sz (v XBz———Ez,
¢ + clho (V¢ ) c Ot
with S* = (E X B)"/ 0. That suffices; we won’t calculate T/ .
The canonical energy-momentum tensor is thus not symmetric, 7°% # T°°. Moreover, the tensor
elements are not what we expect: 7 is not the energy density, 7% # g'c, and T% # S /c. Despite
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these shortcomings, the conserved quantities Q* are obtained correctly from T+, From Egs. (9.39)
and (9.40), we have, setting V - E = 0 for the free field,

. 1 .
@[ roa= [ (B G ER) & = Ui
all space all space Ho

Q" :/ T4z = c/ g'd®z = cPlyq
all space all space

where the additional terms in Eqs. (9.39) and (9.40) convert to surface integrals and vanish at infinity.

We can put 7" into symmetric form by adding a suitable term, T — 91V = THY 4 Jy\apH A,
How to choose 1/? Guess. We can construct ¢ out of the field tensor, F*¥, which is antisymmetric.
Let’s try Y = fA#F, where f is an unknown scalar. From Eq. (9.35),

O = TH + fO5 (AMFN) = TH + f(OhA*) PN + fAFONFM . (9.41)

Combining Egs. (9.38) and (9.41),
1
oM = g L — —OMANFN + f(O2AP) FN + fAFONFA
Ho
Using Ay = gaa A% and O\ = gra0%,
1
o = gt L — M—ng’\” (M A — fug0“A*) + FARONF
0
By choosing f = 1/po,
v v 1 a AV 1 Av
O = gt L — — g \FHOFY + — AFONFY | (9.42)
Mo Ho

where we’ve used Eq. (8.18). Combining Eq. (9.42) with & = —F*’F,5/(4u0), and using
0, F1* = 0 for free fields, we have the symmetric energy-momentum tensor

1 1
o = T <gaAF““FA” + 49‘“’Fa5F“5> . (9.43)

Using Eq. (9.43) we find
00 1 2, € 2 i0 04 1 i S i
0~ = |B|+7‘E| = UEM 0" =40 :7(EXB):—:QC
ZMO 2 clo c

6 = ¢ (E”EJ — 11 \E|2) - (BZBJ — L1 |B|2) = ol (9.44)
Ho

The elements of 6" agree with the interpretation of the energy-momentum tensor (Section 9.2) by
reproducing the known energy and momentum density of the electromagnetic field. The quantity
o is the Maxwell stress tensor. We’ll show (next section) that for free fields, 0,0"" = 0, i.e.,
electromagnetic energy-momentum is conserved when there are no charges to steal it. Because of
the symmetry of 0**, g = S/c?, i.e., the electromagnetic momentum is parallel to the Poynting
vector—wherever there’s a flow of energy, there’s a flow of momentum.

9.5.2 Field-particle interactions

Electromagnetic fields, represented by the field tensor F'*¥, are generated by the four-current J#
through the Maxwell equation 0, F*¥ = o J", Eq. (8.27). Particles respond to the electromagnetic
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field through the equation of motion dP*/dr = qF*"U,, Eq. (8.43). The paradigm is that fixed
particle currents generate fields (F'*") and fixed fields determine the motion of charged particles,
P*. There must be a more dynamical linkage, however, between particles and fields. The intermedi-
ary is the energy-momentum tensor 6*”. We show that 6** responds to fields and currents through
the equation of motion 0,0"” = — f# where f* = F"“J, is the Lorentz force-density four-vector
(Eq. (9.48)).4

Let’s take the divergence of 8# from Eq. (9.43):

1
—po0,0" =0, <gaAF R 4 19" FasF o )
1
=g F g J> + gaaF 0, FH + 70" (FapF?) (9.45)

where we’ve used Eq. (8.27), 0,F = poJ*. To massage this equation further, we note that
FYBOrE, 5 = F,0*FP. Thus, from Eq. (9.45),

1
— 1100, 0" = o o FH 4 garx F 9, FF + iFagaf‘Fo‘ﬂ . (9.46)
Next, we note that g, F*0, F** = F,30° F**. Equation (9.46) can then be written
1
—H00, 0" = poJo P + o [Fag (20°F** + 0" F*7)] . (9.47)

The terms in square brackets vanish, as we now show. The homogeneous Maxwell equations can be
written O* FP + 98 Fre 4 9o FBr = 0 (u # a # B), Eq. (8.21). Thus,

200 Fre 4 g el —gPf pre 4 gipre 4 gl = gB pro _ grpel _ ga ple 4 gl peB
=P pre — g pir

The terms in square brackets then vanish’® because Fagﬁﬁ Fre = F30%F B,
The equation of motion for 6#* is then, from Eq. (9.47),

8yeuu — _JQFWI = _fH . (948)

The force density f#* = J,F** = (J - E/c,pE + J X B) = (f°, f). The time and space
components of Eq. (9.48) are

9,0% = 00" + 0:;6” = 0o6™ + %&»Si =—f'= —%J E,
which is Poynting’s theorem, Qugp; /Ot + V - S = —J - E, and
D" = o0 + 0,07 = —f' = — (pE+J X B)" . (9.49)
Written as a vector equation, Eq. (9.49) is equivalent to
0 iV 0=—(pE+J xB) . (9.50)

ot

Equation (9.50) is the balance equation for the field momentum: The rate of loss of field momen-
tum is balanced by the Lorentz force acting on charged particles. The single covariant equation,

4The covariant expression for the Lorentz force is ¢ F'*¥ U,,, whereas the force density (force per volume) is F'*".J,,.
The four-current is a four-vector density.
SUse the antisymmetry of Fopand F**, andlet 8 — o and o — 3.
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Eq. (9.48), contains Poynting’s theorem on energy balance as the time component and momentum
balance for its spatial part.

From Eq. (9.48) we see that field energy-momentum is not conserved due to the coupling of the
field to currents. We expect, however, for the system of fields and particles that energy-momentum
is conserved. Define an energy-momentum tensor for the combined system of fields and particles,
6" = 0% + 64, where 6% is the field energy-momentum tensor, Eq. (9.43), and 0%} is an energy-
momentum tensor for “matter,” so that for the combined system energy-momentum is conserved,
9,0" = 0. Because 9,05 = — f*, Eq. (9.48), total energy-momentum conservation requires

0,01 = fr . (9.51)

Equation (9.51) of course begs the question of what is 0%;. We can guess at 6%, for a point
mass m as a generalization of the four-current for a point charge, Eq. (8.12), the transport of four-
momentum in the various spacetime directions:

o =c / drPrUY6*(z — (7)) = me / drU*UY6*(x — 2(7)) . (9.52)
We see that 0}, defined this way is a symmetric tensor. Keep in mind that 64, does not follow
from Noether’s theorem; it’s been “cooked up,” yet it does the job. The divergence of Eq. (9.52) is
(Exercise 9.7)
0,0y = me / A5t (@ = 2(r))dr = / qF*Uad* (w—2(r))dr = F*Jo = ", (9.53)
where we’ve used Eq. (8.43) in the second equality and Eq. (8.12) in the third. Thus, Eq. (9.51) is
satisfied; the energy-momentum of particles and fields is conserved.

SUMMARY

e For every continuous symmetry of the action, there’s a conserved quantity associated
with fields (Noether’s theorem). Invariance under spacetime translations leads to energy-
momentum conservation, and invariance under LTs leads to conservation of angular momen-
tum.

e Conservation of energy-momentum is expressed in terms of continuity equations of the rows
of the energy-momentum tensor, 9, 7*" = 0. The quantities Q" = fz d3xTH0 are conserved.

e The tensor 7"” must be symmetric to conserve angular momentum. If the canonical energy-
momentum tensor is not symmetric, it can be symmetrized by adding to it the divergence of
a third-rank antisymmetric tensor, 7" — 0¥ = TH 4+ 9 )" . This procedure does not
change the conserved quantities Q*.

e The energy-momentum tensor has the structure:

W |SYe S%*/c S3/c

T 1T 12 13

[TW] = gzc 021 022 023
gic| o o o
gSC o3l 32 o33

where TV is the energy energy, S is the energy current density, ¢° is the momentum density,
and o'/ is the stress tensor, 0™/ = " /(Aa) ;. Symmetry of the tensor implies that S* = g'c?.

e For the electromagnetic field interacting with particles, 0,0/ = — f#, where f* = F*J,
is the Lorentz force-density four-vector. The one tensor equation 9,0"” = — f* contains as
its time component Poynting’s theorem on energy balance and for its spatial part the equation
for momentum balance in terms of the Maxwell stress tensor.
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EXERCISES

9.1
9.2
9.3

9.4
9.5

Fill in the steps from Eq. (9.5) to Eq. (9.6).
Derive Eq. (9.39) for T using the canonical energy-momentum tensor, Eq. (9.38).

Show that 6# as given in Eq. (9.43) is symmetric. Show that the covariant version of Eq.
(9.43) is given by —p00,, = %gWFO‘ﬁFaB + g)‘ﬁFwF,\V.

Verify the first line of Eq. (9.44) using Eq. (9.43) for the symmetric energy-momentum tensor.

Verify the result given in Section 9.5.2 for f# = (J - E /¢, pE + J X B) is correct.

9.6 a. Derive the energy-momentum tensor for the Proca Lagrangian, Eq. (8.52). Using Eq.

9.7

9.8

9.9
9.10

(9.42) show that the symmetric tensor is given by

1 /myc\2 1
ny _ v 2l HAY gt
0 65" + o ( N ) (A A 59 AQAQ) ,

where 0" is the tensor for m,, = 0, Eq. (9.43).

b. From 6%, show that the Poynting vector in this theory is

S_:O<E><B+(mgc>2¢A) .

c. Show from #°0 that the energy density is given by

W= ﬁ (|B2 + (%)2 |A|2> + 2 (|E|2 + (mgC)Q&) .

d. Show that while # has been modified by the inclusion of a massive photon, the form of

Eq. (9.48) is preserved. The Lorentz force density is thus unchanged for a massive photon.
In particular, Poynting’s theorem is still given by OW /0t +V - S = —J - E.

Derive the first equality in Eq. (9.53). Use the identity given in Exercise 8.1 and integrate by
parts.

Is the canonical energy-momentum tensor for the electromagnetic field, Eq. (9.38), gauge
invariant? What about the symmetric tensor, Eq. (9.43)?

Fill in the steps between Eq. (9.22) and Eq. (9.23).
Derive Eq. (9.37). Start with Eq. (9.31) and substitute Eq. (9.35). Show that
xaa)\wﬁku =0, (xawﬂku) _ wﬁau )

Use Eq. (9.34) to show that
qpaﬁu _ wb’au = gaPu

Use Eq. (9.25) combined with Eq. (9.29). Bob’s your uncle.



CHAPTER 10

Relativistic hydrodynamics

ELATIVISTIC hydrodynamics is the study of matter in the fluid state,' with relativistic flow

velocities or with energy densities sufficiently great that they generate gravitational fields. The
subject is needed in astrophysics (gamma ray bursts, relativistic jets, and the collapse of stars that
produce black holes); it’s also used in cosmology. In this chapter we develop the energy-momentum
tensor T}, of a perfect fluid—an idealized fluid in which energy dissipation due to viscosity or
heat flow is ignored. Classical hydrodynamics is based on balance equations for mass, energy,
and momentum, concepts that are distinct in nonrelativistic physics, but which are interrelated in
relativity, mass-energy, and energy-momentum. We begin with a review of the nonrelativistic theory.

10.1 NONRELATIVISTIC HYDRODYNAMICS
10.1.1 Mass balance

Conservation of mass is expressed as a continuity equation, Eq. (8.9),

ap B

where J = puv is the mass current density with p the mass density and v the fluid velocity.

10.1.2 Momentum balance

The balance equation for momentum in a volume V is (see Eq. (8.7), general balance equation)

d
— [ pvdV = — ¢ pvv-dS + pFdV  + o-dS,
dt Jy s v s
rate of change of momentum in V' momentum flux through S momentum produced by momentum produced by
external forces short-range internal forces at S
(10.2)

where we’re using dyadic notation: (vv);; = v;v;. The first integral on the right accounts for the
momentum convected through the surface S bounding V. The other two integrals represent sources
of momentum production: F' is an external force (per mass) that couples to the particles within V'
(such as the gravitational field), and o, the stress tensor, represents the effect of short-range internal
forces (per area) acting at S. In a fluid there is always a normal component of the surface force (per
area), the pressure P, with o = — PI (I is the unit dyad). In terms of components,2 0ij = —Pdyj.
This form of the stress tensor ignores the effects of viscous forces—sufficient for our purposes.

A precise definition of fluid is elusive—a system with a sufficiently large number of particles that the dynamics of
individual particles cannot be tracked, and in which the collective motion of particles can be approximated in terms of a few
variables such as mass density p or flow velocity v.

2Because we're dealing with nonrelativistic hydrodynamics, we dispense with covariant notation.

177
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The surface integrals in Eq. (10.2) can be converted into volume integrals through the divergence
theorem, giving us the local form of the momentum balance equation, the Euler equation:

9(pv)
ot

where the divergence of a tensor has the components (V - o), = 9;0%. The divergence of the
stress tensor (at a point) is the force density (at that point) due to internal forces in the fluid.’

If we set the external force F' = 0 in Eq. (10.3) (a free fluid), and move the internal force to the
left of the equation, we have a conservation law (continuity equation) for fluid momentum

+V-(pov)=pF+V -0, (10.3)

gg—&-V-(pvv—a'):O,

ot
where g = pv is the momentum density. Written in terms of components:
0
%t O (Péir, + pvjvg) = 0, (10.4)

where we’ve used V - (PI)= V P (Exercise 10.4).

The equations of hydrodynamics tend to simplify if we introduce a special time derivative, the
convective derivative D/dt = 9/0t + v - V. To an observer moving with the fluid (Lagrangian
observer), D/dt = 0/0t. In the lab frame, however, (Eulerian observer) a vector field A(r,t)
changes in time and space. For small d¢ and dr, A(r + dr,t + dt) =~ A(r,t) + dt (0A/0t) +
(dr - V) A; as dt — 0, we obtain the total time derivative DA/dt = A /0t + (v - V) A, where
v(r,t) = dr/dt is the velocity field in the Eulerian reference frame. The goal of relativity theory
is to relate the descriptions obtained in different reference frames. It’s a simple exercise to show
that U*0,, = vD/dt; the convective derivative is almost a Lorentz invariant. Using the result of
Exercise 10.3, Euler’s equation can be written

Dv

10.1.3 Energy balance

In a perfect fluid energy dissipation is ignored, implying that flows are isentropic.* In hydrodynam-
ics it’s usually more convenient to work with specific, “per mass” quantities. Denoting s = S/m as
the specific entropy (entropy per mass), isentropic flow is such that

%:%ﬂ;.vs:o. (10.6)
We assume that local thermodynamic equilibrium applies at any point of the fluid, and thus the
state variables of classical thermodynamics (which describe a global equilibrium state, independent
of space and time) become field quantities, functions of space and time. If the only form of work
available to the fluid is mechanical, the first law of thermodynamics is dE' = T'dS — PdV, where
E is the internal energy and T is the absolute temperature. Enthalpy H = E + PV plays a role
in hydrodynamics;’ its differential is dH = T'dS + VdP. Defining h = ¢ + P/p as the specific
enthalpy, where ¢ is the specific energy, we have dh = Tds + dP/p, where V/m = 1/p. For
isentropic flow (ds = 0), Vh = V P/p, and Euler’s equation becomes dv /0t + (v - V)v = —Vh.
The velocity field of the free fluid responds to gradients in enthalpy, Dv/dt = —Vh.
Let’s derive the energy transport equation (the analog of Poynting’s theorem). The energy per
volume is £ pv? + pe.

3We should denote the stress tensor as a mixed tensor density (such as we found in Eq. (9.14)). The divergence of the
stress tensor is a force density: If o is a force per area, its divergence is a force per volume, V - 0 = f — 8ia§ = fj.

4Thermodynamics enters our discussion. Entropy measures the number of microscopic degrees of freedom consistent
with a given macroscopic state. Isentropic flow implies no additional transfer of energy to microscopic degrees of freedom.

SEnthalpy includes the work required to “make room” for a system by displacing volume V" against the pressure P.
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Kinetic energy

For the kinetic energy term,

1opv? 1 ,0 0 2 1
~opY :vzp—l—pfv-v:—UQV-pv—t—pv-(—pVP—(v-V)v)

2 Ot 2 0t ot
v? v?
:—5V-pv—v-VP—pv-(v-V)v:—?V-pv—pv-Vh
1
+Tpv-Vs— ipv-V(v2)
v? v?
:—?V-pv—pv-V(h—i—?)—l—Tpv-Vs, (10.7)

where in the first line we’ve used the continuity equation and Euler’s equation, and in the second
line VP = pVh —TpVsandv - (v- V)v = 3v - V(0?).

Internal energy

For the internal energy, we use that dE = T'dS — PdV is equivalent to de = T'ds + (P/p?)dp. We
then have
8p6 e 8/) ds P Op 8,0 Js
- 78 2 pT 2+
ot o T ( ot tear )t T e T

dp

ot =—pTv-Vs—hV-:(pv),

(10.8)
where we’ve used Eqgs. (10.1) and (10.6) and h = € + P/p.

Total energy
Combining Egs. (10.7) and (10.8), the entropy gradients cancel (mercifully),

aat(lpv +p6) :—(h+U;>V-(pv)—Pv‘V<h+U;> :_V'(’"’(HU;)) ’

and we obtain a continuity equation for energy

0 1
En ( pU +pe> +V. (pv (h+ 21)2)) =0. (10.9)

Energy is conserved—not surprising because we haven’t allowed energy dissipation. The energy
current density, however, pv(h + %vQ) involves the transport of enthalpy. To see why that’s the
case, develop a balance equation by integrating Eq. (10.9) over space,

;t/d?’xp(e+v2/2) fpv(e+v2/2 %Pv ds. (10.10)

The right side of Eq. (10.10) resembles “Joule heating” in Poynting’s theorem (Section 9.5.2), but
the comparison isn’t apt. The quantity —J - E represents an irreversible transfer of energy from the
electromagnetic field into the motion of particles, while the right side of Eq. (10.10) represents a
reversible conversion of internal energy into work, and is not dissipated. The total energy (kinetic
energy and internal energy of the fluid) is conserved when we take into account transport of enthalpy.

10.1.4 Nonrelativistic energy-momentum tensor

Equations (10.4) and (10.9) express the conservation of fluid momentum and energy. We can write
these equations in a compact form resembling conservation of energy and momentum of general
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fields, Eq. (9.16), by defining a tensor-like quantity (in analogy with Eq. (9.19))

w | Jl J2 Jg
Ty T2 Ti3

_ g1
T,, = , 10.11
: g2 | Tor  Too Ths ( )
93 | T31 T32 T33
where
Too =w = pe + 2pv° Toi = J; = pvi(h + 30v°)
Tio =gi = pv; Tij = Pdij + pvsvj . (10.12)
Equations (10.4) and (10.9) can then be written using the notation of Eq. (10.11)
0Toe ~ 0Tpy  Ow  0J; Ty 0Ty,  Ogi  OTi
i 90 LSy - ~0. 10.13
ot 0w ol o ot " ozk ot T 0ak (10.13)

We say that Eq. (10.11) is “tensor like” because, even though we’ve used tensor notation, it’s not
a tensor: It doesn’t transform as one. We’ve written the conservation laws this way only to suggest
how to get started with a relativistic theory (next section). While the “space-space” part of Eq.
(10.11), T34, is symmetric, Tp; # Tyo—there isno “E = mc?” in classical hydrodynamics.

10.2 ENERGY-MOMENTUM TENSOR FOR PERFECT FLUIDS

Assume that a reference frame can be found in which all particles of the fluid are at rest. For such a
frame, set all fluid velocities to zero in Eq. (10.11), leaving us with an energy-momentum tensor:

pc2 0 0 0

—w 0 P 0 0

T = o o P ol (10.14)
0 0 0 P

where we’ve let pe — pc? as the internal energy density, with p the proper density.® The conserva-
tion laws in Eq. (10.13) reduce to w = constant, P = constant, d,, T =0.
Starting with Eq. (10.14), we can obtain the energy-momentum tensor in an IRF through a LT,

v vRaB
T = LELET . (10.15)
Because Eq. (10.14) is diagonal, Eq. (10.15) is equivalent to
3
T = pcP LKLY + P Z LYLY . (10.16)
i=1

Clearly T"" is symmetric. Using Eq. (6.16) for an arbitrary boost, it’s straightforward to show that’

Y

TH = Py + UMD (10.17)
(&

where 1) = pc? + P is the enthalpy density (enthalpy per volume). The elements of T+ are

TOO:_P+721/J:’72pc2+(’72—1)P:’}/2(p02+Pﬂ2)

70 qio — Yoz i _ pyid +- L% —7vivl . (10.18)
C

6 At this point, we could let pe — pc2 + pe, where € is the internal energy because (for example) the medium is elastic.
Traditional thermodynamics ignores the rest-mass energy, whereas for our purposes we’re going to ignore €.
7Equation (10.17) is often given as the definition of a relativistic perfect fluid.
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Using the results established in Section 9.2, the energy current S* = ¢T" and the momentum
density g' = T?°/c are, from Eq. (10.18),

Clearly g* = S%/c? holds in this theory, just as in electrodynamics, Eq. (9.44). The factors of 72
can be traced to the fact that there is already one factor of v in E = m~c? and U* = ¢y (1, B); the
second factor of v comes from the LT of densities (Section 8.2).

In the relativistic theory of hydrodynamics, both the energy and momentum currents involve
transport of enthalpy (in the nonrelativistic theory, enthalpy transport contributes only to the energy
current). This is because “F = mc?” is missing from the nonrelativistic theory. It’s a good habit to
watch for where P enters the theory. Pressure has dimensions of energy density; hence P/c? has
dimensions of mass density. In GR, the “mass-energy” of pressure contributes to gravitation.

10.3 ENERGY-MOMENTUM CONSERVATION

The equations of energy-momentum conservation are obtained from 9, 7"" = 0, Eq. (9.16). Ap-
plied to Eq. (10.17), we have

1
o'P + g@,, (U*U")=0. (10.20)
The equation of energy conservation is the time component of Eq. (10.20), i = 0,
1 7]
—0oP + E&, (ywU") = En (72(/)02 + P52)) +V. (721/w) =0. (10.21)

In the low-speed limit, Eq. (10.21) reduces to:

% +V-((p+P/P)w)=0. (v<c) (10.22)
For P < pc?, Eq. (10.22) reduces to Eq. (10.1) (that is, when we neglect the equivalent mass-
energy density of the pressure). Both limits, v < ¢ and P < pc?, are obtained by letting ¢ — oco.
The equation for energy conservation thus reduces to mass conservation in the nonrelativistic limit.
In relativistic hydrodynamics, there is no mass conservation equation. Mass is not conserved, but
energy is. The equation for energy conservation is the relativistic generalization of the mass conti-
nuity equation. Note how mass conservation differs from charge conservation. Charge conservation
is built into the field equations of electromagnetism.® While charges generate the electromagnetic
field, they don’t carry electromagnetic energy, which is contained in the electromagnetic field. In
the theory of relativity, mass both carries energy and generates the gravitational field.
Momentum conservation is obtained from the spatial parts of Eq. (10.20); setting = ¢,

; 1 , 1 )
9'P + -0 (v2yo') + A (v?yvv') =0. (10.23)
Using Eq. (10.21) in Eq. (10.23), it can be shown

ov 1
hhd V= ————
O )

ot
which is the relativistic generalization of the Euler equation. Equation (10.24) reduces to the non-
relativistic Euler equation in the limit ¢ — oo.

<VP + vaat(P/CQ)) , (10.24)

8Take the divergence of the Ampere-Maxwell equation, and use Gauss’s law.
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10.4 PARTICLE NUMBER CONSERVATION

While mass is not conserved, the number of particles (baryons at a fundamental level, or atoms at
reasonable temperatures) is conserved. We must put in “by hand” a continuity equation for particle
number. Baryons (particles composed of three quarks) can undergo transmutations and thus while
the rest mass of a group of baryons may not be conserved, the number of baryons is. Conservation
of particle number (baryon or lepton) is a tenet of the standard model of particle physics.

Let n denote the number density of particles in the rest frame. (We’re assuming a reference
frame in which all particles are at rest.) Define the number flux four-vector N* by the requirements

that in the rest frame, N’ = ncand N' = 0. The quantity nc is the number of particles per area per
time to cross a spacelike surface in the rest frame (see Fig. 10.1). Under a LT (to an IRF in which the
particles all have the same velocity), N* = L’;NV = Linc = nU*". We posit a continuity equation
for the number of particles,

OuN* =0, (nU*) = 0 (yn) + V - (nyv) = 0. (10.25)

Particle number conservation does not follow from Noether’s theorem, from a spacetime symmetry;
we take it as an experimentally verified aspect of our world.

time TTTT

space

Figure 10.1 N° = nc s the flux of particles through a spacelike hypersurface.

10.5 COVARIANT EQUATION OF MOTION

Equation (10.24) is the relativistic generalization of the Euler equation. It is, however, not in covari-
ant form—it involves the three-velocity, not the four-velocity. The Euler equation specifies the accel-
eration of a fluid; a covariant version would involve spacelike quantities because four-acceleration
is spacelike and orthogonal to the four-velocity (Section 7.1). What we do have in covariant form
are the conservation laws, Eq. (10.20). For this purpose it’s useful to view A* = 0,TH"" as the
components of a four-vector (components that have magnitude zero because of the conservation
laws). We then resolve each of the components A* into timelike and spacelike quantities (through
the application of a projection operator), A* = A, 4+ A/, which is a Lorentz-invariant procedure.
The conservation laws can then be written 0 = »- A7 + > A. Because timelike and spacelike
vectors are linearly independent, we have separately 3 " Al =0and " A =0.

We seek an operator that projects out of an arbitrary four-vector any components lying in the
spacelike hypersurface (SH) orthogonal to the four-velocity. A three-vector A can be written as the
sum of a projection along a given unit vector 72 and a vector orthogonal to s, A = n(n-A)+ A, .
The operator &2, = I — fi(f- ) would then project out of A its component orthogonal to 7,
A, = Z,A. In the case of four-vectors, take the unit vectors to be in the direction of the four-
velocity, n* = U* /c. Define the projection operator

Pr =5+ U, /c? (10.26)
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that projects out of a four-vector any components orthogonal to U#. A plus sign is used in Eq.
(10.26) because U, U" = —c?. As can be verified, Z*U" = 0; U* (timelike) has no spacelike
component. For an arbitrary four-vector B#, 2% B" = BF + (U, BY)U" /c?. We then have that
U, (Z4BY) = 0: Because U is timelike, &7/ B is spacelike (see Section 4.4.2). The projection
of A” in the timelike direction is (—U*U, /c*) A".

First consider the timelike projection of the conservation laws. The projection of 9, 7" = 0
along the direction of UH is (—U*/c?)Ux0, T, implying U0, T™" = 0. From Eq. (10.20), we
have U9, P+Ux0, (vU*U") /c* = 0. This equation is equivalent to (using the result of Exercise
10.9)

1
U0up + <90, U =0. (10.27)

c
Equation (10.27) is a useful identity relating the compressibility of the fluid to the divergence of the

four-velocity. As ¢ — oo, Eq. (10.27) reduces to Eq. (10.1).
From &2/ 0, T“" we obtain the projections of 0, 7" = ( onto the directions orthogonal to U*,
urur
2

(p+Pk%WﬁJW+<W”+ )@P:o, (10.28)
where we’ve used Eq. (10.20) and the result of Exercise 10.9. Equation (10.28) is the covariant
generalization of the Euler equation. There are four equations implicit in Eq. (10.28), whereas the
nonrelativistic Euler equation is among three-vectors. For v < ¢ and P < pc?, the spatial parts of
Eq. (10.28) reduce to the nonrelativistic Euler equation. The time component of Eq. (10.28) vanishes
as ¢ — oo.

10.6  LAGRANGIAN DENSITY

What is the Lagrangian density of the perfect fluid? We know that . should be a Lorentz invariant.
What scalar invariants can be built out of the velocity field, U*? Let’s try . = a + bU,U", where
a and b are unknown scalar fields. Using this form for . in Eq. (9.15), the energy-momentum
tensor obtained from Noether’s theorem, we would have TH" = Znt" = n*a + bn**U,UY =
ant’ +bUHU". We obtain agreement with Eq. (10.17), the energy-momentum tensor obtained from
hydrodynamics, by choosing @ = P and b = 1/c?. We would then have ¥ = P + ¢U,U"/c?.
However, U, U" = —c2, so that”

L =P—1p=—pc. (10.29)

SUMMARY

e Nonrelativistic hydrodynamics is based on five equations expressing conservation of mass,
momentum, and energy, concepts that are distinct in pre-relativistic physics but become inter-
related in relativity theory. In relativistic hydrodynamics, there are four continuity equations
expressing conservation of energy and momentum. There is no mass conservation law in rel-
ativistic hydrodynamics, mass being subsumed by energy.

e The energy-momentum tensor of the perfect fluid'® is TH" = pUHUY + P(n* +UFU" /c?).

e From T" we obtain the energy current S* = 2¢v’ where v is the enthalpy density in the rest
frame, and the momentum density g* = v2tv?/c?. In relativistic hydrodynamics energy and
momentum transport involve enthalpy. This is where “E = mc?” enters the theory: Pressure
has units of energy density and contributes to energy transport; P/c? has units of mass density
and contributes to momentum transport.

“Equation (10.29) would be £ = —p(c? + €) if we included an internal energy function of the medium.
10What today we refer to as a perfect fluid, Einstein in his 1916 article called a frictionless adiabatic fluid.[9, p152]
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e Conservation of energy-momentum is expressed by the zero divergence of 7", 9, T = 0.
The time component of 9, 7" = 0, Eq. (10.21), expresses energy conservation and is the
relativistic generalization of the mass continuity equation. In relativity, energy is conserved,
and energy is tied to mass. The spatial parts of 0, T*” = 0, Eq. (10.24), are the relativistic
generalization of the Euler equation. Conservation of particle number is expressed by Eq.
(10.25), a continuity equation for n, the number density in the rest frame. The covariant Euler
equation is given in Eq. (10.28).

EXERCISES

10.1 In a gravitational field g, there is a force per mass F' = g in Euler’s equation. Show that Eq.
(10.9) is modified to read (% pv* + pe) /Ot + V - (pv(h + v?/2)) = pv - g.

10.2  Show that V - (pvv) = p(v-V)v+0V - pv. The divergence of a tensor T is, in this notation,
(V . T)i = Ej 8jTij.

10.3 Using the results of Exercise 10.2, show that d (pv) /0t + V - (pvv) = pDv/Dt.
10.4 Show that V - (PI) = VP.

10.5 Show that, for any scalar function ¢, pD¢/Dt = (9/0t)(pp) + V - (¢ppv).

10.6  Show that U*0,, = vD/Dt.

10.7 Show that Eq. (10.6) can be combined with Eq. (10.1) to produce an entropy continuity equa-
tion, d(ps) /0t + V - (psv) = 0.

10.8  Show the vector identity v + (v - V) v = 1v - V (v?).

10.9 Show that U,,U"0,U* = 0. Start by differentiating U, U* = —c?. Show that this leads to the
identity U, 0,U*U" = —c29,U".

10.10 For nonrelativistic matter, the pressure is much less than the mass-energy density, P < pc?.
Compute, in Pascals, the value of pc? obtained using the ordinary density of water. Compare
with ordinary atmospheric pressure.

10.11  Show, using Eq. (10.17), that pU* = —U,T"" /c. A covariant definition of the mass cur-
rent is thus J#* = pU* = —U,T"" /c*. Is J* conserved? Does 0, J" = 0? Show that
o J* = —PO"U, / c? (use the result from Exercise 10.9). Combine this result with Eq.
(10.27) to conclude that 9, J"* = (P/v) U0, p. The extent to which 0, J" # 0 is related to
the compressibility of the fluid. Mass is energy; if energy can change, mass is not conserved.

10.12 Using Eq. (10.17), show that U, U, T = pc4. Thus, U,U,T"" is a covariant definition of
p-

10.13 Show that the projection operator defined in Eq. (10.26) obeys the property of a projection
operator: 2 (2§ A*) = 2L A* for arbitrary four-vector A*.

10.14 Show directly that for any four-vector A”, the component orthogonal to U*, &2/ AV, is space-
like.

10.15 Show that %0, T = 0 leads to Eq. (10.28). Use the results of Exercise 10.9.

10.16 Show that by contracting Eq. (10.28) with U,,, you are led back to the result shown in Exercise
10.9. Why does this make sense?
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Equivalence of local gravity
and acceleration

N Section 1.8 we bid au revoir to gravity in order to develop spacetime physics as it pertains to
I non-gravitational phenomena (SR). It’s time to return gravity to the fold.

11.1 THE EOTVOS EXPERIMENT

Aristotle taught that heavier objects fall in gravity faster than lighter ones—which is true for mo-
tion in resistive media. Galileo noted that: “...the difference of speed in moveables of different
heaviness is found to be much greater in more resistant mediums.”’[42, p75] When friction can be
minimized, however, objects fall at the same rate: “Yet balls of gold, lead, copper, porphyry, and
other heavy materials differ almost insensibly in the inequality of motion through air. ...I came to
the opinion that if one were to remove entirely the resistance of the medium, all materials would
descend with equal speed” (my emphasis).! Galileo refuted the Aristotelian theory with a simple
argument. Consider two objects of unequal weight, and let them be connected by a string. Under
free fall, the nominally faster object would be retarded by the slower, due to the string, and the nom-
inally slower object would be sped up by the faster. But the two objects together make a composite
object heavier than either of its parts, which now falls slower than the heavier of its parts would fall
by itself. Galileo: “...from the supposition that the heavier body is moved more swiftly than the
less heavy, I conclude that the heavier moves less swiftly.”’[42, p66]

The resolution is that, in the absence of friction, all objects fall at the same rate. Write Newton’s
law of motion in the form F' = m;a, where the inertial mass m; is the property of matter that
resists changes in inertial motion (Section 1.2.1), and the force law in the form F' = mgyg (if all
other forces have been eliminated, such as drag), where the gravitational mass m, is the property
of matter that couples to the gravitational field (Section 1.7.1). We customarily take m; = my, = m,
so that @ = g, independent of any property of the object. Acceleration under gravity is independent
of any attribute of an object! Gravity is a special kind of force.

The two types of mass, however, are logically distinct. What if m; # m,? Objects A and B
would not accelerate the same under gravity, with ay = (mgy/m;) , g and ap = (my/m;) 5 g.
Let’s do the experiment: Does a 4 = ap? The difference in acceleration between objects is charac-
terized by the Eotvds parameter, 1, a dimensionless quantity defined as the difference in acceleration

I'Such an experiment was performed by the Apollo astronauts in 1971, where a simultaneously released hammer and
feather were observed to strike the lunar surface at the same time.
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divided by the average acceleration,

n= |aA*aB| _ ‘(mg/mi)A_(mg/mi)B’
%(aA‘i‘aB) (mg/mi) 4 + (mg/mi)
One could measure the time to fall, t = /2h/[g(m,/m;)], so that m,/m; = 2h/(gt?), from which

n=2|i% ~ A/ (1 + ).

Another experiment is to compare the oscillation periods of pendulums of the same length made
of different materials. Galileo used a lead ball and a cork ball, with the lead ball approximately
100 times as heavy as the cork ball. He watched the two pendulums, released at the same time,
and could observe no difference in their motion. The oscillation period T' = 2m+/(m;/mg)(l/g)
and thus n = 2|T% — T3| /(T% + T7%). Newton performed this experiment around 1680, and from
his data one can estimate ) ~ 10~ 3. Friedrich Bessel repeated the experiment in 1832 and found
n~2x107°.

By far the most accurate experiment is that of Lordnd E6tvos, who devised a torsion balance
technique, starting in 1885 and repeated and refined by E6tvos and co-workers until 1920. E6tvos
found < 5 x 107°. The Eo6tvos experiment has been repeated with ever-increasing precision.
In 2008 a group reported 7 = (0.3 £ 1.8) x 107'3,[43] consistent with n = 0, or m; = my.
Einstein took the identity m; = m, as a fact of experience and used it to far-reaching effect in
establishing GR. The Eotvos experiment provides the foundation for GR, just as the Michelson-
Morley experiment provides the foundation for SR.

The classic E6tvos experiment uses Earth as a laboratory, which as a rotating object allows us
to probe the difference between m, (associated with gravity), and the inertial mass m; (associated
with inertial forces). The experiment consists of a balance suspended in gravity from a torsion fiber
(dashed line in Fig. 11.1), having objects A and B at distances [ and [’ from the fiber. The centrifugal

B Oz

(mg)BYg

Figure 11.1 EG&tvos torsion balance; z is the local vertical and = points from north to south.

force from Earth’s rotation has components in the z and x-directions (depending on one’s latitude
on Earth). Objects A and B, being different, have unequal inertial masses. A torque is produced
about the z-axis from the horizontal components of the centrifugal force,

7. = (mi)pl'ay — (m;)ala, . (11.1)

The forces in the vertical direction produce a torque about the z-axis, 7, = a. [(m;) pl’ — (m;) al| —
g[(mg)sl" — (mg)al]. In equilibrium there’s no rotation about the z-axis; 7, = 0 implies I =
L{(mg)aa, — (mg)ag) / [(m;)pa. — (mg) Bg], which when combined with Eq. (11.1) leads to

A torque T, exists only if (mg/m;)a # (mg/m;)p. The Eotvos experiment seeks to measure 7.
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11.2 THE EQUIVALENCE PRINCIPLE

The experimentally verified equivalence of gravitational and inertial mass implies the equivalence
of uniform gravity and accelerated reference frames. Consider yourself in an elevator car S at rest
in a uniform gravitational field g (left part of Fig. 11.2). A released object accelerates downward
with a = ¢. Now consider the same elevator car S’ in free space where gravitational fields are
negligible, but where the elevator is accelerated with a = —g (right part of Fig. 11.2). A released

S . S’
object lg Ta =g
/
l Fgravity =mg l Fﬁctitious = —ma =1mg

Figure 11.2 Left: Elevator car S stationary in a uniform gravitational field g; a released
object falls with acceleration g. Right: Elevator car S’ in a gravity-free region accelerated
upward with magnitude a = g; object moves downward with acceleration g.

object in S’ accelerates downward with a = g: Free objects in linearly accelerated frames have the
acceleration of the frame; set F' = 0 in Eq. (1.9). The object in .S moves because of gravity, that in
S’ because of the reference frame. Are there measurements one could make in these elevators that
would distinguish a gravitational field from an accelerated frame?

Einstein’s equivalence principle (EP) says No:

It is impossible to distinguish a uniform gravitational field from an accelerated refer-
ence frame; the two are physically equivalent.

The EP provides a framework for understanding physics in gravitational fields if we can first under-
stand it in accelerating reference frames.

The identity m; = my is clearly required for the validity of the EP. Starting from the EP,
however, we can go the other way and infer the equality m, = m;. Assume objects A and B
with (mg/m;)a # (mg/m;)p. In the gravitational field of a source mass My, there would be
accelerations as g = (GMy/r?)(my/m;)a . Step into one of the elevators and let go of the
objects. There are two possibilities:

1. aa = ap, in which case we are in the gravity-free elevator, because all free objects accelerate
the same in an accelerated frame.

2. aa # ap, in which case we are in the elevator in a gravitational field.

This thought experiment implies a violation of the EP because a gravitational field could be distin-
guished from an accelerated frame. Taking the EP as valid, we must have m, = m, for all objects.
It might be thought that the EP and the E6tvos experiment establish only that the ratio mg/m; is
universal, leaving the possibility that m; is proportional, but not equal, to m 4. If my = am;, with «
a universal constant, it would be absorbed into the gravitational constant, G — G, because what’s
measured would be Ga.

11.3 TIDAL FORCES AND REFERENCE FRAMES

Note the proviso of the equivalence of uniform gravity with acceleration. Strictly speaking, uniform
gravitational fields are a convenient fiction.” The EP applies in regions of space small enough that the

2 Add uniform gravitational field to the list of idealizations in physics: massless pulleys, perfectly thermally insulating
substances, black-body radiators, parallel-plate capacitor without fringing fields. Idealizations are useful because they can
be conceived of as the limiting behavior of actual physical systems.
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gravitational field is ostensibly uniform. If the spatial extent of the “elevator” is too large, tidal forces
become apparent (as we now explain), in which case it is possible to distinguish a gravitational field
from an accelerated frame. We can “wave away” gravity through a frame transformation, but only
locally, not globally. It’s an experimental question as to how small a reference frame must be for the
effects of gravity to be effectively uniform; we want Vg - Ar < g.

11.3.1 Tidal forces

Consider two particles of mass m separated by a distance Ar in an inhomogeneous gravitational
field, g(r) (see Fig. 11.3). Because g varies over Ar, the gravitational forces at r and r + Ar are

g(r1) F(r + Ar g(ra) g(r3)

Figure 11.3 Inhomogeneous gravitational field.

not the same. The difference in force between the two locations, f(r, Ar) = F(r + Ar) — F(r) is
the tidal force. It depends on two vectors, a reference pos.ition3 r, and Ar, the distance over which
F(r) varies appreciably in the vicinity of 7. In terms of vector components,

fi=Fi(r+Ar)—F;(r)~ Ar-VF, =mAr Vg, , (11.2)

where we’ve used F' = mg and the fact that |Ar| is small. Figure 11.4 shows schematically the

e ()

Gravitational forces on Earth from the moon Tidal forces

Figure 11.4 Tidal forces on Earth produced by the moon.

tidal forces experienced on Earth, which are what remain of the gravitational field of the moon after
we subtract the force on the center of Earth.* There’s always a reference location in a discussion of
tidal forces; here it’s the center of Earth. The earth is in free fall around the moon, free fall being
motion with no acceleration other than that provided by gravity. A reference frame in free fall can
be treated as an IRF because of the equivalence of inertial and gravitational mass. The tidal force is
what we experience of the moon’s gravitational field in the rest frame of the earth.

Figure 11.5 shows a coordinate system to analyze tidal forces. At a distance r from the center
of Earth, we find, using Eq. (11.2), the tidal force in the radial (z) direction,

f.= 2G7f\34m2+ O(22/r") , (11.3)

3That the tidal force depends on a reference position 7 indicates that it’s a vector field.
4There are also tidal forces associated with the sun.
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Figure 11.5 Coordinate system for tidal forces at distance r from the center of Earth.

where |z/r| < 1. Note that f, > 0 (f, < 0) for z > 0 (z < 0). Tidal forces stretch objects in the
radial direction. In the lateral directions, tidal forces are attractive. The transverse component of the

tidal force is given by

fo= =G 0@ (11.4)

for |z| < r. Likewise, in the y direction, fy ~ — (GMm/r®) |yl.

The tidal force is the difference in forces experienced by neighboring particles. Such particles
could be isolated test particles, or they could be infinitesimal mass elements in an extended object.
If an object has finite extent in the z, y, z directions, then in an inhomogeneous field all three forces
(fz, [y, [-) are present simultaneously. An initially spherical object would be deformed under tidal
stresses: stretched in the radial direction and compressed in the transverse directions—what happens
to the oceans on Earth.

11.3.2 Tidal acceleration tensor

In terms of the gravitational potential ®(r) (Section 1.7.2), the tidal force is, using Eq. (11.2),

fi=mAr-Vg, =

= —mZArlamla (11.5)

=1

The tidal force is thus a manifestation of the curvature of ®(r). Applying Newton’s second law to
the difference in forces that make up the tidal force, we have the relative acceleration of the masses,

d2Ari

i = 11.6
fi=mS (116)

Equating Eqgs. (11.5) and (11.6), the equation of motion for the inter-particle separation is

d*Ar, ’

= Arp = AT 11.7
Equation (11.7) is the Newtonian deviation equation. It can be used (for ® < ¢? and v < ¢) to
calculate the separation between nearby particles. The quantities a;; = —9*®/0x;0x; form the

tidal acceleration tensor. We’ll derive the relativistic version of Eq. (11.7) in Chapter 14.

11.3.3 Torques due to tidal forces

Tidal forces produce torques. Referring to Fig. 11.5, the infinitesimal torque d7 on a mass dm at
location (z,y, z) is, using Eqgs. (11.3) and (11.4):

3GM
dr = :E(yfz - ny) + 'g(zfz - Zfz) + 2(‘rfy - yfr) = Tdm (C&yz - QIZ) .
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Integrating over the mass (7 is constant), the net torque is

3GM . .
T="3 (=2l +9l..),
where I, I, are the products of inertia. The tidal force thus causes a change in the angular mo-

mentum, the spin S of a rigid body, with

dS,  3GM ds, 3GM ds.

= e T dt

The spin vector precesses about the z-direction. The rate of change of S is a measure of the tidal
force field.

The Gravity Probe B satellite experiment (GPB), concluded in 2011, measured two hitherto
unverified precessional effects predicted by GR, the geodetic and frame-dragging effects.[44] These
effects are quite small, and thus it was essential to eliminate precessions due to tidal forces to the
greatest extent possible. The experiment utilized precisely manufactured spherical gyroscopes, with
I,. = I, ~ 0to within a few parts in 108. We return to the GPB experiment in Chapter 17.

11.3.4 Freely falling reference frames

Consider a large laboratory falling toward Earth. In the lab depicted in the left portion of Fig. 11.6,
the gravitational forces are different at the top and bottom of the laboratory. To an Earth-based

]

Figure 11.6 Tidal forces are repulsive in the falling laboratory on the left, and attractive in
the lab on the right.

observer, the lower particle is accelerating faster than the upper particle. To an observer attached
to the center of the laboratory—the comoving frame—test particles at those locations would appear
to repel each other: The upper particle accelerates toward the top of the lab and the lower particle
accelerates toward the bottom. Such a frame is not an IRF—particles released at rest do not remain
at rest. This repulsive force is a fictitious force (Section 1.6.1): It’s not due to a physical agency,
but is an artifact of the reference frame. In the laboratory depicted in the right part of Fig. 11.6, the
particles, which are falling toward the center of the earth, appear to attract each other.

If the size of the reference frame is restricted so that Vg - Ar < g, g(r) ~ ¢ and differential
accelerations between nearby particles are eliminated. A freely falling frame of sufficiently limited
extent is therefore an IRF. We’ll call this a local IRF. The transition from SR to GR is the transition
from global IRFs of unlimited extent to local IRFs.
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11.4 WEAK AND STRONG EQUIVALENCE PRINCIPLES

It’s instructive to quote from Einstein’s 1911 article (my emphasis added):[9, p99]

In a homogeneous gravitational field (acceleration of gravity g) let there be a stationary
system of coordinates .S, oriented so that the lines of force of the gravitational field run
in the negative direction of the z-axis. In a space free of gravitational fields, let there be
a second system of coordinates S’, moving with uniform acceleration ¢ in the positive
direction of the z-axis. ...Relatively to S, as well as relatively to S’, material points
which are not subjected to the action of other material points move in keeping with the
equations , , ,

Co &y de

de? de? de?
For the accelerated system S’ this follows directly from Galileo’s principle,’ but for
the system .S, at rest in a homogeneous gravitational field, from the experience that all
bodies in such a field are equally and uniformly accelerated. This experience, of the
equal falling of all bodies in the gravitational field, is one of the most universal which
the observation of nature has yielded; but in spite of that the law has not found any
place in the foundations of our edifice of the physical universe.

But we arrive at a very satisfactory interpretation of this law of experience, if we assume
that the systems S and S’ are physically exactly equivalent, that is, if we assume that
we may just as well regard the system S as being in a space free from gravitational
fields, if we then regard S as uniformly accelerated.

As long as we restrict ourselves to purely mechanical processes in the realm where
Newton’s mechanics holds sway, we are certain of the equivalence of the systems S
and S’. But this view of ours will not have any deeper significance unless the systems
S and S’ are equivalent with respect to all physical processes, that is, unless the laws
of nature with respect to S are in entire agreement with those with respect to S’. By
assuming this to be so, we arrive at a principle, which if it is really true, has great
heuristic importance. For by theoretical consideration of processes which take place
relatively to a system of reference with uniform acceleration, we obtain information as
to the career of processes in a homogeneous gravitational field.

The EP is, as Einstein says, of “great heuristic importance” in that it lets us investigate physics
in a gravitational field, physics that we might not understand (such as propagation of light in a grav-
itational field), by considering the same physics in an accelerated frame. Einstein recognized there
might be different versions of the EP according to the physics that’s equivalent between a frame in
a gravitational field and an accelerated frame. Under the overall banner of the EP, refinements have
been put forth: the weak equivalence principle (WEP) and the strong equivalence principle (SEP).

The WEP is simply m, = m;, that the motion of freely falling test particles is independent of
composition and structure.® Einstein conjectured that all laws of physics, such as electromagnetism
and quantum phenomena, would be equivalent between a frame in a uniform gravitational field and
an accelerated frame, which is the SEP. The WEP replaces “laws of physics” with “laws of motion
of freely falling test particles.” The distinction between the SEP and the WEP is useful—it’s possible
there could be physical effects that violate the SEP and still satisfy the WEP. The name weak EP is
unfortunate, however, as it might imply that the WEP is lacking in import. To the contrary, the WEP,
through E6tvos-type experiments, is one of the most securely established results in all of physics!
The WEP is not weak!

5By Galileo’s principle, Einstein means the invariance of acceleration under the GT. S and S’ are shown in Fig. 11.2.

A test particle is one with no internal structure other than its ability to fall in gravity: electrically neutral; negligi-
ble gravitational binding energy compared to its rest mass; negligible angular momentum; and small enough that inhomo-
geneities of the gravitational field have negligible effect on its motion.



192 m Core Principles of Special and General Relativity

11.5 SPACETIME IS GLOBALLY CURVED, LOCALLY FLAT

The WEP establishes one of the main paradigms of GR, that spacetime is flat locally.” In a space free
of gravitational fields, a released object floats (left portion of Fig. 11.7).8 In a freely falling reference

O\IZ)jeCt J/a =9 Ficiitious = —mja

Fgravily =mgyg

Figure 11.7 Left: Laboratory in free space; released object floats. Right: Freely falling
laboratory; released object floats.

frame (right portion of Fig. 11.7) a released object floats; in such a frame the object experiences the
force of gravity I’ = mg and the apparent fictitious force, F' = —m;a, where a = g. The net force
is zero (because m, = m;) and the object floats. A sufficiently small freely falling reference frame
is an IRF: Gravity disappears! Gravitational effects over a small enough region can be obviated by
letting the laboratory fall.

Every freely falling frame of sufficiently small size is a local inertial frame, and hence is one in
which SR applies, and the spacetime of SR is flat. Thus, in regions of spacetime small enough that
gravitational fields are uniform, spacetime is locally flat. A flat region of spacetime cannot “cover”
all of spacetime, which GR shows is globally curved.

The power of the WEP becomes apparent when combined with the principle of covariance. By
the WEP, at any point in an arbitrary gravitational field there is a local inertial frame in which the
effects of gravitation are absent. This allows us to write the equations governing any sufficiently
small system in a gravitational field if we first know the equations governing it in the absence of
gravity. We need only write the equations in covariant form. Such equations will be true in the
presence of gravity because covariance guarantees that if they’re true in one set of coordinates,
they’re true in all coordinates, and the WEP tells us that there is a set of coordinates in which the
equations are true—the local IRF at the spacetime point of the system.

11.6  ENERGY COUPLES TO GRAVITY

We established in Chapter 7 the equivalence of mass and energy, E = mc?, where m in this for-
mula is the inertial mass. The equivalence of inertial and gravitational mass would indicate that
energy couples to gravity as if it had mass, m, = E/ c? (demonstrated below). Energy is subject to
gravitation, and one can have energy without mass (photons).’

Gravitational mass of energy

In Fig. 11.8, S is a reference frame at rest in a uniform gravitational field g oriented in the negative
z-direction, with instruments K7, K rigidly attached to the z-axis a distance Az apart so that the
gravitational potential of K5 exceeds that of K7 by gAz. Instrument K can emit a definite amount
of energy E, which K> receives. Following the “recipe” of the EP, let S’ be the equivalent frame
that’s gravity free but accelerating in the positive z-direction with a = g, with identical instruments
K1 and K. Let energy E be emitted in S” from K toward K3 when S’ is instantaneously at rest

7In Section 14.4.4 we show mathematically that any manifold is locally flat. With the EP we have a physical reason why
this must be the case. Flatness is defined as the vanishing of the Riemann tensor, Section 14.4.

8Compare Fig. 11.7 with Fig. 11.2.

Energy is more general than mass: Energy is conserved, but not mass (Chapter 10).
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Figure 11.8 Frame S at rest in a uniform gravitational field, S’ the equivalent accelerated,
gravity-free frame, and Sy an auxiliary IRF.

with respect to IRF \Sj. Radiation arrives at K5 at time At = Az/c, when K> has speed relative to
So, v = gAz/c. Energy is emitted when K is at rest relative to an IRF, and received by K5 when
it has speed gAz/c in an IRF. We can use the LT between these frames.

Use the photon four-momentum Q* = (E/c)(1,7), where 7 is the direction of propagation
(Eq. (7.18)). For a photon traveling in the positive z-direction, we have the LT for a frame also
moving in the positive z-direction:

1 v 0 0 —pBy 1
E’ 0| _F 0 1 0 0 0
c |0 ¢ 0O 01 0 0
1 -6y 0 0 v 1
Thus, E' = E~(1 — ). The radiation measured at K5 does not have energy F, but rather a smaller

energy E’. At lowest order in (3,
E'=E(1-8)=E(1-gAz/cd) . (11.8)

By the EP, the same relation holds in .S, which is not accelerated but situated in a gravitational
field. In S, we may replace gAz in Eq. (11.8) by the difference in gravitational potential between
Ky and K1, A® = gAz, leaving us with:

E:E—%A@ (11.9)
C

Equation (11.9) is a statement of energy conservation if we recognize the photon energy E as
having an equivalent gravitational mass E /c?. The association of mass with energy, m = E/c?,
is the converse of £ = mc?, the association of energy with mass. Work is done in traversing the
gravitational field, and the energy arriving at K» is reduced by an amount (E/c?)A®. If we had
reversed the roles of K> and K, the energy arriving from the higher gravitational potential would
be greater by an amount (E/c?)A®, where E is the energy emitted.

Gravity couples to all forms of energy

Gravitational fields and acceleration cannot be distinguished on the basis of releasing test particles.
What about more realistic particles? Nucleons (proton or neutron) participate in the strong force,
but electrons don’t; it’s not unreasonable to ask whether different particles couple to gravity differ-
ently. The mass of bound systems—such as nuclei—is /ess than the mass of their parts by the mass
equivalent of the binding energy,'’ Am = Ej/c?. Gravity must couple to binding energies so that

19The binding energy Ej, is the energy required to separate a nucleus into its constituent parts. For a nucleus with A
nucleons and Z protons, of mass M (A, Z), Ey(A, Z) = Amnc?® + Z(mp — mp)c? — M(A, Z)c?, where my, (myp) is
the free neutron (proton) mass.
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the gravitational mass of the composite system is less than that of its constituent parts. The binding
energy, however, depends on the nature of the forces holding the system together—it’s a function of
the number of nucleons A (which couple to the strong force), and the number of protons Z (which
couple to the electromagnetic force).!! The ratio A/Z is unity in hydrogen, and approximately 2.5
in heavier atoms. Differences in the gravitational force experienced by nuclei of different A/Z ratio
(a violation of the SEP) are in principle subject to experimental investigation.

What about gravitationally bound systems, does the gravitational binding energy contribute
equally to the inertial and gravitational masses? Stated more inclusively: Does gravity couple to
all forms of energy in an equivalent manner? If the SEP were violated, Earth and Moon, having
different gravitational binding energies would have different ratios of inertial to gravitational mass,
and hence would have different accelerations toward the sun. Such an effect would eventually lead to
a polarization of the moon’s orbit around the earth, a phenomenon known as the Nordvedt effect.[45]
The Lunar Laser Ranging Experiment rules out the Nordvedt effect to high precision and provides
experimental support for the SEP.'?

11.7 GRAVITY AFFECTS TIME
11.7.1 Gravitational frequency shift

We now establish another equivalence associated with gravity, that supplied by the association of
energy with frequency through the Planck relation, £ = hv. Gravity couples to energy and energy
is related to frequency. Ergo, gravity affects time. By applying the Planck formula to Eq. (11.9), the
frequency of the received radiation, v, is related to the frequency of the emitted radiation v by

v=u1y(l— =), (11.10)

where A® = &, — D Rewrite Eq. (11.10) as

vow _Av_ AT (11.11)

IZ0) 40 c?

If light travels “uphill,” out of a gravitational potential well, A® > 0, and the received frequency is
less than that transmitted; it’s shifted toward the red end of the spectrum, redshifted. For light that
travels “downhill,” further into a gravitational well, A® < 0 and the received frequency is greater
than that transmitted; the light is blueshifted. The gravitational frequency shift occurs because of 1)
energy conservation and 2) energy-mass equivalence; it’s not a consequence (yet) of GR, although
GR naturally incorporates these effects into the theory.

11.7.2 The Pound-Rebka-Snider experiment

The gravitational frequency shift was verified in the 1959 Pound-Rebka experiment [47] and in the
1964 Pound-Snider experiment [48] which measured the shift in photon energy in either falling or
rising through a height of 22.6 m. The expected fractional change in frequency is, from Eq. (11.11),

Av _ gAz _ 9.8m/s* x 22.6m —9.46x 1015,
Vo c? (3 x 108m s—1)2

1I'The Weizsicker formula is an expression for nuclear binding energies:
Z? (A—27)? 1

Az e A BREAYYVPN
where the parameters {a; } are obtained from a best fit to measured binding energies.

12Reflecting arrays were left on the surface of the moon by the astronauts of the Apollo 11, Apollo 14, and Apollo 15
missions. The Lunar Laser Ranging Experiment measures the earth-moon distance using, you guessed it, laser ranging. It’s
found that a SEP violation parameter (similar to the E5tvis parameter) has the value [46] n = (4.4 £+ 4.5) x 10—4.

Ey(A,Z) = avA — a5A2/3 — ac
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a small effect. Pound and Rebka measured a fractional frequency shift of (2.57 + 0.26) x 10715,
and thus Aveyp / AVipeory = 1.05 £ 0.10. Pound and Snider improved the agreement between theory
and experiment with Aveyp/Altheory = 1.00 £ 0.01.

How was such a small effect measured? The experiment used the 14.4 keV photon from the
decay 5"Fe* — 5"Fe 4~ and allowed it to “fall” through 22.6 m, where they observed its absorption
by a 57Fe target. The excited state °“Fe* has a relatively long lifetime ~ 1077 s, leading to an
approximate energy width of the photon, I' ~ 10~8¢V; Pound and Rebka measured I' = 1.6 x 10~8
eV. The fractional width of the y-ray is thus I'/E = 1.1 x 10~'2, The absorption (by the reverse
process, °"Fe + v — °"Fe*) of such a narrow y-ray would normally be impossible due to the recoil
energy of the nucleus, Er. Using Eq. (P11.1), Er ~ 2 x 1072 eV; the recoil energy far exceeds the
energy width, Er > I'. The experiment would not have been possible were it not for the Mdssbauer
effect, where the nucleus is embedded in a crystal lattice; in this case E'r is absorbed by the crystal
so that essentially no energy is lost to recoil, on emission or absorption.

Narrow as it is, the width of the 14.4 keV photon is 500 times /arger than the effect they were
trying to measure, seemingly rendering the experiment impossible. The photon would need to “fall”
through a distance of 10 km before A®/c? ~ I'/E. Pound and Rebka devised a method that
allowed the experiment to succeed. If the ~y-ray source is imparted a small velocity v, there is
a Doppler shift of the spectral line, (AE/E)poppler = S. If § 2 T'/E, absorption of the v-ray
is impossible. The maximum velocity one could give to the emitter and still have the ~-ray be
absorbed is Bpax = I'/E ~ 10712 or v = 3 x 1072 cm/s. Pound and Rebka used the Doppler
shift to offset the expected gravitational frequency shift. For the configuration where photons are
“dropped,” we expect a blueshift from the energy gained by the photon. Imparting a slight velocity
upward to the emitter would produce a Doppler redshift, and decrease the energy of the photon.
The energy arriving at the absorber would then be E,ive = Eo + (AE) gravity T+ (AE)

Ey+ Ey (A<I> / c2)) — B Ey. Maximum absorption occurs for F,.ive = Fp, when
Ad  gAz
2 2

Doppler =

(11.12)

The Doppler shift that offsets the anticipated gravitational blueshift occurs for v = 7.38 x 1075 cm
s~1, a small velocity! Note that Eq. (11.12) holds independent of the photon energy, and hence its
gravitational mass; the EP in action.

In the experiment, the ®"Fe absorber covered a scintillator, which was viewed by a photomul-
tiplier tube. The y-ray source was attached to a transducer, which could impart a small velocity.
The velocity of the transducer was modulated periodically, with v = vg cos wt, where v is arbi-
trary, as long as it’s much greater than 7.4 x 10~° cm/s. Maximum absorption, where Eq. (11.12)
is met, corresponds to a minimum counting rate from the photomultiplier tube. This minimum sig-
nal was correlated with the phase of the transducer, from which they could obtain the velocity. The
experiment showed that the photon has an interaction with the gravitational field in accord with the
predictions of the EP.

11.7.3 Gravitational time dilation

The gravitational frequency shift, Eq. (11.10), presents a conundrum. How do we reconcile the
experimentally observed frequency shift with the fact that the number of wave crests reaching the
receiver is the same as that emitted by the source? Wave crests are a periodic phenomenon that can be
regarded as the ticks of a clock. The gravitational frequency shift has been experimentally verified,
and the number of ticks (wave crests) is the same at both clocks, and the clocks are identical. We
must conclude that the time inferval between successive ticks is altered by the local gravitational
field. Time is affected by gravity! Let’s let Einstein speak for himself (refer to Fig. 11.8):

On a superficial consideration, Eq. (11.10) seems to assert an absurdity. If there is
constant transmission of light from K to K2, how can any other number of periods per
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second arrive at /{5 than is emitted at /{; ? But the answer is simple. We cannot regard
vy or v, simply as frequencies (as the number of periods per second) because we have
not yet determined the time in system .S. What v, denotes is the number of periods with
reference to the time-unit of the clock U in K, while v5 denotes the number of periods
per second with reference to the identical clock in K. Nothing compels us to assume
that the clocks U in different gravitational potentials must be regarded as going at the
same rate.[9, p105]

We can view Eq. (11.10) as stating
v(r+Ar) =v(r)(1 - A®/?), (11.13)

where A® = &(r + Ar) — ®(r). Define a local unit of time as the time between wave crests,
t(r) = 1/v(r), so that Eq. (11.13) is equivalent to

tir+Ar)—t(r) Ad

=—. 11.14
t(r+ Ar) c? ( )
1dt 1 do
In the limit Ar — 0, Eq. (11.14) becomes — — = — —, or simply
tdr 2 dr
dt 1
— = —=do. 11.15
i ( )

Equation (11.15) expresses the change in local time scale with a small change in gravitational po-
tential. Even though Eq. (11.15) cries out to be integrated, t(®2) = t(®1) exp (A®/c?), where
Ad = &y — Py, the temptation should be resisted. Why? The argument leading to Eq. (11.8) is
based on small velocities and small separations in space; Eq. (11.15) is approximate.'?> We derive in
Chapter 17 the result that supplants Eq. (11.15),

dt(r) = dt(oco)\/1 +28(r)/c? (11.16)

where dt(oco) is the time scale where ® = 0. Equation (11.16) expresses the effect mentioned in
Chapter 1: Clocks run slower the lower they are in a gravitational potential.

We cannot observe time dilation locally, at one point in space; the gravitational field affects our
time standards the same as it affects the clock being studied. We must compare clocks at different
points in space. Comparing clocks at locations r; and 73, we have from Eq. (11.16)

dty _ 1+ 20(rq)/c? (11.17)
dtz 1+ 2@(7’2)/62 ' '
For weak fields (®/c? < 1) and Eq. (11.17) reduces to
dt
d—tlzl—l—(Cbl—@Q)/cQ:l—&-A(D/g, (11.18)
2

the same as Eq. (11.15), At/t = Ad/c2.

3Einstein recognized the approximate nature of the conclusions reached this way. From his 1911 article:[9, p99] “The
relations here deduced, even if the theoretical foundation is sound, are valid only to a first approximation.” One must have
GR at hand to have a tool capable of incorporating all relevant physics without approximation.
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SUMMARY

Because m; = my, the effects of a gravitational field cannot be distinguished from a linearly accel-
erated reference frame over regions of space small enough that tidal forces are negligible. The EP
is a cornerstone of GR, along with the principle of covariance. It has several consequences.

e Spacetime is locally flat. Because of the EP, we cannot distinguish between an IRF in the

absence of gravity, and a small reference frame freely falling in a gravitational field. Every
sufficiently small freely falling frame is locally an IRF, implying that in regions of spacetime
small enough that gravitational fields are uniform, spacetime is locally flat.

e Energy couples to gravity. Because of the equivalence of mass and energy, E = mc?, and the

equivalence m; = my, energy acts as if it has a gravitational mass, m, = E/c%.

e Photons undergo a frequency shift in a gravitational field, with Av/v = —A® /2. Photons

are redshifted if they climb out of a gravitational potential well, and blueshifted if they fall
into a gravitational potential well.

Clocks run slower the further they are into a gravitational potential well (gravitational time
dilation). Over small changes in ®, time is altered according to At/t = A®/c2.

EXERCISES

11.1

11.4

11.5

In your hand you hold a can of water that’s open to the atmosphere at the top. At the same
time you puncture a hole in the side of the can at a distance h below the water line, you let go
of the can. Describe what happens to the water. Hint: From Bernoulli’s principle, the velocity
of the water escaping the hole is v = /2gh.

Derive Eq. (11.3). Start with Eq. (11.2), and use the formula for the Newtonian gravitational
force at locations  and r + z. Assume that z < 7.

The tidal force considered as a vector field has zero divergence, V - f = 0.

a. Show directly from Egs. (11.3) and (11.4) that V - f = 0. Do not differentiate with respect
to 7 (which should be treated as a constant). These formulas are valid only for z, y, z small
compared to 7.

b. Show from Eq. (11.5) that this result is to be expected. In forming the divergence using
Eq. (11.5), you should recognize the Poisson equation—see Table 1.1. Is there a local
source of tidal forces?

Compute the curl of the tidal force vector field f using Egs. (11.