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The General Theory of Relativity

The general theory of relativity, Einstein’s theory of gravitation, has been included as a compulsory
subject in undergraduate and graduate courses in Physics and Applied Mathematics all over the
world. However, the physics-first approach that is taken by many textbooks is not universally used, as
the approach often depends on the instructors’ or students’ background. Conceived from the lecture
notes made by the author over a teaching career spanning 18 years, this book introduces the general
theory of relativity for advanced students with a strong mathematical background.

The proposed book takes a ‘math-first approach’, for which the mathematical formalism
comes first and is then applied to physics. It presents a concise yet comprehensive and structured
understanding of the general theory of relativity. The book discusses the mathematical foundation
of the general theory of relativity and focuses heavily on topics such as tensor calculus, geodesics,
Einstein field equations, linearized gravity, Lie derivatives and their applications, the causal structure
of spacetime, rotating black holes, and basic knowledge of cosmology and astrophysics. All of these
are explained through a large number of worked examples and exercises.

Farook Rahaman is a Professor of Mathematics at Jadavpur University, Kolkata. Besides writing
a book, The Special Theory of Relativity, he has published numerous research papers on galactic
dark matter, wormhole geometry, charged fluid model, topological defects in the early universe,
gravastars, black hole physics, star modeling, and the cosmological model of the universe.
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Preface

At the beginning of the twentieth century, Einstein spent many years developing a new theory
in physics. The newly developed theory is known as the theory of relativity. This is basically a
combination of two theories: the first one is known as the special theory of relativity and latter
one is dubbed as the general theory of relativity. The special theory of relativity is based on two
postulates, namely the principle of relativity or equivalence, that is, the laws of physics are the same
in all inertial systems, which means no preferred inertial system exists, while the second postulate
is the principle of the constancy of the speed of light. The general theory of relativity asserts that
there is no difference between the local effects of a gravitational field and that of acceleration of an
inertial system. In other words, spacetime is warped or distorted by the matter and energy in it as an
effect of gravity. According to the general theory of relativity, massive objects cause the outer space
to twist due to gravity like a heavy ball bending a thin rubber sheet that is holding the ball. Heavier
balls bend spacetime far more than lighter ones. Like the special theory of relativity, the general
theory of relativity attracted scientists a lot, immediately after its discovery by Einstein. As a result,
it has been included as a compulsory subject in graduate and postgraduate courses of physics and
applied mathematics all over the globe. Einstein proposed the field equations for the general theory
of relativity by applying his own intuition. Later, many other methods were developed to construct
Einstein’s field equations.

This book on the general theory of relativity is an outcome of a series of lectures delivered by me,
over several years, to postgraduate students of mathematics at Jadavpur University. I should mention
that it is not a fundamental book. This book has been written, from a mathematical point of view, after
consulting several books existing in the literature. I have provided the list of the reference books.
During my lectures, many students asked questions that helped me know their needs as well as the
shortcomings in their understanding. Therefore, it is a well-planned textbook that has been organized
in a logical order and every topic has been dealt with in a simple and lucid manner. A number of
problems with hints, taken from the question papers of different universities, are included in each
chapter.

The book is organized as follows:

In Chapter One a brief overview of tensor calculus, including the different types of tensors as
well as operations on tensors, is given. Generalized Kronecker delta, Christoffel symbols, affine
connection, covariant derivatives, geodesic coordinate, and various forms of tensors are described,
with examples, as a foreground to understand the basics of general relativity. Chapter Two starts
with a discussion of the geodesic equation in curved spacetime. In addition, several problems
for different spacetimes are provided on geodesics. Chapter Three begins with the statement
of three basic principles, namely Mach’s principle, equivalence principle, and the principle of
covariance. Next, the Einstein gravitational field equations are derived from the variational principle.

Xix



XX Preface

Also, in this chapter, the outline of some modified theories of gravity, such as f(R) theory of
gravity, Gauss—Bonnet gravity, f(G) theory of gravity or modified Gauss—Bonnet gravity, f(T)
theory of gravity, f(R,T) theory of gravity, Brans—Dicke theory of gravity, and Weyl gravity, are
provided. A discussion on linearized gravity is given in Chapter Four. Newtonian limit of Einstein
field equations or weak field approximation of Einstein field equations is derived. It is shown
that Poisson’s equation can be viewed as an approximation of Einstein field equations. A short
mathematical description of gravitational wave is also provided. Chapter Five is dedicated to a
short discussion on Lie derivatives and their applications. Killing equations and Killing vectors are
also discussed with several examples. A short note on conformal Killing vector is also provided.
Chapter Six is devoted to discussions on spacetimes of spherically symmetric distributions of
matter. The exact exterior and interior solutions of Einstein field equations in spherically symmetric
spacetimes are discussed. The proof of Birkoff’s theory is provided. It states that a spherically
symmetric gravitational field in vacuum is necessarily static and must have Schwarzschild form. The
Tolman—Oppenheimer—Volkov (TOV) equation is discussed. Isotropic coordinate system is a new
coordinate system whose spatial distance is proportional to the Euclidean square of the distances.
Some static spherically symmetric spacetimes are rewritten in an isotropic coordinate system. A
short discussion on interaction between the gravitational and electromagnetic fields are provided.
Reissner—Nordstrom solution is a static solution of the gravitational field outside of a spherically
symmetric charged body. Particle and photon orbits in the Schwarzschild spacetime are discussed
in Chapter Seven. Also, in this chapter, using the trajectory in the gravitational field of sun (i.e., in
the Schwarzschild spacetime), several tests of the theory of general relativity, namely the precession
of the perihelion motion of mercury, bending of light, radar echo delay, and gravitational redshift,
are explained. A discussion on the stable circular orbits in the Schwarzschild spacetime is given. A
general treatment is provided for the experimental test of general theory of relativity for a general
static and spherically symmetric configuration. Causal structure in the special theory of relativity,
i.e., in Minkowski spacetime or flat spacetime, is characterized so that no massive particle can
travel faster than light. In general relativity, locally there is no difference of the causality relation
with Minkowski spacetime. However, globally, the causality relation is significantly different due
to various spacetime topologies. A short discussion on causal structure of spacetimes is given
in Chapter Eight. Several basic definitions and some standard theorems related to causality are
explained. Chapter Nine deals with discussions on causal structures of specific spacetimes, which
are the standard exact solutions of Einstein field equations such as Minkowski spacetime, de Sitter
and anti-de Sitter spacetimes, Robertson—Walker spacetime, Bianchi-I spacetime, Schwarzschild
spacetime, and Reissner—Nordstrom black hole. A short elementary discussion on rotating black
holes is given in Chapter Ten. After introducing the tetrad, an outline of the derivation of the Kerr
and Kerr—Newman solutions is illustrated through the complex transformation algorithm for both
in four and higher dimensions. Some of the different forms of the Kerr solution are mentioned.
Some elementary properties of the Kerr solution including the maximal extension of Kerr spacetime
are discussed. Finally, brief discussions on Hawking radiation, Penrose process of extraction of
energy from a Kerr black hole, and laws of black hole thermodynamics are given. Chapters Eleven
and Twelve provide some simple applications of general theory of relativity in astrophysics and
cosmology, respectively. Some preliminary concepts of extrinsic curvature, Lagrangian formalism
of the general theory of relativity, and 3 + 1 decomposition of spacetime are given as appendices.
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CHAPTER

1 Tensor Calculus — A Brief Overview

1.1 Introduction

The principal target of tensor calculus is to investigate the relations that remain the same when we
change from one coordinate system to any other. The laws of physics are independent of the frame
of references in which physicists describe physical phenomena by means of laws. Therefore, it is
useful to exploit tensor calculus as the mathematical tool in which such laws can be formulated.

1.2 Transformation of Coordinates

Let there be two reference systems, S with coordinates @', 2, ..., %" and S with coordinates
CHE D) (Fig. 1). The new system S depends on the old system S as

}i:(]bi(xl,xz,...,x”); i=1,2,...,n (L.1)

Here ¢' are single-valued continuous differentiable functions of x!,x2, ..., x" and further the
Jacobian

9 ' o' 99!

) 6x12 I)JCZZ 0x32 ox"

opf| |88 s 4
T ={ox! ox2 ax® 777 o | #£O0.

X

Differentiation of Eq. (1.1) yields

n

&= 2 (;f: dx" = i g—jdxr = Zﬁidx’.

r=1 r=1

Now and onward, we use the Einstein summation convention, i.e., omit the summation symbol Y
and write the above equations as

=2 g =Ty, (12)
ox" r



2 Tensor Calculus — A Brief Overview

Figure1 S and S frames.

or

v = 25 5" = a7 (1.3)
0x

The repeated index r or m is known as dummy index. The index i is not dummy and is known as
free index.
The transformation matrices are inverse to each other

aad=e" (1.4)
The symbol 6" is Kronecker delta, is defined as

ol=1if m=r
=0ifm#r

Obviously vectors in (E) system are linked with (S) system.

1.3 Covariant and Contravariant Vector and Tensor

Usually one can describe the tensors by means of their properties of transformation under coordinate
transformation. There are two possible ways of transformations from one coordinate system (x') to
the other coordinate system (ii).

Let us consider a set of n functions A; of the coordinates x'. The functions A; are said to be the
components of covariant vector if these components transform according to the following rule

A= FTTa (1.5)
Also, one can find by multiplying 3—§ and using Z—i; S—j = 5?; and 5‘,’;Aj =A;
ox' -
A=

= o



Covariant and Contravariant Vector and Tensor 3

0B .

Gradient of a scalar B, i.e., B; = — is a covariant vector.

i

Here, A; is known as the covariant tensor of first order or of the type (0, 1).
The functions A’ are said to be the components of the contravariant vector if these components
transform according to the following rule
A= ox!

= A 1.6
pr (1.6)

Also, one can find by multiplying both sides with g—ﬁ and using SJIFAJ = AF

k _
A= 4
ax!

Here, A’ is known as the contravariant tensor of first order or of the type (1,0).

dx . . . .
Tangent vector m of the curve x' = x'(u) is a contravariant vector.
u

Let components of velocity vector in Cartesian coordinates are x and y. Find corresponding
components in polar coordinates.

Hint: Here, x' = x, x> =y, and 3 = r, ¥ = 0 with x = rcos6, y =rsin, ie., r = \/x2 +y?,
0 = tan™! (f).

LetA! = x, A> = y. We will have to find a , Zz.

(“/dot” denotes differentiation with respect to ¢.)

—i A
Using the definition A = %AJ , we have

—1 -1 =1 _1
A =B % oA =P Py
ox! ox? ox  ady
Similarly,
=249y
ox dyy

Exercise 1.4

Let components of acceleration vector in Cartesian coordinates be X and y. Find corresponding
components in polar coordinates.
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—1 —
Hint: LetA' = %, A> = 9. We willhave tofind A , A .
Here,

-1 or. or . s =2 00, 00. . 2.

A =—%+—y=Fr—10,A = —X+—y=0+ =0
0xx Oyy e dxx dyy r "

1.3.1 Invariant
Let ¢ be a function of coordinate system (x) and ¢ be its transform in another coordinate system
(x"). Then, ¢ is said to be invariant if ¢ = ¢.

The expression A’Bi is an invariant or scalar, i.e.,

AiB, = A'B, (1.7)

i

Hint: Use definitions given in Egs. (1.5) and (1.6).

An invariant or scalar is known as the tensor of the type (0, 0).

1.3.2 Contravariant and covariant tensors of rank two
Let C' and B/ be two contravariant vectors with n components, then C'B/ = A¥ has n? quantities, i.e.,
A7 are the set of n? functions of the coordinates x'. If the transformation of A¥ is like
—.  oxt o¥
Al = =AM, 1.8
axk ox! (1.8)
then A¥ is known as contravariant tensor of rank two. Here, A¥ is also known as the contravariant

tensor of order two or of the type (2,0).
ox" ox*

If we multiply both sides of (1.8) by — prrgeet , then
A = ax” 0xs qii
ox ax/

Again, if C; and Bj are two covariant vectors with n components, then CiBj = Aij form n?

quantities, i.e., Ai]» are the set of n2 functions of the coordinates x'.
If the transformation of Aij is like

- k 5yl
A_axdx

P = o o 2

then A;; is known as covariant tensor of rank two.
Here, A;; is also known as the covariant tensor of order two or of the type (0,2).
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If we multiply both sides of (1.9) by 2 2 then

oxr oxs’

i 3w
A =R g
Sooxtoxs Y
1.3.3 Mixed tensor of order two AJ’ﬁ

Suppose A]‘: is a set of n? functions of n coordinates. If the transformation obeys the following rule

A= 00X
I oxkow !

then Af is known as the mixed tensor of order two or of the type (1, 1).
Thus, mixed tensor of order two can be obtained by taking a covariant vector A; and a
contravariant vector B/, i.e., C’i =AB.

Kronecker delta 5{ is a mixed tensor of order two.

Hint: If 5{: can be combined with components of two vectors to form a scalar, then 5{ will be a tensor.
Now

AiBjéf = A'B; = scalar.
If the transformation obeys the following rule

iviyed,  OX0 OX2  OX oxh oxl> 0xle  kik,...k,

Sibdy ~ gxky o T ke 0% 0% e el

then Af‘lk 2"}k” is known as mixed tensor of the type (p, ¢).
12+++4q

1.3.4 Symmetric and skew-symmetric tensors
If a tensor is unaltered after changing every pair of contravariant or covariant indices, then it is said
to be a symmetric tensor. Let 7,,; be a covariant tensor of rank two.

If T,5 = Tp,. then it is known as symmetric tensor.

If a tensor is altered in its sign but not in magnitude after changing every pair of contravariant
or covariant indices, then it is said to be a skew-symmetric tensor.

If T,5 = =T}, then it is known as antisymmetric or skew-symmetric tensor.

Kronecker delta 6; is a symmetric tensor.
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Exercise 1.8

l |

. . 04, OA; . .
If A, is covariant vector, then curlA; = — — — is a skew-symmetric tensor.

0x; 0x,
Hint: Use curlA; = 4 _ a—A’_' = B;; and show that B; = —B

ox; ox; Jr

Symmetry property of a tensor is independent of the coordinate system.

A symmetric tensor of order two in n-dimensional space has at most nntl)

2
whereas an antisymmetric tensor of order two has at most @ independent components.

independent components

1.4 Operations on Tensors

i. The addition and subtraction of two tensors of the same type is a tensor of same type.

A;+B;=Cy AT+ B =CV, A+ B =C]

Exercise 1.10

Any covariant or contravariant tensor of second order can be expressed as a sum of a symmetric and
a skew-symmetric tensor of order two.
Hint:

1 1
a; = E(aij + aji) + E(a’j - aﬁ), etc.

ii. The type of the tensor remains invariant by multiplication of a scalar a.

iii. Outer product: The outer product of two tensors is a new tensor whose order is the sum of the
orders of the given tensors.
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Let two tensors of types (2,3) and (1,2) be respectively, AZIm and Bj , then the outer product of these
tensors has type (3,5), i.e.,

ij pa _ gla
AklmeC - T;clmbc

iv. Contraction: The particular type of operation by which the order (r) of a mixed tensor is lowered
by order (r — 2) is known as contraction.

Let AZlm be a mixed tensor of order five. The new tensor A;Zl.m can be obtained by replacing lower
index / by the upper index i and taking summation over i, one gets the tensor of order three.

Al =p

kim km

v. Inner product: The outer product of two tensors followed by contraction with respect to an upper
index and a lower index of the other results in a new tensor which is called an inner product.

Exercise 1.14

i pk — Ak _ pi
Ak an = “kmn — Dmn’

ij pm _ pym
AkBij_Dk

1.4.1 Test for tensor character: Quotient Law
An entity whose inner product by an arbitrary tensor (covariant or contravariant) always gives a
tensor is itself a tensor.

If C(i,/)A'B’ is an invariant, then C(i,j) = C;; is a tensor of the type (0,2).

Exercise 1.16

If C(p,q,r)B” = A, then C(p, ¢,r) = C_is atensor of the type (1,2).

Exercise 1.17

Let A/, ' be the components of two arbitrary vectors with a,;; A" u' ¥ u* = 0, then prove that

Apijie + Apiji + A + gy = 0.
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Hint: Given that
A= ahijkﬂhyiﬂjﬂk =0.

Differentiating with respect to A", we get

oA o -
EYOR Wy ¥ P + ayp A ' = 0.

Again, differentiating with respect to A/, we get

0’A _ ik ik =0
W‘ahijk“” +dpp =0.

Now, differentiating with respect to u' and g, one will find, respectively,
0°A

oA dNoui

0*A _

Ao omak ik T i

_ k k k k_
= Qi+ Qi+ Qg+ Qg™ =0,

+ ajihk + Cljkhi = O.

Exercise 1.18

If A’ is an arbitrary contravariant vector and CiinAj is an invariant, then show that C; + C;; is a
covariant tensors of the second order.
Hint: Given CUAiAf is an invariant for arbitrary contravariant vector A’, therefore,

CAN = CLA"AY.
Tensor law of transformation yields

C ai,iAaai,j

AP,
Uoxe  oxP

C;AN =

Now interchanging the suffix i and j

;o ox" ox't ox't 9x"
C.AA = C.—— Z_AAP = €. = ZZ_A%AP,
7 T ox® 0xP Tt ox® OxP

(interchanging the dummy suffixes a and f)

Thus,
P ox't oxi
LA — / / app
(Cji + CU)AA = (Cji + Cif)dxa dxﬂA A7,
ox't ox'i
aAf / / app
= (Ca,; + Cﬂa)A Ar = (Cji + Cij)ax" _axﬂA A",
ox't oxi
= |(C,y+ Cy) — (Cl + C)=——| A°A? = 0.
( af ﬂll) ( ij jl) ox® axﬂ
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Since A” is arbitrary, therefore, the expression within the square bracket vanishes. Hence, C, 5+ Cj,
is a (0, 2)-tensor.

1.4.2 Conjugate or reciprocal tensor of a tensor
Consider a symmetric covariant tensor of second order a;;, i.e., of the type (0,2) whose determinant,
la;| is nonzero; then

[js

cofactor of a; in |a;

|aij|

is known as reciprocal tensor of a;;. It is of the type (2,0).

Reciprocal tensor exists for any tensor. Only condition being its determinant is nonzero. Here,
ab* = 5}’? and |a||b*| = |5;‘| = 1. Usually, conjugate of a;; is written as a” and a;;a¥ = 6; =n.

Tensor equations in one system (x') remain valid in all other coordinate systems (}i), e.g., if T;kl =

2T;jk, then Tjkl = 2lek.

1.5 Generalized Kronecker Delta

The generalized Kronecker Delta 5;’5 is defined as follows:

a sb
6, 6,
5280
=+l a#Fp a=p p=v
=-lLa#p,a=v, f=u

= 0, otherwise.

6% =
HV

We can define **7 and 6*/7” as follows:
uvé uvéw

a sP
) 5% 8, 5,
s = |62 8] o7 |,
a sP or
56 5-5 55
s* sl s s
u Ou %u Y
5aﬂ7p_ 53 55 55 55
e = ot ol o of |
52 8} ol 0,
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Exercise 1.19

123 _ 123 _
6153 = 0557 = 1,
123 _ ¢123 _
5213 - 5132 =-1
Exercise 1.20
Show that
af _ o
5;4/? = 35}4.
Show that
6% =4
a

Show that
8P =25
Hye Hy
Hint:
A
ape _ | sa 5P g
6 = 8y 6, 67 |-
52 80 o7
Now, expand along third row and use 67 =
Show that
A
apro — _ | gu 5 s
S =0y 5, 67 |.

P st
5% 81 &
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Exercise 1.24

Show that

§9Tr = (5958 — 5%5P).
uv VTH

Huvep

Show that
U7 = 65"
uPzp s
Exercise 1.26
Show that
aftp _
(Sa bep = 24.

Symbols: Symmetric and skew-symmetric tensors of second order:
Tary = %(Tab 1) Tian = %(Tab = Tha)-
For the tensors of third order, we can construct symmetric and skew-symmetric tensors as
Tpey = %(Tabc *+ Tpea + Teap + Tpae + Tach + Tepa)»
Tiapey = %(Tabc *+ Tpea + Teab = Tpae = Tach = Tepa)-
We can express skew-symmetry symbols by means of generalized Kronecker delta as

1 cd
Tan) = 57 Teabap

1

T[abc] = _Tcde

cde
2! 5

abc*

1.6 Theline Element

The distance between two neighboring points P7(x')) and FF(x) + di(x')) (x' are the coordinates of
the space) in an n-dimensional space is given by (see Fig. 2)

ds* = di - di = g ,dx"dx’ (1.10)
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Figure2 Two neighboring points in a space.

Here,
; oF , 1, OF , 5 or 1 2 .
dr(x') = ——dx' + —dx"+ ......... + —dx" = a;dx’ + apdx” + ...+ a,dx
ox! 0x? ox"
with
a; = ﬂ and g, = a, - ay
ox'

The distance between two neighboring points is referred as line element and is given by
Eq. (1.10).

Here, g, are known as metric tensor, which are functions of x*. If ¢ = |g,,| # 0 and ds is
adopted to be invariant, then the space is called Riemannian space.

In mathematics, Riemannian space is used for a positive-definite metric tensor, whereas in
theoretical physics, spacetime is modeled by a pseudo-Riemannian space in which the metric tensor
is indefinite.

The metric tensor g, is also called fundamental tensor (covariant tensor of order two).

In Euclidean space:

ds* = dx’® + dy* + d7*.
In Minkowski flat spacetime, the line element
12 _

22 32

ds® = dx*% — dx dx~ —dx
Since the distance ds between two neighboring points is real, the Eq. (1.10) will be amended to
ds* = eg,-jdxidxj ,

where e is known as the indicator and assumes the value +1 or —1 in order that ds? be always positive.
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The contravariant tensor g¥ is defined by

here A7 is the cofactor of g;; and g is the determinant of g;.
Obviously

8ar 87 = 85 = 8

With the help of g* and g, one can raise or lower the indices of any tensor as

8T =T,
Tab gac — Tvl;‘
gaA” = A,
gab Aa =Ab

Here, A, and A“ are known as associated vectors.

ac

gah gcd 2pa = 8.
A,B’ = g"AB, = g,AB".

Exercise 1.27

Show that the determinant of the metric tensor is not a scalar. Also, prove that the expression
\/—g d*x where d*x = dx'dx*dx*dx" is an invariant volume element.
Hints: We know

, ox° oxf
gab - x4 0x’h 8cd
ox |*
= det(g;b)= W det (g.4)
ox |?
=> g'= E g (1.11)

This indicates that the determinant of the metric tensor is not a scalar.

Also the volume element d*x transform into d*x’ as

ox'

ox

Y = d*x (1.12)
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From (1.11) and (1.12), we get

V-g d'x = \/—_gd4x.

Exercise 1.28

Find out the metric tensor of a three-dimensional Euclidean space in cylindrical and polar
coordinates.
Hint: Here, for cylindrical coordinates,

1 3

y'=x'cosx?, y? =x'sinx?, y =x
The metric tensor in three-dimensional Euclidean space is
ds* = dy12 + dy22 + dy32

Now,

dy' = dx! cos x* — x'sinx*dx?, dy* = dx' sinx® + x! cos x*dx?, dy* = dx’
Substituting these we get

ds* = dx12 + xlzd)c22 + dx32
For polar coordinates,
y! = x'sinx? cosx®, y* = x' sinx?sinx’, y* = x' cos x?

Using the same procedure, one can find

2 252 2 . 2
ds* = dx"” + x"d® + x'7 sin? X2dx®

Exercise 1.29

A curve in spherical coordinates x' is given by

Find the length of arc for 1 <t < 2.
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Hint: In a spherical coordinate, the metric is given by

ds® = (dx")? + (x")*(dx®)? + (x'sinx®)?(dx>)?

2 ) 2
=(dt)2+r2<—L> + (a1 ( 2 dt>
e -1 ( t> 2-1

5 2
= dt
] (dr)

Therefore, the required length of the arc 1 < ¢ < 2 is given by

f 2
/ ds = \/5/ L dr=/15 units.
1 1

V2 -1

1.6.1 Norm

Let A* (A,) be any contravariant (covariant) vector. Then norm or magnitude or length / of the
vector A* (A,) is defined as

2 —_ — vV v
P=ArA, =g, APA" = g™A A,

Exercise 1.30

Magnitude / of a vector is an invariant.
Hint: Try to show

A, =A"A,

1.6.2 Unit vector

A vector is said to be unit vector (unit covariant or unit contravariant) if

SUAA =1=gAA.

1.6.3 Null vector

A vector is said to be null vector (covariant or contravariant) if
gIAA; =0 =g A'A.

1.6.4 Time-like vector

A vector is said to be time-like vector (covariant or contravariant) if

giinAj = giinAj > 0 with signature (+,—, —, —).
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Alternatively,
A vector is said to be time-like vector (covariant or contravariant) if

gijA,-Aj = gl-inAj < 0 with signature (—, +, +, +).

1.6.5 Space-like vector
A vector is said to be space-like vector (covariant or contravariant) if

g’inAj = gl-jA"Aj < 0 with signature (+,—, —, —).
Alternatively, a vector is said to be space-like vector (covariant or contravariant) if
g’inAj = gl-jA"Aj > 0 with signature (—, +,+, +).

The time-like, space-like, and null vectors have important physical relevance as follows: Two
events are causally connected by a time-like vector when they lie within a light cone, whereas a
space-like vector connects two events that lie outside the light cone, i.e., the events are causally
disconnected. Two events that lie on the light cone are connected by a null vector. Actually,
collection of all null vectors in a Lorentzian space forms a light cone.

The signature (p, g) of a metric tensor g is defined as the number of positive and negative eigenvalues
of the real symmetric matrix g, of the metric tensor, with respect to a certain basis. However, in
practice, the signature of a nondegenerate metric tensor is denoted by a single number s = p — g,
eg,s=1-3=-2for(+,—,—,—)and s = 3 — 1 = +2 for (—, +, +, +). A metric with a positive
definite signature (p, 0) is known as a Riemannian metric, whereas a metric with signature (p, 1) or
(1, g) is called a Lorentzian metric.

A light cone in special and general relativity is the surface describing the temporal evolution of a
blaze of light originating from a sole event and roving in all directions in spacetime.

Two events are causally connected if one event in spacetime can influence the other event; in other
words, one can join one event to the other event with a time-like or null vector.

(1,0,0,—1) is a null vector, whereas (1,0, 0, \/5) is a unit vector in Minkowski space

ds* = di* — dx® — dy* — dZ%.
Hint: Here in the first case,

8o=1 gu=-1 gn=-1, g53=-1,
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and
A'=1, A'=0, A2=0, A3 =-1.
Now,

P =g AN = gppA’A’ + g, A'AT + gAPA% + g33A°A° = 0, etc.

1.6.6 Angle between two vectors A# and B
In ordinary vector algebra, we know angle between two vectors A and B is defined as

cosf =

Similarly, one can define the angle between two vectors A# and B* as

LN
ol | S0

scalar product of A* and B*
length of A* X length of B*

A*B,

V@A )B"B,)

g"A,B,

\/ (6" A,A) (8 B,B,)

cosf =

1.6.7 Orthogonal vectors
Two covariant vectors A;, Bj or contravariant vectors A’, B/ are said to be orthogonal if

giinBj =0= gl-inBi.

If 6 be the angle between two non-null vectors A’ and B’ at a point, show that

(88pq = 8ip8jq) A'B'ABY
(85AA7) (8,,BB1)

sin*6 =
Hint: Let 6 be the angle between two non-null vectors A and B’ at a point; then from the above
definition
8 iinBi

A /giinAf1 /8B B

cosf =
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Now,

g:A'B g APBY
sinf@=1—-cos?f=1— —2 il

(8;A'A)(g,,BPB)
_ 88 ANBBY — gy, AN BB
(8;A1A))(g,,B"BY)
_ 8y8pA BB — 8,8, A'BAB!

(8;/A'A))(8,,B"BY)
(Replacing the dummy indices j and p by p and j)
(gijgpq - gipgjq) AinAqu
(8547) (8,87 B)

(1,1,0,—1) and (1,0, 1, —1) are orthogonal vectors in Minkowski space
ds* = di* — dx® — dy* — dZ%.
Hint: Here

g;A'B = gyAB” + g |A'B' + g,,A’B* + g3;A°BY = 0, etc.

1.7 Levi-Civita Tensor or Alternating Tensor

Levi-Civita tensor is a tensor of order three in three dimensions and is denoted by €, and
defined as

€gpe = +1,
if a,b,c is an even permutation of 1,2, 3, i.e., in cyclic order.
=1,
if a,b,c is odd permutation of 1,2, 3, i.e., not in cyclic order.
=0

if any two indices are equal.
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Levi-Civita tensor is a tensor of order four in four dimensions and denoted by e**<?,
el = 1,
if a,b,c,d is an even permutation of 0, 1,2, 3, i.e., in cyclic order.
=1,
if a,b,c,d is odd permutation of 0, 1,2, 3, i.e., not in cyclic order.
=0

if any two indices are equal.

The components of €., can be found from e*“? by lowering the indices in a typical way, just
multiplying it by (—g)':

€abed = Gay 8bv 8y 8ao(~8) ™ €"7°.
For example,
€123 = 8ou 81v 82y 836 (—g) e
= (~g) 'det g, = - 1.
In general,
€apea = 1

if a,b,c,d is an even permutation of 0, 1, 2, 3.

if a,b,c,d is odd permutation of 0, 1, 2, 3.
=0 otherwise.
Here,

abed __
€1bed€ = =24,

Hints: The explicit form of €,,.,e”?"" is

€arca€” ™" = —8hglelel + glgr el e — ghgl ehel + gligh gl + glgl gl el — ghghelel
+8,8, 808 — 818,808+ 8.8,808, — 818,84 8 T 848, 808y — 848,818,
+8,8,808, — 898,8787 T 848,80 8y — 88, 8184 + 8h8 88y — 818,808,

m q.,m,n n

+ 808,808l — 8,8,8.80 + 808,8r 81 — 8181 8r8 T 8, 8,808y — 848,828 -
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The new tensor can be obtained by replacing upper index p by the lower index a as

€apca€ " = —g8he — &gl — 8relgh g8l e + g gnel + g,8lg-
This implies
Capca€™™ = —2(g"g" + g"g").
Finally one obtains
Capeg€"" = —68" and €, = -24.

1.8 Christoffel Symbols

Partial derivative of a tensor is not, in general, a tensor. However, to build up expressions involving
partial derivatives of a tensor, which are the components of a tensor, the fundamental tensor plays a
significant role. In order to achieve this goal, in 1869 E.B. Christoffel introduced two notations,
which are formed in terms of partial derivatives of the fundamental tensors g;. These are the
Christoffel symbols of the first and second kinds, defined as follows:

First kind:

.0 =T, = L[908k _ %8

) ox; 0x;

i axk

Second kind:
Iyl _ Ik

These contain n° components. For Minkowski space, i.e., in flat space all Christoffel Symbols vanish.

Properties:
1. [ij, k] = [ji, k]
Iy gl
2. ;1 =1}
3. [ij, k] = glk{éj}
4. [,k + [k i) = %
a(log v/=2)

ox!

5. () = alog \/3)

il ox!

where g = |g;|. if § <O, then {ﬁl} =
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Hint: We have

.. ii
g’ = —. where G, are cofactor of g;;
8

Differentiating g with respect to x/, we get

P 0g;; 0g;; T o

= gli} +et)} = 2¢()})
Therefore,

_ 9(log NG,
=—

il ox

Exercise 1.34

For diagonal metric, i.e., g; = 0 for i # j, show that

_10(ng])

2 ox > ) 2 ov

_ 1adnfg;D) ()= 1 9(gy)

{,-,-} Ji _QI,W > {jk} =0

Hint: Use the definition of { j’:k}.

Find { Ji.k} for the metric

ds® = dr* + *d6* + 7* sin” 0d¢>.

1.8.1 Transformation of Christoffel symbols
We will try to find

— 108y 98 98

k= —+ — - —
5.4 =5 x| ox  ox
Since 8ij is tensor of the type (0,2), therefore,

_ 0x, 0x;,

8ij = ()_)‘c, a_)—cjgab
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differentiating both sides with respect to X, we obtain

08; _ 08y 0x, 0x, 0x, N 0°x, 0x, N ox, 0%x,
0%,  Ox, 0%, 0%, O, = OX,0%, 0%, " 0, 0x,0%,

o .03,
Similarly, one can find <& and —
ox 0x;

. 0z, .
and adding these two and subtract %, we obtain after some
k

mathematical manipulation

—[.. 1 = [ab, o] 2 cy ox, 02xb
YE =LA 0%, 0%, 8ab 0%, 0%,0%;

The presence of second term indicates that [ab, c] do not transform like a tensor.

1.9 Affine Connection

At first, we are providing some basic concepts:

A set M, which is locally Euclidean of dimension 7 is called a manifold of dimension n. Locally
Euclidean means that every x that belongs to M possesses a neighborhood, which is homeomorphic
to an open subset of R" (see Fig. 3).

A mapping f : X — Y is homeomorphic, if fis bijective mapping, continuous and f~! exists.

A manifold M is said to be Hausdorff, if for any two distinct points x and y in M, there exist
disjoint neighborhoods of x and y.

A manifold M is said to be compact if each open cover of M has a finite subcover.

A manifold M is said to be paracompact if every open cover of M has an open refinement that
is locally finite.

In the absence of paracompact, a manifold does not admit a real analytic differentiable structure.

A manifold M is said to be connected space if it cannot be represented as the union of two or
more disjoint nonempty open subsets.

Figure3 Locally Euclidean space.
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(A) (A% 8A") A(x‘+ §x°)
A A
P(x) F(x+ 8x')

Figure4 Parallel transport.

A manifold is said to be differentiable manifold if it is continuous and differentiable. Usually
in physics, one can describe the spacetime by a differentiable manifold.

Suppose M is a differential manifold of dimension m. The tangent space 7, M is a collection of
tangent vectors v, to M at the point p € M. The tangent bundle 7M of a manifold M is defined by
™ = UPGMTPM =p,v)|peMyve TpM.

Letacontravariant vector A’ at point P (x'). F (x'+6x") be a neighborhood point of P. Now we shift
the vector A’ from P to F such that its magnitude and direction do not change. This scheme is known
as parallel transport (see Fig. 4). In this scheme, the tangent vector is propagated parallel to itself.
The changes 6A" of the components of A’ in going from P to F under such a parallel transport will
be proportional to the original components of A’ and also to the displacement 6x/, i.e., the changes
8A" will be linear functions of 6x' and A¥. Thus

i ari pAkg,l
AT = —T" Aksxl.

The notations “I“;;l are known as the affine connection of the spacetime region, which contains
43 = 64 components entity. This connection is torsion-free. Here, the notion of local parallelism, i.e.,
parallelism over infinitesimal distances or the parallel transport of connecting two nearby vectors
is affine connection of the spacetime. These symbols are mentioned as Christoffel symbols, i.e.,
Ty =Ty ' '

In the above, we have seen the change A’ in the contravariant vector A’ due to parallel transport.
Now we try to find the similar law for covariant vector A;.

We know scalars are invariant under parallel transport; therefore,

5 (A"B;) =0,
or, SA' B, + A 6B; = 0,
or, =T, A* 6x' B, + A* 6B, =0,
or, A*[6B, - T}, 6x' B] =0.
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Thus, we find the change 6B, in the covariant vector B; due to parallel transport as
6B, =T} B, ox.
For second rank tensor,
8Ty =T T, 6x"+T% T, 6x".

Proof: Assume T, = A; B, and 6(A; By) = 6A; B, + A, 6B, etc.

1.10 Covariant Derivative

As the partial derivative of a tensor is not, in general, a tensor, therefore, it is demanded to introduce
a new kind of differentiation, which gives rise to a tensor when applied to a tensor. This new type
of derivative is actually covariant derivative. It is independent of the choice of coordinates.
Consider a contravariant vector A’ at the point P (x) and then displace the vector to a point F
(x' + 6x). The actual physical change in A’ from P to F is given by dA’ — 6A’, where dA' is due to
point differences and A’ due to parallel transport.
We know

dAT = A'(x' + 6x') — Al(x')

P 0A! P 0A!
~ Alf+l ) T 0y — !
> A'(x') + bx ] —A'(x) = —axléx.

The rate of change with respect to x' is
dA" - 6A" _ Al
oxt +1

This rate of change is called covariant derivative of A’ for 5x' — 0.
Now putting the values of dA’ and A’, we get the covariant derivative of a contravariant vector as

i A | ik
A= STl (1.13)

Remember thatA ; =¢, A" .

Hint: Differentiating both side of A, = g, A" with respect to x*, we obtain

0A 6g 0AY 0AY
Mo HY Ly _ S 5] v
O - O A gyv dx'* - (Fﬂﬂgvé + F,wgyé)A + gyv OxA
or
0A JAY
H ) v o_ v )
6x'1 _F,mgvéA - gﬂv axfl +F15g;4vA

(replacing the dummy index v by 6)
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or
aA aAV
H ) _ o V AS
— =T, A = 5,0 (5 +T5A%)
Hence we have
AW1 = gMVA:’A.

1.10.1 Covariant differentiation of scalar, vectors, and tensors
()]

Scalar function ¢ : ¢, = ;. (1.14)
(ii)
Covariant vector B; : B, ,=B; | — Ff.‘l B,. (1.15)

[comma — partial derivative]
Hint: Use 6B, =T}, B; 6x'
(iii) Covariant tensor of rank two Ty
Ty =Ty =Ty T =T T (1.16)

Hint: Use T;, = A, B, and 6(A; By) = 6A; B, + A, 6By, etc.

(iv) Contravariant tensor of rank two T%:

T"‘; ;= T'k’, +I T + F;‘m ", (1.17)
(v) Mixed tensor T};:
o Do e
T, =T~ T T,+T} T, (1.18)
(vi) Fundamental tensor g;;:
8. =0. (1.19)
g". =0 (1.20)

(vii) Gradient of an invariant ¢:

gradp = ¢.,=¢ ;. (1.21)
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(viii) Divergence of a contravariant vector A':

1 0(y/=gAb

divA'=A" = — ———. (1.22)

A /—g ().Xk
(ix) Divergence of a covariant vector A;:
divA, = g* Al (1.23)

(x) Laplacian of an invariant ¢:

ki 9%
L0 |veEer

V¢ = div grad ¢ = (1.24)
\/—8 oxk
(xi) Curl of a covariant vector A;:
i J
curl A; =A,-.j —A; = % - % [asT". =T"] (1.25)
’ sLoxX oxt v s
(xii) Curl grad ¢ = 0:
0
Let Ai=¢.,=¢ ;= i, (1.26)
’ ’ ox!
0? 0?
then,curl A; = A, . —A; .= _¢. - .¢. =
T oxign 0xox
Note that
b ;= i (1.27)
(xiii) Covariant derivative of a tensor of the type (p, q):
QAT
Qedy i aiy.iy i, iyiyeedyya i,
s = o o A +Aj]“_jq r’
ey 1y UL A,
Abjzqu Fj]k Ajl_“jq_]bl“jqk (1.28)

(xiv) The covariant derivative of a contravariant vector is a tensor.
Hint: Suppose A’ is a contravariant vector, so we have

—A’iE

A“ -,
ox'i
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Differentiating it with respect to x”, we obtain

0A® A" oxt axT  , x4 oxU
= - — — +A —
oxb ox'l ox'' oxb ox’'iox" oxb

But from the above, we know

R N N
Fij ox’r Tap ox't ox + ox'ioxli’

Therefore, we have

A _ OO 0 10 00 _ g 06" 01

oxb  oxV ox'i oxb oxb L U ox'p me ox't ox'i
or
OA | (i 0N 0 L ON 000 0 0,
oxb oxb ox'i ox'7 ™M Oxl ox'i oxP oxb ox'i P
or
A e fear ] axt axY
o T e = [axv“‘ L) ox o
dAa mya __ ()A/i Ip Ti Ox“ ()x’f
o T e = [axa“‘ '] ov 00
Hence,
. /j
A, = 4 2O
; Jox't gxb

This confirms that A% " is a mixed tensor of rank two.

Note 1.7

The notation semi colon *“;” or “V” is used to denote covariant derivative. Covariant differentiation

for products, sums, and differences obeys the same rule as in the case of ordinary differentiation.

1.11 Curvature Tensor

It is known that ordinary differentiation with respect to coordinates is commutative. However, in
general, covariant differentiation is not commutative. This has happened due to use of Riemannian
space in which the operation is undertaken. The distinctiveness features of such a space consist in a
certain tensor known as curvature tensor whose components consist of first-order derivatives of the
fundamental tensor.
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Let us start with a covariant vector, V;, then

oV, ’
Vi;j=a,»j= %_FUV]
Now,
aai]
_ l 1
’Jk_ﬁ_jkl FalJ_V
Hence,
or! L
_ |k ¥ ! [ _ pl
Vi; P Vi; 0= | 3 ok + F,ra Fr Fr r.1v,= Rijk V.
Therefore,
[ [
R. :& Ly + I, T - T, T,

Gk oxi 6xk

is a tensor of type (1, 3) and is called Riemann—Christoffel curvature tensor or simply curvature
tensor. This tensor is made with fundamental tensor and its derivatives. Note that this tensor is
independent of the choice of the vector V;. Also in general, V, i # V, . However, if R’ = 0, then
Vi.=Vi . Therefore, one can infer that the covariant dlfferentlatlon of a vector is commutatlve
if and only 1f Riemann—Christoffel curvature tensor vanishes identically. The curvature tensor has
some algebraic properties.

I _ _pl
(@) Ry = —Ry,

! [ [ _
(b)Rijk+R +R/a, 0

By using inner product one can lower the contravariant index in Rfjk, ie.,

_ !
Rnijk = gangjk'
R, 1s antisymmetric in first two indices as well as in last two indices, i.e.,
Rm’jk = _Rinjk > Rnijk = _Rnikj'

R, keeps the same value in interchanging the first and last pair of indices, i.e.,

R R

nijk = Njkni-

Also, in general, covariant differentiation of any tensor is not commutative.
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Hint: Let us take covariant derivative of a mixed tensor as

P — P P AS _ TS AP
VA = 0.AD + LA — T AL,

Now,

ViVAD = 0(V;,AD) =T V,AN + T VA7 — T VAL

— P _ s Sy _ S \AP _ T P _T° P P AS _ TS AP
= 0 0AY = (OITIA} +TU(9AY) = (0T )AY — T2 QAL —T5(0,AD +T7 A —T° A7)
P 4 CAS _ TS ACY _T© AP P AS _ TS AP
+I7 (QAT +T7AS = T3 A7) = T7(GA7 + TV AL — T AD),

Interchanging k and j we obtain

ViV = V,VA,
— /4 /4 P 10 c K S S s 10 s T°0
= QI — oI + TV, I =TV TAY = (9L, = oIy, + 3,17 =5 I7 )AL,

Thus, we have

— P AS X p
(ViV; = V,VOAD = —R0AY + R AL,

In a similar manner

(ViV, =V, VYA, = quR;jk + APSRf;jk’

and

— P A S q X
(ViV; = V;VOAP! = —R0 A — RY AP,

1.12 Ricci Tensor

The contracted Riemann—Christoffel curvature tensor, which is not identically zero, is known as
Ricci Tensor and its components are denoted by R;;. Thus

)
R; =R},

A Riemannian space whose curvature tensor is identically zero is called flat space (e.g., Minkowski
space).

It is obvious that R;; = R;;.

If the Ricci tensor of space takes the following form

Rjj = A8y

where A is a constant, then it is called Einstein space.
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Note 1.8

The Ricci tensor

al“;‘w 0FZV
—_ po _ a 1o a o
RMV - Ruvo - Ixv - 0x° + F;wrav - Fuvrao”

can be written in the form by using FZG =2 \/—g as

T o

(11

i oy 9
R,= ——Iny=g——2+17 1% 1% L 1n /¢
N e A A e e AP

1.13 Ricci Scalar

Contracting Ricci tensor R;;, we obtain

ijs
R=g"R,;

Here R is called Ricci scalar or the curvature invariant.

R, = 0 implies R; = 0 and R = 0, but its converse is not true.

Exercise 1.36

Show that if

then R;; = 0.
Hint: Multiplying both sides by g%, one gets

. 1 .
8'R;j — 58"8;R =0
or

R—%nR:O, or R=0, ie., R,-j=0.

Exercise 1.37

Let in a Riemannian space the following relation hold.
Prove that this is Einstein space.

8iiRi — &uli + Ry — guky = 0.
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Hint: Multiplying both sides by g¥, one gets

nR;; — 8)R;; + &5,R; — Rg;; = 0.
or, anl - le + Rkl - ngl = O,

R
or, Ry= ;gkl'

Exercise 1.38

Show that for the spacetime with metric
ds? = &*0dr? — 2*Vdr? — dx* — dy?,
Ricci tensor vanishes if
¢//_0/¢/+¢/2=0
Hint: Here the nonzero Christoffel symbols are

I _ 0 _ _ 10 1
1—‘11 - 0” I_‘10 - ¢, =T l—‘00

— L2¢=0) 41
o1 =e ¢

R,, =0implies R;; =0 =R,, = R33 = Ry. Here,x, =1, x;, =r,x; =x, x5 = 2.

Now,

R, = %;xlln\/—_— (?;}1‘ L M A %ln\/—_g=0.
Using —g = —g0081182833 = €9, we get
—0"+ 07+ ¢+ O+ -0 O +¢)=0,
or
P -0 +¢7 =0.

Finally,

(04

2 —_ %0 e e O —
ROO=W1H —g—W+FOaF0ﬂ—Fooﬁln —g—O,



32 Tensor Calculus — A Brief Overview

implies
—%[62(¢_0)¢,] + ¢/32(¢—9)¢l + ¢,62(¢_0)¢/ _ @2(¢_9)¢,(0, + ¢l) — 0’
X
or

d)” _gld)l +¢I2 =0'

Exercise 1.39

Prove that for an Einstein space of dimension n > 2,

R

Hint: Use

g'R; = Ag"g; = na, etc.

1.14 Space of Constant Curvature

If a Riemannian space is such that its curvature tensor is of the form
Rijq = b(8ix 81 — &t &)

where b is a constant, the space is said to be of constant curvature b. Note that for b = 0, R, = 0
and the space becomes a flat space. In this sense, one can infer that flat space is a particular type of
a space of constant curvature. A space of constant curvature is also an Einstein space.

Exercise 1.40

Show that a space of constant curvature is an Einstein space.
Hint: Let M be a space of constant curvature of dimension n. Then by definition

haj/'k = k(ghjgik - ghkgij)-
Now multiplying both sides by g and contracting on 4 and k we get
Ry = k(5 gy — ng;) = k(1 — m)g;.
This confirms that the space is an Einstein space. Note that

k(l—n)=§=>R=kn(1—n).
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Exercise 1.41

Prove that in an Einstein space with dimension n > 2, the scalar curvature R is always a constant.

Hint: It is known that Einstein space of dimension rn is defined by the relation

_R ikp _ R ik r_ R
= ;gij or, g Rij = ;g’ 8ij or, Rj = ;5}..

or, VkR’.‘ = VlecS’.‘ = la—R
J n/ nox
However, we know

Rk=l%
K T 20w

Hence, we have

OR
—2—.=0.
(n )axj

Thus, if n > 2 then scalar curvature R is a constant.

Exercise 1.42

ds?* = a* d¢* + a*sin*¢ d6>,

. . . . . 1
is a line element of a surface. The surface under consideration is a space of constant curvature —.
a

Exercise 1.43

If A;; are components of the curl of a covariant vector B; then
Ay Ay + A =0

Hint: Here,

Now,

2
aA,.j B aZBi 0 B;

Oxk  oxkox  oxkoxi
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and

0A;

P P
Aij; . ﬁ —A F Alpr‘]k, etc.

Exercise 1.44

If Ajk be a symmetric tensor field, then show the following formula

k

aglk
Ak Alk
Ay = " —_ _axk( 8 —

k
\/_ak(A\/_)+2AlkaJ

Hint: We know

Kk _ ak L gk Tk 4l
Al =AF T ATHTL AL

Given, Ay is a symmetric tensor, i.e., Ay = A;;. We know

] ]k
k= ov-g
km \/— Ox™ .

Therefore,

T} AL=T} A"=A" VE e 0\/—_g.
J m J \/—_g ox™ /\/__g oxk

Now,

k k 7l Ak

Aj’ +Fk,Aj _ak A%\ /—g). (1.29)
Also, we know

Kl k

A F =A FkJ,_AkFlJ

Now,

A;‘F,lg = —Akl(gku + &k — 8ii)-
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Interchanging / and & on the right-hand side of the above equation, we get

1
A;{l—‘ij = EAlk(glk,j + &k — 8ijk)-
Adding these equations, we get

1
Amj = EA”‘glk " (1.30)

The Egs. (1.29) and (1.30) yield

At = L (aty=%) _ Lg%,
; k2 0N

Exercise 1.45

Show that the expression of wave operator for a scalar field ¢ can be written in the following form

0 — k9%
)

; 1
D ¢ 8 ¢;1k \/_—g Ok

Hint: We know

p= % ikl = —1 % ik
0= [axig ];k_ \/—_g [axi \/_gg ]’k by Eq. (1.22).

Exercise 1.46

If
show that
0
A= 2 VR).
oxk

Hint: Multiplying both sides by g%, one gets

ginij;k = ZgijAkRij + giinRkj + gijAjRik

or, Ry =2AR+ AR, +AR,

or, Ry =2AR+ 24'R; (as R; =R;) )



36 Tensor Calculus — A Brief Overview

The given condition implies

szi;k - Rik;j = AkRij - AjRik
or, ginij;k - ginik;j = gijAkRij - gijAjRik

or. R,k - R;(J = AkR —Alle

Using the result given in example (1.39), we get
1 i

R; - ERJ‘ =AR—-AR;

or, R, =2(AR - A'Ry) (ii)
Equations (i) and (ii) imply that

ARy = 0.

This yields

1 OR 0
Ry=24Ror A= 5575 = —=(In VR).

1.15 The Affine Connection in Riemannian Geometry

We now enforce two additional conditions on the affine connection F}ld as

=T,

i (1.31)

8y = 0. (1.32)
The affine connection obeying these conditions is said to be Riemannian connection and the

corresponding geometry under consideration is called the Riemannian Geometry.
Now, formulae (1.16) and (1.32), yield

U7 & + 13 8im = 8 15
or
Ui + Tt = 8t 1- (1.33)
Using Eq. (1.31), we have

T = 8 U = & U = Ui (1.34)
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Now, making changes in a cyclic order in i, k, [ in (1.33), we get two other relations as

Uiir + Uik = 8o (1.35)
Ui + Ui = 8iieo (1.36)

Performing (1.35) + (1.36) — (1.33) and using (1.34), we get

1
Ui = 5 (81ik + 8i — iral-

1.16 Geodesic Coordinate

In Euclidean space, the metric tensors are constant throughout the space and hence all Christoffel
symbols vanish. This is not true in Riemannian space. However, there exists a coordinate system
known as Geodesic coordinate system x’ such that all the Christoffel symbols vanish at a particular
point P which is known as pole.

l"]’:k = 0 =T at point P.

In the geodesic system, all the Christoffel symbols vanish but their derivatives do not necessarily
become zero.

An important property of geodesic coordinate system is given as ‘‘the covariant derivative of
a tensor at the pole equal to the corresponding partial derivative” (since, Christoffel symbols
vanish at the pole).

1.16.1 Local inertial coordinate system

According to equivalence principle, the local properties of curved spacetime and flat spacetime are
indistinguishable. Therefore, it is possible to introduce new coordinates xg’ in every point P of the
spacetime such that

8ap(h) = Ny, (i)

where 7, 5= diag(l,—1,—1, —1) is the flat Minkowski metric. In this xﬁ', the first derivatives of the
metric vanish, i.e.,

agaﬂ
o |x=x;‘,’

=0. (i1)

This new coordinate system, satisfying (i) and (ii) at a point, is known as local inertial coordinate
system. This new coordinate reference frame is very similar to the inertial frame of flat spacetime,
which acts only in an infinitesimal neighborhood of a single point P.
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1.17 Bianchi ldentity
Curvature tensor follows another important identity property, which is not an algebraic but a

differential identity and is known as Bianchi identity, which takes the form

[ / ! —
Rijk;m + Rikm;j + Rimj;k =0.

This identity has a crucial role in the formulation of Einstein’s general theory of relativity. One
has to use Bianchi identity to derive the curvature tensor of some metric.

Proof: For a geodesic coordinate system with a point P as a pole, we obtain,

0
Rim = 5 R

ijksm ijk
= 0 9 d I rol rol
~ o [ﬁ D= g Tyt D Uy = 1 Ty
_ ! 0? !
T oxmox kT gxmoxk U (1.37)
Replacing j = k, k = m, m = jin (1.37) we get at P
0? 02
I ! !
Ry = 0xi dxk ™ g gxm Ll (1.38)
Again for k =m, m =j, j = kin (1.38) we get
02 02
I ! !
Rimj§k - oxk oxm - oxk o im (1.39)

Adding (1.37), (1.38), (1.39) we get the result.

Thus, the result is true for a geodesic system at the pole P. We know a tensor equation is
independent of coordinate system, i.e., if it is true in one coordinate system then, it is true for all
coordinate systems. In this case, the equation is a tensor equation; it holds in all coordinate systems
at the point P. Since the point P can be an arbitrary point of an n-dimensional space V,,, therefore,
the result is true for all points of V.

Exercise 1.47

If

gikRkj = R; and g’:iRl:]- =R,

then show that

i — 1oR
Ji T 29w
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Hint: Covariant derivative of g*R,; = R; yields
R;;i = g"Ry;, (as g"; = 0).
Thus

i ik ik ik
R;;i =g R;cjt;i =g (gszpkjt);i =g gptRka‘l;i

Now, using Bianchi identity, we have
i _ ik _ ik
le‘;i =g gptRpkjt;i =g gpt[Rpkti;,' + Rpkij;t]

— _oPI[_RI i L= — . L= ..
= —g"[ RPﬁ;j+RPﬁ;t] as  Ry,; = =Ry and Ry,; = R,

= _gpt[_Rpf;j + Ry 1= (=" R, + (7R, et

1.18 Einstein Tensor

The following covariant tensor is known as Einstein tensor

1
G/Av = Ruv - Egle.

One can also write it in mixed tensor form as

G' =R —lévR.
H HoooH

The Einstein tensor is frequently used in the general theory of relativity.

1.18.1 Divergence of Einstein tensor is zero, i.c.,

G" =0.
Y
Hint:
We know, Bianchi identity as
ngv;a + Rﬁva;y + Rﬁ'au;v = 0 (1 40)

Now, we contract the indices p and v to yield

Ripo + Rg'pa;y + Rgau;p =0. (1.41)
or, Ry,.,— Rgapm + Rf;w;p =0 (1.42)

Here, we have used the symmetry property of the curvature tensor.
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Using R),,., =R we get from Eq. (1.42) as

capip T “toau’

Rypq = Roqy + R

oua Cau;p =

0. (1.43)

Since the covariant derivatives of g,,’s are zero, therefore, multiplication of Eq. (1.43) by g°* yields

(8" Rop)a = (87" Rye)y + (87'R2, )., = 0, (1.44)
or, R, =R, +@'R, ), =0. (1.45)

The last term within the bracket can be rewritten as

87 R 1y =8 8" Rpguy = 878" Ropua = 8" 8" Ropu = 8" Ry - (1.46)

Therefore, Eq. (1.45) implies
i _ ph o8 pA _
le R‘W + (g Rﬂ/m)?ﬂ =0. (1.47)
Now, we contract 4 and « to yield

i A _
R, Ryt (gpﬁRﬂﬂ):p = 0. (1.48)

Here, the dummy index p can be changed to A to yield

R, —R., +R.,=0 (1.49)
or
R;; A= %ij =0. (1.50)
We know
R, = LR = 2 (glRD. (151)

Using this result and changing the dummy index A in the first term of Eq. (1.50) to v we get

v 1 \Y _
(R}, = 58/R),, = 0.

Hence the proof.
Alternative hint:

1 o o 1 o
Gﬂv = Ruv - EgﬂvR = g” G,uv = g” Rﬂ\/ - Eg” gﬂvR

1 1 1 1

> G’ =R - =-6°R=>G° =R° —=6°R,==R
v v 2 v Vo vio 2 v o 2 5
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Exercise 1.48

If curl of a vector field (4;) vanishes, then show that the vector field is a gradient of a scalar field.

Hint: Given

A, OA;
CurlA; = — - — =
ox oxt
0A. . O0A,
> —dv = —Ldv
ox oxt
0A; .
= dAi = de]

xl
d L9 .
=>A,-=/£(Aja’xf)= a/Ajdx’

Note that f Ajdxf is a scalar quantity and let f Ajdxf = ¢, ¢ is a scalar. Hence

4=22 vy,

P oxi

Exercise 1.49

Show that if

Rigim = K(8it &jom — 8im 8in)>

then K is a constant.

Hint: We have

Ry = 8"K (81 8im = 8im 811) = —3Kgy, therefore, R=—12K.
Now, Einstein tensor is Gy = —3Kg; + 6Kg;.
Since, Gi’;‘k =0, we have, (3Kgik);k =0, ie, K;=0 as, g"fk =0.

Hence, K = constant.

1.19 Weyl Tensor

In 1921, H. Weyl proposed a new tensor, known as Weyl Tensor, which is a measure of the curvature
of spacetime. Similar to the Riemann curvature tensor, the Weyl tensor expresses the tidal force felt
by a body moving along a geodesic.
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The Weyl tensor in n-dimensional space is defined as

(gacgdb _gadgcb)R' (152)

1 1
Cabcd = Rabcd + I’l_ (gudRcb + gbcRda - gacRdb - gbdRca) + m

-2
It is easy to show that Weyl tensor has the same symmetries as in Riemann tensor.

Cabcd = _Cabdc = _Cbacd = Ccdab’

Cahcd + Cadhc + Cacdb =0.

In addition, it possesses an additional symmetry that it is traceless, i.e., its value is zero for any
two pair of contracted indices.

C;D‘\/ = gG”CﬂUﬂV =0.
Hint: By using inner product, one can lower the contravariant index in CZM, i.e.,
1
ga”Cpowv = go-MRpaﬂv Y (ga”gpﬂRva + go-”gavR/Ap - ga”gpva; - gU”govap)

n—2
—R oH oU
e Dn-2) (8" 8pu8vs = 87" 8pv8 o)
- 1 .
=—g ”Rptmv - _n—2(6"RW +5C‘Rﬂp —gpvR—nRvp)
R
+— (5%, —
(D= 2) e )
R

1
=R, ——(R,+R, —g, R—nR, )+ —
n— 2 Bov t Roy =8 R =Ry + 00—

(gpv - ngpv)

R R

=2 " =S ="

=-R, +R, +

Hence, Weyl tensor is traceless, i.e., the value of Weyl tensor is zero for any two pairs of contracted
indices, C;‘m =0.

In other words, it is irreducible. In two and three dimensions, the Weyl curvature tensor vanishes
identically. In general, the Weyl curvature is nonzero for n > 3.

Two Riemannian spaces are said to be conformally related if two matrices from two spaces are

related by the equation
B = 8wy (1.53)

where Q(x) is a nonzero differentiable function. If two spaces are conformally related then Weyl
tensor is preserved, i.e., two matrices possess the same Weyl tensor.

o
Cbcd -

C

“ . (1.54)

Thus, the Weyl tensor is invariant under conformal transformation.
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The space is said to be conformally flat if g, = Q?#,,, where 7, is the Minkowski metric.

Since Weyl tensors are same for two conformally related spaces, therefore, a metric will be
conformally flat if and only if its Weyl tensor vanishes everywhere. Thus,

C

a

2
bed =0 S 8 = Q71

Exercise 1.50

Let two metrics be conformally related as g,, — f(x*)g,; where f is an arbitrary function. Then
show that all angles are preserved.

Hint: The angle between two vectors A# and B* in the metric space is defined as
8, A*B" fixt)g, A*B

cosf = - .
VCapA B, APB?) ()3, yABI)(f)g,,,APB%)

The cancelling of f(x*) gives the same value as before.

In two conformally related spaces, the null curves remain null curves as the squares of their tangent
vectors remain zero

0=t-t=1,0= g, = flx")g 1" = 0.

In general relativity, the Weyl tensor contributes curvature to the spacetime when the Ricci tensor
vanishes. In general relativity, source of R;; o< (T};— % g;;T), where T}; is the energy momentum tensor
of the local matter distribution. Thus, absence of matter implies Rij = (. However, the absence of
matter does not imply that the spacetime is flat as the Weyl tensor provides curvature to the Riemann
curvature tensor. This indicates that the gravitational field is not zero in spacetime in the absence of
matter. This term has an important implication that gravity may propagate in regions where there is

no matter/energy source.

Conformal transformation is also known as Weyl transformation, which is an important part of any
general relativity development. This conformal or Weyl transformation is a transformation of the
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metric without modifying the coordinates so that

20(x)

g =e""g, (x),

where o is a real function of the coordinates. The contravariant component of the transformed
metric is

g (x) = e g ().

Under conformal or Weyl transformation the Christoffel symbol transforms

= - do do
Fupy = & [Cupy + (8up 9 + 8oy = gﬂya 2| irst kina (1.55)

- - Jdo Jdo Jdo
FZ}' = ayrzlﬂy = Fa <5a , ==

5 3t 57@ — 85,8 p ) (second kind) (1.56)

One can also find the transformation properties for the Riemann tensor, Ricci tensor and Ricci scalar.
The Riemann tensor transforms as

Ropys = € [Rypys + (8asOpy + 84y Cus — 8ayOp5 — 860ay)]
+ e [(gaégﬂy - gaygﬂ6)(vuo-vﬂo-)].
Here, V, stands for covariant derivative and

Cop = 0py = Vo Vo —(V,0)(V40),

v9o do
Ox* oxV’

V,o0Vie =g"V oV ,o=¢"c, =g"
The Ricci tensor transforms as

Raﬁ =3"R 5 = Ryp —20,5(Jo + 2V ,06V"0)g,,.

pac,

(o =V, V¥c =g"V V o]
The Ricci scalar transforms as
R=3"R,; =€ (R - 6o —6V,0V"0).
However, as in Eq. (1.54), Weyl tensor keeps the same form

=C

a
C bed”

bed —



CHAPTER

2 Geodesics

2.1 Geodesics Equation

According to general theory of relativity, gravitation is not a force but a property of spacetime
geometry. A test particle and light move in response to the geometry of the spacetime. Actually,
curved spacetimes of general relativity are explored by reviewing the nature of the motion of freely
falling particles and light through them. Freely falling particles are those particles that are free from
any effects except curvature of spacetime. This chapter provides the derivation of the equations of
motion of the test particles and light rays in a general curved spacetime.

The path or the differential equation of the curve having an external length, i.e., path of extremum
distance between two points is called the geodesic equation.

Therefore, for a geodesic I = [AB ds must be extremum, where the limits of integration are taken
to be two fixed points A and B.

Thus,

B
51:5/ ds = 0.
A

For Riemannian space

ds
=5 [ Lap=o,
/d b
B 12
dx* dx”
=>5/ <g”"dp dp) =0
B
=>5/ Ldp = 0. Q2.1
A
Here,
1/2
" v
L= (g, & (2.2)
“dp dp

is known as Lagrangian.

45
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(H + & xH)

Figure5 Curves joining two fixed points.

This implies Euler-Lagrange equation as

d oL oL _
= 2.3
dpa<dxu> " oxK 23)
dp

Here, p = affine parameter, describing the trajectory.

[In general , dz(proper time dr> = ‘i—f) is proportional to dp, such that for a material particle, we
can normalize p so that p = 7. Nevertheless, for a photon, the proportionality constant j—; vanishes
(as ds = 0, for photon)]

We can describe the geodesic line between two fixed points A and B. Let us consider the shortest
path, i.e., the curve C is the geodesic line. The other two curves C' and C”, e.g., are different
curves, other than geodesic C, with a variation 6x* (see Fig. 5). The geodesic line is described
by x* = x*(s) = x*(p), where s and p are parameters along the curve. The metric is defined as
ds* =g wdx*dx”. The tangent vector to the curve x* = x%(s) at P is the unit vector v* = %. A and
B are two fixed points.

2.2 Derivation of Euler-Lagrange Equation
We prove Euler—Lagrange equation from Eq. (2.1)

oL dxt
Lds= | | 2L s+ XN . 2.4
/ds /axu5 dxﬂ>6<dp> dp 24

dp

We can write the second term of (2.4) as the difference of two terms

d|_oL | — da|_dL
& | 5t & | 5t
P | o( dp) D | o( dp)

SxM. (2.5)

. d _edit
[Since £ (8x*) = 5(4)]
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The first expression yields zero after integration as the variations vanish at the end points of the
curve. Thus, Eq. (2.4) can be written in the form

5 / Ldp = / OL _ A 0L sy =o. (2.6)
ox* dp ()(dg-li‘)
p

Here variation 6x* is arbitrary, therefore, (2.6) implies the well-known Euler-Lagrangian equation
(2.3) as

i oL |_ oL
d dxt OxH
plocg)) o

2.3 Geodesic Equation in Curved Spacetime
Now we are trying to find explicit expression for the differential equation of geodesics. Now,

-1/2

oL 1 dx® dx? dx? dx”

=~ —_— 8= + g, —5"|,

a(ﬂ) 2 [gaﬂ dp dp] [gaﬁ ”dp gaﬁ dp u
dp

[, @l o] ar
2 gﬂﬂ dp gau dp gy\/ dp

[Since along the geodesic ds* = gaﬂdx"’dx/’ and affine parameter p and s are equivalent. Also, g, is
symmetric. ]

Therefore,

d| oL |_, &2 %8wdd de
dp | oy |~ o dp dp
p

Also,

oL _ L[, ddd|" By dedd 198y v d
o 2 |5y ap oxk dp dp 2 oxt dp dp

Thus, we have

8uv

dxt 1 [298w 98y dt df
2 dp dp

== +
dp? oxP OxH

Using the factor

208 v 0x _ (08w, OBup | d*
oxf dp dp oxf  ox¥ ) dp dp’

[Fix u and interchange dummy index g, v]
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Hence, finally we get

d>x" 4T @dxﬂ _
Sugp T gy Ty T
=
d*x* dx” dx?
—— 41 == =0. 2.7
dp? VB dp dp 2.7)

[Multiplying by g”#]
This is the geodesic equation in curved spacetime.
Also multiplying by 2g M%, we get

_dep did + [ + — ]Ed_xﬂdi
gpa dp2 dp gov,ﬂ guﬂ,v gﬂv,a dp dp dp

i.e.

P |
gpo' dp2 dp go‘v,ﬁ dp dp dp
[Here we have used the symmetry and antisymmetry with respect to v and o to simplify the second
term]

Using, further, g,, = g,, and integrating to yield

dx? dx°®

8o E E = constant. (2.8)

The Eq. (2.8) is known as first integral. If the constant is zero, the geodesic is called null geodesic.
For positive constant (= 1), the geodesic is time-like and if it is negative(= —1), the geodesic is

space-like.
Then (2.7) and

dx e _
Sodp “dp
are the equations for non-null geodesic.
Again, equation (2.7) and
v d _
$odp “dp

are the equations for null geodesic.
In other words,

Constant = 0, for photon [for photon ds = 0 on the light cone]

=1, for a massive particle.
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2.4 Geodesic Deviation

Let geodesic curves be parametrized by a parameter A. Suppose at any instant s is the joining vector
between two points with the same value of 1 on two curves, i.e., s’ be a separation vector between
neighboring geodesics at same parameter value (see Fig. 6). This joining vector s is known as the
measure of geodesic deviation of the curves. In Euclidean space, two geodesics (which are straight
lines) maintain the same distance if they are parallel or the separation distance increases if they
intersect at any point. However, in curved space this situation varies significantly.

Let v be an affine parameter in each geodesic. Then any point x' on the geodesic depends on two
parameters 4 and v, i.e., x'(4,v). Here, A and v are basis vectors of the coordinate system. Then the
separation vector (s') and tangent vector (u') are defined respectively as

. ox ; ox

s'==— and u' = =—.

0A ov

The geodesic deviation equation is given by

925t o

— + R skul = 0.

0A? I
This indicates that if one knows the geodesic deviation, then it would be possible to determine the
Riemannian curvature tensor.

For a comoving geodesic normal coordinate we can have ¥’ = (1,0,0,0). Then the above
geodesic deviation equation assumes the following form
0%s!

W'FR;{](:O.

2.5 Geodesics Are Auto Parallel

Proof: We know ' = % is the tangent vector of any geodesic curve

tangent

Separation vectors

increases

Separation

constant
two geodesics

Figure 6 Geodesic deviation.
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Now one can write the above geodesic equation in terms of tangent vector as

d_u +F’ Wik =
dp

o dd _oudd _ d
Using & = &£ 94k,

T g = ol e get from the above equation
p X dp

<6u +F >uk=0,
ok

ik _
wu =0.

or

Hence, geodesics are auto parallel.

2.6 Raychaudhuri Equation

In 1955, Professor A. K. Raychaudhuri derived an important equation for the rate of change of
the divergence of uk Here, u* is the time-like four-velocity of the particle along the geodesic and
0 = uf . 1s the expansmn/contractlon of volume, i.e., expansion/contraction of the congruence of
geodesws defined by u“. From the definition of curvature tensor, we can write

a _ pa
Wope = Rdbc

Now, we can deduce after contracting a and b and multiplying by u¢ as

c..a c..a _ c..d
uu’ o —uut = Ryutu’,
or
c c..a _ c..d .
u'l .. —uu,, =Ryuu’. 1)
We can rewrite the second term as
a . .c a.,.c _ sd bia -
(u;Cu )a — UM, = U, — U™ (i)
The rate of change of divergence of 6 along u“ is
»_do c ) .
0= i u‘d ... (zis proper time) (iii)
= ;

Acceleration due to nongravitational force can be defined as

— b
Uy = Uyl

which is orthogonal to u®.
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Let us now define
h,, = g, + u,u,, where, u’h,, = h u’ =0,
and
By, = u,y, here, B u’ = ua;bub =0.
Now, B, can be decomposed into its antisymmetric, symmetric-traceless, and trace part as
1 .
Ugp = Bab =Wy, T 0y, + gehab’ (@iv)
where
1
WDyp = E(Bab - Bba)’
1 1
Oup = E(Bab + Bba) - §9hab’
b b
6 = h"B,, = §"B,, = uf,.

The quantities w,, and ¢, are known as rotation tensor and shear tensor.
Now combining (i), (ii), (iii), and (iv), we get the Raychaudhuri equation as
do 1 .
= —392 — 0,0 + @ 0" + i, + R uu.
Raychaudhuri equation has many applications in general relativity, particularly in the context of
singularity theorems of Penrose and Hawking.

Find the geodesic in three-dimensional Euclidean space.
Hint: The geodesic equation is given by

d*x? , dx’ dxP
-+ -~ =
dp? VB dp dp

In Euclidean space g; = 1,V i, j, therefore, all Christoffel symbols vanish identically. The above
geodesic equation implies

dxP _
dp?

This yields
x” =a’p + b’, where a’ and b’ are constants.

This represents a straight line.
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Calculate the radial null geodesic for the line element with the plane 6 = constant and ¢ = constant.

ds® = d* — [0)[dr* + r(d6> + sin® 0d¢?)].

Hint:
For 6 = constant and ¢ = constant, the above geodesic equation

p v 1B
x| o drdd
dp? B dp dp

yields
Prdrdr
dp? "dp dp
Using
r,= _ibbgaa,b’
we obtain

dt 1 dr 2_
o (5) =

2 2
dt dr
— ) =f{—) .
dp dp
Now, for a given f(£), one can find geodesic equation in terms of r and . For example, say, f(f) = >
for de Sitter spacetime, the solutions of the above two equations yield

man(ie2). ok (-2).
H Do H\p+py

Also, first integral gives

Ht

Consider the spacetimes
ds® = x*di* — dx°.

Find the shape of x(¢) for all the time-like geodesics in this spacetime.
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Hints:
Method 1: Write the Lagrangian (L(x,, x,)) as

LG, x%) = (g7 = (28 — )1

Use Euler-Lagrangian equation to find the relation between x and ¢.

Al oL |_oL _,
dp| gy | oxm
placg)) o

Solution:
t=cosh™! <£> + 1.
X
Method 2: Use directly the geodesic equation and first integral

v dxP

d*x? T dx” dx” _
dp? VB dp dp
dx? dx°

gwEE = 0, for photon

= 1, time-like particle

Exercise 2.4

Consider the spacetime
ds* =y [dx* + dy*).

Find the shape of y(x) for all geodesics in this spacetime.
Hint: Here the nonzero Christoffel symbols are

-I" =Y =-IV = l
xy xx »

y
The geodesic equation for x component is

d’x _ 2dxdy

dp?  ydpdp



54 Geodesics

This implies

»d (1 dx
2l==)=0
Y\ dp
dx
This yields, — = —.
is yields - C

C is an integration constant.

The first integral yields

£ @]
(&) -l

Solution of these equations yield the geodesic

Using the above result, we get

(x - xo)2 +y* =2

Let us consider a flat spacetime in the frame (¢, x, y, z), which is rotating with an angular velocity Q
about z axis of an inertial frame. In this frame, the line element is given by

ds* = —[1 — QX (¥ + y»))dr* + 2Q(ydx — xdy) + dx* + dy* + dz*.

(i) Obtain the geodesic equations for x, y, z and (ii) prove that these reduce to the usual equations
of Newtonian mechanics, for a free particle, in a frame comprising the centrifugal force and the
Coriolis force in the nonrelativistic limit.

Hint: Here, the affine parameter 7 is the extremal proper time. In the nonrelativistic limit it is just
time ¢.

The equations for x, y and z are

d*x dy dt ., (di\*
R To Yo ) (—) - 0.

dr? dr dr +oax dr

d?y dx dt dr \?
S8V pdrdl o (—) = 0.

dr? dr dr Y dr

d*z

dr?
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In the nonrelativistic limit, this equation becomes (using = = t)

d’x dy 2
— = -2Q— + Qx.
dar dt +oax

We know the centrifugal force is Q X (ﬁ X 7), therefore, the second term of the right-hand side is
the x component of centrifugal force, where Q = Qe_. The first term is the x component of Coriolis

force, 20 X (ﬁ)
dt

Show that the norm of four velocity || u ||= u - u is a constant along a geodesic.
Hint: Suppose

U=u-u=guuu.

Now,
du du' o 98k i
— =2g;—u + —u'u.
ar ~ Bkar " T o "
. i dx . . d*x i dd dxl .
Using u' = o the geodesic equation =t FleE =0, yields
dui _ i il
E = —Fﬂu’u .
Therefore,
dU

S 08 1
_ ik 1 ik ik
2 = 28 utu + Ll w.

To get the same factor u'1/u*, we change the dummy indices to yield

du _ ;98\ ik
E— <—2gkll—'ﬁ+w>uuu’,

agkj 08y agj‘ 98ik \ i i
i ! i ik
= -—— - == 4 4 == w.
< ox' ox oxk ox > i

The right-hand side is zero as g;, = g;; and adjusting the dummy indices. Hence, U is constant.

Exercise 2.7

Calculate the radial null geodesic for the line element

ds® = A(r)df* — B(r)dr® — r*(d6* + sin® 0d¢?).
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Hint:

Using the geodesic equation

i i 1k
dp? *dp dp

we find f component as

d*t ar\’ ar\’ do\’ dg\’

— 4+ (=) +T (—) +T,,(— ) +T, | —

ap* " <dp> "\ dp %\ dp 9\ dp
4o dr dr dt +ort de dt . do dt

——+ =0.
"dp d % dp dp 4” dp dp

Using the values of Christoffel symbols, we get

4t L LoAdrdr _
d Adrdpdp

Similarly, we determine the other components

2 2
dr dt dr do do
Fr Fr +I7 [ — ) +I" —
dp? <dp> <dp> ”(dp) ""”(dp)
dr dt do dr d¢ dr
+2I7 — + 2" — I’ ,
" dp dp o dp dp ¢rdp dp

$&+L6_B Q +10A ﬂ _1 d_9 2_—rSin20 @ 2—0
dp> 2B or \ dp 2B dr \ dp B \ dp B dp ’
d*0

o) () o (8) o ()

Qb

do drt do dr d¢ do
E) R ) T ) o) =0,
" dp d 9’d dp ¢ dp dp
:@—smﬁcose d¢ +gd—9ﬂ—
dp? dp rdp dp
2 2 2
<9 +1¢ +ro (L) 4o (D +1“"’ ¢
dp? dp "\ dp 96 \ dp dp

port A 4P o A9 dr | e dBdO
Wapdp | Vdpdp - ¥dp dp

&2 d d
:>_<l>+2 ¢dr+2cosed9 ¢

dp> rdpdp  sinf %E -
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Also first integral yields

2 2 2 2
dt dr do ) d¢ _
(&) -5 (F) -7 (%) -ramo (%) =«

where € = 0 or 1 for null or time-like geodesic. For given values of A and B, one can find the exact
geodesic path.

Exercise 2.8

Calculate the radial null geodesic for the line element

-1
ds® = (1 - 2—’") i — (1 - 2—’") dr? — P2(d6” + sin? 0d?).
r r
Hint: Use

A:B‘lz(l—z—m>
r 9

in the above problem.

Calculate the radial null geodesic for the line element

ds* = A(r)df* — B(r)dr* — C(r)dy* — D(r)dz*.

Hint:
Using the geodesic equation, we find

&Pt 10Adrdt
_+ —

dp?  Aordpdp

dr 1B (ar\'_ 1oa(ar\_1oc(dy\' 1D (d\ _,
dp?> 2B or \dp 2B ot \ dp 2B or \dp 2Bor \dp)

&y 10Cdrdy _

+ 9
dp>?  Cordpdp

&+ 1 0D drdz; _
dp> D ordpdp
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where € = 0 or 1 for null or time-like geodesic. For given values of A, B, C, and D, one can find the

exact geodesic path.

Exercise 2.10

Determine the geodesic for the line element
ds* = dr* + r’d6’.

Hint: Here,

~N | =

gn=1 ,g22=r2, 1—;22—}", F%zz

The geodesic equations read

Er (do\’ 0 | 2drdo
— -7 =0 and —+-—-—=
dp? dp?>  rdpdp
Solving these equations, one can get the geodesic equation as

_1({a . .
6 = +cos™! (—) + b, (a, b are integration constants).
r

Determine the geodesic for the line element

ds® = a*(d6® + sin® 0d¢?).
Hint: Here,

2

g =4, gy =dsin*0, Igz = —sinfcosb, I“%z = cotf.

The geodesic equations read

2
ﬂ—sin@cos& @ =0 and ﬁ+200t0@d—0=0.
dp? dp dp? dp dp

Solving these equations, one can get the geodesic equation as

0=>b-— sin_l(c cot ) (c, b are integration constants).
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Show that a vector A/, with constant magnitude, undergoes parallel displacement along a geodesic
if

j o
ik dp

A =0.

p (O©=constant)

geodesic

Figure 7 The angle 6 between A’ and # is constant.

Hint: Without any loss of generality, we assume that the magnitude of the vector A’ at the point P is
unity, which is not a tangent. Let # = 2"—[; be the unit tangent at P. The vector A/ is parallel along the

curve, which means that the angle between A’ and # is constant throughout the curve y (see Fig. 7).
This implies

d(cos0) d(gijtiAj) _
dp ~  dp

08,1 A) gt
oxk dp

or,

Since angle is a scalar, therefore, its covariant derivative is equal to its partial derivative. As a
consequence the above equation yields

iAj dxk
(gith]);k% =0,

j dx

or, (g;VAL,— +gUAf(t ) =

As geodesics are auto parallel, then tfktk =0.
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Hence,

i dxk
J —
Z}A;k =0.

As the tangent vector to the geodesic is an arbitrary vector field, hence we have

gk
{kdi -0
* dp
This equation can be also written as
an = AT @
dp ki dp

This is actually the condition for the vector field A/ to be parallelly transported.

Show that a vector A/, with constant magnitude, which undergoes parallel displacement along a
geodesic is inclined at a constant angle to the curve.

Hint: Without any loss of generality, we assume that the magnitude of the vector A’ at the point
P is unity, which is not a tangent. Let # = ‘ji—); be the unit tangent at P. The vector A/ is parallelly

transported along the curve, therefore,

. dxk

As geodesics are auto parallel, then tfktk = 0. Now, if the angle between Aland ¢ is 0, then
cosf = gijtiAj .
Taking derivative both sides, we get

d(cos0) d(gijtiAj) B a(gijfiAi)@
dp ~  dp oxk dp’

Since angle is a scalar, its covariant derivative is equal to its partial derivative. As a consequence,
the above equation yields

dicosd) Lo dd ko
dp = (githJ);kE = (gljt )A]’k% + gijAj(t;ktk) = 0.

This indicates that 0 is constant.
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3 Einstein Field Equations

3.1 Introduction

To describe how matter and energy change the geometry of spacetime, Einstein proposed a new
theory of gravitation, known as the general theory of relativity. This theory is characterized by a
set of dynamical equations, dubbed as Einstein field equations, which demonstrate the fundamental
interaction of gravitation as a result of spacetime being curved by mass and energy. Albert Einstein
published this new theory of gravitation in 1915 as a tensor equation. The motion of a body in this
gravitational field is explained almost perfectly by the geodesic equations.

Einstein used three principles to develop his general theory of relativity.

1. Mach’s Principle: Ernest Mach gave some ideas without any proof and arguments that are
known as Mach'’s principle. There are several forms of Mach’s principle. Some forms are
executed in general relativity and others are not.

(i) Geometry is determined by the matter distribution.
(i1) If matter does not exist then the geometry will not occur.
These statements are not absolutely true as there are vacuum solutions of the Einstein field
equations (see later).
(iii) The local inertial frame is entirely persistent by the dynamical fields in the
universe.
Actually, this form of Mach’s principle is the key idea of Einstein.

2. Equivalence Principle: The laws of physics are the same in all inertial systems. No
preferred inertial system exists.

(The above statements, i.e., containing the words “Laws of Physics” is referred to
strong equivalence principle and when “Law of Physics” is replaced by “Law of motion
of freely falling particles” then the principle is referred to weak principle of equivalence.)

This principle reveals that one can eliminate gravity locally by falling freely in a
gravitational field and regain special relativity.

3. Principle of covariance: The law of gravitation should be independent of the coordinate
system. This means the field equations of gravitation should be invariant in form with
respect to arbitrary coordinate transformations. In other words, the field equations should
have a tensorial form.

61
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3.2 Three Types of Mass

1. Inertial mass: This mass is a measure of the body’s resistance to change its state, i.e., either
in a rest position or in motion. The mass appears in Newton’s second law F = m'f, i.e., here
m! is known as inertial mass.

2. Passive gravitational mass: Passive gravitational mass m” deals with a body’s response
when it is placed in a gravitational field. Suppose the gravitational potential of some source
at some point is ¢, then if we place the body of mass m” at this point, it will experience a
force, which is given by F = —mgrad ¢.

3. Active gravitational mass: Active gravitational mass m" determines the strength of the
gravitational field what the body produces. Suppose we place a body of mass m* at a

particular point, then the gravitational potential it produces at any point of distance r is
Gm*
-

given by ¢ = —

In Newtonian physics, these concepts are identical. These identification are valid in general
relativity, too.

3.3 Einstein Tensor

Gﬂv = RW - %ng.
Einstein tensor (symmetric tensor of rank two) specifies the geometry of the spacetime. We have
already shown in Section 1.17 that G;;v =0.

The energy-momentum tensor is represented as a bulk properties of matter. This is a symmetric
tensor of rank two. Also, conservation law for the energy-momentum tensor 7+ implies that
T, = 0. Again, one of the forms of Mach’s principle is that the matter distribution in the universe
is responsible for inertial effects. It seems, Einstein was guided by these two results and considering
equivalence principle, principle of covariance along with Mach’s principle to give the final form of
his gravitational field equations, which should be tensorial equations, i.e.,

G% a T = G = —kT%,

872G

where k = == coupling constant.

Einstein gave the above equation by applying his own intuition. Later there have been many
methods developed to construct the Einstein field equation.
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3.4 Some Useful Variations
L. 6y/-¢ = %\/—_ggiszgik.
2. 68y = —8u8imO8™"
3. 6L = F68 + 3-6(8i):
4. 5(gi,) = (68ix)s -
5. (v/-8)= \/_g 8ikI-

6. 6R,y = [oT%,] , - [oT, ]

Hint: 6R,,, = 5 [% B R vt ]

oxv uv- po
In a geodesic coordinate system, we have

N Y
my oxP oxv |’

3 6(6Ffw) o8I’ p)
T oxr ox"
(61"” ) —(zSF” ) .

Since this is a tensorial equation, therefore, it is true for all coordinate systems and at all points
of space and time.

1
7. 51—71\/ = Ap [D 5gpld +D ﬁgvp D ﬁgﬂv]

D = covariant derivative.

O e

3.5 Action Integral for the Gravitational Field

Most of the fundamental physical equations of the classical field can be derived from a variational
principle. Therefore, it is expected that Einstein’s field equation can also be derived from a
variational principle. To derive it, we follow the same notion of the variational principle in classical
mechanics and electromagnetism.

Now, we seek a Lagrangian L for the gravitational field, which has a geometrical origin that
contains derivatives of fundamental tensor g,,, . Since \/—_gd“x is an invariant, the action integral for
the gravitational field will take the following form

/ \/—_gLGd4x.

(Here integration is done over all spacetime coordinates between two given points.)
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There are several scalars apart from constant, however, the simplest scalar as Lagrangian, which
we can consider is the scalar curvature L; = R. Here R contains metric tensor and Christoffel
symbols I'% (i.e., derivatives of g,,). One can also think other scalars like R%, f(R), Ry R*, Ry, R,
etc., as Lagrangian, which can be treated as modified gravity. Later, we will discuss these modified
gravity theories.

So the action integral for the gravitational field will be taken as | /—gRd"x.

This is known as the Einstein—Hilbert action. In addition to the gravitational field, one should
add to this integral another one which takes care of different fields presented in our physical system.

3.6 Einstein’s Equation from Variational Principle

The Einstein’s equation can be derived from the principle of least action 6/ = 0 where

I= / \/—8lLg + 2kL;]d"x. (3.1)

Here, we choose L; = R as the Lagrangian for the gravitational field with R = g, R*". L is the
Lagrangian for all the other fields. k = Einstein’s gravitational constant = SZ—G The integral has
been taken over the whole spacetime. Here, the action is usually assumed to be a functional of the
metric and matter fields. This integral contains the metric tensor, which determines the curvature of
spacetime in the presence of the gravitational field either in the absence or the presence of matter.

We are varying the first part of the integral (3.1), which yields
6/ \/—gRd*x = 5/ \/—gg‘”RWd‘lx,
= / \/—88" 6R,,,d'x + / R,,6(y/—gg"")d'x. (3.2)

Since
6R,, = @17, = @17, .
we have
V788" BR,, = V8 (€T, - (88T, ),
= 4 [ — [(gﬂvél—*a _ (gha(srzp);a,:l
=4/—g(V"), = @(\/ —gV"),
(by result (8) in Section (3.4))

where

_ GHVST A _ JHASTP
V=g 51“,” g 5Fﬂp,

is contravariant vector.
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Thus, the first integral of Eq. (3.2) implies,

/ V88" 3R, d'x = / (gt =0.

The above integral transforms into a surface integral on \/—_gV"‘ due to Gauss theorem. Since
variations of the Christoffel symbols on the boundaries of integration vanish, therefore, the value of
the integral is zero.

Now the second integral of (3.2) is

LR Y .
=/\/—_gRﬂvég”Vd4x+/R(—%\/—_ggﬂvég’”)d“x,
- / e [R”V - %ng] 5" d'x. 3.3)

The second part of (3.1), which defines different fields presented in our physical system in addition
to the gravitational field can be calculated as follows:

) = A
5/ \/:gLFd4x=/ lag”v(ﬁLF)égM + agrv 6[ Ox« ] d4x

gl oxa ]

lau/—_gLF) P <a<LF\/—_g5g”V)> 9 <a<LF\/—_g>) ]

ogly o(g")

agHv § ox® ox®

The contribution from the second term of the integrand will be zero as it can be reduced to a surface
integral over the boundary where 6g#*" = 0.
We define the energy-momentum tensor 7, as

;o2 [a(\/?gLF) 0 <0(LF_\/—_g>>]

uv /__g agﬂv - ox® ag’lle

(3.4)

Thus, we obtain,

5 / VRLpd'r =1 / Nari

Hence, finally we get,

6l=0= / V—8&R,, - %gwR + kTﬂv)ég’”d4x =0.
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.. . . sI .
Hence, variation with respect to gV, i.e., = 0 gives
oghv

1
R, - ngR = —kT,,. (3.5)

This is the Einstein field equation in general theory of relativity.

In this section, we have derived field equation without boundary term, which is assumed to be zero
at infinity. Also, we have assumed 6g,,, is zero on the boundary. However, its tangential derivatives
should vanish but normal derivative of 6g,; does not mandatorily need to vanish on the boundary. In
the appendix, we will generalize the field equation to a general case comprising the boundary term
in action.

The action integral for Einstein field equation with cosmological constant A is

I= / \/—8IR + 2A + 2kL;d'x.

Varying with respect to g,,,, we get Einstein field equation with cosmological constant as

1
R;w - EgWR + Agw = —kTW. (3.6)

Contracting above equation we get
R = kT + 4A. 3.7

Using this, we can rewrite the Einstein field equation with cosmological constant as

1
Ry = A —k(Tp = 5807) . (T=T0 (3.8)
In the absence of matter distribution (i.e., 7,,, = 0) Einstein field equation with cosmological
constant reduces to
R, =Ag,,. (3.9)

Einstein introduced a cosmological constant to obtain favorable cosmological phenomena.
Actually, he introduced it to obtain a static cosmological solution for the gravitational field equations.
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If L, contains other fields say y, we then find y field equation by varying action integral I with
respect to y as

oLy | oLy
# Jdy - W
o(5%)

Hint: Let the Lagrangian depend on y and on its derivative, i.e., Lp(y (x), 9,y (x)) where 9, = (ﬁ).
The principle of least action implies 6/ = 0 where

I= / \V/—glLgld x.

Here, Ly describes all fields except the gravitational field. Now,

5 [ VFatdts = [ | Loyatpon+ ;\E;L)F) <§7‘”> o',

/ 6(\/—ng)(S N o | 0Lpy/—gow) o | 9Lpy/—8) 5
= —_— oYy _—
oy

Ox# ay ox# oy
2(5x) 2(5x)

The contribution from second term of the integrand will be zero as it can be reduced to a surface
integral over the boundary where 6y = 0. So, we arrive at Euler—Lagrange (E-L) equations of
motion.

oL, | oLy

w )| ow’
2(3%)

If Ly does not depend on g, ; explicitly,
then

Tyv \/_agw(\/_g F) = Fgﬂv

It is interesting to consider the effect of gravitation on the physical system. In the absence of
gravitational force, the governing equations are involving with tensors of special theory of relativity,



68 Einstein Field Equations

e.g., in the absence of gravitational force electromagnetism is governed by the Maxwell equation.
According to the principle of covariance, the physical system under consideration must be written
in terms of the general tensor in the presence of gravitation. Such equations, e.g., Einstein-Maxwell
equations, Klein—Gordon, etc., are actually classical field theory defined in the setting of general
relativity.

I will provide some examples of the electromagnetic field and massive scalar field in the presence
of gravitation based on the action principle.

Find the energy-momentum tensor of the electromagnetic field in the presence of gravitation.
Hint: For the presence of electromagnetic field in addition to gravitation in the action integral, it
takes the form

I= / V/=8lLg + kLgy)d x.

[where Lg,, = Lagrangian of electromagnetic field]

Lagrangian of electromagnetic field without current is given by

1 :
Lgy = ———F, F*,
EM 1677: ik
where the field strength F;,, is related to electromagnetic potential A; as
Fy = Ay = A

From 61 = 0, the second term contributes 7}, (EM) where

OLgy,
TyW(EM) = ZW = &itLem-

Here,
oo lp g =lpp gilghm
EM 167[ ik 167[ ik* Im *
Therefore,
oLg, -1 i -1
= —F.F m—= __—F"F, .
g gr U km8 Qg i km

Hence energy-momentum tensor of the electromagnetic field in presence of gravitation is given by

-1 m 1 m
T, (EM) = ™ [F; Fiy — ZFlmFl gik] .
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The following equation

1
Ry = 38R = —KIT,,, + T, (EM), (3.10)

is known as coupled Einstein—-Maxwell field equations.

Deduce Maxwell equations in presence of gravitation.
Hint: The Lagrangian density for the electromagnetic field in the presence of gravitation is

D S e N B B et
L=—s——glf” = -V/-&"As;

where electromagnetic potential A, determines the Maxwell field strength tensor f,,, as

0A, 0A,
S

T o oxr

and j* is the electric current density vector.

We know

Fad/? = 88" froaf -

The (E-L) equation

o o | o _
oxP a("ﬁ) 04,

oxP

For the above Lagrangian density yields

OL 0 [aub <_L - )
A, oA, |88 fufun] (~ 76z V8-

d 1
:2a;4bv 2 @A —A (__ _,)
§°8 “”aAa,ﬂ( wy = A (g7 v
1
— 7 paH Hbv MY _ VU _ —
=26 huldty =551 (<76 V)
1
_ au bv Hv Hv _ — VH _ __gHV
= 208",y 30y + 851 (~ 7= v/=8)  las 81 = —8ls.]

_ _L — au  bv v __ _i — p
- ( 167 \/_g> 4™s “ba"” - ( 41 \/_g)fl ’

[sinceé“;;= 1 fora = yand f = v]
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Also
oL 1 .a
oA, = V"
Then from (E-L) equation, we get

1 9G/=g 477],,
V=

=
Vﬂflﬂ = —J"’ (by result (8) in Section (3.4))

Definitely, this is a generalization of the flat space counterpart of the Maxwell equations.

P _dn
oxY c

JH.

Thus, one can see that to extend from flat spacetime to curved spacetime, one has to replace the partial
derivative by a covariant derivative. Thus, to extend other Maxwell equation in flat spacetime

oxv  ox*  oxf

into curved spacetime, we have to replace the partial derivatives by covariant derivatives. Hence,
the final form is

V\Af(lﬂ + meﬂv + Vﬂfva = 0

Write the equation of continuity in curved space.
Hint: Equation of continuity in electrodynamics, i.e., in flat spacetime background is
oj*
ox#

Using the above notion, we can write the equation of continuity in curved space background by
changing the partial derivative by covariant derivative as

Mo
Tiu =0.

Using result (8) in Section (3.4), we have

\/_ W(\/_Jﬂ) =0or —(\/_J") =
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Find the energy-momentum tensor and scalar field equation for the massive scalar field ¢ with

mass m.
Hint: The Lagrangian for a massive scalar field ¢p with mass m in flat spacetime, i.e., in the absence
of gravitation is given by

ox* 0x"

¢ o
Ly, = % <’I”V—¢—¢ —m2¢2>-

The E-L equation

o | oy | e =
(55)

yields the field equation of ¢

, 09 2 2 2
Wee—— 4 m°¢p=00r°p+m¢p=0.
0xHoxv

This is known as Klein—Gordon equation.

The Lagrangian for a massive scalar field ¢p with mass m in the presence of gravitation is
given by

1 0 99 5.2

L,=-+v—g|g¥"——— .

v =2 g<g P T
Using E-L equation, we get Klein—-Gordon equation in curved spacetime

d WO\

— -gg""— | + -g¢ =0.

o (\/ 88" o5 )t —8d

Since L, does not depend on g, |, then using

dL,
T, = 2_0g/“’ ~Ly8,

we get energy-momentum tensor for massive scalar field ¢

BT oxa gxf Egaﬁ OxH OxV

oL

¢ 1 dp dp 1 o 0¢ 2,2
Here, =/ 2 _ 2 /Z w® P

ere ogef 2 Soxc gxp 4V 88w <g e

_%@ 1 < ”V%%_mZ(ﬁz).
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Find the energy-momentum tensor for the scalar field ¢ with a potential V(¢).
Hint: Here the Lagrangian is given by

L=V'¢V ¢ — V().
As before, L does not depend on g, , then using

oL
Tﬂv = 2@ - Lgyv’

we get energy-momentum tensor for scalar field ¢ with a potential V(¢)

Ty =V 0V.0 = 38,V 0V — 8, V().

Using E-L equation, we get Klein—-Gordon equation in curved spacetime, i.e., ¢ field equation

19 A
9 (g2 ) + 2 oo
,/—_gaxﬂ< 88 axv>+a¢

Find the energy-momentum tensor of a perfect fluid.

Hint: We can visualize perfect fluid as a mechanical medium, which has no viscosity and no heat
conduction. It does not tolerate any shearing stress but its normal stresses are isotropic. For a local
observer, its normal components of stress are equal to the isotropic hydrostatic pressure. The perfect
fluid is described by a four velocity #* in a comoving coordinate system and some of the following
scalar quantities: density (p), isotropic pressure (p), temperature (7), specific entropy (s), and specific
enthalpy (w = p%, n is the baryon number density). The baryon number can be defined in terms of
a baryon number flux vector density (n*) as

gﬂvnﬂnv
n* =ny/—gu* or n= . (using u'u, = —1)
8

We consider the Lagrangian in proper coordinate system in which the fluid is supposed to be at rest
as (here, 6n* = 0)

L=—p.
Using thermodynamical relation ((%)S = w) implies

6p = wén.
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Now

Using the variational formula we finally get,
n v
SL=—6p=—wén= w3 (uu, +g,,) 68",

Using

oL

Hv aguv

- Lgyv’
we get,

TMV = —[pgﬂv +@p+ p)uﬂuv .

Noether’s theorem

In 1915, Emmy Noether has discovered something deeply fundamental about the universe,
known as Noether’s theorem, which is related to the conserved quantities from symmetries of the
laws of nature.

Time-independent Hamiltonian = Energy conserved

Translation-independent Hamiltonian = Momentum conserved

Rotation-independent Hamiltonian = Angular momentum conserved, and so on. The precise
formulation of these correspondences is given by Noether’s theorem. Actually, Noether’s theorem
gives a formal connection between continuous symmetries of a physical system and the resulting
conservation laws.

Proof of Translation-Independent Hamiltonian = Momentum Conserved:
Consider a translation

xt = x* +a”,

where a” is a constant.
Under this displacement, a field ¢(x*) transforms as

PO > p(x* + a¥).
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The change in the field after a displacement is given by

o = p(x" +a") — p(x"),
= ¢(x") + a0, p(x") — d(x"),
=a"d,p(x").

[The translation é6x* = a*]
Thus, the amount of change of the field ¢ after translation as:

5 = a"0,¢.

In general, 6A = a*d,A.
Hence, we have

50,0 = a*0,(0,).

Now,
oL = a”() L= £5(I)+ 8(0 ¢)5(5 b),
:g;v ¢+mngaw¢)
=M[”M0@ ¢+aw¢)“ @]
= a', [a(ng)) ¢]. las @ = a*5"]
Therefore,
J, [Lag - a(g—iwavqb] @ =0.

Defining energy-momentum tensor 7% as

L — a—L — Il’
V00,8 Y
One can see it is conserved, i.e., aﬂT‘; =0.
If the Lagrangian density for a scalar field is
L= 160"
- 2 S ,kg ’

derive energy-momentum tensor 7.
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Hint: Using Tyv = 2% - L¢gﬂv, one finds

1
Ty=¢,0,— §¢J¢Jgik‘

If the Lagrangian density for a scalar field is

L= [B,b.8" -],

Find E-L equation and derive energy-momentum tensor 7,,,.
Hints:
Here for flat spacetime,

a0
au=<_,__,>= wy . g™ = diag(l,—1,—1,—1).
o “on) =& 9 & =diag( )
Now,
aaL¢ _ o'
2(5%)
and
oL 5
o e

Therefore, using E-L equation, we get
0,0"$+m*p = 0.

This is Klein—Gordon equation in flat space.

However, for curved space, the above equation reads

1

[P+ = 0,ie., —= -2
-8 6x

ox!

<\/ —ggik%> +m*p =0.

If the Lagrangian density for a scalar field is

L= —%qz,,qs,vg”v — V().

Derive energy-momentum tensor 7, .
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Hints: Here, the energy-stress tensor is

_ 9906, (L9D 9%
= G o S <2 o+ ox 8 +V(¢)>‘

If the scalar field depends on time only (as for homogeneous and isotropic model of the universe),
the energy-stress tensor takes the form

T,, = diag (50 + V@), 36 — V@), 36 ~ V@), 36 — V(@) = diag(p.p.p.p).
This implies
=Ly =L
p=50"+ V(). p=3¢" -V

Thus the equation of state is

p 39 - V@)
P i Vi)

This type of matter distribution is known as Quintessence.

3.7 Some Modified Theories of Gravity

In this chapter, we just provide an outline of some modified theories of gravity.

1. f(R) theory of gravity: In the action of Einstein general theory of relativity, we use
Lagrangian for geometry as L; = R, where R is a Ricci scalar. Now, it can be generalized by
taking L, = f(R). This newly developed theory of gravity is known as f(R) theory of gravity. For a
purely phenomenological thought, f{R) could be expanded in a power series with positive as well as
negative powers of the curvature scalar as

R2 R3

R = o+ 2+ 2 A+ r+ 2 R
...... 2+ Bt

where the coefficients ; and f; have the appropriate dimensions.
Following the same point of view, we can write the action for f{R) gravity as

I= / \/—8lfIR) + 2kL,,]d"x.

Here, L, is the matter Lagrangian. Varying with respect to g,,, we get modified Einstein field
equation as

g,, = F(RR,, - % &uf(R) = [V, V, — g, ,[IFR) = —kT,,,.
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_ df(R) . . . . . _ _ 1 v
Here, F(R) = "R v, is the covariant derivative with [JF = ViV F = \/—__gdy(,/—gg” 0,F). As
usual 7, is the energy—-momentum tensor of the matter fields. Conservation equation V#7,, = 0
implies V#E = 0. Also trace of the above field equation in f{R) gravity is

300F(R) + F(R)R — 2(R) = —kT,

where T = ¢g"'T,,, .

We can recover Einstein gravity without the cosmological constant by taking f{iR) = R. This
implies F(R) = 1 with [JF = 0 and we get R = kT. In general, the trace of field equation in f{R)
gravity indicates that the field equations of f{R) theory will provide various different solutions than
Einstein’s theory. For a simple example, one can notice here that the Birkhoff’s theorem does not
hold good, which states that the Schwarzschild solution is the unique spherically symmetric vacuum
solution. Note that for 7 = 0 no longer implies that R = 0, or is even constant.

2. Gauss-Bonnet Gravity: Gauss—Bonnet (GB) gravity is a modification of the Einstein—Hilbert
action, which includes the GB term

_p2
G =R —4R"R,, +R""R,,

proposed by Carl Friedrich Gauss and Pierre Ossian Bonnet. In this theory, the action is

I = / \/—g[R - 2A + aGBLGB + 2kLm]d4x9

where L, = R* — 4R*'R w T RUYPPR,, . and agg is a coupling constant. Sometimes it is known as
GB parameter. We note that as a;; — 0, we will come back to Einstein gravity. In the context of
Riemannian geometry, GB term is the next higher order correction to R. It is actually a topological
invariant term in four dimensions and for the addition of this term to the Ricci scalar term in
Einstein—Hilbert action, it has no contribution to the equations of motion.
Varying with respect to g,,,, we get field equation in GB gravity as
G, +H, =—kT

uv*

Here,

nv uv

1
G, =R _EguvR+Aguv’

1
H, =2R, WRjﬂ" -R,, R —2R, R’ +RR,)— 3 8uLcp-

As usual 7, is the energy-momentum tensor of the matter fields.

3. f(G) theory of gravity or modified GB gravity: As we know the GB term G is a topological
invariant term in four dimensions and it has no contribution to the equations of motion, i.e., it has no
dynamics to couple it with the matter field, therefore, it is obvious that some function of G, i.e., {G)
is also a topological invariant term in four dimensions and it has no contribution to the equations of
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motion. In the modified GB gravity theory, the action is

I= / \/—8[R +f(G) + 2kL,,]d"x.

Varying with respect to g,,,, we get the field equation in modified GB gravity as

Here,

1
G :RMV_EgMVR’

le

S
I

Ho AV

_ %fgﬂv ~ 2FRR,, +4FR’R,, — 2FR,,,,yR’" — 4FR

—4R°V V_F —4R°V NV _F + 4R, V*F +4g, R°*V _V ,F — 4R'"*V°V*F,
u v o v H O Hv Hv c

and F = j—f which is not dimensionless unlike in f(R) gravity. As usual 7),, is the energy-momentum
tensor of the matter fields. Also trace of the above field equation in f{G) gravity is

—R = —kT+2f-2FG - 2RJF + 4R, V/V",

where T'= g"T,, and []=g"*V ,V,.

Thus, curvature-related quantities (R, G, F) are determined by the energy-momentum tensor of
the matter fields.

4. f(T) theory of gravity: Teleparallel gravity is a theory that adopts Weitzenbock connection
without considering the Levi-Civita connection and this produces a null curvature with a
nonvanishing torsion. Similar to f{R) gravity, f(T ) gravity assumes a generalization of the action
of teleparallel gravity. In this gravitational theory, tetrads are the key fields instead of the metric as
in general relativity. Teleparallel gravity is defined in the Weitzenbock’s spacetime where the line
element is designated by

ds* =g, dx*dx", (3.11)

where the symmetric components of the metric, g,, have 10 degrees of freedom. In this case, the
line element (3.11) can be rewritten as
2 _ v inj
as® = g,,dx"dx" = n;0'¢, (3.12)
dx* = e "0, 0" = e'”dx", (3.13)
where 1; = diag[1,-1,-1,~1] and ei”eiv = 68 or ei”ei” = 5f Here, the metric determinant is

given by 4/—g = det [ei u] = ¢ and the matrix ¢! , are called tetrads and express the dynamic fields
of the theory.
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The Weitzenbock’s connection is defined as

a o i i o
Fuv =e,%0,e L= Mdvel. . (3.14)

All the geometrical quantities of the spacetime are made from this connection. The constituents
of the torsion tensor are described through the antisymmetric part of this connection

r, =T¢ -I" :e@(aMe'V—ae’”.) (3.15)

Hv HV i v

The constituents of the contorsion are defined as

1
K" = =3 (T”“a -7, - Ta’”) . (3.16)
To construct a new scalar, which is comparable to the curvature scalar of general relativity, we
express a different tensor S,**, created from the constituents of the torsion and contorsion tensors as
1 v
v o 1% vfu
s =5 (ke + ot =5, (3.17)

a

Now, we will describe the torsion scalar using the following contraction
T=T7" S H. (3.18)
' a

By generalizing the teleparallel theory, we can define the action of the f{T) gravity theory as

S= / e [AT) + 2kL yyer]| . (3.19)

Here f(T) is an arbitrary function of T (torsion scalar). Varying the action (3.19) in regard to the
tetrads, one can obtain the resulting field equations

v, =1 i \% v 1 v k v
S0, Thrr + 7140, (ee,"5,7) + T, 8,4 | fr+ 84 = =377, (3.20)

where 7" is the energy-momentum tensor, fr = df(T)/dT and f; = d*AT)/dT?. For AT) = a,T+ay,
the field equations (3.20) get back to the teleparallel theory in the presence of a cosmological
constant, which is dynamically identical to general relativity. The above equations depend on the
tetrads under consideration.

5. iR, T) theory of gravity: (R, T) is a newly proposed modified theory of gravity. Here, the
gravitational Lagrangian can be considered as an arbitrary function of the Ricci scalar R and of the
trace of the stress-energy tensor T. This new proposal has been thought because the gravitational
field equations are influenced by the nature of the matter source. In f{R, T) theory, the action is taken
as (with geometrical units G = ¢ = 1)

p— 1 — —
S = E/d“xf(R,T)\/_g+/d4x£m\/_, (3.21)
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where f(R, T) is an arbitrary function of the Ricci scalar R and the trace of the energy-momentum
tensor T and L, is the Lagrangian for matter fields. As usual, g is the determinant of the metric
tensor g, .

Now, if we vary the above action (3.21), we get

65 = — / [fR<R TR + f(R. )=

1 Hv —
oo Y= 38R S + 1675(1/=gL,,)| d'x

5 ”V
where
OoR =R, 68" +g,[6g" -V, V, og".
The variation with respect to the metric g,,, yields the following field equations of (R, T) gravity:
1
JeR. DR,y = SfR. D8,y + (8,1 =V, VIR(R.T)
= 8”T fT(RT) fT(R 1)®,m (3.22)

where

Jf(R,
k=20 pk 1) =

0,(r/—gg"0,),

IfR, 7)
aT

DE\/_—_g

R,, is the Ricci tensor, V, the covariant derivative with respect to the symmetric connection

associated to g v

_ ap 0T,
nv 8 5g;4v ’
and the stress-energy tensor can be defined as
oL,
T, =8uwky— PP

One can notice that when iR, T) = f(R), Eq. (3.22) yields the field equations of f{R) gravity.
Contraction of (3.22) provides a relationship between the Ricci scalar R and the trace T of the
stress-energy tensor as

Jo®,T) + 3R, T) = 2R, T) = 8T — f(R, )T — f(R, T)®. (3.23)

Substituting the term []fz(R, T) from the Eq. (3.23), the gravitational field equation (3.22) takes the
form

SR TR, = $Rg,0) + AR D18, = 87(T,, = 3T¢,.)
— f7(R, TXT,, - ngW) — R TN®,, - 20g,,) + Y,V fuR.T). (3.24)

3
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Taking the mathematical identity

VAR IR, = AR D18, + (8,00 = ¥, R T =0

The covariant divergence of the above stress-energy tensor yields

SR, T)
V”TMV m[(T + @ )VM lnfT(R, D
+V40,, - (1/2)g,, V*TI. (3.25)

6. Brans-Dicke theory of gravity: The Brans—Dicke theory of gravitation was established in
1961 by Robert H. Dicke and Carl H. Brans. It is a scalar—tensor theory where the gravitational
interaction is reconciled by a scalar field along with a tensor field of general relativity. The
gravitational constant G is not constant, rather replaced by é where ¢ is a scalar field, which can

vary from place to place and with time. ¢ has the dimension ML3T? and plays the role analogous
to G~!. Brans-Dicke theory of gravity is a generalization of general relativity, however, it is not a
complete geometrical theory of gravitation as gravitational effects are described by a scalar field in
a Riemannian manifold. Thus, gravitational effects are in a part of geometrical, and in part due to
scalar interaction. In this new theory of gravitation, the action is written as

1 i@’
= Teo [qu— %] \/—gd'x — 16x / Lpy/=gd'x, (3.26)

where, w is known as the Brans—Dicke coupling constant, which is dimensionless and ¢; = ¢.

Variation with respect to g; we get the field equations in Brans-Dicke theory of grav1tat10n
1 8z

Ry R =
2g1k

—T,

STt 5 L v - 2,00 (3.27)

(¢ b — gik¢[¢l> + &

As usual, Tj, is the energy-momentum tensor of the matter fields. Also, trace of the above field
equation is given by

8x
-R==T-—¢¢p' -3
p ¢2¢¢ 3¢~'0¢.

Here T = g'*T,, is the trace of the stress-energy tensor and [J¢p = g*V,V,¢.
Variation with respect to ¢, one gets,

20¢~ D¢_E¢¢I+R 0.

Combining these two equations, we can write the wave equation for ¢ in the following form

87
3420

O¢ = (3.28)
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Usually it is believed that general relativity can be obtained from the Brans—Dicke theory in the
limit @ — oo. But recently it is claimed that this does not happen when the trace of the stress-energy
momentum vanishes, i.e., 7, = 0.

7. Weyl gravity: In Weyl gravity theory, the Lagrangian is considered as

L C,.,sC"°,

weyl = HVpo

where C,, ,, is the conformally invariant Weyl tensor.

Thus for the fourth order Weyl theory of gravity, the Einstein—Hilbert action is written as

I=a / C iy C7% A /—gd’x. (3.29)
The Weyl tensor C

wvpo 18 described as the anti symmetric part of the Riemann tensor and « is a
dimensionless parameter. This action is actually invariant under the conformal transformation

& = &, = Vg, (3.30)

as the Weyl tensor C itself is invariant under this conformal transformation.

HVpo
Now, we can express C CHvro in terms of Riemann and Ricci tensors, and the scalar curvature

Hvpo
as

1.5
Crupr €7 = Ry poRI7° = 2R RY 4 SR,

In four dimensions, the GB term is given by

G =R,,,,R"" — 4R, R" + R?,

Hvpo

which is topological and as a result it does not take part in the field equations. Hence, only the part

of C,,,,C*"""° modulo GB term,

C. e =2 <RWR”V - %Rz) (Mod G),

HVpo

will play the role to the field equations.
Thus, the action of Weyl gravity can be rewritten as

I=2a / <R”VR”“ - %RZ) V—gd'x. (3.31)

Now, variation with respect to metric tensor yield the vacuum field equations of the Weyl gravity as

B =K, —+H =o, (3.32)

Hv Hv 3 Hy
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where

_ 1 1 i a1 f
Ky = O (Ruu + 584 ) = VaV,RE = V.V, RE+ 2R 4R = 2, R, R

1
Hyy = 2R (Ryy = 28, + 22,0 = V, VR,
Here, B,,, is known as Bach tensor. The trace of the Bach tensor is zero as it is conformally invariant.
If one includes the matter distribution, then, field equations in Weyl gravity is taken the following

form

B,, = 82GT,,. (3.33)






CHAPTER

Linearized Gravit
4 y

4.1 Newtonian Gravity

Newton’s theory of gravitation can be treated as a three-dimensional field theory. The gravitational
field is characterized by a scalar field ¢(x, y, z). This satisfies

V¢ = 4nGp(x, y,2), @.1)

where G = 6.67 x 10~3cm® gm~! sec™? is the gravitational constant and p is the mass density of
matter in space that produces the gravitational field. The above equation is known as the Poisson
equation.

Proof of Poisson Equation

Let us consider a mass M occupying a volume V, which is enclosed by a surface S. The gravitational
flux passing through the elementary surface dS is given by g.ndS, where g is gravitational vector
field (also known as gravitational acceleration) and n is the unit outward normal vector to S. Now,
the total gravitational flux through S is

e.n

ds.
s 17

/g.ndS =-GM
s

We know e;—'z“dS = Cosr—fds is the elementary solid angle d€2 subtended at M by the elementary surface
dS, where e, is the radial unit vector. Thus,

/g.ndS = —GM/dQ =—-47GM = —47rG/p(r)dV.
s s v

Applying Gauss divergence theorem to the left-hand side, we get

/V.ng: —4nG/p(r)dV.
v v

Thus, we get

V.g = —4zGp.

85
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Using g = —V¢ (gravity is a conservative force, therefore, it can be written as the gradient of a
scalar potential ¢, known as the gravitational potential), we finally obtain

V3¢ = 4zGp.
The gravitational field (F) is proportional to the negative of V¢, i.e.,
F=-mV¢.

This is the force acting on a particle of mass m.
For a single mass M that produces the potential ¢, then the solution of Poisson equation is given
by
-GM
¢=—

r

The force acting on another particle with mass m will be

F=GMmV<1)— —GMm

r r2

The ratio of gravitational force and electrical force between two electrons is given by

F grav Gmez
_F =

elec

=0.24 x 107%2.
k,e?

Here, k, is Coulomb’s constant with m, and e are mass and charge of the electron, respectively. This
indicates that the gravitational force is very weak.

Find the gravitational potential inside and outside of a sphere of uniform mass density having a
radius R and a total mass M. Normalize the potential so that it vanishes at infinity.

Hints:

The mass density in the sphere is (see Fig. 8)

M 3M

4zR "~ AzR3
3

p= = constant. “4.2)

For spherically symmetric distribution of matter, the gravitational potential ¢ is a function of
radius r only. Therefore, from Poisson equation V2¢ = 4zGp, we get

1 d de
dr

14 r2—> — 470G, “3)
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\\\ Outside
\ GM

¢:__
x/\ -

Interior
¢=Ar’+B

Figure 8 Sphere of uniform mass.

The general solution (r < R) of the above equation
#(r) = AP + B,

where A and B are integration constants.
Equations (4.1) and (4.2) yield A as

2 1 /GM\y 1
A=2"G =—(—)—,
3 P73\ R

B can be found from the matching condition to the exterior solution
atr = R, as

Thus,

4.4)

4.5)

(4.6)
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4.2 Newtonian Limit of Einstein Field Equations or Weak Field
Approximation of Einstein Equations

We now try to take a look at how the usual results of Newtonian gravity fit Einstein’s theory. At
first, we consider that the particles are moving slowly compared to the velocity of light.
For the consideration of dx° = cdt, the line element of curved spacetime
2
ds™ = g, dx"dx", “4.7)
can be written approximately as

ds® = goodx’dx’ = gy cPdr. (4.8)

[Since cdt >> dx*, ie., ¢ >> ‘{TX:]
Thus,

gooczdz‘2 >> g, dxtdx"  (u,v #0).

We know the other form of Einstein field equation is

1
Ry =k (T, = 38,,T)- 4.9)
From the above, we can conclude that it will be enough to use only the 00 component of this equation.
Here,
T=T,g" =T, n" =Tyn" =Ty. (4.10)
Thus,
1 - 1 1 1, ,
Roy = k (TOO - EgOOT) =~k <T00 - 5;100T) = 3KTo = 3kec, @4.11)

Here, p denotes the mass density of the matter distribution that generates the gravitational field. In
fact, the gravitational field is said to be weak when metric of curved spacetime, g;;, departs slightly
from Minkowski metric n; = (+1,—-1,—1,-1), i.e., from flat spacetime. Or, equivalently, the metric

tensor gMV ~ nI/V + hyv? |h;4v| << 1
Also,
or? or’ or’
— 00 % oy _poye o~ 00
007 gxr 0x0 +F00Fp6 FOpFOG = o 4.12)

[Neglecting nonlinear terms and terms that are time derivatives and using FW XN ?(0,h,,+0,h,,
9,h,,)]
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Now,
1 98,0 98w
Ik = ki (2220 _ 2800 )
0= 28\ "o T o
~ __1,1“% — 1 kl%
-2 oxt 2 o’
ie.
1 0hy,
kA _
[y & 2o [k =1,2,3 but not 0] (4.13)
Therefore,
oh,
=1 T _lgy (4.14)

00 =9 gxmaxm 2

where V2 = Laplacian.
Also, we know the motion of test particles in the gravitational field of any curved spacetime
geometry is characterized by the geodesic equation,

d?x* dx? dx°®
() (50 =0 .15

Here, x*(7) is the world line of the particle in the spacetime. If the particle’s speed ‘3—: is much lower

than the speed of light, then we may approximate % as (¢, 0,0,0) in the second term. Here, proper
time 7 is equivalent to the time coordinate t, i.e.,

dr=dt when v<<ec. (4.16)
Thus we find
dx® 1 c*0hy,
- - ___ 92 =1,2,3], 4.17
R ] @17
We know the Newtonian equation of motion
d*x ¢
- =T 4.18
dr? 0x4 (4-18)

where ¢ is the Newtonian gravitational potential. At a large distance, ¢ — 0 and g, — 1, i.e.,

hgy — 0.
Now comparing the above two equations, we get
2¢ . 2¢
hyy = C—z, ie, gp=l+ c_2 4.19)

This is called a weak field limit.
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Newton

open

hands Einstein Newton
hands closed They shake hands
Strong Gravitational field Weak Gravitational field
such as Relativistic Astrophysics, such as planet’'s motion, etc.

Black holes physics, etc.

Figure 9 Phenomenological comparison of Einstein and Newtonian theories.

Using the result in Eq. (4.19), one obtains from Eq. (4.14) as
l o2
Ry = 5 V(). (4.20)
c
and then Einstein’s field equation becomes,
2 1, 4
Vipx) = Ekc p(x). 4.21)
We know Newton’s gravitational theory as
V3¢ = 4xGp. (4.22)
Identifying the above two equations, we find
k= , (4.23)
which is Einstein’s gravitational constant.
Thus, in the weak gravitational fields such as planetary motion, etc., Newtonian and Einstein
gravitational theories provide almost the same results. However, for a strong gravitational field,
such as compact stars, black holes, etc., two theories are significantly different. Rather, one can say

that for a strong gravitational field. Newtonian theory does not work good, whereas Einstein’s theory
works in excellent manner. The Schematic diagram is shown in Fig. 9.

4.3 Poisson Equation as an Approximation of Einstein Field
Equations

For the consideration of dx® = cdt, the line element of curved spacetime

ds* =g adxtdx”



Poisson Equation as an Approximation of Einstein Field Equations 91

can be written approximately, i.e., in the weak field approximation as

ds* = goodx’dx’ = gooc?dr,
2¢

where, gy =1+ —.
c

We know the other form of Einstein field equation is

1
R, =k (TW - EgWT).

From the above, we can conclude that it will be enough to use only the 00 component of this equation.
Here,

T=T,,8" =T, n" = Ton™ = Ty

Thus,

1 1 1 1
Roo =k (Too = 58007 ) = k(T = 3100T) = 3KToq = ko
Here, p denotes the mass density of the matter distribution that generates the gravitational field.

Also,

or’.  ory
_ 00 0Op ¢ TP _ 10 TP
0=~ 57 + o ~To, 00
P
~ oo
= oxr

[Neglecting nonlinear terms and terms that are time derivatives]

Now,
1 98,0 98w
rk — 2 kA =22 _ =22
00 2g < ox* ox*
N —_lnuagoo _ léklagOO
T 20 ot 2 o’
0
= L9800 11 = 1,2.3 but not 0]
2 oxk
Therefore,
_ 1 08

1 oo
=1 1v2e
0 =73 5xmaxm 2 80
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Equating R, in the above two expressions, we get
1 1
Evzgoo = zkpcz.

Putting the value of g, we get

V2 = 4zGp.

4.4 Gravitational Wave

We consider that the gravitational field is very weak, i.e., spacetime is nearly flat. Therefore, the
fundamental tensor can be expressed as

8w =My + huv’ 4.24)

where 17, = diag(1,—1, -1, —1) is Minkowski metric and /,,, are small perturbations, i.e., |, | < 1.
We can rewrite the Einstein field equations as,

1

Ry, = =87 (T,, = 38,.T) = =827, (4.25)

nv’

_ 1
where, T, =T,-58.T
Now we are trying to express the field equations in terms of ,,, and keep only the linear terms.
The Ricci tensor takes the form

" yl vl
R, ~ 0T —oI% .

Now,

1
I ~ —n*h
211[

1 a a a
uv + hﬂvyﬂ - hﬂvvﬂ] = E[hﬂ,v + hv,u - huv]‘

up.v

Therefore, the Ricci tensor takes the following form:

0%h 0*h,,  0*h,,  0%h
R, ~ Lo [ Ll LA T (4.26)
w2 0xYOx# ~ 0x°dx*  OxVox*  OxCOx*
We follow the convention for raising and lowering the tensor by ##¥ and using h; =n"h,, h=

hy, = n**h,, in Eq. (4.26) to yield

214 -
1 < Chy  g2n Ok, oH >

R, ~ ~ + _ -
B2\ 0xo0x° Oxvox#t dxvVoxt OxCoxH

1 [h, 1/ 2 pe Phy,  Ph
== + = + h— - ~— |,
2 |oxeoxc 2 \ oxvox# = Oxvox* oxvVoxt  0xCoxH
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“ 2\ oxcoxe

V(P @ PH 1 e o
2 9xvoxh () = oxVoxt | 2 dxHoxe (ny ) = 0x°ox+ |’

0*h,, 2 2
L BT (h’l - 1;7%) 9 (h" - 1;7%) .
2 [0xcox®  oxvoxt \ H  2°H ox°ox# \ vV 2

Let us define

vV _ v 1,
}’H—hu—z(suh.

Now, Ricci tensor can be written in terms of 4, and newly defined y,,, as

1o (i ,1> _la (i a)
200 \oxi 1) " 20w \axe v )
where, [1* = % — V2 is the wave operator. Hence, Eq. (4.25) takes the following form

d 3} A) 0 ( 0 6) .
— - — = —16xT* .
oxv (0)5/1 Y OxH \ Ox° T Ty

1l »
Ruv = ED h/w -

2
hy,, —
For further simplification, one can impose the Lorentz-Gauge condition

0
ox"

V:ozav(hv—lmz).
H uooou
Therefore, Eq. (4.30) becomes
2 _ .
I°h,, = —167rTzv.
Note that if Yuv does not follow the Lorentz-Gauge condition, i.e.,

0

Yy =4y
then one can propose a new coordinate transformation as
V= V= & = Eup 1,0 (0,E7).
Now imposing the condition
0%, = 4.,
we get
dﬂy'” ''=0.

[Here, £* is an infinitesimal vector field]

(4.27)

(4.28)

(4.29)

(4.30)

431)

(4.32)
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The retarded solution with the subsidiary Lorentz-Gauge condition is given by

T (t—|x = x|, x")
hwmn=—{/ a X (4.33)

|x — ']

In the weak field approximation, Eqs. (4.31) and (4.32) are the linearized equation of general
relativity.

These linearized equations indicate that the gravitational field propagates with unit velocity (in
the gravitational units). In other words, gravitational field propagates at the speed of light. When the
energy-momentum tensor 7),, is zero, i.e., in linearized theory in a vacuum, Eqgs. (4.31) and (4.32)
assume the following form

Jd ,
axvyu _0,
2 —
Pk, = 0.

It is obvious that 4, follows the wave equation and the gravitational waves move with the velocity
of light.
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5 Lie Derivatives and Killing's Equation

5.1 Introduction

The Lie derivative is a significant concept of differential geometry, named after the discovery by
Sophus Lie in the late nineteenth century. It estimates the modification of a tensor field (containing
scalar function, vector field), along the flow defined by an additional vector field. Lie derivative can
be defined on any differentiable manifold as this change is coordinate invariant.

A vector field X is a linear mapping from C* function to C* function on a manifold, satisfying

X(fg) = Xg +X(g), VfigeC*M)

dx* of
X = _—
" Z dv OxH
such that
0
X= H—_
2 a OxH

Suppose X*(x) is a vector field defined over a manifold M. Trajectory of X* is obtained by solving

i = X*(x(v)). (5.1
dv

Let us consider a coordinate transformation
X =xH(e, x7), (5.2)

where € is a parameter. This is known as one parameter set of transformation. This transformation
designates a mapping of the spacetime onto itself. If the transformation takes the form

X =" + e & (x), (5.3)

then it is called infinitesimal one parameter transformation or infinitesimal mapping.
Here, £#(x) is a contravariant vector field defined by

gy = 20 (5.4)

ode e=0

95
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XH = xH + g&t

I.D(x )

Figure 10 Two neighboring points under the infinitesimal one parameter transformation.

[Infinitesimal mapping means that for each point P(x*) of the spacetime there corresponds another
neighboring point Q(x* + e€£*) in the same coordinate system (see Fig. 10).]

Suppose a tensor 7(x), defined in our spacetime. At the point , one can assess the tensor 7(x)
in two different ways:

1. One can have the value of T at Q, i.e., T(x").
2. The T(x*) can be obtained as transmuted tensor 7 using normal coordinate.

Thus, transformation for tensor at the point Q has two techniques. The difference among these
two values of the tensor calculated at the point Q(x*) hints to the concept of Lie derivative of the
tensor 7. One can differentiate the functions, tensor fields with respect to a vector field.

5.2 Lie Derivative of a Scalar

Let at point Q, the value of scalar ¢(x) be (), i.e.,

99

ox“

P = px +€8) = Pp(x) + €

&

[neglecting higher power of €]
Also, transformation of scalar function ¢(x) remains unaffected. Thus,

$(X) = P(x).
One can define the Lie derivative of scalar function ¢(x) (denoted as L:¢) as

L:¢(x) = lim $&) — 9
e—0 €
0p(x)

=) T




Lie Derivative of Contravariant Vector

97

As ¢ is a scalar, therefore, then partial derivative can be replaced by a covariant derivative to yield,

Lep(x) = E*()V ().

5.3 Lie Derivative of Contravariant Vector
The transformation of V¥ is

Sa o _ OX g
Also,

_ 0x P
X =x*+e&* > =6%+e—.
¢ oxP p oxF

Now,

aV*(x)

VE®) = VE(x + €8) = Vo (x) + e&ﬁ(x)w.

Putting (5.6) in (5.5), one can get,

_ . A&
V@ = <5ﬁ +e M) Vi(x),

i.e.,

o

Vi (x) = V' (x) + 635

" VP (x).

Now,

Ve(x) — V(%)

LiV" = lim
e—0 €
_ OV 98,
oxf  oxf

5.4 Lie Derivative of Covariant Vector

The transformation of covariant vector V,, is

oxH v

Vo = GV

x).

From,

X = xH + ebH,

(5.5)

(5.6)

(5.7)

(5.8)
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we have,

5 = ox*

*  ox%

Therefore,

ox# = sn

ox~ @
Also,

V,(®) =V, (x+€&) =V, (x) + e&

Now,

LV, =lim

e—=0

_gde

[e = 0,%, = x,]

a
oxH

aEH

€ b
o0x«

o&H

ox*

V,(®) - V,®

€

OEH

Hooxa”

V., (x)
ox+

Similar to the scalar function case, one can replace the partial derivatives by covariant

derivatives.
Thus,

— £F ayb
LV =&V, Ve =V eV,
LV, ="V, V,+V,V,E"

(5.9)
(5.10)

5.5 Lie Derivative of Covariant and Contravariant Tensors of

Order Two

The transformation of 7, is

Taﬂ(-x) - ﬁﬁTMv(XL
Xt = xt + &
=
oM = ox* 05”.
@ ox® ox®
Also, we can write
ox” &Y

&= +e—.

b oxp  oxp

_ Ox* ox¥
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Hence

_ OEH . 0&
ap = <5Z - €05c"’> <5ﬂ - €ﬁ> T,,x)

0¢&" o&H
= 556;T”v(x) - eéSWiTﬂv(x) - ea—iaé;Tﬂv(x) +e

206" 0¢"
0x* ox#

T,, (0,

[put first term y = « and v = f, and neglecting the last term]

_ ot o¢”
= Taﬂ — € <Tyﬁ ﬁ + Tavﬁ)'
Also
_ aTaﬂ
Taﬂ(x) = aﬂ(x +¢eé) = Taﬂ(x) + €&’ <W>
Hence

T &) = T,y (%)

LT, =lim—m
tlap = 11 c ’
ase = 0,x, = x,
— éﬂdTaﬂ ﬁ +T ﬁ
7 oxe Woxp T Mgy’

Similarly,

LTV =¢r

aT'lﬂ _ Tav ()éﬁ Tﬂﬂﬁ .
ox? oxv ox#

Once again, one can replace partial derivatives by covariant derivatives. Thus, we get,

LTy = &V Ty + T V& + T,y V XL T, (5.11)
LT =&V, T =TV & - TV & (5.12)

Also
L.(V*T},) = V'LA(T;,) + Ty, L(V"), (5.13)

Let us consider a curve passing through a point P such that only x! will vary and other components

X2, ..., x" remain constant along the curve. Therefore, we get

X¢ =46 =(1,0,0,...,0).
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Then the vector field

X=X9,=09,,
Hence,

LT = 0,T.

Thus, ordinary differentiation is a special case of Lie differentiation in a particular coordinate system.
Suppose X(x) is a vector field defined over a manifold M, then

icaap... _ v af...
X(Auv) A X Vi(Auv....)’

is called the directional (tensor) derivative of the tensor AZ@::. in the direction of the vector X(x).

Lie derivative of a mixed tensor

[negative sign for contravariant vector and positive sign for covariant vector]

The Lie derivative can be defined in various equivalent ways. Let us define two vector fields X and
Y on a smooth manifold M. Lie derivative of Y along X is defined by the Lie bracket [X, Y]. Thus,
Lie derivative of Y along the flow generated by X is defined by the Lie bracket of X and Y at p in
terms of local coordinates by the formula Ly Y(p) = [X, Y](p) = dxY(p) — 0yX(p), where dy and dy
are the directional derivatives with respect to X and Y, respectively. This actually stipulates to the
Lie derivative of any tensor field along the flow generated by X.

Let the expansion scalar 6 of velocity field u be given by

6=V.u

Show that in an arbitrary coordinate system

1
0= ngLugij,

where the Lie derivative L, along the flow generated by the velocity field u.
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Hints: Lie derivative for the fundamental tensor g; along the flow generated by the velocity field u
is given by

_ k0 9 9
Lgj=u ﬁ&j"‘&kﬁ” +gkj$u

Thus, gijLugij uf

i 0 0 j. 0
g ﬂgu gglk;“ ggkjal

1,0 j 0 0
= —u"— & — 5
7" ot (8789) + 850t + 85
1 0 0 loj
=-u + —u + —u"=2Vu
2 0xk() 0xk oxk
Therefore
6=1giL
_Eg llglj

5.6 Killing Equation
The structure of the metric tensor implies the structure of the spacetime.

Question: Does the metric tensor g,, change its value under the infinitesimal coordinate
transformation

X =x* + efH(x)?

To search the answer to this question, one has to check whether Lie derivative of g, vanish or not.
A mapping of the spacetime onto itself of the form

Xt =xH + eH,

[i.e., infinitesimal transformation] is known as isometric mapping if the Lie derivative of the metric
tensor vanishes, i.e.,

Leg,, =0,

=

&'V ,8up + 8 V€' + 8,5 V,E" =0
=

Ve + V65 =0=A4,
The equation

Leg,, = Vyé, + Vo, = 0.
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is known as Killing equation. The solutions £#(x) of the Killing equation are termed as Killing
vectors (KVs).

KV exist = 3 solution of Killing equations = presence of a definite intrinsic symmetry in that
spacetime.

No solution of the Killing equation = does not exist KV = the spacetime has no symmetry
whatsoever.

Find the KV for the metric

ds? = dx* + xX*dy”.

Hints:
For KV we have,
L:g;=0. )
Here, we denote x! = x and x* = y.
Now (i) implies
0 k 0 .k 0 . .
— 0. . Ff 4 f— + 9o, — = 0, 11
axkgzjé gkj 0x’§ 8ik axJ§ ( )

where & is the KV, k=1, 2.
From the metric, we have,

ds* = dx* + x*dy*
=g =1 8,=8,=0, gn=x"
Now fori=j=1
o a 0 . 0
(ll)iﬁgné +gk1£é‘ +g1k@§ =0,
0 1 0 2 0 . 0 . 0 . 0 .o _
(@&1)5 +<@gn>§ +gn$§ +g21@§ +gn@§ +812$§ =0.

Substituting the values of x' and 8ij» we have

0l a1, o0& 0& 9l 9&
— — 1-—4+0—+1—=—+0—=0
6x§+6y§+ 6x+ 0x+ 0x+ ox ’
al
or, i:0,
ox

> & =Ay), (iii)
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when i = j = 2 then (i) reduces to
0 k 0 .k 0 .k _
wgzzf +gkzﬁf +g2kﬁé =0,
0 1 d 2 0 1 d 2 0 1 0 2 _
(@gn) &+ (ﬁé’zz) &+ g12@5 + 822@‘5 +gz1ﬁ§ + gzz@f =0.
Substituting the values of x' and g;; and &' we have
ox2 o2\ ., 0E  ,0E2 o' 08
— + = )E+0=—+=+0=—+x"= =0,
<GX>f(y) <3y>§ ay oy oy oy
9 2
2xf(y) + w9 - 0,
dy
0E2 .
x(y) + Xzi =0, @iv)
dy
when i = 1,j = 2 then (ii) reduces to
d k 9 i 9 ok _
ﬁguf +gk2§§ +glkﬁf =0,
d 1 d 2 0 .1 ) 0 1 9 o _
(ﬁgu) &+ (ﬁgn) &+ guﬁf + 822@5 +g11£5 + guﬁf =0.
Substituting the values of x' and gjand & 'we have
9 2
2% 4 10)=0, ")
X
9 2
)
ox x2
sl vi)
Hence from (iii) we have
9 2
fo)+x%- =0
dy
!/
)
= () +x [ny + g’(y)] =0,
= [f0) +/'0)] +x¢'(n) = 0.
=>8m»m=0

and

o+ =0,
=g =g,
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and
fy)=Asiny+ Bcosy = f(y) = Acosy — Bsiny.

Therefore,

Acosy— Bsin
&' =Asiny+Bcosy, and, §2=#+c.
x

Find the KV for the metric
ds* = df* + sin’ Od¢*.

Hints:
Consider the KV for the metric

ds* = df* + sin’ 0d¢?,
as
&=
which satisfy the Killing equations as

0

9% _o,

90
g’ ., o0&t
= 6—=— =0,
¢ + sin 30

¢

% + cot0&E? = 0.
Ist = &9 = fi¢)

¢
2nd = sin® 9% =—1(¢),

=
&P =f(¢)cotd + g(¢h).

Using the above two results, 3rd =

&' (@) +[f'(¢) cot b + fig) cot ] = 0.
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Since this equation must hold V8 and ¢, we must have, g'(¢) = 0;

")+ fip) =0,
=

&9 = Asing + Beos¢p; &% = (Acos ¢ — Bsing)cotd + c.

Let XM be a KV and T*", the energy-stress tensor, then show that the current J¥ = T#'X is a
conserved current, i.e., Jf; =0.

Hints:

The covariant derivative of J* is

Ho— (THY — (THY v
‘];;4 =T"X), = (T;u )X, + THX,).
We know stress-energy tensor is conserved, i.e., Tf‘ﬂv = 0, therefore,
Mo — THV
S, =T Xy.0)-
Also stress-energy tensor is symmetric, above equation can be rewritten as

[ |-~
Jﬁl = E(TM (XV;M) + TV”(XM;V)) = ETM (Xv;u +XM;V) = 0‘

Let u' = ¢&! be a contravariant vector, where &' is a time-like KV. Also ¢ is so chosen that «' is a
unit vector. Show that

Hints:
We write the given equation as

_ -1
&=ud.
Taking covariant derivative, we obtain,

-1 )
5i;k = “i;k¢ —uip .
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The Killing equation, &, + &.; = 0 implies
(g + te) = b+ wgh ) = 0. @

Since, u'u; = 1, therefore, we get u'u;, = 0. Now, multiplying Eq. (i) with «' and using the above
result, we get

(lmiuk;i =¢,;+ uiukd)’i. (i)
Again, multiplying Eq. (i) by u* , we get
uk([)uiuk;i = ukd{k + ukuiukd{i.

Using the result, u*u;., = 0, we get

0= Mkd’,k + “i¢,i,
or
u'e,;=0.
Therefore, the Eq. (ii) yields
(buiuk;i = q’),k.

Hence the result.

If ' is a tangent vector to a geodesic C and &, is a KV then show that &u' = constant along with C.
Hints: We know if u is a tangent vector, then rate of change of u along u is zero, i.e.,

vV,u=0or u’u"l =0. (See Section 2.5)

In other words, the above equation is the geodesic equation. Now the covariant directional derivative
of &u* along the geodesic curve is

V“(ékuk) = uiuf‘iék + uiukék;i = uiuké‘k;i =0.

[as u'u* symmetric and &, is antisymmetric]
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Show that

ds® = d* — Hdr* + r*do* + 1 sin’ 0]

has a time-like KV.
Hints:
We know the Killing equation

gpgaﬂ,p + gavg,vﬂ + gﬂﬂé,l;t =0.

Now, we assume the KV with vanishing third and fourth components without any loss of generality
as & = (&Y, £1,0,0). Then using the above equation, we get,

A&0
= =0,
ot
0 _ 08! oy
or ot ’
b) 1
% L He =0,
or

Solutions of these equation

Any vector &£ is time-like if

&re, >0,
or, 8,,£"&" >0,

or, goodfoz + gllélz > 0or, | —H M > 0.

Therefore, the vector & is timelike for H?r2e?H" < 1.

Exercise 5.7

If £ is a KV, prove that

— Y
‘):M;aﬂ - Ryﬂa;lé: .

Hints:
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The definition of curvature tensor R, 4, ; implies that

Evipu = Sop = Ry 60 (i)

oUp
where £ be any arbitrary vector. Also the property of curvature tensor
A y! Ao
R, tR,,+R = 0,
yields
0= Copu = Souun ¥ Suion = Suso + Spuo — Spious (i)
We know

oo = ~Spc = Soipu = ~Spow

therefore, (ii) implies

0= é:a;;w - go:up - ‘fuzprf' (iii)
Equation (i) and (iii) yield
Spo = Ripu‘fi'

5.7 Stationary and Static Spacetimes

A spacetime is said to be stationary if it asserts a time-like KV field £”(x). Thus, the Killing equation
V¢ +V,E,(x)=0
possesses a solution &, such that
£ =E8>0.

It is conceivable to build world lines (trajectories) of the vector field £#(x) in such a way that
only time coordinate x° changes along these trajectories whereas the spatial coordinates x!, x?, x>
are not altered. This is feasible as the vector £#(x) is time-like. Thus, directions of these trajectories
of & coincide with x° axis (see Fig. 11).

Hence, in this new coordinate system, the spatial components of £* are zero, i.e., =0k =
1,2,3. Thus, &(x) = (1, 0,0, 0) is a nonzero KV, which is time-like. Now from Killing equation,

Py P
LI =0,
ox” Epv

og
= £P l R,
Legu =¢ oxP + 8u OxH
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we get

08,

ox0
This is the required condition for a spacetime to be stationary. However, in relation to black holes,
stationary only requires a time-like KV in an asymptotically flat region.
A typical situation of a stationary spacetime is called static if the trajectories of the KV &# are
orthogonal to a family of hypersurfaces.
The conditions for static spacetime are

98,

axo = 0’ gOk = 0'

In other words: A spacetime is said to be static if it admits a hypersurface, which has an orthogonal
time-like KV field.

5.8 Spherically Symmetric Spacetime

A spacetime is said to be spherically symmetric if the Killing equation possesses three linearly
independent space-like KV fields X* whose orbits are closed (i.e., topological circles) and obeying
the following conditions

XLx1=x, [XAX1=Xx, [X.X'1=Xx%.

Thus, in a spherically symmetric spacetime, a coordinate x* exists such that the KV fields X*
take the following forms

X% =0, X = wy s Wyp = —Wp,-

The quantity @, is characterized by three parameters, which specify three space-like rotations.

Time co-ordinate x0
A

0 ()

—» (R —x%) = eEM

P (x)

Spatial co-ordinate *

Figure 11 Direction of Killing vector along the time axis.
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Z
P
0
O\
& y
v
Q

X

Figure 12 Spherical symmetry.

Intuitively, if a system is invariant under spatial rotations about a fixed point, called the origin
O, then this is known as spherical symmetry (see Fig. 12).

5.9 Cylindrically Symmetric Spacetime (Axially Symmetry)

If a system is such that a rotation through any angle about an axis is invariant, then it is called
cylindrically symmetric spacetime. The conditions for cylindrically symmetric spacetime are as
follows:

(i) 3 two KV in which one is time-like and other space-like

(ii) Orbits of space-like KV are closed.

The study of conformal symmetries is important as it helps us know more about the internal structure
of the spacetime geometry, whenever we need to resolve the geodesic equations of motion for
the concerning spacetimes. To examine the usual connection between geometry and matter, this
symmetry also helps a lot. The deportment of the metric is significant while progressed together
with curves on a manifold in relativity. Conformal KV ¢ is defined as a vector field on a manifold
when a metric is pulled along the curves produced by &. Lie derivative of the metric is straight
proportionate to itself, i.e.,

£5gik =Y 8ik
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where the scalar field y is termed as a conformal factor and L is the Lie derivative operator. The
physical significance of this requirement is that when the metric is pulled along precise congruence
of curves it perseveres itself modulo certain scale factor, y, that might fluctuate from location
to location within the manifold. It is to be noticed that y is not haphazardly chosen rather it is
dependent on the conformal KV & as y(x*) = iéfi for four-dimensional Riemannian space. The
vector ¢ illustrates the conformal symmetry, however, the metric tensor g;;, is conformally haggard
against itself along &.

Here, the conformal KV ¢ are called homothetic motions or homothetic vector (HV) fields if
is constant, and for y = 0 one will get KV fields.

Find the conformal KV for the spacetime

ds* = A(rdf* — B(r)dr? — r*do>.

Hints: We know the conformal KV equation is

0 7] 0
Leg;=wg;or ﬁg[jék + %gkjék + ﬁgikék =Yg

Let us consider the conformal KV & as
g =(&%,&',0) = &%) + £'6Y = a(nsl + p(rst.
In the following, we try to find nontrivial conformal KV equations. For i = j = 1, we have
%gi]ﬁk + %gkjfk + %gikgk =vg;
or, %gnfl +2811%51 =Yg
or, B'(r)f +2B(n)p = wB(r).

Again for i = j = 0, we have

2 gé! =~y AW, or, A’ = A

Using i =j = 2, we get

0 r

"8
582251 =—Ygy, or, f= -
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i=0,j=1yields

0&0
= =0,
800 or

or, & = a = constant = C, (say).

Eliminating y, we get

B'(r)f +2B(r)f' = @ﬁ.

,
Solving this equation, we get

_ rk
VB(®)

p

k is an integration constant.
Using f = "’7’ , we get the expression of y as

2k

VG

Also we get the metric coefficient after integrating the above equation,

4

A(r) = *C?, C = integration constant.

Find the conformal KV for the spacetime
ds® = A(r)df* — B(r)dr* — *(d6* + sin® 0d¢?).
Hint:
Here, gy = A(r), g1, = —B(r), gy = —1%, g33 = —r*sin’ 0.
Let the conformal KV be
&= (&,8,0,0) = a(r)s) + p(sY, where,& = a(r),&" = p(r).

In the following, we search for nontrivial conformal KV equations as follows:
For i = j =0, the conformal KV equations yield

98
51 <?010> = W&o, OF ﬂA/ = l[/A
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Fori=j=1, we have

dg 0&!
&l <Wlll> +2g116_fc1 =g, orpB' +2Bp' =yB.

Fori=j =2, we get

0
el g—212 =Ygy, Or2rf = wrl, orf= ﬂ
ox 2

i =j =3 gives the sameresultasi =j =2

a
3 <%> =ygss, O 2rsin® 0f = yr’sin’ 0, or f = %’
by

From the above equations, we get

p="5 =2 a=rc

VB VB

[k, C are integration constants]

The case i = 1, j = 0 yields

b) 0
80— =w8y =0 or & = a = constant.
Ox!

Exercise 5.10

Find the nonstatic conformal KV for the spacetime
ds® = ¢"di? — *Vdr* — P(d6* + sin*0d¢?).
Hint: Here, one takes four vectors & as nonstatic but conformal factor, y is static as

¢ = a(t,no, + f(t,1o,,

v =w()
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The above equations give the following set of expressions from L.g; = wg;

1
= A+ —kt,
* 2
1 _4
= —-B ,
p 2rez
A
y =Be 2,

1
e¥ = C*exp l—ZkB_1 / ﬁdr] ,
r

where C, k, A, B are constants.




6 Spacetimes of Spherically Symmetric
Distribution of Matter and Black Holes

6.1 Spherically Symmetric Line Element

Spherically symmetric means an invariance under any arbitrary rotation of axes at a particular
point, called the center of symmetry. Using 6 and ¢ (polar coordinates) and choosing the center
of symmetry at origin, we have the general form of the line element with spherical symmetry.

ds® = A(r, ydf® + 2H(r, t)drdt — B(r, H)dr* — F(r, 1)(d6” + sin® 0d¢?). (6.1)

For the surfaces r = constant and ¢ = constant, the line elements reduces to form two spheres on
which a typical point is labeled by coordinate 6 and ¢ and line element takes the form

ds® = d6* + sin® 0d¢”. (6.2)

This spherical symmetric line element is invariant when 6 and ¢ are varied. The center of symmetry
is the point O, which is given by » = 0.
Now we introduce new coordinates by the transformations:

r=v, t=K{,1), (6.3)
where the function K will be chosen later.
From the above transformation equations, we have

dr=dr'; dt = a—Kdr’ + a—Kdt’. (6.4)
or or

Then the line element becomes
2 %;%)2 (% Q@)_ IV _ B2 4 sin? e
ds —A(ar,dr +S0dl ) +2Ha! (55dr + Sl ) = Bd() — F(d6? + sin’ 0dg?).

Now we choose K such that coefficient of dr’dt’ is zero.
Thus, we have

Aa—K +H=0. (6.5)
or'

115
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Hence we get general line element on
ds® = e°df* — e?dr’® — e*(d6* + sin? 0d¢p?),

where o, w, and u are functions of ¥ and 7.
Now we take another transformation,

R=e>and! = qR,T), (6.6)

where ¢ is so chosen that the coefficient of dR dT in ds? is zero.
Thus, finally, we get the line element

ds® = ¢'dT* — e*dR* — R*(d6* + sin® 0d¢?), (6.7)

where v and A are functions of R and 7.

Here R coordinate has specific significance:
The area of the surface of the sphere, R = constant is given by A = 47R>.

V4 2r
A= / (RAO)(R sin 0d¢p) = / do / d¢pR? sin @ = 47R>.
sphere 0 0

Three volume of the sphere with radius R

R V4 2
V= / (¢3 dr)(rd6)(r sin 6dg) = / dr / 6 / dr?e sin .
sphere 0 0 0

e.g., for e* = (1 — ar®)?, one can get

3 2
V= 4rR |- 3aR .
3 5

For the four-dimensional tube that is bounded by the sphere with radius R and two planes, t =
constant, separated by a time 7, the four volume is

T R T 2
v, = / (e3 di) (e’ dr)(rd0)(rsin 0dep) = / di / dr / d6 / ddrlet et sin 0.
tube 0 0 0 0

e.g., for e* = ¢¥ = (1 — ar?)?, one can get

Vy

_ 4zR’T - 6aR? + 3a’R*
3 5 7 )
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6.2 Schwarzschild Solution or Exterior Solution

The exact solution of the Einstein field equation in empty space was obtained by Schwarzschild in

1916, which describes the geometry of spacetime outside a spherically symmetric distribution of

matter.

Consider the metric of the empty spacetime outside of a spherically symmetric distribution of

matter of mass M as
ds® = e¥di* — *dr* — Pde* — i sin® 0d¢?,

where A and v are functions of r alone.
A metric of this type is known as spherically symmetric.
Let us write

A. . 2.
8 =€ gzzz—rz’ 833—”25111 0; gu=e",
_ 1 1 _
then, g” = —¢ g22=——2; 3 _ _ —; 44 _ v
r r2sin” 0

The nonvanishing Christoffel symbols of second kind are

1 1 1 .
1 _ T2 — 3 1 re=t T2, =
I, = z}/,l“lz ,F31 = ,1“22 ,I'3; = —sinfcos ¥,
I3, = cotB: T, = —rsin® fe~ T, = ;v'e_”l+v;l'“1‘4 =2
a — — 1
[Fua = [ln |gaa|] 5 FZa = [ln Igaal ] ; Ffta == g““!b ’
a b 28
where A ), . = %Aab.
The complements of the Ricci tensor are
Aol 1 1 ;2
R =____)’//+_II+_I,
nETL T Y Y

Ry =csc? ORy; = —1 + ¢ [1 - %r/l’ + %rv’],

_ 1 1 1 1 2
R, = /1+v[_ﬂ//__//__/__/]’
u=e 1 v 2\/ rv 4\/
Ry =0, a#p.

The Ricci scalar takes the form

R=g"R, = r_22 +e? [—% + %/1' + %A’v' V= V-

(6.8)

(6.9)

(6.10)

6.11)
6.12)

(6.13)
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The gravitational field equations for the spherically symmetric metric in vacuum are

/
L S N R T (6.14)

r? r2oor

) L, 1.,, 1 L, 1 n

N - V'V + VP = 1

e 2r/1 4ﬂv +2v +2rv +4v , (6.15)
L [l— 1,1’] — 0. (6.16)

r? 2 or

From Eq. (6.16), we get

et=1-" (6.17)

Here, the constant of integration m is related to the rest mass of the gravitating body. Subtracting
(6.16) from (6.14), one can find

=iy YU
eV + 1) ~ 0.
r
ie.,
v+ =0.
From which we have
A+v =k, (6.18)
where £ is a constant of integration.
Thus,
evzek(1—ﬂ). (6.19)
r

One can find the constant k using the boundary condition that at a large distance from the source
r — o0, the spacetime becomes Minkowski space, i.e., e —> 1 and e* —> 1. Therefore, k should
be equal to zero.

Thus, we obtain the Schwarzschild solutions as

evze_’1=(1—%>. (6.20)

Here, one can take m = 2((‘;_2114, where M denotes the mass of the body under consideration.
Thus, the required Schwarzschild line element

-1
ds? = (1 XM ) P - <1 oM ) dr — P2(d0” + sin® 0de?), 6.21)

cr cr
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For r>>GM, Schwarzschild metric represents Newtonian gravitation in the weak field
approximation. Here, we may recognize the Newtonian potential ¢ as ¢ = %(ev —1). Since

29 _

g00=1—c—2,C=1,

we have

GM

b~ 2= (6.22)
"

Hence, one may identify the constant M with the gravitational mass of the system located within the
radius r.

One can note that the metric becomes unusual for

= 1. The limiting radius r = Ry = 25‘;_21\/1 is
known as Schwarzschild radius of the given mass M of a body. For sun, the Schwarzschild radius

is 3 km, whereas for earth it is 1 cm.

2GM
2

(M,

SUn

=1.99 x 10*%kg, M, = 5.972 x 10%*kg, G = 6.66 x 10" m* kg sec?.]

Notice that the actual radius of the sun is = 7 x 10 km and for earth R, = 6000 km. In fact, the
radius of a physical object is much higher than its Schwarzschild radius.
The hypothetical objects whose radius equals their Schwarzschild radius are known as black holes.

The stellar evolution theory states that a star with equivalent sun’s mass can achieve its final
equilibrium state as a white dwarf or a neutron star. However, it is not possible to achieve this
equilibrium for bigger mass stars. In this situation, the internal pressure and stresses are not able
to cope with the inward pressure due to gravity, and as a result, stars gradually contract further.
According to general relativity, a spherically symmetric star will inevitably contract till the entire
matter confined within the star reaches a singularity at the center of symmetry. Actually, if the
spherically symmetric nonrotating star starts collapsing, it will continue until the surface of the star
approaches its Schwarzschild radius.

A Classical Argument

The concept of a black hole, in a lucid sense, is that of a star whose gravitational field is very
powerful, so that even light cannot seep to different areas. In the Newtonian regime, let us assume a
particle of mass m traveling radially from a spherically symmetric distribution of matter having total
mass M, radius R, and uniform density p. Let us also assume that at a distance r from the center, the
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particle possesses a velocity v, then the conservation of energy E yields

E=KE.+PE. = %mvz _ GMm @)
r

The escape velocity v, is the minimum velocity desired to take a body from the surface of the
distribution of matter to infinity. This demands v — 0 as r — oo. Hence from (i) we have E = 0.
Solving for v, we obtain, V= @4; therefore, the escape velocity is

> 2GM .
Ve = . ii

0= "R (1)
This indicates that when the particle’s radial velocity at the surface is less than v, it will ultimately
come back to the surface of the distribution of matter due to the gravitational attraction. For the case
of a light ray (with velocity c), which would just escape to infinity, one gets a relation between ¢

with mass and radius of the distribution as

> 2GM

c il

R (iii)
Thus, we have two possibilities for which light could no longer escape: either when the mass M is
increased with a fixed radius or the radius R is decreased with fixed mass. Note that the limiting

condition (iii) yields the radius R as

_2GM

R
2

; @iv)

which is known as Schwarzschild radius.

Construction of Black Hole from a Human Being — A Toy Model
Now we convince a man named Kajal to transform him to a black hole. Let us consider the mass of
Kajal is 60 kg. He would become a black hole if one can compress him to a body of radius

_ 2x6.67x 107! x 60

G 107 m=88.9x 1073 m.

Ry

Now, Kajal is a living black hole and his density will become

d= ]‘74 = 2% 10% kg/m’.

If one wants to change the earth to a black hole, one has to compress the earth of a body of radius
just 0.9 cm.

It is not possible to observe a black hole directly unless one has a great fortune to see a star
disappear. However, observers search for double stars with one unseen companion. It is believed
that a black hole extracts matter from its companion and as a result, an accretion disc surrounding
the black hole is formed. The hot inner portions will generate powerful explosions of X-rays made
by synchrotron radiation soon before the spiraling matter falls back into the hole.
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In 1971, telescopes in the Uhuru satellite first observed the quick variants of the X-ray source
Cygnus X-1 and this is the first indication of the supportable presence of black holes. A specific
study of the visible component of the supergiant star and X-ray source confirms that the unseen
distribution of matter is a compact object whose mass is greater than 9M,. It is believed that white
dwarfs and neutron stars can have at most 1.4M and 9M masses, respectively. Hence, one could
decide that the object is a black hole. After 1971, a large quantity of new black hole contenders have
been observed in X-ray binaries.

2GM

One can see that the line element develops a singularity at r = et In fact, this singularity is not
really a singularity of the gravitational field. It occurs entirely due to the specific choice of our
coordinate system. Actually, if one writes the Schwarzschild line element in a different coordinate
system (U, r, 6, ¢) with

rdr
dt = dU + m, (6.23)

2

then

2GM
rc?

ds® = (1 - ) dU? + 2dUdr — 2d6* — 7 sin® 0dg>. (6.24)

2GM
2

Note that this redefined Schwarzschild line element does not show any singularity at r =

For the following coordinate transformation

d -1
T=t+f(r), where _f=(1_2_m> \lz—m,
dr r r

the Schwarzschild metric assumes the following form in (7, r, 8, ¢p) coordinates as

2
ds* = dT* — ldr + \/Z—de] — r(d6? + sin® 0dg?).
r

This is the famous Painlevé—Gullstard form of Schwarzschild metric.
Here, the three-dimensional hypersurface, » = 2m, yields

ds’_, = (2m)*(d6* + sin® de?).

The event horizon, r = 2m is a null hypersurface. The Painlevé—Gullstard metric is regular
for r > 0.
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Note 6.7

The event horizon satisfies the horizon equation g°9,Fo,F = 0, where g, is the spacetime metric
and F(x?) is a level surface (hypersurface) function with normal n, = d,F. Actually, the event
horizon is defined as a null surface (a surface in spacetime whose normal vector is everywhere
null). For spherically symmetric metric, g*?d,Fd,F = g*n,n, = g” = 0 gives event horizon (the
surface defined by F = r — r, = 0 has a normal n, = st ie., n, = (0,1,0,0)). In 1965, Roger
Penrose defined a new idea known as trapped surface. A trapped surface is described by the inner
region of an event horizon of a black hole. It is one where light is not moving away from the black
hole. We define apparent horizon as the boundary of the union of all trapped surfaces around a
black hole. The term trapped surfaces are used only when the null vector fields give rise to null
surfaces. However, by marginally trapped surfaces we mean that it may be space-like, time-like,
or null.

6.3 Vacuum Solution or Exterior Solution with Cosmological
Constant

The gravitational field equations with cosmological constant (G,, = Ag,,) for the spherically
symmetric metric

ds? = "Vdi? — *Vdr? — Pde* — i sin® 0d¢?, (6.25)
in vacuum are,
/
L (LX) o (6.26)
r2 2 r
-4 1., | V) L, 1, 1 /2]
=A== = — - =-A 27
e [ZA 4/1\/+2v +2rv+4v , (6.27)
LIPS 1/1’] - _A. (6.28)
r2 2 r

From the last equation, we get
et=1-=- gArz. (6.29)

Here, the constant of integration m is related to the rest mass of gravitating body and can be taken

21426. Subtracting last equation from first, we obtain

asm =

e AV + )
r

=0, ie, V+1=0.
From which we have

At+v=k (6.30)
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where k is a constant of integration.

Thus, ¢* =é* (1 - —Ar2>. 6.31)

Prove thatm = 2(6}—2M where m is the constant appearing in the Schwarzschild solution for a gravitating

body of mass M.
Hint: For large r, the Schwarzschild metric represents Newtonian gravitation in the weak field
approximation. Here, we may recognize the Newtonian potential ¢ as ¢ = %(ev - 1.

. m 2¢
Since, =l-—=14—,
ince, 8o . =
2
we have, = —ﬂ.
2r
We know gravitational field intensity g = —Gr—zM is related to gravitational potential ¢ as
8= _V¢,
GM o mc?
or, - — =——=——.
r? or 2r2
This yields
2GM
m = .

2

6.4 Birkhoff’s Theorem

In 1923, G. D. Birkhoff proposed and proved an important proposal in general relativity: any
spherically symmetric solution of the vacuum field equations must be static and asymptotically flat.
This proposal is known as Birkhoff’s theorem. More precisely the statement of this theory is as
follows:

The spherically symmetric vacuum spacetime has a Schwarzschild solution even if the metric is
not explicitly assumed to be static (i.e., outside the spherical objects, the metric is static).

Proof: Consider the metric of the empty spacetime outside of a spherically symmetric distribution
of matter of mass M as

ds® = e'di* — e*dr’ — Pde* — i sin® 0d¢?, (6.32)
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where A and v are functions of r and . Now, we write down the field equation for the above metric as

G8=e"1<rl2—'17,>—rl2=0, (6.33)
G| =e-*<v7'+riz>—r12=o, (6.34)
G, =G, = 3 _’1<v"+v7/2+ (V/;/l) - /1/2‘/>
+ %e—v <,‘1'+ %)12 - %) =0, (6.35)
Gl = —%e"lé ~ 0. (6.36)

The field Eq. (6.36) shows that 4 is a function of radial coordinate r only.
From (6.33) and (6.34), we get

V==V =2v=—1+f0.
Here, f(¥) is an arbitrary function of 7. Hence, we get
eV = Ve, (6.37)

Now, consider the transformation of the time coordinate

, i)
= [ ezdt (6.38)

This transformation does not affect the spatial coordinate. Therefore, we again get Schwarzschild
static solution

8o = (817" = (1—%> = <l—2GM>. (6.39)

c2r

Therefore, we have an obvious conclusion that the spherically symmetric gravitational field in a
vacuum is necessarily static and of Schwarzschild form.

According to Birkhoff’s theorem, the spacetime of the inside of a self-gravitating hollow sphere is
Schwarzschild spacetime. This implies

g0 = (g1 = <1 - %)
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Two items should be noticed here: point » = 0 is not a singularity and the mass m is actually
an integration constant of the solution of Einstein equations. So, in this case, we should take the
integration constant, m to be zero in the metric to avoid the singularity. Hence, the metric in the
hollow sphere is a flat space metric, i.e., Minkowski metric. Hence, a particle experiences no force
inside a hollow sphere.

Show that the following metric

2 2
2o 4| 9m |F _[9_"1 _2]5 2 20002
ds* = dt 5 [2@-;)] dr’ > (r=1?|" (d6* + sin* 0d¢?),

is actually static Schwarzschild metric though apparently, it looks nonstatic. This is known as

Lemaitre Coordinates.
Hint: Let us take the following coordinate transformation

R= [97m(r— t)z]% .

This implies, dt = dr — 1 / idR.
2m

Now, put the value of dt in the given metric to yield
ds? = (1 - 2-’”) dr — 2| K ardr + £ ar? - R2(46% + sin® 0dg?).
R 2m 2m
Now, we assume another transformation as
r=T+ F(R),
where the function F(R) is to be determined later. Substituting this in the above equation, we get
2 2m 2 Y 12 12 R 4
ds® = (1 - ?) dT” = 2F'dTdR + F'“dR*) - 2 2—dR(dT+FdR)
m
+ zidk2 — R2(d6” + sin® 0dep?).
m

Now, we choose F(R) such that the coefficient of dR dT is zero, i.e.,

(1—2—’")F’: R
R 2m
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Plugging the value of F’ in the above metric, one can obtain
2 2mY\ o 2m\"' o 2
ds =<1—?>dT —(1—?) dR? — R*(d6” + sin® 0d¢?).

This is actually static Schwarzschild metric.

6.5 Schwarzschild Interior Solution

We have seen, above, the exterior solution of a spherically symmetric body. Now we try to obtain the
gravitational field in the interior region of a spherically symmetric body. For mathematical simplic-
ity, we assume that the spherically symmetric body is in a static state and contains incompressible
perfect fluid (ideal fluid). For perfect fluid, the energy-stress tensor can be expressed as

dx* dx¥ ¥
T, =-pgw+@+ P)EX =-—pg,, + @+ pv'.

We can write the mixed tensor form by raising the index as

dx* dx"
T = — = —g'p. 4
= P+ P8y~ — 8P (6.40)

As the body is in static state, therefore, all velocity components of fluid matter contained in it must
be zero, i.e.,

dr_do _dp _,

—=—= = 6.41
ds ds ds ( )
Now from the static spherically symmetric metric
ds®> = e"di* — e*dr* — P(d6* + sin*0dg?), (6.42)
one gets,
dt —v/2
— =" 6.43
€ (6.43)
The explicit form of energy-stress tensor T, for ideal fluid is
p 0 0 0
0 —-p 0 0 s 2 3
T;: 00 —p 0 , Le., T}=T2=T3=—pand78=p. (6.44)
00 0 —p
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The Einstein field equations are

!/
N (L B (6.45)
r?or r?
!/
) LU B (6.46)
rroor r?
ety L (V=A) 1.,
c - - =1 = kp. 6.47
5 (v + 5V + p FAv D (6.47)
Conservation equation T;;V =0 gives
1
p = —Ev’(p + p). (6.48)

6.6 The Tolman-Oppenheimer-Volkoff Equation

The Tolman—Oppenheimer—Volkoff (TOV) equation is a constraint equation for constructing a
spherically symmetric body of isotropic material, which is in static gravitational equilibrium.
After integrating, Eq. (6.45) yields

2m(r)

et=1- , (6.49)
r
where
m(r) = 4zG / pridr, (6.50)
0
i.e.,
dm _ 4z Grp. (6.51)
dr
Eqgs. (6.45) and (6.46)=
ot
8zG(p +p) = — (A +V). (6.52)
r
Eliminating A from Eq. (6.52) and using Eq. (6.49), we get
’
827G+ ) = (1- 2—’") vl (82Gor - 2—’2")
r r r r
Again, putting the value of v/ from Eq. (6.48), we finally get TOV equation as
d| + p)(@xGpr® +
dp _ W+ p)AxGpr +m) 6.53)

dr r(r —2m)
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We have to integrate Eq. (6.53) to find the interior solution of the spherically symmetric object. To
find the exact solution, we will have to consider an additional equation connecting p and p. This
equation helps us construct the stellar model.

For general anisotropic matter distribution, the energy-momentum tensor compatible with spherical
symmetry is given by

T, =@+pr)UU, =pg, + @, —P)Xu X0

where U* = /giét” is the four velocity normalized in such a way that g, ,U*U" = 1 and y* =

giéf is the unit space-like vector in the radial direction, i.e., g, x"¥" = —1. p(r) is the energy

density and p, is the radial pressure measured in the direction of the space-like vector. p, is the
transverse pressure in the orthogonal direction to p,. Or, equivalently, one can obtain as

71;; = dlag(p’ =Py —Pp _pt)
Then the generalized TOV equation for general anisotropic matter distribution reads as

dp,
a - etp) [ Hr—2m(n)

+ ; (pt _pr)’

m(r) + 4m3pr] 2

where

m(r) = /r4rrr2pdr.
0

The generalized TOV equation for general anisotropic charged distribution of matter can be
written as

r

dp, m(r) + 4zrp, 2 q
o —(p+p,) [m] + = (I’;—I’r) +0r—2€ ,

where total charge g(r) with proper charge density o(r) of the source is
' i
q(r) =4z / o(re dr,
0

and the electric field,

E( = 15
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The last TOV equation can be rewritten as

Mg(p+p,) o dp,  q 5 2
—Tre 2 drr toger+ (p,—p,) =0,

or, F,+F,+F,+F,=0,

where the effective gravitational mass derived from the Tolman-Whittaker formula and is given
by the expression

Mq(r) = %rze%l V.

The aboveequationimplies the equilibrium condition for charged fluid elements subjectto gravitational
(F,), hydrostatic (F},), and electric forces (F,), plus another force due to pressure anisotropy (F,).

Note 6.10

For different equations of state, one can get different static spherically symmetric stellar models that
form a one-parameter system where the parameter is the central density.

When m(r), p(r), and p(r) are known, then the surface of star is the distance from the center, where
p(r = R) = 0, R being the radius of the star.

6.7 The Structure of Newtonian Star

Now, we try to find Newtonian limit of the TOV equation. In Newtonian circumstances, we take
p << p, therefore 47rGr3p << m. Moreover, in Newtonian limit the metric is nearly Minkowskian,
therefore, in Eq. (6.49), we have m << r. These inequalities help to simplify Eq. (6.53) as

dp pm

=, 6.54
dr r2 ( )

This equation coincides with the equation of hydrostatic equilibrium for Newtonian stars.

We can relate the matter energy density p, pressure p, temperature 7, and entropy S in volume V for
a relativistic fluid through the first law of thermodynamics as

d(pV) = —pdV + TdS.

It is known that Baryon number is conserved, so the above equation is expressed in terms of baryon
number density 7 and entropy per baryon s as

d(3> - —pd<1) + Tds,
n n

[V _ Number of baryons]
= . ,
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or
dp=(p+p) (%) + nTds.

If the fluid flow is isentropic, then % = 0, i.e., s = constant. Hence, the first law of thermodynamics
yields for a perfect fluid having equation of state p = p(n) as

dp _p+pdn

P p n

Let us consider the acoustic wave is developed from a perturbation (isentropic) in a uniform static
fluid comprising the parameters p,, p,, and n, and perturbations are p,, p, and n; (i.e., p = p, + p;
and p = p, + p;). Let us also consider the fluid velocity to be (1, v;) in the rest frame of unperturbed
fluid. Now, we calculate the first-order perturbation terms in conservation equation, 7", = 0 as

dp 1

Vy = —— , foru=0,
! 0t py + Py Jor
Wi \Y% fe 1,2,3
— =- , foruy=1,23.
ot & Po +Po g
These two equations yield
L
— -V, =0.
o2 P
Here, p, is related with p; due to isentropic flow as
_ o
P = op Sﬂl-

Substituting the value of p,, we get the wave equation

1 0%p
Vip, - ==L =0,
A~ v or

1

<ap >E
Vs = _lv
K ap

is characterized by the velocity of sound in a relativistic perfect fluid.
One can also write the sound velocity as

where
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where

_ dlogp
" odlogn|,

1

is known as adiabatic index. The necessary and sufficient condition for the stability of the isotropic
and the spherical stellar system against the radial pulsation is that the adiabatic index (I"}) of the
system should be greater than %, e, I’} > %.

Find interior solution when p and p are related as p = —p
Hint: Eq. (6.48) =

p= —%V’(p+p) =0

=

p = constant = —3H, (say).
Therefore,

p=—p=-3H;

(6.45) =

—re ) + et =1 - k3HAP,
or

(re™?Y =1 - 3kH P

or

eh=1- ngrz.

(6.45) and (6.46) =

/ /
e_”l<v J;’1>=k(p+p)=o,

or

vV+A =0,
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=
—A=v -y, (v = constant).
Therefore,
et =" = (1 — kHyP).
This gives

e’ =e"(1 — kH(Z)rz), etc.
This solution is known as de Sitter line element.

Exercise 6.4

Find interior solution when pressure is the same in everywhere in the spherically symmetric body.
Explain some features of this spacetime.
Hint: For pressure, p = p, = constant, Eq. (6.48) =

1
p/ = _EV/(P + P) = 0’

v/ =0 = v = constant.

Eq. (6.46) implies

or
e =1+ kpyr*.

However, Einstein considered the field equations with cosmological constant. Then, Eq. (6.46) can
be rewritten as

1 1
-1
e (5) - m =k
or
r2
—A
cr=l-5

where % =A—kp,.
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Thus, the line element after rescaling time coordinate is

4 = df — 97 _ 2(d6* + sin® 0d¢?). 6)

r2
I-%=
This is known as Einstein’s line element in static universe.
We will discuss the motion of a particle in the gravitational field of this Einstein’s the static
universe.
The geodesic equation describing the motion of a test particle is

A2 - d dxk
ax  p e
ds? * ds ds

Since the universe is static, we assume that the particle is initially at rest. Hence, the velocity
components are

ds > ds ds ds

Therefore, the geodesics become

For the above metric (i),
i .
Lpo=0, Vi
As aresult, we get

Er_ &0 _d_,
ds? ds?  ds?

This implies that the particle will have no acceleration. In other words, in Einstein static universe,
the matter is without motion.

In this spacetime, a particle at rest remains at rest. Let D be the distance of a star from us, then the
distance D is constant. Let a light ray leave the star at time ¢, and reach us at time #,. From geodesic
equation of light in the planes 6, ¢ = constant, through

dr’
7

f b
r .
t2—t1=/ dt=/ —— =Rsin™!
1 0 2

0=dr -

we have,

|
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This implies
dt, = dty(as D is a constant).

In Einstein static universe, the proper time is same as coordinate time. Therefore, the proper time
periods of emitted and observed light are same. In other words, the wavelength of emitted and
observed light remains the same. Hence, no Doppler shift in the spectral lines is seen. The observed
expanding universe does not support the Einstein static universe.

Find interior solution when density is the same everywhere in the spherically symmetric body.
To solve the Einstein field equations for the interior region of the spherically symmetric body, we
assume the following boundary conditions.

(i) The pressure is zero at the boundary (r = r,) of the sphere (Fig. 13).

(ii) The density p is uniform throughout the sphere, i.e., p is a constant for r < ry; p(r) =
0,r>r,

(iii) The exterior and interior solution become identical at the boundary r = r, of the sphere.

From (6.45), we get

e_’lzl—Epr2+g,
3 r

where a = constant.

P = constant

Figure 13 Spherically symmetric body with uniform density.
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Since 8uv is regular at r = 0, we must take a« = 0, i.e.,

- r
e’l=<l—R—(2)>,

where
3
R = —.
0 kp
Other solutions are
1
2
oa-p(1-2 :
R
3B(1- )i - A

where A and B are constants.

Eq. (6.48) implies

YRS

p+p=Ae 2.

Replacing the values of p + p and 4, Eq. (6.51) yields
vl 2 1 r ’
ez |=+—-|1-—— )V | = constant.
AR

Solving this equation, one can get
1
2
e =A—B<1—ﬁ> .
RS

Putting the values of v/ and A, one gets the value of p as
2L
| 3B(1 - r 1 -A

p:— _— .
KRG | A~ B(1- =)
0
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Hence, Schwarzschild interior solution is

-1 2
2 2
ds* =— 1= 2| ar* = Pdo* — Psin*0dg® + (A - B, [1- = | a.
R R

Now applying condition (i), i.e., the pressure is zero at the boundary r = r,;, we have

ERE
A:3Bl1——0] .
R}

Now using condition (iii), i.e., matching the interior solution at r = r, with exterior vacuum
Schwarzschild solution

ast = (1- 2 ar - (1 - @)_ld# — P2,

’
we have
B=1.
2
3 2
r.p
[l_ng S-S =
"o Ry Ry
(here, M = —mf’)p)
2
2
122M 41| sp=l
To R
The interior solution will be real if
)
2 <1,
R
ie.,
ré < 3 or MG <1.
8nGp, Ty
This gives

2MG < ry.
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This equation indicates an upper bound on the possible size of a sphere of a given density and
on the mass of the sphere of a given radius. The solution has an interesting feature that one cannot
take all values of r, and M. The pressure will become infinite at r_,, where

4r
Po=9r2— =2,
© MG
For real r, one gets
G _4
_— > —.
Ty 9

This indicates that if the mass of a body exceeds the value M = z%), relativity admits no solution

as a body with fixed radius r,, then it requires infinite central pressure. This limit is known as
Buchdahl limit.

Actually, Buchdahl theorem states that any spherically symmetric body of mass M and radius
R has a realistic interior solution if

4

< —.
9G

==

Find Schwarzschild interior solution when p and p are related as p = wp.
Hint: The basic equations of the interior of a spherically symmetric isotropic fluid sphere are as
follows (Einstein field equations, TOV equation, and equation of state):

ds* = 220ar — —d’j 5 (d6? + sin*0d?),
1 -2

where

m(r) =/ Az pdr or, m' = 4xr*p,
0

dp _ (m+4rrp)

dr r(r—2m) ’
dp _ (p+p)m+dxrp)
dr r(r —2m)

Here p and p are density and pressure of the fluid sphere obeying equation of state p = wp.
Using this equation of state and replacing p by m, the last equation yields

w(mn''r — m')(r — 2m) + (w + Dy’ (m + wrm') = 0.
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Note that
m=ar,

is a particular solution of this equation, where

w
a=—"-—.
4w+ 1+ w?

The other parameters are found as
a(l+w)

_a _aw =2 — T\ _ 1 1
’ 4rr?’ P 412’ 8u To > 8 120 1-2a
p

Thus, for t = constant, the hypersurface has the metric

dar?

ds; = + r2(d0? + sin*0d¢?).
1-2a
Here,
1
a< —.
2

One can note that this has a conical singularity at the origin because here the two-sphere with the
1
1-2a

1
circumference 2z r will have a radius of ( )2r, which is greater than .

Suppose a star of mass M has two massless concentric shells. The area of the inner surface is 1447M?
and the area of the outer surface is 400zM>. Find the thickness of the shell.

Hint: We know the area of a sphere of radius r in Schwarzschild coordinate is 4772, Therefore, the
radii of the inner and outside of the shell are 6 M and 10 M. Hence, the radial distance between two

concentric shells is
10M _1
s=/ds=/ [1—2—M] Cdr=46M.
6M r

6.8 Isotropic Coordinates

Isotropic coordinate system is a new coordinate system whose spatial distance is proportional to
the Euclidean square of the distances. Usually, isotropic means that all three spatial dimensions are
treated as identical. Thus, in isotropic coordinate, the line element takes the form

ds® = A(rdf* — B(r)de>.
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In Cartesian coordinates, the line element of Euclidean three space is
do? = dx* + dy* + dZ,
whereas in spherical polar coordinates
x=rsinfcos¢, y=rsinfsin¢g, z=rcosb,
the line element of Euclidean three space is
de? = dr* + Pd6* + #* sin® 0dg>.

Here, the metric with # = constant is conformally related to the metric of Euclidean
space. Usually, isotropic coordinates are used when time ¢ = constant hypersurface, i.e., the
three-dimensional subspace of spacetime requires to look like Euclidean. Generally, this type

of coordinate system is used for modeling the gravitational field of a symmetrical object that does
not discriminate between the x, y, or z directions.

Two metrics, which are conformally related to each other, imply angles between vectors, and ratios
of lengths are the same for each metric.

Rewrite the Schwarzschild line element

ds? = (1 - 2_’”),1,2 - d—’i — r2(d6? + sin® 0 d¢?),
r 1—

in the isotropic coordinate system.
Hint: We consider a transformation p = p(r) in such a way that coordinates 0, ¢, and # do not change.
For this transformation, the Schwarzschild line element takes the following form

ds® = (1 - 27m> A — [A()P1dp* + p*(d6> + sin® 6 dp?)]. (6.55)

Now comparing this metric with the given Schwarzschild metric, we get
= A2p, (6.56)

(1 - 2—’”)_1 P = 22dp*. (6.57)

r
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Eliminating A from (6.56) and (6.57), we get
(6.57)+(6.56) > ——— =+
(12 = 2mr)2

or, In[2Vr? — 2mr + 2r — 2m] = In pC.

(we take positive sign to follow the condition r — oo, p — )
Here, r = p for flat space, i.e., when m = 0, the integration constant C should take the value as
C=4.

bl

dr @
p

2
=>r=p<1+1ﬂ> . (6.58)
2p
4
656)=> A= <1+1ﬂ> . (6.59)
2p

Hence, finally, we get the Schwarzschild metric in isotropic coordinates that may be treated as a
black a hole without hole.

4
ds?=~—""7 g2 — <1 + %ﬂ> dp[dp? + p*(d6* + sin® 0dg?)].
p

Rewrite the Einstein line element for a static universe

a2 =ar— A7 P(d6* + sin® 0 d¢p?),

r2
-z

in isotropic coordinate system.
Hint: We consider a transformation p = p(r) in such a way that coordinates 6, ¢, and ¢ do not change.
For this transformation, the above line element takes the following form

ds® = di* — [A(p)*[dp* + p*(d6* + sin® 0 d¢p?)], (6.60)

Now comparing this metric with the given metric, we get

2= A2, (6.61)

rz -1
(1 - ﬁ> dr* = 22dp*. (6.62)
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Eliminating A from (6.61) and (6.62), we get

6.62)= (6.61) = —Rdr__ _ 9
"/ R2 — 12 4

As before, we take a positive sign and integrate to yield

2 2
i lm_ VR =7 ] Cmoc
r

Also r = p for flat space, i.e., when R — oo, the integration constant C should take the value as

_ 1
C==

p

7~
1+ L

- = (6.63)

Using the value of 4, we get the metric in isotropic coordinates as

ds? = dit = ——[dp? + pA(d6? + sin’ 0 dp?).
2
(1 + m)

Exercise 6.10

Rewrite the Reissner—Nordstrom line element

2 2
af = (120 LN ap o 97 20402 4 in® 0 dopd),
r r2 1-m, 2
r2

in the isotropic coordinate system.
Hint: We consider a transformation p = p(r) in such a way that coordinates €, ¢, and ¢ do not change.
For this transformation, the above line element takes the following form

2
ds* = (1 oy q—2> d? — [A(p)P[dp® + p*(d6? + sin® 0 dp™)]. (6.64)
roor
Now comparing this metric with the given Reissner—Nordstrom metric, we get
r = 1p? (6.65)

2\ —1
<1 ey q—) dr = 2dp*. (6.66)
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Eliminating A from (6.65) and (6.66), we get

(6.66)+(6.65) = —— =4
(r2 = 2mr + ¢?)>

dr @
p)

As before, we take positive sign and integrate to yield

In[24/7r%2 — 2mr + ¢*> + 2r — 2m] = In pC.

Here, r = p for flat space, i.e., when m = 0 and ¢ = 0O the integration constant C should take the
value as C = 4.

1m\ &
= r=p<1+—ﬂ> . (6.67)

Hence, finally, the Reissner—Nordstrom metric in isotropic coordinates may be written as

2
1m\ & 2 2
p 1+5; -, M +q-—m

ds* = dr*

Exercise 6.11

Rewrite the Extreme Reissner—Nordfstrom line element

2 2
ds? = (1 - ﬂ) dt = — T _ 20?1 sin® 0 dgp),

r m
(1-%)
in the isotropic coordinate system.
Hint: We consider a transformation p = p(r) in such a way that coordinates 6, ¢, and ¢ do not change.
For this transformation, the above line element takes the following form

ds® = (1 - ﬂ>2dﬂ — [AP)PLdp* + p*(d6? + sin® 6 dp?)].

r

Now comparing this metric with the given Reissner—Nordstrom metric, we get
r=A1p

-2
(1 - ﬂ) dr = 2dp?.
r
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Here,

A(p)=1+m, r=m+p, etc.
p

Exercise 6.12

Rewrite the following Schwarzschild-Tangherlini black hole line element in the isotropic coordinate
system:

d&:l—l—éﬁ——ii——ﬂm{,
r"‘3 (1 T ) n=2
,n73

where the parameter 7 is related to the mass M of black hole and Q, _, is the volume of the (n — 2)
dimensional unit sphere.
Hint: In the isotropic coordinate system, the above line element can be written as

as = (1= = ) e = LA [dp? + P2,

On comparing this metric with the given metric, we have

2
=y 2
er+ r”—3—‘r]"_3, [ T ]"3
p=|——— ie.r=p|l1+ )

2 4pn—3

Therefore, the isotropic form of the Schwarzschild-Tangherlini metric takes the form:

T 2 4
1 — =
2 _ il B T " 20 2002
ds” = lH—T] car - |1 + 4p”_3] [dp +p dgn—Z]'
4‘7'1—3

The quantity [a’p2 + pdei_z] has the dimension of the square with the infinitesimal length
vector dp.

The proper radial distance (I(r)) is linked to the r coordinate as

Kﬁ=i/rgAﬂmﬁ
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Figure 14 Proper radial distance in Schwarzschild spacetime for m = 1 and ry, = 2.

Exercise 6.13

Find proper radial distance for Schwarzschild spacetime.

Hint: We know for Schwarzschild spacetime g,,(r) = 1; therefore,

_2m >

r

[\/ P2 =2rm+2m*In(-m+r+ Vr2 - 2rm)] .
To

l(r)=i/ _ar
To 1/]_2_”‘
r

Fig. 14 shows the nature of the proper radial distance in Schwarzschild spacetime.

Note 6.14

The embedding of a space-like hypersurface of any spherically symmetric spacetime can be written
as follows:

Let us assume the three-dimensional spatial hypersurface given by ¢+ = 0 of any spherically
symmetric spacetime. The metric takes the form for this hypersurface as

do® = g, dr* + r*(d6* + sin® 0d¢?). 0

One can embed it in a four-dimensional Euclidean space E*. One can write the flat metric in the
embedded space as

ds®> = dZ? + dr* + r*(d6* + sin® 0d?). (ii)

Now, we will have to search the hypersurface in E*, which is rotationally symmetric around the z
axis. The induced metric

2
do? = [1 + (@> ] dr? + (d6? + sin? 0de?) (iif)
dr
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374567809710
r

Figure 15 The embedding diagram for Schwarzschild spacetime for m = 1 in the left panel
and in the right panel we provide the entire imagining of the surface created by
the rotation of the embedded curve about the vertical z axis.

should be equal to (i) for the surface given by z(r). Comparing (i) and (iii), we obtain

§=i\/grr_1'
r

Exercise 6.14

Find the embedding of a space-like hypersurface for Schwarzschild spacetime.
Hint: We know for Schwarzschild spacetime g,.(r) = —L_ therefore,

-2
-

A== / Ve = 1dr = \/Em(r = 2m)
2m

Here, the three-dimensional hypersurface given in Fig. 15 gives the induced metric. If one writes r
in terms of z, then one can find

2
r=z—+2m,

8m
which is a regular surface everywhere as one can see that r = 2m implies z = 0. This expansion is
dubbed as Einstein—Rosen bridge for Schwarzschild spacetime. Actually, it represents two same
copies of Schwarzschild spacetimes with a common horizon. We know no particle (light or any
massive) can return from the event horizon, therefore, two exterior Schwarzschild solutions cannot
link to each other.

Exercise 6.15

Write Schwarzschild line element in (%, x, y, 7) coordinates, where (x, y, z) are defined by

x=rsinfcos¢, y=rsinfsing, z=rcosé.
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Hint:
2 2m 4dmxy dmxz 4myz
ds® = <1 - —) df — ———dxdy - ————dxdz - ————dydz
r r2(r — 2m) r2(r —2m) r2(r — 2m)
2 2my? 2
) PO PN PO A (PN POy
r2(r — 2m) r2(r — 2m) r2(r — 2m)

where, 2 = x> +y? + 2.
The above metric can be written in the following general form

2m o
2m X'

fw=(1-T) 8= =0~ 5

r

6.9 Interaction between Gravitational and Electromagnetic
Fields

Electric and magnetic fields are generated when a charge is in motion, and it depends on
space and time. This phenomenon is known as electromagnetism. The study of time-dependent
electromagnetic fields and their behavior is described by a set of equations, known as Maxwell’s
equations.

Before Maxwell, there were four fundamental equations of electromagnetism prescribed by
several researchers. Maxwell improved those equations and composed them in the succeeding
compact form known as Maxwell’s equations of electromagnetism.

(a) V:-E= ip, [= 0, without charge in a region]
€

(b) V-B=0,
- - 9B
x E= 22,
(¢c) VXE ¥
E

- g a -
(d VXB ~Ho€o—5" = Ho J -

(Ampere’s law with Maxwell’s corrections)
Ampere’s law:

where, E = electric field strength, B = magnetic field strength, J = current density, p = charge
density, and y, = magnetic permeability = 4z X 10~/ weber/amp-meter.

€, = electric permittivity of free space = 8.86 X 10~!? coulomb sec?/ meter and €y p, = Liz
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One can solve Maxwell’s equations for B and E in terms of a scalar function ¢ and a vector
function A as
(e) B=curl A .

[it comes from (b) as div curl A = 0]
) E= —% — grad ¢.

[1t follows from (c) as

AVXA) . oA
ot ot

VXE=-

where A = magnetic potential and ¢ = electric potential.

If charges are moving with velocity ; then current density
J=pvVv.
From (a) and (d), we get

div curl B = e, div <aa—lf> + py divJ =0,
=
d(div E)

o +divJ =0,

€o

P
P L divi=o.
o1

This is the equation of continuity that states the law of conservation of total charge, i.e., total
current flowing out of some volume should be equal to the rate of decrease of charge within the
volume.

Let us consider a second rank antisymmetric tensor as

0A, OA,
ooox,  ox,

This is known as electromagnetic field strength tensor.
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Maxwell’s equations given by (@) and (d) can, now, be expressed as

or

Hv

ox

=ﬂ0]’4.

v
The other set of Maxwell’s equations (b) and (c) constitutes another relation as

aFW N oF,, N aFM

ox; ox,, ox,,

=0.

The Lagrangian for the free electromagnetic field can be defined as

1
le = —E F’w Fyv’

with
F . =A —-A

Hv V.H HiV*

Consequently its energy-momentum tensor via

T :20L

=g~ B

is found as

1

1
(g) (Tyv)em = E [_F;m Ft: + ZngFaﬂFaﬂ:I'

We know the Einstein—-Maxwell equations for the outside of a charged body is defined as

1
(h) R, — EguvR = =82(Ty)em»

where (T”V)em is given in (g).

Since we are considering a static charged body, J* = pU* = 0 [since, charge is not moving],
the field in this coordinate system is purely electrostatic. Thus, only F,, = F;; # 0 and all other
components of the electromagnetic field vanish. We number the coordinates t,7,0,¢ as 0, 1,2, 3,

respectively. Hence, we may take
Ag=¢dp#0, Ay =A;=4A,=0.
Here, the electromagnetic field strength tensor takes the form

0-100
1000
0000f
0000

Fﬂ\/ :d),l
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Now the equation

or,,

ox

v

= (g%g" Fpv/—8),=0,
or, "¢"¢,\/-8,=0,

_ G4y

or, e 2 d)’lrz = e = constant.

= ”0‘];4 =0,

Here the energy-stress tensors take the following form

1 1
_ 7l _ la 1
T,=T) = |-F"F,+ ZglF“ﬂFaﬁ]
= ﬁ —FIOF  + i.l(FloFlo + F‘”Fm)]
1 1.0 ] 1 11002 1 ¢
= — |-=F"F =—-— 1" F = o i
an |72 Fuo| = g7 8" F] = o

etc.

Thus, the gravitating body produces the energy-momentum tensor of the electromagnetic field
as

7 = L dia "’—2(11—1—1)
W= gg M \Ga )T T

Now the field equation (h) for the metric (6.42),

The above equations yield
AN+V=0o0r A=-v

and

2
(re'y =1-<.

72

[we drop the integration constant following the same reason as Schwarzschild case]
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Solving these, we get

- 2m  e?
e =et = (1——+—2>.
r r
[ is an integration constant]

This metric is called Reissner-Nordstrom metric for a charged particle, i.e., Reissner—
Nordstrom solution is the gravitational field outside of a spherically symmetric charged body.
This solution is also known as Reissner-Nordstrém black hole.

For e = 0 or for large values of r, the term ‘;—Z falls off quickly and we get Schwarzschild metric,
therefore, this m represents the total mass of the gravitating body. Again at a great distance, the
geometry tends to Minkowski spacetime, i.e., A = v = 0, and F, tends to r% showing that e is the
charge of the body.

0A, d¢ e
Fo.=F,=— = — = = ——
=TT T T T T
ie.,
e
A, = (£.0.0,0).

Here, the Newtonian potential (y) is given by

Therefore, the force (F) is obtained as

0

oW _m e
or 2 A

Note that the spacetime of Reissner—Nordstrom black hole solution has two singularities, i.e., it has

two event horizons at the points where

P = 2mr + &
8n = (grr)_l = % =0.

Interestingly, we see that for > > m?, there are no real solutions. So it is nonsingular except at r = 0,
where it is a physical singularity as Schwarzschild black hole. For ¢ < m?, there are two distinct
solutions at r = r_ and r = r_, where

r,=m+Vm?—eé

For e? = m?, two roots coincide, i.e., r, = r_ = m and the solution

8u = (grr)_l = <1 - %)2
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—- == Schwarzschild

Figure 16 Plots for g, of Reissner—Nordstrom black hole and Schwarzschild black hole.

is known as Extremal Reissner—Nordstréom black hole solution. Here, one can imagine that the
mass may be balanced by the charge. Fig. 16 indicates that the horizons of Reissner—Nordstrom
black hole are less than the Schwarzschild horizon.

Exercise 6.16

Show that outside of the spherical charged objects, the spacetime metric is Reissner—Nordstrom
solution even if the metric is not explicitly assumed to be static.

Hints: Consider the metric of the empty spacetime outside of a spherically symmetric charged body
with charge e and mass M as

ds® = e'di* — *dr* — Pde* — r* sin® 0d¢?, (i)

where A and v are functions of r and t. Now, we write down the field equation for the above metric as

N S N S .
¢ <r2 r 2o A (i)
_ ! 1 1 2
e’1<v7+ﬁ>—ﬁ=—%, (1i1)
12 v =) ror
- e"l<v”+v +( )_iv)
r 2
1 (s 1 v &2 .
+ Ee /l+§), —7 =—?, (IV)
G, = Lt v)
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The field equation (v) shows that A is a function of radial coordinate r only.
From (ii) and (iii), we get

V== =2v==1+f0.
Here, f(¢) is an arbitrary function of . Hence, we get
e =ee ™t i)

Now, consider the transformation of the time coordinate

/= / o7 dr. (vii)

This transformation does not affect the spatial coordinate. Therefore, we again get
Reissner—Nordstrom static solution

_ 2 2GM | ¢
8oo = (811) 1=<1—%+e—>=<1— +‘;—2>. (viii)

r2 ctr

Therefore, we conclude that the spacetime of outside of a spherically symmetric charged object is
necessarily static and of Reissner—Nordstrom form.

Vaidya Metric

In 1951, Professor P. C. Vaidya discovered a spacetime metric that is nonstatic spherically symmetric
describing the radiative field. This is actually a nonstatic generalization of the Schwarzschild metric.
It is the solution of Einstein field equations for a spherically symmetric radiating nonrotating body.
This type of body is characterized by the energy-stress tensor as

Ty = pkik;,

where k; is the radially directed outward null vector and p is the energy density of the radiation. In
Schwarzschild coordinates, the Vaidya-radiating metric can be written as

2
> | m 2m 2m|™! 2 0 cin2 A2
ds? = L%] [1_7] e - [1—7] dr® — 2(d6? + sin® 6d¢?),

where

m(r,t)=/rp(r,t)r2dr, fim) =nl [1—2—’"], m = = O
0 ot

= , m
r or
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Alternative form: Let us take the following retarded coordinate u (which is null) as

u=t-/[1j’—’2_m].

r

Using this transformation, the Vaidya metric takes the following form

2

ds® = [ - m(u)] du + 2dudr — *(d6? + sin® 0d¢?).
r

Note that the Vaidya metric appears very similar to Schwarzschild, but m is a function of retarded

time u.

For constant m, i.e., in the Schwarzschild geometry, the null coordinate assumes the following form

u=t—r-—"2mln(r —2m).

Note 6.16

The Tolman Metric
The spherically symmetric dust solution of Einstein’s field equations is known as Tolman metric.
The pressureless fluid, i.e., dust is characterized by the energy-stress tensor as

™ = putu’, u" = four velocity of the particle, and p = energy density.
We know the general metric describing the spherical symmetry is (see Eq. (6.7))
ds® = e'df* — e"dR® — R*(d6” + sin® 0d¢?),

where v, u, and R are functions of r and z.
Now, conservation law of energy momentum is

Tf‘vv =0= (pu"). u" + pu"uf‘v =0,
since
wu, =1= (uu"), =0.
Hence, we have
(pu"), =0= (p\/—_guv)’v =0 by result (8) in Section (3.4).
Thus,

utu’ =0.
W
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This means each particle of the dust moves on a geodesic, i.e., coordinates are comoving and hence

spatial parts are unchanged along the geodesic. Therefore, we can have four velocity as

ut = @°,0,0,0), where u’ = ﬂ
ds

The geodesic equation reduces to

du#
% + Fgo(u0)2 =0= Fgo =0= gOO‘z =0=> 800 = (I(f).

Now, after rescaling the above metric, we have
ds® = di* — e*dR* — R*(d6” + sin® 0d¢?).
Hence, the Einstein field equations for the dust are written as
e *QRR" + R —RR'}') — (RRji + R* + 1) = —87GpR?,
(2RR+R* +1) =R =0,
2R —R'j=0.
(iii) implies

12

QInR' —p) =0= " = R—f,fis an arbitrary function of r.

1+
(i1) implies
2RR+R*—f=0= (RR* - fR) =0 = R* —f= %.

Using (iv) and (v), (i) yields

R b p2 2 F 2

ﬁ(}d —2RR") — (R* — ) = —8xGpR* or = 87 GpR>.
For f = 0, one can get an analytic form of R as

3 3 1 2
R(,r) = [R’z(r) £ SF (r)t] " where R(r) = R0, r).

Also, (vi) yields

0, nop
—(pR°R") = 0.
at(p )

()
(ii)
(iii)

@iv)

(v)

(vi)

(vii)

(viii)
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Note 6.17

Energy Conditions

For any arbitrary choice of metric, one can find energy-stress tensor through Einstein’s field equation
G,, = 8xGT,,. This definitely creates a problem that, in the only existence of solutions of Einstein
field equations, one cannot get realistic matter source, i.e., energy-stress tensor. Thus, we have to
restrict the arbitrariness of matter distribution by imposing energy conditions. Let us consider general
anisotropic matter distribution for which the energy-momentum tensor compatible with spherical
symmetry is given by

T,uv =(p +pt)U,uU/4 —Di8uv + (pr _pt)/Yu)(v’
where U* = /g, 8! is the vector four-velocity and y* = /g, 6! is the space-like vector. p(r) is the
energy density and p, is the radial pressure measured in the direction of the space-like vector. p, is

the transverse pressure in the orthogonal direction to p,. Or, equivalently, one can obtain as (here,
the signature of the metric is taken as (+, —, —, —))

T, = diag(p, =p,, =p;, =p,)-
[i] Null energy condition (NEC): The NEC states that for any null vector, /¥,
T,M">20=p+p; 20, V.
[ii] Weak energy condition (WEC): The WEC states that for any time-like vector, #*,
T,11"">0=>p>0and p+p; 20, V.

[iii] Strong energy condition (SEC): The SEC states that for any time-like vector, #,

T v .
(T,w_zguv)tﬂt 20=>p+2pj20 and p+pj20, vj.
J

[here, T=T,,g"" = trace of the stress-energy tensor]
[iv] Dominant energy condition (DEC): The DEC states that for any time-like vector, #*,

1,1t >0 and T, 1" is not space-like.
This implies
p20 and p; € [-p,plie p=|p;|.

Dominant energy condition implies WEC but not necessarily SEC.
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Note 6.18

Let us consider the line element of spherically symmetric objects (stars, sun, etc.) is

ds® = &2di* — &P dr* — P(dO* + sin® 0dd?).
We can express self energy of spherical shell surrounding a solid sphere of radius R as
R
U= —G/ drrp(rym(r)dr.
0
The invariant energy of the object is
R
E= / Anr p(r)e?dr.
0

The mass of the object is

R
M = / 47rr2p(r)dr.
0
Notice that
M=E+U.
The gravitational mass is defined as
R
Mg = / An(T) - T} = T3 — THrr !+ Oqr.
0

This mass M; is also known as Tolman—Whittaker mass. Alternative form of Tolman—Whittaker
mass is given by

Mg = rPe*Pa.
The surface gravity is defined as
= Mo
2

Note 6.19

Let us assume the line element of spherically symmetric objects (stars, sun, etc.) is

_dr

)

ds* = Vg — — r2(dO? + sin*0d¢?).

r
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Then the compactness of the star u(r) is defined by

_ 2m(r)

u(r)

It is dimensionless.
The interior redshift Z(r) is defined by

Z(r) =79 — 1.

This interior redshift Z(r), which depends only on ¢(r) should decrease with the increase of . The
surface redshift Z and compactness are related as

Zo=(1—-u): -1,

where u, = @ with R is the radius of the star.

Note 6.20

In this note, a very brief message on Event Horizon Telescope (EHT), black hole merger, and
gravitational wave for the beginner are given as follows:

Black holes are among the most interesting entities in the universe. It is encircling huge amounts
of mass in comparatively small regions. These compressed objects have gigantic densities that give
rise to some of the strongest gravitational fields in the cosmos. This gravitational field is very
strong so that nothing (not even light) can escape. Usually, a black hole is made by a supernova
explosion. More precisely, black holes can be formed from the stars with initial masses exceeding
~ 20-25M,. It is argued that a cluster of stars comprising N stars produces ~ 6 X 10~* N black holes
with masses my,;, between 6M and 18M . Einstein’s general relativity predicted the black holes
in 1915. In 1916, Karl Schwarzschild discovered the solutions for black holes. For several decades,
this solution remained as a theoretical interest, however, it got attention among the researchers when
X-ray observations confirmed highly energetic emission from the matter in the vicinity of these
extreme objects. EHT recently observed the first-ever image of a black hole’s dark shadow cast
beside the light from the matter in its immediate adjacent vicinity. It is expected that black holes
expose a dark shadow, produced by gravitational light bending and a photon is captured at the event
horizon. To image and study this phenomenon, scientists have constructed the EHT. The EHT is
a very lengthy standard interferometry experiment that directly quantifies the luminosities of the
radio illumination distribution on the sky. This permits us to rebuild event-horizon-scale images of
the massive black hole in the center of the giant galaxy.

In the next year, after the pioneering introduction of the general relativity, Einstein predicted
the existence of gravitational waves from his theory. The acceleration of two colossal stellar objects
that spiral in towards each other to merge create gravitational waves. These gravitational waves,
that travel at the speed of light, are extremely difficult to detect being infinitesimally small around
in the order of 1072 Hz, a fraction of the size of an atom. Generally, gravitational radiation can
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be classified according to their origin as given by: (i) due to merging binaries, (ii) continuous
gravitational wave due to a single spinning massive object, like a neutron star, and (iii) stochastic
gravitational waves, which were possibly generated during the era of big bang. Obviously, the
merger of binaries is a significantly more active and plausible event for the detection of gravitational
waves till this date. It is believed that when two black holes spiral towards each other, they will
eventually merge. In 2015, the Laser Interferometer Gravitational-Wave Observatory (LIGO) and
VIRGO observatories first observed a black hole merger and detected the gravitational waves,
which are fluctuations in the fabric of spacetime produced by the enormous collision. A system
comprising of two black holes in orbit around each other is known as a binary black hole (BBH).
The merger of BBHs would be one of the firmest recognized sources of gravitational waves in the
universe. The typical waveforms can be calculated using general relativity. After merging of two
black holes, the single hole becomes tranquil to a stable form through a phase known as ringdown.
The distortion in the shape has degenerated as more gravitational waves emit. After the LIGO and
VIRGO experiments in 2015, gravitational-wave astronomy is a growing new field of research.
Further, the historic detection of neutron star mergers GW 170817 in 2017 via gravitational wave
and the electromagnetic spectrum, seen by 70 observatories, creates a breakthrough by starting a
new branch ‘multi-messenger astronomy’.



CHAPTER

7 Particle and Photon Orbits in the
Schwarzschild Spacetime

7.1 Motion of Test Particle

Let us consider the motion of a massive test particle or a massless particle, i.e., photon in
Schwarzschild spacetime. It is known that all massive particles move along time-like geodesics,
whereas photons move along null geodesics. We shall consider geodesics of test particles (either
time-like or null) in Schwarzschild spacetime.

Let us take the Lagrangian in the following form as (with p is an affine parameter)

2 2 2 2
_ 2m\ ( dt 2m\~" (dr do . de
L—(“ﬂ(%) -(1-57) (%) ‘*(%) _'281“29<E> -0

We know
ds
6 [ ds=0=> 1) o dp=0=>6 [ Ldp =0,
p

where

1
Lo (s, dxrar)
)"\ p )

= Euler-Lagrangian equation

df_o | o _
dp dar oxH
(%)

Thus, the corresponding Euler—Lagrange’s equations are

d oLy oL_,

dp \or! or

d ( oL ) oL

—|— ) —-=— =0, etc.
dp \ 90! 00

[ implies differentiation with respect to p]

159
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We know the first integral of geodesics equation is

dx* dx’
= - 7.2
8uy d dp € (7.2)
where € = 1 for the time-like geodesics and e = 0 for null geodesics.
For the above Lagrangian (7.1), we get the following equations of motion

d { 2d0\ _ . dg\’

%<r2%> —r2s1n00059<5> , (7.3)
d L, dp
" <r2 sin 95> =0, (7.4)
d 2my dt]
dp [<1_ r >d_p] =0 7

Let us consider the motion in equatorial plane 6 = %, then j—i = (. Also equation (7.3) implies

r 3272 = 0. This indicates that if initially 6 assumes the constant value %, then throughout the geodesic
it assumes the same value. This means planar motion is possible in general relativity, in other words,
the geodesic is confined to a single plane as in Newtonian mechanics.

Here, ¢ and ¢ are cyclic coordinates.

Equation (7.4) =

rzﬁ = h (constant). (7.6)
dp

The above equation indicates the principle of conservation of angular momentum with % as
the angular momentum.

From (7.5), we obtain,

(1 — 2Ln> a = E (constant). (71.7)
r /dp

Here E is the energy per unit mass. This is the conservation principle of energy.

(Actually h and E are the conservation principles corresponding to the cyclic nature of the
coordinate ¢ and t.).

Using (7.6) and (7.7), we get from Eq. (7.2) as

2 2
o () (-2 (1)
dp r2 r r

2
dr _ 2_ _Z_m ]’1_2
or, <%> e (1 > ><e+ r2>. (7.8)
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Equations (7.6) and (7.8) yield

(7.9)

1 <dr>2_E2 [(1_2_"1)(”}1_)]

A\dp) n2

Changing the r coordinate by a new one as U = %, we get,

2
AU\~ _(E*—e) 2me 2
<%> - +(7)U—(1—2mU)U. (7.10)

Now, we differentiate both sides of the above equation with respect to ¢ to yield

dZ—U =" _Uu+ 3mU?,
dp?> h?
or
dZ U me 2
— 4+ U= —+3mU". 7.11
7D 7 (7.11)
This is the relativistic equation of the motion of particles (massive or massless) in the
gravitational field of Schwarzschild spacetime. In the theory of gravitation, the Newtonian equation
of motion is

EU yom
¢ 2

Thus in relativistic treatment, the last term 3mU? is extra. However, this relativistic correction is
very small. The ratio of the last two terms in right-hand side of (7.11) is 342U?, which is for earth
~ 3 x 107 and for mercury ~ 1077,

7.2 Experimental Test for General Relativity

Using the trajectory in the gravitational field of sun (i.e., in the Schwarzschild spacetime), we try to
verify the theory of general relativity.

In the weak field limit, general theory of relativity = Newtonian gravity, i.e., any observation,
which is consistent with Newtonian theory, gives indirect support to general theory of relativity. But
some phenomena, which are not explained by Newtonian theory, can be explained by general theory
of relativity.

7.2.1 The precession of the perihelion motion of mercury

The point on the orbit nearest to the sun is called perihelion. Observations indicate that the perihelion
of mercury’s orbit shows a precession of 5599.74 + .41 arc sec per century. Among this 5557.18+.85
arc sec can be explained by Newtonian gravitational theory. It is due to the influences of other
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Planet

Sun

Figure 17 Planets are moving around the sun in an elliptic orbit.

planets. Therefore, an amount ~ 43.03” per century is still unsolved. The unaccounted perihelion
motion of 42.56 + .94 arc sec per century can be explained by general theory of relativity.

Consider the motion of a planet. Since mass of a planet is very small compared to the sun, we
can regard the planet as a test particle moving in the field of the sun (see Fig. 17). Again, the sun
is at least, to a high degree of approximation, a spherical body. So the geometry outside the sun is
given by Schwarzschild metric and the planet will move in geodesics (massive particle) in this field.
The relativistic equation of planet’s orbit is

;%] +U= % + 3mU>. (7.12)

[we have considered planet as a test particle (massive) in the gravitational field of sun and for this

e=1]
Equation (7.12) implies

+U=— [1+=

U m [, 31
d¢? n | P2

m | v 1 m 32

d
since ds®> = c*df* = dp?, transverse velocity v = r%
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1.e.,

2U
d?

ol

n
h?’
[the second term is very small; for mercury =~ 1077]
This is exactly the same of Newtonian equation and has a solution

U, = %(1 +ecosd)

= 1(1 + e cos ). [l = h—z] (7.13)
l m

Using this assumption, one can find approximate solutions of the equation by a perturbation method.
2
We assert the parameter € = Shiz and m = GM.

Now, Eq. (7.12) yields
h*U? d
vMyu=2 (= E 7.14
¥ h2+e< L ) ( - 7.14)

The solution of this equation is taken in the following form

U=Uy+eU, + 0 (7.15)

Putting this solution in (7.14), we get

2172
UM+ U, -2 te U”+U—hUO +0(?) =0.
0 o p2 ! : m

Now, equating the coefficient of different powers of € to zero, we get the zeroth-order solution U,, as
U, = % (1 +ecos¢), lintegration constant, py = 0]

i.e.,

U, = %(1 + ecos ¢), [l = h—2]

m

which is usual conic section.
The first-order solution can be obtained from the equation

h2

UM+ U, = EUS = %(1 +ecos p)?

_m 1, 2me me?
—ﬁ<1+§e >+7005¢+2_;120052¢'
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We can find the particular solution as

1 [ﬂ<1+le2>]+ ! [2mecos¢]+ ! [m—ezcosw],

R R 2 D2+1lm D2+ 1 |21
or
U, =A+B¢sing + Ccos2¢,
where
m 1, me me?
A= (14 Le) mame oo
12 2¢ 12 612

Hence, we get the solution in first-order approximation as

U Uy+eU, = Uy+e % [1 +edsing + ¢ (% - écos2q§)].
The term e¢ sin ¢ provides an important contribution to the correction of U,,. We neglect the
third term within the bracket.
[the aperiodic term in the third causes a small change in the latus rectum; the periodic term
averaged over a large number of periods vanishes]
Thus,

E

U=~ —(1+ecos¢+ cepsin ),

2

=

or
Ux %[1 +ecos[g(1 — e)].

Hence, we observe the trajectory of the test body is approximately an ellipse, however, orbital period
is not 2z, rather it is of period

2 ~ord te).
1-¢

Thus, we note that planets move in an elliptical way but the axis of the ellipse will rotate by the
quantity 2ze. This is the well-known precession of the perihelion (see Fig. 18).
The change in the period of one orbit T is

2 2
e = 671% _ 6rm _ 6rm 6rm

Im I " al—e)

From Kepler’s law, we have

, a = semimajor axis of the orbit
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Perihelion 2

Sun 2T€E

Perihelion 1

Figure 18 Precession of the perihelion of the planet.

Tablel Theoretical prediction and observed
values of the advance of perihelion of
some planets.

Planet General relativity prediction ~ Observed
Mercury 43.0 43.1+.5
Venus 8.6 8.4+.8
Earth 3.8 5+1.2
Icarus 10.3 9.8+.8

For nonrelativistic unit, we take into account the speed of light and obtain the advance of
perihelion as

6xGM 247342
271'6 = = .
cta(l —e?)  2T2(1 — €2)

(7.16)

For mercury, a = 0.6 X 103 km; e = 0.2, T = 88 days, number of revolutions per century

is = 19365 Therefore, the advance of mercury perihelion per century is given by the amount n
where
2473(0.6 x 1013)? 100 x 365 _ 180 x 3600
n= X sec,
(3 x 1019)2(88 x 24 x 3600)2(1 — (0.2)?) 88 Fis

or ~ 43.03" per century.

Thus, general theory of relativity resolves the observed irregularity, given before, regarding
the advance of perihelion of mercury. Table I indicates the theoretical and observed values of the
advance of perihelion of some planets.
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Q

Figure 19 Deviation of the light ray passing near the sun.

7.2.2 Bending of light
The relativistic equation for null geodesics, i.e., trajectory of the light QPE (see Fig. 19) is (putting

e =0in Eq. (7.11))

U

7 + U =3mU>. (7.17)

In case of flat spacetime, i.e., when the deflecting source S were absent (m = 0), then Eq. (7.17)
becomes

Uy,

d¢?
The solution of this equation is
U= Acos ¢+ Bsin ¢.

Now, we use the following boundary conditions (i) ¢ = 0, when the value of U is maximum, i.e.,
when the value of r is minimum, i.e., at closest approach (R), U = i (ii) at ¢ = 0, one can have

turning point, i.e., Z . = = 0. Here, R, could be solar radius. Hence we get

U=Uycos¢p = Rlcosdz
0

Substituting this in R.H.S. of (7.17) for U, we get

d2U+U 3mU200s ¢ = GMcos ¢.

dg? R

We can find the particular solution as

_ 1 3GM 2 gl = 1 3GM
D?+1 R(z) D?+1
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or

GM GM 5
U=—((B3—-cos2¢) = —(2 —cos .
2R§( P) Rg( ®)

Thus, the general solution is obtained as

U= icosqb+—(2—cos b).

This curve is described by QPE. The asymptotic directions are given by U = 0, i.e.,

0 = U, cos ¢ + 2mU; — mUj cos® .

This yields
11 1
= |— £ — /1 +8m2U?|,
cos¢ =5 Lnl% U, " ]
or
C%¢=%Lﬁ%+_ma+mnm4.OM%:%%BW@WWD

As cos ¢ cannot assume more than unity, we take —ve sign to yield

cos ¢ = —2mU,, = — sin(2mU,)) = cos Ty 2_m
2 Ry
(since mU,, is small)
T, 2m
Th , ==+ —.
erefore, ¢ = 2 R,
Hence, net deviation of the light ray is (see Fig. 19)
5=2 2m\ _ 4GM '
Ro R,
In nonrelativistic unit, net deviation of the light ray is
5= dGM (7.18)
R,

_4x6.67x1078x2x10%

& -6 ~ Z
Gx 1002 x7x 100  — 8.42x 107° rad = 1.74" (for sun).

The results observed by A. Eddington in the year 1919 during solar eclipses gave support to the
outcomes predicted by general theory of relativity.
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7.2.3 Radar echo delay

In 1964, 1. Sharpiro proposed a classical test of general theory of relativity, namely time delay, i.e.,
a light ray originally takes more time to travel in the curved spacetime than through flat space. Now
consider the path of a light ray in the Schwarzschild spacetime. We observe the path in the equatorial
plane 6 = % therefore, the path of the light ray is obtained from (7.7) and (7.8) as (putting ¢ = 0)

(1 - 2_m> at = E (constant),
r /Jdp

& 0
o ()02 -0-2)4]

where % = Z—;
We will calculate the time required for light signal passing through the gravitational field of the
sun from earth to the planet and back after being reflected from the planet. Let r, be the closest

approach to the sun, therefore, velocity, ‘;—: = (0 at r = r.. Hence, f can be obtained as

re

-2

P =

re

The total time required for light signal to go from earth to the planet and back after being reflected
from the planet is (see Fig. 20)

tgp = 20(rg, 1) + 26(rp, 1),

where, r; and rp are the distances of earth and planet, respectively, from the sun.

C

Tc

P % = & E

Figure 20 Light signal passing through the gravitational field of the sun, from earth to the
planet and back after being reflected from the planet.
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Here,

= [ (-2 =028

2
c

[ 2m\7! _<1_%>r§
EAh

Similarly, #(rp, r.) is defined. To evaluate the integral, we use some approximations (as ry, rp, r, >>
2m = 2GM) in the integrand («) as

1
2

dr.

l

1
2\ ? mr
Thus, a~|1--=< 1+2—m+ < ).
r2 roorr+r)

Hence, the time required for light to go from r,. to ry is

"E e+ T rE— T,
t(rE,rC)z/ adr:y/ré—rg+2mln —|+m
T,

- e rE+rc
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Hence, the total time required for light signal to go from earth to the planet and back after being
reflected from the planet is

reg + T
tgp =20(rg, 1) + 2(rp,r,) = 24/ rp — 12 + 4mIn| —————

rp+A/r— 1
rg—r P P c rp—
+2m u+2\/r129—r2+4m1n — |+ 2my /=
rg+r, ¢ T rp+r,

c

In the absence of gravitational field (i.e., m = 0), the time is

2\/r§—r§+2\/r%—r§.

Therefore, we can estimate the delay in time due to the gravitational field of the sun as

retfrE= || et

Atgp =4min

re r.

rp—r, rp—r,
+2my [ E—C 4 2my [ 2—=<.
rg+r, rp+r,
This excess delay is maximum when r, is very close to solar radius, i.e., when light signals just
scratch the sun, then, Z—E > 1 and Z—P >> 1. Again, using these approximation, we get

4rgrp
Atgp = 4m [ln( 3 ) + 1].

In nonrelativistic unit, this value is

4
Aty ~ 4%4 [m( rf;”) + 1], (7.19)

c

=~ 240u sec (for Mercury),

~ 200u sec (for Venus).

The above prediction of general theory of relativity was confirmed by the experiment performed
by Sharpiro et al. in 1971. They obtained time delay from mercury to earth.



Gravitational Redshift 171

7.3 Gravitational Redshift

Another effect predicted by the general theory of relativity is the displacement of the atomic spectral
lines in presence of a gravitational field. Let us consider two points denoted by 1 and 2 where two
observers are sitting with clocks. Also we assume that their world lines are x* = x{ and x* = xJ (see
Fig. 21). The line elements at these points are given by

ds* = gaﬂdx"‘zdx 2= gooc’dr’.

(since all spatial infinitesimal displacements vanish)
Hence at two points, we have

ds(1) = [goo(D)]Zedt; ds(2) = [gop(2)]Z cdt.

The proper time is defined by dr = ‘?, therefore,

dr(1) = [goo(D13dr; dr(2) = [goo(2)]3 di.

Let the observer 1 transmit radiation to observer 2. Let the time separation between two consecutive
wave crests measured by observer 1 be the proper time dz(1) and the corresponding interval of
reception noted by observer 2 be dz(2). Therefore, we have

MQZPﬂT
dr(1)  [goo(D]

Let the frequency of the wave sent by observer 1 be v, and when this wave is measured by an
observer 2 have the frequency v,.

World line of
observer 1

cdt

cdt World line of observer 2

Time co-ordinate  X°

\ 4

Spatial co-ordinate X k

Figure 21 Two observers are sitting with clocks. Observer 1 is sending radiation to
observer 2.
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Using the relation v = lT, we get,

V= Zoo(D) :
2 800(2) '

(frequency is expressed in term of proper time)
Also we know vA = ¢, therefore,

A _ 8o0(2)
Ay Zoo(1)’

(4, = wavelength of the same wave as measured by observers 1 and 2, respectively)

If goo(1) < ggo(2), the wave is redshifted (4, > 4;) while gy,(1) > gy,(2), it is blue shifted. If
“2” is an observer on the earth and “1” is an emitter on the surface of a compact star, 2 will observe
that the light from the star to be redshifted. This phenomena can be explained as follows:

Let us consider a spherical star with mass M and radius R, ; then

2GM
Rl

goo(D=1-

Let R, be the radius of the earth in the Schwarzschild spacetime centered on the star, then (if we
consider the star as sun, then R, will be the radius of the earth’s orbit around the sun)

2GM
2)=1- .
800(2) R,

[there is a very negligible effect on spacetime geometry due to earth’s gravity.]
Usually R, >>> 2GM, therefore,

800(2) = 1 > guo(D).
Hence, we get redshift. One can measure the redshift by,

/12_’11

Hence,

For nonrelativistic unit,

.= GM (7.20)
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The gravitational redshift for the light from the sun will be z ~ 2 X 1075, This effect is larger for the
light from white dwarf stars, which are more compact than the sun (a white dwarf of one solar mass
has a radius of about 5 X 103 km).

For Sirius B, z~ 3 x 107%.

7.4 Stable Circular Orbits in the Schwarzschild Spacetime

We know that all the test particles, either massive or massless, follow the geodesics in any
gravitational field. For such geodesics, we have from (7.8),

fz=<d_r>2=gz_(1_27m)<e+ ’L2> (7.21)

ds r?

Here, ¢ = 1 for massive particle and ¢ = 0 for massless particle. We can write the above equation
as

2
(d—’) — BV, (7.22)
ds

where the effective potential V assumes the following form

) 2m ]’12 . . . .
Ve = (1 - —) 1+ =) for massive or time-like particle (7.23)
r r
2
V2 = (1 - 2_m> <h—2>, for massless particle or photon. (7.24)
r r
The extrema of V, i.e., maximum at r = r,,,, and minimum at r = r,;,, are given by the equation
v _
o =0
mr? — h*r+3mh* =0,  for massive particle
and

1- 3m = 0, for photon
r

Thus, for massive particle

[/’12 _ (h4 _ 12m2h2)l/2]

Fonax = o : (7.25)
e i d et o (7.26)
2m
Note that the maximum and the minimum coincide when 7% = 12m?, hence
g = Fin = OM (7.27)
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Figure 22

h?
m?
2
iy

m2

hZ
2

(Left) Effective potential of massless particle against i for different values of
. Curve 1 for == 8, Curve 2 for % = 10, Curve 3 for ,ﬁ,_zz = 12, Curve 4 for

= 16. Note that V has only one extremum point, which is maximum. (Right)

. . . . . . 2
Effective potential of massive particle against ,ﬁ for different values of ’% Curve

1 for & = 8, Curve 2 for % = 10, Curve 3 for % = 12, Curve 4 for % = 16.
Note that V has both maximum and minimum points.

Figure 22 shows the effective potential V of massive and massless particle against ﬁ

For the particle with constant energy E, one can have two turning points with % = 0. Here
the orbit will be elliptic as we know any massive particle moves along an elliptical path in the
Schwarzschild spacetime (e.g., planet’s path around the sun is elliptic). This orbit will be circular at
maximum or minimum values of the effective potential V (i.e. when ';—‘: = (). Obviously, the orbit
will be unstable at maximum potential and stable at minimum potential. Rewriting (7.25) and (7.26),

we obtain,

P 6m ,
max — 12m2 ’ min
[+ (1 - 225y
2
e Will be minimum when 2 — 0. Thus (7,,,),uin
Thus (rmin)min = 6m.

6m
[1-(1- 222

Hence, one can have closest stable circular orbit with radius

and shortest circular orbit with radius

sco —

(7.28)

. .. n?
= 3m. r,,;, will be minimum when — = 12.
e

(7.29)

(7.30)
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Thus, we have seen that for massive particle, Schwarzschild solution possesses stable circular orbits
for r > 6m and unstable circular orbits for 3m < r < 6m.

For massless particle or photon, the circular orbit is always unstable as it has only one extremum,
which is maximum at r = 3m.

Suppose the spacetime metric outside of a star is given by

s = (1 - %4> [d2 — di? — 2(d6” + sin® 0dg?)].
r
Find the angle of deflection of light by this spherical star.

Hint: Here the Lagrangian is
[ = (1 — 2_) [tz — r2 — 7'202 — rzsinze(i)z]
r

The first integral of the null geodesics equation is

dx* dx?

i dy
Let us consider the motion in equatorial plane 8 = % Using Euler—Lagrangian equation, one can
find the equations of motion as in (7.5 — 7.7), which yield

1
dp _1(E 1Y°
dr P\ 2 ’

where E and h are constants. Using r = iU , the above equation yields

2
7Y u=o.
d¢?
This equation implies deflection of light is zero as like flat spacetime. We know light rays are moving
along null curves for which ds? = 0. Here the metric is conformally related to the flat space, ds* =
(factor) X ds}la -

The Parameterized Post-Newtonian Formalism

Parameterized post-Newtonian formalism is actually known as PPN formalism. When one considers
the slow motion and weak field limit, then full gravitational theory turns into a simple form. This
estimation is recognized as the post-Newtonian limit. It is more precise to the exact phenomena
than standard Newtonian gravitational theory. The metric in gravitational theory and the spacetime
metric in this limit has the same structure. In PPN formalism, metric can be expressed as the
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dimensionless gravitational potentials of varying degrees of smallness, which is an expansion about
the flat Minkowskian metric (hij = diag(1,—1,—1,—1)). This formalism is frequently used for
calculations of the phenomena where the gravitational field is very weak and the velocities are
nonrelativistic, e.g., calculations in the solar system.

In general theory of relativity, consider a spherically symmetric metric
ds* = A(r)(cdt)* — B(r)dr* — r(d6* + sin® 0d¢?).

The spacetime geometry outside of a spherical symmetric body (star) of mass M is Schwarzschild
spacetime. In agreement with Newtonian theory, i.e., static weak field metric, the forms of A and B
should be

A(r):l—@/[+ ...... , Bn=1+....
Cc°r

The first post-Newtonian correction is expressed as

2GM 2GM \?
A =1- 24200 -1 (357)

B =1+2 (%’1) I
c’r
Here, § and y are two PPN parameters. Note that these parameters may vary for different
gravitational theories. For Schwarzschild metric in general relativity, f =y = 1.
In PPN framework, the expressions for the precession of perihelion of a planet per orbit, bending
of light by the sun, and time delay of the light given in (7.16), (7.18), and (7.19), respectively, are
modified and take the following forms

6xGM
a(l — e2)’

5= L+y\ (4GM
2 Ry )’
14+y\ 4GM 4rErp
AtE,P,V( > > > [In< 2 +1].

A general treatment for the experimental test of general theory of relativity for a general static
and spherically symmetric body

2re = %(2+2y—ﬂ)
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I Perihelion Precession

To obtain the desired features, we take the general static and spherically symmetric configuration as
ds® = A(r)ctdf* — B(rydr® — C(r)(d#?* + sin® d¢?). (7.31)

Now, we begin with the Lagrangian, which can be written as
£ =A% — Bi* — C0% — Csin*0¢>. (7.32)

Here over dot indicates the differentiation with respect to the affine parameter 7.

Since the gravitational field is isotropic so angular momentum is conserved. Therefore, geodesic
of any arbitrary body (either massive planets or massless photons) are planar. Without any loss of
generality, we can select the equatorial plane as 0 = % Hence, the Lagrangian assumes the following
form

£ =Ac*# — Bi* — C¢?, (7.33)

with massless particle photon, £ = 0 and for any massive particle, £ = 1.
Using the generalized coordinates ¢; and generalized velocities ¢g;, the Euler—Lagrange equations

d ( oL oL
d (oL _oL_, 7.34
ds <a‘?i> 9q; 739

give
Ac*t=Eand C¢ = L.

Here E and L denote the energy and momentum of the particle, respectively, such that

. E ;L
t= % and ¢ = E
and hence with these notations Eq. (7.33) becomes
2 2
=L _pp_ L (7.35)
Ac? C

which, after some mathematical calculations, is written as

2 2
p=_ft, E L (7.36)
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This implies

2
dr C_ £C B
) = = 7.37
<d¢> B~ BL>  ABL* (7.37)

Now, replacing r = 1/U in Eq. (7.37), we have

2 4 D774 207
du +CU __fCU ECU. (7.38)
d¢ B BI? ABL2c?
Letting the subsequent transformations,
1 1 &)
—=1- ,C=— + . 7.39
5=1-A0.C= 5+ (7.39)
the above equation is expressed as
2
du 2 2 £CPU | EPCPUt
— ) +U=U + - - + = G(), 7.40
( y ¢> ) + VW) = g(U) = ==+ " s = GU). (1:40)
Now, differentiation with respect to U yields
U
— 4+ U=F), 7.41
d? ) (7.41)
where,
1dGU)
FU) = -——. 7.42
W) =3 U (7.42)

It is known that the planetary orbits are nearly circular, therefore, the circular orbit U = U, can be
found from the equation

F(Uy) = U, (7.43)

Now, the perihelion precession as a deviation 6 = U — U,, from the circular solution should follow
the equation

d25+[1_<dF

a9 ar — (52
pre dU)U:UO] 5 = 0(5%). (7.44)

The trajectory, which is a solution of the above equation as (to the first order in §)

5 = &, cos \/[1—<%)U=U]¢+ﬁ, (7.45)

where 6, and f are integration constants.
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The perihelion precession (from one perihelion to the next), i.e., variation of the orbital angle is

b= 27 = 2z (7.46)

(-e))

From the above equation, the precession o is given by,

c=1- \/[1—<%)U=UO] . (7.47)

Thus, for (j—Z)U:UO << 1,

1 /dF
— (&L . 7.48

° 2 < au ) U=U, ( )
Thus, for complete rotation, the advancement of perihelion is

Ap = ¢ — 27 ~ 2. (7.49)

Il Deflection of Light

Now, we would like to observe how the general static and spherically symmetric configuration
affects the bending of light. We begin with the Eq. (7.40) (assuming £ = 0),

2
au 2_gp _ EFCPU* _
<w>-ﬂf—Uﬂw+ﬂWAw ﬂw+Am%2—HW- (7.50)

Differentiation with respect to U yields

LU

sl +U=0), (7.51)
where,

_ 1dPW)
mw-zlw. (7.52)

Now, one can solve the equation using successive approximation. One starts with the straight line
(where no gravitating body is present) as zeroth approximation such that U = ”;ﬂ where ¢ = 0 is
the point of nearest approach to the sun’s surface. Preferably, one can consider R, as the solar radius.
Replacing this on the right-hand side of Eq. (7.51) for U, one can obtain

U _ cosp
dsz+U—Q( > (7.53)
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This provides the general solution for U = U(¢).
Total deflection angle A¢ = 2¢ can be obtained from the equation U(% +e€)=

Il Alternative Method of Calculating Deflection of Light
Equation (7.37) implies (with £ = 0)
2
ar\" _ B C
<%> = AT (7.54)

This implies

B(r) = p(c0) + / _ VABdr , (7.55)

Ve [5S -4

At the distance of closest approach r = r, (which is equivalent to sun’s radius), j—; = 0. This

_ Aty
”LZ Clrg)’

gives . Hence we get,

0 Bd
$(r) = p(co) + / vBdr : (7.56)
) C(nA(ry)
\/E [C(r@A(r) - 1]

Taking one transformation r = ryx, the above equation takes the following as

o ro\/ B(rox)dx
$(x) = (c0) + / R : (7.57)
Cl(rgx)A(rp)
VE(rox [ar JA0) 1]
The deflection angle is
A¢ =2|¢p(x) — p(c0)| — 7. (7.58)
IV Gravitational Time Delay
Equation (7.36) implies (with £ = 0)
E? I
— L 7.59
ABc?  BC (7.59)
Using t = =, one will find from the above equation
dr\> A [*c*A?
- ) =—=- . 7.60
( dt ) B E?BC (7:60
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At the distance of closest approach r = r;, (which is equivalent to sun’s radius), % = 0. This gives
L2 Crp

E2 CPA(ry)”
Hence we get,

Hr,ry) = / . (7.61)

czA 2C(ry)A? ]

A(rg)BC

When no gravitating body is present, A = 1, B = 1 and C = r, which yields

ty = / _dr (7.62)
r r
0 cq/ [1 - r—‘z’]
Hence, light ray takes time to travel from mercury to earth is given by
r )
1(r,ry) = / dr + / dr . (7.63)
o [ A cZC(rO)AZ] o [ A CZC(rO)Az]
B A(rg)BC B A(rp)BC
Therefore, time delay for a round trip can be obtained as
Ty
At=2(—-1)) = / 2
To A 20 )A2 1
B A(rO)BC -
(7.64)

‘m

czC(rO)Az _ ﬁ
A(ro)BC

Exercise 7.2

Find the deflection of light as a function of PPN parameters.
Hint: Write the Lagrangian similar to (7.1) as

gt (] (8) b (0 (5)
-7 <Z—z>2 —?sin’ 6 <j—;¢;>2,

and proceed as before.
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Note 7.3

Massless scalar wave equation in the spherically symmetric spacetime
The minimally coupled massless wave equation in a spherically symmetric spacetime background

-1
ds? = ¥Vd — (1 - @> dr* — r*(d6* + sin” 0 d¢p?),
r
via Klein—-Gordon equation
1 v
1o = \/—__gaﬂ[\/ -88""0,®@] =0,

is given by

e (1-2) z

oF_ _ r 9 ezﬂr)rz@] __1 [siw@] 1L oo

¥ e¥Nr2  or or r2sin @ 90 or r2sin d¢h?

For the spherically symmetric spacetime, the equation related to scalar field can be solved by using
separation of variables as,

U(r,t
‘I)lm = Y]m(e’ d))#

Here Y,,,(0, ¢) are the spherical harmonics and / is the quantum angular momentum.

The possibility of astrophysical observations (such as to detect black holes, wormholes, compact
stars, etc.) provides the inspiration for studying the scattering of scalar waves in the spheri-
cally symmetric spacetimes. These observations will be interesting to researchers on gravitational
radiation, as well as it will be very help full to determine the possible existence of actual astrophysical
objects.

Above separable forms yield

1 0 0 1 0

[ S | + i,
sin000 " 00 " sinlg 02

Y, =l+ 1Y,

and

where the potential V, is given by

(I+1) br-b 1 b
V=¥ - —(1——) .
1= r? 2r3 +r r !
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Here, the tortoise coordinate transformation r* is used, i.e.,

e f1-29
or* ror

Here, the dot implies the differentiation with respect to ¢. Basically, r* represents the proper distance.
Considering the time dependence of the wave to be harmonic, one can write

U/r.1) = U/(r, w)e™",

where w is the oscillating frequency of the scalar field.
Using this, one can get the Schrodinger equation

[% +? - V,(r)] Uy(r,) =0

Note also that for nonzero spin s, the potential V,(r) takes the form

Vl:ezf[l(l-l;l)+(1_s){_b/r+(1+2s)b l(l—é)f}]
r r

2r3 r

For s = 0, we come back the above potential with zero spin.
For s = 1, we have vector wave, e.g., electromagnetic field,

V=¥ [@]

I%

Note 7.4

The motion of test particle using Hamilton—Jacobi (H-J) approach
Let us consider that a test particle with mass m and charge e is moving in a particular gravitational
field. The standard H-J equation for the test particle is written as

g (% +eA><aaS +eAk>+m =0,

Qdt

where A; = 9 is the gauge potential (e.g., electromagnetic vector potential) and g;, represents the

classical background field and S is the standard Hamilton’s characteristic function. We may write
the explicit form of H-J equation for the metric

ds® = f(Hdf* — g(Ndr* — r*(d6* + sin” 0 d¢*),

(58) -
f\ ot r

as

2
aS 1 oS 2
— | +m”=0.
<09> r2sin20<a¢> "

(5 -
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One can solve this partial equation using the method of separation of variables technique. Let us
write the H—J function S in separable form as

S(t,r,0,¢) =—Et+S,(r) + 5,0) + J.¢,

where E and J represent the energy and the angular momentum of the particle, respectively.

If we substitute this ansatz for S in the above H—J equation, then we get the following expression
for the unknown function S, and S,:

0 2 ]2
S (n=e g E-— _ng_g dr,
f r r
1
S,(0) = 76/ [p2 - chosec29] 2do,
where € = +1, the sign changing whenever r passes through a zero of the integral and p is a separation

constant.
According to H—J method to find the trajectory of the particle, we consider % = constant; % =

constant ; % = constant.
(without any loss of generality, we have preferred the constants to be zero)

1
2 272
tze/g E-CY 8 (E-C) o8| "4
f r f r r?
-1
S,(0) = e/]zcosecze [pZ—J2c0sec20] 2 do,
2 ]2
cos_1<cosg>=€/£ g E—g —gmz—g dr,
U r2|f r r?

2
with U2 = 1 — ;—2
From the expression of ¢, we get the radial velocity of the particle as

Hence, we get
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dr

o= 0 gives the turning points of the trajectory and as a consequence the potential curve are

1

2 2
V(r)s%=;—Qr+ f(r)<#+1> .

Note that for uncharged particle, ¢ = 0.






CHAPTER

8 Causal Structure of Spacetime

8.1 Introduction

From a physical point of view, an outcome cannot occur before its cause. In special relativity, by
causality we mean that an outcome cannot occur from a cause that does not lie in the back (past)
light cone of that event. Likewise, a cause cannot affect outside its front (future) light cone. These
limitations are expected as causal impacts cannot propagate quicker than the speed of light and/or
backward in time. Usually, in relativity, the spacetime is characterized by a Lorentzian manifold.
Actually, a Lorentzian manifold is a specific case of a pseudo-Riemannian manifold, where the
signature of the metric is +2 or —2. Generally, the causal relationships among the points in the
manifold are understood by defining which events in spacetime can affect which other events.
Causal structures in Minkowski spacetime assume, naturally, a simple form as the spacetime is flat.
However, the causal relationships between points of the curved spacetime will be more complicated
due to the presence of curvature. The description of the causal structure in curved spacetime is
expressed in terms of smooth curves joining pairs of points. The causal relationship is defined by
the conditions on the tangent vectors of the curves. In general relativity, the metric of the spacetime
up to a conformal factor can be recuperated from the causal structure. In this chapter, we explore
different properties of such causal relationships instituting a number of results that will be used for
advanced topics in general relativity, particularly to prove the existence of singularities.

8.2 Causality

Causal structure in the special theory of relativity, i.e., in Minkowski spacetime or flat spacetime
is characterized by the fact that no massive particle can travel faster than light. In general
relativity, also, locally there is no difference between the causality relation with that in Minkowski
spacetime. However, globally the causality relation is significantly different due to various spacetime
topologies.

Let (M, g,,) be a spacetime that is connected, Hausdorff, paracompact, and admits a Lorentzian
metric g, of signature (+,—, —, —). Let p be an arbitrary event in M, then the tangent space V,
is isomorphic to Minkowski spacetime. As a consequence, one can note that the light cone of p
is a subspace of V,,. Similar to Minkowski spacetime, for every event p € M we can elect half
of the light cone as future and other half as past. But it is not always possible for a non-simply
connected spacetime to make a continuous designation of future and past as p varies over M. (M, g,;,)
is time orientable if there is a possibility to create a continuous designation of future and past. A
time-like or null vector is future-directed, if it lies totally in the future half of the light cone. It is

187
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Figure 23 Chronological future and past.

assumed that (M, g,,,) is a time-orientable spacetime. A differentiable curve A(¢) (¢ is time parameter)
is a future-directed time-like curve if for each event p on A(7), the tangent vector at p, t* is a
future-directed time-like vector. Likewise, A is known as a future-directed causal curve if for each
event p on A(f), the tangent vector at p, ¢ is either future-directed time-like vector or null vector. We
can use similar definitions for past-directed time-like and causal curves.

An event p chronologically precedes another event ¢, if there exists a smooth future-directed
time-like curve from p to ¢. It is denoted by p << g. An event p causally precedes another event ¢,
if there exists a nonspace-like curve, i.e., either time-like or null curve from p to g. It is denoted by
P <q.

The chronological future of p € M, denoted by I*(p), is defined as the set of all events ¢ such
that p << ¢. Analogous definition is used for chronological past I (p) (see Fig. 23).

Thus, we have

I"(p) = {q € M such that p << q},
I"(p) = {q € M such that g << p}.

The causal future for p can be defined in a similar way as It (p) by replacing “future-directed
time-like curve” with “future-directed causal curve”(see Fig. 24). Thus,

Jt(p) = {q € M such that p < q},
J (p) ={q € M such that g < p} .

The above definitions imply that
F@p) =J*p) and I'(p)=J @),

where for a set A, A is the closure of A and A = A 0 M — A denotes the topological boundary.
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qeJ(P)

Time-like curve
e I*(P)

Null curve
teJ (p)

Figure 24 Causal future and past.

In general, p does not belong to I (p). However, if p € I (p), then 3 a closed time-like curve starts
and ends at p. p € J*(p) as the causal future of p consists of points that can be joined to p by time-like
or null curves, and the constant path A(f) = p connecting p to p itself has vanishing tangent vector
and, hence, is a null curve. One can notice that the relations < and << are transitive. Also, if p < g
and g << r,or,p << gandg <r, thenp <<r.

Note 8.2

Any point p in the spacetime (M, g,,), i.€., p € M, actually represents an event in the spacetime.

If ¢ € I (p), then, p € I"(q). If p € I"(q), then I"(p) is a subset of I~(g). Let y be future directed
either time-like or null curve that joins p to ¢, then I*(q) C I (p) (see Fig. 25).

The chronological (causal) future of any set S C M is defined by (see Fig. 26)

r© =Jre.

PES

7 =J7w.

peS

The chronological (causal) pasts for subsets of spacetime are similarly defined.
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b '(P)cI™@

7/

Figure 25 ¢ lies in future of p on the causal curve y.

TipAe-like curve

Figure 27 Every point in I*(p) is an interior point.

Show that I*(p) is an open set.

Hint: Let ¢ € I (p) and fix a future-directed time-like curve y from p to ¢g. Now we can choose ¢’
on y sufficiently near to g (just prior to g) in a convex normal neighborhood of g (i.e., an open set N
with ¢ € N such that Vx, y € N, 3 a distinctive geodesic y’ connecting x, y and lying totally inside
of N) such that the set of points ¢"” € I (¢") forms an open neighborhood of g € I' (p) (see Fig. 27).
Hence, I (p) is an open set.
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Figure 28 All the limit points of J*(p) are not contained in J*(p).

Note 8.4

I+(§) is an open set since arbitrary collection of open sets is open. Further, I (I*(S)) = I(S) and
I(S) = I*(S).

Exercise 8.2

Show that in general spacetime, J*(p) is not a closed set.

Hint: Let us consider Minkowski spacetime with a point s lying on the future light cone of p is
removed. In this spacetime, no causal curve connects p and g such that g & J*(p), but ¢ € J*(p) (see
Fig. 28). Hence, J*(p) is not closed.

[Here obviously s € J*(p) = I*(p). ]

Note 8.5

In Minkowski spacetime J*(p) is a closed set.

Exercise 8.3

Show that J*(p) is not an open set.

Hint: Suppose r is a point in J*(p) — I (p). Let us consider a neighborhood of r. Then, some points
of this neighborhood lie outside of J*(p) and some points lie within J*(p) (see Fig. 29). Therefore,
r is not an interior point. Hence, J* (p) is not an open set.

Note 8.6

In a spacetime M, if g € J*(p) — I (p), i.e., p < g but p £< ¢, then any future-directed causal curve
connecting p to ¢ must be a null geodesic.
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tes'(p)

p

Figure 29 Every point in J*(p) is not an interior point.

"',-';€I+(p) but s¢3%(p)

Tis removed

Figure 30 J*(p) C I*(p).

Exercise 8.4

For all subsets S C M, show that J*(p) C I*(p).

Hint: Let us consider a Minkowski space with a point r removed as shown in Fig. 30. The points
after the deleted point , i.e., on the dotted line are not in J* (p). However, points on the dotted line
are in the closer I+_(p) Hence, J*(p) C I+_(p)

For all subsets S C M, show that IntJ*(p) = I (p).
Hint: Obviously, I (p) C IntJ*(p). Now, let r € IntJ*(p), then p << r, in other words, r € I*(p)
(see Fig. 31). Therefore, IntJ* (p) C I (p). Hence, IntJ*(p) = I (p).

Let J*(x) be closed in M. Show that M is causal if I*(x) N I~ (x) = {x} forall x € M.

Hint: Given that M is causal. Now let, if possible, 3 y (# x) such that y € I*(x) N I~ (x). We know
I*(x) = J*(x), therefore, y € J*(x). Since J*(x) is closed in M, therefore, y € J*(x). This means,
x < y. Similarly, y € J™(x) indicates y < x. This suggests that there is a closed causal curve through
x. Definitely, this violates the causality. Hence, y # x is not true, i.e., y = x.
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7€ Int 7'(p)

p

Figure 31 ris an interior point.

p<<q

I+(S)?i q qef(p)butq ¢i+(P)
éATime—like curve

p

>I (9)

S

Figure32 An event p lies just inside the boundary of the chronological future I*(S).

8.1 Theorem: The boundary of the chronological future I*(S) of a set S cannot be time-like.

Proof: We consider a point p just inside the boundary of the chronological future I*(S) (see Fig. 32).
The figure indicates that there should exist some points, say ¢ in future of the point p lies outside of
the boundary of the chronological future I*(S), such that p << ¢. This is definitely a contradiction
of the boundary of the chronological future I*(S) of a set S. Hence, I*(S) is not time-like.

A set F of M is said to be a future set if 3 a subset S of M such that F = I(S). Past set P of M
is defined similarly, i.e., P = I (S).

Obviously, I (F) C F. One can notice that if F is a future, then M — F is a past set.

Show that future sets are open set.
Hint: A future set F = I*(S) is the union of I*(p) for all p € S and I (p) is an open set (see Fig. 33).

Exercise 8.8

Show that future sets are not closed sets.
Hint: I*(p) is not a closed set, etc.

A set S is said to be achronal if no two points of S are time-like related, i.e., there do not exist
P, ¢ € S such that g € I'(p). In other words, I7(S) NS = ¢. This means no points in S can be joined
by a time-like curve (see Fig. 34).
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P S 9

Figure 33 A future set of a set is the union of I (p).

r€I*(P)but r¢s

o e

q¢1*(p)

Figure 34 Achronal set.
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teS
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Figure35 /" (p) C I*(S).

8.2 Theorem: Let d/7(S) be an achronal boundary of the achronal set S. If p € aI*(S), then It (p) C
I*(S) and I (p) € M — I*(S).

Hint: Let p € oI'(S). If ¢ € I (p), then p € I"(g). Since I~ (g) is an open set, there is an open
neighborhood O of p contained in I~ (g). Since, p is a boundary of I*(S), therefore O N I (S) # ¢
and hence, g € I (S) (see Fig. 35), i.e., I (p) C I (S).

Similarly, we can prove I~ (p) C M — I*(S).

8.3 Theorem: The achronal boundary a/*(S) of the achronal set S is achronal.

Hint: Suppose, if possible, oI*(S) is not achronal, then 3 p, ¢ € oI*(S) such that g € I*(p). By the
above example, g € I(S). However, this is impossible since I*(S) is an open set and, therefore,
It (S) N oI (S) = . Thus, oI (S) is achronal.

Suppose, S is an achronal set. The edge of S is the collection of points p € S such that each
open neighborhood O of p comprises a point ¢ € I (p) as well as a point r € I”p and there exists a
time-like curve A connecting r and g, which does not intersect S (see Fig. 36).

For any an achronal set S if edge of S = @, we say that S is edgeless.
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A, a time-like curve

Figure 36 Edge of a set.

‘ Atz)

= Time-like curve
N )

' >t

Figure 37 Convex normal neighborhood N of x.

8.4 Theorem: The achronal boundary oIt (S) is edgeless.

Hint: We know if p € aI7(S), then I (p) C I*(S) and I (p) C M — I*(S). This implies that any
time-like curve from I~ (p) to It (p) must meet oI (S). Thus, oI (S) is edgeless.

Causal relations in a spacetime are defined by the existence of smooth nonspace-like, i.e., either
time-like or null, curves between two events.

A continuous curve A is said to be a future-directed time-like (causal) if each x € 4, there is a
convex normal neighborhood N of x such that given any ¢, ,, with ¢, < t,, A(t,), A(t,) € N, then
there is a smooth future-directed time-like (causal) curve in N from A(%,) to A(t,) (see Fig. 37).

The nature, time-like or causal, remains unchanged for a continuous curve for a continuous,
one—one transformation.

Let A(¢) be future-directed causal curve. Then p € M is said to be a future end point of A if for
every neighborhood O of p, 3 ¢, such that A(¥) € OV t > ¢,.

Here, 4 has at most one future end point because M is Hausdorff. The end point p may lie outside
the curve, i.e., we cannot get a value of ¢ such that A(¢) = p. The past end point is defined similarly.
The curve A is said to be future or past inextendible if it has no future or past end point, respectively
in M. For inextendible causal curve 4, it is not possible to extend A beyond p, i.e., it might be departing
to infinity or it might reach in spacetime singularity.

Let {/1”} be a sequence of causal curves. A point x € M is called a limit point of the sequence {/ln}
if every open neighborhood of x intersects infinitly many {/l,,} (see Fig. 38).
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light cone at x

M

Figure 38 Every open neighborhood of x intersects infinitly many {/1"}.

Actually a curve is said to be extendible if it is possible to extend the curve to an end point in the
spacetime. Else, the curve is known as inextendible.

A curve 4 is called a limit curve of {An} if for any point x € A and any open neighborhood U
of x, there is a subsequence {4’ } such that for sufficiently large n all {1/} intersect U, i.e., 4 is a
convergence curve. Thus, if A is a limit curve, then every x € A is a limit point of {/1,,}

If {4,} be a sequence of future inextendible causal curves with a limit point p, then 3 a future
inextendible causal curve A passing through p, may be a limit curve of the {4,}. Alsoif {4,} be a
sequence of time-like curves, then the limit curve A may be only a causal curve.

Note 8.10

The study of causal relations is same in a spacetime (M, gub) and its conformal geometry. Suppose
(M, gab) is the physical spacetime. Now, we assume the set of all conformal metrics g, defined by
2. = Q%g,,, where Q is a nonzero C” function. Then, if two events p and g are either time-like
or causally related, i.e., if p << gorp < g in (M, g,,), then the same relation is well maintained
in (M, g,,). Hence, causal relationships remain invariant under a conformal transformation of the

metric.

8.3 Causal Relation

Local causality condition for a spacetime indicates that over small regions of spacetime, the causal
structure remains the same as in special theory of relativity. It is generally believed that no closed
time-like or causal curve exists in physically realistic spacetime because it would give rise to the
situation of entering one’s own past. However, in general relativity closed time-like or causal curve
may exist. For example, Godel universe possesses closed time-like curves through each point of M.
For another example, we consider a cylinder M = §’ X M obtained from the Minkowski spacetime,
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Figure 39 Identifying r = 0 and 7 = 1 hypersurfaces.

possessing the metric ds®> = dr* — dx?, by identifying t = 0 and ¢ = 1 hypersurfaces. Here, x
constant, representing circles that are closed time-like curves. Here, actually I*(p) = I"(p)
M, V p € M (see Fig. 39). Also, one can notice that wormhole spacetime, possessing the multiple
connected nature of topology of space, may contain closed time-like curve.

Causality condition: The spacetime (M, g,;,) does not admit any closed time-like or null curves.

A spacetime M is said to be chronological if it possesses no closed time-like curves. Thus, here,
pEI(p),VpeM.

A spacetime M is said to be causal if it possesses no closed nonspace-like curves.

Consider a cylinder M = §' x M taken from the Minkowski spacetime, which possesses the
metric ds? = —dtdx, then M is chronological but not causal. Here, x = constant, representing circles
that are null geodesics.

8.5 Theorem: Every compact spacetime possesses a closed time-like curve.
Alt: If M is chronological, M cannot be compact.

Proof: Let M be a compact spacetime and the sets {I*(p) | p € M} cover M. Then 3 a finite subcover
of M, i.e., for finite set of points p;, p,, .....,p,, the set I"(p)) U IT(py) U ........ U I*(p,) covers M.
These sets cover M implies that p, € I+(p,»l), ie., py >> p; forsome i in2, ..., n. Hence, we have
Py >>p >>pp >> >>p; , where all n points are included. This implies that there exists i;
such thatp;, >>p; .ie..p; € I+(pik), which indicates that there should exit a closed time-like curve
through p; .

A spacetime (M , gab) is said to be strongly causal if V events, p € M, and each neighborhood O
of p, 3 a neighborhood V of p confined fully in O such that no nonspace-like or causal curve meets
V more than once (see Fig. 40).
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f(t)
Figure 40 The neighborhood V of p is contained in O.

- null vector
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Figure 41 The light cone of g, is strictly larger than that of g,,.

Thus, if a spacetime does not follow the strong causality at p, then there exist nonspace-like or
causal curves from neighborhoods of p, which come arbitrarily close to intersecting themselves. In
such a spacetime, a small modification of g, in an arbitrarily small neighborhood of p can produce
closed causal curves.

Let g, be the spacetime metric and for any time-like vector #* defined at a point p € M, we can
construct another spacetime metric g, at p by

gub = 8ap — Lilp-

It is interesting to notice that g, has the same signature as g, at p and the light cone of g, is
strictly larger than that of g, (see Fig. 41). This means that every time-like and null vector of g, is
a time-like vector of g .

A spacetime (M , gab) is stably causal if 3 continuous non-null time-like vector field #* such that
the spacetime (M, Eab), where g, = g,, — 1,1, admits no closed time-like curves.

Actually, stably causality indicates the existence of a global time function on the spacetime. The
following theorem confirms it.

8.6 Theorem: The necessary and sufficient condition for a spacetime (M, g,,) to be stably causal is
that a differentiable function f exists on M so that V*fis a past-directed time-like vector field.

Proof: We will prove one part only and for other part we refer Hawking and Ellis’ book.
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Figure 42 —V“fis future-directed.

Suppose, a differentiable function f exists on the spacetime (M, g,,;,) so that V“fis a past-directed
time-like vector field. We will prove that the spacetime (M, g,,) is stably causal.

For a differentiable function f'on (M, g,,,), let Vf be an arbitrary past-directed time-like vector
field, then, —V“fis future-directed (see Fig. 42). Then, along —V?f, i.e., in future-directed time-like
curve with tangent v*, we have gabv“(—be) <0,or, gabv”(V”j) > 0 (here, the signature is assumed to
be (—, +, +.+)). This implies tangent vector field v(f) > 0. Hence, fis severely nondecreasing along
each future-directed time-like curve. This indicates that there does not exist any closed time-like
curve in (M, g,,) because f never comes back to its initial position.

Now, we define 1 = V%f and construct a new metric g, by

Eub = 8ap — Lalp-

The inverse metric of g, is

—ab ab tatb
=g% 4 )
& T8 T T
— —ab u I
[ 8ab8 = (gab - tatb) (g b + 1 c >
— 11,
B w . Sap 110 @ t,t, 1410
T8 8T T @b — e,
1,10 t.19)?
=1+ —2 —@ﬁ—(”?
1— 1, 1-r1,
1.1 1.19)?
=1l+—- f—(c) =1

l—rt. © 11—t
(changing the index b into c¢) ]
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Now, for the new metric g, we find

gabvafvbf= gahtatb = <gab + tb > tatb
1 —rt,
(91,)* 1,1
=t,t"+ <0
1 -1t 1—rt

This indicates that 1* = g“”vbf is a time-like vector in the metric g, Using the above argument,
one can conclude that no closed time-like curve exists in the spacetime (M, g,,). Hence, (M, g,;,) is
stably causal.

8.7 Theorem: A spacetime is strongly causal if it is stably causal; in other words, stable causality
implies strong causality.

Proof: Let us consider a global time function f defined on the spacetime M. For any point p € M,
we can consider two open neighborhoods O and V of p, where V is contained in O, i.e., V C O.
This specific choice is done in such a way that when a future-directed nonspace-like curve leaves V,
the limiting value of fis greater than that when a future-directed nonspace-like curve enters V (see
Fig. 43). This indicates that f is increasing along every future-directed causal curve and hence, no
nonspace-like curve can enter V more than once.

Suppose, S is an achronal set that is closed. The set D*(S) is said to be a future domain of
dependence or future Cauchy development of S if

DYS)=peM

such that each past inextendible nonspace-like curve through p meets S (see Fig. 44).
Note that

S c DY(S) cJHS)
and also
DTFS)NIS) =g

as S is achronal.

RO )

Figure 43 When a future-directed nonspace-like curve leaves V, the limiting value of fis
greater than that when a future-directed nonspace-like curve enters V.
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k ¢ D'(S)

m¢D(s)

Figure 44 Future and past domain of dependence.

The above definition was proposed by Hawking and Ellis. However, Penrose and Geroch used
time-like curve in place of causal curve to define future domain of dependence. Since, no particle
(massive or massless) can have velocity more than light, a light signal sent to p € D*(S) should
be “recorded” on S. Therefore, the knowledge about the set D*(S) is important. Thus, if we have
information about the initial condition on S, then it is conceivable to envisage what will happen at
p € D*(S). Again, if p lies in I (p) but not in D*(S), then information of the situations on S does not
help to decide the circumstances at p.

We can define the past domain of dependence of S, D~(S) by exchanging “future” and “past”
in the above definition.

Thus, D~(S) = {p € M: every future-directed inextendible causal curve from p intersects S}
(see Fig. 44).

Similarly, as above, we are able to retrodict conditions at all ¢ € D~(S) from a knowledge of
conditions on S.

The full domain of dependence, denoted by D(S) is defined by

D(S) = D*(S)uD(S).

Thus, having the knowledge of conditions on §, one can determine all conditions of the events in
D(S). The importance of domain of dependence lies in the fact that all points in D*(S) (respective
D~(S)) can be considered as effects (respective causes) of the events in D(S)/.

A closed achronal set X in spacetime M is known as Cauchy surface if D(Z) = M.

Thus, for any Cauchy surface edge(X) = ¢ (see Fig. 45). All Cauchy surfaces T are embedded C°
submanifold of M as edge(X) = ¢. The Cauchy surface X characterizes an instant of time throughout
the spacetime as X is achronal.

Suppose, S is an achronal as well as closed set. The future Cauchy horizon of S is defined by

H(S) = {p € D¥(S) such that I (p) N D*(S) = ¢ ( see Fig. 46)}
= D*(S) - I"'[D*(9)]

Actually, H*(S) is a portion of the boundary of the past of the set D*(S).
The past Cauchy horizon, H~(S), is defined in a similar manner.
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m

Figure 45 Cauchy surface.

Figure 46 Future Cauchy horizon.

If S € M is not a Cauchy surface, then N = D*(S) n D~(S) # M, i.e., N C M. The boundary of
N in M divides M into two regions that are H(S) and H™(S). Cauchy horizons are the regions of the
spacetime M, which are not completely determined by information on § € M.

Note 8.11

The future Cauchy horizon can also be defined as H*(S) = D(S). If H*(S) = D(S) = @, then
D(S) = int[D(S)] = D(S). This implies here, D(S) is both open and closed.

8.8 Theorem: H*(S) is achronal and closed.

Proof: If possible, two points x and y in H*(S) are time-like related, i.e., x,y € H*(S) with x << y.
This indicates that x lies on the chronological past of y, i.e., x € I (y). Also, 3 a neighborhood N,
of x lying entirely within I~ (y), i.e., N, C I"(y). Let p be any point within N, i.e., p € N, N I (x).
Then, every past-directed time-like curve (4) from p must meet the achronal set S. Also, 3 a time-like
curve (y), which relates p and y, i.e., p << y. Thus, we have a past-directed time-like curve from
y (combining two curves A and y), which must meet S (see Fig. 47). Then, p € D*(S), which is
a contradiction to D*(S) N IT(x) = ¢. Therefore, it is not possible for two points in H*(S) to be
time-like related. Hence, H*(S) is achronal.
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Figure 47 No two points in H*(S) are time-like related.

We know H*(S) can be defined as

H'(S) = D*(S) — I" [D*(S)] = D*(S) n {I" [D*(5)]}“.
Here, we see that D+(S) is a closed set and
{IC[DT(9]}) =M - I"[DF(S)]

also is a closed set. Thus, H*(S) is the intersection of two closed sets D*(S) and {I"[D + (S)]}°.
Hence, H*(S) is closed.
The full Cauchy horizon of a closed achronal set S is expressed as

H(S) = HY(S) UH(S).

The boundary of the domain of dependence of S is actually the Cauchy horizon.

Exercise 8.9

Letp € D+—(S), then show that every past inextendible time-like curve from p intersects S.

Hint: Let p € D*(S) and if possible, there exists a past inextendible time-like curve from p that
does not intersect S. Let O be a neighborhood of p. Let g be any point in O. Then, obviously, there
exists a past inextendible time-like curve from ¢ that does not intersect S. So, OND*(S) = ¢. Hence,
p & D*(S) is a contradiction. Therefore, if p € D*(S), then each past inextendible time-like curve
from p meets S.
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YET(x)
YET (xa)

N

Figure48 p € D*(S) — H*(S).

Exercise 8.10

If p € D*(S) — H*(S), then show that each past inextendible causal curve from p meets I~(S).
Hint: Let p € D*(S)— H(S) and consider a past inextendible causal curve y from p. Then, 3 a point
q € I'(p) n D*(S) and a past inextendible causal curve A from g (which meets S) such that for each
point x € A, one can obtain a point y € y, where y lies within I~ (x) (see Fig. 48). Let 1 meet S at the
point x;, then by above argument, there will be a y; such that y, € y N I~(S). Hence, the proof.

Exercise 8.11

If p € int(D*(S)), then show that each past inextendible causal curve from p intersects I~ (S) and
I (S).
Hint:

int(D*(S)) = D*(S) — {H"(S) UH(S)}.

A spacetime (M, g,,;,) containing a Cauchy surface X is called globally hyperbolic. Alternatively,
we can say a causal spacetime (M, g,,;,) is globally hyperbolic if Vx, y € M, the sets J*(x) nJ~(y) are
compact.

Globally hyperbolic spacetime is strongly and stably causal.

Exercise 8.12

Let (M, g,,) be globally hyperbolic spacetime. Show that the sets J*(x) are closed, V x € M.

Hint: If possible, let J*(x) is not closed. Then, 3 limit point y of J*(x) such that y & J*(x). Suppose,
z € JF(y), theny € J*(x) nJ=(z) but y & J*(x) N J (). By definition of globally hyperbolic, we
know x, z € M, the set J*(x) N J~(2) is compact, i.e., the set J*(x) N J7(z) is closed; in other words,
all limit points belong to J*(x) N J~(z). This contradiction implies J* (x) is closed.
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\ﬁ‘\ Removed point

H'©S)
S

Figure 49 The future domain of dependence D*(S) and Cauchy horizon H*(S).

A H'(S)

Figure 50 S is asymptotically null to the right and becomes exactly null to the left.

Exercise 8.13

Give an example of the future domain of dependence D*(S) and Cauchy horizon H*(S).

Hint: Let us consider the Minkowski spacetime M with a point removed and let S be a closed
achronal subset of M. The diagram (Fig. 49) shows the future domain of dependence D*(S) and the
Cauchy horizon H*(S).

Exercise 8.14

Show that H*(S) can intersect S even if edge(S) = ¢ for any closed achronal set S.

Hint: Let us consider Minkowski spacetime M with a point removed and let S be a closed achronal
subset of M. Here, S is asymptotically null to the right and becomes exactly null to the left (see
Fig. 50). This shows that H*(S) can intersect S even if edge(S) = ¢.

Exercise 8.15

Give an example of Cauchy surface.
Hint: Let M be globally hyperbolic with topology M = S X R, for any ¢ € R, the space-like surface
S, of constant time is a Cauchy surface for the spacetime (see Fig. 51).
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s,

Hypersurface Sy, at t=t4

St
Hypersurface St2 at t=t,

Figure 51 The surface S, of constant time in Minkowski spacetime.

Point removed
p (i.e., singularity)

S

Figure 52 S is not globally hyperbolic.

Exercise 8.16

Give two examples of a spacetime that are not globally hyperbolic.

Hint: (i) Let us consider Minkowski spacetime M with a point removed and S be a closed achronal
subset of M. Then, S is not globally hyperbolic. The point ¢ & D*(S), as there are no causal curves
like 4, intersects S in the past. The event p € D*(S). The points in the boundary of the shaded regions
that do not belong to D*(S) is the Cauchy horizon (see Fig. 52).

(ii) Let us consider Minkowski spacetime M and let p be any point in M. We consider an edgeless
space-like hyper surface £ which lies strictly within /~(p) (see Fig. 53). Here, X is an achronal
surface, however, DY (Z) ends at the light cone. Thus, it is not possible to use the information on X
to predict what will happen throughout M.

An open set U is said to be causally simple if for every compact set K C U, J*(K) and J~(K)
are closed in U.

The spacetime M is said to be causally simple if the causal future and past J*(x) are closed
Vxin M.
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Figure 53 Example of nonglobally hyperbolic spacetime.

<L

Figure 54 y lies strictly on the light cone.

Notation: We say that x — y if x < y but x £< y, i.e., x < y and further y € J*(x) — I (x) (see
Fig. 54).

8.9 Theorem: Let M be a causally simple spacetime and x and y be distinct points of M. Then x — y
if x £< y and Vz, z << x implies z << y.

Proof: Given: x — y and we will show that x £< y and Vz, z << x implies z << y.

Now, x — y implies x < y but x £< y, i.e., y lies on J*(x) but not in I*(x). Let us consider a
point z lying in I~ (x), then z << x (see Fig. 55). Thus, we have z << x < y which implies z << y.
Hence, the proof.

Conversely, if x £< y and Vz, z << x implies z << y, then x — y.

If possible, the above conditions hold good but x +» y.

Consider a point y lying outside the causal future and past of x € M, where M is a causally simple
spacetime. Then

y&Jt(x)UJ (x) (see Fig.56)
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Null curve

Timelike curve
z

Figure 55 One can join z and y through a time-like curve.

I*(y)

1™ (x)
Figure 56 The point y lies outside of the causal future and past of x € M.
Since, M is a causally simple spacetime, y should not be the limit point of I*(x) and I~ (x), i.e.,
y & IF(x) UI-(x).
This implies that y lies in space-like region. Hence, x is not a limit point of I*(y) and I~ (y), i.e.,
X & I+_(y) U I‘_(y)

This indicates that x belongs to the complement of these closed sets. Let us consider an open
neighborhood O of x in this complement and choose a point z € I~ (x) such that

zeonIl (x).
Then definitely,

z¢]+_(y)um,
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(@) i*(p)
(P)S(q)

Figure 57 Reflecting spacetime.

ie.,
2T UI ).
This implies z £< y. But, we have z << x. Thus,
X»y=>z£<Yy,

which is a contradiction to the given condition. Hence, x — y.
A spacetime (M; g,;,) is said to be reflecting if Vp and g € M,

I'(q) SI'(p) & I (p) ST (q) (Fig.57)

Exercise 8.17

Let M be a reflecting spacetime. If p, g € M such that g € I*(p), then show that p € I"(g).
Hint: Let p,g € M such that ¢ € I*(p). Then, ¢ is not chronologically related to p. Since, M is
reflecting,

I*(q) S I*(p) and I (p) € I"(g).

The given condition implies that p is not chronologically related to ¢, therefore, p € I=(g).

8.10 Theorem: Let, there be a point p in a reflecting spacetime M through which a closed time-like
curve is passing. Then, M contains closed time-like curve through every point of M.
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Proof: To prove that M contains a closed time-like curve through every point of M means we have
to show forp € M,

I'p)=I(p) =M.
Now, I'*(p) = I"(p) = M means
x<<p<<x, VxeM.

Suppose, if possible, IT(p) # M. Let us take a point g € 7+(p), then obviously, p € I (@). Since, there
is a closed time-like curve through p, then p << p and, therefore, I'*(p) is an open neighborhood of
p. As a result, there is a point s with

sel*()nI (g)
such that
p<<s<<q.

This implies ¢ € I'*(p), which is a contradiction of the assumption. Hence, I*(p) = M. Similarly,
one can prove I~ (p) = M.
A spacetime M is called future distinguishing if Vx, y € M such that

I'xy=I'y) = x=y.
A spacetime M is called past distinguishing if Vx,y € M such that
IFx)y=I@y)=>x=y.

Generally, one does not imply the other, i.e., M can be future distinguishing but may not past
distinguishing and vice versa. A spacetime M is called distinguishing if Vx, y € M such that

I"(x) = I"(y) and I (x) = I (y) when x = y.

In a spacetime M, an event ¢ € M is said to causally connectible to another event p € M if

qE T (P)UJI(P).
Thus, two events in a given spacetime are causally connected if there exists a causal signal that
connects to each other.

8.4 Causal Function

Let us consider an event in the spacetime M, then one can define the size or volume of the past or
future of that event. Suppose, we consider an arbitrary positive volume element dV on the spacetime
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Figure 58 [*(g) is strictly contained in I (p).

M. Then, total volume of M is equal to unity, i.e.,

/dV= 1.
M

Let x € M and I (x) be the chronological future of x, then the future causal function i* is
defined as

h+(x)=/ dv > 0.
I*(x)

Similarly, one can define past causal function

h-(x):/ dv > 0.
I~ (x)

The values of the causal functions (future or past) are characterized by the size of chronological
futures and pasts, respectively. Let us consider a future-directed time-like curve y with two events
on it in such a way that ¢ lies in the future of p, i.e., p << ¢, then I (¢) is strictly contained in I* (p),
i.e., I"(g) C I (p) (see Fig. 58). Then obviously future causal function A*(p) is decreasing function.
Likewise, past causal function s~ (p) is increasing function.

Note 8.12

Causal functions A*(x) are discontinuous.
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()

I'(y)
Figure 59 [*(y) — I'*(x) contains an open set.

8.11 Theorem: If x,y € M such that I* (x) C I*(y) but I* (x) # I*(y), then h*(x) < h*().

Proof: We know for any nonempty open set N(z)

/’dv>0
N@)

Now,

/ ¢W=/ W—/ dv =t (y) — h* (x).
I*(y)—I*(x) It (y) It (x)

Therefore, we have to show that I*(y) — I (x) has a nonempty open subset. Let z be a point in I (y)
but not in I*(x) (see Fig. 59), i.e.,

zeIt@y) - It (x).
Then, obviously
rore=e,

otherwise, z >> x. However, I7(2) ﬂ1+(y) is nonempty set and open as we have z >> y. Thus,
I"(z) (I () is a nonempty open set contained in IT(y) — I (x).

8.12 Theorem: The spacetime M is chronological if #*(x) is strictly monotone along every time-like
curve.

Proof: Let the spacetime M be chronological and y be a time-like curve in M. We will show that
h*(x) is strictly decreasing along y. Since y is a time-like curve in M, which is chronological, y is
not closed. Hence, for any two points x, y € y such that x << y (see Fig. 60). Hence, I (y) C I (x).
Therefore, by above theorem, At (y) < ht(x).

Conversely, let it (x) be a strictly decreasing function. We will show that the spacetime M is
chronological. If possible, the condition holds good but M is not chronological. Then 3 a closed
time-like curve y in M. Therefore, there are points x, y € y such that x << y and y << x. These give
h*(y) < ht(x) and ht(x) < h*(y), which is impossible. Hence, the spacetime M is chronological.

8.13 Theorem: Let the spacetime M be future (past) distinguishing, then causal function A*
(respectively A7) is injective along all future-(past) directed causal curve.
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Figure 60 [*(y) is strictly contained in I'*(x).

Proof: Since the spacetime M is future distinguishing, then Vx,y € M such that for

x#Fy=>I'0) #£I70).

Suppose x and y are any two distinct points on a future-directed causal curve y € M such that x < y.
Therefore,

') 2 ' (y).

') #1I°0),

therefore,
I"(x) D I (y).

Since for chronological spacetime, A" is strictly monotonic, therefore, this yields
h*(x) > ht(y).

Hence, distinct points in y yield distinct images. Therefore, 4™ is injective along future-directed
causal curve.

8.14 Theorem: Let M be a spacetime such that causal function A% (respectively ™) is injective along
all future-(past) directed causal curve. Then, it (respectively A7) is strictly decreasing (increasing)
along all future-(past) directed causal curves.
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Proof: Let it be injective along a future-directed causal curve y in M. Suppose two distinct points
X,y € y such that x < y. Therefore,

I (x) D I (y).
This yields
h*(x) > h*(y).
Given that 4" is injective, i.e.,
x#y=ntx)# Q).
Hence,
ht(x) > ht ().

In other words, At is strictly decreasing along all future-directed causal curves.

A nonempty subset P of M is said to be a past set if 3 a subset A of M so that I~ (A) = P.

The past set P is said to be indecomposable past set (IP) if it is not possible to express P as the
union of two proper past subsets.

An indecomposable past set P is said to be proper indecomposable past set or PIP if there is
some x € M such that I~ (x) = P, i.e., P is the past of the point x in M.

An indecomposable past set P is said to be terminal indecomposable past set or TIP if an IP
set P is not a PIP, i.e., P is not the past of the point x in M.

The future set and future counter parts of indecomposable future sets, IF, proper
indecomposable future set, PIF, and terminal indecomposable future set, TIF, are defined
similarly.

Note 8.13

According to some authors, a subset P of M is an indecomposable past set if 3 a future-directed
time-like curve y such that I~ (y) = P.

Let M* be a spacetime with boundary of M, then obviously M C M*.

Point x € M is called a regular point if it is expressed by a PIP or PIF.

The points in M* that are not regular points are presented by TIPs or TIFs. These points are
known as the ideal or causal boundary points of M.

Result: Let y be a future-directed time-like curve. Then, P = I~ (y) is a PIP if y has a future end
point. Again, P = I"(y) is a TIP if y is future inextendible without a future end point.
The above result was proved by Geroch, Kronheimer, and Penrose in 1972.

8.15 Theorem: Let y be a future-directed time-like curve in a distinguishing spacetime M. Then,
I~(y) is a PIP if A~ attains its maximum value along y.
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Figure 61 For future-directed time-like curve y with a future end point p, I"(y) = I~ (p).

i* (future time-like infinity)

i°(spatial infinity)
TIP represents at the point p

i (Past time-like infinity)

Figure 62 The shaded region in figure is the TIP representing the point p.

Proof: Let y be a future-directed time-like curve and I~ (y) is a PIP. Then, by above result, y has a
future end point p (see Fig. 61). Then, obviously

I(y) =1I(p).

As M is distinguishing, &~ is strictly increasing along y. This implies y possesses a maximum value
at the future end point p.

On the other hand, suppose 4~ has a maximum at some p € y, which is not future end point.
Then, 3 g € y such that p << g. We know A~ is strictly increasing, therefore, this indicates

h=(q) > h™(p).

It contradicts the assumption that 4~ has a maximum at p. Hence, p € y is the future end point.

8.16 Theorem: Let y be a future-directed time-like curve in a distinguishing spacetime M. Then
I~ (y) is a PIP if A attains its minimum value along y.

The ideal points or boundary points in M* — M may be the points at infinity and singularities,
which are characterized by TIPs and TIFs of spacetime.

A TIP is said to be nonsingular if 3 a time-like curve of infinite length.

The ideal points that are nonsingular are known as singularities of spacetime.

A future (past) ideal point in M* defined by a TIP, say I~ (y) (a TIF say I (4)) is called a future
(past) 0-ideal point if 4™ (respectively A~) converges to 0 along the curve.

Also, x will be called a future (past) k-ideal point if 4+ (respectively h~) converges to k with
0 < k < 1 along y (respectively A).
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In Minkowski space, let p be a point on I*. The shaded region in Fig. 62 is the TIP representing
the point p. In fact, the whole space, i.e., M is itself a TIP and also a TIF representing the points i*
and i~. Actually, all the boundary points of Minkowski space, except i, can be represented as TIPs
or TIFs.

A spacetime is said to be asymptotically flat if its metric tends to Minkowski metric at large
distance from the physical system. The Schwarzschild and Reissner—Nordstrom solutions are the
examples of asymptotically flat spacetime. There is no difference between the conformal structure
of null infinity in these spaces with Minkowski spacetime.

A spacetime (M, g) is known as asymptotically simple and empty if there exists a strongly
causal spacetime (M,ga,,) and has properties given below:

(1) M has an open submanifold M with a nonempty boundary dM (one can assume M =
MU oM).

(2) There exists a smooth function Q : M — R such that

M = {p € M such that Q(p) > 0},0M = {p € M such that Q(p) = 0},
dQ # 0 everywhere on OM and g = Q*g on M.

(3) All null geodesics in M contain two end points (past and future) on oM.
(4) There is an open neighborhood U of dM such that R, = 0 on UN M.

Asymptotic simplicity is the base of the infinity in asymptotically flat spacetimes as well as
spacetimes with other asymptotic structures. Asymptotically simple and empty spacetime has a
boundary that has similar properties of infinity in Minkowski spacetime. The boundary oM of
asymptotically simple and empty space is a null surface and consists of two connected components
J* and J~ that are null. Each null geodesic in (M, g) has past and future end point on /= and I*,
respectively.

Existence of Geodesics

For a complete Riemannian manifold possessing positive definite metric, any two points can be
linked by a geodesic of minimum length. This geodesic may not be unique. The same result can be
stated for Lorentzian metrics:

8.17 Theorem: Let (M, g,,) be globally hyperbolic spacetime. Suppose two events are causally
related p, ¢ € M such that p < ¢g. Then 3 a nonspace-like (causal) geodesic from p to ¢ whose length
is greater than or equal to that of any other future-directed causal curve from p to q.

In a globally hyperbolic spacetime with a Cauchy surface S, let a point p € I(S). Then 3 a
time-like geodesics-like y (see Fig. 63) orthogonal to S, which is greater than the lengths of all
nonspace-like(causal) curves from p to S.
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S

Figure 63 The time-like geodesics y from p.

Note 8.13

For all complete Riemannian manifolds possessing positive definite metrics, the minimal length
result holds.







CHAPTER

9 Exact Solutions of Einstein Equations
and Their Causal Structures

9.1 Minkowski Spacetime

Exact solutions of Einstein equations mean that the spacetime metric, which satisfies the Einstein
field equations with stress-energy tensor 7,

1 8rG
Ry, = EgabR + Agab = c_4Tab'

Now, we will study the causal structures of some exact solutions of Einstein field equations.
The most simple empty spacetime in general theory of relativity is Minkowski spacetime. This
is actually the spacetime in special theory of relativity. Using the natural coordinates (x',x%,x°,x*%)

on R* = M (M = manifold), one can express the metric in the form
ds* = (dx*)? — (dx")?* = (dx*)* — (dxX)?, ©.1)

with the range of coordinates as —co < x',x2,x3,x* < co. In this spacetime, all the components of

Riemann tensor R;kl = 0, therefore, it is a flat spacetime. The vector ﬁ offers a time orientation of
this spacetime.
For the choice of spherical polar coordinates (¢, r, 8, ¢), where

X =1x> =rcosf,x* = rsinf cos ¢,x' = rsin@sin ¢,
the metric assumes the following form,

ds* = d* —dr* — r* (d6* + sin® 0d¢?) . (9.2)
In these new coordinate system the ranges are

—00<t<00,0<r<om,0<l0<zmand0 < ¢ <2x.

Here all the Christoffel symbols F;k will not all vanish. However, due to flat spacetime, all the
Riemann curvature components will vanish.

To know the structure of infinity in Minkowski spacetime is our next target. For this, we use the
interesting representation of this spacetime proposed by Roger Penrose.

219
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A two-dimensional diagram of the spacetime where the causal relations and infinity structure
are depicted through the use of conformal transformations is known as the Penrose diagram. They
are also called the conformal diagram.

Actually conformal is a methodological word related to the rescaling of size. The light cones
could not be changed under conformal transformation. The metric on a Penrose diagram and the
actual metric in spacetime are conformally equivalent. The conformal factor is selected in such a
way that the whole infinite spacetime is converted into a finite size in the Penrose diagram.

Result: If any two metrics G and g are chosen from the same manifold M such that they are connected
by a positive definite conformal factor Q2(x) as

Gydx'dy = Q°(x)g;dx'dy,

then the null geodesics with respect to the metric G are the same to the null geodesics with respect
to the metric g and vice-versa.

In the metric (9.2), we choose an alternative coordinate system on v, w, 8, ¢ defined by the
advanced and retarded null coordinate given by

v=t+rw=t—r,0=0,¢=d¢.

This actually provides a reference frame based on null cones. Here definitely v > w.
Using this transformations, the metric (9.2) converts into,

ds* = dvdw — %(v —w)? (d6* + sin® 0d¢?) , 9.3)

where —co < w < 00 and — 00 < v < 0.
Here, the coefficients of dv? and dw? are zero. This indicates that the surfaces (v = constant),
(w = constant) are null. Here obviously

ab __ _ ab
W;aW;b 8§ = 0= V;aV;b 8-

One can consider the null coordinate v(w) as an incoming (outgoing) spherical waves, which moves
with the same speed of light. They are actually advanced (retarded) time coordinate. The intersection
between two surfaces (v = constant and w = constant) is a two sphere.

The future null infinity corresponds to v — oo can be attained by moving along w =constant
light cones (see Fig. 64). Likewise, past null infinity corresponds to w — oo can be attained by
moving along v =constant light cones.

If we plot (¢,r) and (v,w) in a single origin, then v, w axes are new axes due to rotation (see
Fig. 65).

Our target was to bring infinity to a finite coordinate value. For this, we define new null
coordinate in which the infinities of v, w have been transformed to finite values. Now, to confine
the Minkowski spacetime into a finite region, we take a conformal transformation
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Figure 64 Null coordinate v(w) can be regarded as an incoming (outgoing) spherical wave.
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Or, equivalently, we take new null coordinates (p, g) to transform the infinities of v, w to finite values

as

tanp = v,tang = w.

Now, the ranges of these new coordinates are

Now the metric (9.3) transforms to the following form

r
2

T
<p<=,

T

2 2

<q<%and(p2q).

ds? = sec’ p sec’ g [dpdq - %sinz(p — q) (d6? + sin’ 9d¢2)] . 9.4)
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Therefore, the Minkowski metric is conformally connected to the metric ds® (ds®> = de§2) given by

ds* = 4dpdq — sin’(p — q)(d6* + sin” 0d¢?).
Here, the conformal factor is

Q? = i(l +wh(l +1) = %seezpsec2 q.

Now, we define another transformations to reduce (9.5) to a simple form
!=p+q, 7"=p-gq
where the coordinate ranges
—a<t+rV <n, —a<t -V <=, ¥ >0.
Then (9.5) will take the following form in (¢, ¥/, 8, ¢) coordinates
ds* = df’* — dr'* — sin® ¥/ (d6* + sin® 0d¢p?).

Thus, in (7, 7, 6, ¢) coordinates the whole Minkowski spacetime is expressed as

2

’ ;
ds* = i sec? (t + 7 ) sec? (%) [df’> — dr'* — sin® /' (d6* + sin® Od?)].

Thus, ultimately, the coordinates ¢z, r are connected to ¢, 7 by

_ r+7 ? -7
2t—tan< > >+tan< 5 >,
2r = tan <ﬂ> —tan<u>.

2 2

9.5)

(9.6)

9.7

(9.8)

9.9)

(9.10)

The metric (9.7), i.e., ds* metric on four-dimensional cylinder S3 x R!, which is the Einstein
static universe. However, coordinates range are restricted by Eq. (9.6). Thus, the whole Minkowski
spacetime is conformal to the region of Einstein static universe restricted by Eq. (9.6). Hence, the
boundary of this restricted region (on the cylinder) characterizes the conformal structure of infinity
of Minkowski spacetime. The consequence of this result indicates that we can describe infinity
of Minkowski spacetime. Figure 66 indicates that the restricted Einstein static universe, i.e., the
restricted cylinder can be decomposed into various components: (i) lower vertex point i~, known as

past time-like infinity and specified by the coordinates,

b3 b3
¥=0,{=-rnorp=-=,q=-=,

2 2
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Figure 66 Einstein static cylinder can be decomposed into various components.

(ii) the three-dimensional surface J~, known as past null infinity and specified by the
coordinates,

t’=—ﬂ+r’f0r0<7’<7rorq=—%,
(iii) the point i%, known as spatial infinity and specified by the coordinates,

PV=xt=00rp= ,q=—%,

N

(iv) the three-dimensional surface J*, known as future null infinity and specified by the
coordinates,

t’=ﬂ—r/f0r0</<7rorp=%,
(v) upper vertex point i*, known as future time-like infinity and specified by the coordinates,

¥ =0, t’:norp:%,q:

N_I 3

The coordinate transformations (9.9) and (9.10) indicate that one can have a mapping

h: My, — Mpgy = RX S,

that inserts the whole of Minkowski space into a finite volume region of the Einstein Static universe,
which is isomorphic to R x S3. Actually, the image of Minkowski space through the ~-mapping:

(M) C R X S3.
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The comparison of the ranges of the coordinates (¢, 7, 8, ¢) between Minkowski space and R x S°
are as follows:

Minkowski space ©: —x <t +7V <n, —n<t{—-"V <x, 0<0<n7, 0<¢<2n.

RxS: —c0o<l <00, 0</ <7, 0<0<7 0<¢<2n.

The conformal diagram for Minkowski spacetime has many important features:

(a) All time-like geodesics in Minkowski spacetime are originating from i~ (past time-like
infinity, i.e., far away in time to the past) and ending at i* (future time-like infinity, i.e.,
far away in time to the future).

(b) All space-like geodesics in Minkowski spacetime originate and end at i® (spatial infinity,
i.e., far away in distance).

(c) All null geodesics in Minkowski spacetime originate from J ~ (past null infinity) and end
at J* (future null infinity).

Clearly Minkowski spacetime, M is bounded by the infinities J* and J ~ and the points i, i*,
and i°. Thus, the boundary of the Minkowski spacetime dM is comprised into the following parts

oM="Pvuiuitudtud-

The Minkowski spacetime representing the restricted cylinder could be dissected at the point
i® and will be developed on a plane. This typical form of the plane can be used to represent the
conformal Minkowski world. This is well-known Penrose diagram. Now, we describe the conformal
structure of infinity through the diagram in (¢, /) plane (see Fig. 67).

q=constant
Space-like i (p=39=%)

) &
geodesic e
&

time

Surface (t=constant)

J (r=c0, t=-c0)

Null geodesic

v

space

Figure 67 Diagram of Minkowski spacetime in (¢, #') plane.
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+ Time-like
~— geodesic

Figure 68 Any point can be causally connected with future time-like infinity.

In the Penrose diagram, one can see that any point can be causally connected with future time-like
infinity (see Fig. 68).
Finally, we express whole Minkowski spacetime in a small region.

9.2 de Sitter Spacetime

Similar to Minkowski space, a de Sitter space is the spacetime of a sphere in ordinary Euclidean
space. It is maximally symmetric and simply connected and has constant positive curvature. Willem
de Sitter (1872—1934) discovered this spacetime and, therefore, it is named after him. de Sitter space
is demarcated as a submanifold of a Minkowski space of one extra dimension and described by the
hyperboloid of one sheet,

Voo 2=

Here, the nonzero constant « has the same dimension of length.

The isometry group of four-dimensional de Sitter space is the Lorentz group O(1,3) and
the metric has 10 independent Killing vector fields. As de Sitter space is maximally symmetric,
therefore, it has constant curvature. The de Sitter metric of constant curvature is locally described as

1
Rabcd = ; [gac 8bd ~ 8ad gbc]'

In de Sitter space, the Ricci tensor and the given metric are proportional to each other, i.e.,

3
Rab = ) 8ab-
a

This indicates that the de Sitter space is nothing but a vacuum solution of Einstein’s field equation
in presence of cosmological constant where
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The Ricci scalar in de Sitter space is obtained as

R =4A.

a?

The above result can be found from the vanishing of Weyl tensor as

C

abc

1
=0=R_, — —Rg,.
d ab 4 8ab

This indicates that the Riemann tensor can be found from the Ricci scalar R alone. After contracting
Bianchi identities, one can find that R is a constant through spacetime. This spacetime is actually
homogeneous. From the above equation, one can write the Einstein tensor as

1 1
Gab = Rab - iRgab = _ZRgab'

This yields the spacetime as solutions of the field equations for an empty space with A = iR.

The space of constant curvature with R = 0 corresponds to Minkowski spacetime.

The space with R > 0 is known as de Sitter spacetime possessing the topology R' x S3. The
de Sitter spacetime is represented by hyperboloid imbedded in a five-dimensional flat space with
metric

ds® = dv? — dw? — dx* — dy* — dZ*.
By introducing new coordinates (¢, y, €, ¢) on the hyperboloid by the relations
asinh <£> =v
a
t
acosh <—> cosy =w,
a
acosh (£> sinycosf = x,
a
acosh <£> sinysinfcosgp =y,
a
acosh <£> sinysinfsing = z,
a
the above metric transforms to

ds® = d* — a*cosh* <£) {d)(2 + sin*y (d02 + sin29d¢2) }
a

This spacetime has some trivial singularities namely, at y = 0, y = z, and 8 = 0,6 = x. Except
these trivial singularities, the ranges of the coordinates that cover the entire space are

—0<t<oo, 0K y<n 050<n7 0<¢<2r.
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Geodesic normals
Minimum t=o0

distance
between geodesic
normals

Surfaces of constant time t.

. X increases
X increases

Figure 69 The image of de Sitter spacetime. This is a hyperboloid embedded in a flat
five-dimensional spacetime given by general coordinates (¢, y, 6, ¢).

For the above coordinates, de Sitter spacetime looks like a three-sphere (S*) of constant positive
curvature for the spatial sections ¢ = constant. The surfaces ¢ = constant are actually Cauchy surfaces.
There geodesic normal lines start out infinitely large at t = —oo and shrink gradually to a lowest
spatial separation, i.e., to a smallest fixed size at t = 0, after that expands again to infinite size as
t — oo (see Fig. 69).

It is interesting to study the infinity in de Sitter spacetime and for that we have to define a new
time coordinate ¢

Now, one can change the time variable with the conformal time as

! =2 tan! (exp(é)) - %n’

or
tan é =tanh<i>,
2 2a
where
ZLar<l
2 2°

Finally, one can get a metric conformally equivalent to Einstein static universe as

t—=2
ds?* = a’cosh*>—ds ,
a

where
ds* = df’* — dr'’® — sin®*¢ (d6* + sin*0d¢?).
Thus the de Sitter spacetime is conformal to part of the Einstein static universe (see Fig. 70) with

the conformal factor

Q1) = azcoshzi.
a
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Figure 71 Past infinity (/) and future infinity (I*), which are S* sphere.

Here, we identify ' = y. Thus, the de Sitter space is conformally related with the Einstein static
universe to the restricted region bounded by —% << %

The de Sitter space has past infinity (/~) and future infinity (), which are S* spheres (see Fig. 71)
and in contrast to Minkowski space, these infinities have space-like character. This new property is
responsible for the existence of both particle and event horizons for geodesic of observers in de Sitter
spacetime.

Note that the normal vector defined as

v
n' =g"Q .,

is time-like (where g, is the fundamental tensor of de Sitter space).

In de Sitter spacetime, all the time-like geodesics must begin from the space-like infinity /- and
end at the space-like infinity I'*.

Let O be an observer whose world line is y as shown in Fig. 72. Let p be any point on y. Then
the observer O can observe the set of events, which lie on I”(p), i.e., events in the past null cone of p
at that time. Thus, the observer O can see the world lines of some particles, which intersect this null
cone I~ (p) but he cannot see the particles whose world lines don’t intersect this null cone. Hence,
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O’s world line

particle not yet )
observed by O at p particle has been
observed by O at p

particle horizon at p.
particle world line P

- past light cone of O

Figure 72 Particle horizon.

Observer’s world line

Particles world line

Past light cone at p

Figure 73 1In Minkowski spacetime all the particles are seen at any event p on O’s world.

there is a sharp partition into those seen by O at p and those are not observed by O at p. This partition
is said to be particle horizon for the observer O at the event p (see Fig. 72).

Actually, particle horizon is the limit of O’s vision, i.e., it represents the boundary between
the observable and the unobservable particles. However, for Minkowski space /I~ is null and all
the particles are seen at any event p on O’s world line if they move on time-like geodesics
(see Fig. 73).

Now we consider the observer O at F on I'*, then the past light cone I~ (F) of O at F is called the
future event horizon of O. This is actually a boundary between events, which can be seen in some
time by O and those that will never be seen by O. Hence, events outside this boundary cannot be
observable by O. Future event horizon is the borderline of the past of the observer world line. But
for Minkowski space (here, I” is null), the limiting null cone of any observer moving on a time-like
geodesic will see eventually the whole spacetime, i.e., no events to be unseen. In other words, the
observer O does not possess an event horizon. On the other hand, for an accelerating observer R in
Minkowski space may have future event horizon (see Fig. 74). Note that these types of event horizon
in Minkowski space depend on the observers, i.e., it is observer-dependent event horizon.

As we see that there is a limit to O’s world line on I', similarly, there is a limit to O’s world line
on I~. In de Sitter space, the future null cone of the point S is a boundary between events, which can
be seen in some time by O and those that will never be observed by O. This surface is known as past
event horizon.

Let world line of O begin at S on I~ and end at F on I*. We draw light cones at S and F, which
represent past and future event horizons, respectively (see Fig. 75).
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Non-geodesic observer R’s world line

Future event horizon

events which

Y O’s world line
will never be seen

by O O’s future null cone at p
O’s past even horizon
(light cone)
O’s future

event horizon O’s past null cone at p

Figure 75 Future and past event horizons.

9.3 Anti-de Sitter Space

Anti-de Sitter space is suitably determined as a quadric in a five-dimensional flat spacetime with
signature (2, 3), i.e., the coordinate points (x, y, z, v, w) follow the relation

=y -2+t =1. 9.11)

It has the topology S! X R? and the Lorentzian metric induced from the metric on the five-dimensional
flat spacetime is given by

ds? = dv? + dw? — dx* — dy* — dZ%.

It is evident that anti-de Sitter spacetime is conformally flat and in this spacetime, the Ricci scalar
is a negative constant throughout the spacetime. Let us take the following transformation as

v=Rcost, w=Rsint,
then Eq. (9.11) takes the form as

- -y -Z+R =1
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The metric on the five-dimensional spacetime becomes
ds* = —dx* — dy* — dz* + dR* + R*dr. 9.12)
Now, we consider another transformation by
R=1+/1+p%
Again substitute the coordinates (x, y, z) by
x=pcosf, y=psinfcos¢, z= psin@ sin¢.

The induced metric assumes the following form as

2d2
ds® = —dp? — p (d6” + sin® 6dg?) + 222
s p p( sin (j)) T3 2

+ (1 4+ p*)dr

dp’ 2 2 .2 2
— df” + sin” 6d.

= (1 + p>dr* — 1
dp?
= (14 pHdi* — —— — p*dQ’.
(I+p7) T+ 7 p
The transformation p = sinh r yields the line element as

ds* = cosh*rd?® — dr* — sinh’r (d02 + sin29d¢2). 9.13)

The whole space can be covered by the surfaces ¢ = constant, which have nongeodesic normals.

The metric

ds* = Peosh®(r/Ddf* — dr* — Psinh®(r/1) (d6* + sin*0d¢*),
is solution to the Einstein equations with cosmological constant, where

3
-5

Here the time-like coordinate 7 is an angular coordinate, which is restricted by the interval t € ] —
7, 7 [. This indicates that anti-de Sitter spacetime is a spacetime possessing closed time-like curves.
Here, half of the hyperboloid is covered by these coordinates, therefore, to cover all of anti-de Sitter
spacetime we should consider two portions > 0 and r < 0. Therefore, the time-like coordinate 7 is
restricted by the interval t € | — %, % [ to cover only half of the hyperboloid.
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To know the structure at infinity, one can use the following transformation

/ — 2t -1 o l
r an~ (e') >
or
tan =tanh§, 0</r <% (9.14)
Then one can get,
ds* = cosh? rdEz,
where ds” is given by
d5° = di? — dr’® — sin /' (d6? + sin® 0dgp? ). (9.15)

This implies once again that the whole anti-de Sitter space is expected to be conform to the part
of Einstein static universe. The region of Einstein static universe is restricted by 0 < 7/ < %
The Penrose diagram of universal anti-de Sitter space is actually the one half of the Einstein static
universe. Here, null and space-like infinity can be considered as a time-like surface possessing the
topology R' x S2. Usually it is not possible to get conformal transformation that transform the
time-like infinity to finite without pocketing the Einstein static universe to a point, therefore, one
can symbolize the time-like infinity by the two distinct points i, i~. Thus, the infinity comprises
of the time-like surface I with two distinct points i*,i~. The projection of some time-like and null
geodesics is shown in Fig. 76. All the geodesic normals from ¢ = O converge at p and g. All the
time-like geodesics start from p and end at g without reaching the time-like surface 7, however,
future null geodesics from p will reach 1.

Future time-like infinity
o+

> |

> Time-like geodesic from p

Co-ordinate singularity r' = 0

> Null geodesic from p

Past time-like infinity

Figure 76 Penrose diagram in anti-de Sitter space.
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9.4 Robertson-Walker Spaces

The universe appears to be homogeneous and isotropic (i.e., matter content is uniformly distributed
and looks qualitatively the same in all direction) around us at sufficiently large scales (more than a
100 million light years or so). That is on this large scale the density of galaxies is roughly the same
and all directions from us seem to be alike. Walker has shown that if all points and all directions
of the universe are same (i.e., for exact spherically symmetry about all point), then the universe is
spatially homogeneous and admits six isometries whose surfaces of transitivity are three-spaces of
constant curvature, which are space-like. This space is known as Robertson—-Walker space.

(A displacement of the type for which the displaced space is indistinguishable from its original
states known as isometry.)

Under certain conditions Robertson—Walker space can be transformed into Minkowski space, de
Sitter, anti-de Sitter spaces.

Robertson—Walker spacetimes are foliated by the three-dimensional hypersurfaces X of constant
curvature. The one-parameter family of constant curvature three-spaces S are characterized by the
time coordinate r = constant. For this structure, the metric of a general Robertson—Walker spacetime
can be written in the form

ds* = d* — S*(t)do?, 9.16)

where do? is the metric of a three space of constant curvature is independent of time. In Chapter
Eleven, the deduction of the Robertson—Walker metric is given.

The geometry of these three spaces may have only three types and characterized by a parameter
k, which is the sign of their curvature and actually they are three spaces of constant positive, zero,
or negative curvature. The three-dimensional space is flat spacetime when k = 0, a three-sphere S°
when k = +1, and a hyperbolic three-space H* when k = —1.

Also, general Robertson—Walker spacetime can be written (by alternative coordinate
parametrizations of the three-spaces of constant curvature) as

dr?

1 —kr?

ds® = d* — $*(1) + r(d6? + sin® 0d¢?) |, 9.17)

Now, after rescaling the function S, we can normalize this curvature ktobe 1, 0, or —1. According
to k, we can categorize three possibilities:

k = 0: This case corresponds to a flat space and replacing r by y in (9.17), metric (do?) of the
three-spaces of constant curvature takes the form

do? = dy* + y*(d6* + sin® 0 dg?),

k = +1: This represents a three-space of constant positive curvature, which is a three-sphere S* and
using r = sin y in (9.17), the metric do? takes the form

do? = dy? + sin® y(d6® + sin® 0 d¢p?).
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k = —1: This characterizes a hyperbolic three-space H*> and known as Lobatchevski space of constant
negative curvature and using » = sinh y in (9.17), the metric do* assumes the form

do® = dy? + sinh® y(d6> + sin® 6 d¢?).

The above spherically symmetric forms of constant curvature three-spaces appear remarkably
similar and simple and is written in a more compacted form as

do® = dy® + f(x)(d0* + sin® 0 dp?),
where

JGo) =siny, ifk=1
=X, ifk=0
=sinh y, ifk = -1

Here, the ranges of y are different for different £

¥ €[0,0) fork=0, —1,
x €1[0,7] fork=1.

To develop a homogeneous and isotropic model of the universe, i.e., to get the Robertson—Walker
solutions one needs the perfect fluid energy-momentum tensor whose density u and pressure p
depend on time coordinate ‘" only. Here the flow lines are the curves with (y, 0, ¢) = constant
(i.e., coordinates are comoving).

The flow lines of fluids or history of photons are represented by a families of time-like or null

curves. These families produce some influence on the spacetime curvature. Here, the perfect fluid
energy-momentum tensor is taken as

T = (u+ p)V*V’ - pg®,

where, V* is the four-velocity of the fluid as measured in some observer’s local inertial frame.
The Raychaudhuri equation is

do 1 .
o= —R,V*V? 4 2w* — 267 — 392 + Ve,

where volume expansion,

. 1
o=V = 0,0, 8, = expansion tensor; o, = 0, — ghaba = shear tensor,
w,, = vorticity tensor, hy =6, + V'V, s = affine parameter,

Vi = Vf‘be is the acceleration of the flow lines.
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Now the conservation equation in these spaces yields

i = =3 +p)§. 9.18)

The Raychaudhuri equation takes the form

On(u+3p)— A= —3%. (9.19)
The Einstein field equation for the metric (9.17) gives

o 8(uS
352 = %H\SZ—%

We see that if A = 0, then (9.19) implies that S is not constant. In other words, the universe is either
expanding or contracting. (Hubble confirmed that universe is expanding in present time). Also (9.18)
implies that the density is decreasing with the expansion of the universe and as a consequence, we
can predict that the density was greater in the earlier and growing indeterminately as S — 0. This
singularity (known as big-bang singularity) is the utmost remarkable feature of Robertson—Walker
solutions. For the dust case (i.e. p = 0 and A = 0), the solutions of the above equations can be

written in terms of 7 where % = % as [details is given in Chapter Eleven]

S = g(coshr -1, t= g(sinhr —1) for k=-1,
S=17%, t= %73 for k=0,
S = _TE(l_COST)’ t= _S—E(T—Sinr) for k=1.

Here, E is a constant.

9.5 Penrose Diagrams of Robertson-Walker Spacetime for the
Dust Case

Let us define a new coordinate = using the transformation as

dr 1

dt — S®’
then Robertson—Walker metric is expressed as

ds* = $%(v) [de* — dy* — f(x)(d0* + sin” 0 dp?)]. (9.20)

Casel: k=1,f({y)=siny
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(\

Figure 77 Robertson—Walker spacetime for k = 1 is mapped into the region in the Einstein
static universe.

I*(t=n)
7' Surfaces (t=constant)
World line of the particles
> X =7 (Co-ordinate singularity)
I~ (T=0)

X= 0(Co-ordinate singularity)
Figure 78 Past infinity (/) and future infinity (I*) in Robertson-Walker spacetime
fork =1.
(9.20) implies ds® = S?(r)ds*> where
d5? = di'” — dr'” — sin® 1 (d6? + sin® 0 dep?),
which is (putting 7 = ¢!, y = r') Einstein static space.

Here, 7 lies in the range 0 < 7 < z, so the whole space is mapped into this region in the Einstein
static universe (see Figs. 77 and 78).

Casell: k=0, )=y
Here, the Robertson—Walker space is conformal to the Minkowski flat space as,

ds? = di'> — d® — *(d6? + sin? 0d¢?),

[here, t=1'; r= xl

The actual space can be fixed by the values taken by 7. Here 0 < 7 < oo0. So, Robertson—Walker
space is conformal to the half (! > 0) of the Minkowski spacetime.
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i* (future time-like infinity)

\\\ gjﬁjr:eo?’:ull infinity
AN

AR
1Y

iO
t=0
(past null infinity)

Figure 79 Penrose diagram of Robertson—Walker spacetime for k = —1.

CaseIll: k = —1,f(y) =sinh y
In this case, Robertson—Walker space is conformal to the part of the region of the Einstein static
space. Let us assume the following transformations
1 -1 1 —1 1
' =tan [tanh E(T + )()] + tan [tanh E(T — ;()] R
1 -1 1 -1 1
r = tan [tanh E(T + ;()] — tan [tanh E(T - ;()].

Here the region of the Einstein static space is bounded by

1 1,1
——n <t +r <
2

NN N

1 1_ 1
——nz <t —-r <
2

Depending on the range of 7, this is the part of diamond-shaped region. Here, the space is mapped
into the upper half (see Fig. 79).

Thus, we have seen that Robertson—Walker space with three different three-spaces of different
constant curvatures are conformally related to some regions of Einstein static space.

9.6 Spatially Homogeneous Cosmological Models

The spatially homogeneous spacetime possesses group of isometries and weakest are those in which
the group of isometrics is Abelian. According to Bianchi classifications, this spacetime is known as
Bianchi - I space.

The metric for the spatially homogeneous spacetime possessing abelian isometry assumes the
following form for the comoving coordinate (¢, x, y, 7) is

ds* = di* = X2(H)dx? — Y2(1)dy* — ZX(1)dZ>.

Here, X, Y, Z are scale factors along x, y, and z directions.
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Let us assume, for simplicity, that the matter content is a pressureless perfect fluid, i.e., dust.
The Einstein field equations take the following forms

X+;Z+Y_Z—O
Y Z YZ 7
Z+X+X_Z_0
Z X Xz 7
X+X+X_Y—()
X Y Xy 7
XV, ¥Z 2K _
XY YZ ZX
Conservation equation yields
S
+3=p=0,
p+35p

where, we define S = (XYZ)é as average scale factor. Conservation equation yields the density of

matter as

where M is a suitable constant.
The solutions of the above field equations can be obtained as,

2\ 2sina 2 2sin(a+%ﬂ)
x=s(Z . y=s(Z »
R S WY ’

2\ 2sin(a+in)
3 - 3 9
7 = — : = =M1t ,
S(S) ;S > (t+a)

where a and a are constants.
Here a > 0 determines the amount of the anisotropy and a(—ézr <a< %ﬂ') decides the direction

in which the most rapid expansion takes place. For a = 0, the space will be isotropic, which is

Einstein—de Sitter universe.
The average rate of expansion can be obtained as

2 143
T3t t+a

s
S
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The expansion in x, y, and z directions are given by

a(1+2sin a)
X_20775
X 3t t+a
. a{l+2 sin(a+§7t)}
Y 2 5
Y 3t t+a ’
. a{l+2 sin(a+§7r)}
V4 2 5
Z 3t t+a '

If a # g then —1 + 2sin(a + ‘3—‘7:) will be negative, then universe collapses along z direction,
whereas in x and y directions the universe expands monotonically at all times.
Now consider the case a = g Then metric coefficients assume the following forms as

W=

X(t) = z{;M(Ha)}_’ - Y0 = Z0) = {gM(Ha)}§ .

Following Hawking and Ellis, one can choose new coordinates 7, # such that

t
tanh(z_X):E’ exp i/ i 2,[2_’12.
oMa) = 7 oM J, X

Here, the whole space (¢ > 0) is mapped into region Q defined by

>0, 72—n2>0.

Here #(z, ) > 0 will be known from

2(t+
- = thzexp ( a)‘
2 a

The (z, 7) plane is shown in region Q, which is bounded by the surfaces t = 0 (see Fig. 80). For this
space, the world lines of particles are straight lines starting from origin and then diverge.
t=0:>12=172:11=ir,
t= constant = 1> —n*> = constant = hyperbola,
X = constant => i = constant,
T

= n = constant.t.

= straight line passing through origin.
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C
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t=0 1

(singularity)

Figure 80 Dust-filled Bianchi-I model in = — 5 plane.

9.7 Schwarzschild Solutions

The most interesting general spherically symmetric static vacuum solution of the Einstein field
equations is the Schwarzschild solution. The Schwarzschild solution, i.e., the Schwarzschild metric
describes the Schwarzschild black hole. It defines the gravitational field in the outer region of a
spherical mass. The Schwarzschild line element is written as

ds® = (1 - 2-’") i — 1i — 2(d6 + sin? 0 dop?), 9.21)

r 2m
.

M
where m = 4.

2
Karl Schwarzschild found this exact static spherically symmetric vacuum solutions of the
Einstein field equations in 1915 while fighting during World War I in favor of Germany. To show
honor, this solution is dubbed as The Schwarzschild solution. The coordinate r is a radial parameter,
which has the property that the surface area of the two-sphere (¢ = constant, r = constant) is 477>
There are two values of coordinates for which the solution has singularities. A singularity at

r = 0 is an essential singularity, whereas singularity at

_2GM

r=2m > (known as Schwarzschild radius)
c

is dubbed as coordinate singularity. Here, the Kretschmann scalar

. 48m?
RabcdRade = }"6 >

which is finite at » = 2m but at » = 0 it blows up. Thus, singularity at » = 0 is irremovable, and thus,
it is an essential singularity.

[Coordinate singularity is a place where geometry cannot be described properly and it is not
essential, i.e., it can be uninvolved by a suitable choice of coordinate system.]

Note that coefficient of df?, i.e., g, = 0 yields infinite redshift. Here g, vanishes at r = 2m,
therefore, the surface r = 2m is the surface of infinite redshift. Also note that r = 2m is a null
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hypersurface, which splits the spacetime into two disconnected regions:
L 2m<r<oo, II.0O<r<2m

The region for r > 2m represents the external field, whereas usual 7 is time-like and r is space-like,
however, in the region 0 < r < 2m, the role of » and ¢ will be reversed, i.e., here, r is time-like and ¢
is space-like. Thus, topological behavior of Schwarzschild solution is not Euclidean.

9.8 Null Curves in Schwarzschild Spacetime

In Schwarzschild geometry, we see that r = 2m is a problematic radius. Here, the metric becomes
singular at r = 2m. Therefore, it is expected that Schwarzschild solution is not appropriate for
investigating the physics in the region r < 2m. However, this singular behavior has been occurred
due to choice of bad coordinates. To know better the characteristic of the Schwarzschild geometry,
it is essential to look after its casual structure, i.e., the light cones.

Now we consider radial null curves (ds’> = 0) in the planes § = constant and ¢ = constant.
Hence, we have

dsz=0=(1—27m>dtz—<l—27m)_]drz.

This implies,

dt 2m

d_e(-2m) 9.22)

Integrating the above integral, we get (taking positive sign)
t=r+2mln|r— 2m| + constant. (9.23)

We note that for r > 2m, Z—; > 0. This indicates r is increasing with . This radial null geodesic is
outgoing (see Fig. 81).
For negative sign, the above integral yields

t=—(r+2mln|r—2m| + constant). 9.24)

This radial null geodesic is ingoing (see Fig. 81).

We consider the light cones in (7, t) plane. Note that Z—; signifies the slope of the light cones at a
given value of r. For r - oo, ;l—i = =+1, i.e., slope is 1 as in Minkowski space or flat space. When
one approaches to » = 2m, one will get
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Ingoing null congruence

Singularity <

Outgoing null
congruence

r=0 r=2m

Figure 81 Outgoing and ingoing radial null geodesics.

t

2m s
Figure82 If we go toward r = 2m, the light cones become thinner and thinner and

ultimately collapse entirely.

This indicates when we approach to Schwarzschild radius the light cones close up. Here coordinate
velocity approaches to zero at r = 2m, i.e., coordinate velocity in the r direction is gradually
diminished with respect to the coordinate time ¢. As a result, the casual structure of the Schwarzschild
geometry in Schwarzschild coordinate (r, f) indicates that as we are approaching r = 2m, the light
cones become thinner and thinner and ultimately collapse totally (see Fig. 82).

9.9 Time-like Geodesics in Schwarzschild Spacetime

Now, we consider the geodesic of radial time-like particles in the planes 8 = constant and ¢ =
constant. Hence, we have the Lagrangian

— 2
b= (12 () - (-28) (G) P (G) -rare(3)

For time-like particle, we know L = 1, the above equation takes the form

= (-2 (- (-2 (&
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Also Euler—Lagrangian equation yields

(-2) (&)=
r dr
where E is a constant and it assumes different values for different initial conditions.
The above two equations imply

dr 2_ 2 2m
(E) = -+ (9.26)

If the initial velocity of the particle is zero, which starts from infinite distance, then, at r — oo,

(ﬂ) = 0. Putting these conditions in the above equation, we get E2 = 1. Now Eq. (9.25) takes the

dr
)=V

form
[We have taken negative sign as particle is moving towards decreasing r.
dr do dpy _

Note that this radial free particle from infinity has the four velocity u* = (g—;, I de

([1- 217, -1/2,0,0).]
Solving this equation, we get the proper time of fall as

2 3 3
T = —— <r(§ —r5>, 9.27)

where initial position of the particle is at r;, at the proper time 7. Interestingly, we note that there
are no singularities at » = 2m (Schwarzschild radius) and » = 0 (origin). Also a body takes finite
proper time to reach from r = 2m to r = 0, which is given by (see left panel of Fig. 83)

T T T ! T T T T i
0 0.5 1 1.5 2 2 3 4 5 6

Figure 83 (Left) A body takes finite proper time to reach from r = 2m to r = 0. (Right) Any
time-like particle requires infinite amount of time to touch the surface r = 2m.
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Now, to search how a viewer sees this phenomenon. Here, the viewer’s time is ¢ (Schwarzschild
time coordinate) instead of proper time z. Using as before £ = 1, we get

(&) ___v=
dt _ \dat) _ 2m

To(x) (1-2)

Solving this equation, we get

t—toz—i [<r%— >>+6m<r%— 5)]
3V2m

[r% + (2m)%]

S wolw

1
ro — (2m)%]
+2mln

] . 9.28)
[rg + (2m)%] [r% - (zm)%]

Note that this result has changed significantly from (9.27). However, for r, r, >> 2m Eqs. (9.27)
and (9.28) are almost identical. Also we note that for large r,, but ris very closed to 2m, the expression
(9.28) can be written approximately as

ot (2m)%]
t—1y~2mln — 1

[rz - (2m)5]

or
r—1,
2m0 =1In p fn;m (using r =~ 2m),
or
r—2m = 8me" . (9.29)

It is obvious that

r—2m=t— co.

Hence any time-like particle requires infinite amount of time to touch the surface r = 2m (see right
panel of Fig. 83).
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9.10 Tortoise Coordinates

Now we use new coordinate system to describe the region around r = r, = 2m. We consider the
Schwarzschild metric in the following form,

r

)
ds® = (1—2—’”) [dtz—(l—z—’”> drz] — 2dQ?. (9.30)
r
Now, we introduce new coordinate r* such that

-
dr* = (1 - 2—’”) dr. 9.31)

r

Solving this, we get,
r*=r+2m1n(L—1). (9.32)
2m

The above new radial co-ordinate is said to be Tortoise coordinate.
From (9.30), we can get

-1
dt=¢<1—2—m> dr = di = +dr".
r

This implies
t=+r"+c,

which is characterizing the light cones. In terms of r*, the Schwarzschild metric takes the form as

s = (1 - 2-’") [dP — dr*?] — PdQ?, 9.33)
r
where r be a function of r*.
Here, the light cones are defined as d* = dr*?, i.e., light cones comprise with the constant slope

ddri = +1 (see Fig. 84).

The appearance of these light cones are the same as the light cones in Minkowski space and no
longer fold up as r — 2m (for which r* — —o0). Here, surface r = 2m lies infinitely far away. Thus,
the Tortoise coordinate system pushes the singularity at finite distance, i.e., at » = 2m to infinitely
far away (r* — —o0).

9.11 Eddington-Finkelstein Coordinates

Till now ¢ is not workable for sightseeing the region beyond r = r, = 2m. Also, time-like geodesic
takes finite proper time to reach the surface r = r; = 2m. Therefore, it is reasonable to express
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— Zor
r=2m ( r* = - infinity)

Figure 84 The light cones in Schwarzschild geometry for the Tortoise coordinate (r*, f).

coordinates, which are logically adjusted to the null geodesics as
u=t+r, v=t—r", (9.34)

where r* is the Tortoise coordinate. Here u and v are known as advanced time parameter and
retarded time parameter, respectively.

The new coordinate system (u,r,@,¢) or (v,r,0,¢) is known as Eddington-Finkelstein
coordinates.

Here,

-1
dt=du—dr*=du—<1—2—m) dr,
r

or
-1 -2
A = di® — (1 - 2-’”) 2drdu + (1 _ 2-’") .
r r

Keeping the original radial coordinate r and substituting the time-like coordinate ¢ with the new
coordinate u(or v ) the Schwarzschild metric takes the form as

as* = (1= 2 di? — 2dudr — Pdg2?. (9.35)
r
Note that the value of metric coefficient g,, or g,, will be zero at r = 2m but the determinant of

the metric is

g =—r*sin®#,
which is completely regular at r = 2m. As a result, the metric is nonsingular and one can note that
r = 2m is just a coordinate singularity in initial Schwarzschild coordinate (¢, r, 8, ¢) system. Note
also that » = 0 is only the physical singularity.
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Now, we calculate the radial null geodesics as before to define the light cones in Eddington—
Finkelstein coordinate system. Using (ds = 0,d0 = d¢ = 0), we get

(1 - 2—’”) di® = 2dudr,
r
= either,

du .
— =0, i.e., u= constant,
dr

which defines incoming null geodesics, or,

which characterizes the outgoing null geodesics. The following equation provides the path of radial
light

u=2r+2mn|r—2m|)+ constant.

Note that for » > 2m, u will increase with the increase of r. This indicates radial light rays are
outgoing. Also the light cones are well performed at r = 2m, i.e., do not abolish rather do tilt over.
Therefore, we can expect that the null or time-like geodesics can be well defined beyond r = 2m.
We notice that for » < 2m, u will decrease with the decrease of r. This indicates radial light rays are
ingoing.

If we draw the light cones in (u, r) plane, then one can note that one side of the light cone
permanently leftovers horizontal (at u = constant), the other side keeps vertical at r = 2m (% = 00)
and then inclines to the other side such that for r < 2m all future-directed paths are in the direction
of decreasing r (see Fig. 85). Thus, once a null or time-like particle enters the surface r = 2m, it
could not be able to come out. This surface is termed as event horizon. This is a null surface. There
is no correspondence between the events in 7 < 2m and r > 2m.

AN /\ u = constant
Y \/

>

r=0 r=2m r

Figure 85 The behavior of the light cone in Eddington—Finkelstein coordinate.
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/\ v = constant

S VIV

r=0 r=2m r

Figure 86 The behavior of the light cone in Eddington—Finkelstein coordinate.

Note that no particle (light or any massive) can return from the event horizon and, therefore, it
is not possible to see what happens inside the event horizon. Thus, this configuration is dubbed as
black hole, an object that is entirely undetectable.

Actually, in (u, r) coordinate system, the event horizon can be crossed only by future-directed
paths, not on past-directed ones. This behavior will be changed, if we use (v, r) coordinate system.
Here the Schwarzschild line element becomes

PE (1 _ 2_’"> AV + 2dvdr — PdO?. (9.36)
r

As before, in this case one can able to cross the event horizon (r = 2m) but this time the geodesic
paths will be only past-directed (see Fig. 86). Actually, this is a past extensions of the original
Schwarzschild geometry. In this case, the region behind » = 2m plays the role opposite to a black
hole and known as white hole. Thus, white holes are flare-ups of light and nothing can get inside
them. This is a hypothetical and a mathematical peculiarity than a real thing. Actually if radius of a
star increases unavoidably through its Schwarzschild radius, then white hole may create.

9.12 Kruskal-Szekeres Coordinates

We now give our attention in describing space-like geodesics instead of null geodesics to find
region of Schwarzschild space yet to be discovered. We try to describe the maximal extension of
spacetime.

(A manifold endowed with a metric geometry is maximal if each geodesic originating
from an arbitrary point of the manifold can either be elongated along the geodesic in both
directions to infinite values of the affine parameter or ends on an intrinsic singularity. A
manifold is said to be geodesically complete if all geodesics originating from any point
can be elongated to infinite lengths in both directions. Minkowski spacetime is geodesically
complete.)

Schwarzschild solution is not maximal. Kruskal and Szekeres have found the maximal extension
of the Schwarzschild solution. They have started the following transformations,

u=t+r,v=rt—-r, (9.37)
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where r* is the Tortoise coordinate defined by
r=r+2mln (L — 1).
2m

For this transformations, the Schwarzschild metric (9.33) takes the form as

ds® = (1 - 2-’") dudv — PdQ?, (9.38)
r
where r is given by,
1 r
—(u—v)=r+2mln(——1>. (9.39)
2 2m
However, coordinate r = 2m is infinitely far away at either u = —co0 or v = .

Now to pull these infinite points into finite coordinate values, we make the following
transformations

ul = eﬁ, vl = ¢, (9.40)

(here the horizon is at either u! = 0 or v! =0.)
These transformations can be expressed in terms of original Schwarzschild (z, ) system as,

1 + 3 =t
ulz(ﬁ—lyem, v1=(ﬁ—1>zefn. (9.41)

The transformations (9.40) yield the Schwarzschild metric in u', v, 0, ¢ coordinates as

_32m’

ds* e (du'dv'y — PdQ2. (9.42)

This metric is absolutely nonsingular and regular except at » = 0. This is actually a physical
singularity, which cannot be avoided by any coordinate transformation. Since coefficients of both
du! and dv' are zero, therefore, both u! and v! are null coordinates and their partial derivatives %

and a% are null vectors. Now changing these null coordinate u', v! to more readable coordinates
(T, X) of which first is time-like and later is space-like as,

1

X:%(u1+v1)= (ﬁ—l)zeﬁ cosh(ﬁ), (9.43)
1

T= %wl = (ﬁ_ 1)2em sinh(ﬁ). (9.44)

These transformations yield the Schwarzschild metric (9.42) as

2 _ 32m3

ds e m (dT? — dX?) — rPdQ?, (9.45)
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where r is defined by,

X1 = (ZL_l)eﬁ. (9.46)
m

The coordinates (7, X, 0, ¢) are known as Kruskal-Szekeres coordinates.
The radial null curves are given by (putting, df = d¢ = 0)

3
4 = 0 = 22" o 5 (4T — dXP),
which gives
% = +1 = X = +T + constant. (9.47)

This is very similar to Minkowski spacetime and light cones are same.
Contrasting to the Tortoise coordinates (z, 7*), the singularity r = 2m is not located at infinite
distance rather the singularity is now at the null surfaces

X =4T. (9.48)
The surfaces r = constant are given by
X? — T? = constant. (9.49)

Thus, the surfaces r = constant represent hyperbolae in (7, X) plane.
Again t = constant, surfaces are given by

T t
T tann (), .
3 tan I (9.50)

These straight lines are passing through the origin with slope (tanh E >

We see that as t — +oco0, T = +X, therefore, these surfaces coincide with r = 2m.
Thus, one can note that Kruskal-Szekeres coordinates (7, X, 0, ¢b) are everywhere finite without
possessing the singularity at » = 2m. The range of these coordinates are given by
—o<X<o0 and T> <X* + 1. (9.51)
The only real singularity at » = 0, is described by two sheets of the hyperboloid.
r=0er -x*=1. (9.52)

Hence, the metric is defined for r > 0 and

r>0=>T-X<1. (9.53)
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Figure 87 Kruskal-Szekeres diagram.

By suppressing 6, ¢ coordinates one can draw a spacetime diagram in 7—X plane. This diagram is
known as Kruskal-Szekeres diagram and it characterizes the complete spacetime of Schwarzschild
metric (see Fig. 87).

To get a clear view of Kruskal-Szekeres diagram, one can divide the diagram into four regions.
Now, we will show some significant characteristics of Kruskal-Szekeres diagram.

1. X is a global radial coordinate and 7 is a global time coordinate.

2. The radial null curves are diagonals, X = +T + constant, which is very similar to
Minkowski spacetime and light cones are same.

3. The lines T = +X, coincide with the horizon surface r = 2m.

4. The surfaces r = constant represent hyperbolae in (7, X) plane. In a more specific, the
hyperbolae lie in quadrants I and III for » > 2m and the hyperbolae lie in quadrants I and
IV for r < 2m.

5. The only real singularity at r = 0, is described by 72—X? = 1 (two sheets of the hyperbola).
6. The world lines with r = constant but r < 2m lie in quadrants II and I'V are space-like.

7. The regions I and II are concealed by the Eddington—Finkelstein coordinates (i, r) and
regions [ and IV by (v, r).

8. Region I (curves with » > 2m) is covered by the original Schwarzschild coordinates and
is divided by the horizons from regions I and I'V.

9. The region in quadrant III is totally different and is also filled with curves, » > 2GM. It is
just a copy of region I. This region is detached from region I by a space-like distance. Thus,
there is no causal relation between regions I and II1, i.e., they are casually disconnected.

10. An observer sitting either in region I or III can collects signals from region IV and send
signals to region II. A spectator sitting in region IV can transmit signals into both region
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I and III (and consequently, also to region II) and must have transpired from singularity
at r = 0 at a fixed proper time in the past.

11. If a viewer enters in region, he or she will catch signal from region I and III (and
consequently, also from IV) and will attain the singularity at » = 0 in a fixed future time.
No event in region II can be detected from any of the other regions.

Note 9.4

In Kruskal null coordinates u!, v! (given in (9.41)), we recall the metric (9.42) as

2 _ 32m3

ds ¢ (du'dv'y — rPdQ2,

with

This metric is absolutely nonsingular and regular except at r = 0. Let us take other coordinate
transformations («'!, v'!) to bring infinity into finite coordinate values

1 1
u'! = tan™! u s v = tan~! v .
V2m V2m

The range of the coordinates

In these coordinates (#'!, v'!, 8, ¢), the metric is conformally related to Minkowski spacetime.
It shows all possible regions of the complete analytically extended manifold. Here, the null geodesics
(black hole horizon r = 2m) are the straight lines that make 450, je., slope +1 in the Penrose
diagram for the maximally extended Schwarzschild solution (see Fig. 88). The time-like infinity
in one asymptotic region to time-like infinity in the other are joined by the straight lines, which
are characterized by r = 0 singularity in the new coordinates. Outside the horizons, we have two
causally separated static asymptotically Minkowski-like regions » > 2m. All the surfaces of constant
r intersect at i* (i.e., far away in time, either to the future or past). Interestingly, we note that the
points i* and i~ are separated from the point r = O because there are many timelike curves that do
not touch the singularity.
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Figure 88 Penrose diagram of Schwarzschild solution in Kruskal coordinates.

9.13 Reissner-Nordstrom Solution

The Reissner—Nordstrom metric is the unique spherically symmetric and asymptotically flat solution
of the coupled Einstein—Maxwell equations describing the field around an isolated spherical object
with mass m and charge e, i.e., it describes the geometry of the region outside of a spherically
symmetric electrically charged star or black hole. It is given by the following metric

ds* = g, df* — g,,dr* — (d6” + sin” 0dp?), )

where,

_ 2m  e? 1
8n = (&) '=A= <1 - + ﬁ) = ﬁ(i’—r.;.)(r— r_).
Here, the outer and inner horizons (r,) are read as

rp=m+\Vm?— e’

Thus, we have three cases, m? — ¢ < 0,= 0,> 0, which depend on the relative size of the
gravitational mass m and charge e.

Case I: m2 — ¢? < 0: Here, m < e, and so A > 0O for all » > 0. Therefore, no horizon exists and
we have a naked curvature singularity at » = 0 (i.e., it is a gravitational singularity with no event-
horizon, in other words, event-horizon does not cover it). It is the case of an “overcharged” star. This
case has a little astrophysical relevance. Here, the coordinate r is valid very near to r = 0, i.e., one
can go to very close to the singularity and come back, this is actually a tragedy. Since the coordinate
r is valid very near to r = 0, then the Penrose diagram of this spacetime is shown in Fig. 89. Here,
the vertical line » = 0 now signifies a singularity, observable all the way to I'.

Case II: m% — ¢2 > 0: Here one can have two real roots, r + > r_ > 0. The metric is regular within

all of the three distinct areas

r>r,, r_.<r<r, and r<r_.

We note that in the region (I) for r > r, r is a space-like and 7 is time-like coordinate. However,
the region (II) between two roots, i.e., r_ < r < r,, ris timelike and ¢ spacelike. Note again that the
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Figure 89 Penrose diagram of naked singularity in Reissner—Nordstrom solution.

innermost region (III), 0 < r < r_ the coordinate r turns into spacelike again and ¢ is timelike. The
roots 7 = r, and r = r_ are called the outer horizon and the inner horizon, respectively.

However, these singularities are coordinate singularities and can be uninvolved by some
appropriate coordinate transformations as done earlier. Let us use the coordinate transformation
r* where

dr*: Zdr g
(1-%+5)
or, r'=r+ In(r—r,)— — In(r —r_).
r,—r_ L =T

Now, we introduce Eddington—Finkelstein type coordinates similar to Schwarzschild solution as
u=t—r, v=t+r-.
In the advanced null coordinate, the Reissner—Nordstrom metric can be rewritten as

2
ds? = —2dvdr + <1 _Imy e—2> dv? — P(d6” + sin’ 0dg?).
r &

Note that this metric is regular at both horizons r = r,.. Incoming and outgoing null geodesics can
now be easily identified and an Eddington—Finkelstein-like diagram can be constructed, as shown in
Fig. 90. To see the incoming and outgoing null geodesics in the spacetime, one can draw the diagram
forz = t+r* —r with respect to radial coordinate r (see Fig. 90). Note that light signal cannot go from
regions Il to I. Hence r = 7, is an event horizon. Particles entering region II move toward region I1I
and may cross r = r_ or reach asymptotically. The light cones in region III indicates that particles
need not reach the r = 0 singularity. Hence, no point within the region r < r, can send a signal to
the region r > r,, so this region corresponds to a black hole.
In the retarded null coordinate, the Reissner—Nordstrom metric can be rewritten as

2m

2
ds* = 2dudr + <1 -y e—2> di® — 2(d6* + sin? 0dgp?).
r I
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Figure 90 Light cones in Reissner—Nordstrom sacetime.

In this case one can able to cross the event horizon ( r = r, ) but this time the geodesic paths will

be only past-directed, hence the region r < r,_ plays the role opposite to a black hole and known as
white hole.

Now, we try to remove coordinate singularities by using Kruskal-Szekeres-like coordinates.

Note that one cannot remove both coordinate singularities simultaneously, however, it can be
removed separately.

Now, let us assume the double null coordinates as

v=t+r, u=2t—v,

where,

+

t=t+

In(r — _
Py n(r—r,) -

In(r —r_).

For the above new null coordinates, the Reissner—Nordstrom line element takes the following
form

2
ds? = <1 ey e—2> dvdu — *(d6* + sin® 0d¢?).
r r

Let us first consider the case for outer horizon r = r,_ and take the following transformations,

U, =- 2& ex (ry —r) u, V, = Zri ex (ry —r) v
+ = r,—r) P 2r_2'_ ) +_(r+—r_) P Zri s

which converts the above equation as

RERY

1+
r_r - r,—r
ds? = —r2+ <(rr_r—)> exp _%r auv,dv,
+

— 2(d6?* + sin® 0d¢?).
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Now, in Kruskal-Szekeres coordinates,
1
T, = E(VJr +U)), R, ==(V,-U,),

the metric becomes,

PER rery ((r=r.) I+
r2 r

£

exp (—%r) (dTi - dR_Z'_)

+

— 2(d6* + sin® 0d¢?).

Here, r = r, is a regular point, however, » = r_ is not regular. Actually, the metric is regular from
r=r_tor =r, and out to co. The outer horizon r = r, corresponds to both null hyper surfaces
U,=0,V, =0.

For the region 0 < r < r_, we introduce another transformations as

272 - 212 -
U_= - exp<(r+ r_)>u, V_=—( ———exp (—(r+ r_)>v,

(r,—r.) 2r2 r,—r_) 2r2

which converts the above equation as

d52 _ r_ry <(V+ _r)>l+'

2
r T,

1Tol1e

r,.—r
exp <—¥r> dU_dV_ — r*(d6* + sin® 0d?).
r_
Now, in Kruskal-Szekeres coordinates,

1 1
T_==-(V_+U.), R_.==-(V_-U.),
=5+l 5 )

the metric becomes,

>

dsz _ r_ry <(r+_r)>l+'

2
r ry

|N|+N

exp <—@r> dT* — drR*)
r_
— 2(d6* + sin® 0d¢?).

Here, r = r_ is a regular point. In this case, the metric is regular between the region 0 < r < r_. The
inner horizon r = r_ corresponds to both null hyper surfaces U_ = 0, V_ = 0. The Penrose diagram
for Reissner—Nordstrom spacetime is shown in Fig. 91. Note that there simultaneously exists another
identical asymptotically flat region I (in fact infinite number of regions) outside the horizons, i.e.,
for r > r,. These regions are connected by the two regions Il for r_ < r < r,, i.e., region between
two horizons and III for 0 < r < r_, i.e., the region between the center of the black hole and the
inner event horizon. Figure 91 also indicates that the events inside the outer event horizon (at r = r,)
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Singularity r = 0 <— —> Singularity r =0

t = constant

r = constant t = constant

r=0<«—| —>r=0

Figure 91 Light cones in Reissner—Nordstrom spacetime.

cannot be seen at I or it. The region inside the inner horizon (0 < r < r_ ) is moderately restricted
by the naked singularity at » = 0, which is time-like in character.

Case III: m*> — &> = 0:

Now, we will consider the extreme case for which m? = ¢%. The word “extreme” signifies
actually that this black hole is very similar to a black body with zero temperature. Here the metric
function g,,(r) has a double zero at » = m and metric takes the form as

ds? = (1 - ﬂ)zdﬂ - (1 - ﬂ)_z dr* — 2(d6? + sin® 0d?).

r r

Note that this case is totally different from Schwarzschild case because if one passes the event

horizon, time and space are never interchanged. In Schwarzschild case, the time and space are

1= 2m

interchanged as g,, = ( ) changes sign. However, for extreme Reissner—Nordstrom spacetime,

p
when r reach the horizon, g, becomes zero but does not change sign. Here, r = m represents the
event horizon but the r coordinate is never time-like rather it is space-like on either side. It becomes
null at r = m.

To know the spacetime structure of extreme Reissner—Nordstrom spacetime, we introduce the

following coordinate transformation in the region » > m as

-2
dr* =g, dr= <1 —ﬂ> dr,
r
-2
or. r' = u+2mln‘1—l‘.
r—m m
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Figure 92 Light cones in extreme Reissner—Nordstrom spacetime.

Here, r* is known as tortoise coordinate via

ds? = <1 - ﬂ>2 [dtz - dr*z] — 2()(d6? + sin® 0dg?).

,
Using the retarded and advanced time-coordinates u and v by
u=t—r, v=t+r-,

we get Eddington—Finkelstein-like forms of the metric. The infalling and outgoing radial null
geodesics (% = —1) are characterized by v = constant, and v = constant respectively. In the
ingoing Eddington—Finkelstein coordinates (v, r, 6, ¢»), the metric assumes the following form as

2
ds® = (1 - ﬂ) dV? — 2dvdr — P(d6” + sin 0d¢?),

r

and in the outgoing Eddington—Finkelstein coordinates (u, r, 0, ¢), the metric takes the form as

2
ds® = (1 _ ﬂ) dil® + 2dudr — *(d0? + sin? 0dp?).
r
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One can also express extreme Reissner—Nordstrom spacetime in terms of double-null coordinates
(u, v, 6, ¢) as

2
ds* = <1 - ﬂ) dudv — *(d6? + sin® 0d¢?), where r = r(u,v).
r

All the above forms of metric are regular across the horizon r = m and we can also go beyond
r = m, which includes all positive values for r. It is to be noted that after crossing the horizon into
the interior region, further extensions to different exterior regions could be possible. The singularity
r = 0 is actually a time-like line. In case of extreme Reissner—Nordstrom spacetime one can evade
the singularity and remain to travel to the future copies of asymptotically flat regions preserving
singularity to the left. The Penrose diagram is depicted in Fig. 92. Here one requires to add an
infinite sequence of domains to get a geodesically complete spacetime.






CHAPTER

Rotating Black Holes
10 <

10.1 Null Tetrad

The tetrad formalism is a transformed coordinate approach to general relativity (GR) that replaces the
coordinate basis by the local basis for the tangent bundle, which is less restricted. It is constituted by
a set of four linearly independent vector fields known as a tetrad or vierbein. Usually, specific
tetrad basis, which is a set of four independent vector fields, is used to represent a tensor in
tetrad formalism. This basis spans the four-dimensional (4D) vector tangent space at each point
in spacetime. Therefore, at any point P on the curve, we can present an orthogonal frame of three
unit space-like vectors

el = (e}, €5, €5),

which are all orthogonal to v* (which is unit tangent vector), a time-like vector and we define

These four vectors e;"(i =0,1,2,3) are known to form a frame or tetrad at P.
Treating e;” as a 4 X4 matrix at P, we can define its inverse (called the dual basis or dual tetrad)

¢,,, which follows
etel =5, (10.1)

Actually, ef are four linearly independent vector fields.
We introduce a new matrix g; defined by

8j = gaﬂe;’ef = eﬁief, (10.2)

which is known as frame metric.

Here, e are linearly independent and the global metric, g, is nonsingular. As a result the matrix
8;j is nonsingular and hence invertible, i.e., 2" exists, which is contravariant frame metric. Note
that

gyg" = 6. (10.3)

261
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Exactly the same way as metric tensor, we can raise and lower the tensor indices with the frame
metric g;;.
Eq. (10.2) yields the inverse relation as

Zap = Gl (10.4)
Note that tetrad vectors determine the linear differential forms
et = ede”,
and from this the metric takes the form
ds* = e, = g, dxtdx".

For a simple physical interpretation of the frame, we can think e¢j = v* as the four velocity of an
observer whose world line is C and three space-like vectors e (i = 1,2, 3) are rectangular coordinate
vectors (such as usual cartesian basis i, j, lAc) at P. For different tetrad, one gets different frame metric.

Exercise 10.1

Let the tetrad consist of one unit time-like vector, v*, and three unit space-like vectors, i%, j* and k*.
Construct the frame metric, 8ij-
Hints: Here e;’n = (", i%,j% k%) (a =0, 1,2, 3) are the tetrad that follow

a., _ a, a: o o _Lay, o a
viv, = egeg, = 1 and i%i, = efey, = J°j, = &5ey, = k'k, = €5e5, = —1,

ande;’nena =0,m#n, mn=0,1,2,3.

[v* is time-like and i%, etc., are space-like. Also v*, and i* etc., are mutually perpendicular to each
other.]

Hence,
ef‘nem = diag(1,-1,-1,-1).

Here, the frame metric g,,, = g,g¢%¢h = ehe,y = ,, = diag(1,—1,~1,~1) is the Minkowski
metric.

Exercise 10.2

Let the tetrad consist of [*, n%, j* and k%, where

= Ly, nr= Lo,

V2 V2

v* is a unit time-like vector and %, j* and k* are three unit space-like vectors. Show that [* and n*
are null vectors and also construct the frame metric, 8ij-
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Hints: It is easy to show that
I*l, =n’n, = 0since v?'v, = 1, Vi, =v,i* =0, and i*i, = —1.

Thus, I* and n* are null vectors. Note that [* and n* satisfy the normalization condition as

’n, =1,
which is very similar to light cone.
Here,
a o 1 o a a a 1 (14 o
eg =1"=—0"+1i"), ef =n" = —0" =i,
V2 V2
and assume

then the frame metric will take the following form:

010 0
l100 0
i loo-1 0

00 0 —1

(8o = gaﬂegeg = egeao =101,=0; g, = gaﬂegell] = egem1 =10, =1, etc]

Exercise 10.3

Let the tetrad consist of I*, n®, m® and m", where

la — L(V(x + ia)’ na — L(V(x _ ia)’ m(x — L(]'a + ika),ma — L\/_(]'a _ ika),
2

V2 V2 V2

where v* is a unit time-like vector and i*, j* and k* are three unit space-like vectors. Show that /%,
n%, m®, and m* are null vectors and also construct the frame metric, 8ij-
Hints: It is easy to show that

—a—
I*l, =nn, =0, m*m, =0andm m, =0,

. a1 ar _ @ _ o oa_
since Vv, =1, i%i, = =1 etc, v'i, = v, i* =0, etc.

Thus, 1%, n%, m*, and m* are null vectors.
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Note that m* and m" satisfy the normalization condition as

Here,

1
ef=0"=—0"+i%), e =n"=—0"-1i%,
’ 2 : V2
eg =m* = L(]“ +ik%), e =m" = L(}“ — k"),

are the null tetrad.

For the event on two-sphere, [* and n* are the ingoing and outgoing null normals, respectively,
whereas m® and m" are tangential null vectors.

Finally, one can get the frame metric as

010 0
100 0
§iTloo o -1
00-1 0

The null tetrad is used above in special cases. However, in general case, considering the
definitions of above null tetrad, the global metric can be written as

gllﬂ = lllnﬂ + lﬂna - mamﬂ - mﬂma.

The contravariant form of this equation is

g% =10 + IPn® — m®m’ — mPm®.
Newman and Penrose established a set of notations for GR, which is known as Newman—Penrose
(NP) formalism. In NP formalism, usually the vector basis is chosen as null tetrad given above (two
real, [* and n®, and a complex conjugate pair, m* and m").
Typically two types of signature and normalization conventions are used in literature.
The signature (+, —, —, —) yields

In, =1, m*m, = -1, [,m* = [,m" = n,m* = n,m" =0,
and signature (—, +, +, +) yields
In, = -1, m*m, = 1, [,m* = l,m" = n,m* = n,m" =0
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Normally the first type is used in various other areas of astrophysics such as black hole physics,
gravitational waves as different areas in GR, and the second type is used in modern research of
black holes from quasilocal viewpoints such as isolated horizons, dynamical horizons, etc.

For the signature (—, +, +, +), the global metric can be written as

8up = —logng — lgn, +mymg +mym,.

The contravariant form of this equation is

g% =—1"nf —IPn® + mm’ + mPm".

In NP formalism, the metric itself is represented by a null tetrad. The first derivatives of the metric are
described in three groups with twelve complex spin coefficients that define the variation in the tetrad
from point to point. The second derivatives of the metric are expressed by five complex functions
encoding Weyl tensors and ten other functions encrypting Ricci tensors in the tetrad basis.

Let us write the four directional covariant derivatives alongside with all tetrad vector as

D:=V,=0'V,, A:=V,=n"V,, §:=V,=m"V,, § :=Vg=m'"V,.

m a

The twelve spin coefficients (complex numbers in three groups) are assigned as contractions of
covariant derivatives of the null tetrad:

k :=-m'Dl, = —m“lebla, T i=-m'Al, = —manbela
o 1= —mSl, = —m*m’V,l,, pi=-m6l, = —-mm’V,l,
7 i=m'Dn, =m'l’Vyn,, v :=m'An, =m'n"Vn,

. —a —a_ b . —ag —a—b
Hi=mon,=mm’Vyn, Al=mon,=mm Vyn,

¢ = —%(n"Dla — D) = —%(n“l”v,,la — WV, my)
1= =3 (08l =7 Am,) = =2 (5, — V)
pi=— %( “6l, —m'sm,) = — %(anl —m'mtV,m,)
@ = =2 (18, =T Bm,) = = (1Y, — T ).

In NP formalism, the five complex self dual components (Weyl scalars ¥,) defined by certain
contractions of the Weyl tensor with tetrad vectors are written as

. b d . by, d . b—=c_d
lPO .= abcdlam lcm N Tl .= abcdlan le . le .= ahcdlam mn

. a d . _ a—=b c—d
Y, = ubcdlnmn, ¥, :=Cyt'mn‘m.
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[Actually five complex Weyl-NP scalars represent the ten independent components of the Weyl
tensor. |
These Weyl scalars have some physical implications: ¥, represents the transverse radiation along
n®, ¥, represents the longitudinal radiation along n¢, ¥, represents the Coulomb field and spin, V5
represents the longitudinal radiation along /4, and ¥, represents the transverse radiation along /°.
The Ricci scalars A and ®,,, are the ten independent components of the Ricci tensor, which are
expressed in terms of three complex scalars and four real scalars with their complex conjugates as

1 1o 1o b oy
A= 57R @ = —5Ryl P, @, = —7 Rl n’ +mm’), ®,, = —5Ran n,

1 1 —b
Q) = —ERubl"mb, @y =~ SRyl

1 a. b 1 a—b
@12 = —ERahn m-, @21 = —ERabn m .,

Dy, = —%Rabm“mb, D, = —%Ru,ﬁ“m”.

After defining NP formalism, we should stop the discussion here and suggest the reader to consult
the famous book of S. Chandrasekhar, The Mathematical Theory of Black Holes, for its applications.

10.2 Null Tetrad of Some Black Holes

Here, we wish to write the metric of some black holes in terms of null tetrad.
(i) Schwarzschild metric: The Schwarzschild metric is written in standard coordinates as

ds* = f(r)dP — )"\ di? — P(d6? + sin’ 0d¢?), where fir) =1 - 22
p

Using the succeeding transformation, we can write it in advanced Eddington—Finkelstein coordinates
as

dt = du + f(r)~'dr.
The metric takes the following form in the new coordinates as
ds® = f(Pdu® + 2dudr — r*(d6” + sin® 0d¢?).
This form of Schwarzschild metric is known as the advanced Eddington—Finkelstein form. Here,
u = constant surface is a spherically symmetric null surface. Now, this metric is expressed in terms

of complex null tetrad,

Z¢ = (" n"m"m"), i=12734,
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which are given by

d

F=6r=—,

T or

1 0o 1 2m\ 0
a _ 6‘1‘__ 5a:|=|:———<1__>_:|a
ma_ 1 [5a+ i 0’]— 1 14_#1
_\/Er 0" sing ¢ _\/gr 00 sinfog |’
CL P [1_;1], (10.5)

\/Er sin @ \/Er 00  sinf d¢

u
[# =0+ = "ai, XM = (u,r,0,), ie I* =(0,1,0,0)]
r

The contravariant metric
g = 1’ + P — m*mP — mPme,

yields

uu rr 2 ru
g =0.8"=—fn==(1-=").g" =1,

1 1

66 __ ¢ _

g 2 g .
r? sin2 or?

Thus, the contravariant Schwarzschild metric in null coordinates is given by

0 1 0 0
o 1{-(1—%)} 0 0
& =lo 0 -L o0
1

0 0 0 _r251n29

One can also find the duals of the null tetrad as

l”dx” = du,
nﬂdx" = % <1 - 27m>du+dr,
m,dx* = %(de + isin 0ddp).
2

From this complex null tetrad system, one can derive the Kerr metric, which will be discussed later.
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(ii) Reissner—Nordstrom metric: The Reissner—Nordstrom metric is written in standard
coordinates as

ds* = f(Nd? — fir)~'dr* — r*(d6® + sin® 0d¢?), where f(r) =1 — ZTm + é,
;

Using the succeeding transformation as above, we can write it in advanced Eddington—Finkelstein
coordinates as

dt = du + f(r)~'dr.
The metric takes the following form in the new coordinates as
ds® = f(Pdu® + 2dudr — r*(d6” + sin” 0d¢?).
This form of Reissner—Nordstrom metric is known as the advanced Eddington—Finkelstein form.
Here, u = constant surface is a spherically symmetric null surface. Now this metric is expressed in
terms of complex null tetrad,
Z¢ = (" n"m"m"), i=12.734,

which are given by

=g =2

T or

1 d 1 2m  €*\ o

a_ a_ L 3 P R I €Yo

" [5“ zf(r)ér] [au 2 < r r2> dr]’
i 1 3} i 0

P I ] |

0 " sing ¢ N [00 sin @ o¢

L 5“]: L (o __i 9f (10.6)
sing ¢ V2r 100 sinf dg

%

m* = I [
\/Er
= L [
\/Er
The contravariant metric
g"ﬂ = 10" + IPn® — m*m’ — mPm’,

yields
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Thus, the contravariant Reissner—Nordstrdom metric in null coordinates is given by

0 1 0 0

o H{-(1-2+2)} 00
0 0 = 0
0 0 0 —2;“

One can also find the duals of the null tetrad as
l ”dx" = du,

2
<1—2—m+e—>du+dr,
2

n,dxt =
K r

N =

mdx" = %(d@ + isin 0de).
2

From this complex null tetrad system, one can derive the Kerr—Newmann metric, which will be
discussed later.
(iii) Higher dimensional black hole metric: The higher dimensional black hole metric is written
in standard coordinates as
dr?

2 _ _ur 2
ds* = findr® o rdQs;,

where dﬁé is the line element on the D unit sphere, i.e.,

D—-1
dQ2 = d6? + sin 0,d02 + ...... + | | sin® 6,462,

n=1
The volume of the D unit sphere is given by

D+1
T 2

D1

r(%)

For different higher dimensional black holes, f(r) has different expressions.
For higher dimensional Schwarzschild black hole,

Q,=2

2u
fin=1- T (10.7)

For higher dimensional Reissner—Nordstrom black hole,

2u 7
f=1-+ L (10.8)
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Here, p and g are related to the mass M and charge e of the black hole as
_ 8xGM 2 8nGe
DQy, DD -1)

Using the succeeding transformation as above, we can write it in advanced Eddington—Finkelstein
coordinates as

dt = du + f(r)"'dr.

The metric takes the following form in the new coordinates as

ds* = firydu® + 2dudr — r*dQ3,.

This form of higher dimensional black hole metric is known as the advanced Eddington—Finkelstein
form. Here, u =

constant surface is a spherically symmetric null surface. Now, this metric is
expressed in terms of complex null veiltrad,

o @ a —a a —a
Z =(*%n ,m{,m

LMY My s e ,m‘}’_,,ﬁ‘f_;), i=1,2,3... D+ 2,
2 2
which are given by
resr=9
T or
p o« | a 0o 1 0 L.
n* = [514 - Ef(r)@] = [E - Ef(r)aﬁ], [Here, one can use f(r) as give in Eq. (10.7) or Eq.(10.8)],
1 [ i
my = 85 + 8 ]
k 0, T o Opr
V2rsin@, sin6,........ sinf,_,, L S b T
_ 1 (0, i 0 ]
V2rsin@, sin6,........ sinf_;, (00~ Sin 6 00,
Pl 1 [ a i a
m, 8y — ——0, ]
V2rsin6, sin6,......sinfy_y, L+ SO
1 [0 i 0 ]
V2rsin6, sin6,

........ sin6_;, 100k sin0; 90,
k=1,23,..2

s

(D should be an even integer)

The contravariant metric

(10.9)

aff _ jo. p Boo _ aif o P—a a—f  f—a a =P
g¥ =1n"+ I'n" — mim| —m\m| —mim, —mym, — ........ >
2
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yields

guu — O’grr — —f(r), gru — 1,89191 — _ﬁ’

1 0.0 1
—— .., g = — . (10.10)
sin® 0,72 sin® 0, sin® B, .... sin® B,,_, 1

0,0, —

8

Thus, the contravariant Reissner—Nordstréom metric in null coordinates is given by

o1 0 0 .. 0
1-fy 0 0 .. 0
o —riz 0o .. 0
&8 =lo 0o o0 ‘9 ..... 0
00 0 0 L

) ) )
r?sin” @, sin” 0,...sin" 0p,_;

From this complex null tetrad system, one can derive the rotating black hole metric in higher
dimension for uncharged or charged case.

Note that [* and n” are real, m{ and ﬁf’ are mutually complex conjugate. This vieltrad is
orthonormal and obeys the following conditions:

11, = n* n, = mf (m), =m; (m), =0,

a —x __ a o
lym! =1, m; =n,m’ =n,m =0,
o — x _
Fn,=1, (m),m; =-1

10.3 The Kerr Solution

Kerr solution is actually the solution of the vacuum Einstein’s equations which describe a rotating
black hole in 4D spacetime, in other words, it is the metric outside of a rotating axially symmetric
body. It was discovered in 1963 by Roy Kerr. This black hole has a curvature singularity as in the case
of Schwarzschild spacetime, which is covered by horizon. This black hole does not vary with time
explicitly, therefore, it is stationary. Also it is independent of ¢, therefore, it is axisymmetric. It
remains unchanged under this specified transformation (¢, ¢) — (—t, —¢). This means time reversal
reverses the angular velocity, i.e., the time inversion of a rotating object suggests the rotation of an
object in the reverse direction. It is not static as it will vary when a time reversal transformation
t — —tis applied. The Kerr metric becomes Minkowski’s flat metric for large r, i.e., in the limit
r — oo. This means that the Kerr spacetime is asymptotically flat. Kerr metric is actually a
two parameters-dependent solution. Those parameters are m (mass) and ma (angular momentum).
Importantly, one can note that Birkhoff theorem does not hold good for rotating spacetimes. In
other words, the spacetime geometry outside of a rotating axially symmetric body is not a part of the
Schwarzschild geometry.
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10.4 The Kerr Solution from the Schwarzschild Solution

The Kerr black hole solution can be derived from the Schwarzschild solution by applying a
complex coordinate transformation as suggested by Newman and Janis on null tetrad given in
Eq. (10.5). For this method, one will have to use the contravariant components of the advanced
Eddington-Finkelstein form of the Schwarzschild metric.

The Schwarzschild line element in Eddington—Finkelstein coordinate is

ds? = (1 - 2—’") di® + 2dudr — 1*(d6? + sin® 0dg?).

r

Now we use complex null tetrad to express this metric as

)
T or
1 0o 1 2m\ 0
= f- o] =[£ -1 2) 2],
" [ u 2f(r) r ou 2 r /) or
1 i 1 0 i 0
¢ = 5a+ 5(1] = — + S|
" [ T Sing T, [ae sin0 a¢]
= 1 [52,_ .l 5;]2 1 [i_ .l i]
\/Er sin @ \/Er 00 sinf d¢

Following Newman and Janis method, we first complexify the null coordinate system by permitting
u and r to assume values in complex space. Now, the function f{r) be endorsed to a function F(r,7),
which is complex and reduces to f{r) on the real slice. Let the radial coordinate r be replaced by its
complex conjugate r, and one can rewrite the tetrad in the following form:

— 1 [a i a]
m=—|—-——].
\/Er 00  sinf d¢

(Note that for this complexified tetrad, we keep # and n* real and m® and m" the complex conjugates
of each other.)

In this complexified tetrad, following Newman and Janis, we make a complex coordinate
transformation by describing a fresh set of coordinates as

’r_ .
X = xM +ia(8¥ — 6!) cos 0,
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1.e.,
r—r =r+iacosf; u—u =u—iacos; 0 -6; ¢ - ¢.

Here, a is a real number known as the Kerr parameter. Though the unprimed coordinate system
is observed as complex, we will infer the new coordinates as real. Using this ordinary coordinate
transformation, the above complexified null tetrad describes a real spacetime. The new null tetrad
assumes the following form (new coordinates are used without prime notations):

re=2
or’
ra [d 1< 2mr>0]
n =|——=(1-=) =/,
ou 2 R2 /) or
m’azé[msine —zasin0i+i+;i],
V2(r + aicos 9) dr 06 singop
where
R? = 1 + a*cos? 0.
o0 _Odou 99 0900 009y 9
ou ouw ou or ou 00’ du O’ ou o’ =~

This null tetrad yields the corresponding contravariant form of Kerr metric via

—p —
gaﬂ — l/an/ﬂ + l/ﬂn/a - = m/ﬁm, ,
_dsin’ g a+4r 0 _a
R? R? R2
a
gt = = 0 =
1 0 ’
R2
_ 1
- R2sin’ 0
where
A\ =77 +a* - 2mr.

One can note that in the a — 0 limit, g#¥ becomes the Schwarzschild metric.
The covariant form of the metric is given by

1— Zﬂ’ 1 0 2mrasin® 0
R? R2
3 00 —asin® @
Euv R 0
sin® 0

R2

{/\d?sin® 0 — (a® + )}
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Now, the line element of the Kerr metric in null coordinates is given by

ds? :( 2;:r>du + 2dudr + ‘W”;ﬂd dp — 2asin® Odrde

sin® 0

— R2dO* + —={/\d*sin® 0 — (a* + *)*}d¢>.

Also, the line element of the Kerr metric in (¢, 7, 8, ¢p) coordinates can be written using the succeeding
transformations as

P+

di = du+ " g d® = dp + L ar
9’ A 9’

A

ds* = 2t - asin’ 0a0)’ - sin” 9

[(r2 + a®)d® — adf]* - Rzzdrz — R%d6>.

Thus, we started Schwarzschild metric and by carrying out a single complex transformation
on it, we have found the Kerr metric with only one rotation parameter.

Note that the Kerr metric depends on two physical parameters mass (1) and angular momentum
(ma). One can observe that for a = 0, we get the Schwarzschild solution. Actually, a = i = angular
momentum per unit mass.

10.5 The Kerr-Newmann Solution from the
Reissner-Nordstrom Solution
The Kerr—Newmann black hole solution can be derived from the Reissner—Nordstrom solution by
applying a complex coordinate transformation as suggested by Newman and Janis on null tetrad
given in Eq. (10.6). For this method, one will have to use the contravariant components of the

advanced Eddington—Finkelstein form of the Reissner—Nordstrém metric.
The Reissner—Nordstrom line element in Eddington—Finkelstein coordinate is

2
ds? = <1 - 2””—2"’) di® + 2dudr — r*(d6? + sin? 0d¢?).
r

Now this metric can be expressed in terms of complex null tetrad,

r=s=2,

" or
« o o 1 2mr—e*\ 0
=[5 - o] = [“5( —>a_]

1 i
(x= 5(1+ i
" \/Er[9 sm9¢ \/- ae sm@dd)]

e = [5“ i

1
e o
\/Er sin \/Er sin @ d¢
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Following Newman and Janis method, we first complexify the null coordinate system by permitting
u and r to assume values in complex space. Now, the function f{7) can be endorsed to a function
F(r,7), which is complex and reduces to f(r) on the real slice. Let the radial coordinate r be replaced
by its complex conjugate r, and the tetrad be rewritten in the form

o
or’

o O _L(j_m_m_ e\o
“lou 2 r 7 ) or|

m® = L i+ L9
/27 106 " 5in0 0

—a 1 [a i a]
m=—|—-——.
\/Er 00 sinf o¢p

(Note that for this complexified tetrad, we keep # and n* real and m® and m” the complex conjugates
of each other.)

In this complexified tetrad, we make a complex coordinate transformation as used by Newman
and Janis by defining a new set of coordinates as

XM =Xt +ia(" — 8")cos 6,
1.e.,
r—r =r+iacosf; u—u =u—iacos; 0 —-6; ¢ — ¢.
Here, a is a real number known as the Kerr parameter. Though the unprimed coordinate system
is observed as complex, we will infer the new coordinates as real. Using this ordinary coordinate

transformation, the above complexified null tetrad describes a real spacetime. The new null tetrad
assumes the following form (new coordinates are used without prime notations)

2
or’
ra 0 1 2mr—e?\ 0
n = - - = 1_— - 9
ou 2 R? or
m'" = S S [iasin@i —iasin@i + 9 + ;i ,
\/§(r+aicos 0) ou dr 00  sinf d¢

where

R? = % + a*cos? 0.
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This null tetrad yields the corresponding contravariant form of Kerr—-Newmann metric via

gaﬁ =" + P

/
m m’ﬁ—mﬂm"’,

a*sin? 0 a*4+r2 0
R2

where
A\ =7 +ad* - 2mr+ e~

One can note that in the a — 0 limit, g#¥ becomes the Reissner—Nordstrom metric.
The covariant form of the metric is given by

2mr—e? (2mr—e*)asin’ 6
I-=F=10 B
0 0 —asin’ @

. R 0
WO sin® 6 — (@ + P)?)

Now, the line element of the Kerr metric in null coordinates is given by

) 2y, 2
ds? = (1= 2 =€ 2 4 2dudr + 22T =ASN0 b — 2asin? 0drdg
R R

_Rdp 4 S 9 SN 7A@ sin? 0 — (@ + )2 V.
Also, line element of the Kerr—Newmann metric in (¢, r, 8, ¢p) coordinates can be written in (z, r, 0, ¢)
coordinates by using the succeeding transformations

2 2
di = du+ —+9

a
dr, d® = dp + “dr,
A

sin® 0

ds* = %(dt — asin® 0d®)’ — ——[(* + a*)d® — adi]” - Zdrz R*d6’.

10.6 The Higher Dimensional Rotating Black Hole Solution

The higher dimensional rotating black hole solution can be derived from the higher dimensional
black hole solution by applying a complex coordinate transformation as suggested by Newman and
Janis on null veiltrad given in Eq. (10.9),
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which are given by
la =0 = =

n® = [61‘: - %f(r)5‘r’] = [ai — %f(r)ai] , [Here, one can use f(r) as give in Eq. (10.7) or Eq. (10.8)],
u r

. 1 P i 0
"= 30,  sin6, 0., |
\/Er sin@, sin6,........ sinf;_j kSO, 00k,
. 1 o i 9
= 0 ~ 00,  sin6, 00, |’
\/Er sinf, sino,........ sinf_p) k k O0k+1

k=1,2,3,..., % (D should be an even integer)

Following Newman and Janis method, we first complexify the null coordinate system by
permitting « and r to assume values in complex space. Now, the function f(r) (given in (10.8)) can
be endorsed to a function F(r, r), which is complex and reduces to f{r) on the real slice. Let the radial
coordinate r be replaced by its complex conjugate 7, and one can rewrite the tetrad in the following

form:
=2
or’
0 1 7 1.1 7 9
[a Y ) 2]
" [au 2 { =2/ \r ¥/ P2 ) or
p 1 [ ] i 0
my = —" — + = ],
\/27sin 6, sin 6, ........ sinf._y, 06 sinf; 06,
—a 1 d i d
e = 00,  sin6, 00, |’
V2rsin @, sin6,........ sinf_;, LO% SOk 00kt

(Note that for this complexified tetrad we keep I# and n* real and m® and m" the complex conjugates
of one another and D is an even number.)

In this complexified tetrad, we make a complex coordinate transformation as used by Newman
and Janis by defining a new set of coordinates as

X = x" + ia(8" — 6")cos 0,
i.e.,

r—r =r+iacosf; u—u =u—iacost;; 0, > 0.
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Here, a is a real number known as the Kerr parameter. Though the unprimed coordinate system
is observed as complex, we will infer the new coordinates as real. Using this ordinary coordinate
transformation, the above complexified null tetrad describes a real spacetime. The new null tetrad
assumes the following form (new coordinates are used without prime notations):

0
=2
or
2
W = i _ 1 1 — 2u + q i ’
ou 2 rP-3R2  R2p2D-4 | or
m® = ! [iasin@l(——i>+ g+—.l 5 |
\/5(r+ aicos 0)sin6,.....sin 6, du  or koosingy T
where

R? =r* +a*cos® 0.

Now, one can write the line element of the higher dimensional rotating Kerr charged black hole
metric in terms of null coordinates as

2u 7 .
ds? = <1 ~ Doigz + R du? + 2dudr — 2asin® 0,drdf,

2u q2 . .

5 4o ) 2 2 2 2

—R dgl_[(ﬂ+a)+<m—lm a-sin” 0, [ sin” 6,d0;

—2a 2u - q2 sin® 8,d0,du — r* sin @, sin® 0,dQ2
D3R2  R2D-2 1572 ! 2y

For g = 0, one will get higher dimensional rotating Kerr uncharged black hole solution as

2
ds* = <1 - rD—I;R2> du* + 2dudr — 2a sin® 0,drdb,

— R2d0? — [(r2 +d?) + <VD_§‘R2> o sin’ 91] sin’ 0, d0>

2
2 <#> Sin2 91d92du -r Sinz 91 sir12 GZdQ%)—Z‘

For a = 0, one will get higher dimensional nonrotating black hole solution with charge or without
charge.
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In(t,1,8,,0,, ....) coordinates (by using dt = du-+f(r)~'dr), the above higher dimensional rotating
Kerr charged black hole metric assumes the following form

A— 2 . 20 o) A — 2 o 29
gt = (220 e R e o D (22O e,
R2 A R2
A — a®sin* 0
~ R} ~ lR2+azsin291 {2— (&)}]
R2

X sin” 0,d0; — r* sin” 0, sin® 0,dQ} (10.11)

where,

2u q’

/D=3 " R2D-4"

A=r+d -

10.7 Different Forms of Kerr Solution

(i) Eddington—Finkelstein form of Kerr solution

In the study of black hole geometry, a pair of coordinate systems are used that are adapted to
radial null geodesics. These new coordinates are known as Eddington—Finkelstein coordinates in
which outward (inward) traveling radial light rays define the surfaces of constant time. The most
important advantage of this coordinate system is that the singularity in the Schwarzschild metric
will disappear. Here, Eddington—Finkelstein form of Kerr solution can be obtained by using dr =
du + f(r)~'dr as

ds? = (1—%’)01 + 2dudr +‘W"‘;ﬂd dp — 2assin® Odrdg

_deez sm 9

——{ A& sin’ 0 — (@ + )’ }dgp’. (10.12)
(ii) Boyer-Lindquist form of Kerr solution
Boyer-Lindquist coordinates are most extensive studies in literature. Boyer—Lindquist form of
Kerr solution is marginally dissimilar but entirely comparable with the same metric form which
can be comprehended from Kerr’s original advanced Eddington—Finkelstein configuration. The
above Eddington—Finkelstein Kerr metric (10.12) is expressed in (z, r, 8, @) coordinates by using
the following transformations:

r?+ad? a
di = du + dr, dd = dg+ - dr,
A A
JAN

ds* = 22t - asin 0do)’ - sin” 0 b

(P + a®)d® — adf]® — Zdrz R%d9>  (10.13)
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Note that
AN=rF+a*-2mr+¢e* or /\ =F+a*-"2mr,

for charged or uncharged case, respectively, with R? = 12 + a® cos? 6.

These Boyer—Lindquist coordinates are interesting as this form minimizes the number of
off-diagonal components of the metric. Here, the only off-diagonal component of the metric is g,q.

One can easily check when a — 0, the above metric reduces to Schwarzschild solution or
Reissner—Nordstrém solution (/\ — 2 — 2mr or r* — 2mr + % and R? = ).

In the limit m — 0 (with a # 0), one can retrieve flat spacetime, however, not in ordinary polar
coordinate. Here, the metric takes the form

2 2
(r* + a® cos g)drz—

ds* = d* —
s 2+ a?

(2 + a® cos’ 0)d6> — (1 + a*) sin® dD>. (10.14)

The spatial part of this metric represents flat space in spheroidal coordinates. They are connected to
the Cartesian coordinate in Euclidean three space. Actually, the above metric has the form

ds* = d* — d® — dy* — dZ%,

where

x=Vr2+a2sinfcos D,
y=Vr:+ad?sinfsin®,

z=rcosf.

The Kerr black hole is spinning but not static. It is spinning in exactly same way at all times, so, it
is stationary.
Expanding the Boyer-Lindquist form of Kerr—Newman metric for large r to yield

2 in2
45 = [1_2_m+e_+o(i3)]d,2_ [ww(%)]m
I

r 72 r r

2 2 1
_[1+7’"_€_+o(r_3)] (dr + Pdgd). (10.15)

72

One can observe that asymptotic expansion exhibits the asymptotic flatness of the Kerr spacetime
and confirm through the physical identification of the parameters m and e that these are indeed mass
and charge of the spinning body, respectively. Note that e = 0 for uncharged case.

In general, the above metric can be written as

ds> = [f(r)+(9( 1 )]dﬂ— [w +<9(12)] dtdd

r3 r r

- [[f(r)]—1 +0O (%)] (dr* + 2dQ2),



Different Forms of Kerr Solution 281

where

2
fn=1-2 o fy=1-224 2
r r r2

for Kerr solution or Kerr—Newman solution, respectively.

(iii) Rational polynomial coordinate form of Kerr solution
Let us choose y = cos@ in Boyer—Lindquist form of Kerr metric so that y € [—1, 1]. This
implies

_dx
Vi-2

The above Eddington—Finkelstein Kerr metric can be written in (, r, y, ¢p) coordinates

R*=r+d*y? and db =

_ 2
ds* = ﬁ[w —a(l — *)d®)* - (r(21+—a)2()()2)[(’2 +a*)d® — ad]’
2,2
_ (FZ—JX 242 (2 1 & y)d6. (10.16)

This form of the Kerr metric deserves special mention as all the metric components can be expressed
in terms of simple rational polynomials of the coordinates.

(iv) Doran coordinates
After the discovery of Kerr metric, the first explicit form of this metric was written in
Eddington—Finkelstein coordinates as

2mr

ds? = [1 - 2
r2 4+ a?cos? @

(du + asin® 0d¢p)?
—2(du + asin® 0dg)(dr + asin® 0dd) — (> + a® cos® 0)(d6> + sin® 0d¢p?). (10.17)

Recently, Chris Doran introduced a new coordinate transformation to get a new form of Kerr metric
as

du=di+— a0 =dp- adr .

144/ 22""2 2+ a? + \/2mr(r* + a?)
re+a

Using these transformations, one can express the Kerr metric in Doran coordinates (¢, r, 8, ®@) as

ds® = di* — (* + d® cos? 0)do* — (* + a?) sin® 0dD?

_ [72+azcos20] ldH_ \V2mr(r? + a?) ?

X C(dr—asin®0dD)| . 10.18
2 +a? r2 4+ a?cos?@ ( asm ) ( )
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Note that for a = 0, one gets

2
ds* = df* — ldr+ \/z—mdt] — r2(d6? + sin® 0dD?). (10.19)
r

This is the famous Painlevé—Gullstard form of Schwarzschild metric.

(v) Kerr-Schild Cartesian coordinate form of Kerr solution

None of the above forms were discovered by Kerr. He used Cartesian coordinate (t,x,y, z) to
describe the spacetime outside of a rotating body. One can obtain the Kerr spacetime in Cartesian
coordinate (z, x, y, z) by using suitable coordinate transformations from Eddington—Finkelstein form
(10.12) of Kerr solution. The coordinate transformations are

t=u—r,x=sin0(rcos¢ +asing),y = sinf(rsin¢p — acos ¢),z = rcos 6. (10.20)

Note that here r is related to x, y, z as

X2+ y2 Z2
——4+==1. 10.21
r+a 7 ( )
The above transformations yield
ds> = di* — dx* — dy* — dZ?
2
2mr r(xdx +ydy) — a(ydx —xdy) 7
- + =dz| . 10.22
*+a?z? a*+r? r? +a? P ( )

For m = 0, we get the Minkowski spacetime
ds® = di* — dx* — dy* — d7*.
The line element (10.22) can be written in the following general form:

where /; is the null vector with respect to Minkowski metric 7, i.e., n l;l; = 0.

Here,

2mr

pR—
™+ a?z?

and

rs+ay ry—ax z
L=\, ——,—5——.= ). 10.24
' ( a+y? a*+y? r> ( )
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We can also find the contravariant component as

g =ni — ALY, (10.25)
with
o (g e v—ax g (10.26)
B Tat 4y a2+ ) '

For a = 0, we get the Schwarzschild solution as
A=—3 1= (1,)—6,2,5)- (10.27)
r r r

Apart from these forms of the Kerr metric, there should be many other forms that will be discovered
in the near future and those forms may help us know more properties of the Kerr solution.

10.8 Some Elementary Properties of the Kerr Solution

The utmost valuable configuration of Kerr metric is Boyer—Lindquist form for the study of the
elementary properties of Kerr solution. One can rewrite the Boyer—Lindquist form as

ds* = Adf* — B(dp — wdr)* — Cdr? — Dd6?,

where

2 2 g
=A§’B=2—'251n 9 C__ D= R2 _ ;‘ﬁ:zm;‘a’
= R A oo z

with

A =P =2mr+d*, R>=r+d>cos?0,

4N A 2202 2
=(r2+a2)2—a2Asin20=R /\ —4a’?m?r? sin 9'

A —a2sin’ 0
Here, the fundamental tensor takes the form
A-w?*B 0 0 wB
_ 0 -C 0 0
Sy 0 0 -DO
wB 0 0 -B

Here,

2m
=A-w’B=1- e 2 6y = @B, g, = —C, 899 = —D, g4y = —B. (10.28)
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The contravariant form of the fundamental tensor is

1 w
x 003
o = 0 -c 0] 0
00 -5 0
w ®’B—A
A 00 AB

Note that the metric coefficients do not depend on ¢ and ¢. This implies that the solution is
both stationary and axially symmetric (a solution being axially symmetric means that the solution is
invariant under rotation about a fixed axis). As the Kerr metric is stationary and axially symmetric,

—

it possesses the following Killing vectors * = % =(1,0,0,0) and ¢* ﬁ =(0,0,0,1).

This indicates that the orbits of the Killing vector field ‘;ﬁ admit the continuous symmetries for
the curves ¢ = constant, r = constant, # = constant, which are circles. This approves that a spinning
source provides the Kerr field. Thus, Kerr solution represents a vacuum field exterior to a spinning
source. As a — 0, we reproduce the Schwarzschild line element. Also for a — 0 and r — oo, we
have g, — n,, so that Kerr solution is asymptotically flat.

The determinant of the metric yields m independent form as

det(g,,) = —sin® 0 + a* cos” )°. (10.29)

10.9 Singularities and Horizons

Itis obvious that the fundamental tensor of Kerr solution and its contravariant form have singularities
at /A = 0 and R?> = 0. Now one needs to calculate Kretschmann R*<R , . of the Kerr spacetime to
distinguish between coordinate and curvature singularities. Here,

48m2 (2 — a® cos? 0)(R* — 16a*r? cos? 0)

abcd _
R Rabcd - R! B

(10.30)

This indicates that the metric has just a coordinate singularity at /\ = 0 (by setting gi —8u8pp = 0).
However, the Kerr spacetime has a real physical singularity at R* = 0. R> = 0 implies

R> =1+ d*cos’ 0 = 0.
It follows that
r=0and cosd =0or6 = %
Now, Egs. (10.20) and (10.21) yield
P +y=d, z=0. (10.31)

This is a ring-type singularity having radius a that lies in the z = 0 equatorial plane.
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: =+
Event horizonr =r Ring Singularity

Event horizonr=r~ Stationary limit surface

(Infinite red shift surface S*)

y
Infinite red shift

S Ergosphere

Symmetry axis (6=0)
Figure 93 The figure indicates the position of the horizons, ergosurfaces, and curvature

singularity in the Kerr black hole spacetime.

The event horizon is a surface at which the radial coordinate r reverses its signature. Thus,
the Kerr spacetime has horizons where the four velocity of a viewer tends to zero, or the surface
r =constant becomes null. The event horizon is a solution of /\ = 0. This yields

= 2mr+a* =@r—-r)r—r_)=0,

ie.,
r=r,=m+Vm?—a. (10.32)
Note that R*“/R , , remains finite at r,. Thus, the points r = r, are coordinate singularity rather

than a curvature singularity. Also when a — 0 (nonspinning limit), we obtain r = 2m or 0. r = 2m
is the position of the horizon in the Schwarzschild geometry. This indicates that we can recognize
r, as the positions of the inner and outer horizons (r = r, is the outer horizon and r = r_ is the
inner horizon). One can refer the region r < r, as the interior of the Kerr black hole (see Fig. 93).

If we assume the surfaces T = r — constant = 0, then its normal is

n,=T,=(0,1,0,0).

U

Now,

Hence,

on the surfaces r = r, and r = r_, which are null hypersurfaces, i.e., horizons.
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We have taken the restriction as a < m. For the case a = m, one gets the extremal Kerr black hole
(two horizons coincide) and for a > m the equation /\ = 0 has no real solution. So horizon does
not exist, and the Kerr solution does not designate a black hole. In this condition, we obtain a naked
singularity (there exists no horizon, i.e., singularity is not “covered” by any horizon).

Kerr black hole solution is regular in the following three regions:

RegionI: v, < r < oco:
Here the r = constant hypersurfaces are time-like. The metric turns out to be flat for r — oo, and
this region can be considered as the exterior of the black hole.

RegionII: r_ <r<r,:

Here the r = constant hypersurfaces are space-like. If a particle enters inside the outer horizon, then
it starts falling continuously for decreasing values of r and after reaching the inner horizon it enters
region III.

RegionIII: 0 < r < r_:
Here, the r = constant hypersurfaces are again time-like. This region holds the physical singularity.
For extremal Kerr black holes, the two horizons coincide and region II dissolves.

10.10 Static Limit and Ergosphere

For constant (r, 8, ¢), i.e., for a static world-line, the Kerr metric assumes the form

2mr
2 — —
ds|r,€,¢:constam - g”dtz - [1 - F] dr’.

The surfaces of infinite redshift in the Kerr spacetime can be found by removing the coefficient

8-
Thus, from Kerr solution, we find

2mr _ (r* = 2mr + a® cos? 0)
R R?

gy =1- =@r-r,)r—-r_)=0.

This yields the surfaces of infinite redshift at
r=r,, =m=(m —a*cos’ 0)3. (10.33)

Note 10.4

It is termed as infinite redshift surfaces due to the following reason. Let, us put a source at r = r,,
which is very close to the black hole that emits a light signal with wavelength A

mit>

This signal will

emit*
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be observed at r = r,;, with wavelength as

gtt(rob) A
gtl(remit) et

Atr= Fow = Tomirr 8t Femir) = 0 and hence 4,, = .

One can notice that in the region for » > r, the tangent to the static world-line k = 9, is
time-like, however, the region for r < r,, the world-line is space-like. The surface r = r,, is known
as stationary limit surface or ergosurface.

We, now, consider an observer sitting in a rocket ship attempting to come to a halt at a stationary
point in the Kerr black hole spacetime. This rocket moves with a four velocity, U* that is proportional
to the Killing vector, #*[= % = (1,0,0,0)]. Thus,

U* = yt°.

Since the rocket motion is not along geodesw so to normalize the four velocity, we multiply the

factor y [= (,5##) " = (25 (0uD)@51) 7 = (853G = (g,)721.

Here the velocity curves are only time-like outside r = r,, or inside r = r,_ but becomes null
when y2 = g, = 0, i.e., at r = r,,. Thus, the static limit is characterized by g, = 0. Hence, the
rocket cannot be fixed when r < ré +» even if the engine provides an arbitrary large force. Rather,
the dragging of inertial frame restrains it to rotate with the black hole. Actually, for r < r,, velocity
curves, i.e., the world-line is space-like. One can ignore the other solution r = r,_ since it lies
inside the event horizon. Actually, in the region r, < r < r,, the coordinates r and ¢ are both
space-like. This finite region between the horizon and the static limit is called the Ergosphere of
the Kerr spacetime. Note that the static limit does not coincide with the black hole event horizon. In
the ergosphere region, the local light cones are tilted in the direction of black hole rotation so that
every time-like vector gains a rotational component. Hence, all physical trajectory is compelled to
rotate within the ergosphere. Note that outside the ergosurface, the light cones are normal (not titled)
(see Fig. 94). For a — 0, i.e., for nonspinning limit, the stationary limit surface coincides with the
event horizon and the ergosphere disappears. Also, since the position of ergosphere is at the outside
of the outer horizon, it is possible to enter in the inside region of the ergoregion and return. Within

the ergoregion, the Killing vector k* = (1,0, 0, 0) becomes space-like, i.e., k*k"g av = 8 < 0.

time dependent region

Inner horizonr =r,
ergosphere
stationary curvature ring singularity r = 0

limit surface r = rg Q

Figure 94 Light cones in Kerr spacetime.
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Since \/m2 —a?cos? > \/m2 — a2, we have

T

_Sr_Sry<rg,. (10.34)

10.11 Zero Angular Momentum Observers in the Kerr
Spacetime

Let the observers with zero angular momentum (called ZAMOSs) have four velocity u*. Therefore,
L=u,p*=0.
This yields
gyl + g¢¢q§ =0.

[dot indicates differentiation with respect to proper time z].

Also, suppose the observers are moving in the ¢ direction with angular velocity Q = % = w.
We note that ZAMOs acquire an angular velocity equal to @ = —jﬁ. Hence, one obtain
o0
_ 8w _ 2mar _ 2mar
8p¢ z [(7 + a?)? — a? sin® 012 = 2mr + a2)]
a(r* +a*> = /)

[P +a2)? —a?sin? 0/\]
Since
r* + a®)? > a? sin’ 07 = 2mr + a),

we always get % > (. Thus, the signs of angular velocity and the angular momentum ma of the
black hole are same, i.e., the ZAMOs rotate with the black hole. Once a viewer moves toward the
black hole, this angular velocity increases. This is a remarkable characteristic of the Kerr black hole
that the motion of the ZAMO in the gravitational field of the Kerr black hole is corotating with the
black hole. This feature is called the dragging of inertial frames.

For large r, w ~ 2“7'" and the dragging vanishes finally at infinity.

10.12 Stationary Observer in the Kerr Spacetime

A stationary observer is an observer who does not notice any time disparity in the black hole’s
gravitational field. The two obvious Killing vectors of the Kerr metric are 1* = % and ¢* = %
(known as time translation Killing vector * and the azimuthal Killing vector ¢*). Then, in general,

the linear combination at* + bg* is also a Killing vector of the Kerr spacetime.
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Let, the stationary observer move with a four velocity U*, which is proportional, in general, to
the Killing vector, t* + Q¢*“, i.e.,

U* =y(1" + Qo"),
where y is a new normalization factor given by

Y77 = gy (1" + QIO + Qo)

= g, +2Qg,, + Qg4

= 840 <QZ —20Q + ﬁ),
8¢
where
8 d
w=-22 and —d) = Q = observer’s angular velocity.
8u dt

A stationary observer can exist in the Kerr spacetime provided y=2 > 0. For y =2 < 0, this fails to be
true.
Now, =2 > 0 only when

Q. <Q<Q,,

Q. =0+ a)z—ﬁ.
8o

Using the value of the metric coefficients of Kerr metric, one gets

VAP

=0+ —.
* Y sinf

where

Q

If we have a stationary observer with Q = 0, then that observer will be the static observer and from
the above result we identify that static observers exist only outside the static limit.

Itis obvious that _ changes sign at » = r, . Also, one can see that if  decreases more from r, ,
€_ increases, whereas € decreases. Finally, we attain the state _ = €, which implies Q = . At
this point, the stationary observer is compelled to rotate with same angular velocity w of the black
hole. This situation will happen when A = 0, i.e., when r? — 2mr + a> = 0. The largest root r,

indicates the event horizon and smallest root r_ specifies the black hole’s inner apparent horizon.
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The Killing vector * + Q¢* will be null at 7, and stationary observers never exist inside this surface
(black hole event horizon).
The expression

_ a
= =
ri+a

Qy

can be treated as the angular velocity of the black hole. It is actually the minimum angular velocity of
a particle at the horizon. Stationary observers just outside the horizon are corotating with the black
hole possessing the angular velocity ;.

The Killing vector * +€,¢“ is null at the event horizon. It is tangent to the horizon’s null generators
(which is wrapping around the horizon with an angular velocity Q). The event horizon of the Kerr
spacetime is actually known as Killing horizon.

10.13 Null Geodesics in Kerr Spacetime

We know that freely falling massless particles describe null geodesics. For the Kerr spacetime, we
can construct the Lagrangian for the Boyer—Lindquist form (10.13) as

. 2
L= m(i — asin® 0¢p)* — %[(V2 +a*)¢ — ail?
2 o2 )i
3 M — (2 + d® cos? 0)62. (10.35)

[Dot indicates the derivative with respect to affine parameter p]
The corresponding Euler-Lagrange equations are

w505

— - —=0, x=1r71,0,¢.
dp ox ¢
We know that the first integral of geodesics equation is

dx* dx”
—— =g, 10.36
8uy d dp € ( )
where € = 1 for the time-like geodesics and € = 0 for null geodesics.
Note that the Kerr metric is axially symmetric and without any loss of generality we consider
the null geodesic in equatorial plane 8 = constant, i.e., null geodesics lie in the hypersurface 8 =
constant, then % = 0. Kerr metric coefficients do not contain 7 and ¢ explicitly which means ¢ and

t are cyclic coordinates.
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For the above Lagrangian, we get the following equations of motion corresponding to x = ¢, ¢
and 0, respectively,

)
A (t — asin® 0¢) + asin”

2y
(r2 + a% cos? ) (2 + a2 cos? 0) (2 + ) —ai] = 1. (10.37)

- 2 . ) . 1”2 2N i 2 6 . '
e S0P L g il =n (1039
2 . . ; 2aAd ) .
(r2—+ 52 CAOS2 0y (t — asin® 0¢)* — m(r —asinf¢)
r+a A 2;2
T Pt dcost0) J(ra;r CZ; o7 [(* + ) —ail’ + == =0. (10.39)

Here, [ and n are integration constants, which are realized as the energy and the component of the
angular momentum along the rotation axis, respectively. Also, the first integral (10.36) yields

A . 2o sin® 0
——— (t—asin" 0¢)* = ——————
(2 + a? cos? 9)( 4 2 (r2 + a? cos? 0)

B (P +a*cos? O)i7
— =

(P + a®) — ai]?
0. (10.40)

One can notice that the above four equations contain three unknowns #,# and ¢, therefore, there
should exist some constraint between n and /. After some algebraic manipulation, we get from
(10.37)—(10.40) as

n? — (alsin” 0)> = 0. (10.41)

Taking n = al sin’ 6, Egs. (10.37)—(10.40) yield the following solutions for #, i-, and ¢ as

. (” +a?)l

= (10.42)
=+, (10.43)
p— 4

b=% (10.44)

Eq. (10.43) indicates that the constant / may be immersed into the affine parameter p. Also + sign
signifies that we can have two null congruences. The negative sign implies that we have ingoing
null congruence and positive sign implies that we have outgoing null congruence. For outgoing null
congruence, we elect 7 = +/ and with the help of Egs. (10.42) and (10.44) we have

dt_zz(r2+a2)' d_¢=é_

a
— = —_—. 10.4
dr A\ T odr A (10.45)
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For a®> < m?, one can solve above equations to yield

mr, r mr_ r
t=r+| —— |In|— -1|-| —— |JIn|— — 1], (10.46)
\Vm? — a2 Ty V m? — a? r-
r—r
= a In * | + constant. (10.47)
2Vm? — a? r=re

Let us consider three regions I (r > r, ), Il (r_ < r < r,),lII (0 < r < r_) in Kerr spacetime. One
can note that /\ > 0 in regions I and IIl and /\ < 0 in region II. Therefore, Eq. (10.45) indicates
that %: > 0 in region [ and so this congruence is known as the principal congruence of outgoing

null geodesics (i—: > 0 = rincreases as f increases).

The solution corresponding to i~ = —I provides the congruence, which is known as the principal
congruence of ingoing null geodesics. Here, one has to replace ¢ by —f and ¢ by —¢ (%: <0=>r
decreases as f increases).

One can note that the null congruences give information about the radial variation of the light
cone structure. We notice that the light cone becomes narrower as r — r,. Here, r = r isa
coordinate singularity as r — r_, ¢t — oo, and ¢ — oo. The above relation (10.46) reduces to
Schwarzschild congruences in the nonspinning limit a — 0.

10.14 Kerr Solution in Eddington-Finkelstein Coordinates

Now, we are interested in finding a new coordinate (v, r, 8, y) in which ingoing radial null geodesics
becomes straight lines,

v=t+r", w=¢+ P, (10.48)
where
2
r*=/r2+a dr=r+ T lnL—l‘
A m2 —(12 ry
mr_ r
| —— JIn|— - 1‘. (10.49)
V2 — a2 r_
r—r
¢ =/£dr= a 1 * | + constant. (10.50)
A 2Vm2—a? 1T

Here, we use the transformation t — v, ¢p — y, where

r2 2
dv=di+ %d;’; dy = dg+ L
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For advanced time coordinate (v, r, 6, y) the Boyer-Lindquist line element is transformed into

2
ds* = (1 — %> dv? — 2dvdr + wdvdw
R R
2 o2
+2asin® Odrdy — R2do* — 2520 4,2, (10.51)

R2

This form is known as advanced Eddington-Finkelstein form of the Kerr solution. These
coordinates produce an extension of the Kerr metric across the future horizon. Actually, the
coordinates (v, r,8,y) work well on the future horizon, however, not on regular, i.e., singular on
the past horizon.

We can describe the outgoing radial null geodesics by using the following coordinate (u, r, 8, y),
where

u=t—r*, ){=¢_¢*v

)
ds® = <1 — %) du® + 2dudr + 4mn;%edud)( — 2asin’ Odrdy
2 102 22 sin29 2

This form is known as retarded Eddington-Finkelstein form of the Kerr solution.
Here, the coordinates (v, r, 8, y) are regular on the past horizon but singular on the future horizon.

10.15 Maximal Extension of Kerr Spacetime

By using the Eddington-Finkelstein-like coordinates ((v,r,0,w) and (u,r,0, y)), like the
Reissner—Nordstrom black hole, we can extend the Kerr spacetime across the horizons, i.e., it
is possible to allow the continuation of the Kerr metric across the event horizon.

The conformal diagram is very similar to Reissner—Nordstrom black hole except that one could
go beyond r < 0. One can draw the conformal structure of the Kerr spacetime along the symmetry
axis, which is shown in Fig. 95. Here, we have three regions I (r, < r < o), Il (r_ <r <r,), and
Il (—o0 < r < r_) in Kerr spacetime. Region I is flat spacetime (it is the exterior of the black hole),
region II includes closed trapped surface (here r = constant, surfaces are space-like), and region III
includes the ring singularity as well as closed time-like curves, i.e., it violates the causality condition
(it contains actually ring singularity and r < O space). However, regions I and II obey the causality
condition.

The conformal diagram of Kerr spacetime contains infinite copies of patch both with » > 0 and
with r < 0. In this spacetime, a particle entering the inner horizon can either cross the ring or enter
the additional copy of the region II, and then another copy of the region I with » > r, (which is
asymptotically flat), etc. These copies of region I are causally connected.

For extremal case a>

= m?, two horizons r, and r_ overlap and therefore, region II does not
occur. Thus, the conformal diagram is very similar to extreme Reissner—Nordstrom black hole case.

Conformal structure of the extreme Kerr spacetime along the symmetry axis is shown in Fig. 96.
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Figure 95 Conformal structure of the Kerr spacetime.

Figure 96 Conformal structure of the extreme Kerr spacetime.
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10.16 The Hawking Radiation

Einstein’s GR predicts classically that a black hole absorbs everything. However, in 1974, Hawking
showed by considering quantum field theory that at the early times despite there being no particles
of the quantum field but later on a distant observer will see an outgoing flux of particles having
thermal spectrum. This flux of energy emitted by the black hole causes it to loose mass and finally
it will evaporate. This phenomena proposed by Hawking is known as Hawking radiation.

In Fig. 97, we will give an outline about the process.

According to quantum theory, pairs of virtual particles and antiparticles are continuously created
and annihilated in the empty space. When this phenomenon is happening in the vicinity of the horizon
of the black hole, then it is affected by the strong gravitational field around the black hole. Among
these pairs, some of them would not be able to anhilate, because positive particle in the pair (say an
electron with its positive energy and positive mass) may come out in the form of thermal emission
radiating from the black hole, whereas the negative particle (say, a positron, with its negative energy
and negative mass) may move into the black hole (see Fig. 97). The outgoing particle carries energy
when it appears as radiation emitted by the black hole. For a distant observer, this spectacle will
seem to have been produced (discharge radiation) by the black hole. So as to recompense for this
positive energy, transmitted by the positive particle, the black hole would gradually lose mass. This
phenomena is known as Hawking radiation.

Note 10.6

A vacuum contains a place with anything but empty! Actually, in vacuum, a phenomena of creation
and destruction of pairs of particles/antiparticles happens continuously for very short durations.
These particles are called virtual particles as they cannot be directly evaluated by particle detectors
during the very short times. Heisenberg’s uncertainty principle helps us describe this fact. The
total energy of the vacuum is zero. Let the pair of particles and antiparticles having energy AE

escape of
anti particle particle
goes inside
event \\
horizon creation of
particle-anti
particle pair
Time
event o
horizon anhl_latlon .
particle-anti
particle pair

Figure 97 Hawking radiation.
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be constantly created for a life time of about Air' We define it with an uncertainty that

AE.AT > g (h = reduced Planck constant).

Notice that total energy of the virtual particles and antiparticles remain unchanged as one of the two
particles has a positive energy, and the other particle has a negative one. This event is known as
quantum fluctuations of the vacuum.

Note 10.7

The opposite phenomenon of Hawking radiation is not possible. If the particle with positive energy
falls back into the black hole, then the other particle with negative energy (antiparticle) will also
have to fall, as a particle with a negative energy cannot exist in our universe.

Note 10.8

As a black hole emits particles, its mass and size gradually decrease. Since the black hole radiates,
it will evaporate and vanish.

The No Hair Theorem: The no hair theorem asserts that the spacetime metric for a black hole in
matter free space is distinctively expressed by three physical parameters such as the mass M, the
angular momentum J, and the electric charge Q (and for magnetic monopole charge if it exists) of
the source. These three quantities are conserved. One can determine these quantities by investigating
particle motion in empty space.

Naked Singularity: We know black hole has a region around its physical singularity, known as the
event horizon and the gravitational force of the singularity is very strong so that even light cannot
escape. So, it is not possible to observe the singularity directly. However, a naked singularity is a
gravitational singularity, which has no event horizon. As a result, in contrast to the black hole, it can
be observed from the outside. Existence of naked singularity indicates that it is possible to detect the
collapse of a body to infinite density. This creates a basic problem for general relativity because if
there exists a naked singularity in the spacetime, then it is not possible to predict anything about the
future evolution of spacetime.

Cosmic Censorship Hypothesis (CCH): CCH states that no naked singularity is formed due to
the collapse of physically realistic distribution of matter. In 1969, Roger Penrose proposed this
hypothesis. The failure of CCH indicates that an observer receive information from a singularity. In
other words, an observer can observe the particles created near a singularity.

A circumstance arises when the matter is compelled to be compacted to a point. This is known
as a space-like singularity.

Space-like singularities are the feature of nonrotating uncharged black holes.

A situation arises when certain light rays come from a region with infinite curvature. This is
known as a time-like singularity.

Usually, time-like singularities occur in the exact solutions of charged or rotating black holes .
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10.17 Penrose Process

In 1969, Penrose proposed an amazing result that energy can be taken out from a black hole with
an ergosphere. It was believed that no material body or even a light ray can come out from a black
hole. Now, we will discuss the mechanism proposed by Penrose.

Consider a test particle with rest mass m,, and four momentum

dxt
H = my— = m,U",
14 s 0

is moving towards a Kerr black hole along a geodesic. First, we consider the conserved quantities
associated with the Killing vectors

K" =0, and R" = 04).

[here the metric coefficients of Kerr metric do not depend on ¢ and ¢]
We recall Kerr metric in (—, +, +, +) signature

a2 2 2 ¢in2
as = = (1= 20 - PO gy 1 B 4 g + Z200 g2,
R? R A R?

For a test particle of the above four momentum, we can have two conserved quantities, the energy
(E) and angular momentum (L) of the particle as

2momar
2mr) dt + Mo sin? 0@

E=- ul’”=mo<1—? -

dt R? dr

and

2mgmar 5 dt  my(r* +a*)* —my /\ @ sin® @
——sin“ 60— + S

in’ 9@.
R? dr R? dr

— Ho— _
L=R,p"=
As the energy is positive, so we have used minus sign in the definition of E. Since both K* and
p* are time-like, their inner product is negative. However, K* is space-like inside the ergosphere
region (r, <r <r,), therefore a particle with negative energy can exist in the ergosphere region.

E=-K,p" <0.

The particles outside the stationary limit surfaces should have positive energies. Particles with
negative energy would never be able to escape from this region. To escape from this ergosphere
region, it needs to accelerate until its energy is positive. The method in which negative energy
particles created in the ergosphere, are used to extract positive energy from a Kerr black hole is
called the Penrose process.

Suppose a particle with the four momentum p®# and total positive energy

E,= _Kﬂp(o)ﬂ
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ergosphere

Killing horizon

Figure 98 Penrose process.

comes from far away and enters the ergosphere of the Kerr black hole. After entering the ergosphere,
region it decays into two new particles with four momenta p"# and p®* (see Fig. 98). We know for
a freely falling particle total energy, E, is constant.

By local conservation of momentum, we have

0 1 2
17( )i =p( )7 +p( .

Contracting with Killing vector K, yields
EO = EV 4 EO),

One of the new particles falls into the horizon with negative energy E(V since K 4, 1s space-like
within the ergosphere, whereas the other escapes to infinity (i.e., free motion or geodesics) with
larger energy, E®, than that of the original energy, E, of the falling object since the energy is
conserved. Thus, the particle has returned with more energy (E® + |E(|) than it entered with E©.
Thus, some of the energy of a rotating black hole can be taken out through the above Penrose process
and the mass of the black hole inevitability can be diminished to M—|EV|. In other words, the energy
|EM| has been taken away from the black hole.

Now, a natural question arises: how much energy can be taken out from a Kerr black hole
through the Penrose process?

Penrose energy extraction process is self-preventive. Particles entering the ergosphere region,
extract energy from the black hole through the Penrose process, also carry negative angular
momentum that is opposite to the black hole. That means, Penrose process extricates energy from
the rotating black hole by diminishing its angular momentum J = ma up to zero, whereas the mass
of the black hole, m is still finite. Note that ergosphere will disappear when J = 0, and then the
energy extraction process will stop.

To see this limit on energy extraction, we define a new Killing vector y* as

1" =K'+ QuR".
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The vector y* is future-directed null on the outer horizon and tangent to the horizon (y* is time-like
just outside the event horizon). Q = ﬁ is the angular velocity on the horizon. If a particle with
+

momentum p{V# crosses the event horizon, then
1
p( )/42/” < O’
= pWH(K, +QuR,) <0,
= -EV +1VQ, <0,

ED

'H

=10 < (10.53)

[L = p#R is the conserved angular momentum. ]

If the particle’s energy (E") is negative, then the particle must have a negative angular
momentum (LV) since € is positive and its motion is opposite to the black hole’s rotation.
Therefore, the black hole loses its angular momentum during the Penrose process.

Note that after the black hole guzzles a particle of energy (E(") and angular momentum (L"), it
should settle down to a Kerr solution with parameters adapted by

sm=ED, §5=LD,

Thus, Eq. (10.53) yields a restriction on how much a particle can decrease the angular
momentum as
om
oJ < —. (10.54)
Qy
Although Penrose process is to extricate energy from the black hole, it does not violate the area
theorem, i.e., in this process it is not possible to reduce mass of the black hole below the initial value
M,,,, where M, is the irreducible mass. We know the area of the event horizon is nondecreasing.
In Penrose process, the mass as well as momentum decrease and its combined effect may cause the
area to increase. To confirm this, the area of the outer horizon, which is located at

rp=m+Vm?—a2,

could be calculated.
On the horizon, the induced metric y;; is given by

yijdxidxj = dsz(dt =0,dr=0,r=r,, i,j=0, ¢)

2 +a?)?sin’ 0
= (r} +d’cos’ 0)df” + l(*— ?

2 +a*cos? 0
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Hence, the horizon area will be the integral of the induced volume element as

4= [ Virlaoap = [ uzggaoas
= 471'(1*?F +d?).
Here, |y| = (> +a*)*sin’ .
The irreducible mass of the black hole is defined by

2 _ A 1
i~ Tex 4

%(nﬂ + Vm?* — (am)?) = %(m2 + Vm? = ). (10.55)

(r, +d*)

This result yields

2 2 JZ 2
m =Mirr+ 4M2 2 irr’

rr

Hence, in Penrose process it is impossible to diminish mass of the black hole below the initial value
of the irreducible mass M,,,.

Now, to find the effect of M,,,. due to the change in mass or angular momentum, we calculate the
variation of M,,, as

1 a -1
oM., = —(Q7, 6m — 8J). (10.56)
4Mirr m2 — a2 "
The restriction (10.54) indicates that
oM;,. > 0.

The irreducible mass always increases, i.e., it can never be reduced.
Now we can find the maximum amount of extraction of energy from a Kerr black hole before
the black hole comes to stop its rotation as

m—Mi,.,zm—L(m2+\/m4—f2 3.
V2

The irreducibility M,,, implies that the area A(= 1675Ml.2rr) can never decrease. Eq. (10.56) yields

a

SA = 8r——2—(6m — Q,,8)),

QuVm? — a2

= om = 8£5A +Q,6J, (10.57)
T
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where

~ 2 — a2
2m(m + Vm? — a?)

is known as surface gravity of Kerr solution.
Eq. (10.57) provides a clue to think about a correspondence between black hole and
thermodynamics. The first law of thermodynamics can be stated as

" (10.58)

dE = TdS — pdV,

where T is the temperature, S is the entropy, p is the pressure, and V is the volume, so that pdV
represents work done by the system. It is obvious that the term Q6J in (10.57) indicates the
work done by the black hole when a particle is entering it. Hence, people started thinking of
establishing black hole thermodynamics by identifying the thermodynamical quantities and black
hole’s characteristics as

energy <> mass; entropy < area; temperature <> surface gravity.

Note 10.9

Hawking discovered the relation between the entropy of the black hole and the area of the event

horizon as
kA A
S=(—|)=.
(5)4

10.18 The Laws of Black Hole Thermodynamics

It is argued that four laws of black hole mechanics are the physical properties of the black hole.
Some renowned scientists, B. Carter, S. Hawking, J. Bardeen, and J. Bekenstein discovered that
these laws are very similar to the laws of thermodynamics. These laws of black hole mechanics are
demonstrated through the following names:

ZEROTH LAW

For a stationary black hole, horizon has constant surface gravity.

[An object experiences gravitational acceleration at its surface, which is known as surface
gravity.]

THE FIRST LAW
The following expression is known as the first law of black hole thermodynamics:

dm = = dA + QdJ + ®dQ,
87

where m is the mass, A is the horizon area, Q is the angular velocity, @ is the electrostatic potential,
K is the surface gravity, and Q is the electric charge.



302 Rotating Black Holes

THE SECOND LAW
The horizon area is nondecreasing function of time, % > 0.
THE THIRD LAW

It is impossible to construct a black hole with vanishing surface gravity, i.e., we never achieve
Kk =0.

Now we will discuss very briefly the laws of black hole thermodynamics for Kerr solution.
For Kerr black hole, the horizon area A is given by

A=4ﬂ(ﬁ+a2)=8nm{m+ <m2—J—22>5}.
m

Plugging G and c in the above equation, we get
}. (10.59)

(87:Gm> { Gm <G2m2 J2 )
A= - 4+ —
c? c? ct m2c?

This indicates that area of a black hole horizon never decreases, which obeys the second law of black

R—

hole thermodynamics.
Now, differential of (10.59) yields

dome?) = (2 dA+QdJ—< ah )ds+9d1 (10.60)
~ \ 822G ~ \2zck ’ ’
where
12(,‘2
G2 — 7)
a= ] s
2Gm Gm G2m? J? 2
<c2>{c_2+< ct _m2L2> }
A
Q = n 1 B
2Gm Gm G*m? J? 2
<c2>{c_2+< ct _m252>2}

Now, comparing (10.60) with first law of thermodynamics
dU = TdS — pdV,

we find the expression for the temperature 7 as

_ah
"~ 2rke’

(10.61)
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Note that a remains the same everywhere on its horizon, therefore, temperature is uniform.
In other words, horizon has constant surface gravity, and this is the zeroth law of black hole
thermodynamics.

Here, the temperature, i.e., surface gravity will be zero when m = a. This is not possible as one
needs infinite number of operations to reach the extreme black hole. In other words, it is impossible
to construct a black hole with vanishing surface gravity and this is the zeroth law of black hole
thermodynamics.

Note 10.10

An outline of the mathematical calculations of generating rotating black hole solutions from a
general spherically symmetric black hole solution.

Step 1: Consider a general spherically symmetric metric

ds* = firyde* — ar _ h(r)(d6? + sin® dg?).
&)

Step 2: Write down the above metric in the advance null (Eddington—Finkelstein) coordinates

(u, r, 0, @) using the transformation

du=dt—i.

Vs

The above metric in the null coordinates converts
ds* = firndu® + 2\/zdudr — h(r)(d6* + sin® 0dp?).
8

Step 3: Now, express the inverse metric g#* using a null tetrad Z4 = (I*,n*, m*,m") in the form

g =M + 'n* — mfm” — m'm",
where m* is the complex conjugate of m*, and the tetrad vectors satisfy the relations
H — H — H — H — H — - M — —
l”l =n,n" =m,m’ = lﬂm =n,m' = 0, lﬂn =m,m' = 1.

Here, the tetrad vectors satisfying the above relations are given by

. 8 1 i
[ TR - ¥ V- ¥ T ”=—(5" 5").
" \/7 20 = 5 % g

Step 4: Let us consider a complex transformation in the r — u plane given by

r—r =r+iacos0,u - u =u—iacos0,
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along with the complexification of the metric functions f(r), g(r), and h(r). Subsequently, in the
complex transformation, the new tetrad vectors convert as

0 0 :
R VR CGOF TRRCIGLO T - (iasino@: - 60+ 85 + ——3, ).
" F(r,0) * 2 " \2H(r, 6) “ " sin@

where F(r, 0), G(r, 0), and H(r, 8) are, respectively, the complexified form of f(r), g(r), and h(r).

Step 5: Using the new tetrad, we find the new inverse metric in the advance null coordinates as

ds® = Fdu® + 24/ Edudr+ 2asin’ 0 1/ E_ F ) dudd —2a4 | E sin® Odrd¢
G G G
— Hdo® — sin® 0 lH+ & sin” 0 <2\ /g - F>] ¢,

Step 6: Now to write down the above metric in Boyer—Lindquist coordinates (where only the
off-diagonal term is g,,), we continue to execute the succeeding global coordinate transformation

du=df + y,(r)dr, d¢ =d¢' + y,(r)dr.

Implanting the above coordinate transformations in the metric and setting g, and g, to zero, we
get
G(r.0) 2 in2
o0 H(r,0) +a”sin“ 0 a
) ) 12(”) = . 25"
G(r,0)H(r,0) + a? sin” 0 G(r,0)H(r,0) + a? sin” 0

x(r)=-

Remember that the above transformation is possible only when y, and y, depend only on r. Note
that if y,(r) and y,(r) depend on 6 also, then we cannot perform the above global coordinate
transformation. Note that all complexification of the functions need not provide y, and y, that are
independent on 8. One needs to guess suitably. In fact, there are several methods to complexify. One
possible complexification is as follows:

l—>l<l+l>=%,rz—>r’7=p2,
r p

2\ T F

where p? = ? + a? cos? 6. Finally , the above global coordinate transformation yields the metric in
the Boyer—Lindquist coordinate as

ds® = Fdi? +2asin?0 ( | £ — F Vdrdp - —F 4 — Hao?
G GH + a?sin* 0

_ sin2g lH+ & sin? 0 <2\/g - F>] A,

where we have dropped the prime sign from ¢ and ¢'.
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11.1 Introduction

Cosmology is the study of the universe as a whole. That means cosmology deals with the structure
and evolution of the universe on the largest scales of space and time. Gravity plays the central role
for the structure of the universe on these scales and regulates its evolution. Thus, general relativity
is the main part of cosmological study and cosmology is one of the most important applications of
general relativity. The universe consists of stars, gases, collections of matter (with zero rest mass or
massive particles) with known and unknown characters and vacuum energy.

Zero rest mass particles (photons, gravitons, etc.) are referred to as radiation and nonzero rest mass
particles (protons, neutrons, electrons, etc.) are called matter. It is argued that protons and neutrons
are built through more fundamental particles dubbed as quarks. The general terms for particles
made up of these quarks are baryons. The neutrinos are extremely weak interacting particles, which
are created, e.g., in radioactive decay. Neutrinos with very small masses behave approximately like
radiation in some circumstances and matter in others.

The visible matter in the universe is mostly contained in galaxies—gravitationally bound
collections of stars, gas, and dust. A typical galaxy has about 10!! stars and a total mass of 10'?
times of solar mass, i.e., = 10'2M,. In the observable universe, very roughly 10'! galaxies are seen.
Assuming the visible matter in the galaxies is smoothed and uniformly distributed over the largest
scales, then at the present day the density is approximately estimated as

Puisieto) ~ 107 gm/em?,

which is equivalent to one proton per cubic meter.

Apart from galaxies, the universe comprises of radiation consisting of zero rest mass
particles—photons and also some Newtonian and gravitational waves. The velocity of this radiation
is similar to the velocity of light. The radiation is not gravitationally bound, clustered; that moves
up the galaxies. Detected electromagnetic radiation that has been left-over from the hot big bang,
with the greatest energy density, is the cosmic background radiation. To remarkable experimental
precision, this is very similar to the black body spectrum with the temperature of 2.725 + .001 K.
This result (closest to the black body spectrum) provides the evidence for a big bang. As the peak
of this spectrum lies in the microwave band, so this radiation is termed as the cosmic microwave
background radiation (CMBR). Similar to black body radiation, the density of the CMBR with a
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temperature of 2.735 K is
p,(tg) ~ 107 gm/cm’.

In recent time, it is argued that the energy density in this background radiation is much less than the
average density of the matter in the galaxies.

Penzias and Wilson discovered CMBR in 1965. This supports the big bang.

In recent times, some experimental evidence indicates that most of the mass in the universe is
neither luminous matter in the galaxies nor radiation, detected so far. This mass can be identified
by its gravitational effect, even if it cannot be observed directly. This mass is dubbed dark matter.
The simplest indication of this dark matter comes from weighing spiral galaxies.

[A spiral galaxy is a disc of stars and dust rotating about a central nucleus]

To measure the amount of mass in the universe, we compute the motion of the galaxies and apply
Newton’s law of gravity. A detailed plot of the orbital speed of the galaxy, i.e., by measuring the
Doppler shifts in 21 cm line of neutral hydrogen, the velocities of clouds of this gas in the disc can
be mapped as a function of distance r from the center of the galaxy, reveals the distribution of mass
within the galaxy. The velocity V(r) at radius r is related to the mass M(r) up to radius r is

GM(r) V2(r)
2 r

Outside of a radius that contains most of the mass, it is expected that V(r) should vary as 73, But
this is not seen. Rather, in almost all cases, V(r) remains more or less a constant. This indicates that,
even in the outer region of the galaxy, M(r) is increasing with r, in fact, M(r) « r. In fact, almost
every galaxy contains a halo of dark, unseen matter, which is 10 times more than the mass seen in
visible light.

There are many indications (observational evidences) that the visible matter and detectable
radiation contain only one third of the mass of the universe. To know the exact nature of missing mass
is an active area of research in cosmology. The remaining two third of the density of the universe
must be in some smooth unclustered form, dubbed dark energy. In 1998, two groups (Riess et al.,
1998, Perlmuter et al., 1999) by observing supernovae reported direct evidence for dark energy. The
evidence is based on the difference between the luminosity distance in a universe dominated by dark
matter and one dominated by dark energy.

Riess and Perlmuter got noble prize in 2010 for discovering accelerating phase of the universe.
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Note 11.4

The standard distance unit in cosmology is parsec (pc).

1 pc =3.09 x 10'® cm = 3.26 light year.

However, the range of scales is such that it is useful to deal with the astronomical unit (AU),
the distance from the sun to the earth, which is 4.85 x 107° pc, microparsec (upc) = 107 pc ,
milliparsec = 103 pc, kiloparsec (kpc) = 10° pc, megaparsec (Mpc) = 10° pc, and gigaparsec
(Gpe) = 10° pe.

Distance to the nearest star = 1 pc (Proxima Centauri).

Distance to the Andromeda from the earth is 2,538,000 light years = 778.5 kpc (Andromeda galaxy
is the nearest to the Milky Ways, i.e., our galaxy).

Distance to the nearest large cluster (the Virgo cluster of several thousand galaxies) = 20 Mpc
Distance to the edge of the visible universe = 14 Gpc.

11.2 Homogeneity and Isotropy

Optical and radio surveys of the sky confirm that the distribution of galaxies is the same in all
directions. Also, the precise consistency of the CMBR confirms that, indeed, the universe is isotropic
about our position on a large scale.

Based on the observations cosmologists introduced the following two postulates:

Weyl postulate: Let the galaxies be treated as particles (or points). The Weyl postulate states that
the world lines of galaxies are recognized with a specific class of observers, known as fundamental
observers, have a common point of intersection, form a bundle (or congruence) of geodesics. One
can also describe a common time coordinate, which quantifies the proper time of each such observer.

Alternative: The Weyl postulate states that if one designates the world lines of galaxies as
fundamental observers, then these world lines form a three bundle of nonintersecting geodesics
orthogonal to a series of space-like hypersurfaces.

Now, we are interested in describing the Weyl postulate in terms of coordinate and metric of
spacetime. Let us assume that galaxies, i.e., the particles are moving along nonintersecting world
lines a, b, c, ... which have no irregularities (see Fig. 99). We can also use x* (u = 1,2, 3) to label a
typical world line in the three bundles of galaxy world lines. Here, the three coordinates x* are space-
like. Further, let the coordinate x° as time coordinate measures the proper time along each curve,
x* = constant. Hence it is obvious that x* = constant is a usual spacelike hypersurface, which is
orthogonal to the usual world line characterized by x* = constant. It is always possible to find a
continuum from a discrete set of points (here galaxies) through smooth fluid approximation. Here
we use four coordinate x', i = 0, 1,2, 3 to describe space and time and in terms of these coordinates,
we define the metric tensor as g;, where the line element is

ds* = gydx'dx.
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time

Figure 99 Particles are moving along nonintersecting geodesics.

According to Weyl postulate, the orthogonality condition yields

8oy = 0.
Also, the line x* = constant is a geodesic.
We know the geodesic equations as
i A !
d’x r d* dx! 0.

- 4+ - =
ds? K ds ds
Putting the condition, x' = constant, i = 1,2,3 in this geodesic equations, we get
i _ .
[ =0,i=12,3.
The above equation implies

dgg

= =0, i=1, 2, 3.
b

Hence g, depends only on x°. Rescaling x°, we can make g,, = constant and without any loss of
generality, we can take it as unity, i.e.,

oo = 1.
Hence, the consequence of Weyl postulate transforms the above line element as
s = " — g, detdx’ = Cdi* — g, dx"dx", (11.1)

where ct = x°. This time coordinate is the cosmic time and ¢ is the galaxy’s proper time.
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Cosmological Principle

This principle states that at any given cosmic time, the universe looks homogeneous and isotropic,
i.e., there is no ideal position or direction in the universe.

Homogeneity means that the appearance of the universe is the same at each point, while isotropy
implies the universe looks identical in all directions.

The above two do not necessarily imply one another. As for example, the universe occupied with a
uniform magnetic field, is homogeneous, because all points are similar, however, it is not isotropic,
as directions alongside the field lines can be dissimilar from those perpendicular to them. Also, if
one sees a spherically symmetric distribution from its central point, he will observe it isotropic in
nature but not essentially homogeneous.

11.3 Robertson-Walker Metric

On the large scale (more than 100 million light years or so), the universe looks homogeneous and
isotropic around us. At this scale, the density of galaxies is approximately the same and all directions
from us appear to be equivalent. Using Weyl’s postulate one can write the general metric as

ds* = *dr* — hydx'dy,  (i,j=1,2,3) (11.2)

where the hij are functions of (z, x', x2, x3).
Now, we try to find the metric when the spacetime of the universe is homogeneous and isotropic.
Let us consider two neighboring galaxies whose coordinates are (x!, x%,x*) and (x! + Ax', x* +
Ax2, x> 4+ Ax), respectively. The distance between two neighboring galaxies on the same
hypersurface t = constant is given by

do® = h;Ax'Ax. (11.3)

Consider three widely separated galaxies A, B, and C shown in Fig. 100 at some time #;. At a
later time, ¢ another triangle (A’B’C’) is formed by the same galaxies.

A
.
A |

Figure 100 The sides of a triangle are expanded by the same factor.
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The postulate of homogeneity and isotropy at all points and directions on a particular hypersur-
face implies that two triangles must be similar and, also, the increase in length must be independent
of the position and direction of the triangle. Three galaxies at A, B, C at time ¢, expand away from
each other to A', B!, C! at time 7 and the sides of the triangle are expanded by the same factor. Thus,
the increase in distance AB — A'B! be the same as AC — A'C! (look at the expansion from the
point of view of the observer in A). It follows that the expansion is controlled by a single function of
time, i.e., the functions /; must involve the time coordinate 7 through a common factor R2(f). Hence
the metric (11.2) takes the form

ds* = *dr* — R*(t)y;dx'dy, (11.4)

where y;; are the functions of (', x%,x%) only.
Now we give our attention to the homogeneous and isotropic three space given by

do'? = ydiidy, (11.5)
This space must be a space of constant curvature (standard theorem of differential geometry).

In such a space, the three-dimensional fourth rank Riemann tensor can be constructed from the
three-dimensional metric tensor (11.5)

SRijkl = k(}’ik}’jz - J/iﬂ’jk)’ (11.6)
where k is a constant.

It can be found that the three-dimensional Riemann tensor of the space given by (11.6) has the
form (11.5) if Y;; assumes the following form

1, 2\7?
do® = (1 + k! ) [(dx') + (@) + (dF)], (11.7)
where
R 0+ 03)? + ()2

Hence the metric (11.4) takes the following form

| ROIdx') + (d?) + (dx*)]

I = 2df? (11.8)

2
L2
[1 + 4kr ]
The following transformation

x' = r'sin@ cos b, x> = r'sin @ sin b, X =r'coso,
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yields the following form of Eq. (11.8)

12 12¢ 102 ) 2
ds? = Edit — R (1) dr'” + r' " (df* + sin” 6d¢~) . (11.9)

2
L2
(1+4kr )

Finally, the transformation

r= 1, 12\
<1+Zkr1 )
gives
2_ 2 2 ar? 2 22
ds* = c*d* — R*(1) m+r2(de + sin® 0dg?)|. (11.10)
— Kr

This is known as Robertson—-Walker (R-W) metric.

This is the general metric of the spacetime of the universe if the universe looks isotropic and
homogeneous. The metric equation (11.10) discovered independently by Robertson (1936) and
Walker (1936) for isotropic and homogeneous spacetime. Here R(¢) is called the scale factor. It
is also called the curvature radius of the universe. & is called curvature parameter.

k = —1 corresponds to the universe with negative spatial curvature, i.e., open universe. Here
the geometry is hyperbolic.

k = +1 corresponds to the universe with positive spatial curvature, i.e., closed universe. Here
the geometry is spherical.

k = 0 corresponds to the flat universe with zero curvature. Here, the geometry is Euclidean.

The area of the sphere of coordinate radius r with center r = 0 is 4zr>R*(¢).

The proper radius of the sphere from r = 0 to r = r| radius is

[ =R(® / "_dr
o V1—k?
= R@®)sin~' r; > R()r,, fork=1,
=R@®)r,, fork=0,
= R()sinh™' r, < R()r,, fork=—1.

We can find three-dimensional spatial metric form of Eq. (11.10) as follows:
We know for a space with constant curvature, the Riemannian tensor can be expressed as

3
Ropos = k(Yas¥ps = Yas¥po)-

Here, the constant & is the curvature.
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Now, contracting with y*°, we get
3Rﬂ5 =y* SRapms = kyw(yagyﬂa - Ya(s}’ﬁa) = k(37’ﬂ5 - Yﬂa) = 2kYﬁ5~ )

As we have already considered the three-space is isotropic, therefore, this space should be spherically
symmetric about all points. We can write the line element of this three spherically symmetric
spacetime as

do” = y,,dx"dx’ = ' (r)dr* + r*(d6” + sin*0dgy).
From the above metric, one can easily calculate the nonvanishing components of the Ricci tensor as
R, = A /r, Ry, = cosec*d Ry; = 1 + %re_'l/l' —e (ii)
Equating (i) and (ii), we obtain the following two equations as
Nr=2ke*, 1 + %re"l/l’ — e =2k
The solution of these equation is
et =1-k”

Hence the metric for the three-space of constant curvature can be expressed as

do? = dr?

= %2 + r(d0? + sin*0d¢?).
— Kr

11.4 Hubble’s Law

In 1929, Edwin Hubble found an interesting result that the wavelength of light from distant galaxies
systematically increases. The fractional increase of this wavelength is proportional to the distance
D of the galaxy from us. Let A be the wavelength of light sent out by the galaxy and wavelength of
the light received by us be 1 + A4 = A, then

Z—To<D. (11.11)
The quantity z is called spectral shift (z > 0 means a redshift, z < 0 means a blueshift). Hubble
inferred this as a Doppler effect and attributed a velocity of recession v = cz to the source galaxy
(v > 0 means recession from us, v < 0 means approach to us).
From the observation (11.11), Hubble announced the famous result that the speed of the recession
of the galaxy is proportional to its distance from us, i.e.,

v = HD, (11.12)

where H is the Hubble’s constant.
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The formula for v is Hubble’s law. The value of Hubble’s constant has altered considerably
from the beginning due to increases in the accuracy of observations. The currently accepted value
of Hubble’s constant is

= (50.3 +4.3) km sec™! Mpc™!

Remember: ! = 1.8 x 10'° years.

11.5 Dynamical Equation of Cosmology

We derive the Einstein equations for the R—W metric, in which the matter exists in the form of the
perfect fluid. The energy-momentum tensor for the perfect fluid distribution of matter is taken as

Tij:(p+p)UiIJj_pgij’ (11.13)
where mass energy density and pressure are p and p, respectively, and U, is the four velocity of the
matter given by

Yoods’
with x/(s) describing the world line of matter.
We have chosen that we are moving in comoving coordinate and in the comoving frame, the
fluid is at rest. Hence,

U=0; Uy=1,i=123.

[Comoving coordianates are the coordinates that are carried along with the expansion]
From the R—-W metric,

ds* = d* — d*(1) rz + r2d6? + 1* sin” 0d? |, (11.14)
we have,
f=1=¢" g =——C = (")
00 CENT k2
g =—a’r = ()" g5 =sin’0g, = ()

Now, we compute the nonzero Christoffel symbols as

10 Cay
0 I Ui

== 2015 Ty = 51‘

I}, = kkz, ), = —r(1 — kr*); T}, = sin® 0T},

1 1 .
2 _ 3 _ 1.2 _ LT3
l“]2 = F]3 = F33 =-3 sin 20; F23 =cotf

[over dot implies differentiation with respect to the time ¢ and i,j = 1,2, 3]
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Now the components of Ricci tensor are

o_ 3a. ., 1, . .2 i
R) = - R = —;(aa + 24" + 2k)5j.

From this, we calculate,

6(ai + a* + k)
R = gabRab = _a—z.

The nonzero component of 7}; are

2

Too=p:T, = Ty, = prra*; Tyy = prsin® 0d>.

a .
1 —kr2’
Hence the 00 and 11 components of Einstein Field equation

Jy _pi _ L ip _
(G] = R~ >R = 82GT))

are

3(a® + k) = 87Gpad?, (11.15)
2aii + & + k = -8z Gpa®. (11.16)

[The 22 and 33 components yield equations, which are equivalent to (11.16)]
Note that in the above equations, pressure and density are independent of spatial coordinate. This

confirms that the cosmological fluid possesses isotropy and homogeneity.
The conservation equations of energy-momentum tensor T’;_y = 0 yield,

op

d - -
L~ S+ DU = (p+ T, U +(p + 9T, U, = 0.

Simplifying the above equation, we obtain,

dp

d a
- = U,1-3 U, =0.
i~ PPV =30+ ) U,

The components 4 = 1,2,3 give 0 = 0; and the nontrivial part, corresponding to 4 = 0 is

/7+3(p+p)§=0. (11.17)

Show that Eq. (11.17) is the consequence of the Egs. (11.15) and (11.16).
Hint: Taking a derivative of the Eq. (11.15) and using Eq. (11.16), one can get Eq. (11.17).
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Show that Bianchi identity,

Hint: Take a derivative of the Eq. (11.15) and use Eq. (11.16).

11.6 Newtonian Cosmology

Let us consider the universe to be an immensely large sphere of gas (that means larger than we
can imagine but not infinite). Treating the gas particles as galaxies, i.e., the universe is a huge
sphere filled with the gas of galaxies and its volume is very large. Further, we consider that the
gaseous sphere is isotropic and homogeneous. An observer or a point which is carried along with
the expansion is said to be comoving. As the sphere is isotropic and homogeneous, the expansion
is regulated by a single function of time and as a result, we can write the distance between any two
comoving points at a time ¢ as

(1) = R(Dry, (11.18)

where r,, is a constant for the pair and R(#), called the scale factor, is the universal expansion factor.
Differentiating (11.18) with respect to time, we get,

w(r) = it) = H@)r(1), (11.19)
where
H@) = RO (11.20)

H(?) is called the Hubble’s parameter. Equation (11.19) is called Hubble’s law. Note that H is a
function of time.
It is customary to denote its present value by H,y, i.e.,

"= R (11.21)

where £, is the present moment.

Hubble’s law is consistent with the observation that all other galaxies are moving away from
us. This indicates that the distance between two galaxies is increasing with the time that means the
velocity of separation v is a function of time. Let at the present time the separation distance be r, then
there must have been a time 7 in the past when the distance between them was very small. Thus,
according to Eq. (11.19), we have

r=r=-_ (11.22)
1%
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The quantity Hl is known as Hubble time, which is a rough estimate of the time when the expansion
0

of the universe began. In other words, HL can be considered as the scale for the age of the universe.
0

Now, suppose that a particle is separated from us at time ¢ by a distance r. Its equation of motion
according to Newton’s second law is

R = —%”Gp(t)R(t), (11.23)

where p(7) is the density of the matter at time ¢.

[_GMm = P = mf = mr

72

.. G4
>r= —r—zgﬂfﬁp,
=> 7= —ﬂanp,
3
. 4
= ryR() = —§7rr0R(t)Gp .

Let p(z,) be the density at some typical time ¢, then the conservation of matter implies

()R’ (ty) = p(OR*(2). (11.24)
Equations (11.23) and (11.24) imply
R’R + %”Gp(to)R%tO) =0. (11.25)

This equation implies we never get R = R = 0 unless p = 0. That means Newtonian cosmology
rules out a static universe. So, the universe must expand (or contract). This result agrees with
the general theory of relativity, which came into existence before Hubble actually discovered the
expansion of the universe.

Integrating of Eq. (11.25) yields

R? = %”Gp(t)RZ —k, (11.26)

where k is the constant of integration (the choice of minus sign is conditional and is a measure of
total energy of the particle).

Also, we note that the general theory of relativity (i.e., Einstein equation for R-W metric) leads
to the same Eq. (11.15) for the scale factor.

11.7 Cosmological Redshift

The observed wavelengths of the spectral lines from a star are not the same as the original
wavelengths of the spectral lines of the star. The lines are shifted to the red or blue due to the relative
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velocity between the earth and the star. If the star is approaching the earth then we get blue-shift and
if the star is receding then one gets redshift. We will discuss how the shifted spectral lines are related
to the scale factor.

Consider a distant galaxy situated at a point whose coordinates are (7|, 0, ¢;). It emits a light
ray that propagates and reaches us (r = 0). Light ray travels along a null geodesic. Without any loss
of generality, we consider that the path of the light lies on the plane (6 = 0,, ¢ = ¢,). Suppose the
present epoch is denoted by ¢ = ¢, and let a light ray leave the source at ¢ = ¢,. For null geodesic, we
have ds = 0. Now using df = 0, d¢ = 0, the R-W metric yields the following condition for the ray

toarriveatr =0ats =1,
/IOCL"I:/HL (11.27)
noa® Joo (1 Z g2y

[In the null geodesics (with ds = 0,d6 = d¢ = 0),

cdt dr
e R
al) (1 - k)

we should take minus sign in this relation as r decreases as ¢ increases along this null geodesic]
Light wave starts at r = r; and reaches us at » = 0. Let two successive crests of the wave leave
at ¢, and ¢, + A¢, and arrive at £, and £, + At,, respectively. Equation (11.27) yields

to+AL, r fo
/ C—‘”:/ _dr =/ cdt | (11.28)
n+an Al 0 \1—kr y a
If one assumes a(f) as a slowly changing function, then it necessarily remains unaffected over the
small intervals Az, and A¢;. Thus, we get from (11.28)

cAfy  cAt (11.29)
a(t)) a(ty) '
1 dzZo /’0”’0 cdt o +Ar
t— =—=, th — =c[ZD]° .\ = cZ(ty + Aty) — cZ(t, + At
Can = a " s atn POy = At Alo) — e+ A1)
dzZ dz At At
= cZ(ty) + cAty— —cZ(t)) — cAt,— =cZ(t)) + ¢ —cZ(t)—c
0 Odr |® : Yat |, O Ta(ty) Y )

Here ¢ coordinate is the proper time of the fundamental observer, therefore, we have A, = cAt, =
wavelength measured by the observer and A, = cAt; = wavelength at the source. One can define the
redshift as,

_).0_/11
= ﬂl P
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therefore, we get,

A Y At, a(t,
P N U

= — = . 11.30
A vo At a(t) ( )

Thus, the wavelength of the light wave will be increased by a fraction z in the transmission from
galaxy to us if a(z,) > a(t;). Hence, Hubble’s interpretations of redshift are clarified if one assumes
the scale factor a(f) to be an increasing function of time. One refers to the present redshift as a
cosmological redshift. Thus, the redshift z of a distant galaxy provides information about the amount
by which the scale factor has expanded since the light was emitted. Eq. (11.30) indicates that in
general, we can write,

=0 (11.31)

+z

i.e., let a light ray leaving the source at any arbitrary time ¢ and received by us in the present epoch
be denoted by ¢ = f,. Now, differentiating above equation with respect to z, we get

dz _ _doda _ _%H
dt a2 dt a’
or

dt dz

T (11.32)

Note 11.7

One will have blue-shift for a contracting universe (i.e., in that case a(t,) < a(t,)).

11.8 Derivation of Hubble’s Law

Consider a light ray propagation from a distant galaxy at (r;, 6;, ¢,) towards r = 0. The equations of
a null geodesic imply that this light ray moves along the path 8 = 6,, ¢ = ¢,. Suppose the present
epoch is denoted by ¢ = 7, and let a right ray leave the source at t = ¢,. Then the condition for the
ray toreachatr =0, at r =

= flry). (11.33)

/ " cdr _ / t__dr
woa®  Jo 12
Assuming that r; is small for nearby objects, we then get approximately,

t —
for) =y = C(s(—to)t‘) (11.34)
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Now Taylor’s expansion near ¢,

~ . a(ty)
a(ty) = a(ty) + (1, — tp)a(ty) = alfy) |1 — (@ — t1)m ,
0
=a(t)[1 — (t, — t,)H,] where H, = @
0 0 1 0 0 a(to) :
Also, we know
_ a(ﬁ)
I+ '=—=1-(t,—1)H
atty) 0~ i)ty
For, small redshift z, we have
l—z=1-()—1t)H,.
This implies
cz = rya(ty)H, = D,H,, (11.35)
where D, = rja(ty), (11.36)

may be defined as a proper distance at the epoch #,.

From a Doppler shift point of view, cz may be identified with the velocity of recession of a
galaxy in proportion to its distance from us. This is Hubble’s law and H, is the Hubble’s constant
given by

_a(t)

07 alty)

11.9 Angular Size
The angular measurement describing how a large sphere or circle looks from a given point of view is
the angular diameter or angular size. In Euclidean geometry, the diameter d is related to the observed
angle A# as

Ag=2, (11.37)

d
-
where r is its distance. However, for curved spacetime, one needs to use R—W spacetime.

Letus consider a galaxy G, having linear extend d(AB) and the angle subtended by this galaxy G,
at the observer O is Af, (see Fig. 101). Consider two neighboring null geodesics (representing light
rays) from the two points A, B at the two extremities of G,. Without any loss of generality, we can
select the coordinates of A and B as (0, ¢,) and (8, + A6, ¢,), respectively. For the curved space, we
use R—W line element to find the proper distance between A and B. Now, plugging ¢ = ¢,=constant,
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A(6y, 91)

B(6, + A6y, ¢1)

Figure 101 Galaxy has linear extend d(AB).

r = ry=constant, ¢ = ¢, = constant, and df = A6, in the R—-W line element, we get
ds* = —ra*(t))(A0))* = —d.

[in G|, the space-like separation AB = d, which is a rest frame]

Thus,
_d _dl+2) .
= ra) = rratie) , (using Eq. (11.30))
= A+ 1 ing Bg. (1136)) (11.38)

1

Note that in Euclidean space, A6, is decreasing with an increase in the distance of the galaxy from
us. However, in curved space, the result is different. For expanding universe, the scale factor a(¢)
is increasing with time and consequently, z will be increasing (by Eq. (11.31)). Therefore, it is not
always true that Af, decreases with time. Light from a galaxy takes much time to reach us for
expanding universe.

11.10 Number Count

The number of discrete luminous sources, i.e., galaxies in a certain region in the sky is governed by
the redshift of the galaxies. When one observes galaxies then he sees them as they were at time ¢
when they emitted light.

Let n(¢) denote the proper density of the galaxies in the sky. We try to find the number of galaxies
observed in a given survey with redshift less than z. From Eq. (11.31), we have

_ a(to)

l47= 2
Y= %0
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and the corresponding value of r can be obtained as

/ " edt _ / _dr

o a0 Jo N1 -k

Consider a shell of radii r and r + dr. Therefore, galaxies occupy within the solid angle dw with this
spherical shell has the following proper volume at time ¢ as

where dw = sin 8d0d¢. Thus, the proper three-volume of this shell at 7 is given by

av =P —2 3,
V1-—kr?

Since n(t) is the proper density of the galaxies, therefore, the number of galaxies in this volume is

obtained by multiplying this with n(r)

dN = dvn(t) = —Z2 n(a ). (11.39)

Hence, the total number of galaxies with redshifts up to z is given by
N@) = / A D ontvr. (11.40)
0 \1—kr?

Note that 7 is related to r and r is related to z through the above equations. Also notice that if there
is no new creation of galaxies up to r distances, then one can consider n(f) = constant. Then one
can easily find the value of N(z), which depends on the parameter k. For flat universe with k = 0,
N(z)ar?. For closed universe with k = 1, N(z) increases faster than the flat universe, however, for an
open universe with k = —1, N(z) decreases faster than flat universe.

From, Eq. (11.39), it is obvious that

dN _ v
dz dz’

Let the number of galaxies be conserved, then
na(f) = noa3 (to).
This implies
n=ny(l+2)°>. (by (11.31)) (11.41)

[ is the number of galaxies at present time]
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Hence the number of galaxies AN within the redshift range Az at redshift z can be obtained as

AN= (W Az = ny(1 +2)° VY Az (11.42)
dz dz

11.11 Luminosity Distance

To know the characteristics of distant stars, one can measure the redshift of light emitted due to the
expansion of the universe and this redshift z is associated to the scale factor a(f) as

Ao _ alo)
n 1+Z_a(t)'

Here, subscript 0 means the value at present.

The luminosity distance is defined as the distance at which a star would lie based on its observed
luminosity. It is actually related to the amount of light received from the star. The star’s actual
luminosity can be determined by using the inverse-square law. However, the luminosity distance is
different from the actual distance because the real universe is not flat; as it is expanding the inverse
square law fails to give the exact distance measurement. Let L be the luminosity of the star (i.e.,
the energy emitted per unit time) and F be the measured flux density (i.e., energy received by the
observer, per unit time per unit area, from the star) then, the luminosity distance D is defined by the
relation

anp? =L (11.43)
F

If the space is static, then the luminosity distance D = r,a(t,) may be defined as a proper distance
at the present epoch #, (see Eq. 11.36). Then Eq. (11.43) yields the simple relation

L
F= ok
dragr,
Since the universe is expanding, it affects the observations in two ways namely, each individual
photon loses energy due to cosmological redshift and secondly due to change of distance, the photons
reach the observer fewer than expected. These two affect the flux received, which is proportional to

(1+z) in each case and hence allowing these two factors for the flux received, we estimate

L

== 11.44
42 (1 + 2 (e

Equations (11.43) and (11.44) yield

D = a(ty)r,(1 + 2). (11.45)
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The luminosity distance depends on what kind of Friedmann—Walker universe we live in. In the
following, we will show that luminosity distance actually depends on redshift and the present values

of Hubble parameter, H, = &« O; and deceleration parameter, g, =

From Egs. (11.31), (11. 33) and (11.34), we have

—a(ty)a(ty)
ax(ty)

SRy, 14z= 20

/,la(r) /‘/—l_k,,z at))’

[assumed that r| is small for nearby objects and ¢ = 1]
Let, Z(t) =7Z= ﬁ, then the left-hand side of the above integral yields

/ ‘éf) = Zty) — (1)) = Z(ty) — Z(t, — 1y + 1),

= Z(ty) — Z(ty) — (t; — t)Z(ty) — %(t1 — 1) Z(t) — ...

N O L alt)

= (1 tl)a(to) + (o — 1) 221y)
Thus,

ra(ty) = (ty —t,) + %(to — 1,2 H(ty) + ...
Now,

a(fo) _ 1 _
Ty — I =alt) [a(tl — 1+ to)]

Taylor’s expansion near #, yields

z=a(t0)[ en + (- to)e); +@ (i)l +] —1,

0

—alty) (t, —to)? [ —aty)  2d(ty)
_“(°)[ a(ty) (1_t0)<a2(t0)>+ 2 <a2<t0) a3(ro>>

or, z= (g — tPHy + (ty — 1,)°H; (% + 1>

Now expressing (¢, — t;)H, (which is small) in terms of z, we get

(to—tl)H0=z—<%+1>zz+

(11.46)

b -1

(11.47)
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Now, substituting (¢, — ¢,) in Eq. (11.46), we obtain

1 2
ryalty) = T [z— ZE(q0 +D)+ ] (11.48)

Hence from Eq. (11.45), one can get the luminosity

(1+Z)[ 7 ]
D = (1+ra(ty) = —=(qy+D+...],
Q)rially H, 4 3 90
or
D=t i+ Z-g+ (11.49)
H, 5 o)+ .. |- .

Note that this result is model independent, i.e., the result is true for all models.

11.12 Olbers’ Paradox

German astronomer Heinrich Wilhelm Olbers (1758-1840) raised an interesting query that can help
us understand a fundamental property of the universe.

Why is the sky dark at night?

The question is usually called Olbers’ paradox.

According to his calculations where he assumed that the universe is static, infinite, eternal, and
uniformly filled with stars, the sky should be infinitely bright.

Let us assume that the universe is unchanging and infinite in size and the stars fill the universe
uniformly and all the stars are alike and have a luminosity L and the number density of stars per unit
volume is n, which is constant through the whole space. Then the number of stars in the portion of
a spherical shell of radius r, thickness dr, and solid angle dw will be

PnLdrdw.

According to the inverse square law, these stars contribute the flux as

rnLdrdw
4zr2

Then the total intensity of the light from the stars will be

I=/ (47mL>dr= 00.
0 47[

This indicates that the whole sky will be a great flash of light in all directions. However, the sky
looks dark at night. This contradiction is known as Olbers’ paradox.
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Olbers tried to express a possible resolution by postulating the existence of an interstellar medium
that absorbs the light from stars, which is responsible for the large value of the intensity of the light
from the stars. This resolution is not justified. There were also a few other possible explanations that
were proposed before Hubble discovered that the universe is expanding, namely,

(i) Existence of clouds of dust that create an obstacle to seeing the distant stars.
(ii) There are only a finite number of stars that are present in our universe.

(iii) Stars are irregularly distributed so that many stars lie behind one another so that only a
finite angular area is subtended by them.

(iv) The universe is young as a result of light from distant stars yet to come.
These resolutions are also not properly justified.

Resolution of Olbers’ Paradox: In 1929, Hubble discovered that the universe is expanding and
this expanding universe hypothesis provides a beautiful resolution of the Olbers’ paradox.

Let n(;) be the proper density of the galaxies, therefore, the number of galaxies in the shell
(ry £r<r+dr))is (by (11.39))

47rr%dr1 3
dN = dVn(t)) = ———=n(t))a;(®).
-k
Since the total radiation received per unit area per unit time is

L L
4zDX(1+22  dna(1g)r(1 +2,7

therefore, the stars within the shell provide the flux, which received at r = 0 is

L 47rr%a3(t1)n(tl)dr1

4ra(tg)r3(1 + z,)? m

L ) as(ﬁ)”(ﬁ) ) dr,

C@w Tral

b

Then the total intensity of the light from the stars will be

o 3
1=/ L a’(t)n(t)) ) dr, (11.50)
0

@) (I+2)? [ el

Consider the models of the universe where no new creation of stars take place at any stage, i.e.,

a’ (t))n(t)) = constant.
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Stars lying at a very large distance cause the factor (1 +z,)? to be sufficiently large so that the above
integral (11.50) converges. In other words, the expanding cosmological models make the integral
(11.50) convergent and this leads to the finite brightness of the sky. Truly, the convergence is very
quick so that the expected brightness of the sky is very small. This confirms the observed darkness
of the night sky.

11.13 Friedmann Cosmological Models

The universe comprises of stars, galaxies, cluster of galaxies, and superclusters and the distribution
of these objects is inhomogeneous compared on a galactic scale. However, for sufficiently large
scale (~10 Mpc or more) it appears to be homogeneous. For modeling of the universe, we assume
that the universe is homogeneous and isotropic and, also, for an ideal situation, we consider the
universe to be filled with the perfect fluid distribution of matter. As in Eq. (11.13), we can write the
energy-momentum tensor for perfect fluid distribution of matter as

T* = (p + p)U'U* — pg*,

with U' = (1,0,0,0) being the fluid velocity vector [Weyl postulate indicates that all galaxies are
expected to have this velocity vector].
Here the components of the energy-momentum tensor are given by

ol g2 _ B
To=p.T) =T, =T, =—p.

Now, Einstein field equations for R—W metric are

24 R gr6p, (11.51)
a a?
3@+ k
(@ 2+ ) — 82Gp. (11.52)
a
The conservation law T’i = 0 implies
p'+3(p+p)§=0. (11.53)
Equations (11.51) and (11.52) yield
a_ 371G, +3p). (11.54)
a 3

This is known as the acceleration equation. Note that for normal matter both p and p are positive

and as aresult, p+3p > 0 (i.e., matter distribution satisfies the strong energy condition). This implies
that & < 0. Since at present (¢t = f,) we get redshift, therefore, a(z,) > 0 as well as % > 0. These
0

yield the curve a(f) with respect to time, which is concave downward in nature. This nature of the
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curve indicates that a(f) = 0O at finite time in past and one can refer this time as t = 0, i.e., a(0) = 0.
Usually, this time is referred to the beginning of the universe, which is known as the big bang.

To get a physically viable model of the universe, one will have to solve the Einstein field
equations (11.51) and (11.52). We have, actually in hand, two independent equations as conservation
Eq. (11.53) is not an independent equation (Bianchi identity leads to the conservation equation).
Note that these two independent equations contain three unknowns, namely a, p, p. So to get exact
solutions, one needs to introduce a relation between the unknowns. Most commonly, the equation
of state p = p(p) is used to get exact solutions.

For further study, we choose the equation of state as

p = mp. (11.55)
For the above equation of state, Eq. (11.53) implies

p o g 3U+m, (11.56)

This indicates that the energy density in matter dominant universe falls off as p & a=30+",
For different values of the equation of state parameter m, we get different cosmological models

of the universe.

Casel: m = %
When the cosmological fluid is dominated by radiation, then the equation of state can be taken
as

p= %p. (11.57)

Here most of the energy density of the universe is due to radiation and the energy density in radiation
falls off as
pxat. (11.58)

CaseIll: m=0

When the cosmological fluid is dust, then the equation of state parameter will be zero, i.e., p = 0.
Here the fluid pressure is negligible as compared to energy density p. The energy density due to dust
falls off as

pxa (11.59)

Note that the energy density of radiation falls off faster than the dust-filled universe. The entire era
for which p = 0 and p # 0 is known as matter dominant era.

CaseIll: m = —1
For vacuum energy, m = —1, i.e.,

p=-p. (11.60)
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Equation (11.53) yields
p = constant. (11.61)

Thus, the vacuum energy is constant, i.e., it remains same at all times. Note that dust and radiation
energy densities are decreasing with the expansion of the universe but vacuum energy remains
constant and, therefore, will dominate the universe.

Observationally, it is found that the present universe is dominated by nonrelativistic matter, i.e.,
p << p. In other words, the later stage of the evolution, the dominant constituent of the universe is
pressureless dust. Therefore, in the following, we will consider the models of dust-filled universe.

11.14 Dust Model
For dust-filled universe, p = 0. Eq. (11.53) yields

8zGp A
3 T (11.62)
[A = integration constant]
Equation (11.51) implies
&P =—k+ (11.63)
a

Now we consider three different cases for different values of curvature parameter k.

(i) Einstein—de Sitter model: (k = 0)

k = 0 corresponds to the flat universe with zero curvature. The model with k = 0 is often called
the Einstein—de Sitter flat model.

Equation (11.63) yields

3Ht\ 3
azzé:azao(—0> . (11.64)
a

Here A = agHg and a, and H, are the present values of scale factor and Hubble constant, respectively,

a
ay = alty), (—) = H,.
a/ t=t,
Now, we can find the present epoch, which is given by

t=ty==H". (11.65)

This present epoch ¢, is the age of the universe.
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One can define the Hubble parameter at any epoch ¢ by H(f) as

a_ 2
HH=-==. 11.66
O] PRy ( )
We also deduce the energy density of the universe
C3HM) (1L67)
© 812G 6aGR '

T'hus, for Einstein—de Sitter model
23 1
a(r) o , () 2

At the epoch ¢ = 0, the scale factor vanishes, i.e., at this epoch ¢ = 0, the spacetime becomes singular
[here, Ry, R7™, Ry R¥, etc., diverge as t — 0].

It is assumed that the universe came into existence at, t = 0, i.e., the epoch ¢ = 0 is the beginning
of the universe. According to the present estimate of H, ~ 50 (in the units used earlier), the age of
the universe (according to Eq. (11.65)) is approximately 13.3 billion years.

The deceleration parameter ¢ is found as

aja 1

- _ = . 11.68
@ar 2 (6%
Thus, deceleration parameter ¢(f) remains fixed at the value g = %
(ii) Closed elliptic model (k = 1)
k = +1 corresponds to the universe with positive spatial curvature.
Now, Eq. (11.63) yields
P2=-1+4 (11.69)
a

This equation implies that ¢ = 0 at a = A. This indicates that the universe expands up to a = A and
then starts contracting to a = 0. Now, we can write the Egs. (11.51) and (11.52) in terms of H and
q as

(1 -29)H* + iz =0, (11.70)
a
4 % - _8”36”, (11.71)

Equation (11.70) indicates that we always get deceleration parameter, which is greater than %, ie.,

> 1
q> 5.
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The Egs. (11.70) and (11.71) yield
_ 3H?
’ 47qu'
Equation (11.69) = A = (1 + a'02)a0 at present epoch #,, i.e.,
ZqOHa'
(29— DY
[A = ay(1 + dy*) = ag(ayH; + 1) = ay + a}Hy

1 Hj 24,

(11.72)

(11.73)

2q.a,

20— 1H, (2q,— D¥2H ~ Hy(2qy— 12
1

—1
V(290 — DH,

lay> = 2qy — DHy = ay =

Equation (11.69) can be written as

Q
L8]

2qya

)
[«

A
o
0

a? 1
[(11.69) = S =-> +

ao (10 aa

(1= 2gyp 4 @0 = DG + Hlay
— (1 - 2qH

From Eq. (11.74), we obtain

1

) 2a.a0 12
t0=H51/ [1—2q0+ %o 0] da,
0 a ay

(= + Ha,
= (1 -2g)H; + —— -

QQanHz
= (1 -2q)H: + ——.

]

2q,— 1

(11.74)

]

(11.75)

Here we choose the limits 0 and g, (¢ = O is the initial value of ¢ for which a(t) = 0). The present
age of the universe is taken as f = ¢, and value of a(f) at t = 1, i.e., a, is taken as the upper limit of
the above integral.

The solution of a(f) from the above indefinite form of the integral can be written as

a(t) = —29%_(1 — cos ), (11.76)
2g,— 1
and
tHy = qy(2q) — 1)73(0 - sin6). (11.77)
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Now, using the integration limits, we finally get,

_ -l q0 (-1 z | _ 1
o =Hy [(2%—1)3/2{““ < % )+2} (2q0—1>]' (179

Note that for different values of g, one can get the different present age of the universe, e.g.,

/4 — —
a =11 = (5 —1) H;' = 057",
2 _
G0 =310 = 0.615H;".

2gpa9

Equation (11.76) indicates the function a(¢) evolves froma = 0toa = 2al = A and then turns
=

back to a = 0 after the elapse of a time interval

2
T= qo

_3
= H, 2qy— 1) 2.

Here a — 0,p — oo at the singularity. Such a state occurs twice in this model at § = 0 and
0 = 2x. This indicates that it is a closed model of the universe.
We can also find the deceleration parameter

g(®) = (1 +cos)".

! (117D > 8zGp _ 2qH?

3A >
11.62) = 82Gp = =; (11.70) > H* = ———
[(11.62) = 8zGp = —=; (11.70) 20g-1) 3

eliminating p, we get, € =1- %; use a(t) = %(1 —cos 0) by (11.76)]

2q
For the period of one round 6 varies from 0O to 2z, g(f) increases from % to co and then falls to %
again.

(iii) The open hyperbolic model (k = —1):

k = —1 corresponds to the universe with negative spatial curvature, i.e., open universe. Here
the geometry is hyperbolic.

Equation (11.63) yields

2=1+4 (11.79)
a

Now, we can write the Egs. (11.51) and (11.52) in terms of H and ¢q as

(1 -29H - + =0, (11.80)
a
m?oL o w. (11.81)

a? 3
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Equation (11.80) indicates g < % As before,

2qu61
T (1 —2gy)3?
Equation (11.79) can be written as
“_2=Hg<1-2q0+ "0"0), (11.82)
ag a
or
[ 2q0a E da
to = H / 1 —2g,+ —. (11.83)
0 a do

The solution of a(f) from the above indefinite form of the integral can be written as

909

a(t) =

(cosh Uu-1) (11.84)

and
Hyt = qo(1 — 29)~/*(sinh U - U). (11.85)

Now, using the integration limits, we finally get,

1- 1 —2¢q,)'/?
o = Hal 1 _ 90 In 9o " ( 4q0) .
1-2q, (1-2qy)3? 90 90

(11.86)

When U = 0, we have t = 0 and the scalar factor a(f) = 0. However, for U — oo, one can see
t — oo and the scale factor is extremely large, i.e., a(f) — oo0. Here, no turning point occurs
during the expansion as a(f) has no extreme point.

For g, =0,1, = H; !, Note that the age of the universe, ¢, increases with the decrease of g,. It
has a maximum value H;'.

We can also find the deceleration parameter as before

q(t) = (1 + cosh U~

During the evolution, U varies from 0 to oo, g(f) decreases from % to0.

Note 11.8

The volume of universe can be calculated using R—W metric as

. / / /2” r2dr sin 0d0d¢
TSm0 Jomo Jypmo (L=kD)12 T
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a(t)

cosmic time

Figure 102 Universe with k = 0,—1, 1.

For closed universe with k = 1, r must lie between 0 and 1. However, for a flat and open universe
with kK = 0, —1 r lies between 0 and co. For a closed universe, we use r = sin y, which yields

V = 4na’ / sin? wdy = 27%a’ ().
0

Obviously, it is finite. But for k = 0, —1, the integral diverges. Thus for k = 1, the universe is said
to be closed and for k = 0, —1, it is open (see Fig. 102).

We can also find the luminosity distance to arbitrary large redshifts. We know, a light ray reaches
us at time £, which was emitted at time ¢, possesses z redshift, then, we can relate this z with scale
factor a(t) as

ay
1+2z

ap =

Now, using Eq. (11.27), we have

[ [ [
0 (1—kr2)% , a) a Gd

l _l
2 2
! / <1 —2gy + ﬂ) & Lusing (11.74) or (11.82) and x = ]
agHy J (1421 x X ay

Solving this, we get,

_ 2o +(qp — D(=1+4/2qpz+ 1)

'
aOHOq(Z)(l +2)
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One can observe that the value r; does not depend on k. Finally, we get the luminosity distance, D;,
as

290+ (go — D(—=1 + 4/2qpz + 1)
D; =rjay(1+2)= 5 .
HOqO
For fixed g,, we can find a relation between luminosity distance and redshift. Also, we can compare
this result with the model independent result

1 2
D, = — - .
L= H, [Z+2( 610)]

11.15 Cosmology with A

In 1915, Einstein formulated the general theory of relativity. At that time he, as well as people,
believed that the universe was static. Since at that time expansion of the universe had not been
discovered, so Einstein wanted to get static solutions of the universe from his field equation. Einstein
field equations for R—W metric indicate that the scale factor a(#) can only be constant if

3k

—_— 11.87
8nGa? ( )

p=-3p=

_ .. .2
[field equations = a = 4TEG(p +3p)a; 2444 jk = —8zGp;
a a

and put a(t) = a = constant]

It is well known that energy density p > 0, so Eq. (11.87) indicates that the pressure p must
be negative. Definitely this is not a realistic solution. Also if one considers p = 0, then, p = 0.
This is also not possible. In order to avoid this unrealistic situation, in 1917, Einstein introduced a
constant term A in his field equation. In the modified field equation, the adding term is known as
the cosmological constant. The modified field equation is written as

R, - %gubR — Ag,, = 87GT,. (11.88)

Then the field equations for R—-W metric can be written explicitly as

3(a* + k) = 82Gpa® + Ad?, (11.89)
2ai + & + k = —87Gpa® + Aa*. (11.90)

[Note that [A] = L72]
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11.16 Einstein Static Universe

In 1917, immediately after the discovery of general relativity, Einstein tried to find a static model of
the universe from his general theory of relativity but he failed. Then he proposed an outer pressure in
the field equation in the form of the cosmological constant. In this case, he had put a = g, = constant
and neglected pressure. It is obvious that a = 0, @ = 0.

Then from Eqs. (11.88) and (11.89), one can easily get

%; %{ — A =8xGp.
4, 49

A=

Thus to get a feasible solution, one should consider £k = 1 and A > 0, i.e., the universe with
positive spatial curvature. Hence, we get,

A =47Gp = (11.91)

1

>
9
This is Einstein static universe, which is closed, finite in volume. Note that this universe is not
bounded. For ¢ = constant, the three volume of the universe is given by

V=2na} =22° A7, (11.92)

Remember that observations do not support the Einstein static universe. Actually, in Einstein’s static
model there is matter but there is no motion.

11.17 The de Sitter Universe

Since the Einstein static universe was not feasible from the observational point of view, people were
interested in finding a viable solution and soon after the Einstein’s proposals, de Sitter found a new
solution to the Finstein field equations. He assumed the following conditions

k=0,p=0,p=0and A > 0.

The field Eq. (11.89) yields

This implies

a o exp l(%)%] (11.93)
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Y

t
Figure 103 Behavior of a(?) in de Sitter model.
Hence the R—W line element takes the form
ds?> = d* — Mdr? + A(d6? + sin® 0d¢?)], (11.94)

where H:\/(%).

Note an interesting property of the metric given in (11.94) is that this is a singularity free metric.
That means that the scale factor, a(f) does not vanish for any finite value of 7 (either past or future).
The de Sitter universe given by (11.94) represents an expanding empty universe (see Fig. 103).
Actually, in de Sitter model there is motion without matter.

Taking suitable transformations,

In(1 — H2R?)

T=t
2H

r=eHR,

the line element (11.94) is rewritten in Schwarzschild coordinate R and T as

dRr?

ds* = (1 — H*RY)dT*> - ——
= ) |~ IPR2

— R*(d6* + sin® 0d¢?). (11.95)

The event horizon is given by the surface R= é

In general FRW line element with flat spacetime, one can write in Schwarzschild coordinate.

ds* = dr* — e?V[dr* + r*dQ;.]
Let us use the transformation

R=¢Yror, r=e/R,
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therefore,
dr = e dR — e7Of (HRdt.
Hence we get

ds* = d* — e/[e7VdR — e7f (NRd1]* — R*dQ,

or
ds* = [1 — R*f*())dr* — dR* + 2Rf (1)dRdt — R*dQ;.
Writing,
@ =1-Rf(),
we get
ds* = ®dr* — dR® + 2Rf ()dRdt — R*dQ3,
or
s’ = @ [dt+ Rf(t)dRr — dR? [1 + Iw] — R2Q2.
@ @
This implies
ds* = odr® - (1+ ITT‘D) AR? — R2dQ2,
where
dT = dt + %.

Hence finally we get

2
ds* = oar® — IR _ R*dQs.
®

11.18 Perfect Cosmological Principle

The perfect cosmological principle states that the universe appears to be the same not only at all
points and in all directions but in all epochs. This hypothesis leads to a steady state model of
the universe. According to the perfect cosmological principle, the observable parameter, Hubble
constant, 3 must be independent of the present time £, i.e., its value remains constant throughout
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the evolution of the universe. Let us represent the fixed value, H of the Hubble constant. Then we
have,

Y_H v (11.96)
a
This implies

a(t) = a(t,) exp[Ht]. (11.97)
In this model the deceleration parameter assumes the fixed value as

g=-L =_1. (11.98)

Thus, the perfect cosmological principle provides the model of the universe with the following line
element

ds* = d* — a(t,)e*'[dr* + r*(d6* + sin” 0d¢?)). (11.99)

11.19 Particle and Event Horizon

Consider a galaxy G, at (|, 0,, ¢»;) emitting light waves towards us at time #,. Let the light wave
arrive at r = 0 at time ¢ = f,,. Then null geodesic equation (ds = 0) for R—-W metric

JE
;, al®) o (L—k)l/2

Then redshift as well as luminosity distance are given by

7= ) —1, D, =ra(ty)(1+2).

Also one can write the proper distance from r=0tor=r, as

. " ar " dr
d(f) = dr = = = 11.100
(1) /O V8pdr = a() /0 Ny a(t) /n a0 ( )

The limit on the proper distance up to which we can observe is called the particle horizon. Note
that if the 7-integral converges, then our vision is restricted by the particle horizon. Let the limiting
value of r| as z — oo, be r;. Hence the limiting proper distance is

K dr
R,—a(t)[) m (11.101)
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If one gets a finite value of R;, then we say that the universe has a particle horizon. It is not possible
to see the particles at present with ; > r;. Note that the particle horizon creates a barricade to
communication from the past.

As above let a galaxy at r = ry, t = ¢, send light signal to an observer at r = 0. Suppose ¢, is the

time of arrival. Then, we have
/ td_ / t__dr
W A Jo A=k

Suppose the left-hand side of the above integral converges to a finite value as #; — oo. This finite
value is achieved by the right-hand side integral for r;=ry (say). Hence it is obvious that for r; > ry
the above relation does not hold good. As a result, no signal from r; > ry will come to the observer
at ry. Hence no light from a distant galaxy beyond a proper distance

RH=a(t)/oo %, (11.102)

will reach the observer at r,,. This limit is known as the event horizon. Friedmann models do not

. . . . 1

possess an event horizon. However, the de Sitter model contains an event horizon at 7 Note that
0

the event horizon creates a barricade to communication from the future.

11.20 Radiation Model

When the universe is dominated by radiation, then the equation of state can be taken as

=mp = —p,
p P 3/)

where the equation of state parameter m = %
Equations (11.54) and (11.56) yield

1+ 3mAa—3(1+m)'

a
a

[A = integration constant]
Multiplying both sides by 2a, we get

14+3m

2ai = — Aaa=23m,

After integrating, we obtain

@t = %Aa‘“”’") +D,
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where,
D=

a0030

Hence, putting m = %, we have

Solving this we get

2 1 50 [4AD?
H=— |Dt —1].
a“(1) Dl + 3

2H2 _ lAa—(l+3m)'

(11.103)

This indicates that the universe follows big-bang singularity and is expanding in nature.
This solution is not physically interesting as the present universe is far from radiation dominated,

however, the behavior near # = 0 is interesting.

Behavior near ¢t = 0:
Equation (11.58)=

p a?.

Thus for small a(f), we are expecting that the aiz term is not important compared to u% term. Thus

from Eq. (11.52), we can write

Solution of this equation yields
a(t) = (4A)ir3.
The radiation density can be found as

3 1

P =G

One can also calculate the radiation temperature 7,

ad a8

p=0'074

rad’

(11.104)

(11.105)

(11.106)
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where o, is the radiation density constant. Replacing the values of the various physical constants in
cgs units, one can get

(3 \" i o 1521010
™\ 32z2Go, T ()

For example, when the age of the universe was 1 sec, the temperature of the universe was as high as
1.52x 101° K.

8kt

- 15 -3 p—4
0y = 5000 =7.5641X10"" ergm™ K.

Boltzmann constant, k = 1.380662 x 10716 erg K=, G = 6.56X10~8 dyne cm?* g~2.
Note that in the case k = 0, Eq. (11.52) holds exactly.

11.21 Cosmological Inflation

In 1981, Alan Guth proposed an important concept, known as cosmological inflation, which is a
theory of the exponential expansion of space in the early universe. The inflationary scenario occurred
around 1073¢ second after the big bang. Following the inflationary period, there was a phase in
which the universe continued to expand much faster (exponentially), than the rate given by standard
cosmology. It is argued that in the inflationary phase, the vacuum energy density of the scalar field
(V,,)) dominates energy density (p) grows, i.e., we can use p ~ V|,. From Eq. (11.52), we have

)
GRT N
a
= &= —Sﬂcsazvo — k.

In the inflationary phase, the square of the scale factor a*(f) dominates curvature term, hence

2o 8xGV, 2
3
Solving this we get,
a(t) = ay exp(Hy), (11.107)

where, H = 4/ @ and q,) is the value of the scale factor when inflation began. Hence the universe

expands exponentially due to inflation and it is often called a period of accelerated expansion as
the distance between two fixed points in the universe is increasing exponentially. This new model
is interesting as it can resolve some fundamental problems in cosmology like horizon and flatness
problems. It is known that the universe is continually expanding or closed depending on whether the

density parameter Q(f)(= 29 where pe = % is the critical density), () < 1 or Q(¢) > 1.

9
Pe



342 Elementary Cosmology

From Eq. (11.52), we have

a_2 _81Gp &k

a2 3 a?’
or

2= 8zGp k.

3 a?’
or
1=Q-Q,, (11.108)

where, ; = —.

Thus, for k > 0, k = 0, k < 0 implies
Q>1,Q=1, Q< 1.
It is anticipated that after 10~* sec from big bang, i.e., at the Planck time
Q-1 <107,

Therefore, one needs to do some fine tuning and this is known as flatness problem. We note from
Eq. (11.108) that k = 0 implies Q = 1, i.e., the universe is very much flat.
In inflationary scenario, a(t) ~ ¢*' and p ~ V), therefore, Eq. (11.52) yields
kK 8aGV,

2+ == )
a? 3

Note that the first term of left- and right-hand side terms are constants and only the second term
of the left-hand side is variable. For consistency, we must take k = 0. Thus, inflationary scenario
resolves flatness problem.

Cosmological principle indicates that the universe is homogeneous and isotropic. Also, it is
argued that the region that evolves into the visible universe would have been causally connected.
However, in the early universe, it is possible to use only the physical forces capable of violating
causality to account for the homogeneity and isotropy. This is known as the horizon problem. In the
inflationary scenario, one can resolve this horizon problem by choosing the initial size of the universe
to be much smaller than the horizon distance, which inflates and evolves into the present-day visible
universe.

11.22 Cosmography Parameters

In recent years, particularly after the discovery of the accelerating universe, people have shown
interest in cosmography analysis. It is a part of cosmology with minimal dynamical assumptions.
In this scheme, it is assumed that the universe is homogeneous and isotropic on the large scale and
no specific dynamical theory is assumed a priori. One can expand the scale factor in Taylor series
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about #, as,
a(r) 1 3 2 1. .5 3 1 4 1 5 5
) =1+ Hy(t—t)) + 5%Ho(t — 1) + WOHO(t —19)° + Isoblg(z— o) + §zolvlo(r— t)
1
+ amOHg(t — 1) + 0|t = 1,]7),

where ¢, is the present time and the suffix O indicates the value of the parameters at #,. Here, the
coefficients of distinct powers of ¢ are designated as,

a a . a 1 d*a 1 da 1 dba
H=-g=-—7,j=—,s=——F,l=——,m= ——,
a aH? aH’ aH* d* aH? dr aH® dr¢
and are known as Hubble (H), deceleration (q), jerk (j), snap (s), lerk (1), m-parameters, respectively.
Using these parameters, one can find the distance-redshift relations. The redshift, z is defined in terms

of the scale factor a(¢) as

1
a 1+7z
Note that
a—0 == 7> 00, d—> 00 77— —1 andwhenazao,z=0.

This means that a increases from 0 to oo and z decreases from oo to —1. Observing the sign of g,
one can predict whether the universe is accelerating or decelerating. ¢ < 0 indicates acceleration
and g > 0 indicates deceleration. Also, the change of sign of jerk parameter j in an expanding model
indicates that the acceleration starts increasing or decreasing.

One can express the above cosmography parameters in terms of the deceleration parameter as,

dq

= —— +q+24%

J dx q q
di

s=2 _@+39),
dx

l=@—(3+4q)s,
dx

and

dl

= — — (4 +59),
m= ( Q)
where x = Ina.

From the observational point of view, it is important to express the deceleration parameter in
terms of the redshift parameter z as,

. 1 . .
q@) =gy + (—qy — 2q(2) +jo)z + E(Zq0 + 8q§ + 8qgl - Tq0j0 — 4o — s0)22 +0(2).
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Elementary Astrophysics
12 y pnhy

12.1 Stellar Structure and Evolution of Stars

“Twinkle Twinkle little star
How I wonder what you are!!”

Everyone, whether he or she is literate or illiterate, has a query what the stars are!

Our universe consists of billions of galaxies of various shapes: elliptical, spiral, irregular, etc.,
and the universe contains 10'! galaxies and each galaxy consists of 10'! stars. We live in a spiral
galaxy visible in the night sky, known as Milky Way. It is convex shaped with diameter, 10° Ly. and
thickness about 5000 l.y.

The apparent brightness and color serve as the characteristics for identifying a star. All stars do
not have the same brightness. In second-century BC, the Greeks had grouped naked eye visible stars
into six classes, called the magnitudes [brightest, the first magnitude; faintest stars being the sixth
magnitude].

All measurements of the brightness and other characteristics of a star are relative, i.e., one has
to compare either two stars with each other or a star with an artificial standard source of light.
For easy access, people use the sun as standard one, mass: M, = 1.98892 x 10°* kg, diameter:
1,391,000 km, radius: Ry = 695, 500 km, the surface gravity of the sun: 27.94 g, volume of the sun:
1.412x10'8 km”, the density of the sun: 1.622x 10° kg/m?, luminosity of sun L, = 3.846x 10%° W.

Before 1840, people used the eye; in 1840-1940, people used the photographic method. From
1940 onwards, people use the photoelectric method (Fig. 104) to measure the brightness (light) of
a star. For the latter case, starlight is allowed to fall on the cathode of a photocell and the resulting
photocurrent is amplified and recorded on a pen recorder. The deflection is then directly proportional
to the intensity.

Two of the basic observable parameters in stars are:

(i) The luminosity L (or absolute magnitude M)
(ii) The effective temperature 7 (or spectrum)

In the years 1911 and 1913, two scientists Hertzsprung and Russell individually observed that
the luminosities and surface temperatures of stars are interrelated. This interrelation is generally
demonstrated in a two-dimensional diagram, known as Hertzsprung—Russell or H-R diagram
in which the vertical axis represents the luminosity and the horizontal axis represents the surface
temperature (Fig. 105). The stars can be identified by a point with coordinate (7, L) on this diagram.

Most stars (about 75 percent) occupy the region on a diagonal running from top left to bottom
right. These stars are known as main sequence stars. Actually, these stars are hydrogen-burning

345
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Figure 105 H-R diagram.

stars like the sun. About 1.5 percent large and luminous stars occupy the region in the upper right
corner region, known as giant stars. It is argued that the hydrogen burning in the core of the stars
has been stopped but continues in a thin shell, which moves outward. During the evolution, the
core of the stars contracts and heats up, but the outer layers inflate and take a new form of high
luminosity and low surface temperature. These stars are known as red giant stars. Betelgeuse is the
best known example of these stars. The remaining 23.5 percent small and faint stars occupy a region
in the lowest region towards the left and are known as white dwarfs. These stars are sustained by
degenerate electrons. Actually, white dwarfs are the end stage of stellar evolution whose mass is
comparable to the sun. The famous white dwarf is Sirius B.
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A usual red giant star with luminosity L = 1000L, and T, = 4000K has a radius 70R, whereas
a white dwarf with luminosity L = L /100 and surface temperature 7, = 16000K has the radius
R /70 (these are calculated by using L = 47:R20'T‘é). Actually, the H-R diagram has played an
important part in relating the observations with theoretical calculations of stellar evolution, i.e., these
diagrams help in the theoretical construction of stellar models. The evolution of a more massive star
causes to form a neutron star or a black hole.

In the following, we study the main sequence stars, i.e., hydrogen-burning stars like the sun.
The parameters mass (M), radius (R), luminosity (L), effective temperature (7%), and chemical
compositions vary from star to star but they show certain well-known correlations among them as

() ()-8 () ()" ) ()

where O represents the corresponding quantities for sun.
Now, to explain the internal structure of stars, we assume the following:

(1) Stars are assumed to be spherically symmetric and static (i.e., no rotation, no pulsation,
no oscillation, etc.). This indicates that all the physical quantities like density, pressure,
temperature, and luminosity will be functions of only one variable r, the distance from the
center of the star.

(2) Internal temperatures of the stars are very high so that they must be wholly gaseous. As a
result, in steady state, they must be in hydrostatic equilibrium.

(3) We assume that interior of the stars have the same chemical compositions as 70.4%
hydrogen, 28% helium, and 1.6% other heavy elements like oxygen, carbon, iron, etc.
These can be written as X+ Y+ Z = 1, where X = .704, Y = .28, and Z = .016 (Fig. 106).

(4) We assume the mass of the stars is constant during a large portion of their life time. That
means, we assume the constancy of mass during the evolution of the stars.

0 0.756%
€0.278%
Ne 0.169%
Fe 0.123%
N 0.0814%
Si 0.0696%

Mg 0.0645%
$0.0479%

Figure 106 Chemical compositions of stars.
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Figure 107 Internal structure of the star.

12.2 Equation of Stellar Structure

Let us consider the star as a sphere of radius R. We consider a spherical shell at a distance r from
the center with thickness dr (see Fig. 107). Let M(r) be the mass inside the radius r of the star. The
mass of the shell is

dM(r) = 4z pdr,

where p is the density at radius r. Let p(r) and p(r + dr), respectively, be the pressures at radii r and
r + dr. The luminosity L(r) is the total output of energy from the spherical surface of radius 7, i.e.,
L(r) = 4xr*F(r), where F(r) is the flux per unit area.

Now we accumulate the set of equations that represent the basic principles governing stellar
structure:

(i) Equation of continuity or mass equation
The mass of the spherical shell at a distance r from the center is given by
am
am(r) = 4 pr = P00 < a2 (12.1)
r
(ii) Equation of hydrostatic equilibrium
The inner pressure p(r) is larger than the outer pressure p(r + dr) of the shell by the weight of
the spherical shell, i.e., the system is balanced by the difference of pressures between its inner and
outer surface with the weight of the spherical shell. Therefore,

Garnr? p(r)drM(r)

4P [p(r) — p(r+ dr)] = [4zr* p(r)drlg = =

dp(r) _ GM()p(r)
= dr r2 '

(12.2)
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(iii) Equation of thermal equilibrium

It is argued that the energy generated by nuclear reactions in the core of the star flows outward.
Let L(r) be the total outward energy flux per unit time across a spherical surface of radius r and it
is the luminosity of the star. The additional energy flux, i.e., the increase in the luminosity made by
the spherical shell as one goes through the shell from inside to the outward direction is equal to the
energy produced within the shell. If e(r) is the energy generation per unit mass per unit time, we
have

dL(r) = 4z p(Pe(r)dr,

= dlc‘i(r’) = 4z p(re(r). (12.3)

(iv) Equation of energy transfer

Energy flux is determined by the temperature gradient inside the star. We consider two modes
of heat transfer namely radiation and convection.

[a] Let us consider an interior region of a star where heat is flowing outward only due to radiative
transfer. The energy flux F(r) across the spherical surface of radius r is given by

L) = 4P F(r) = —4nr £ 4 <£>
pxdr \ 3

This equation yields the temperature variation due to radiative flux as

dr _  3x(r)p(r)L(r)
dr 167acr?T3(r)’ (12.4)

[x = opacity of the material, a = ‘%, o = Stefan’s constant, equation of state, p,,,(r) = %aY“(r).]
[b] If the stars are in convective equilibrium, i.e., it involves only up and down motions of the
gas, then

dlogT -1 -1
dlogT _y—1 _dr _y-1T

dlogp v Tdp v p
Using Eq. (12.2), we get

dr _ _y =1 GT(M)p(r) (12.5)

dr y p(r)r?

[y is the ratio of specific heats at constant pressure and at constant volume (y = Z—”).]

Egs. (12.1)-(12.5) are the fundamental equations to describe a model of a star, i.e., to get a stellar
structure. To determine the stellar parameters by solving the above differential equations, we need
some boundary conditions

M(r)=0atr=0, Mry=Matr=R, L(r)=0atr=0, p(r)y =0atr=R. (12.6)
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12.3 Simple Stellar Model

To get some of the physical features of the stellar structure, one can use Egs. (12.1)-(12.5). By
eliminating M(r) from (12.1) and (12.2), one gets

1d|[rrdp| _
14 [;E] _4nip. (12.7)

This equation shows how p and p vary with radius r in a star.

We know the Tolman—Oppenheimer—Volkoff (TOV) equation is the stellar structure equation and
can be written as

dp _ (p+p)@dxGpr’ + M(r))

dr r(r — 2M(r)) ’

where the mass is defined as
M(r) = / Az p(r)dr.
0

In Newtonian limit, energy density is dominating and as a result,
p(r) >> p(r) and M(r) >> 4zr’p(r).

Also, gravitational potential is small everywhere and hence

2M(r)
r

<< 1.

These conditions reduce the TOV equation as
d
2L = M.
dr

Taking derivative on both sides, we get

1d|Pdp
—— = |==| === =42rp.
Gdr[pdr] dr e

This equation coincides with Eq. (12.7) of hydrostatic equilibrium for Newtonian stars.

This equation involves two unknowns, p(r) and p(r). Therefore, we need to specify a relation
between p(r) and p(r), i.e., equation of state. Since it was believed that stars are in convective



Simple Stellar Model 351

equilibrium, one can adopt an adiabatic relation between p(r) and p(7) as
pocp’ =p, (12.8)

wherey:1+i:i.
n C

The above impos:ad model (Eq. (12.8)) is known as polytropic model for stellar structure. Here,
n= y+l is called polytropic index.

Case—i:n=0=>p ocpo = constant,

which represents the star with uniform density.

5
3

Case—ii: n=15= p x p3,
which links to a star in convective equilibrium.
Case —iii:n =00 = p «x p,

which signifies that the star is in isothermal configuration.
1
Now if we substitute the value of p = kp”ﬁ, k is a constant, then Eq. (12.7) transforms to
1 d r2 d ]+l
— 2 =Z ko) = —470G. 12.9
rzdr[pdr(p ) =P ( )

To solve Eq. (12.9), we consider the following transformations:

p=py" and p=py"*, (12.10)

where p, and p, are central density and pressure, respectively, and y is a common parameter. Now
Eq. (12.9) becomes

1 d [ ,dy
Ld (29 oo, 12.11
X% dx <x dx) Ty ( )

+1
where r = ax and a = , /2D,
4rGp?

This equation is known as Emden’s equation. Solutions y’s are known as Lane-Emden
functions.

To get the solution of Lane—Emden’s equation, we assume two further conditions as p = p,. and
% = 0 at r = 0. These boundary conditions imply the following boundary conditions on y as

d
y=1and—y=0atx=0.
dx
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Forn = 0,1 and 5, one get exact solution for y.

[
n y 6x

sinx

_—
1.2)?

<1 +3X )

Hence, one gets all the values of the parameters like p, p, and M.

For other values of n, one has to use numerical method to get the Lane—Emden functions. One can
rewrite Eq. (12.11) as

2/
y"+l+y"=0,
x

. d
where prime denotes -
X

This equation has power series solution

_q,_ 1, L4_”(8n_5)6
y= 6x + 20" 5120 X0+ e

The Lane-Emden function y that vanishes (i.e., p = 0) at a finite value of x (say x;) would
represent the surface of the stellar configuration. Therefore, the stellar radius is given by R = ax;.
The polytropic index n = 0 indicates that the star has a uniform density (finite radius), whereas, for
n = 5, the star has an infinite radius, i.e., x; increases with n starting from x; = \/g forn =0to
infinity for n = 5. Therefore, polytropes with n < 5 are bound system and polytropes with n > 5
represents unbounded or unrealistic configurations.

Radius of the star is

R=ax,. (12.12)

The total mass of the star is
R X
M= 47[/ P p(r)dr = 47m3/ pcy”xzdx.
0 0

Now using L-E equation (y”x2 = —%[ng]), we obtain

Md dy
M= —4ra’ =22 )dy,
o pC/O <x )x
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ie.,
d
M =d4rnd’p, [—xz—y] . (12.13)
dx X=X|==
The mean density of the star can be obtained as
_ 3p, d
5= 4L - ’; [_xz_y] . (12.14)
ET[RS X1 dx x=x,

Also, rearranging the above equation, we obtain the central density as

Mx;,
P R |t

X=X

(12.15)

For numerical calculation of central density (p,.), the above equation assumes the form

2( M
47 % 10 (1\70>x|

P, = kg m™. (12.16)

(%) [-4]..

1+4
The central pressure (p, = kpc+” ) can be expressed as (eliminating k from (12.12-12.13))

-1
2
GM? dy
=2—14 DY =4 . 12.17
Pe="p z(n+ )<[dX]x=xl> ( )

For numerical calculation of central pressure (p,), the above equation assumes the form

-1

() 2
M, d
p.=896x 108222 4y |2 Pa. (12.18)
R 4 dx x=x,
(i)
The physical parameters are expressed solely in terms of x; and [—xzﬂ] . Therefore, it is
X=X
essential to know the values of x; and [—xzﬂ for different values of n. Performing numerical
X=X

integration, one can get the following values for Lane—Emden functions (Table II).
We now derive the expression for the energy of the star. The total gravitational potential energy
Q of the star

R R
—Q =4z / SMDP®) 2, — / GM(r)dM(r)
0 0

r r
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Table Il Solution of Lane—-Emden equation.
n X, [_XZZ_}V(] ~
0 2.4495 4.8990
0.5 2.7527 3.7887
1 3.1416 3.1416
1.5 3.6538 2.7141
2 4.3529 24111
2.5 5.3553 2.1872
3 6.8968 2.0182
3.5 9.5358 1.8906
4 14.972 1.7972
4.5 31.836 1.7378
5 e 1.7321
[dM = 4xr? pdr]
Gm? 1 [ GMP(rdr
or, — = — 4+ — - 7 .
2R 2 0 r2
For a polytrope (% = kpﬁ), we have
d(py__1 14
dr\p) n+1lpdr
d(p 1 GM(r) ldp _ GM
_— —_ = — as, el B
dr \ p n+l 2 dr r2
2
Therefore, —Q = GM _ntl / M( )— <—)
2 M,
:Gi_m _p +l’l+14ﬂ_/ przdr’
2R 2 ? 1o 2 0
GM?* n+1 K
=— 4 dr.
2R T2 /0 prar
R R
d
Now, / pridr = = / ﬁ—pd = - / rpGM(r)dr = _&_
0 3 dr 0 127
[Note that M(0) = 0 and p(R) =
Hence, we have
2 -1 2
_q=_3 oM _Sr-hHoM (12.19)
5-n R 5y—-6 R
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The first law of thermodynamics states that
dQ =dU + pdV,

where U, p, V, and Q are internal energy, pressure, volume, and quantity of heat, respectively. For
adiabatic process, dQ = 0. Thus, we have

dU + pdV = 0.
Also, for adiabatic process
pV" = constant = k(say).

Hence, we obtain the internal energy

Total internal energy of the star

1 K Q
T= —47[/ prrdr=T=— . (12.20)
r=1"Jo 3(r=1
Therefore, total energy E or the binding energy of the polytropic star is
3y —4 3y —4 GM? 3 —nGM?
E=T+Q= Q=-— =- . 12.21
3(y —1) 5y—6 R 5-n R ( )

This leads to the fundamental result concerning stability. Note that for n > 5, the energy E < 0 and
hence the stellar configuration is unbounded. Thus, only the stellar structures with n < 5 are the
stable configurations.

Ritter’s Theorem

Equilibrium configurations with y > % for which E > 0 are stable, whereas those with y < % for
which E < 0 are unstable. )

Note 12.4

Virial Theorem

Consider a collection of self-gravitating, spherical distribution of equal mass objects (stars, galaxies,
etc.), m;,i = 1,2, ... n. Then, the Virial theorem asserts that for a stable configuration, there should
exist a relation between the kinetic and potential energies of the system . More precisely, the total

kinetic energy of the objects is equal to minus % times of the total gravitational potential energy.
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Proof: The equations of motion for the i particle among the configuration of n particles under
mutual gravitational attraction and some external forces (F;) are

m;t; = F;.

The scalar moment of inertia I of the system about the origin is defined by the equation
1= 2 m,-rl.2 .
i

Consider that the masses are constant, then the time derivative with respect to time of this moment
of inertia yields

Taking derivative with respect to time once more, we get
1d*I 2
Y7 Zmilril + Zmiri - I
1 1

1 .12 1 2 _ . . .
Here, one can note that > z m;|t;|” = 3 Z mv; = K, where K is the kinetic energy.
l 1
Thus, we obtain

1 21

Note that

r,—r;
F, = Z Gmimjr—3, where r; = |r; —r]|.
J ij

7

The entire force F; acting on the i" particle is the sum of all the forces from the other j particles in
the system.

F,=)F,

J=1

where F); is the force applied by particle j on particle i. As no particle acts on itself (i.e., F;; = 0 for

1 = j = n), and using Newton s third law of motion (F;; = —F;, equal and opposite reaction), we get

n i—1 n o i-

n n—1 n 1
Z}Fi-ri=22Fﬁ-ri+z Y Fir=) Y F- -
£

i=2 j=1 i=1 j=i+1 i=2 j=1
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Hence,

r;-(ri—r;)
Zri -F; = Z ; Gmimj+.

i ij

Interchanging the dummy labels i and j in the summation, and adding the two terms we obtain

*
v Fi==3 ¥ Gmmlr, =, /.
7

i

where the % means that each pair is taken only once. Therefore, we get

*
dorF=- 2 Z Gmm,[r; =V,
l J

where V is the potential energy.
Thus, we have
1d*1
—— =2K+V.
2 dr
This equation was derived by Joseph-Louis Lagrange and extended by Carl Jacobi.
In an equilibrium system, dl/dt is minimum and @*I/df* = 0. Therefore, finally we get

2K+V =0 or K=—%V.

This is known as the Virial theorem.

There are so many applications of the Virial theorem to astronomical problems. This theory
can be applied to the study of the period of a pulsating star and to compute the velocities of dust
particles in dark nebulae. The Virial theorem has been applied also to the study of the equilibrium
configuration and the stability of interstellar clouds. To develop a relation between gravitational
potential energy and thermal kinetic energy (i.e., temperature), virial theorem plays an important
role in the cores of stars. In the main sequence stars, hydrogen converts into helium in their cores,
and it must contract to sustain adequate pressure to support its own weight. This tightening shrinks
its potential energy, and the Virial theorem asserts an increase in its thermal energy.

12.4 Jeans Criterion for Star Formation

The star clusters comprising the hot blue stars indicate that stars are taking birth at the present
time also. Thus, star formation in our galaxy (and in also other galaxies) is a continuous process.
Observation-based theories suggest that stars are made as a result of large-scale gravitational
instability buildup in the central region of massive molecular clouds. Gravitational instability leads
to collapse and flouting into portions of the pioneering cloud. Each subunit afterwards propagates
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further collapse. Finally, the disintegration leads to the birth of a group of protostars within the cloud
enclosed by the diffuse cover.

The mathematical treatment of the problem of gravitational instability and collapse was first
considered by Sir James Jeans in 1902. We will follow Virial theory to achieve it (Virial theory
states that for a stable cloud 2K + Q = 0, where 2K and Q are kinetic energy and potential energy
of the gas cloud). The stars are formed by self gravitation collapse of a cloud of gas. Now to find
the condition for gravitational collapse, we use the notion of V1r1al theorem. For a scalar moment
of inertia I of the system, if one assumes j— is negative, then ; will decrease with time and as a
result 7 will also decrease with time. Here, I = ). m,rl2 (a configuration of n particles under mutual
gravitational attraction) and the entire dimensions of the gas cloud too reduce with time, i.e., the
cloud will shrink. Therefore, to start the constriction, one should have 2K < —Q. Let us consider the
desired cloud to be spherlcally isothermal and uniformly dense. Now, from Eq. (12.19), the potential

energy (—Q = % %) takes the form for constant density as

3GM2
5 R

[for constant density, the polytropic index n is zero]
For perfect gas, one can calculate the kinetic energy as follows:
From kinetic theory of gases
1 2 | 1M &2
P = g,blm aaCpms = gpcrms - 3 V Crms?
where, u, m,, n,, p, M, V are, respectively, mean molecular weight, mass of the molecule, number
of molecules per volume, density of the gas, total mass, and volume of the gas.

Hence,
1, 5 2 L
PV = gMcrms = §K’ K = kinetic energy.
Therefore,
K= §PV= éniRT= g_ERTM.
2 2 2 u
Here M = un, where n = number of moles of the gas.
Thus, 2K < —Q implies
3RTM < 3GM?
U 5R °
373 p3
S M > 1252}: Y;R
Gy’

However, M = %ﬂR3 p= ;—‘n'R3 un,m,. Hence, the above equation implies

125R°T° 3M
M > X ,
G3u3 dzm n,p
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or

3
9.3 x 10* (W)
>

a

My =M,.

Here, M, is defined as Jeans mass.

Hence, one can say any cloud with mass bigger than Jeans mass M;, will be gravitationally
unstable and will suffer a continuous collapse so long as the isothermal state is maintained in the
collapsing cloud. This criterion is known as Jeans criterion for self-gravitation of an isothermal gas
cloud.

In terms of Boltzmann constant x, the Jeans mass is written as

125378 | 3 ]°
M, =|———| x|[—]| .
G3uim, 4rp
Jeans length is defined as the critical radius of a cloud where thermal energy is counterbalanced

by gravity (here the former causes the cloud to expand and later causes the cloud to collapse). The
formula for Jeans length is

1
2
Ry = [ 15T ]
4xGum,p
When the cloud’s radius coincides with the Jeans length, then thermal energy per particle equals
gravitational work per particle and at this critical length, the cloud neither expands nor contracts,
i.e., equilibrium is reached.

When Jeans mass is converted into a corresponding critical density, then that density is called
the Jeans density. Jeans density is written as

[ 3 S5kT ’
Py = .
4zM21 | Gum,
When a cloud is flattened to a region where the Jeans density is surpassed, it turns out to be
unstable to gravitational collapse.

If the cloud’s mass exceeds this critical value M, which produces gravity that overcomes the gas’s
kinetic energy the star will start collapsing. In other words, if the cloud is compacted so that its
density exceeds this critical value p;, then it initiates collapsing. Jeans criteria imply that there is a
minimum mass below which the thermal pressure prevents gravitational collapse. One can notice
that

1 3
M, xpiT2,
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and this implies high-density favors collapse, whereas high temperature favors larger Jeans mass.
Remember that for a cloud of gas

2K + Q = 0, = static equilibrium,
2K < —Q. = collapse,

2K > —Q, = expansion.

12.5 The Birth of Star

Initially, stars consist of clouds of dust and gas, i.e., they start their life as clouds of dust and gas.
Gravity attracts these clouds and accumulates them. A small protostar forms due to this collapsing
material. If the mass of the collapsing material is less than 0.08 times the sun’s mass, then it cannot
achieve the phase of nuclear fusion at their core. In its place, they become brown dwarfs, stars that
twinkle but not ever. But if the collapsing material has enough mass, the collapsing gas and dust
burn hotter, ultimately conquering temperatures enough to fuse hydrogen into helium. The stars are
born as main sequence stars, powered by hydrogen fusion. The inward pressure caused by gravity
is balanced by the outward pressure produced by fusion (Fig. 108) and stabilizes the star. How long
can a main sequence star survive? This depends on how massive it is. A massive star has more mass,
however, it burns quickly due to higher core temperatures caused by higher gravitational forces.
Examples: sun’s lifetime is 10 billion years. A star with 10 times sun’s mass has lifetime 20 billion
years. A star with half sun’s mass, e.g., the red dwarf has lifetime 80-100 billion years. Due to the
long lifetime, red dwarfs could be considered as worthy sources for planets hosting life.

A main sequence star like our sun gets its luminosity from nuclear reactions, generally the
transformation of hydrogen to helium. A star is always radiating energy and it needs the nuclear
reactions to compensate that energy loss in order to remain static. When all hydrogen is exhausted,
i.e., converted to helium, then this energy source turns off, and the inner region (core) of the star

Pressure

Nravity

Figure 108 Fusion creates an external pressure that stabilizes the inward pressure caused
by gravity, steadying the star.



White Dwarfs 361

begins to shrink. This shrinking compresses the core and as a result core’s temperature gradually
increases. It reachs such a high temperature that the core starts to ignite further reaction that convert
helium into carbon and oxygen providing more energy.

This new outward energy expands the outer layers of the star and the star becomes a new “core
halo” structure, called a red giant.

After the helium is exhausted, the star might then pass through phases of turning carbon into
silicon and silicon into iron, which has maximum stability among all nuclei. Therefore, every
reaction transforming iron into something else engrosses energy rather than releasing it. When this
phenomenon happens, the subsequent evolution of the star depends solely on three things: the star’s
mass, angular momentum, and magnetic field.

A star with a mass around the sun’s mass that reaches a state by evolving itself smoothly is
known as the white dwarf. This is a specific type of star whose pressure originates not from thermal
effects but from quantum mechanical ones, which is discussed later.

A massive star will also evolve smoothly through the hydrogen burning phase as in main
sequence stars, but it is difficult to comprehend what will happen after that. During the nuclear cycle,
either the star goes through a nuclear explosion or the core of the star becomes hydrodynamically
unstable and collapses to a compact object such as a neutron star or black hole. Note that massive
star means here 8-10 M.

12.6 White Dwarfs

Highly compact stars with initial masses M < 4M will end as white dwarfs. White dwarfs are
abundant in the universe. In an arbitrary volume of space, about 25% of all stars are white dwarfs.
A typical white dwarf with one solar mass has a radius of about 5 x 10° km and its mean density
is of the order of 10° gm/cm?. At these densities, the electrons are completely degenerated, i.e.,
the matter will be completely ionized. The argument for this phenomenon of pressure ionization is
as follows: consider the matter within the core of the star being gradually reduced. Due to inward
pressure caused by gravity, the atoms get packed more and more tightly and finally a phase is reached
when the atomic electrons start coming out from their electronic shells and discharge. Therefore, the
matter is entirely ionized. Here, these free electrons provide the bulk of the gas pressure. This gas is
considered as absolute zero temperature Fermi gas since the real temperature within the star is very
low compared to the Fermi temperature at these high densities. When nuclear fuel is exhausted, these
degenerate electrons stop further contraction under a star’s own gravitation and stabilize the white
dwarfs. Thus, white dwarfs are compact objects supported by degenerate-electron pressure.

After the nuclear fuel has been exhausted, the star contracts, all the lowermost electron energy levels
are occupied and the electrons are forced into higher and higher energy levels, filling the lowest
unfilled energy levels. This generates an effective pressure that averts further gravitational collapse.

The mass density will be dominated by nucleons (neutrons and protons are jointly called
nucleons).
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The density is given by
p = umn, (12.22)

where u (mean molecular weight) is the number of nucleons per electron, m is the nucleon mass,
and » the number of electrons per unit volume.

Degenerate electrons follow the Pauli exclusion principle (no two electrons can reside in the
same state, even under the pressure of a collapsing star of numerous solar masses). Thus, Pauli
exclusion principle indicates that at zero temperature, all electronic states fill up to Fermi momentum
kg. Thus,

8 k;

2 [,
n= ﬁ o drx“dx = ?E (1223)

Uncertainty principle implies each electron occupies a volume of 4 in phase space. Since an electron
has two spin status for each momentum, the extra factor 2 occurs. The pressure p, of degenerate
electrons is given by

1 ~ -
=(=)<np-v>,
pe=(3)<np-v

which is the momentum imparted to the unit area of a wall per unit time. Here, factor 3 comes from
the averaging over three directions of space. Thus, pressure for a zero-temperature Fermi gas is

X, (12.24)
3h \/ (x2 + m2)
m, is the electron mass and we have used the relations
B
V= chdE2 (p2c2+m M withe = 1.
Now, we consider two limiting cases:
Case (i) kp << m, (nonrelativistic case):
12.24 —Sﬂki 12.25
24)=p, = . .
(1224) = pe = 505 (12.25)
Using (12.22) and (12.23), we get
p, = Kp, (12.26)

where

5

2 3

_ 8zh 3 . (12.27)
15m, \ 8zmu



White Dwarfs 363

Note that equation of state (12.26) is polytropic (with index n = %). Therefore, using Egs. (12.12)
and (12.13), one can find the radius and mass of white dwarfs as

Lo
R= (£(>2xlp66, (12.28)
87
1
5K \z 1 dy
M=4 (—) (22 12.29
"\8zG6) ” < g dx)x_x (1229

From the numerical calculations of the L-E function, Table II provides the values of x; and
[—ng] as 3.6538 and 2.7141, respectively for n = % Since, here, y = % > ;—‘, Ritter’s theorem
X=X

indicates that these white dwarf configurations are stable. Using all values of parameters in units of
the solar mass, we find the mass radius relation for nonrelativistic degeneracy,

M 5, 65x107

— = (12.30)
M (MRA)3
(€]
Case (ii) k >> m, (relativistic case):
In this case,
4
87 kr
=———, 12.31
Pe= 3134 (1231)
or
Pe = KPE, (12.32)
where
~N
h 377\ 3
= — ) . 12.33
2473 < ym> ( )

Note that here, also, the equation of state (12.31) is polytropic (with index n = 3). Eqs. (12.12) and
(12.13) yield the radius and mass of white dwarfs as

1
K \2 -1
R= <E> 0.3 x, (12.34)
h 3 372 : dy
M=4x ( ) ) (22 2 (12.35)
244G muy dx )

Table II provides the values of x; and [—xzj—i] as 6.8968 and 2.0182, respectively, for n = 3.

X=X,
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Using all values of parameters in units of the solar mass, we find

_5.84

M
12

M, (12.36)

One can notice that the mass of the white dwarf is independent of the central density and hence the
mass is kept fixed at the value given in (12.36) (as p, is increased without limit). Hence, the mass
given in (12.36) signifies the maximum mass that a white dwarf can have. This limiting mass is
known as the Chandrasekhar limit.

Now, one can see that for different values of y for different elements, one can get different
Chandrasekhar limits of white dwarfs. For example, hydrogen, u = 1, helium, 4 = 2, and iron, u =
2—2. Thus, for a star made up of hydrogen, Chandrasekhar limit is 5.84 M. Also the Chandrasekhar
limits of stars made with helium and iron are 1.461 M and 1.24 M, respectively.

Note 12.7

Since in real stars, some electrons are relativistic and some nonrelativistic, so to get a correct picture,
one has to solve Eq. (12.24). Eq. (12.24) can be solved analytically to yield

kF
p, = constant. [x(sz - 3m§)( x? +m?) + m‘: In(x + /x2 +m2)

0

Putting the value of p, in (12.7), one can get, in principle, the value of p and other parameters. After
some suitable transformations, the Eq. (12.7) assumes the following form

d | ,dy 2,2 2
— |z2=| + - 12 =0,
dz [Z | o )?
where r=az, a= e 3—h% :
’ um \32x2m2 )

This is a highly complicated differential equation. However, it can be solved numerically.

12.7 Neutron Stars

There are three types of super dense compact objects that are found when all possible nuclear fuels of
the stars have been exhausted. They are white dwarfs, neutron stars, and black holes. White dwarfs
are supported by degenerate electrons having mean densities of the order 10° to 10° gm/cm?. These
white dwarfs have a maximum mass limit (Chandrasekhar limit). If the mass of a white dwarf star
is greater than the Chandrasekhar limit, then this white dwarf star supported by the pressure of
cold degenerate electrons cannot be in equilibrium. A star whose mass is above the Chandrasekhar
limit falls to collapse as its internal pressure fails to counterbalance the gravitational inward force.
According to Pauli’s exclusion principle, there is a restriction on the possible number density of free
electrons. This compels the excess electrons to combine with protons to form neutrons. When the
nuclear densities become of the order of 104 gm/cm?, all electrons combine with protons producing
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a neutron star. At this state, neutrons become completely degenerate. A neutron star is very similar
to a white dwarf. The difference is that it is supported by cold degenerate neutrons. Here, all electrons
and protons have been converted into neutrons through the following relation:

pte—-n+ty,

where the neutrinos y are escaping from the star. Low-mass neutron stars are very similar to white
dwarfs having the same mass, apart from the fact that neutron degeneracy pressure replaces electron
degeneracy pressure. The neutrons inside a neutron star behave like an ideal Fermi gas. One can
write the density and pressure of this Fermi gas at zero absolute temperature

kg
p= i—’; VX2 + m2x%dx, (12.37)
0
87

— /kF x? 2
= - r
3h 0 A /x2 + m2

The above two equations provide an implicit relation of equation of state.
Now, we also consider two limiting cases:

p dx. (12.38)

Case (i) kr << m (nonrelativistic case):
Here, one can find

87rmk13F
p= T (12.39)
87rk;
p= T (12.40)
Hence, we find the relation between p and p as
p=Kp, (12.41)
where
8zh? [ 3 \:
K=Tom (87r_m> ' (12.42)

In this nonrelativistic case, the density of the neutron star is low and we have a Newtonian
polytrope-like a white dwarf with polytropic index n = % All the parameters are the same as given
in Egs. (12.28) and (12.29). Thus, a low-mass neutron star is very similar to a white dwarf with the
same mass.

Case (ii) kz >> m (relativistic case):
Here, one can find

8ﬂk4F 12.43

p= 4_h3’ (12.43)
3 87rk4F

p (12.44)

To12m
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The relation between p and p, i.e., equation of state is given by

= 2p, 12.45
pP=3p ( )

Now, one can use TOV equation to find the relativistic stellar structure through the equation

-1
P2 4y (e + 2220 (1- 22 (12.46)
dr 3 r
From this TOV equation, one can find
(12.47)

This model is not realistic as we cannot get a stellar configuration of finite radius.

12.8 Gravitational Collapse

Gravitational collapse may occur in the star when its nuclear fuel has been exhausted. Degenerate
electron pressure can support star masses up to the Chandrasekhar limit. A massive star undergoes
continual gravitational collapse when its nuclear fuel comes to an end. One can develop a model
in general relativity with a suitable energy-momentum tensor. Since pressure is not likely to be
important in gravitational collapse, one may take matter distribution as dust distribution with
uniform density. To discuss the time evolution, we use the Einstein equations. The interior
spacetime is matched to the Schwarzschild geometry to complete the full model of gravitational
collapse.

12.9 Oppenheimer-Snyder Nonstatic Dust Model

The pressureless fluid, i.e., dust is characterized by the energy-stress tensor as
™ = putu", u" = four velocity of the particle and p = energy density.
We know the general metric describing the spherical symmetry is (see Eq. (6.7))
ds® = e'di* — e"dR* — R*(d6? + sin® 0d¢?),

where v, u, and R are functions of r and .
Now, conservation law of energy-momentum tensor is

T =0= (pu"), u" + pu'u’ = 0.
Since,

wu, =1= (u,u"), =0.
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Hence, we have
(pu*)., = 0= (p\/—_guv)yv = 0 by result (8) in Section (3.4).
Thus,
ubu’ = 0.

This means each particle of the dust moves on a geodesic, i.e., coordinates are comoving and hence
spatial part remains unchanged along the geodesics. Therefore, we can have four velocity as

u' = (u°,0,0,0), where u’ = ﬂ

The geodesic equation reduces to

du* 00 u
E"'FOO(”) =0=T4 =0= gy, =0= gy = .

Now, after rescaling the above metric, we have
ds® = di* — e*dR* — R*(d6” + sin® 0d¢?).

Hence, the Einstein field equations for the dust are written as

¢ QRR" + R* = RR'y') — (RRji + R* + 1) = —87GpR?, ()
HMQRR+R2+1)-R* =0, (ii)
2R' =R ji =0. (iii)
(iii) implies
QInR - p) =0,
— oH = IR;-;-zf’ @iv)

f1s an arbitrary function of r.
(ii) implies
2RR+R>-f=0= (RR*-fR) =0,

= K-f="0 V)

F is an arbitrary function of r.
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Using (iv) and (v), (i) yields

g(f’ CORR) = (B2 — ) = —87GpR?,

4

or, % = 87GpR. (vi)
Now suppose that at t = 0, the ball of dust had a uniform density p, and was at rest. Thus,
R=p=0att=0.

At t = 0, we have the surface of a sphere r = constant, having area 47R?(r,0). We now choose
r-coordinate such that R>(r,0) = 2. The element is applicable for r < r, (r, = radius of the star).
For r > r,, the spacetime is supported by vacuum and may be described by standard Schwarzschild
line element.

8nGp, 3

(i) = F(r) = r=ar,

8%G
where a = %.

For ¢t = 0, R?> = /2 and integrating constant is taken to be zero because it corresponds to a point
at origin.

Also,R=0atr=0.

(v) gives

fir) = —%F(r) = —ar’.

For ¢ > 0, write R = rS and substituting in (v), we get

g=alZ
S

The solution of this equation can be found as

_ y+siny
2/a

S vanishes when y = z. This gives

t , S = %(1 + cosy), a cycloid
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t=0 t=ts t=to

Figure 109 Collapsing star.

Figure 110 Gravitational lensing diagram.

Thus, we have § = S(¢), with S(0) = 1 and S(#,) = 0. The function S is plotted given in Fig. 109. It

T

e

decreases to zero in the time £, = . The function e* is obtained as

o = S2(1)
1—ar?’

so that line element becomes

ds* = df* — S*(1) [ dr? + rzdgg] .

1 —ar?

From the line element, we see that the ball of dust collapses to a point and volume becomes zero in
a finite time. The time #, is ~20 minutes for a starting density 1 gm/cm?. The Schwarzschild radius
is reached when r,S = 2GM = ar;, i.e., S = ar; for ball of dust M = %”porz.
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The collapse starts at ¢ = 0, the surface crosses the Schwarzschild barrier a + = ¢, and reaches
the singularity state at ¢ = ¢, (Fig. 109).

12.10 Gravitational Lensing

Gravitational lensing is the deflection of light or electromagnetic radiation in a gravitational field
and an object producing a measurable deflection is known as a gravitational lens. Usually, there are
three different types of lensing that are used in literature namely, strong lensing, weak lensing, and
microlensing depending on the positions of the source, lens and observer, and the mass and shape
of the lens (which deflects the light).

Strong lensing: The most apparent lensing effect (bending of light) is when the lens is very
massive and the source is very near to it and in this case light can take different paths to the observer
and multiple images or arcs and rings of the source will appear.

Weak lensing: When the lens is not strong enough to form multiple images or arcs but can
produce an image which is only slightly distorted is known as weak lensing. Since in weak lensing the
image is only slightly distorted, the weak lensing observations can be performed through observing
a large number of sources. Weak lensing is useful to assess galaxy clusters. It can also be used to
probe the inhomogeneous large-scale distribution of matter in the universe. The derivation of weak
lensing is same as to derive the deflection angle of light rays (see note 7.1).

Microlensing: Gravitational microlensing is one type of gravitational lens effects in which the
image is so small or faint that one doesn’t see multiple images, however, the additional light that
bends toward the observer makes the source appear brighter than the original one. It is useful to
detect objects that range from the mass of a planet to the mass of a star, irrespective of the lights
they emit.

Strong Field Limit At first, we derive a lens equation that allows for the large bending of light
near an astrophysical body. The lensing setup is shown in Fig. 110. We assume the reference (optic)
axis as the line joining the observer O and the lens L. We consider the spacetime such that lens
(deflector) causing strong curvature is asymptotically flat and both the observer as well as the source
are located in the flat region, i.e., lens (deflector) has no gravitational effect on observer and source.

The source S emits light, which is deflected by lens L. After deflection, this light reaches the
observer O making an angle € to the optical axis OL. If there is no lens, then it makes f angle.
(£8CI) is the Einstein deflection angle (actually, « is the deflection angle due to gravitating body,
which may be a black hole or wormhole or star). We symbolize D, as the observer-source distance,
D, as the lens-source distance, and D, as the observer-lens distance.

By simple trigonometry, one can write the lens equation as

D,
tanf = tanf — D—h [tanb + tan(a — 0)].

os

The lens diagram gives

. u
sinf = —,
Dul
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where u is the impact parameter (impact parameter u is defined as the perpendicular distance
between the deflected path of a light ray and the center of the lens).

The lens deflects a light ray and causes a change in the cross section of a bundle of rays due to
its gravitational field.

The ratio of the flux of the image to the flux of the unlensed source is actually the magnification
of an image. As a consequence of Liouville s theorem, it is argued that the surface brightness is well
maintained in gravitational light deflection. As a result, we can define the magnification of an image
at the observer, which is the ratio of the solid angles of the image and of the unlensed source. Hence,
the magnification of an image (for a circularly symmetric gravitational lensing) is given by

_ (sinpdp -

“ \singdo )
The parity of the image is defined by the sign of the magnification of an image. The critical curves
(CCs) are the singularities in the magnification lying in the lens plane. The term caustics is defined

as the corresponding values in the source plane. Critical images are recognized as the images of
O-parity. One can define the tangential (y,) and radial (x,) magnifications as

_ (sinp - _(dp -

Fi=\sng) *~ " \ag) -
The singularities in the magnification lying in the lens plane are the tangential critical curves
(TCCs) and radial critical curves (RCCs), respectively, Similarly, we can define the terms

tangential caustic (TC) and radial caustics (RCs), respectively, as the corresponding values in
the source plane. f = 0 yields the TC and the corresponding values of 8 are the TCCs.

12.11 General Spherically Symmetric Spacetime and the
Deflection Angle

A general spherically symmetric body with asymptotically flat metric has the line element
ds® = A(x)df* — B(x)dx*> — C(x)(d6* + sin>0d¢?),
with
Ax) — 1 — 2%4, when x — oo,
B(x)— 1+ 2%4, when x —> o,
C(x) — x2, when x — oo.

[Here x = rl is the radial coordinate in units of horizon radius; A(r) = 0 gives r = ry, i.e., radius of

h
the event horizon. This is so because every spherically symmetric gravitating body is asymptotically
Schwarzschild.]



372 Elementary Astrophysics

Now we define a photon sphere, which is a spherical region of space where photons are forced
to travel in orbits due to gravity. The lower bound for any stable orbit is the radius of the photon
sphere. The required condition is that

C'x) A
Ckx) Ax)’

has at least one positive root. The largest root of the above equation is the radius of the photon
sphere x,,. A photon coming from an asymptotic flat region having impact parameter u will be
swerved while impending the gravitating body (lens). The photon or light coming from the source
will reach a minimum distance x;,, from the lens. This minimum distance, x,, is known as closest
approach distance. By conservation of angular momentum, one can relate the closest approach

distance with impact parameter u as
A(xp) Ay’

The geodesic equation [see Eq. (7.54)]

dp __ VB

4y _q

This yields the angular shift of the photon, which is a function of the radial distance from the
center and the deflection angle is determined by the function of closest approach as

a(xy) = I(xy) — ,

where

* 24/ Bdx
SRV B

In asymptotically limit, i.e., A,B — 1 and C — X2, a(x,) vanishes.
There are two approaches where deflection angle can be approximated.

1. Weak field limit: For x, >> x,, > 1, a first nonzero order Taylor expansion in i is made.

This approach is used in lensing by stars, galaxies, or black hole with a large impact
parameter.

The deflection angle depends on the closest approach x;,. It increases with the decrease
of closest approach x; and for a specific value of x,, the value of deflection angle will
be 2z, and as a result, the light ray makes a complete circle around the lens. Further, if
X, decreases, then the light ray does not reach the observer directly, rather it winds many
times around the lens prior to reaching the viewer. Finally, when x,, = x,,, the radius of the

m>
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photon sphere, the deflection angle will get infinite value, i.e., diverge and the light ray will
be trapped by the lens (gravitating body).

2. Strong field limit: The above integral diverges when x;, = x,,. However, for 0 < x5—x,, <<
1, it can be approximated by a logarithm

a(xy) = —a; In(xy — x,,) + a,,

where a, and a, are constants.

This approach is used for black hole.

Note 12.7

An outline of mathematical calculation of lensing in the strong field limit context:

Step 1: Consider a general spherically symmetric metric.
ds* = A(x)dr* — B(x)dx* — C(x)(d0* + sin*0d¢?).

Step 2: A(r) =0 = r = ry, is radius of event horizon.

Write x = £, Xy = D [1If the change is in terms of Schwarzschild radius, then r;, = 2M]

T Tn
Step 3: Find radius of photon sphere, from the equation % = % > X=X,
Step 4: Find impact parameter from J = /fz“; =D, sinf = D,0.
0

Step 5: Define two variables:

— Yo

—)’0’

y
y=Ax), z= 1 Yo =A(xy) = Ay, Blxy) = By, Clxy) = C,.

Step 6: Now the deflection angle integral becomes

1
[(xo):/ R(Z,xo)f(zaxo)dz,
0

where

24/A(x)B
R(Z,XO) = ﬁ(l —Ao) V C,
and

1

[x _ AWG,
0 C(x)

ﬂL x()) =
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ie.,

24/By
R(z,xy) = AT -0V Co [x should be replaced by x = A [(1 — y,)z + y,]]

1

f(Z’ xO) =

Yo = [(1 = )z + I 2

Here, the integral diverges for z — 0, i.e., one approaches the photon sphere.
Now within the square root portion of f{z, x,), one can expand Taylor series up to second order in z
as

L fiox) = L = fylz. %),

VF(z, xp) VP(xo)z + q(xp)z?

G
where, F(z,xy) =y, — [(1 —Yo)z+ yO] Vel

[Taylor’s series: F(z,xo) = F(0, xy) + zF'(0,x,) + 2 F”(O Xy)- Here, F(0,x,) = 0]

1-
p(x) = ——- CoA? [C’Ao CoAQl,
(1- 0)2 ! AL2 /" /2 I / "
4050) = S5 [2Co AT + (G = 26 IAAG = CoCiAA" ol
0“0

[Here p and g are known quantmes]

When p is zero, the integral, i.e., /0 & diverges. We see from step 3 that p = 0 at x;, = x,,, radius of

photon. For x, < x,,, the light ray is captured by the gravitating body and cannot emerge back (i.e.,
then loop is formed).

Step 7: To solve the integral in step 6, we split it into two parts
1(xo) = Ip(xp) + Ir(xo),
where

1
ID(XO):/O R(0, x,,,)fo(z, Xo)dz,

[this is divergence part]

1
Ip(xg) = / 8(z, xp)dz,
0
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[this is regular integral and can be evaluated numerically], where

8(z, %) = R(z, xp)f(z, x9) — R(0, x,,)f (2, Xp)-

Now we can see that /,(x;) can be solved exactly,

++/p+
Ip(x,) = R(O, xm)i In M
Vi Vb

Step 8: Since we are interested in terms up to 0(x, — x,,,),

26,A,, >
p= (xp — x,,) + 0(xy — x,,)",
1- Ym
where
C,(1 =y )C"y, —C,A",)
ﬁm = ﬂl(x():xm) = i .

2y2 C?
Substituting this in I, (x,), we find
X0
I5(xy) = —aln i 1) +bp+0(xy — x,),
where

_RO.x,) , _RO.x,) 201-y,)

i T VR A

Step 9: Now for regular part

1
Ir(xg) = / 8(z,xy)dz,
0

we expand g(z, x,) in power of (x, — x,,) as

1
8(z.x)) = 8(z,x,) + &' (2, x,)(x) — x,,) + Eg"(z, X,) (g = %,)7

Now,

1
Ig(xo) = / 2(z,x,,)dz + 0(xy — X,,,)-
0
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Then finally we obtain

a(xg) = Ip(0xy) + Ip(xy) — 7.

Step 10: Changing a(x,) — a(0) as

6D,
a(f) = —aln =1 ) +bp+Ixx,) +0(x, — x,) — 7.
X,

m

[when 6 is small, u = x;]

Note 12.8

Modeling of a star comprising anisotropic fluid distribution
To describe a model of a star, we assume a spherically symmetric interior spacetime line element in
curvature coordinates as follows:

ds? = "Vdi? — *Vdr? — P(d6* + sin® 0d¢?).
It is argued that the density of a highly compact star is larger than the nuclear mass density and,

therefore, it is assumed that the matter within the star is anisotropic in nature and correspondingly
the energy-momentum tensor is described by

Tyv = pUva +pr}(y)(v +pt(U;4Uv - )(uxv _gyv)’

where the symbols have their usual meanings.

The Einstein field equations for the line element and the above energy-momentum tensor are

given by
_ - 1 =
877,0(;’):1 Ze +/1e ,
r r
/=i )
87p,(r) = viet 1-¢ ’

72

A !/ !/
8zp,(r) = eT <2v" +VE VA + 27‘/ - %>,

where primes represent differentiation with respect to the radial coordinate ». We have utilized
geometrized units, where G and c are taken to be unity.
The generalized TOV equation is written as

dp, m(r)+4xr’p, ] 2
prai G [m] +=(p =)

r
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where
m(r):/ Az i pdr.
0

Note that we have three independent equations (as TOV equation comes from above three field
equations) with five unknowns. Therefore, to get exact analytical solutions of the field equations,
we need two more equations related to the physical parameters.

The exact solution describing a static anisotropic matter distribution is absolutely determined by
means of the two generating functions II and Z given by

H = Sﬂ(pr _pf)?
and

o0 = of [2200-2]ar

Using some mathematical manipulations, the metric potential takes the following form:

4
4= Zz(r)e/ [ 220 +22(r)] @

/ { %Jrzzm}dr
2 2ur
6 2 / Z(r)(1+11r2)e . 2 Ir+ C

where C is an integration constant.

One can solve the field equations for modeling of a star in two ways: either try to solve the
TOV equation or start directly to solve Einstein field equations. Einstein field equations comprise
the geometry of the spacetime and matter distribution that produces this spacetime geometry. If
we know some part of geometry and some part of matter distribution, then we can find all the
physical parameters through the Einstein field equation. This is the beauty of Einstein general theory
of relativity.

For well-behaved nature of the solutions for the star comprising an anisotropic fluid, the
following conditions should be satisfied:

1. The solutions should be free from physical and geometric singularities. The metric
potentials are finite inside the radius of the star, moreover, the fluid sphere should satisfy
e"® > 0 and ¢e*© = 1. The central pressure and central density also have finite values.

2. The density p and pressures p, and p, should be positive inside the fluid configuration.

3. Theradial pressure gradientdp, /dr < 0 and density gradientdp/dr < 0for 0 < r < R. This
implies pressure and density should be maximum at the center and monotonically decrease
towards the surface.

4. The radial pressure p, must vanish but the tangential pressure p, may not necessarily vanish
at the boundary r = R. However, the radial pressure is equal to the tangential pressure
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at the center of the fluid sphere, i.e., pressure anisotropy vanishes at the center, A(0) =
p0) —p,(0) =0.

. The casualty condition should be obeyed, i.e., the radial and tangential adiabatic speeds of

sound should be less than the speed of light. In the unit ¢ = 1, the causality conditions take

the form 0 < v2 = dp,/dp < 1 and 0 < v} = dp,/dp < 1. In addition to the above, the

velocity of sound should be decreasing towards the surface, i.e., 4 dp,

dr dp
dj d* . . .. . . .
dirdl;‘ <O0or d—";’ > 0for 0 < r <R, i.e., the velocity of sound is increasing with an increase

in density and it should be decreasing outward.

&p,
<0or = > 0and
dp

. The adiabatic index, ' = % ‘%" for realistic matter should be I' > 1.

T

. For realistic stars, the compression modulus x, = p,I" must be decreasing outward.

. For physically stable static configuration, the energy conditions like null energy condition

(NEC), weak energy condition (WEC), and strong energy condition (SEC) need to be
satisified throughout the interior region, i.e.,

p20;p+p,20; p+p, 20; p+p,+2p, 20.

. The interior solution should continuously match with the exterior Schwarzschild solution.
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A Extrinsic Curvature or Second
Fundamental Form

A hypersurface X is a three-dimensional sub-manifold of a four-dimensional spacetime manifold
M. The hypersurface may be time-like, space-like or null.

Let us consider that x* (u = 1,2, 3,4) are the coordinate of the four-dimensional spacetime, and
y¥(a = 1,2, 3) are the inherent coordinates of the hypersurface.

The parametric equation of the hypersurface is

x* = x"(Y). (A1)
The three basis vectors e, = 2 provide the tangent vectors to Z as
9y“

ox*
oo
e = P

These basis vectors provide the induced metric or first fundamental form of the hypersurface by
the following scalar product

— — H Vv
hy, = )€y = &u® ()€ )

[Actually, the elementary distance “ds” between two neighboring points in X (which are, therefore,
also in M) is given by

oy 9y
ox® ox? b
- <g"” 9y ay? ) '
= habdy ady b’
where h,, = 8,5 %: ‘;)L; is the induced metric tensor in the hypersurface X.]

A unit normal n, can be defined if the hypersurface is not null.

n’n, = € = —1, if T is space-like,

=1, if X is time-like.
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Let us consider the surface X, defined by the Eq. (A1), which can be written in the form
&) =0.

Hence, the unit normal vector n* is defined as

_%a_f

oxH

s O O

A2
oxH OxH (A2)

HMZE

Here, n,n* = e and n,e(, = 0.
Note that unit normal is defined when X is non-null as for null surface g**f ,f, = 0.
The extrinsic curvature or second fundamental form of the hypersurface X is defined by

— H v
ky, = My v €€

or

0% xH u 0x® 0xP
+ —|.
H ayaayb af aya ayb

b=_€n

Extrinsic curvature is symmetric tensor, i.e., k,;, = k.
Another form

kap = 5 (Lu8ap) €inel

a

N —

Here, L, stands for Lie Derivative.
k = hk,, = n® = trace of the extrinsic curvature.

Result
(i) If k > 0, then the hypersurface is convex
(i) If £ < 0, then the hypersurface is concave

h,, is purely the inherent property of a hypersurface geometry, whereas k,, is concerned with
extrinsic aspects.

Remember

aff __ a, p ab _a P
g =en"n” +h €y
where 1% is the inverse of the induced metric.
It is possible that any arbitrary tensor 7% can be projected down to the hypersurface with nonzero
tangential components. The quantity that effects the projection is

h? = peb eé’a)efb) =g —en"nP.
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One can make a 3 + 1 split of the spacetime M in a slightly different manner as follows (see
Appendix C for more details):

Let us consider an arbitrary scalar field #(x*) such that ¢+ = constant describes a family of
nonintersecting space-like hypersurfaces X,. Thus,

M=RxZ,.

If one varies the time, then the induced metric £, on %, will also vary. For each X,, we can define a
unit normal vector n* (which is time-like as %, is space-like). Let * be a time-like vector, then one
can decompose this into

* = Nn* + N%,

where, N is the tangent to X,. The scalar function N is known as lapse and the vector function N*
is called shift vector. If one takes ¢ without any restriction, then the shift and lapse can be arbitrary
vector and scalar function, respectively. This is known as gauge freedom. This is used frequently in
the Lagrangian formulation of general relativity as reflecting the general covariance of the theory.
In fact, the set of variables £,,, N,N” can be used instead of using the metric component g,,,. Notice
that

\/__g = N\/Z, where h = det(h,,).

We call the degree of freedom of a physical system as the number of independent parameters that
define its configuration. The phase space is the set of all dimensions of a system and degrees of
freedom are occasionally mentioned as its dimensions.

Einstein equations in vacuum, G,, = 0, yields 10 equations for the metric tensor field g,, and
g, have 10 degrees of freedom. Bianchi identity V#G,, = 0 represents four constraint equations,
which decrease four degrees of freedom of g,,. If a metric is a solution of Einstein equations in one
coordinate system, then it should be a solution in any other coordinate system. This reveals that the
freedom of coordinate transformations (gauge freedom) kill further four degrees of freedomin g,,,,.
Hence ultimately, we have two degrees of freedomin g,,, .

The initial data problem of the gravitational field equations is known as the Cauchy problem.
Suppose, we are given the values of g, and its derivatives on a space-like hypersurface ¥ in a
3 + 1 decomposition of the spacetime M. From these given initial data, one can find the second and
higher derivatives of g, through Einstein field equation. Thus, one can determine the gravitational
field in the neighborhood of X.
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B Lagrangian Formulation of General
Relativity

Practically, every fundamental equation in physics can be found with the support of a variational
principle, taking appropriate Lagrangian or action in different cases.

Hamilton’s variational principle asserts that 6S = ¢ fllt2 Ldt = 0 = Lagrange’s equation of
motion. 6§ = 0 = extremization of S < equations of motion. Here, boundary conditions are
provided externally. This can be generalized from Newtonian mechanics to classical field theory as
in Maxwell’s electrodynamics or Einstein’s general relativity.

1. Newtonian Mechanics

Here, the action functional is given by

15}
S[q,él]=/ L(q, ¢)dtr.

Here, the integration is over a specific path of the generalized coordinates g(f). For a variation 64(f)
of this path, 6q(t,) = 6q(t,) = 0.
Extremization of the action function = 6S =0, i.e.,

I I
/ oLdt = / <6—L5q + %5@) dt
f 1 dq 9g

t 1
oL . |* / 2 <0L d aL)
= —5q + -_— - — 6q5t,
[6q f i, \0q dirog

0=16S

which is Euler—Lagrangian equation for a one-dimensional mechanical system.

2. Field Theory

Here, we are interested in the dynamics of a field g(x*) in curved spacetime.

Let us consider an arbitrary region W of the spacetime manifold, bounded by a closed
hypersurface 0W. The Lagrangian L(q,q ,) depends on a scalar function of the field and its first
derivative.
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Thus, action function is given by

st = [ g0yt
w

The variation of ¢ is arbitrary within W but vanishes on oW, [6q],y = 0.
Now,

oL oL
88 = —6q+ —6q,| \/—gd"
/w[aq " %, q’“] s

= /W [L’éq +(L°6q) , — ij,éq] V—sgd'x

R

oq Y

a

= / (L' = L%)3q+/—gd"x + 7{ L*5qdx,.
w ’ ow

(by Gauss divergence theorem)
Thus, using [6g],y = 0 we get

oL oL _,

8§=0=V, 2=
“dq, dq

which is Euler—Lagrange equation for a single scalar field q.

Examples of Lagrangian for some fields
(a) A scalar field y
This can represent, e.g., the 7° meson. The Lagrangian

1 v m?
L=3 (g” VWt s u/2>
Euler-Lagrange equations are

2
m
8y . = =V

2
m
<La=_gaﬂ"’,ﬂ DL =8 Uz_m‘”)

This is Klein—Gordon equation in curved space.

(b) A charged scalar field ¥

Here ¥ = ¥, + i¥,, which could represent, e.g., z* and z~ meson.
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The total Lagrangian of the scalar field and electromagnetic field is

1 . e L= 1m? = 1 ac
= 3 (‘I‘,a + leAa‘I‘) g b (‘{"b - teA,,‘I’) - Eﬁ‘P‘I’ - EFachdg gbd,

¢ — constant, ¥ ! is complex conjugate of '¥.
Varying ¥, ¥, and A, independently, one obtains the following Euler-Lagrange equations

¥,,8" - h—‘I‘+ ieA,8" (29, + ieA, V) + ieA,, 8"V = 0,
its conjugate, and

%Fub.cgbc — eV (@a - ieAag) +ie¥ (‘P.a + ieAa‘P) =0.
o ab: 5 ;

3. General Relativity

In general relativity, the action functional consists of two different entities namely, S;[g] from
gravitational field g, and S),[¢, g] from matter distribution. Further, the gravitational action consists
of three different expressions such as the Hilbert term Sy[g], a boundary term Sg[g], and a
nondynamical term S,. The last term does not affect the equations of motion.

Hence,

Sclel = Sylgl + Splgl — Sos

where

1 1 1
Sulgl = Te~ /R\/ gd'x, Sylgl = /eklhlzd3y, So=§/ ekolhl2d’.
ow ow

Here, W is the spacetime manifold bounded by a closed non-null hypersurface 0W. R is the Ricci
scalar in W, k is the trace of the extrinsic curvature of 0W, ¢ = +1 depending on the time-like
and space-like nature of 0W and h =| h,, | where h,, is induced metric on 0W. x* and y“ are the
coordinates used in W and dW, respectively. k is the extrinsic curvature of 0W embedded in flat
spacetime. We can write the whole action functional in the following compact form as

S[g;¢]=sc[g]+SM[¢,g]=/ (£ 41, >\/_d4x+—/ e(k— k)l 3.
w ow

The Einstein field equation G,; = —8x7T,,; can be obtained by varying S[g; ¢] with respect to g,,.
Note that there is no variation of g,; on oW, i.e. [Sgaﬂ] ow = 0 and the induced metric 4, is kept
fixed during the variation.

Now, we will vary the Hilbert term, boundary term and matter distribution part with respect to
8qp to get Einstein field equation.
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VARIATION OF THE HILBERT TERM
Variation of the Hilbert term with respect to g, yields

1678, = / 88"’ Ryp/—g)d'x
w
= / (Rypr/—8 88°" + 8P \/—8bR 5 + R6+/—=g)d*x,
w

ie., 16158, = / (Ryp — %Rgaﬂ)égaﬁ\/—gfx+ / gP6R 5/—gd x. B1)
w w

The first gives the Einstein tensor, what we want for Einstein field equation.

Now we consider the second term.

[Note: For a given point P in spacetime, it is always possible to find a coordinate system x*!
such that

Zarpr (P) = Ny 1 Falﬂlyl(P) =0.

(#1151 is Minskowski metric)
Such a coordinate system will be called a local Lorentz frame at P or geodesic coordinate system]
To find the variation of the Ricci tensor 6R, 5> WE notice that in a geodesic coordinate system,
we have

OR, = 5[FZM - FZM + Fgﬁl"l’:a - r;ﬂrgg]
= (81", — 6T%) .
= (5FZﬂ):u - (5FZ;4);ﬂ'
The above equation is, however, a tensorial equation. Hence, it must be valid in all coordinate
systems and at all points of spacetime not only in the geodesic system. Now,

g“ﬂéRaﬂ = v"; P where V¥ = gaﬂérgﬂ - g“/‘(srfﬁ, (B2)

18 a contravariant vector. Now

/ §P6R gl = | v g
w w

=/ v”d2”=/ ev”rlﬂh%d3y,
ow ow

where we have used the Gauss divergence theorem and 7, is unit normal to 0W with € = n¥n, = =1.
Now, we try to find v¥5, on OW. Here,

i
= 58" (88yap + 08yp. ~ O8apy)-

‘5F5ﬂ w2
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Putting this in (B2), we get

Vu = gaﬂ[ﬁgﬂﬂ.a — 68apuls

so that
[1v, | = 1 en™n + H7X68 0 = 8
="K (68,50 — 88 up.)-
af _ 0 f af . paf _ pab,a P
[g =enn" +h" ; W’ =h e(a)e(b)] .
Since 6g,, 5 is zero on dW, therefore, its tangential derivatives should vanish, i.e.,
v
(Sgaﬂ’ye(c) =0.
This indicates that
p _
h*" 68,54 = 0.
Therefore, we get
v, low= —h"" 68,5 ,.1" (B3)

Note that this expression does not necessarily vanish as normal derivative of g,, does not
mandatorily vanish on the hypersurface. Hence finally, we get

167268, = / G o0 \/—gd*x — / ch™5g,5 " |h]7 dy. (B4)
w ow

The extra second term in (B4) will be negated by the variation of the boundary term Sgz[g]. That’s
why one needs to include a boundary term in the gravitational action.

VARIATION OF THE BOUNDARY TERM
One can notice that Si[g] contains two terms namely, / and k in which 4 is fixed and k will vary
on oW. Here,

k = ’72 = gaﬁr]a;ﬂa
= (enn’ + h)nyy = 1y,
1
as, " Ny.p = E(n"’na);ﬂ = 0]

= 1 [y = T g1, 1.
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Now,
_ af e
5]{ - _h 5Faﬂ’17’
ap 1
=—h ﬂi(égw,ﬁ + 5gllﬂ,0! - 6gaﬂ,u)’1y’

1
= Ehaﬂégaﬁ,ﬂn”'

[since tangential derivatives of 6g, s vanish on W]
Hence, we get,

(16758, = / eh 5,5, () . (BS)
oW

This expression is canceled out with the second term on the right-hand side of (B4). For 65, = 0,
the complete variation of the gravitational action yields the desired Einstein tensor

55 = —— / G y08°\/=gd'x. (B6)
167[ w

VARIATION OF MATTER ACTION
Variation of § WL gl gives

88y = / 8[L,\/—gld'x
w

oL,

:/(ag—aﬂég"ﬂ —g+Lm6\/—g>d4x
w

or
88y = / T,5087 \/=gd'x, (B7)
w
where
T 2aL’" +L (B8)
af = “ 5 5 m8ap>
) agaﬂ p

is known as stress-energy tensor. For 65, = 0, one obtains

8(Sg +Sy) = 0= G,y = —8aT,.
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Let us consider the following Lagrangian

1 . ab - . _ 1 m2 _ 1 ac
L= S, +ieAy)g" (7, - ieA,y) = 377 W¥ ~ TeFaFeag g,

167
1 _ _
Tab = E(W;aw;b + Il/;all/;b)
1 . . _ . L 1 _
+ 5(—u/;ale AW + W pie Aw + W ieAy — wieA W + —Fachdg”d + ezAaAby/q/ +Lg,).

4z

Energy-momentum conservation, Yf’ﬂﬁ = 0, implies Euler-Lagrangian equation.

Now we search the role of the nondynamical term in the gravitational action functional,

1 1 s
= — koh2d’y.
. aweo y

Here, S, contains only /,,, so that its variation with respect to g,, will be zero and as a result, it has
no contribution in the equations of motion. It contributes only to provide a numerical value in the
gravitational action.

Let us consider the vacuum solution with R = 0. Then the gravitational action assumes the form
(excepting the contribution of k;, term)

1 13
S, = — kh2d’y. B9
G Sﬂ/awe 2dy (B9)

We evaluate this action for flat spacetime. Let us also assume that the hypersurface M comprises
two hypersurfaces, ¢ = constant and a large three cylinder at r = R.
The induced metric (on this cylinder) is
ds* = —dr* + R*dQ’,
so that
1 ) .
|h|2 = R*sin 6.

For this cylinder, one can easily calculate

[Here, we have used n, = d,r, so that e = 1]
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Hence, equation (B9) yields
/ ekhid’y = 8TR(t, — 1,).
oM

The value of the integral may be infinite for infinitely large value of the spatial boundary R. Hence
the value of gravitational action for flat spacetime is infinitely large though the spacetime manifold
W is bounded by two hypersurfaces of constant time. Hence, the gravitational action is not suitable
for asymptotically flat spacetime. The nondynamical term S, solves this as the difference Sz — S is
well defined in the limit R — oo.

Note B2

S, = 0 for flat spacetime.
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C 3+1 Decomposition

To describe the Hamiltonian formulation of a field theory in curved spacetime it is necessary to
foliate W, a region in the spacetime, with a family of space-like hypersurfaces, Y., in every “instant of
time.” This is the purpose of the breakup of spacetime into space and time, i.e., 3+ 1 decomposition.

To express this decomposition one needs a scalar field #(x*) such that the surface of constant
time (¢ = constant) represents a family of nonintersecting space-like hypersurfaces Y, .

Let n* a d,t, the unit normal to the hypersurfaces, be a future-directed time-like vector field.
Now one can introduce new coordinates, y* in each hypersurface ), . Let us assume a congruence
of curves y intersecting the hypersurfaces ), (see Fig. 111).

[Let O be an open region in spacetime. A congruence in O is a family of curves such that through
each point in O there passes one and only one curve from this family (the curves do not intersect)]

Let * be the tangent to the congruence satisfying

1*0,t =1 @)

Let a specific congruence curve y, pass through a point P on Y., and meet a point p’ on Z;, and
then a point p” on Z;’, etc. Now one can fix coordinates of p’ and P” by imposing

V(P =y (P") = y'(P),

for a given y*(P) on ).,. Therefore, we can fix y* for every member of the congruence. Thus, in this
way we can describe a new coordinate system (¢, y*) in W.

Here spacetime is foliated in terms of space-like three-dimensional hypersurfaces ), and the
spacetime manifold W is diffeomorphic to R X Y., where the manifold ), represents space and
t € R represents time. One can note that the particular slicing of spacetime into instants of time is
fully arbitrary.

It is obvious that spacetime coordinate x* must be some function of y* and ¢, i.e., x* = x*(t, y%).
Here,

a_ (OX* a .
"= < = )ya =6 (ii)

Now, one can define the tangent vector on Zt as

« ox* «
e, = <0ya >, =4,. (iii)
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N n“t*

Time-like vector field

Space-like slice
t=constant

Figure 111 3+1 foliation of spacetime: Decomposition of #* into lapse and shift.

Also Lie derivative of the tangent vector e? is zero, i.e.,
Lel =0.
The unit normal to the constraint hypersurface ), can be written as
n, = —N0,t, @iv)
where the scalar function N is known as the lapse function. It helps to normalize n,. Obviously,
n e =0.
Note that it is not necessary that the curves y do intersect )., orthogonally and as a result * is not
parallel to n*. The time-evolution vector field #* can be decomposed to the spatial and normal parts
as
* = Nn" + N“¢. )

Here, the three vector N* is known as the shift vector.
Since x* = x*(¢,y*), we have

ox“ ox“
dx = (—) dr dy*
) or )4 <0y"> '
=1"dt + e} dy”
= (Ndn® + (dy* + N“dp)e;,




393

The line element, ds* = g, ﬂdx"’dxﬂ, then can be found as
ds® = g, [(NdDN® + (dy* + N°dn)e®] [(NdDn” + (dy’ + N°dpe] ]

= detzgaﬂn”nﬂ + gaﬂeZeg(dy“ + Ndn)(dy® + N°dr)

= N2 df’n n® + hy,(dy® + Ndr)(dy’ + NPdp)
or

ds* = —=N?df* + h,,(dy" + N*dr)(dy® + N'dr), (vi)
where
hab = gaﬂezeg’

is the induced metric on .

[n*n, = —1 as n® is perpendicular to the space like hypersurface]

This indicates that the spacetime geometry is described not by a single metric but by the induced
metric h,, together with deformations of neighboring slices containing the lapse function N and the
shift vector N°.

Now one can find the determinant of the metric g, in terms of determinant of the induced metric
h,, and lapse function N. We know from matrix theory

cofactor
" _ e (8n) — ﬁ (vii)
g g
However using (iv), one can have
§" =81,y = gPnn N = nn N = =N, (vili)
Using (vii) and (viii), one find the required relation as

v—2=NvVh. (ix)

For 3+1 decomposition of spacetime equations (v), (vi), and (ix) are the fundamental results.
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303, 373

spherically symmetric spacetime, 109-110, 144,
182, 312, 371-378

spiral galaxy, 306, 345

stably causal, 198-200, 204

static limit, 286-289

static spacetimes, 108—-109

static universe, 133, 134, 140, 222, 223, 227, 228,
232,236, 316, 335

stationary, 108-109, 271, 280, 284, 287, 301

stationary limit surface, 287, 297

stationary observer, 288-290

stationary spacetimes, 109

strong equivalence principle, 61

strong field limit, 370, 373

strong lensing, 370

strongly causal, 197, 200, 216

surface gravity, 156, 301-303, 345

surface gravity of Kerr solution, 301

surface redshift, 157

surfaces of infinite redshift, 286

symmetric tensor, 5, 6, 11, 34, 62, 147, 380

tangential caustic, 371

teleparallel theory, 79

terminal indecomposable future set, 214

terminal indecomposable past set, 214

tetrad, 78-79, 261-263, 265, 272, 275, 277,
303, 304

time-like curve, 188-190, 193-203, 208-212,
214-215, 231,293
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time orientable, 187188

Tolman—Oppenheimer—Volkoff equation,
127-129, 350

torsion scalar, 79

torsion tensor, 79

tortoise coordinates, 183, 245, 246, 249, 250, 258

twelve spin coefficients, 265

vacuum energy, 305, 327, 328, 341

vacuum solution, 61, 77, 122-123, 225, 240, 389
Vaidya metric, 152, 153

velocity of sound, 130, 378

Vierbein, 261

weak field limit, 89, 161, 175, 372

weak lensing, 370

weak principle of equivalence, 61
Weitzenbock’s connection, 79

Weyl gravity, 82—83

Weyl postulate, 307-308, 326

Weyl scalar, 265-266

Weyl tensor, 41-44, 82, 226, 265-266

Weyl transformation, 43—44

white dwarf, 119, 121, 173, 346-347, 361-365

zero angular momentum observer, 288
zeroth law, 301, 303



