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Preface

This book is intended for undergraduate students who have some working knowl-
edge of elementary calculus. It covers the geometries of various two-dimensional
homogeneous spaces with metrics—i.e., the Euclidean plane, the sphere, the
hyperbolic plane, and the Lorentz—Minkowski plane, which is the two-dimensional
spacetime that arises from the theory of special relativity. Our main purpose is to
introduce abstract spaces, such as the hyperbolic plane and the Lorentz—Minkowski
plane, to undergraduate students as easily and intuitively as possible. We start with
very intuitive spaces, the Euclidean plane and the sphere, and focus on a specific
structure theorem for isometries (Theorems 1.6, 2.7, 4.20, and 5.7), in which every
isometry is a composition of at most three (or four for the Lorentz—Minkowski
plane) reflections. This theorem appears in very similar forms in all four spaces, and
the proofs for them can also be presented in a similar fashion. We present geometric
proofs of these reflection theorems for the first two intuitive spaces and gradually
transit to the latter two abstract spaces. Although some terminologies are different
and more abstract, the basic structure of the theorem remains the same. Our strategy
is to familiarize the readers with the theorems and logic of the proofs first in the two
intuitive spaces and to then study the theorems, having similar structures and logic,
for the two abstract spaces so that the transition from concrete spaces to abstract
spaces can be made easily and smoothly.

In addition to the concentration on the reflection theorem, another difference
between this book and other similar books on geometry is that it treats the geometry
of special relativity from a truly geometric viewpoint, employing tools that can
be used by undergraduate students. Special relativity is an experimentally well
confirmed and universally accepted physical theory that explains how space and
time are linked. It replaces the primitive notion of an absolute universal time by
the notion of a relative time that is not independent of the reference frame and the
spatial position. Rather than treating the invariant time and invariant spatial intervals
between two events separately, one needs to consider an invariant spacetime interval,
which enables us to understand the spacetime from a geometric view of distances
and isometries.
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viii Preface

It is not easy for undergraduate students to approach the geometry of special
relativity. The existing books exploit tools that are too difficult for beginning
undergraduates to follow or do not provide a truly geometric viewpoint, depicting
only some physical consequences of the theory. We amalgamate special relativity,
as another interesting geometry, with classical geometries, noting the following two
points.

First, a similar type of reflection theorem holds for the space of special relativity.
We repeat a logically similar proof of the theorem given for classical spaces.
We think that this similarity helps the reader approach the geometry of special
relativity without reluctance. Although we mainly focus on the structure theorems of
isometries, readers will also understand other aspects of the geometry of the spaces
during their study.

Second, the three-dimensional spacetime of special relativity contains a hyper-
surface (a hyperboloid) that is isometric with the hyperbolic plane. It is always an
interesting task to connect two subjects that initially seem completely different. We
concretely explain this connection and give a thorough description. This will help
readers prepare for more advanced subjects, such as higher dimensional hyperbolic
geometry.

The structure of the book is as follows: In Chapter 1, we introduce the basic
geometric terminologies in the familiar Euclidean geometry, such as distance,
isometry, translation, reflection, rotation, orientation, and a fixed point. We also
introduce the reflection theorem and other structure theorems for isometries. Since
our purpose is to introduce abstract spaces to students using similarities to intuitive
spaces, we try to keep the discussion within studies on isometries. In Chapter 2, we
transit to another classical and intuitive geometry, the surface of the sphere. These
theorems and the proofs continue to appeal to geometric intuition. At this point,
the readers will start to note that the theorems and proofs for the sphere are very
similar to those for the Euclidean plane. Chapter 3 deals with the stereographic
projection and inversions. We introduce and prove some properties of inversions.
Unlike other books, we try to provide a representation of the geometry of the sphere
in the extended plane, following the perspectives of Henri Poincaré, which, we
hope, helps the readers understand why we must use abstract metrics for some
spaces. In Chapter 4, we deal with hyperbolic geometry. Although the treatment
is standard, we try to keep the prerequisite for this chapter minimal. We do not use
the notion of complex numbers. In Chapter 5, we introduce the Lorentz—Minkowski
plane, which is the two-dimensional space of special relativity. We keep the same
structure, i.e., we define similar terminologies and prove the theorem using a similar
logical structure. After we are familiarized with the geometry of special relativity,
we show that the hyperboloid in three-dimensional spacetime is actually isometric
with the hyperbolic plane. Finally, in Chapter 6, we explore the geometry of special
relativity. We define basic notions such as causality, worldline, four-vector, and four-
momentum. Some basic principles of relativistic kinematics will be touched upon.
Solving exercises is the most important part of learning mathematics. The results of
some exercises are used in the text and some interesting facts are stated in exercises.
The solutions for some selected exercises are provided at the end of the book.
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Chapter 1 )
Euclidean Plane Chock or

“The study of mathematics, like the
Nile, begins in minuteness but ends in
magnificence.”

Charles Caleb Colton (1780-1832)

“Equations are just the boring part of
mathematics. I attempt to see things in
terms of geometry.”

Stephen Hawking (1942-2018)

The word “geometry” is derived from the Greek words geos and metron, meaning
earth and measure, whose definition is generally attributed to the fact that the ancient
Egyptians regularly utilized geometry to resurvey the fertile farmlands of the Nile
river floodplain in late summer. The concepts of “distance” and “area” need not
be defined; they are already given by nature. A plane with this concept of distance
is called the Euclidean plane, denoted by EZ. It does not have special points or
directions. When this plane is equipped with a coordinate system, it is given the
origin 0 and x- and y-axes. The Euclidean plane with a coordinate system can be
identified by R2, the set of all ordered pairs (x, y) of real numbers. We will not
distinguish R? and E? in this book.

1.1 Isometries

For two points p; = (x1, y1), p2 = (x2, y2) € R2, the distance between p1 and p;
is given by

© Springer Nature Switzerland AG 2020 1
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2 1 Euclidean Plane

Fig. 1.1 Line L{I,M,,2 with Lyt o
respect to the points p; and
p2

d(p1, p2) = \/(xl —x2)% + (v — »)%

Note that d(p1, p2) = 0if and only if p; = p». Let us start with a definition.

Definition 1.1. A bijective map ¢ : R> — R? is called an isometry of R? if it
preserves the distance, i.e.,

d(@(p1), d(p2)) =d(p1, p2)

for any two points pi, p» € R

“Iso” means “same,” and “metry” indicates “measurement,” as in the word “geom-
etry.”

A line on R? can be regarded as the set of points equidistant from the two distinct
points p; and p> (Exercise 1.2, Figure 1.1):

Ly, p, =1{p € R? | d(p1, p) = d(p2, p)}.

Theorem 1.2. An isometry maps a line to a line.

Proof. Let ¢ : R> — R? be an isometry, and let L be a line on R?. Then, there are
two distinct points p; and p; such that

L={peR?|d(pi, p)=d(p2, p)}

Since ¢ is injective, ¢ (p1) and ¢ (p2) are distinct. Consider a line

L'={q eR*|d(¢(p1),q) = d(¢(p2), )}

We will show that

L =¢(L).
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Let p € L. Note that

d(p1, p) =d(p2, p).

Since ¢ preserves distance,

d(¢(p1), ¢(p)) =d(p1, p) = d(p2, p) = d(@(p2), ¢(p)),

ie.,

d(@(p1). ¢(p)) = d(¢(p2). ¢(p)).

so ¢(p) € L. Conversely, let g € L'. Note that

d@(p1),q) =d(@(p2), q).

Since ¢ is surjective, there exists a point p such that ¢ = ¢(p). Accordingly, the
following holds:

d(@(p1), ¢(p)) = d(p(p2). d(p)).

Howeyver, as before,

d(p1, p) =d(p(p1), ¢(p)) =d(@(p2), #(p)) = d(p2, p),

i.e., d(p1, p) = d(p2, p). Therefore, p € L, and then,

q=¢(p) € ¢(L).

0
By Theorem 1.2, an isometry maps a triangle to a triangle. Since an isometry
preserves distance, the lengths of the edges in the triangle do not change. Thus,
an isometry maps a triangle to a congruent triangle. Because a polygon can be
decomposed into a union of triangles, an isometry maps a polygon to a congruent
polygon (Figure 1.2). In general, an isometry maps a geometric figure to a congruent
one, which will be clear by the end of this chapter. One can consider isometries as

maps that preserve all geometric properties of geometric figures.

Example 1.1. Let ¢(x,y) = (2 — x,y). For two points p; = (x1,y1),p2 =
(x2, y2) € R?, we have

d@(p1), () = (@ = x1) — @ — 1)) + (31 — y)?

= 1 =522+ (01 — 2

=d(p1, p2).
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Fig. 1.2 An isometry maps a polygon to a congruent polygon

Therefore, ¢ is an isometry.

Example 1.2. Let ¢(x, y) = (x, y3).If p; = (0, 0) and p» = (0, 2), then

d(@(p1), $(p2)) = V(0 —0)2 + (0 — 8)2
=8£2=y0-02+(0—-22=d(pi, p2),

i.e., d(@(p1), p(p2)) # d(p1, p2). Therefore, ¢ is not an isometry.

A translation, which moves the entire plane, is also an isometry.

Example 1.3 (t(,,p): translation by vector (a, b)). Let p = (a, b) be a point and

tp(x,y) =tap(x,y) = (x+a,y+Db).

Then, 7, is an isometry.
A reflection in a certain line is also an isometry.

Example 1.4 (r: reflection in the x-axis). Let r(x,y) = (x,—y); then, r is an
isometry.

Example 1.5 (rg: rotation by an angle 6 about the origin). Let
ro(x,y) = (xcos@ — ysin6, xsinf + ycos9);

then, rg is an isometry (Figure 1.3).

Example 1.6 (r), g: rotation by an angle 0 about a point p). For a point p and an
angle 6, let us denote by r), ¢ the counterclockwise rotation by angle 6 about point
p. Intuitively, this is also an isometry, which can be shown by direct calculation.
Note

rpg =1tporgot_p.
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Fig. 1.3 Rotation ry by an y
angle 6 about the origin

re’(P)

v

We leave the proof of the following theorem as an easy exercise for the reader
(Exercise 1.7).

Theorem 1.3.
1. The identity map

idg : R? - R?

is an isometry.
2. If ¢ is an isometry of R?, then ¢~ is also an isometry.
3. If ¢ and r are isometries of R%, then ¢ o r is also an isometry.

We denote the set of all the isometries of R? by Iso(R?).!

In addition to these isometries, what other ones are there? The answer is
somewhat surprising. Every isometry is a reflection or a composition of reflections.
We will illustrate this fact in the coming sections.

Exercises

1.1. Decide whether each of the following maps is an isometry:

@ ¢, y) = (2x, %) (b) @ (x, y) = (x, [y])

© ¢@.y) =@ —yx+y+D)  @Dox.y) =350Gx+4y.4x —3y)

1.2. Let L be a line determined by the equation

ax +by+c=0,

ITheorem 1.3 implies that Iso(R?) forms a “group” together with the composition operation.
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where a, b, and ¢ are real numbers with (a, b) # (0, 0). Show that there exist two
distinct points p; and p; such that

L={peR*|d(pi, p)=d(pz, p)}

1.3. Show that an isometry maps a circle to a circle of the same radius.

1.4. Suppose that a map ¢ : R> — R? preserves distance. Show that this map is
injective.

1.5. Show that an isometry ¢ is a rotation about the origin if and only if
¢(x,y) = (ax — by, bx + ay)

for some real numbers a and b, with a® + b = 1.
1.6. Explicitly express 7, g (x, ) for p = (a, b).
1.7. Prove Theorem 1.3.
1.8. Show the following:

@ =7,
(b) tyotg =tyrp, ty' =t_qfora, peR?
(c) roory =rorg, 1y =r_gford, o eR.

1.9. A point o in R? is said to be fixed by a map f : R> — R?if f(a) = a.
Suppose that two distinct points p and g are fixed points of an isometry ¢. Show
that every point on the line through p, ¢ is a fixed point of ¢.

1.2 Three Reflections Theorem

An isometry is determined by how it maps three non-collinear points.

Theorem 1.4 (Three points theorem). Let ¢ and yr be isometries of R>. If

o (p1) =¥ (p1), ¢(p2) = ¥(p2) and ¢ (p3) = ¥ (p3)

for some set of non-collinear points p1, p2, and p3, then ¢ = .

Proof. The isometry ¢ maps the triangle A p p> p3 to a congruent triangle

A¢(p1)d(p2)d(p3),

which implies that the points ¢(p1), ¢(p2), and ¢(p3) are also non-collinear
(Figure 1.4).
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Fig. 1.4 The isometry ¢ o(pa) o(p))
maps the triangle A pj pap3
to a congruent triangle
AP (p1)P(p2)¢(p3)
D1

o(p3)
P2 pP3

Fig. 1.5 Reflection 77 ina L
line L

Suppose that ¢ # 1. Then, there exists a point p such that

é(p) # ¥ (p),

and we can define a line L = Ly (p),y(p). Note that

d(¢(p), ¢(p1)) =d(p, p1) (. ¢ is an isometry)
=dW(p), ¥(p1) (.- ¢ is an isometry)
=d(p). ¢(p1)),

ie.,d@(p), p(p1)) =dW(p), p(p1)). Therefore, ¢ (p1) € L. Similarly, we have
the following:

¢(p2) € Land ¢(p3) € L.

Then, the points ¢ (p1), ¢ (p2), and ¢ (p3) are collinear, which is a contradiction.
O

For a line L, let us denote the reflection in the line L by 7y . It is then easy to see
that 7y, is an isometry (Figure 1.5).
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Remark 1.5. From Figures 1.1 and 1.5, the following is evident:

(@)
Ly, .y, (P1) = P2, TL, ,, (P2) = P1.
(b)
FLPI-PZ (p) = p for each point p € L, p,.
(©

_ _ . . ——1 -
Ly py ©TLy, ,, =1dg2, ie., Lpimy = TLorm:

Now we can show that every isometry can be expressed as a composition of
reflections.

Theorem 1.6 (Three reflections theorem). An isometry of R? is a composition of
at most three reflections.

Proof. Let ¢ : R> — R? be an isometry and p1, p», and p3 be non-collinear points.
We divide the situation into four cases.

Case 1. Assume that

¢(p1) = p1, ¢(p2) = p2, ¢(p3) = p3;

then, we have ¢ = idpe, letting ¥ = idp2 in Theorem 1.4. Note that idg> =77 o Fp,
for every line L.

Case 2. If only two of p1, p2, and p3 coincide with their images under ¢, say

¢ (p1) = p1, ¢(p2) = p2 but (p3) # p3,

then

d(p3, p1) =d(@(p3), ¢(p1) = d@(p3), p1)-

Therefore, letting L = L p; ¢(p5), We have p1 € L. Similarly, we have p> € L. Let
Y =rpod.

Y(p1) =ro(ed(p1)
=rr(p1)
= pi ¢ prel).

Similarly, we have 1 (p2) = p». Note also that
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Y(p3) =rL(@(p3)) = p3 (. L= Lpyppy)-
Consequently, ¥ = idg2 by Theorem 1.4 again, i.e., 71, o ¢ = idy2. Therefore,
¢=r =L,

and ¢ is a reflection.

Case 3. 1f only one of pj, p2, and p3 coincides with its image under ¢, say

¢ (p1) = p1 but ¢(p2) # p2, ¢(p3) # p3,

then

d(p2, p1) = d(@(p2), #(p1)) = d(@(p2), p1).
Therefore, letting M = L, 4(py), We have p1 € M. If ¢’ =7y o ¢, then
¢'(p1) = fm(d(p1)) = Fu(p1) = p1

and
¢ (p2) = rm(P(p2)) = pa.

Therefore, we return to Case 1 or Case 2. Therefore, we have ¢’ = idg2 or ¢’ = 7,
for some line L,i.e.,p =rpyor¢p =rpyorg.

Case 4. Assume, finally, that

¢ (p1) # p1, ¢ (p2) # p2, ¢(p3) # p3. (1.1)
Let N = L, ¢(p,) and ¢” =7y o ¢. Note that

¢"(p1) =7n(p(p1)) = p1.

Therefore, we return to Case 1, Case 2, or Case 3 and we have

¢" =idp2, ¢" =rFyord” =ryorL
for some lines L and M, i.e.,

¢=rN,p=FNoFyoOr¢ =ryoryorr.

O

Theorem 1.4 and Theorem 1.6 are the main theorems of this chapter, and very
similar theorems will appear for the other types of surfaces, such as the sphere,
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the hyperbolic plane, and the Lorentz—Minkowski plane. The proofs are also very
similar.

Exercises

1.10. Let Lq and L, be lines. Suppose that 77, o 7, = idp2 . Show that L1 = L,.

1.11. Suppose that a map ¢ : R?> — R? preserves distance. Show that this map is
bijective.

1.12. Given isometries ¢ and ¥, the conjugation of Y by ¢ is the isometry

M=goyogl.

(a) For isometries ¢, ¥, and &, show that

@oV)g — '/’(x//g)

and
P(Yo&) = ("y)o(%).

(b) For reflections 7z, and 77, show that

where L' =y (L).
(c) For an isometry ¢, show that

U, =L,

where L' = ¢(L).

1.13. Two isometries ¢, ¢’ are said to be conjugate if there is an isometry v such
that ¢ = ¢¢/ . Show that any two reflections are conjugate.

1.14. For two points p; = (x1, y1), p2 = (x2,y2) € R2, recall that the inner
product between them is defined as follows:

P11 P2 = X1Xx2 + Y1 y2.

Then, the norm is || p|| = /P p-
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Foraline L = L, p,, show that

_ 2p—u)-v
VL(P)ZP—W

for every point p € R?, where u = %(p] + p2)and v = %(m — p2).

1.3 Rotations and Translations

In the previous section, we proved that every isometry R? is a composition of at most
three reflections. Therefore, a rotation and a translation should be compositions of
reflections. We investigate how they come to be compositions of reflections. Let L
and M be two lines, and consider the composition 7y o rz. The situation can be
divided into three cases.

First, when L = M, trivially, we have ry o rp, = idpo.

Second, when L meets M at a single point p with angle 6, as in Figure 1.6, we
claim that

fM o fL = rpyzg.
We prove this in the following. Clearly, ry; o7 (p) = p = rp 20(p). Choose a point
p1on L and a point p on M that are different from p. From Figure 1.6, we clearly
have

(FmorL)(p) = p =rp20(p),

(rm orL)(p1) = ru(p1) =rp20(p1)

—_—~
Far (p1) = rp29(P1)

(P 7L)(p2) = 1p20(P2)

Fig. 1.6 A composition of two reflections in non-disjoint lines is a rotation
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and

(rmorp)(p2) =ru(rL(p2)) = rp20(p2).

By Theorem 1.4 and noting that the three points p, pi, and p, are not collinear,
we conclude that

I_‘M o fL = I‘p,zg.

We note that M = rg(L).
Conversely, it is also clear from Figure 1.6 that every rotation is the composition
of two reflections in non-disjoint lines.

Example 1.7. Consider two lines

L:x—y=1
M: x+y=1.

. . . p
Since they meet at p = (1, 0) with angle 7, we have
TMoOTL =Tpx.

Finally, the third case is when L does not meet M (i.e., they are parallel). In this
case, we claim that

ryory =y,

where the vector a (= p3 — p») is as shown in Figure 1.7.

Choose two distinct points p; and p, from the line L and p3 from the line M
such that the line through points p, and p3 meets the lines L and M orthogonally
(Figure 1.7). Noting that 77 (p1) = p1, we have

(rm orp)(p1) =ru(p1) = ta(pr),

Fig. 1.7 A composition of
two reflections in parallel
lines is a translation
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Fig. 1.8
FpMoOrp =Ty oFp =T1p 2

i.e., (Fpr orr)(p1) = tag(p1). Similarly, we have

(Fpm o) (p2) = taa(p2).

It is not hard to see that

(rpm orL)(p3) = taa(p3).

Since p1, p2, and p3 are not collinear, we conclude that
rMorL =1ty

We note also that M = t,(L).

Conversely, Figure 1.8 implies that every translation is the composition of two
reflections in parallel lines.

In summary, we have proved the following theorem.

Theorem 1.7.

1. a. An isometry is a rotation about a point p if and only if it is a composition of
two reflections in lines through the point p.
b. Let L, M, L', and M’ be lines through a point p. If rp (L) = M and
rpo(L") = M’ for some angle 6 (Figure 1.8), then

fM OfL = FM/ OFL/ =rp,29.

2. a. Anisometry is a translation if and only if it is a composition of two reflections
in parallel lines.
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Fig. 1.9

fM OfL :fM/ Of[_/ = 1q

b. Let L, M, L', and M’ be parallel lines such that both the displacement vector
from L to M and that from L' to M’ are the same (the displacement vector is
a) (Figure 1.9). Then,

FMorp =ry orpr = tg.

Example 1.8. Consider two lines

L: x+y=-1
M: x+y=0.

The displacement vector from L to M isa = (%, %). Therefore, we have
rMorp =ty =1a1,1).

A composition of translations is again a translation. What about a composition
of rotations or a mixture of rotations and translations? The answer is very simple, as
stated by the following theorem.

Theorem 1.8. The set of translations and rotations is closed under composition.
Proof. We can divide the situation into several cases:

(@ ToT (b)ToR

(c) RoT (dRoR,

where “T” means translation and “R” means rotation.

The proofs for all the cases are very similar. We will give the proof of (b) as an
example and leave the proofs for the other cases as easy exercises.

Consider a composition of a translation and a rotation, e.g., t; © rp 9, Where p
and ¢ are some points and 6 is an angle. Note that there are some non-parallel lines
H and L such that r), 9 = rp o rg. Also by Theorem 1.7, there are some parallel
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Fig. 1.10 Parallel lines M H
and N such thatt, =7y o7y

N/
M=l

Fig. 1.11 Lines H,H',L,L',M,M’, N,and N’

lines M and N such that t, = 7y o 7y (Figure 1.10). Translate the lines M and N
to lines M’ and N’ together so that M’ goes through the point p (= H N L) (the left
diagram in Figure 1.11). Then,

l‘q ZfNOfMZfN/OfM/

by Theorem 1.7. Rotate the lines H and L about p together to lines H' and L/,
respectively, so that L’ coincides with M’ (the right diagram in Figure 1.11). Then,

rp’g = fL o f[-[ = FL’ o FH’-
See the right diagram in Figure 1.11. Thus,

tt] orp,esz/ofM/ofL/ofH,
= Fyr o P (- M =L
=Tq.0;

where {g} = N’ N H'. Thus, 1, o rp ¢ is a rotation.
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Exercises

1.15. Prove or disprove the following:

(a) fMOfL =fLOI_‘M,

(b) tp, oty =1p, 0tp,,

(c) rg, org; = rg, ooy,

(d) 7py.60 0T p1,6y =Tp1,61 ©Tpsns

(&) tqorL =7y 0ly,

(f) rq9 orL =rp orgp, where L and M are lines; pj, p2, and « are points; and 61,
6>, and 0 are angles.

1.16. Suppose that two reflections 7, and rp, satisfy rj,, o7y, =7y, orr, . Show
that L1 = L, or that L and L, are orthogonal to each other.

1.17. (a) For areflection 7, in a line L through a point p and a rotation r g, show
that

" rpo) = rps.

(b) For an isometry ¢ that fixes a point p, show that

¢ —
Vp’e =TpeOrry_g.

1.18. Let ¢ and ¥ be isometries of R2. Suppose that
¢(p1) = ¥ (p1) and ¢ (p2) = ¥ (p2)
for some set of two distinct points p; and p>. Show that
p=vyorpor, =1y,

where L is the line going through points p; and p».

1.19. A halfturn o), for a point p € RR? is a rotation by the angle 7 about the point
p. Prove the following:

(a) The composition of two halfturns is a translation.
(b) Every translation is a composition of two halfturns.
(c) If p, is the midpoint of points p; and p3, then

Opy ©O0py = Op3 ©O0py-
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(d) A composition of three halfturns is a halfturn. In particular, if three points
D1, P2, and p3 are non-collinear, then o), 0 0}, 0 6, = 7, where Up1pap3p
is a parallelogram.

(e) op; 00p, 00, = 0p, 00p, 00y, for any three points pi, p2, and p3.

1.4 Glide Reflections and Orientation

We have seen that a composition of two reflections is either a rotation or a
translation. Let us now consider a composition of three reflections.

Example 1.9 (Glide reflection). Let L be a line and « be a vector parallel to L.
Then, we consider an isometry

gL,Ot =1ly0rL,

which we call a glide reflection. A glide reflection is a reflection followed by a
translation parallel to the reflection line (Figure 1.12).

If « = 0, then g7 o is a reflection. Therefore, every reflection is also a glide
reflection.

Since t,, can factor into the composition 7y o 7y of two reflections 7 and 7y, a
glide reflection is the composition of three reflections,

8L =TFNoOTryoOrL,

where the lines L, M, and N are as shown in Figure 1.12. The converse also holds,
as stated in the following theorem.

gLa(p) L N L
a M

gLa(p) L,Mand N

Fig. 1.12 qua = 71\/ o fM [¢] ;L
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Theorem 1.9. The composition of three reflections is a glide reflection.
Proof. Let ¢ be the composition of reflections in lines L, M, and N:
¢ =ryoiryorL.

For the proof, we must consider several cases, determining whether the lines L, M,
and N are parallel to another.

Case 1. Assume that the lines L, M are orthogonal to each other. Let p be the point
where the lines L, M meet and M’ be a line through the point p that is parallel to
the line N. Then there is another line L’ through the point p such that

fM/ @] fL/ = fM [e] fL.
Note that the line L’ is orthogonal to M’. Now
¢ =ryoryorL =ryorpy orrrs,

which is a glide reflection along the line L.

Case 2. Assume that both the lines M and N pass through a point p. One can
choose a line M’ through the point p that is orthogonal to the line L. Then, there is
another line N’ through the point p such that

TNt OFp =FNOTM.
See Figure 1.13.
(ﬁ:fNOfMOFL:fN/OfM/OfL

Now, we have a configuration of lines L, M’, N’ that belongs to Case 1 and we
conclude that ¢ is a glide reflection.

Fig. 1.13 Non-parallel lines
M and N, intersecting at the
point p
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Case 3. Assume that the lines M and N are parallel to each other. If L is also
parallel to them, we can choose another parallel line N such that

Fyory =Ty ofL.
Then,
¢ =ryoryor, =FyroFpoFL =Fp,

which is a reflection.
If L is not parallel to them, the lines L, M meet at a point p. Rotate both the lines
L, M about the point p to get L', M, respectively, so that

Fy orp =ryory
and the line N meets with M’ at a point.
¢ =ryoryor, =ryorpy ofFp.

Now, we have a configuration of lines L', M’, N that belongs to Case 2 and we
conclude that ¢ is a glide reflection. O

By using Theorem 1.6, together with Theorem 1.7 and Theorem 1.9, we obtain
the following classification theorem.

Theorem 1.10 (Classification of isometries of R?). An isometry of the Euclidean
plane is a rotation, a translation, or a glide reflection.

Proof. By Theorem 1.6, an isometry is a composition of at most three reflections.
By Theorem 1.7 and Theorem 1.9, it is a rotation, a translation, or a glide reflection.
O

Theorem 1.6 gives us much information about an isometry. For example, it is now
very clear that an isometry maps a geometric figure to a congruent geometric figure
because a reflection does. Intuitively speaking, two geometric figures are regarded
as congruent if they have the same shape and size or if one has the same shape and
size as the mirror image of the other. Now we give a more formal but more precise
definition of congruence.

Definition 1.11. Two sets of points in the Euclidean plane are said to be congruent
if and only if one is the image of the other under some isometry of the Euclidean
plane.

Let y be a curve with length /(y). For a reflection 7z, it is intuitively clear that

LrL(y) =1(y),
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- translation - - rotation - - glide reflection -

Fig. 1.14 Transformations of the figure of the letter “R” by isometries

i.e., a reflection preserves the length of a curve. Again by Theorem 1.6, an isometry
is a composition of reflections; therefore, it also preserves the length of every curve.

A reflection maps a figure to its mirror image. Figure 1.14 shows how the figure
of the letter “R” is transformed by various isometries. Different from translation and
rotation, the letter transformed by a glide reflection is not exactly the letter “R” even
if the reader rotates or moves this book. The reason is that a glide reflection is the
composition of an odd number of reflections.

Definition 1.12.

a) An isometry that is a composition of an even number of reflections is said to be
orientation-preserving.

b) An isometry that is a composition of an odd number of reflections is said to be
orientation-reversing.

Let Iso™ (R?) and Iso~ (R?) be the sets of orientation-preserving isometries and
orientation-reversing isometries, respectively.

Theorem 1.13. Iso*(R?) consists of translations and rotations, and Iso~ (R?)
consists of glide reflections.

Proof. Translations and rotations are orientation-preserving since they are compo-
sitions of two reflections. Conversely, consider an orientation-preserving isometry,

¢):le OFL2 O"'Oszn.
Let¢; =rp,,_, orr,;, which is either a translation or a rotation. Note that
$=¢1opr0-- 0y

By Theorem 1.8, it is either a rotation or a translation. This proves the first statement.
Glide reflections are orientation-reversing since they are compositions of three
reflections. Conversely, consider an orientation-reversing isometry

¢=rL1 OrL20~-~orL2n+1.

Let ¢; =rp,_, oL, , which is either a translation or a rotation. Let
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¢/=fLIOfL2O"'OfL2n=¢1O¢2O"'O¢n.

By Theorem 1.8, ¢’ is either a rotation or a translation, which is a composition
of two reflections. We thus have ¢’ = 7y o 7y for some two lines L and M.
Therefore,

— (r = > > — A a7 — ¥ = =
¢_(rL1O"Lzo"'orLG)orLGﬂ =¢ OrLy,, =M OTFLOTLy, ;s

which is a glide reflection by Theorem 1.9. O

An orientation-reversing isometry, which is a glide reflection, cannot be realized
as actual motions of physical objects (if the objects are forced to remain in a plane).
By contrast, we frequently experience rotations and translations of objects. For this
reason, an orientation-preserving isometry is also called a rigid motion.

Theorem 1.14. The sets Iso™ (R?) and Iso™ (R?) are disjoint.

Proof. For the proof, it is very useful to examine the fixed points of isometries. The
set of fixed points of a non-trivial rotation (i.e., not the identity) is composed of a
single point. The set of fixed points of a non-trivial translation is empty. The set of
fixed points of a glide reflection is empty or is a line if it is a reflection. Therefore, if
there exists an isometry ¢ in Isot (R?) N Iso~ (R?), its set of fixed points is empty.
Therefore, ¢ would be a translation, a composition of two reflections

¢p=rp orL,,

and a glide reflection, a composition of three reflections

¢ = er OI7M2 OFM3-

Therefore, we have

¢ =7p,0FL, =TFpM OFM, OTM;,
and so
sz o le o FMI o sz o st = idR2-
The right-hand-side identity map fixes every point; however, the left-hand-side

isometry is a glide reflection whose set of fixed points is a line or empty, resulting
in a contradiction. Therefore, Isot (R?) and Iso~ (R?) are disjoint. m|
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Exercises

1.20. Show that an isometry with exactly one fixed point is a rotation.

1.21. Show that an isometry is a glide reflection if and only if it is conjugate to
t(a,0) o I for some a € R.

1.22. Show that the inverse of every glide reflection is also a glide reflection.
1.23. Let ¢ be a glide reflection. Show that ¢? is a translation.

1.24. Let ¢ be an isometry. A line L is said to be invariant under ¢ if ¢ (L) = L.
Show the following:

(a) ¢ has no invariant lines if and only if it is a rotation by ax for some a ¢ Z.

(b) ¢ has a single invariant line if and only if it is a glide reflection with a non-zero
shift.

(c) If ¢ has multiple invariant lines, it has infinitely many ones.
1.25.

(a) Classify all the isometries such that ¢> = ¢ 0 ¢ = idg2.

(b) Classify all the isometries such that ¢° = idp2.

1.26. Prove that there exists an isometry that cannot be expressed as a composition
of one or two reflections.

1.27. For x, y € R, we define the distance in the usual way:
d(xv y) = |x - y|

We define the isometries of R accordingly. Then, a reflection 7, in a € R is given
by

g =2a — Xx.

Show that every isometry of R is a composition of at most two reflections.



Chapter 2 )
Sphere e

“The description of right lines and
circles, upon which geometry is
founded, belongs to mechanics.
Geometry does not teach us to draw
these lines, but requires them to be
drawn.”

Isaac Newton (1642-1727)

“Geometry is the art of correct
reasoning from incorrectly drawn

figures.”
Henri Poincaré (1854-1912)

Spherical geometry is almost as old as Euclidean geometry. In fact, the word
geometry means ‘measurement of the Earth’, and the Earth is (more or less) a
sphere. The ancient Greek geometers knew that the Earth was spherical. Navigation
motivated the study of spherical geometry because, even 2000 years ago, the fact
that the earth is curved had a noticeable effect on cartography. In spherical geometry,
the ‘points’ are points on the surface of the sphere. We are not concerned with the
‘inside’ of the sphere.

2.1 The Sphere S? in R3

The (unit) sphere is
S?={(x,y,2) e R} | x2+y2 + 72 =1}.
© Springer Nature Switzerland AG 2020 23
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A great circle is a circle on the sphere that divides the sphere into two equal
hemispheres. A great circle can also be defined as the intersection of the sphere and
a plane that goes through the origin 0. Two points that are diametrically opposite on
the sphere are called antipodal points. In spherical geometry, two points determine a
great circle unless they are antipodal points, in which case there are infinitely many
great circles joining them.

For two points p; = (x1,y1,21) and p» = (x2,y2,22) in S?, the distance
between them in R? is

d(p1, p2) = \/(M —x2)? + (1 — y2)? + (21 — 22)%

The spherical distance dg(p1, p2) is the arc length of the shortest path on S?
from pj to p», which is a segment of the great circle through the points p; and
p2 (Figure 2.1).

Note that

. 1
ds2 (p1, p2) = Lp10p2 = 20 = 2 arcsin (§d(p1, p2)> , 2.1

where § = 1/p10p> (Figure 2.2).
A plane in R is a set of points defined by a linear equation,

ax +by+cz=d,
where a, b, ¢, and d are constants with (a, b, ¢) # (0, 0, 0). Similar to a line in the
Euclidean plane, a plane in R? can be regarded as the set of points equidistant from

two distinct points p and p, in R3:

Py po = (p € R | d(p1, p) = d(pa, p)).

Fig. 2.1 Spherical distance
ds2 (p1, p2) between the two
points pj and p; on S?
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P2

P1

L

0

Fig. 2.2 dg:(p1. p2) = Lp10py = 20 = 2arcsin (%d(pl, pz))

Let

p1 = (a1, by, c1) and pr = (a2, by, ¢3).

A point p = (x, y, z) belongs to Py, p, if and only if d(p1, p) = d(p2, p),ie.,

Ji@ =32+ 1 =y + (1 = 22 = (@2 = 0% + by =y + (c2 — 2
or
(ar —a)x + (b1 —by)y+(c1 —c2)z—d =0,

which is a linear equation, where d = %((a% + b% + c%) - (a% + b% + c%)). For a
point p = (x, y, z) in R3, the norm of p is defined by

Ipll = y/x2+y> + 22

Then, we obviously have d(p, q) = |lp — ¢q|l.
Now let us define the notion of maps that preserve the geometric properties of
figures on the sphere.

Definition 2.1. A bijective map ¢ : S* — S? is called an isometry of S? if it
preserves the spherical distance, i.e.,

ds2(¢(p1), ¢(p2)) = dg2(p1, p2)

for any two points py, p» € S?.

The main purpose of this chapter is to classify the isometries of the sphere as we did
for the Euclidean plane in the previous chapter. In doing so, we will be able to gain
considerable knowledge about the spherical geometry.
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A bijective map ¢ : R? — R3 is called an isometry of R3 if the distance is
preserved, i.e.,

d(@(p1), d(p2)) =d(p1, p2)

for any two points p1, pr € R3.
According to (2.1),

ds2 (P (p1), ¢ (p2)) = ds2(p1, p2)

if and only if

1 1
2 arcsin <§d(¢>(m), ¢(P2))) = 2arcsin (Ed(m’ pz)) ,
ie.,

d(@(p1), ¢(p2)) =d(p1, p2).

In summary,

ds2 (¢ (p1), ¢(p2)) =ds2(p1, p2) & d@(p),d(p2)) =d(p1,p2). (2.2)

Therefore, isometries of the sphere and isometries of R? are closely related.
Proposition 2.2. If an isometry of R? fixes the origin 0, then it induces an isometry
of S%. In other words, if an isometry ¢ of R satisfies

¢(0) =0,
then the map W : S* — S2, given by ¥ (p) = ¢ (p), is well defined and an isometry
of the sphere.

Proof. First, we must verify that 1 (p) belongs to the sphere if the point p does.
This is shown by the following:

d((p),0) =d(@(p),0) =d(@(p), ¢(0)) =d(p.0) = 1.

Since ¢! is also an isometry of R3, the map v’ : S> — S2 by ¢/ (p) = ¢~ (p) is
also well defined. Then, v/’ is the inverse map of ¥, and so ¥ is bijective. Finally,
by (2.2), ¥ preserves the spherical distance because ¢ preserves the distance. O

We denote the set of all the isometries of S? by Iso(S?). In Chapter 1, we saw
that reflections in lines play important roles when studying isometries. We define a
spherical line for two distinct points p; and p, in S? (Figure 2.3) as follows:

Gpy.po = 1p € S* | ds2(p1, p) = ds2 (p2, p)}.
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Fig. 2.3 Spherical line
G p,, p, With respect to points

p1 and p; on S? Gp1.p2

Proposition 2.3. A spherical line is a great circle.

Proof. For two distinct points p; and p» on S?, consider a spherical line

Gpipr = 1p € S? | ds2 (p1, p) = ds2 (pa, p)).
By (2.2),

Gp.po = {p €S* | d(p1. p) = d(p2. p)}
=S*N{p eR®|d(p1, p) =d(pa, p)}
=s*n Pp.pss

which is a intersection of the sphere and a plane P, p,. The plane P, ,, passes
through the origin because

d(p1,0)=1=d(p2,0),
ie., d(p1,0) =d(p2,0). 0O
Points on the sphere are said to be collinear if they lie on a great circle.

Lemma 2.4. An isometry of the sphere maps non-collinear points pi1, p»2, and p3
to non-collinear points.

Proof. Let ¢ : S — S? be an isometry. Suppose that the points ¢ (p1), ¢ (p2), and
¢ (p3) are collinear, then they lie on a great circle G 4. Thus, we have

ds:(p, #(p1)) = ds2(q, ¢(p1)),
ds(p, ¢(p2)) = ds2 (g, $(p2))

and

ds2(p, ¢(p3)) = ds2(q, ¢(p3)).
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However, then,
de (0~ (p), p1) = ds2 (™' (@), p1),

de2 (07N (p), p2) = ds2 (™' (@), p2)

and

de (07N (p), p3) = ds2 (' (@), P3),

which imply that the points pi1, p>, and p3 lie on the great circle Gy-1(,) 4-1(4)-
Because this is a contradiction, the points ¢(p1), ¢(p2), and ¢(p3) are non-
collinear. O

In Theorem 1.4, we saw that an isometry of R? is determined by how it maps
three non-collinear points. The following theorem is a version of Theorem 1.4 for
the spherical geometry.

Theorem 2.5 (Three points theorem for the sphere). Let ¢ and r be isometries
of the sphere. If

o (p1) =¥ (p1), ¢(p2) = ¥(p2) and ¢ (p3) = ¥ (p3)

for some set of non-collinear points pi1, pa2, and p3, then ¢ = .

Proof. According to Lemma 2.4, the three points ¢ (p1), ¢ (p2), and (p3) are also
non-collinear.
Suppose that ¢ # . Then, there exists a point p such that

¢(p) # ¥ (p),

and we can define a great circle G = Gg(p),y (p)- Note that

ds2 (¢ (p), ¢(p1)) = ds2(p, p1) (. ¢ is an isometry)
=da (¥ (p), ¥ (p1) (. ¥ is an isometry)
=ds(¥(p), ¢(p1)),

Le., ds2(¢(p), ¢(p1) = ds2 (¥ (p), ¢(p1)). So ¢(p1) € G. Similarly,
¢(p2) € G and ¢(p3) € G.

However, the three points ¢ (p1), ¢(p2), and (p3) are then collinear, which is a
contradiction. O
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Exercises

2.1. Let p; = %(1, 1,0) and p; = \%(1, 0, 1). Calculate the following:

(a) d(p1, p2) (b) ds2(p1, p2).
2.2. (a) Show that there is no map f : R> — S? such that

d(p,q) = ds: (f(p), f(q))
for all points p and g in R
(b) Show that there is no map g : S> — R? such that

de(p,q) =d(g(p),g(q))

for all points p and ¢ in S?.

2.3. A spherical circle C of radius p with its center p € S? is defined by
C={x eS| de(p.x) = p}.
Determine its circumference I1(p). Show that IT(p) < 2mp and

I
lim ) =2m.
p—0t 0

2.2 Isometries of the Sphere S?

The reflection rp, , in the plane Pp, p, is an isometry of R3 such that the line

segment from the given point p in R3 to the point Fppl, " (p) intersects the plane

Py, p, orthogonally at its midpoint. For example, if P is the yz-plane, then

rp(x,y,2) = (—x,y, 2).

Similar to a reflection in a line, a reflection in a plane satisfies the following:

()

FPy.p, (P1) = P2,7p, , (P2) = p1.
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(b)
Py .y (p) = p for each point p € P, p,.
(©
Fp, oFp  =idgs,ie., iy  =Fp
P1.P2 P12 R =0 TPy s P12

If a plane P contains the z-axis, its intersection L with the xy-plane is a line, and
the line L goes through the origin. Then, we can consider a reflection 77, : R? — R?
of the xy-plane in this line. It is easy to verify that

rp(x,y,2) = (rL(x, ), 2). (2.3)

If the points p; and p, are on the sphere, then the plane P, ,, goes through
the origin and P, ,, N'S? = G, ,,, Which is a great circle. Since TPy, », fixes the
origin, it induces an isometry 7g - of the sphere by Proposition 2.2.

Remark 2.6. Similar to the reflection fppl‘ by & reflection in a great circle also
satisfies (cf. Remark 1.5):

(a)
TGy, (P1) = P2.7G,, ,, (P2) = P1.
(b)
Gy .py(P) =P for each point p € G, p,-
©

- - . . ——1 -
FGpypy O TGy py = idge, ie., TG py = "G

As in the case of the Euclidean plane, every isometry is a composition of
reflections. Note that the proof of the following theorem is very similar to that of
Theorem 1.6.

Theorem 2.7 (Three reflections theorem for S?). An isometry of S? is a compo-
sition of at most three reflections.

Proof. Let ¢ : S> — S? be an isometry and py, p», and p3 be non-collinear points
on S?. We consider four cases.

Case 1. If

¢(p1) = p1, ¢(p2) = p2 and ¢(p3) = p3,

then ¢ = idg if we let Y = idge in Theorem 2.5.
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Case 2. 1If only two of the three points py, p»2, and p3 coincide with their images
under ¢, e.g.,

¢(p1) = p1, ¢(p2) = p2 but (p3) # p3,
then
ds2 (p3, p1) = ds2(¢(p3), ¢(p1)) = ds2 (9 (p3), p1).

Therefore, if G = G p; ¢(p;), We have p; € G. Similarly we have p, € G. Let
Y = rg o ¢; then,

Y(p1) =rc(@d(p1)
=rc(p1)
=p1 ¢ p1€G).

Similarly, ¥ (p2) = p». Note also that
Y(p3) =rg(@d(p3) = p3 (. G =Gpye(pm))-

Again, ¥ = idgp from Theorem 2.5, ie., 7 o ¢ = idg. Therefore,
¢ = 751 = rg, and ¢ is a reflection.

Case 3. 1If only one of the three points p1, p2, and p3 coincides with its image under
¢, e.g.,

¢(p1) = p1 but ¢(p2) # p2, ¢ (p3) # p3,
then
ds2(p2, p1) = dsp (¢(p2), ¢ (p1)) = ds2 (P (p2), p1)-
Therefore, letting M = G p, (p,)» We have p; € M. Let ¢’ = 7ys o ¢. We then have
¢'(p1) =ru(@(p1)) = Fu(p1) = pi
and
¢'(p2) = im(@(p2)) = p2,

which leads us back to Case 1 or Case 2. Therefore, ¢’ = idge or ¢’ = g for some
great circle G,i.e., ¢ =ryor¢p =ry org.
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Case 4. Finally, assume that
¢ (p1) # p1, ¢ (p2) # p2. ¢(p3) # p3.
If N =G, ¢(p) and we let ¢” = iy o ¢, then
9" (p1) =7n(p(p1) = p1.
This leads us again back to Case 1, Case 2, or Case 3. Therefore,
¢" =idg,¢" =ryord” =ryorg
for some great circles G and M, i.e.,

¢=fN,¢)=fNOfM0r¢)=fNOfMofg.

O
Consider the rotation ¢ of R? by angle 6 about the z-axis,
¢(x,y,2) = (xcosf — ysinf, xsinf + ycosb, z).
Note that
¢(x,y,2) = (re(x, y), 2). 2.4

Since this rotation fixes the origin, it induces a rotation r, g on S2. For each line !
through the origin, similarly, one can define a rotation r; o about the line.

Consider a composition of two reflections in the great circles G| and G,. There
exist two planes P; and P, through the origin 0 such that G| = P; N S? and G, =
P> N S%. Note that the intersection of these two planes is a line through the origin.
We set the coordinate system such that this line coincides with the z-axis. Let L
and L, be the lines on the xy-plane that are cut by Py and P», respectively, then L
and L are lines on the xy-plane that pass through the origin. By (2.3),

fP](-xv )’»Z) = (le(-xv y),Z)
sz(-xv Y, Z) = (sz(xv )’), Z)
rp, (Fp (x, y,2)) = (rL, (7L, (x, ) . 2)

for each point (x, y, z) € R. Note that r1, orr, is arotation of the xy-plane about
the origin, i.e.,

FL,orL, =Tg
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Fig. 2.4 Rotation ry g of S?
by an angle 6 about a line /

for some angle 6.
If we restrict this rotation to the xy-plane, by (2.4), we have

(fGQ OFGI)(X, y7Z) = (re(x7 y),Z) ZVZ’Q()C, va)

for each point (x, y, z) € S*. In summary, a composition of two reflections in a great
circle is a rotation. By r; g, we mean a rotation by angle 6 about a line / through the
origin (Figure 2.4).

Let us show that a rotation can be also expressed as a composition of two
reflections in great circles. Consider a rotation r; 9. We choose a coordinate system
such that the line / coincides with the z-axis. Therefore,

re(x,y,z) =r0(x,y,2) = (re(x, y), 2).

Recall that a rotation of the Euclidean plane is a composition of two reflections in
lines:

ro = sz o le s
where L and L, are lines on the xy-plane that pass through the origin. There exist

planes Pj and P, that contain the lines L and L, respectively, and the z-axis. Then,
by 2.3),

rl,@(-x’ Vs Z) = rZ,@(x’ ) Z) = (rg(x’ )’), Z) = (sz(le(xr }’)), Z)
= sz(le(xv )’), Z) =fP2(fP1(x’ ) Z)) = (fPZ OfP])(x’ ) Z)

= (rg, oG (x, ¥, 2),

where G| = P; N'S? and G, = P, N S%. Therefore,
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T =7G, 0TG-

Furthermore, for a given great circle G/ that intersects with line /, it is not difficult
to see that there exists a great circle G/, such that

g =Trgr oFc.
1.6 =TG, OTG,

Theorem 2.8. A composition of two rotations is a rotation.

Proof. Consider two rotations ry, ¢,, 11,6, and their composition

® =riy0, 0710,

If Iy = I, then ¢ = ry; p,+6,, Which is a rotation. Assume that /; # /. Let P be
the plane that contains both the lines /1, /; and G = P N S?. Note that G is a great
circle which meets with /1, [ at two points, respectively. Thus there are great circles
G1, G, such that

rLe, =TG orgG,

and
10, = TG, 0TG-
Then
® =716, 07116, =7G, TG OTG °TG; =7G, OTGy»
which is a rotation. .

Let Isot (S?) be the set of all compositions of even numbers of reflections of the
sphere and Iso™ (S?) be the set of all compositions of odd numbers of reflections.
An isometry in Iso™(S?) is said to be orientation-preserving, and an isometry
in Iso™(S?) is said to be orientation-reversing. By Theorem 2.8, an isometry is
orientation-preserving if and only if it is a rotation. This theorem is known as Euler’s
rotation theorem.

Lemma 2.9. Let r, 7, -, 7, be reflections in great circles. If the composition
Fl o7y 0--- 0Ty is the identity map, then n is even.

Proof. Suppose that n is odd; then, n = 2k + 1 for some k. Note that
F1O0Fpo0---0Fy =F OF)0---0F Oy,

where r; = ;1 o r2;, which is a rotation. Applying Theorem 2.8, we have rj orp o
---orpor, =rory,, where r is a rotation. Hence,
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ror, = idg,
and finally, r = r,,. Note that the set of fixed points of 7, is a great circle. However,

the set of fixed points of a rotation r is composed of two points or the set S?.
Therefore, we have a contradiction, and # is even. m]

Theorem 2.10. The sets Iso* (S?) and Iso~ (S?) are disjoint.

Proof. Suppose that Iso (S*) NIso~ (S?) is not empty; then, it contains an isometry
¢. Since ¢ € Isot (S?),

¢ =riorpo---ory,

where each r; is a reflection in a great circle and n is even. Moreover, because
¢ € Iso~ (S?),

¢ =Tnt10Tu420 0 ptm,
where m is odd. Hence,
F10Frp 0+ 0Fy =Fy4] OFp42 00T pym
and
FpOTp—10+++OF OFyy] OFyq2 00y, =idg.

By Lemma 2.9, n + m is even, which is contradictory to the fact that n is even and
m is odd, thus proving the theorem. O

Exercises

2.4. Recall that the conjugation of Y by ¢ is the isometry
Py =goyos”!

for the given isometries ¢ and .

(a) For reflections 7 and 7y, show that

rG = fG/’

where G’ =7y (G).
(b) For an isometry ¢, show that

fG = fc;/7
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where G’ = ¢(G).

2.5. The antipodal map a : S* — S?, defined by p — —p, is an isometry.

(a) Show that the antipodal map is orientation-reversing.

(b) Let ¢ be an isometry of the sphere. Show that it is orientation-reversing if and
only if ¢ = a o r; ¢ for some rotation r; g.

2.6. Let ¢ be an isometry of the sphere. Show the following:

(a) It has at least two fixed points if it is not fixed-point-free.
(b) ¢ is arotation if it has exactly two fixed points.

2.7. Suppose that an isometry ¢ of the sphere is fixed-point-free and ¢> = idg2.
Prove that ¢ = a, the antipodal map.

2.8. Classify all the isometries of the sphere such that ¢? = idg.
2.9. Show that a o ¢ = ¢ o a for every isometry ¢ of the sphere.
2.10. Show that there is no isometry ¢ of the sphere with the property ¢ o ¢ = a.

2.11. Complete the following multiplication table of isometries of S?.
Legend: Re = reflection, Ro = Rotation, N = neither reflection nor rotation.

Re |Ro |N
Re (i) |(@i) |(ii)
Ro |(iv) |Ro | (vii)
N |(v) |(vi) |Ro

(i) = Re o Re, (ii) = Re o Ro, and so on. For example, Re and N are possible
solutions for (ii).

2.12. Prove that there exists an isometry of S? that cannot be expressed as a
composition of one or two reflections.
2.3 Area of a Spherical Triangle

In the Euclidean plane, Heron’s formula gives the area of a triangle when the length
of its sides are known:

Area = /s(s —a)(s — b)(s — ¢),

where a, b, and c are the lengths of the sides, and s = %(a + b + ¢) is the
semiperimeter of the triangle. A region on the sphere bounded by three distinct
great circles is called a spherical triangle (Figure 2.6). There is a remarkably simple
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Fig. 2.5 Spherical lune of
interior angle 6

formula for the area of a spherical triangle. It is expressed solely by the interior
angles.
Let G| and G be half great circles from a point p to its antipodal point p’ and 6
be the interior angle between G| and G, (Figure 2.5). Then,
Area(S?) : Area(£2) = 27 : 6,

where £2 is a spherical lune, i.e., the region bounded by the circles G| and G, as in
Figure 2.5. Recall that

Area(S?) = 4.

Hence,

0
Area($2) = 4w - — = 26. (2.5
2w

Theorem 2.11. The area of a spherical triangle with interior angles «, B, and y
(Apgr in Figure 2.6) is

a+p+y—m

Proof. Let p/, ¢/, and r’ be the antipodal points of p, g, and r, respectively, as
shown in Figure 2.6, and

A = Area(Apgr), A" = Area(Ap'q'r"),
P = Area(Ap'qr), P' = Area(Apq'r"),
0 = Area(Apq'r), Q' = Area(Ap'qr'),

R = Area(Apqr'), R’ = Area(Ap/q'r).
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Fig. 2.6 Spherical triangle
with interior angles «, B,
and y

Fig. 2.7 A spherical triangle
in a spherical lune

2 Sphere

Since these 8 spherical triangles completely cover the sphere,

A+P+Q+R+A +P +Q +R =Area(S?) = 4r.

By (2.5), A + P = 2« (see Figure 2.7 and compare with Figure 2.5). Similarly,

Adding all six equations,

A+ Q=28
A+ R =2y,
A"+ P =2aq,
A+ Q' =28,
A+ R =2y.

2+ AV +A+P+Q+R+A+P + Q0 +R =4a+B+y).
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Note that the two spherical triangles Apgr and Ap’q’r’ are antipodal; therefore,
A = A’. Finally,

20A+A) +4x =4a+B+y),
and so
A=a+8+y —m.

O

Since the area of a spherical triangle is positive, the sum of its interior angles is
greater than . We can calculate the area of a spherical polygon by dividing it into
several spherical triangles. For example, consider a spherical pentagon whose five
vertices are py, - - - , ps with interior angles 61, - - - , 05 (Figure 2.8). The area of this
pentagon is then

Area(Ap1paps) + Area(Ap p3ps) + Area(Ap pap3).

Area(Apipaps) = Lpspips+ Lpipaps + Lpapspi — T,
Area(Ap1p3ps) = Lpapips + Lpip3ps + Lp3pap1 — ,
Area(Ap1pap3) = Lp3pipr+ Lpipap3 + Lpap3p1 — 7.

Note that 0; = Zpsp1pa + Lpap1p3 + Lp3p1p2, etc. Adding all three equations,
the area of the pentagon is as follows:

Fig. 2.8 Spherical pentagon
and its subdivision into
spherical triangles
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01+ 60>, + 63+ 64+ 05 — 3m.

Generalizing this argument, one can similarly prove the following corollary.

Corollary 2.12. The area of an n-gon on S* with interior angles 0y, - - - , 0, is

O+ 46, —(n—2)m. (2.6)

Theorem 2.13 (Euler’s Theorem). Ler v, e, and f denote the number of vertices,
edges, and faces, respectively, of a convex polyhedron. Then,

v—e+ f=2.

Proof. Let us place the polyhedron in R3 so that the origin 0 coincides with the
center of the polyhedron. Project the faces of the polyhedron from the origin 0 onto
the sphere via the map

pr —.
Pl

Now the sphere is covered by f spherical polygons Py, - - -, Py that correspond to
the faces of the polyhedron (see Figure 2.9 for the case of a cube). Therefore, the
sum of the areas of these polygons is 4r, i.e.,

Area(Py) + - - - + Area(Py) = 4.

Let n; be the number of edges of P; and ¢;;, for j =1, - - - , n;, be its interior angles.
By Corollary 2.12,

n;
Area(P,) = > ajj — (n; — ),
j=1

Fig. 2.9 Projection of the faces of a cube from the origin onto the sphere
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and thus,

nj

i !
47 =) Area(P,) =)

ojj — (n,' — 2)7‘[
i=1 i=1 \j=1

Since every edge is shared by two polygons,

Hence,
;
dr = ZArea(Pi)
i=1
f n;
= Z Za,’j —(n; —2)m
i=1 \j=I
f n; f f
3] DI D D e
i=1 \j=1 i=1 i=1
=2nv—m-2e+27f,
and so

v—e+ f=2.

41

O

A Platonic solid is a polyhedron whose vertices all have the same degree and

whose faces are all congruent to the same regular polygon.

Theorem 2.14. There are exactly five Platonic solids: tetrahedrons, octahedrons,

icosahedrons, cubes, and dodecahedrons (see Figure 2.10).

Proof. Let P be a Platonic solid for which the degree of each of vertex is a, and let
each of its faces be a regular polygon with b sides. Then, 2e = av, and 2e = bf.

Note that a, b > 3.
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Tetrahedron @ @ QOctahedron

Cube
(Hexahedron)

Icosahedron

Dodecahedron

Fig. 2.10 Platonic solids

By Euler’s Theorem, v — e + f = 2; hence,

2e 2e
—— — =2.
a e+b
Therefore,
1_1+1 1
a b 272
Ifa > 6o0rb > 6, then
1+1<1+1_1
a b~3 6 2

which is a contradiction. Hence, a < 6 and b < 6, which gives us a finite number
of cases to check, as shown in the following table.
O
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a b e v f | Solid
3 3 6 4 4 Tetrahedron
3 4 12 |8 6 Cube
3 5 30 |20 |12 | Dodecahedron
4 3 12 |6 8 Octahedron
4 4 X
4 5 X
5 3 30 |12 |20 | Icosahedron
5 4 X
5 5 X

Exercises

2.13. Suppose that an equilateral spherical triangle has sides of length a and interior
angles 6. Show

a 0 1
cos —sin— = —.
2 2 2
From this, show that & > % directly (so that the sum of the interior angles of an
equilateral spherical triangle exceeds ).

2.14. Let T be a right-angled isosceles triangle on S with like sides of spherical

length a (i.e., one angle is 5 ). Show that

Area(T)

1.2
261

converges to one as a approaches zero.

2.15. Show that it is not possible to draw a “spherical rectangle,” i.e., a quadrilateral
with 4 right angles.

2.4 Orthogonal Transformations of Euclidean Spaces

Consider R3, the Euclidean space of dimension three. For two points p; =
(X1, Y1, 21), P2 = (x2,y2,22) € R3, recall that the distance between p; and p>
is given by

d(pr. p2) = (61 — 122 + (1 — 32 + (21 — 22

Recall that a bijective map ¢ : R3 — R3 is an isometry of R? if it preserves the
distance, i.e.,

d(@(p1), ¢(p2)) = d(p1, p2)
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for any two points pi, pa € R3.
We have seen that isometries of S? have a close relation with some particular
types of isometries of R3.

Definition 2.15. An isometry ¢ of R is called an orthogonal transformation of R3
if (0) = 0.

The set of all orthogonal transformations of RR3 is denoted O(3).

Proposition 2.16. Suppose that ¢ is an orthogonal transformation of R3. Then, we
have ¢(S?) = S2.

Proof. Let p € S%. Since ||p|| = 1,

¢ (Pl = dgs(@(p), 0) = dg3 (P (p), #(0)) = dg3(p,0) = [pll = 1.

Thus, ¢(S?) C S2.
Conversely, since ¢ is surjective, there exists some g € R3 such that ¢(q) = p.
Note that

gl = dgs(q, 0) = dg3 (P (q), ¢(0)) = drs(p. 0) = || pl| = 1.

Thus, g € S, and ¢(g) = p. We then have S* C ¢(S?). O
Hence, the restriction of ¢ to S? is a surjective map

Ple 1 S* — 2.
Proposition 2.17. Suppose that ¢ is an orthogonal transformation of R3. The
restriction | : S? — S? of ¢ is an isometry of S%.

Proof. We need to show that ¢|g» preserves the spherical distance. For py, p2 € S?,
Al
dg2($(p1). (p2)) = 2arcsin | Sd(é(p1). ¢(p2))

/1
= 2 arcsin <§d(p1, pz)) = ds2(p1, p2)-

Now we have a function ’
¥ :03) — Iso(S)

defined by ¢ — ¢|s2.
Theorem 2.18. The map ¥ : O(3) — Iso(S?) is bijective.

1. A reflection in a hyperplane through the origin maps to a reflection in a great
circle, and

2. ¢10¢2 = P1lg o Palse.
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Proof. For each ¢ € Iso(S?), define ¢ : R? — R3 by

d(p)=lpl-¢ <i>
Pl

for p # 0 and $(0) = 0. It can be verified that q~> € O(3). Thus, we have a function
@ : Ts0(S%) — 0(3).
It is also straightforward to verify that
Do ¥ =ido@a), ¥ o @ = idigs2ys

hence, ¥ is bijective.
Properties 1 and 2 are obvious. O

With this theorem and Theorem 2.7, we have the following two corollaries:

Corollary 2.19. Every orthogonal transformation is a composition of at most three
reflections in a hyperplane through the origin.

Corollary 2.20. Each isometry of R? is a composition of at most four reflections in
hyperplanes.

Proof. Let ¢ : R?® — R3 be an isometry. Note that there exists some reflection
r in a hyperplane of R3 such that 7(0) = ¢(0). Let = 7 o ¢. Then, ¥ is an
orthogonal transformation and can thus be expressed as a composition of at most
three reflections. Since ¢ = r o v, the proof is complete. O

Let
S"l={peR"||pl=1}

and Iso(S"~1) be the set of all bijective maps from S"~! to itself that preserve
distance. Further, define O(n) as the set of all isometries of R" that map the origin
to the origin.

Using the same arguments, we can show that there is a one-to-one correspon-
dence between O(n) and Iso(S"~!) in general. For higher dimensions (n > 3), we
do not have good geometric intuition; thus, it is not easy to investigate Iso(S" ')
geometrically, as we have done for S>. However, we can investigate O(n) using
linear algebra, for which geometric intuition is not indispensable. Since there is a
one-to-one correspondence between O(n) and Iso(S*~ 1), we can see the structure
of Iso(S"~!) by looking at O(n). This is one of the reasons why we need to study
various fields of mathematics.



Chapter 3 )
Stereographic Projection and Inversions Qs

“Everything has beauty, but not
everyone sees it.”

Confucius (551-479 BC)

“Inspiration is needed in geometry,
just as much as in poetry.”

Alexander Pushkin (1799-1837)

It is impossible to map figures on the sphere onto congruent ones on the plane.
Because the Earth is spherical, any flat representation of it causes distortions such
that areas and shapes cannot both be conserved simultaneously, i.e., the distance
cannot be preserved. The mapmaker must choose a projection method suitable for
the region to be mapped and the purpose of the map. Stereographic projection is one
method of making maps that preserves angles.

3.1 Stereographic Projection

The point N = (0, 0, 1) on the sphere is called the north pole. Let S =82 — {N},
and define a map @ : S?* — R? as follows.

Definition 3.1. For p € S%*, there exists a unique point ¢ = (u, v) on R? such that
the line from N to (u, v, 0) passes through p (Figure 3.1). The map

@8 > R?
defined by @ (p) = g, is called the stereographic projection.
© Springer Nature Switzerland AG 2020 47
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Fig. 3.1 Stereographic projection @

Proposition 3.2. We have

X
@(x,y,z)=<1_z,1fz)

for (x,y,2) € S*, and

& u,v) = (

2u 2v u? +02 -1
W2+ v+ 1 w2+ 02+ 1 w2402 41

for (u,v) € R2,
Proof. Let («, B) = @ (x, y, z). The line passing through (, 8, 0) and (x, y, z) is
{t(x,y,2)+ (1 —1)(, B,0) | t € R}.
Hence,
0,0,)=N=t(kx,y,2)+0—-1t)e, 8,0)

for some ¢ € R. Thus, t = %, and

It is clear that @ is a bijection. It is then trivial to check that
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2 2 24021
<1>< u v uc+v ):(u,v).

W2+ 02+ 17 w24+ 02 +1" u?2+02+1

Therefore,

_ 2u 2v w2 +02 -1
o (u,v) = : , :
w2+ w2+ + w2+ 02+ 1

O

In many cases, it is convenient to define @ on the whole sphere. Hence, we add
a point (denoted by “c0”) at infinity to R2. The point 0o is considered to be near to
points with very large norms, just as the origin 0 is near to points with very small
norms.

Definition 3.3. The set
R2, := R? U {o0}

is called the extended plane.

Now we can define the stereographic projection on the whole sphere by setting
P (N) = oo.

Then, the stereographic projection becomes a bijective map.

Theorem 3.4. The stereographic projection maps circles of the unit sphere that
contain the north pole to Euclidean straight lines in the plane, and it maps circles of
the unit sphere that do not contain the north pole to circles in the plane (Figures 3.2
and 3.3).

Fig. 3.2 The image @ (C) of a circle C on S?, centered at N
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Fig. 3.3 The images of circles on S? obtained by @ are circles or lines

Conversely, the inverse images of circles or lines on R> obtained by the
stereographic projection are circles on SZ.

Proof. Let C be a circle on the unit sphere. The circle C is the set of all points
(x, v, z) on S? that lie on some slicing plane E. The plane E is defined by

ax+by+cz+d=0,

where the real numbers a, b, c, and d satisfy a’+b%+c? % 0. Then, the projection
points (u, v) € R? of the circle C satisfy

2u b 2v N ur +v2 -1 d—0
a 1+ u? +? 1+ u?+ 02 ¢ 1+ u? + 0?2 7

ie.,
2au +2bv + > + v (c+d) =c —d.

If the circle C contains the north pole N = (0, 0, 1), then we have ¢ +d = 0. Thus,
in this case, the equation indicates that the projection of C is a Euclidean straight
line. If, however, the circle C does not contain the north pole, then ¢ +d # 0. In
this case, we obtain

n a 2+ n b 2 a? +b* 4 c? — d?
u —— v = .
c+d c+d (c+d)?

2 2 2 2 . .
Note that % > 0 (why?). Hence, we have the equation for a Euclidean

circle in the plane.
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C

(0))

Fig. 3.4 Angle preservation at point p

Conversely, let I be either a circle or a line on R?. Choose three distinct points
q1, q2, and g3 from I', and let p1, p», and p3 be the inverse images of these points
on S2. Then, there exists a unique circle C on S? that passes through p1, p2, and p3,
and @ (C) is a circle or a line, as shown already. Let us denote it by I'’. Note that
I'’ also contains q1, g2, and ¢g3. Hence, I" = I'’, which completes the proof. O

Given two smooth curves C| and C; that intersect at a point p, we mean by the
angle between C and C, at p the angle between their tangent lines at p, denoted
by

Lp(C1, Ca)

(Figure 3.4). Consider amap f. Then, the curves f(C1) and f(C>) intersect at point
f(p). If f satisfies

Lp(Cr, Co) = Ly (f(C1), f(C2))

for any smooth curves Cy and C, through p, f is said to preserve angles at p. If f
preserves angles at every point of its domain, it is simply said to preserve angles.

Example 3.1. Consider amap ¢ : R> — R?, defined by ¢ (x, y) = (x, y+ y?), and
curves

y1(t) = (t cos Oy, t sin6y),
y2(t) = (t cos By, t sin6),

where 61 and 6, are some fixed angles. Then, y; and y» are lines that pass through
the origin, with

Lo(y1, y2) =62 — 01.
Note that

G (yi (1)) = (rcosb;, rsin; +12sin’6;) (i =1,2)
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which also passes through the origin. Then,

d .
E¢(Vi(t)) . = (cos6;, sin6;)

is a tangent vector of it at the origin. Hence,

Lo(@ (1), ¢(y2)) = 02 — 6.

Therefore, ¢ preserves angles at the origin.
Consider another point p = (1, 1). Note that ¢ (p) = (1, 2). The lines

y1(t) = (tcosO; + 1,tsin6) + 1),
y2(t) = (tcosbr + 1,tsinb + 1)
pass through the point p, with
Ly, y2) =62 — 1.
Note that
¢ (yi(t)) = (tcosH; + 1, 1% sin” 0; + 3t sin6; + 2).

Similarly,

= (cos 6;, 3sin6;)
t=0

d i (1
SO (1)

is a tangent vector of ¢(y;) at point ¢(p). Consider some specific angles, for
example, §; = 0 and 6, = 7. Then, the tangent vectors for ¢ (y1) and ¢ (y2) are

1 3
170 d T = =]>
(1, O)an <«/§ «/E)

respectively. Hence, the angle between ¢ (y1) and ¢ (y») is

COS_l <L) ;é z
vio) " 4
Therefore, ¢ does not preserve angles at p.

Example 3.2. Consider amap ¢ : R? — R2, defined byop(x,y) =x —y,x+y).
We will show that ¢ preserves angles. For a given point p = (a, b) € R? and an
angle 6, consider two curves y; : [—1, 1] — R2, with
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y1(0) = p, »2(0) = p,
¥1(0) = (cos 6o, sin ),
and
¥2(0) = (cos(6p + 6), sin(0p + 0)).
Then,
Lp(y1,72) = 0.
Let (1) = (x; (1), y; (1)); then, ¥/ (0) = (x/(0), y/(0)). Note that

O (i) = (xi (1) — yi (@), x;i () + yi (1)),

and thus,
do(yi(1)) /
% = (X[ (1) — Y/ (1), (1) + y/(1)).
Hence,
d t
—¢ (;/;( ) L =(cos Oy — sin By, cos Op+ sin 90)=«/§ (cos (&H—%) , sin (90"'%))’

and similarly,

do(ya2(1))
dt

:ﬁ(cos(é’o—i-@—i-%),sin(@o—i—@—f—%))'

t=0

Therefore,

Lo @ (1), ¢(12) =0 = Lp(y1, 12),

and thus, ¢ preserves angles.

It is easy to see that a composition of angle-preserving maps is also angle-
preserving. Since a reflection of the Euclidean plane clearly preserves angles and
every isometry of the Euclidean plane is a composition of reflections, an isometry of
the Euclidean plane preserves angles. Similarly, one can conclude that an isometry
of the sphere also preserves angles.

Theorem 3.5. The stereographic projection @ preserves angles.

Proof. Let p be a point on the sphere and t; and t, be two tangent vectors of S at
p separated by angle 8. We can find circles C; and C» on S? that pass through p and
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the north pole N such that t; and t; are tangent vectors of C; and C», respectively,
at p (Figure 3.5). Hence,

Lp(Cr,Cr) =6.
Note that
LN(C1, C2) = Lp(C1, Cr) = 6.
Then, there exist planes Py and P such that
C=S*n~p
and
C, =S*N Ps.
Note that these planes pass through N. Therefore,
D(Cy) =P NPy
and
D(C) = P2 N Pyy,

where Py, is the xy-plane. Let L1 = @(Cy) and L, = @(C2). We need to show
that

Lopy(L1, L) =6.

Let
P'={(x.y.20) eR}|z=1]},
Ly =P NP
and
Ly=P,NP.

Note that P’ is the tangent plane of S? at N. Hence, L' and L), are tangent lines of
C1 and C», respectively, at N. Therefore,

Ly(LY, L) = {n(Cyp, Cy) =6,



3.1 Stereographic Projection 55

Since P’ is parallel to P,,, L} and L) are parallel to L; and L, respectively.
Therefore,

Lo (L1, L) = Ly(LY, Ly) =0,

and the proof is complete (Figure 3.5).
Now let 1 and y» be curves that pass through the point p, with

Lp(y1, v2) =06.

Then, there are circles C; and C3 that pass through N and are tangent to the curves
y1 and y» at point p. Hence,

Lp(C1, Co) = 0.
As shown previously,
Lop)(@(C1), P(Cr)) =0,
and the curves @(y;), @ (C;) are still tangent at @ (p) for i = 1, 2. Therefore,
Loy (@ (1), P(12) = Lo(p)(P(Cy), P(Cr)) =0,

and the proof is finished.

Fig. 3.5 The stereographic projection preserves angles
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Exercises

3.1. Show that the stereographic projection does not preserve distances, i.e., there
exist some points p1, p» € S? such that

ds2(p1, p2) #d(@(p1), P(p2)).

3.2. Show that the stereographic projection does not preserve areas, i.e., there exists
some region £2 C S? such that

Area(£2) # Area (®(S2)) .
3.3. Note that the formula in Proposition 3.2 for @ can be extended to any point
p = (x,y,z) € R3 with z # 1. Consider a circle C on S? that is not a great circle.
Assume that C does not go through the north pole. Then, & (C) is a circle on R?,

Note that there exists a cone in R? tangent to S along C. Let ¢ be its apex.
Show that @ (g) is the center of the circle @ (C).

3.4. Determine whether each of the following preserves angles:

(a) ¢ : R? — R2, defined by ¢ (x, y) = (x, 2y).
(b) ¢ : R?> — R?, defined by ¢ (x, y) = (2x, 2y).

3.5. Prove that the map
¢ : R* — R?,
defined by
¢, y) = (% =% 2xy),

preserves angles.

3.2 Inversions on the Extended Plane

Definition 3.6. Let f : RZ, — R2_ and g : S — S? be maps such that
g=0 'ofod

or, equivalently,
f=®ogod !

Then, f is said to be induced by g, and g is said to be induced by f.
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We are interested in the maps of the extended plane induced by isometries of the
sphere. The following observation is our starting point.

Proposition 3.7. Let I : Rgo — Rgo be the map induced by the reflection rg of the
sphere in the great circle G = {(x, y, z) € S* | z = 0}; then,

1
I(M, U) = m(u, U)
for (u, v) # (0,0), I1(0) = oo and I (co0) = 0.

Proof. The last two are obvious. Note that g (x, y, z) = (x, y, —z). Therefore, for

(u,v) # (0,0),
T(u,v) = qbofcods*‘)(u,v)
- (fG (cb—‘(u, u)))
o (7 2u 2v w2 +02 -1
F , ,
G W24+ 1 w2+ 02417 w2+ 02+ 1

_ 2u 2v w?+ 0% -1
- W2+ 02+ 17 u24+02+1 w2402 41

_ ( 2u 2v )
T\ 22 4+ v2) 2(u? +v2)

1
= u2—+v2(u, U).

For each point p (# 0),

and

p=0=a((p)-0)

for some a > 0. Before generalizing the map I, we introduce a term that includes
circles and lines.

Definition 3.8. A circline is a circle or
L U {o0}

in Rgo, where L is a line in R2.
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For any given distinct three points (including co) in the extended plane, there exists
a unique circline that goes through these three points.

Definition 3.9. Let C be a circline. The inversion in C, denoted by I, is a map
Ic : ]Rgo — ]Rgo

defined as follows.

a. If C = LU{oo}foraline L, then Ic(p) = rr(p) for p # oo and I¢(0c0) = 0.
b. If C is a circle of radius r centered at ¢, then for p ( # g, 00), Ic(p) is a unique
point such that

ap-q Ic(p) =7’
and
p—qg=alc(p)—q)
for some a > 0. Explicitly,
2

Ie(p) = ———(p—a) +q
lp—ql

for p # q. Moreover, Ic(q) = oo and I¢(c0) = g (Figure 3.6).

Note that the previously defined map 1 is the inversion in the unit circle centered
at the origin. It is trivial to verify that an inversion is bijective. It satisfies properties
very similar to those satisfied by a reflection in a line.

a. Ic(p) = p for every point p € C.

b 17! = Ic.

c. All points outside of the circle C are mapped to the inside of C, and with the
exception of the circle’s center, vice versa.

Fig. 3.6 Inversion /c ina “*p,
circle C P
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=

line = line

line = circle

O ;

circle < circle

Fig. 3.7 The inversion / maps a circline to a circline

For p e R?2and r > 0, let C p.r be a circle with center p and radius r. It is not
difficult to verify that

1. Icy, =d,olod; and
2. [Cp,r =1Ipo ICo,r ol_p,

where d, : Rgo — Rgo is defined by d,(q) = rq (Exercise 3.6).
Proposition 3.10. The inversion I maps a circline to a circline (Figure 3.7).

Proof. Let C be a circline. By Proposition 3.7, we have
[ =®oigod !,

where G is the equator on S2. @~1(C) is a circle on S2, and 7 (@ ~1(C)) is a circle
on S?; thus,

1(C) = ®(Fg(@~'(C)))
18 a circline, where we used Theorem 3.4. m]

Proposition 3.11. The inversion I preserves angles.
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Proof. According to Theorem 3.5, the stereographic projection @ preserves angles.
Hence, @ ! also preserves angles. Note that / is the composition

I=Porgod !

of the angle-preserving maps @, g, and @ ~!, where 7 is a reflection of the sphere.
Therefore, I preserves angles.
O

Corollary 3.12. For a circline C,

a. Ic maps a circline to a circline, and
b. Ic preserves angles.

Proof. If C is aline, then I¢ is a reflection, so the above obviously holds. Otherwise,
C = C,,, is a circle with center p and radius r. Note (Exercise 3.6) that

IC,,,, :t,,odrolod% ot_p.

Since the maps ?p, d;, I, d1, and t_, send circlines to other circlines and preserve
r
angles, ICW does the same. m]

For a plane P in R3, let
Pso = P U {o0}.

The circlines on Py, and inversions in them can be similarly defined. One can
understand the stereographic projection via those inversions. Let p be a point on
S? that is different from the north pole N = (0, 0, 1). Then the three points p, N,
and the origin 0 altogether determine a plane P that contains all of them. Then it is
obvious that the plane also contains the points (@ (p), 0) (simply denoted by @ (p))
on the xy-plane. Let

r=prns?
and L be the intersection of P with the xy-plane, then I" is a circle on P whose
center is 0 and its radius is 1. Draw another circle X' on the plane P with the center
N such that it passes through the two points where the circle I and the line L
intersect. See Figure 3.8.
Consider the inversion
Iy : Poo > Py

in ¥ on Py. Draw a line / through N and p, then

(@ (p), 00} =LNI.
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Fig. 3.8 Ix(p) = @(p)

It is easy to see that
Is(IN =L, Is() =1

Since

'nl={N, p},

{Is(p), Is(N)} =1s(I'ND) =Is(I)NIs() = LN ={P(p), oo}

Because /5 (N) = oo, we conclude that

Is(p) = @(p). (3.1

This viewpoint will be extended more when we introduce inversions in spheres

in Section 3.3.
A converse of Corollary 3.12 also holds, as stated in the following lemma.

Lemma 3.13. Let C be a circline on R2,. Then, the set R% — C is composed of two
connected regions Ri and R,. For a bijective map f : Rgo — Rgo, if
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1. f fixes each point on C,

2. f(R) =Ry,

3. f maps a circline to a circline, and
4. f preserves angles,

then

f=Ic.

Proof. If p € C, then f(p) = p = Ic(p). Assume that p ¢ C. We will show that
f(p) =Ic(p).

Case 1. 1f
C = L U {o0},
where L is a line, we have that
p # oo and f(o0) = 00
because the point co belongs to C. Since f is bijective, f(p) # oco. Draw acircle I
that has the points p and f(p) as its antipodal points and a line M that goes through

pand f(p). Then, M and I" meet each other orthogonally at the points p and f(p).
Let

LNTI ={py, p2},

then the circline f(I") goes through three distinct points f(p), p1, and p> that lie
on I". Hence, f(I") = I". The lines L and M meet at a single point ¢g. The circline

f(M U {oo})
goes through two distinct points f(p) and ¢ that lie on M. Since the map f
preserves angles, f(M U {oo}) meets f(I") = I orthogonally with I" at f(p),
where I" meets orthogonally with M. Hence,

J(M U {oo}) = M U {oc}.

Since f(oo) = oo, we conclude that f(M) = M. Note that Ic(M) = M and
Ic(I') = I'. Now it is obvious that

f(p)=rL(p) =Ic(p).

See Figure 3.9.
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Fig. 3.9 The map f is an
inversion (C = L U {o0})

Case 2. It remains to consider the case that C is a circle. For p ¢ C, first, assume
that neither p nor f(p) is co. Draw a circle I that has the points p and f(p) as its
antipodal points and a line M that goes through p and f(p). Then, M and I" meet
each other orthogonally at the points p and f(p). Let

CNI ={p1, p2}
then the circline f (") goes through three distinct points f(p), p1, and p, that lie
on I'. Hence, f(I') = I'. Since the map f preserves angles, I" and C meet each
other orthogonally. Note that C and M meet at two points g1 and g2. The circline
f(M U {oc})
goes through three distinct collinear points g1, g2, and f(p) that lie on M. Hence,

J(M U {oo}) = f(M U {oo}).

See Figure 3.10.
Note that Ic(M) = M and Ic(I") = I'. Hence,

{p.f(py=MnIr =IcM)NIc(I") =Ic(MNT)={Ic(p), Ic(f(p)}
If p € Ry, then f(p) € Ry and Ic(p) € Ry. Therefore, f(p) = Ic(p).
Now, consider the situation that p or f(p) is 0o. Let o be the center of the circle

a. Suppose that f(a) # oo, then the previous argument applies and we conclude
that

fa) =Ic(a) = oo,
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Fig. 3.10 The map f is an
inversion (C is a circle)

which is a contradiction. Hence f(«) = oo. We showed that

f(p) =1Ic(p)
for p € R?. Note that
Ic(R?) = R2, — {a).
Hence, the bijectivity of f implies that

F(00) = a = I¢(c0).

Now we can prove the following theorem.

Theorem 3.14. A reflection of the sphere in a great circle induces an inversion of
the extended plane.

Proof. Let ¢ = @ oG o @~ be the map on Rgo induced by a reflection rg of
the sphere in the great circle G. Let C = @ (G), which is a circline. We will show
that ¢ = I¢. First, we show that ¢ satisfies conditions 1 and 2 in Lemma 3.13. For
peC,® ! (p) e G. Hence,

$(p) = D(Fc(® ' (p) = @@ (p) = p.
This is the first condition. Let Q1 and Q; be the connected regions of S? — G and

R; = @(Q;) fori = 1,2. Then R; and R are the connected regions of Rgo - C.
For p € Ry,
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o7 (p) e 01 = (@7 H(p) € 02 = P(Fc(@ () € Ra.

Since @ (7 (@1 (p))) = ¢ (p), ¢ satisfies the second condition.
For a circline I", @ ~1(I") and 7 (@~ 1(I")) are circles on S, and thus,

() = D@~ (1))

is a circline, which is the third condition in Lemma 3.13 for ¢. Since the maps &,
Fg, and @1 all preserve angles, ¢ = @ org o & ! also preserves angles. This is
the final condition in Lemma 3.13. Thus, ¢ = I¢. O

The following will be useful in proving several theorems.

Lemma 3.15. For two circlines C and I' on R2,
Icolrole = Ip,

where I'' = Ic(I").

Proof. We will use the result of Lemma 3.13. Let
f=Icolpolc.

We will check the conditions for f in Lemma 3.13 to show that

f=1Ir.

1. Let p € I/, then p = Ic(q) forsome g € I.

f(p) = flc(q))
=colrolc)c(q)
=(colr)(q)
=Ic(q)
=Pp

2. The set Rgo — I' is composed of two connected regions R and R>. We need to
show that

f(R1) = Rz and f(Ry) = Ry.

Since f(I') = I' as shown in the above and f sends a connected region to a
connected region, f(R1) = Ry or Ry. Suppose that f(R;) = R;. For any points
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q € Ry, there are two distinct circlines C1, C;, passing through q, which intersect
orthogonally with I". Let

¢ =CiNn({I"URy).
Then
c1 Ney ={q}.

The end points of ¢; lie on I" and so they are fixed by the f, f(c;) is a part of a
circline and it meets orthogonally with f(I") = I'. Hence, f(c;) = ¢;.

{f@} = f gD
= f{caNec))
= flc) N f(c2)

=c1Nc

= {q}
and 5o f(q) = ¢, i.e.,
(Icolrolc)(g) =g,
which implies
Ir(Ic(q)) = Ic(q).

We conclude that Ic(g) belongs to the circline I". Since g can be any points in
Ry,

Ic(Ry) CT,

which is impossible. Hence, f(R1) # R; and so f(R1) = R».
3. Each of the maps I¢, I sends a circline to a circline. Hence, the map

f=lIcolrolc
sends a circline to a circline.

4. Each of the maps Ic, I preserves angles. Hence, the map f preserves angles.
0
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Exercises

3.6. Show the following:

(@ Icy, =drolod:.
(b) Icp,r =tpolcy, ot—p.
3.7. Let

¢ :R2, — R

be the map induced by the antipodal map a. Show that ¢ = —1.
3.8. Show the following:

(a)

1
dI(p), 1(q) = ———d(p,q)
Ipiligl

for p,q € R2,
(b)

2

dc(p). Ic(@) = ———————d(p. q)
Ip—elllq —al

for p, q € R?, where C = Cy,.

3.9. A Steiner chain is a collection of finitely many circles on R, all of which are
tangent to two given non-intersecting circles « and g (the center circle and the outer
circle in Figure 3.11) such that each circle in the chain is tangent to the previous and
subsequent circles in the chain. Note that the first and last circles are also tangent to
each other. A Steiner chain of 17 circles is shown in Figure 3.11.

Prove the following:

“If at least one Steiner chain of n circles exists for two given circles « and $,
then there is an infinite number of Steiner chains of n circles for the circles o and
g

(Hint. Consider an inversion that maps « and $ to concentric circles.)

3.10. In Figure 3.12, starting with the circle P; tangent to the three semicircles
forming the arbelos, construct a chain of tangent circles P; all tangent to one of
the two small interior circles and to the large exterior one. This chain is called the
Pappus chain. Let r;, be the radius of P, and A, be the distance to the line AB from
the center of P,. Show that

h, = 2nr,.

(Hint. Consider an inversion that produces Figure 3.13.)
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Fig. 3.11 A Steiner chain of
17 circles

Fig. 3.12 A Pappus chain

3.3 Inversions on the Sphere S?

We showed that a reflection on S? induces an inversion on R2 . Then what kind of
maps on S? is induced by an inversion on Rgo? Answering this question will be our
next task.

Let us define inversions in circles on the sphere.

Definition 3.16. Let C be a circle on the sphere. The inversion in the circle C is a
map

Ic :S* > §?

defined as follows:

(a) If C is a great circle, then /¢ is defined as the reflection r¢ in C.
(b) Otherwise, let ¢ be the apex of the cone in R? tangent to S* along C. For each
point p on S?, if p lies on C, then Ic(p) = p. Otherwise, the point I¢(p)
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Fig. 3.13 An inversion of a Pappus chain

Fig. 3.14 Inversion /¢ ina

circle C on S?
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on S? is defined as the second intersection of the straight line through ¢ and p
(Figure 3.14).

Clearly, an inversion on the sphere is bijective. We will show that inversions on
the sphere exhibit properties similar to those of the inversions on the extended plane.
One can understand the inversions on the sphere via inversions in planes when
C is not a great circle. For a given point p on S?, choose a plane P in R which
contains p, g and the center on S? of the circle C. Then it is obvious that the plane
also contains the points /¢ (p). Let
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Fig. 3.15 Ic(p) = I=(p)

r=pPNnS?

then I” is a circle on P whose center is 0 and its radius is 1. Draw another circle =&
on the plane P with the center g such that it passes through the two points where
the circle C and the plane P intersect. See Figure 3.15.

Note that the circle I" intersects orthogonally with the circle 5. Consider the
inversion

Iz : Poo —> Py
in & on Py. Draw a line / through ¢ and p, then
{p.Ie(p}y=InNL
It is easy to see that
Ie() =T, Is() =1.

Since

I'nl={N, p},
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{Iz(p), Iz(Uc(pN}=1zs(I' N =1z NIz() =T Nl ={p, Ic(p)}.
Because Iz (p) # p, we conclude that

Iz(p) = Ic(p). (3.2)
Proposition 3.17. An inversion on the sphere preserves angles and maps a circle
to a circle.

Proof. Let C be a circle on the sphere. If C is a great circle, then /¢ is the reflection
in C, which clearly satisfies the required properties. O

Assume that C is not a great circle. Let g be the apex of the cone in R? tangent to
S? along C. By choosing a suitable coordinate system (without changing the origin),
we can assume that g lies on the z-axis with positive z-coordinate.

First, we prove the following claim:

Claim. For each point p on s2,

Ic(p) = (@ o Icr o ®)(p),

where C' = & (C).

Proof of Claim. Choose a plane P in R? which contains p, ¢ and the center on S?
of the circle C. Then it is obvious that the plane also contains the points Ic(p). Let

r=pPnNnS?

and L be the intersection of P with the xy-plane, then I" is a circle on P whose
center is 0 and its radius is 1. Draw a circle X' on the plane P with the center N
such that it passes through the two points where the circle I" and the line L intersect
(Figure 3.16).

For the inversion Iy : P5, — Poo, we have showed in (3.1):

Is(a) = @(a) (3.3)

for each point « € I" and so
15'(8) = 7' (B) (3.4)
for each point B € L. Let = be the circle on the plane P whose center is the point
g such that it passes through the two points where the circle C and the plane P

intersect. For the inversion Iz : Pooc — P, We also showed in (3.2):

Ig(a) = Ic(a) (3.5)
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Fig. 3.16 Ic(p) = (@ ol o @) (p)

for each point « € I'. Note that the circles C’, C” and the line L intersect
orthogonally with another at the points p;, ps. Hence,

Io/(a) = Icr (@) (3.6)
for each point o on the line L. The circles = and I intersect orthogonally with
each other at two points whose images under the inversion Iy are pp, p>. Since
Is(I') = Lo and C” intersects orthogonally with L at p;, p2, we conclude that
I (E) = C” and so

Is(C")=E. 3.7)
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Finally, we have

@ ' oleo®)(p) =2 (I ((p)))

=o' (Ic Us(p)) (. (3.3)
=o' (Icr (Is(p)) (. (3.6)
=I5 (Icr (Is(p))) (. (3.4))

=1Ix (Icr (Is(p)))
={Uxolcroly)(p)

= Iz cn(p) (. Lemma 3.15)
=1Iz(p) .- (3.7)

which completes the proof of Claim.
According to Claim,

Ic=®'olo o,

which is a composition of maps that preserve angles and map a circle to a circle.
Hence, the map I¢ also preserves angles and maps a circle to a circle. O

Theorem 3.18. Every inversion on the sphere induces an inversion on the extended
plane, and every inversion on the extended plane induces an inversion on the sphere.

Proof. Let C be a circle on the sphere, and let
f=@olcod™!

be the map on the extended plane, induced by the inversion /¢ on the sphere. Let
C' = ®(C), which is a circline on RZ,. Then, the set R2, — C’ is composed of two
connected regions R; and R;. It is trivial to verify that f fixes each point on C’ and
f(R1) = Ry. In Proposition 3.17, we showed that /¢ preserves angles and maps a
circle to a circle, which implies that f maps a circline to a circline and preserves
angles. Now we have checked all the conditions in Lemma 3.13, so we can conclude
that f is the inversion in C’.

Conversely, let I" be a circline on the extended plane and C = @ ~!(I"). Note
that C is a circle on the sphere. We also note that @ (C) = I'. We showed that the
inversion /¢ on the sphere induced the inversion /- on the extended plane:

d)oIcod)_I:Ip.
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Hence,
Ic=0 ' olro®,

i.e., I induces the inversion /¢ on the sphere. m]

One can define an inversion in a sphere on R? in a similar way. Let S be a sphere of
radius r, centered at ¢ in R3. The inversion

Is R —{q} > R
in S is defined to satisfy the relations
— a2
qr - qls(p) =r

and

p—q=as(p) —q)
for some @ > 0 and any point p € R? — {¢g}. Concretely,
2

Is(p) = r—z(p -9 +q.
P —qll

One can show that an inversion in a sphere satisfies properties similar to those
satisfied by an inversion in a circle on the extended plane.

The stereographic projection can be understood by using an inversion in a sphere.
It is not difficult to verify that

@ (p) = Is(p)

for each p € S? — {N}, where S is a sphere of radius V/2 centered at the north
pole N.

Exercises

3.11. Let ¢ be a point R3, with |¢|| < 1. For each point p € S?, the line through p
and g intersects S? at another point p’ (Figure 3.17).
Define a map

&q:SZ—>S2

by a,(p) = p’. Note that gy is the antipodal map a.
Show that g, preserves angles and maps a circle to a circle.
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Fig. 3.17 a4(p) = p’

(Hil’lt. Show that a, is a composition of a rotation by the angle 7 and an
q p y g
inversion.)

3.12. Show that an inversion in a circle (not a great circle) on S? is a restriction
to S? of an inversion in a sphere. In concrete words, for an inversion I¢ of S?ina
circle C (not a great circle) on S?, show that there is a sphere S in R? such that

Ic(p) = Is(p)

for each point p on 2.

3.13.

e The set Roo = R U {oo} is called the projectively extended real line. In addition
to the standard operations on the subset R of Ry, the following operations are
defined for x € R, with exceptions as indicated:

—(00) =00, x + 00 =00+x =00 ifx # oo,
x-00=00-x =00 ifx #0,

x/oo =0 if x # oo,
x/0=o00 ifx #0.

e A linear fractional transformation (also called Mobius transformation) is a map
f 1 R — Ry that has the form

for some fixed real numbers a, b, ¢, d with ad — bc # 0 and f(oc0) = %

e For a € R, the reflection r,, defined in Exercise 1.27, is extended to Ry, by
setting 7,(0c) = 00. For @ € R and r > 0, we define amap Iy, : Roo = Reo
by
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2 r2

lor(x) = |xi—a|2(x—0l)+0l= m'FOl

for x # o and Iy, (a) = oo.
We call r, and I, , inversions of Re.

ab
A= ,
(t0)
with entries in R such that det(A) # 0, define a linear fractional transformation
Jfa by

. For a2 x 2 matrix

ax+b
fx) = a1 d
Show that
fao fB= fas
and
il =fan

for 2 x 2 matrices A, B with det(A) # 0, det(B) # 0.
. For given three distinct elements x>, x3, x4 in R3, show that there exists a unique
linear fractional transformation f such that

fx2) =1, f(x3) =0, f(x4) = 00.

For given x| in Ry, the cross ratio (x1, x2; x3, x4) is defined as the image of x|
under the linear fractional transformation f. Show that

Xy — X4 X1 — X3
(X1, %25 x3,x4) = ——————
X2 — X3 X1 — X4

when x1, x», x3, x4 are distinct elements of R.
. An injective map f : Ry, — Ry is said to preserve the cross ratio if

(f(x1), f(x2); f(x3), f(x4)) = (x1, X2; X3, X4)

for each x; € R, and any distinct elements x3, x3, x4 of Ro.

Show that every linear fractional transformation preserves the cross ratio.
. For each inversion ¥ of R, show that there exists a unique inversion ¢ of Rgo
such that
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¢(x,0) = (¥ (x),0)

for any x € R, where we regard (oo, 0) (for co € R,) as oo (for oo € Rgo).
5. For an injective map f : Rooc — Roo, show that the following are equivalent:

a. f is a composition of inversions of Ry.
b. f is a linear fractional transformation of Ry.
c. f preserves the cross ratio.

3.4 Representation of the Sphere in the Extended Plane

In most cultures, ancient people believed that the Earth’s shape was a plane or a disk.
Imagine that there is a fantasy world, called Sphereland, which is in the shape of a
sphere. There are two-dimensional beings livings in Sphereland. They are tiny (size
of approximately 10~7), similar to how human beings are very tiny compared with
the Earth. Different from us, they have no conception of the three-dimensional space
that might exist outside of their world. There lives a tiny but clever mathematician,
named Kyuri, in Sphereland. Since she does not travel far enough, compared with
the radius of the sphere, her entire world simply looks like the Euclidean plane.
Thus, she may well develop Euclidean geometry there as Euclid did in ancient
Greece 2000 years ago. Since she is a great mathematician, she succeeds in showing

that the value of 7 (which she thinks is a constant) lies between % (approximately

3.1408) and % (approximately 3.1429), as did Archimedes. However, after she
measures the circumference of some huge circles, she realizes that the number
is not a constant in her world. Finally, she correctly concludes that her world is not
flat. Still, she has no conception of three-dimensional space, and she has no choice
but to use R? to study the geometry of her world. Thus, she maps Sphereland to Rgo
using the stereographic projection. This section is about how she studies her world
using RZ .

Definition 3.19. For p,q € Rgo, the stereographic distance between p and g is
defined as
do(p.q) = de2 (7 (1), 7' (@)).

For a curve C on Rgo, its stereographic length is defined as

16(C) =1 (qb’l(C)) .

Lety : [a, b] — R? be a smooth plane curve and y (t) = (x(¢), y(¢)). The length
of this curve is given by
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b
dx\?> [dy\?>
l(y)=/ \/(d—’t‘) +<d—f> ar.

Since every reflection on the plane preserves the length of a plane curve, an isometry
of the plane preserves the length of the plane curve.

Similarly, for a smooth spherical curve y : [a,b] — S? with y) =
(x(®), y(t), z(¢)), its length is

b
) = dx 2+ dy 2+ dz zdt
V= A dt dt dt '
Since every reflection on the sphere preserves the length of the spherical curve, an
isometry of the sphere preserves the length of the spherical curve.

Let y : [a,b] — R? be a smooth curve, with y(r) = (u(r), v(r)). Let
(x(1), y(1), 2(1)) = @~ (u(), v(1)); then,

2u 2v u? + 02 -1
_x:—, y: , L= .
uz +v2+1 uz +v2+1 uz +v2+1

dx _ oxdu 0xdv 2 —2u?+2v2 du —4duv dv

A oudi avdl Ut toldl A+l todldr

dy _dydu dydv —4uv du 2+ 2u® —2v* dv

a Toudi Tovdr (Ut totdr T U+t oRdr

and

dz _ 0z du n dz dv _ 4u du N 4v dv
dt  dudt  dvdt (A+u2+v)2dr  (I+u?+0v2)2dt’

After routine but lengthy calculations, one can show that

dx\? n dy 2 n dz\? _ 4 du\? n dv\?
dt dt dt )] (1 +u2+v)2\\dar dt '
Hence,

o) =1(27'»))

/ JE) () 4 (%)
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B 2 du 2+ dv\*
N 14+ u?+02\ \ dr dt '

Hence, we have

2 du\? dv\?
lo(y) = m/(z) +(Z> dt. (3.8)

a

Definition 3.20. A stereographic isometry of Rgo is a bijective map f : Rgo —
R2, such that

do (f(p), f(q)) =de(p,q)

for any p, g € RZ..
Then, the following two theorems immediately arise.

Theorem 3.21. A map f : Rgo — Rgo is a stereographic isometry if and only if it
induces an isometry of the sphere.

Proof. (=) Let f : Rgo — ]Rgo be a stereographic isometry and g = ® ' o fo ®.
For any points p, g € s?,

ds2(8(p). 8(9)) = ds2 (@' o f o ®)(p). (@' 0 f 0 P)(q))
=do((f o D)(p). (f o P)(q))
=do(®(p). ®(q))
=dg(p.q).

Hence, g is an isometry of s2,
(<)Foramap f : RZ, — RZ ,let g = @' o f o ® be an isometry of S?. Then,
f=®ogo®~!. Forany points p,q € R,

de (f(p). (@) =do(Pogod N (p), (@ogod )(g))
=dg((go® ) (p). (g0 @ N (g)
=dg (@ (p). 7 (9))
=do(p,q).

Hence, f is a stereographic isometry. O
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Let us denote by ISO(R%O) the set of all the stereographic isometries. Then
Theorem 3.21 implies that there is a one-to-one correspondence between the sets
Iso(S?) and Iso(R2).

Theorem 3.22. A stereographic isometry is a composition of at most three inver-
sions.

Proof. Let ¢ be a stereographic isometry, then, by Theorem 3.21,
o opod :S? > §?

is an isometry of S?. By Theorem 2.7, ® ! 0 ¢ o @ is a composition of at most three
reflections in great circles:

P logpo® =rFlormo oy,
where ry, 1, - - - , I, are some reflections in great circles with n < 3. Then

p=PoFioiro--ofpo® !
=®or 005_1o@ofzo®_1o-~~o¢>ofno¢_l
=lioho---0l,,
where I; := & o 7; o @~ ! is an inversion on R2_ by Theorem 3.14.
O

One can define a stereographic line on Rgo as the set of points that have the same
stereographic distance from two distinct points. One can show that an image of a
great circle obtained by the stereographic projection is a stereographic line. It is not
difficult to prove the following theorem.

Theorem 3.23. A stereographic line is the unit circle centered at the origin or
a circline that intersects with the unit circle at two antipodal points of the circle
(Figure 3.18).

Proof. Let I" be a stereographic line. Then

I'={peR?|de(p1, p) =ds(pa. p)}

for some fixed distinct points py, p> in Rgo and

pel &de(pr,p) =do(p2, p)
& dp (@ (p), 27 H(p) = do (@ (p2), 2 (p))

—1
< @ (p) € Gop-1(p)).0- (pa)-
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y
A\
1
T
-~

Fig. 3.18 Stereographic lines through points (0, 1) and (0, —1)
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Hence,
—1
Q7 () = Go-1(p)),0-1(py)

is a spherical line, which is a great circle. If ®~!(I") is an equator of the sphere,
then I' = @ (®~1(I")) is the unit circle, centered at the origin. Otherwise, oI
meets the equator at two antipodal points. Then, I' = ®(®~!(I")) is a circline
that intersects with the unit circle at two antipodal points of the circle. On the other
hand, let I" be a circline that intersects with the unit circle at two antipodal points
of the circle. Note that @~ !(I") is a circle on the sphere that meets the equator at
two antipodal points. This means that @ ~!(I") is a great circle. Hence, I” is also a
stereographic line in this case, or a circline that intersects with the unit circle at two
antipodal points of the circle.

O

Definition 3.24. Let R be aregion in ]Rgo. Then, its stereographic area is defined as
Area,, (R) = Area (45*1 (R)) .

A stereographic triangle is a region on Rgo bounded by three stereographic lines.

Theorem 3.25. The area of a stereographic triangle with interior angles o, 8, and
y is

a+B+y—m.

Remark 3.26. Let R be aregion in Rgo. Then, its stereographic area can be given as
A (R) / / 4dudv
rea = _—
? uz +v2 +1
R

Thus far, we have considered a few spaces with distances: (Rz, d), (SZ, dgp) and
(]Rgo, dg). One can regard distance as a function. For example, the distance d on
the Euclidean plane R? is the function

d:R?>xR? > R.

A set M with a distance function dyy : M x M — R is called a (metric) space;
more conditions on dy can be added, depending on the geometry under study. If
there exists a bijective map ¢ from a space M| with distance dj, to another space
M> with distance d ), that preserves the distances dy, and dy,, i.e.,

dy, (D (p), (@) = dm, (P, q)
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for any p, g € M, then the map ¢ is called an isometry from M| to M>, and the
spaces M| and M> are said to be isometric. If M and M, are isometric, they share
the same geometric properties. By the very definition of dgp on Rgo (Definition 3.19),
the spaces (S?, ds) and (Rgo, dp) are isometric. This is the reason why they
satisfy basically the same geometric theorems with respect to lines, circles, and
isometries. One can regard (S?, dgp) and (Rgo, dg) as different models of the same
space. Note that the space (S, dg) sits in the three- dimensional Euclidean space.
Hence, geometric intuition for three-dimensional space is very useful in studying
this model. However, the beings on Sphereland do not have such intuition and so it
may be very hard for them to understand this model.

On the other hand, the space (Rgo, dg) uses the set R? as its base. This model
looks awkward and unnatural to us because it represents the geometry of the sphere
in R3 on the set R?. However, people on Sphereland may be much more comfortable
with this model because they have no conception of the three-dimensional space.

We have good geometric intuition for the three-dimensional Euclidean space. It
is possible that our universe is not isometric with R but some other space such as
the following space in R*:

(x,y,z,u) e R* | X2+ y?> + 22 +u® = R?),

where R is some huge number that represents the size of our universe. However, we
would be more comfortable with a model that uses the set R> as its base just as the
beings on Sphereland are more comfortable with the model (]R%o, de).

One can interpret the geometry of Sphereland somewhat differently (originally
an idea of Poincaré). Consider a world with inhabitants that can be described by R?.
One of its descriptors is temperature; the absolute temperature at (i, v) is

1 2 2
T(u,v) = +MT+U

The lengths of objects, including living creatures, are proportional to the absolute
temperature. How will a little flat creature endowed with reason living in this world
describe the main physical laws of her world? The first question she may ask could
be the following:

Is the world finite or infinite?

To answer this question, an expedition is organized; however, as the expedition
moves away from the origin, the legs of the explorers become longer, and their
steps become bigger, proportional to the temperature 7 (u, v) (see Figure 3.19).
Therefore, the length of their steps is

1+ u? + v?
2 b

cT(u,v) =c (
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,,\Mx?‘ix

Fig. 3.19 As the legs of the explorers become longer, their steps become bigger

where ¢ is some small positive constant, which depends on the size of their body.
Therefore, the length of a curve in her world will be measured as

SOEE
— =) (=) a
T(u,v)\ \ dt dt

for a curve y : [a,b] — R2 with y(t) = (u(t),v(t)), where k is some positive
scaling constant. If one sets as k = 1, this is the formula given in (3.8).

Suppose that y(t) = (¢, 0) is the path of the explorers and that they take one
step per second. Then, the steps needed to reach the “end” of the world would be as

follows:
2 dt\> [do\?’ © 9
— = =) +(=) dr= / —  dr= E’
c(1+12+0%)\ \dr dt o c(l+12) c

which is finite! Hence, they will conclude that the world is finite.
The next question may be the following:

b

a

Can they realize that the temperature is varying in the world?

Having constructed a thermometer (based on different expansion coefficients
of various materials), they carry it around their world and take measurements.
However, since the lengths of all objects change simultaneously with temperature,
the thermometer gives the same measurement all over the world. They conclude that
the temperature is constant.

They might study straight lines, i.e., investigate the shortest path between two
points. The ordinary Euclidean lines are not straight lines in their world. They will
discover that the shortest path is a stereographic line, which is the image of a great
circle on the stereographic map.

What do you think about our real universe? Do you think that it is really a
Euclidean three-dimensional space? To draw a reasonable conclusion, one needs
to make measurements on an astronomical scale.
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Exercises

3.14. Find

de (p1, p2) and I (C),

where p; = (0,0), p» = (1, 0) and C is a circle having the line segment pyp; as a
diameter.

3.15. Let T be the stereographic triangle whose vertices are (0, 0), (0, 1), and
(1, 0). Find its stereographic area

Areagp (T).



Chapter 4 )
Hyperbolic Plane Qs

“One geometry cannot be more true
than another; it can only be more
convenient.”

Henri Poincaré (1854-1912)

“Mathematics is the art of giving the
same name to different things.”

Henri Poincaré (1854-1912)

Hyperbolic geometry was created in the nineteenth century to better understand
Euclid’s axiomatic basis for geometry. However, hyperbolic geometry is similar to
Euclidean geometry in many respects. It has the concepts of distance and angle,
and there are many theorems common to both. However, there are also striking
differences, e.g., the sum of the angles of a hyperbolic triangle is always less than 7.

4.1 Poincaré Upper Half-Plane H?>

The upper half-plane is the set

H? = {(x,y) e R* | y > 0}.

In Section 3.4, we introduced the space Rgo, whose “lines” are the unit circle,
centered at the origin, or circlines that intersect with the unit circle at two antipodal
points of the unit circle (Theorem 3.23). This distortion of “lines” is caused because
we described the geometry of the sphere, which is a curved surface, on a flat plane.
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In this chapter, we introduce another interesting geometry of a certain curved
surface. Different from the sphere, this surface cannot sit in R3: however, it is
one of the very basic surfaces, along with the Euclidean plane and the sphere.
We will describe its geometry on the upper half-plane H?2. Its “lines” will turn
out to be semicircles or vertical half lines that intersect orthogonally with the x-
axis (Figure 4.1). Similar to the process described in Section 3.4, we can also
imagine that some variation of temperature results in the geometry on H?. Note that
the lengths of objects, including living creatures, are proportional to the absolute
temperature. Then, the question would be

“What temperature variation would result in a certain geometry?”

Note that a “line” through given points p and g is also the “shortest” path from p
to g, where the “distance” is measured in a way determined by its geometry. Because
the “shortest” path on H? is not a Euclidean line but a semicircle (Figure 4.2), the
temperature is not constant. We can expect that the temperature increases as the y-
coordinate increases, i.e., as the y-coordinate increases, the legs of the creatures
become proportionally larger, and thus, fewer steps are required to reach point
q from point p along the circle than along the Euclidean line (Figure 4.3). The
simplest choice of an appropriate temperature function would be as follows:

T(x,y)=y.
Fig. 4.1 “Lines” on the
upper half-plane H?
[l >
X
Fig. 4.2 The “shortest” path
from p to g
q
\\
P \
7 \
7 \
1 \
1 \
1 ‘|
C | N
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Fig. 4.3 This distance is 9

steps along the Euclidean line X
but only 6 steps along the %' *

semicircle!

Surprisingly, this naive choice of temperate function yields the correct geometry.
Note that the temperature (also the size of the creatures) approaches zero as it
approaches the x-axis.

Given this temperature function, we define the H?-length of a curve on H? as
follows:

Definition 4.1. Let y : [a, b] — H? be a smooth curve on the half-plane, where
y(t) = (x(t), y(t)); then, its hyperbolic length is as follows:

b

b
B 1 dx\*  (dy\* 1/ /dx\*> [dy\*
) = —Tu,wﬂz)*(z) "= / ;/(E) (@)

a

For example, consider the following:
y1 . la, b] — Hz, y1(t) =(0,1),0 <a < b.

Then, y; is a part of a vertical line, and its hyperbolic length is

fgll_ _
(1) = / Zdt=In

yg:[a,b]—>H2,y2(t)=(t,c),0<a<b,0<c.

Let

Then, it is a part of a horizontal line, and its hyperbolic length is

boliax\2, (dv)?
Jars@y
t—<dl>dt: ldt_
y A
a

lp () =
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which is inversely proportional to c.
The set H? with the hyperbolic length is called the hyperbolic plane.

Definition 4.2. A bijective map ¢ : H?> — H? is an isometry of the hyperbolic
plane if it preserves the hyperbolic lengths of the curves, i.e.,

I (@ (V) = Iz (y)

for each smooth curve y on H?.

Denote the set of all isometries of the hyperbolic plane by Iso(H?).
For a map

f: R? - ]Rz,
if f (]HIZ) C H2, we consider it a map from H? to H2.

For amap g : H? — H? and a curve y : [a, b] — H? with y (1) = (x(1), y(1)),
recall that the curve 8 := g(y) : [a, b] — H? is defined by

8(1) = gy (1)).
Example 4.1 (Translations in the x-direction). Fora € R, t(,,0)(x,y) = (a+x, y).

8(t) = (tw,0)(¥)) (1) = (x(1) +a, y(0)).

I (f(a,O)(J/)) =l (8)

Hence, 1(4,0) is an isometry of the hyperbolic plane.

Example 4.2 (Reflections in vertical lines). If L is a line defined by x = a, then
rp(x,y) = (2a —x,y), and

8(t) = (rL(y)) (1) = (2a — x(1), y(1)).
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\/ dQa—) x) (%)2
Iy (L (y)) = dt
/ [(4x)? 4 (&
(%)

=l (y).

Hence, 7, is an isometry of the hyperbolic plane.

Example 4.3 (Rescaling about the origin 0). Let d.(x,y) = (rx,ry) for some
r> 0.

8(r) = (dr(y)) (1) = (rx(1), ry(r)).

l]HIZ dr(y)) =

=Ilp(y).

Hence, d, is an isometry of the hyperbolic plane.

Proposition 4.3. The inversion I is an isometry of the hyperbolic plane.
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Proof. Note that

1
I(x,y) = m(% y).

d «x 2+ d y 2_ 1 dx 2+ dy 2
dt x2 + y? dtx2+y2) (24 y)2 \\dr dt ’

e (I(y)) = 5 dt
p x2+y?
b der2 dy\?
LAE+(8) )
= _ t
x4 y? xziyz
a
b d 2 d 2
() + (%)
= dt
y
a
=l (y).
Hence, I is an isometry. O

Theorem 4.4. If C is a circle, centered at a point on the x-axis, or a vertical line,
then the inversion I¢ is an isometry of the hyperbolic plane.

Proof. When C is a vertical line, this was proved in Example 4.2. If C = Cy , is a
circle with radius r, centered at the origin, then

Ic =dyrolodyy,,

which is a composition of isometries. Therefore, it is an isometry. In general, if
C = C.,0).r 1s a circle of radius r, centered at (a, 0), then

Ic =t@4,0)0 Icy, ©t(—a,0)

which is again a composition of isometries. Hence, I¢ is also an isometry. O
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Exercises

4.1. Let L be a line segment connecting the points (1, \/§) and (0, 2), and let C be
part of a Euclidean circle with radius 2 and center 0 connecting these two points.
Show numerically that

L (L) > L2 (C).

You may use the formula

and a calculator.

4.2. Let C be a curve joining the origin and the point (0, 1). Show that it does not
have a finite hyperbolic length. What does this mean?

4.3. For each pair of points p,q € H?, show that there is an isometry ¢ of the
hyperbolic plane such that ¢ (p) = g

4.2 H2-Shortest Paths and HZ2-Lines

Henceforth, an inversion means an inversion in a vertical line, or a circle whose
center lies on the x-axis, and a translation means a translation in the x-direction.
Hence, an inversion and a translation are isometries of the hyperbolic plane.

On the Euclidean plane, a line segment measures the shortest distance between
two points. We develop a similar notion, corresponding to that of the line segment
on the Euclidean plane. For two distinct points p; and pj, a path from p; to py is a
smooth curve y : [a, b] — H? such that

v(a) = p1,y(b) = pa.

Definition 4.5. A path y from a point p; to another point p; is called an H?-
shortest path from pj to p, if

I (v) <l (¥")

for every path y’ from pj to p;.

Proposition 4.6. The curve
y la,bl — H2, y(1) = (0,1),0 <a < b,

is the unique H2-shortest path from (0, a) to (0, b).
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Proof. Note that [p(y) = In g. Let$ : [c,d] — H? be any path from (0, a) to
(0, b) with §(t) = (x(¢), y(¢)). Then, y(c) = a, y(d) = b, and

d_ _ / dy
d dt
lHZ((S):
_ dy
- A dt

In summary, Iy2(8) > Iz (y), and the equality holds only if

vd) q d b
>/ —y=ln&=ln—=le(y).
ye)y Y y(C) a

dx 0 and dy -0
— =0and — ,
dt dr —
which implies that § and y are the same curves (Figure 4.4). Thus ends the proof.
O

Proposition 4.7. Let ¢ be an isometry of the hyperbolic plane and y be a path
from py to py. Then, y is an H2-shortest path from p to p» if and only if ¢(y) is
an H2-shortest path from ¢ (p1) to ¢(p2).

Proof. First, let y be an H?-shortest path from pj to p, and § = ¢(y). Let 8 be a
path from ¢ (p1) to ¢(p2). Then, ' := ¢~ (8’) is a path from p; to p,. Therefore,

b () = () =l (67'6)) = e (5)

Y
> b
o
M /\7
7
7
e
7
7
e
ax -~
/
!
! * a
0, dt 7é 0
4
0 X

Fig. 4.4 7y is the H2-shortest path from (a, 0) to (b, 0)
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because qﬁ‘l is also an isometry. Hence,
lgp(8) = lp (P(y) = lp(y) <l (§').

Therefore, § = ¢ (y) is an H2-shortest path from ¢ (p1) to ¢ (p2).
Second, if we let ¥ = ¢!, g1 = ¢(p1), and > = $(p2) and apply the same
argument, then the converse is also proven. O

Lemma 4.8. If I" is either a vertical line or a circle, centered at a point on the
x-axis, then there is an isometry ¢ such that ¢ (I") is the y-axis.

Proof. 1If I is a vertical line, there is some isometry ¢ (for example, a translation
in the x-direction) such that ¢ (I") is the y-axis.

Otherwise I" would be a circle, centered at a point on the x-axis. Let ¢ be one
of the intersection points of the circle I and the x-axis. Let C be a circle of radius
1 with center g. Then, Ic(I") is a line. Since the circle I intersects orthogonally
with the x-axis, /¢ sends the x-axis to the x-axis, and an inversion preserves angles,
the line meets orthogonally with the x-axis, i.e., it is a vertical line (Figure 4.5). By
applying a translation in the direction of the x-axis, one can move the line to the
y-axis. The composition ¢ of the inversion and the translation maps the circle I" to
the y-axis. Note that ¢ is an isometry. O

Theorem 4.9. For any two points p1, p» € H?, there exists a unique H>-shortest
path from pi to pa, and it is a part of a vertical line or a circle, centered at a point
on the x-axis.

Proof. Let y be a path from p; to p; that is a part of a vertical line or a part of a
circle, centered at a point on the x-axis.

According to Lemma 4.8, there is an isometry ¢ such that ¢ (y) is a part of the
y-axis. According to Proposition 4.6, ¢ (y) is an H>-shortest path from ¢ (p1) to
¢ (p2), and according to Proposition 4.7,

o @) =y

1Ii“lg. 4.5 ¢(I')is a vertical I (T)
ine
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is an H2-shortest path from p; to p,. Suppose that there is another H?2-shortest
path 8 from p; to p; that is different from y. Then, ¢(8) is another H?-shortest
path from ¢ (p1) to ¢(p2) that is different from ¢ (y), which is contradictory to
Proposition 4.6. Hence, y is the unique H2-shortest path from p; to ps. O

We can now define the hyperbolic distance between points on H?2.

Definition 4.10. For py, p, € H?, the hyperbolic distance between p| and p; is as
follows:

de(pls pZ) = lH2(J/),

where y is the H?-shortest path from p; to p,.

For p1 = (a, b) and p> = (a, c¢), which lie on the same vertical line,

C
dyp (p1, p2) = ‘an"

According to Theorem 4.9, we can formulate a triangle inequality for the
hyperbolic plane.

Corollary 4.11 (Triangle inequality for the hyperbolic plane). For three points
P1, P2, and p3 in the hyperbolic plane,

dyz (p1, p3) < dgz(p1, p2) + dgz(p2, p3),

where the equality holds if and only if p lies on the H?-shortest path from p; to ps.
Proof. Let y;; be the H2-shortest path from p; to pjforl <i < j < 3.Then,

dye (pi, pj) = b (Vij)-

Note that the union (denoted by ) of y12 and y»3 is a path from p; to p3 (Figure 4.6).
According to Theorem 4.9,

dz (p1, p2) +dpe (P2, p3) =l (8) = I (y13) = dz (p1, p3),

Fig. 4.6 dpp(p1, p3) < D3
dp2 (p1, p2) + dp(p2, p3) )

P2
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and the equality holds if and only if & has the same path as y;3, which means that
point p; lies on path y;3. O
Corollary 4.12. Ifdy2(p1, p2) =0, then p; = pa.

Proof. According to Lemma 4.8, there is an isometry ¢ such that ¢ (p1) and ¢ (p2)
lie on the y-axis, i.e.,

o (p1) = (0,a), p(p2) = (0, b) for some a, b > 0.

According to Proposition 4.6, the curve y : [0, 1] — H?2 by y(t) = (0, at+b(1—1))
is the H2-shortest path from ¢ (p1) to ¢ (p2). Hence,

b
0 =dpp(p1, p2) = dye (¢(p1), ¢(p2)) = 2 (y) = |In 5‘ .
Therefore, a = b and ¢ (p1) = ¢ (p2). Since an isometry is injective, p; = p2. O
Definition 4.13. For two distinct points p1, p» € H?, the set of points equi-H?>-

distant from p; and p; is called a hyperbolic line (or simply an H?2-line), i.e.,

Hp, p, ={p € B | dg(p, p1) = dp (p, p2)}.
Proposition 4.14. Let py = (—a, b) and p> = (a, b) for a, b > 0. Then, Hp, , is
the y-axis.
Proof. Let L be the y-axis; then, 71, (p1) = pa. For each point p € L, rr(p) = p,

and hence,

dyp(p1, p) = dp (FL.(p1), FL(p)) = d2(p2, p).

Therefore, p € Hp, p, and L C Hp, p,.

Suppose that there exists some point g € Hp, p, suchthatq ¢ L.Letg = (c, d);
then, ¢ # 0. Hence, we have that ¢ > 0 or ¢ < 0, say ¢ > O, then the H2-
shortest path from p; to ¢ intersects with the y-axis at a point p’ (Figure 4.7). Let
q' = (—c,d) = rp(g). It is not difficult to see that the point p’ does not lie on the
H?2-shortest path from p; to ¢’. Therefore, by Corollary 4.11,

d(p1,q") < dw(p1, p') +dpe(p'. q").
However,
dye(p1,q") = dgp (FL(p1), 7L(q")
=dp(p2,q)
=dp2(p1,q) ( q €< Hpu,pz)
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P2

=V

0

Fig. 4.7 The H2-shortest path from p; to ¢ intersects with the y-axis at a point p’

=dp(p1, p") +dp(p', q)
= dyp(p1, p') + dip (FL(P), FL(9))
=dm(p1, p) +dm(p', 4",

ie.,

di2(p1.q") = dge(p1, p)) +dp2(p'. q'),

which is a contradiction. Hence, if ¢ € Hp, p,, then g € L and Hp, ,, C L.
Therefore, Hy, ,, = L. |

Lemma 4.15. For two points py, py € H?, there is a composition ¢ of reflections
in a circle centered at the x-axis and translations in the x-direction such that

¢(p1) = (a.b), ¢(p2) = (—a.,b)

for some a,b € R, i.e., two points ¢ (p1) and ¢ (p2) are symmetric with respect to
the y-axis.

Proof. For apoint p, let w,(p) and 7y, (p) be its x- and y-coordinates, respectively.
If the points p; and p; lie on a circle I, centered at a point on the x-axis, then let g1
and g» be the intersection points of I" with the x-axis. Consider a unit circle Cy, 1,
where the center « lies on the x-axis. The inversion /¢, ; maps p; and p; to points
on a vertical line when a = g or g2, respectively. Note that the sign of

7y (Ie,, (pD) — 7y (Ic,, (P2))
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Fig. 4.8 Compare the signs
of my (I, (p1)) —
7y (Ic,, (p2)) fora = q1, ¢

=V

N\
\

\

\

/ !
I, (p2) Ie g (p2) Iy (p1)

changes as o moves between ¢ and g, along the x-axis (Figure 4.8). Therefore,
there exists some point «g between g1 and g» such that

7y (11 (1)) = 7 (I () =0,

There is some translation ¢ in the x-direction such that

7o (1 (T (p0))) + 72 (1 (T () ) = 0.

We still have

7y (1 (s 1)) = 73 (t (T (22)) ) = 0.

Therefore, 7 o I¢, , is a map that we seek.

If the points p; and py do not lie on a circle, centered at a point on the x-axis,
then they lie on a vertical line. There is some inversion /; that maps the line to a
circle. Find o and a translation ¢ for I1(p1) and I;1(p2), as we did in the previous
case. Now the map

tolc, ol

aq, 1
is a map that we are looking for. O

Theorem 4.16. A hyperbolic line is either a vertical line or a circle, centered at a
point on the x-axis.

Proof. Let Hp, ,, be a hyperbolic line. According to Lemma 4.15, there is an
isometry ¢ that is a composition of inversions and translations such that

¢(p1) = (a,b), ¢(p2) = (—a,b)
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for some a,b € R. According to Proposition 4.14, Hy(p,),¢(p,) 18 the y-axis.
Therefore,

—1
Hp py =& (Hp(p1).o(p2)

is either a vertical line or a circle that intersects orthogonally with the x-axis because
Hy(p1),4(p,) does. Hence, the proof is complete. |

Exercises

4.4. For two points py, p» € H?, show that

d b
dHZ(Pl’P2)=2tanhl< (P1. p2) )

d(p1,7(p2))

for each of following cases, where d(p1, p») is the ordinary Euclidean distance.

—_—

. The points p1, p2 are on the same vertical line.
2. The points p1, p» are on a Euclidean circle of Euclidean radius %, centered at the
point (%, 0).

(Hint. In the polar coordinate, r(6) = cos 6 parameterize the circle. You may
want to use the formula

2
/ - df = In|tanf]| .
sin 20

)
3. The points pip, p» lie on the hyperbolic plane. (Hint. Use 1, 2 and consider

suitable isometries.)

4.3 Isometries of the Hyperbolic Plane

We want to use Iy, ,, as “reflections” of the hyperbolic plane. Then, the following
should hold.

Lemma 4.17. For a hyperbolic line H), p,,
In, ,, (P1) = p2.

Proof. Let I" be either a vertical line or a circle centered at the x-axis, passing
through the points p; and p,. According to Lemma 4.8, there is an isometry ¢ such
that ¢ (I") is the y-axis. It is not difficult to see that
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¢ (Hp1.p2) = Hop).0p2)-
By symmetry, Hgp(p,),6(p,) 18 a circle, centered at the origin 0. Then, we can choose

some points g1 and g2 from Hy(p,),4(p,) sSuch that g; = (a, b) and g = (—a, b) for
some a, b € R. Note that

Hy, g, = ¢(I")
and
¢~ @), 67 (2) € Hpy py-
It is also easy to see that
— 41 —
Hy- 1.1 = ¢ @) =T

Let p = Iy, ,,(p1). Then p # p;. Note that

di (7' a0, p) = dip (1, (67" @0) 1y, ()
= dp (67 (a0, 1) (87 (D) € Hp, py)

=dmp (q1, (p1))
= dp (92, #(p1))

= dp (¢_1(612), Pl)

= dsp (11, (#7'@) Iy, (PD)

= diz2 (07 (@2, p) :
Hence, p € Hy-1(,).¢-1(g,) = > and thus, ¢(p) lies on the y-axis. Let g be the
intersection point of the y-axis and Hg(p),¢(p,)- Then, ¢~ (q) is the intersection

point of I" and Hp,, p,, and

dyp (4. ¢(p)) = dp (q. #(p1)) = dyp2 (¢, ¢ (p2))

because
di @ 9(p) = dip (97" (@), p)

= ds> (I, (67'@) 11y, )
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= dyp (¢>‘1(q), p1)
=d (. 9(p1)).

Since the points ¢ (p), ¢(p1), and ¢ (p>) lie on the y-axis, we conclude that
¢(p) = ¢(p1) or ¢(p2). Note that p # p;. Hence, we have ¢ (p) = ¢(p»). Finally,

In, ,,(P1) = p = p2.

0

Points on the hyperbolic plane are said to be collinear if they lie on the same
hyperbolic line.

Lemma 4.18. An isometry of the hyperbolic plane maps non-collinear points py,
P2, and p3 to non-collinear points.

Proof. Let ¢ : H?> — H? be an isometry. Suppose that the points ¢ (p1), ¢ (p2) and
¢ (p3) are collinear. Then, they lie on an H2-line H p.q- Therefore,

dye(p, ¢ (p1) = dy2(q, $(p1)),

dy (p, ¢(p2)) = dye(q, ¢ (p2)),

and

d2(p, ¢(p3)) = dp(q, ¢ (p3)).

However, then,
di2 (@71 (), p1) = d2 (@~ (q), p1),

di2 (971 (), p2) = di2 (@™ (q), p2),

and

dip (971 (), p3) = di2 (67 (q), P3),

which implies that the points py, p2, and p3 lie on an H?-line Hy-1(p).¢-1(g)- This
is a contradiction, and the points ¢ (p1), ¢ (p2), and ¢ (p3) are non-collinear. |

Theorem 4.19 (Three points theorem for the hyperbolic plane). If two isome-
tries ¢ and ¥ coincide at three non-collinear points p1, p2, and p3, then ¢ = .

Proof. According to Lemma 4.18, the points ¢ (p1), ¢ (p2), and ¢ (p3) are also non-
collinear.
Suppose that ¢ £ 1. Then, there is a point p such that
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¢(p) # ¥(p),

and we can define an H?-line H = Hy(p).y(p)- Note that

dyp (¢ (p), ¢(p1)) = dy2(p, p1) (. ¢ is an isometry)
=dy (Y (p), ¥(p1)) (.- 4 is an isometry)
=dp (¥ (p), ¢(p1)),

ie., dip (@ (p), ¢(p1)) = dz (Y (p), ¢ (p1)). Therefore, ¢ (p1) € H. Similarly, we
have

¢ (p2) € H and ¢ (p3) € H.

But then, the points ¢ (p1), ¢ (p2), and (p3) are collinear, which is a contradiction.
O

Theorem 4.20 (Three inversions theorem for the hyperbolic plane). An isome-
try of the hyperbolic plane is a composition of at most three inversions.

Proof. Let ¢ : H> — H? be an isometry and pp, p2, and p3 be non-collinear points.
We divide the situation into four cases.

Case 1. First, assume that

¢ (p1) = p1,¢(p2) = p2 and ¢(p3) = p3;

then, ¢ = idyp, letting ¥ = idge in Theorem 4.19.

Case 2. If only two of pj, p2, and p3 coincide with their images under ¢, say

¢(p1) = p1 and ¢(p2) = p2 but ¢(p3) # p3,

then

dye (p3, p1) = de (@ (p3), ¢ (p1)) = dye (P (p3), p1)-

Therefore, letting H = H), 4(p;), We have p; € H. Similarly, we have p, € H.
Let ¢ = Iy o ¢; then,

Y(p) = Iu(@d(p1)
=1Iu(p1)
= p1- (. preH)

Similarly, ¥ (p2) = p2. Note also that
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Y (p3) = Ig(d(p3)) = ps3. (. H = Hp; ¢(py)
Again, Y = idgp by Theorem 4.19. Therefore, Iy o ¢ = idy2. Hence,
¢=1Iy" = 1In,

and ¢ is an inversion.

Case 3. 1f only one of pj, p2, and p3 coincides with its image under ¢, say
¢(p1) = p1but ¢(p2) # p2 and ¢(p3) # p3,
then
dyp (p2, p1) = dyp (¢ (p2), ¢(p1)) = d2(@(p2), P1).
Therefore, letting M = H), 4(p,), We have py € M. Let ¢’ = Iy o ¢; then,
¢'(p1) = In(@(p1) = Iu(p1) = p1,
and

@' (p2) = In(¢(p2)) = p2,

converting to Case 1 or Case 2. Therefore, ¢’ = idyp or ¢’ = Iy for some circle H,
i.e., ¢) = IM Ol‘d) = IM o ]H'

Case 4. Finally, assume that
¢ (p1) # p1.¢(p2) # p2 and ¢ (p3) # p3.
Let N = Hp, ¢(p,) and ¢” = Iy o ¢. Then,
¢"(p1) = In(¢(p1) = p1.
again converting to Case 1, Case 2, or Case 3. Therefore,
¢" =idgp, ¢ =1y or " =Iproly
for some circles H and M, i.e.,

¢=IN,¢=INOIM Ord):INOIMOIH.
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Since an isometry is a composition of inversions and an inversion preserves
angles, we pose the following corollary.

Corollary 4.21. An isometry of the hyperbolic plane preserves angles.

Let Isot (H?) be the set of all isometries that are compositions of even numbers
of inversions inversions and Iso™ (H2) be the set of isometries that are compositions
of odd numbers of isometry in Iso* (H?) is said to be orientation-preserving and an
isometry in Iso~ (H?) is said to be orientation-reversing.

Exercises

4.5. Suppose that two distinct points p and g are fixed points of an isometry
¢ : H?> — H2.

Show that every point on the hyperbolic line through p and ¢ is also a fixed point of
¢.

4.6. Recall that given the isometries ¢ and ¥ of H?, the conjugation of v by ¢ is
the isometry

Y =poyog .

(a) For inversions /gy and ) in hyperbolic lines H and M, show that
Mg, = Iy,

where H' = Iy (H).
(b) For an isometry ¢ and a hyperbolic line H, show that

°L, = Iy,

where H' = ¢ (H).

4.7. Show that a translation in the x-direction and rescaling about the origin are
compositions of two inversions.

4.8. Two H?-lines L and M are said to be ultraparallel if there is another H2-line
that is orthogonal to both the H?2-lines L, M. Consider an isometry ¢ = Ij; o I, for
ultraparallel H?-lines L, M. Show that there is an isometry ¥ such that

for some r > 0.
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(Hint. Consider an isometry that sends the common perpendicular H?-line to the
y-axis.)

4.9. Note that an isometry ¢ of H? can be defined for points on the x-axis, possibly
except for one point, if one sets the image of that point under the isometry as oo.

1. Assume that ¢(1,0) = (1,0), ¢(0,0) = (0,0) and ¢(c0) = oo. Show that
¢ = idpp.

2. For each linear fractional transformation f : Ry — R (see Exercise 3.13),
show that there exists a unique isometry ¢ of H? such that

¢(x,0) = (f(x),0)

for any x € Ry, where we regard (oo, 0) (for co € R,) as oo (for oo € Rgo).

4.4 Hyperbolic Triangle and Hyperbolic Area

An H?-triangle consists of three edges of H2-lines. An H?-polygon is a figure on H?
that can be expressed as the union of a finite number of H?-triangles, overlapping
only in edges and vertices (Figure 4.9).

Two regions on H? are said to be congruent if they are images of each other by
some isometry of the hyperbolic plane.

Different from triangles on the Euclidean plane and sphere, we do not have an
intuitive notion for an area for a region on HZ. However, we will show that we can
define a hyperbolic area satisfying the following conditions.

Al. For each Hz—polygon R, the H?-area of R (denote Areapp (R)) is a
positive number.

A2. (Congruence) If two H?-triangles are congruent, then they have equal
H2-areas.

A3. (Additivity) If R = R; U R, is the union of two H?-polygons,
overlapping only in edges and vertices, then

Areapp (R) = Areagn (R)) + Areag (Ry).

(continued)

Fig. 4.9 Hyperbolic triangle
and hyperbolic polygon
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A4. Let T be aright-angled (i.e., one angle is 7) H2-triangle with like sides
of H?-length a as in Figure 4.10. Then,

Areapp (T)

converges to one as a goes to zero.

When a right-angled triangle is very tiny, then it is very similar to one in the
Euclidean plane (Figure 4.10). This is why we require condition A4. Note that area
on the sphere also satisfies condition A4 (Exercise 2.14).

For a region, which can be approximated by an HZ-polygon, its area can be
defined as the limit of H?-areas of H>-polygons. Note that the ordinary Euclidean
area satisfies A2. There is an elegant way to deduce a formula for H2-area only from
the conditions A1 ~ A4. Here, we give a somewhat crude but simpler definition by
double integration.

Definition 4.22. Let R be an (integrable) region on HZ; then, the H2-area of R is

dxd
AreaHz(R)sz xzy'
R Y

Then, conditions Al and A3 are immediately satisfied.

Lemma 4.23. The unbounded region §2 with interior angles o and B as in
Figure 4.11 has a finite H?-area,

Areagp (2) = — (o + B).

Fig. 4.10 Very tiny
right-angled H2-triangle and
its enlargement
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Fig. 4.11 Unbounded region
£2 with interior angles « and

B

%
Proof. Note that
a=rcos(rt —a)and b = r cos B.
By Definition 4.22,
AreaHz(.Q)sz @:/b/oo %dydx:/bd—x’
2 Yy a Jr2=x2 Y a Arr—x2
and making the change of variables x = r cos 6, we have
/bd—xzfﬂ ALLPRSSY
]

Corollary 4.24. The H?-area of an H?-triangle with interior angles o, B, and y is

T—(x+B+7y).

Proof. Let T be an H-triangle with interior angles «, 8, and y. If one of the edges
is a part of a vertical line as in Figure 4.12, we obtain

Areayp (T') = Areagp (T U £2) — Areayp (£2)
=@ -y +B+I)—-@—(7r—a)+d)
=7 —(a+B+v),

where we used Lemma 4.23. If none of the edges are parts of vertical lines, we can
divide the triangle as in Figure 4.13, where 8 = 81 + S».
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Fig. 4.12 Hyperbolic area of
a hyperbolic triangle

=V

Fig. 4.13 Division of a
hyperbolic square into two
hyperbolic triangles 77 and T»

=V

Note that 7 = 77 U T, with one edge in common. Thus,

Areayp (T) = Areayp (T1) + Areayp (T2)
=@—-(@+pi+@—=8))+@m—-E+p+y)
=n—(e+pi+p+Vy)

=g —(a+B+y).
[}

Theorem 4.25. The H-area, defined in Definition 4.22, satisfies all conditions Al,
A2, A3, and A4.

Proof. As previously discussed, conditions Al and A3 come immediately from
Definition 4.22. Two congruent H-triangles have the same interior angles (note
that an isometry of H? preserves angles); therefore, they have the same H>-area
according to Corollary 4.24, which is condition A2.

To show A4, let T be an isosceles right-angled H?-triangle with like sides of
H?-length a. Suppose that T shrinks to a point p = (x, y). From the mean value
theorem for the integration, there is a point (¢, v) € T such that

1
Areayp (T) = Area(T)—,
v

where Area(T) is the ordinary Euclidean area of 7. Let I'] and I be two sides of
Hz-length a. Then, there are points (11, v1) € I'1 and (12, v2) € I3 such that

a_l(ﬂ)_l(rz)
T oou wm
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where [(I7;) is the Euclidean length of I;. As T shrinks to a point (i.e., a approaches
Zero),

1
Areap (T) = Area(T) —
v

is approximated by

1 (DI 1 1 5 1

- — = —vja’—.

>Hh 2 22 102 2
Note that vy, vy, and v approach y as T shrinks to the point p = (x, y). Therefore,
as T shrinks to a point, the ratio

Areap (T)
approaches
1 21
= . . a —_—
7YYy 32 _ 1
meeting condition A4. O

Corollary 4.26. The sum of the interior angles of a hyperbolic triangle is less than
.

Proof. Let T be an H?-triangle with interior angles «, 8, and y. According to
condition A1, its HZ2-area is positive:

Areapp(T) =7 — (¢ + B +y) >0,

concluding the proof. O

Exercises

4.10. Find a formula for the H?-area of an H?-polygon with interior angles
01,602, -+, On.

4.11. Show that the H?-areas of H>-triangles are bounded, and find the least upper
bound.

4.12. We call

OH? = {(x,y) € R* | y = 0} U {o0}



4.4 Hyperbolic Triangle and Hyperbolic Area 111

the boundary of H?. Note that the boundary points do not belong to H?. One can
regard each H?-line as having two endpoints at the boundary dH? (Figure 4.14).

An ideal H?-triangle is a triangle with three vertices at the boundary, a 2/3-ideal
H2-triangle has two points at the boundary, and a 1/3-ideal H?-triangle has one
point at the boundary (Figure 4.15).

Note that an ideal, a 2/3-ideal or a 1/3-ideal H>-triangle’s vertices do not lie on
H? (Figures 4.16 and 4.17). Therefore, they are not real H>-triangles; they are not
even bounded. However, we can show that they have finite H?-areas.

1. Show that all ideal H?-triangles are congruent.
2. Find the HZ-area of an ideal H?-triangle.

4.13. Two H?-lines L and M are said to be asymptotically parallel if they intersect
on the boundary of H?. Consider an isometry ¢ = Is0l; for asymptotically parallel
H2-lines L, M. Show that there is an isometry ¥ such that

Vo =t101,0).
(Hint. Consider an isometry that sends the intersection point on dH? to 00.)
Fig. 4.14 Each H2-line has 0

two endpoints at the
boundary dH?

Fig. 4.15 Ideal H-triangles ©

=V

Fig. 4.16 2/3-ideal
H2-triangles
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Fig. 4.17 1/3-ideal —
H?-triangles with a right
angle

4.14. Two H?-lines are said to be parallel if they are disjoint. Show that two parallel
H>-lines are ultraparallel or asymptotically parallel.

4.5 Poincaré Disk

Let C be a Euclidean circle of radius \/2 centered at (0, —1). Let
J=rolc,

the composition of the inversion in C and reflection in the x-axis. Then, concretely,
J is as follows:

2x xz—i—yz—l)

160 =(FraTyr T a

It is easy to verify that J/ maps H? onto a unit disk

B? = {(x,y) | x> +y* < 1}.
Let B2 := {(x,y) € R? | x2 4+ y2 = 1}, and call it the boundary of B2. As in
Figure 4.18, 3H? is mapped to 9B via J.

Lety : [a,b] — B? be a smooth curve on B2. Then, a curve J ~! (y) : la, b] —
H?2 on H2 is defined as follows:

I @ =77y ).

We define the D-length of y as follows:
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Fig. 4.18 J maps H? onto a Y,
unit disk

=Y

Ip2(y) =l (T L ().

The set B? with this D?-length is denoted by D? and is known as the Poincaré disk.
Let y : [a, b] — D? be a smooth curve with y (1) = (u(r), v(r)). Let (u, v) =
J(x, y). Then, it is not hard to verify that

2u
X= -,
u? + (v —1)2

dx  2(—u*+ (v —1)%) du du(v—1) dv
dt — W+ @w-=D»2 dt @+ @w-D22dt’
and
_ —u? =2 +1
r= u? 4+ (- 102’
dy 4u(v—1) du  2(-u*+ @ —13?) dv

di - (14u2—20+02)7 4t (1442 —20+02) dt
A lengthy but direct calculation yields the following:

a2, (dv\?
8+ (#) _, @@
¥ (1— @2 +v?)°
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Therefore,

2 (y) =l (I~ () = =21 )

b dx\2 d 2 b
JE& + (%) 2/(4)2 4 (40’
———dt =
y
a a
Hence, we have

2 du\? dv\?

a

For two points p and ¢ on D?, the D?-distance dpy2 (p, q) is defined as follows:

dpa(p, q) i=dg2 (T~ (p), T (q)).

An isometry of D? is a bijective map from D? to itself that preserves the D’-
distance. Denote the set of all isometries of D? by Iso(ID?).

Proposition 4.27. A bijection ¢ : D* — D? is an isometry of D? if and only if
Jflo¢>oJ:H2—>H2
is an isometry of H>.

Proof. Let ¢ be an isometry of D? and ¥ = J~! o ¢ o J. For any two points
2
p,q € H-,

di (0 (). ¥ (@) = i (7 @ (0, I @ @)
= dp2 ((J (p)). $(J (@)
= dn2 (J(p). J(@) (. ¢ € Iso(D?))
= di (I ). T (@)
=di(p, )
Therefore, ¥ is an isometry of HZ. The converse can be similarly shown. 0

One can also define a D?-line.

Definition 4.28. For two distinct points p; and p, of D?, the set of points equi-D?-
distant from p; and p; is called a D*-line:

H), , ={peD?® |dp(p. p1) =dp(p. p2)}.
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Proposition 4.29. A subset H' of D? is a D*-line if and only if J~'(H') is an H?-
line.

Proof. Note, for p1, pr € D2,

p€H, , & dy(p, p1)=dy(p, p)
& dig (47 I 1)) =dege (1710, T ()
& J7HP) € Hymt(p). 01 (o)

Therefore, if H’ is a D?-line, then J 1 (H') = Hj-1(5),7-1(py)> Which is an H2-line.

Conversely, let J -1 (H') be an H2-line; then, there are points g1, ¢» € H? such that
-1
J7(H') = Hygy.qy = Hy-10)) 71 (po)»

where p; = J(q1) and pr» = J(g2). Therefore,
-1
H' =17 (J (H/)> =J (Hffl(Pl)J’l(Pz)) = H[/lepz’

which is a D?-line. O
As sets, the boundary of D? is the same as that of B2, i.e., dD? = 9B2.

Theorem 4.30. A D?-line is a circline, intersecting the boundary 9D of D?
orthogonally (Figure 4.19).

Proof. Note that J is a composition of a reflection in a line and an inversion, which
maps a circline to a circline and preserves angles. Hence, J also maps a circline to
a circline and preserves angles. Since every H?-line is a circline that orthogonally
intersects 9H? and J maps H? onto D?, the proof is complete by Proposition 4.29.
O

The following theorem can be showed easily.

Theorem 4.31. An isometry of D? is a composition of at most three inversions in
D2-lines.

Proof. Let ¢ be an isometry of D2, then, by Proposition 4.27,
J 'ogpot: H> - H?

is an isometry of S. By Theorem 4.20, J~! o ¢ o J is a composition of at most three
inversions in H?-lines:

J_lo¢>oJ=I1olzo--~oIn,
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Fig. 4.19 D?-lines on D?

where Iy, I, - - - , I, are some inversions in H2-lines with n < 3. Then

¢)=Jo[10120-~~olnolf1
=Jo I]oJ_loJoIzoJ_loJo---oJ_loJoInoJ_l
= fio fao---0 fu,

where f; :== J o I; o J~'. Note that I; = I; for some H?2-line I;.

fi=JolioJ!
=rolcolprolcor
=rolj.(yor

= frdc )

=1y,

where we used Lemma 3.15 twice. By Proposition 4.29, J(I7) is a D?-line and f;
is an inversion in a D2-line. m|

As usual, we define D?-circles (or H? circles) as sets of points equi-]Dz—distant
(or equi-H?-distant) from a certain point.

Lemma 4.32. The D?-circle of D*-radius p, centered at the origin, is a Euclidean
circle, centered at the origin. Its D?-circumference is 27 sinh p.
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Proof. Tt is not difficult to see that the D?-shortest path from a point in D? to the
origin is a part of a D?-line. Note also that every D?-line through the origin is a line.
Let I" be a D?-circle. For each point p € I, let

p = (rcos6,rsinf)
for some 6, where r is the Euclidean radius of I". Then,

y 110,71 — D? by (1) = (t cos b, 1 sin ) (4.2)

is the D?-shortest path from the origin to point p. By the formula in (4.1), the D?-
radius p of I is as follows:

p =dp(0, p)

" M2 v2
_ | W@+ (@)
B 1— (2 +v?)
0

2v/cos2 6 + sin? 6

1 — (12 cos? 6 + 12 sin? )

0

.
2
=f0 —di=In(1+7) ~In(1 1)

Hence,
el = 2 -1,
1—r
and
_ep—l
e+ 17

Let us now determine the D?-circumference of I". A curve § : [0,27] — D2,
defined as

6(t) = (rcost,rsint),
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parameterizes the circumference. Therefore, by the formula in (4.1),the D? circum-
ference is as follows:

2w 2 o2 r
2V (G) + (%) di — 2v/r2sin? ¢ + r2cos? t "
1 — 242 1 — (r2cos? 1 + r2sin®1)
0

0

—/Zn i
_0 1—}"2

=7 (ep — e_p)

= 2m sinh p.

Theorem 4.33.

1. A D?-circle is a Euclidean circle, and its D2-circumference is 27 sinh p, where
radius p is its D*-radius.

2. An HZ circle is a Euclidean circle, and its Hz-circumference is 27 sinh p, where
radius p is its H2-radius.

Proof. Let C be a D’circle, centered at a point p € D? with D*-radius p. We
can choose an isometry ¢ of D? such that ¢ (p) = 0. Now ¢ (C) is centered at the
origin, and its D?-circumference is 27 sinh p according to Lemma 4.32. Hence, the
D2-circumference of C is 27 sinh p.

Let I" be an H? circle with H2-radius p. Then, J(I") is a D?-circle with D?2-
radius p, and its D2-circumference is 27 sinh p. Therefore, the H2-circumference
I’ is 27 sinh p. |

Definition 4.34. The Gaussian curvature of a surface S at p € § is as follows:

2mp —TI'(p)

K= lim 3 3 ,

p—0t T

where I'(p) is the circumference (measured in ) of the circle of radius p centered
at p.

The Gaussian curvature is a fundamental geometric invariant. It is not difficult
to show that two isometric surfaces have the same Gaussian curvature at their
corresponding points (Exercise 4.18). Accordingly, the following theorem implies
that the Euclidean plane, the sphere, and the hyperbolic plane are not isometric, i.e.,
they are geometrically different.

Theorem 4.35.

1. The Gaussian curvature of the Euclidean plane is 0 at each of its points.
2. The Gaussian curvature of the sphere is +1 at each of its points.
3. The Gaussian curvature of the hyperbolic plane is —1 at each of its points.
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Proof. The first statement is obvious. The circumference of a circle on S? with
spherical radius p is 27 sin p. Therefore, the Gaussian curvature of the sphere is
+1.

Finally, according to point 2 in Theorem 4.33, the Gaussian curvature of the
hyperbolic plane is —1 at each of its points. O

Exercises

4.15. Note that a Euclidean rotation ry is also an isometry of D?. Consider an
isometry ¢ = Ips o Iy of D? for D?-lines H and M that intersect each other. Show
that there is an isometry ¥ of D? such that

Ve =rg

for some angle 6.
Show also that 6 is twice the angle between H and M at the intersection point.

4.16. Show that the H?-radius of the inscribed circle of an H?-triangle is bounded.
Find its least upper bound.
(Hint. Try to solve the problem on D?.)

4.17. Show that the length of the altitude of any isosceles right-angled H?-triangle
is bounded. Find its least upper bound, which is the Schweikart’s constant.

(Hint. Try to solve the problem on D? and consider a D?-triangle whose right-
angled vertex is the origin. )

4.6 Klein Disk

We introduce another model of a hyperbolic surface. Consider a hemisphere J? =
{(x,y,z) € S? | z > 0}, with an equator G of S? and a reflection 7 of S* in G.
Then, we have a bijective map
f=Fgo (@ |gp) 1 B — I,
g = Tl :J2 — IB%Z,
and

K:gof:IB%z—>]B%2,

where 7, is the projection of R3 to the xy-plane along the z-axis. More concretely,



120 4 Hyperbolic Plane

(0.0,1)

Fig. 420 The maps f, g, and K in the zx-plane, cross-section view

K. y) 2x 2y
x,y) = , .
y 1+ x2 + y2 1+ x2 + y2

In Figure 4.20, these maps are illustrated (zx-plane cross-section view).
Let I” be a curve on B2. Then, we have another curve K ~! (I')on B2. We define
the K2-length of I" as follows:

L2 () = Ip2 (K1 (I)).

The set B2 with this Kz-length, denoted K2, is called the Klein disk. The notions
of the K2-distance di2, K2-line, and K2-circle are similarly defined.

Recall that a set M with a distance djy is called a (metric) space. Recall also that
if there is a bijective map ¢ from a space M| to another space M, that preserves the
distances dy;, and dy,, i.e.,

dy, (D (p), (@) = dm, (P, q)

for any p, g € M, then the spaces M and M> are said to be isometric.
Hence H?, D? and K? are isometric spaces that represent the same geometry:
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Fig. 4.21 K>-lines on K>

The K2 length of a curve y : [a, b] — K2, y(t) = (x(¢), y(1)), can be shown to
have the following form:

dx\2 | (dy\? d dy\?
&+ (%) (%+%)
1_x2_y2 (l_xz_yz)z

l2(y) = dt, (4.3)

a

which is quite complicated. However, the Klein disk model has an advantage—a
K?-line is a Euclidean line.

Theorem 4.36. A K>-line is a Euclidean line. Conversely, a Euclidean line on K>
is a K*-line (Figure 4.21).

Proof. If acurve I" on K2 is a K2-line, then the curve
r'=k=-'

is a D-line. Hence, I" is a circline that intersects orthogonally with dB2. Note that
the map f is angle-preserving and sends one circline to another one. Hence, f(I'")
is a circline on S? that intersects orthogonally with the equator G of S. The plane
that cuts S? along f(I"’) meets orthogonally with the xy-plane. Now it is easy to
see that the curve

r=KI")=g(fr

is the intersection of this plane with the xy-plane, which is a Euclidean line. O
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Note that the projection g is not angle-preserving and does not send a circle to a
circle. Hence, a K2 circle does not need to be a Euclidean circle (Exercise 4.20).

Exercises

4.18. Prove that the Gaussian curvature is a geometric invariant. In concrete words,
for an isometry ¢ : S — S’ from a surface S with distance d to another surface S’
with distance d’ and a given point p € S, show that the Gaussian curvature of S at
point p is equal to that of S’ at points ¢ (p).

4.19. Show that the map K is not angle-preserving.

4.20. Show that a K? circle is a Euclidean ellipse. When is it a Euclidean circle?

4.7 Euclid’s Fifth Postulate: The Parallel Postulate

At approximately 300 BC, Euclid wrote a book called “Elements” that encompassed
all the mathematics known to the Greeks up to that time. Numerous theorems about
geometry are derived from the following five postulates—postulates are so self-
evident that they must be accepted without proof.

1. Two distinct points on the plane determine a line segment.

2. Line segments can be extended indefinitely in a straight line.

3. For any straight line segment, a circle can be drawn having the segment as the
radius and one endpoint as the center.

4. All right angles are congruent.

5. If a line segment intersects two straight lines forming two interior angles on the
same side that sum to less than 7, then the two lines, if extended indefinitely,
meet on the side on which the angles sum to less than 7.

The fifth postulate (commonly called the parallel postulate) is more complicated
than the preceding four postulates. Euclid used the previous four postulates to obtain
28 theorems. The geometry based on the axiom system without the fifth postulate is
called the absolute geometry.

Until the 1800s, people believed that this absolute geometry was actually the
Euclidean geometry and thought that the fifth postulate would be a mere theorem
of the absolute geometry. They attempted to “prove” the fifth postulate, using only
the other four postulates, for 2,000 years. Many people claimed that they actually
did so, but they were, in fact, assuming some hypotheses that were equivalent to the
fifth postulate. Some of those hypotheses are the following:

* There is at most one line that can be drawn parallel to another given line through
an external point.
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* The sum of the interior angles in every triangle is exactly .
* There exists a pair of similar, but not congruent, triangles.

e The Pythagorean Theorem.

e There is no upper limit to the area of a triangle.

e The circumference of any circle of radius r is 2.

* There is a quadrilateral whose interior angles are all 5.

Now, it is easy to see that all the postulates except the fifth one hold for the
hyperbolic plane. Hence, the existence of hyperbolic geometry can be regarded as
the evidence that Euclid’s fifth postulate is independent of the other four postulates.
For a more detailed history of the development of hyperbolic geometry and non-
Euclidean geometry, we refer to [15].

There are many differences between the geometries of the Euclidean plane, the
sphere, and the hyperbolic plane. The most intrinsic one is the difference between
their Gaussian curvatures, as shown in Theorem 4.35 (see also Exercise 4.18). One
of the other differences is the tessellation on them. A fessellation is an arrangement
of flat shapes, called tiles, without overlaps or gaps. Some tessellations involve
many types of tiles; however, the most interesting tessellations use only one or a
few different types of tiles. A regular tessellation is a pattern made by repeating a
regular polygon. A regular tessellation is described by two positive integers, [s, ¢],
where s is the number of sides on the regular tiling polygon and ¢ is the number of
these polygons that meet at a vertex.

In the Euclidean plane, the vertex angle of a regular s-sided polygon is equal to

21
T——.
S

For a regular tessellation on the Euclidean plane where # polygons meet at a vertex,
tlm—— | =2r
s

(s —2)(t —2) = 4.

or, equivalently,

Hence, there are three possibilities:
[s, ] =[3, 6], [4, 4], [6, 3].

This is why there are only three types of regular tessellations, whose tiles are
triangles, squares, and hexagons (Figure 4.22).

For regular tessellations on the sphere, the vertex angle of a regular s-sided
polygon is greater than 7 — 27” Hence, we have
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VVVV

Fig. 4.22 Regular tessellations of types [3, 6], [4, 4], and [6, 3] on R2

Fig. 4.23 Regular spherical tessellations of types [2, 5] and [4, 2]
2
t (rr — —) <2m
s

(s —2)(t —2) < 4.

or, equivalently,

Hence, in contrast with the Euclidean plane, s = 2 or + = 2 can be a solution
for the equation. For the sphere, a spherical lune can be regarded as a regular 2-
gon. The combination of ¢ spherical lunes with interior angles 27” forms a regular
tessellation of the sphere with ¢ tiles. This is a regular spherical tessellation of
type [2, t] (Figure 4.23). However, a hemisphere can be regarded as an s-gon by
placing s vertices on its boundary. The use of two hemispheres forms a regular
spherical tessellation of the sphere with two tiles of regular s-gons of types [s, 2]
(Figure 4.23). Other than these two classes of regular spherical tessellations, a
regular spherical tessellation of the sphere has a one-to-one correspondence to a
Platonic solid, which is a projection of the boundary of the solid from the origin to
the sphere. We have seen that there are exactly five Platonic solids (Theorem 2.14).
Hence, there are five regular spherical tessellations of spheres of this type.

In the case of the hyperbolic plane, the vertex angle of a regular s-sided polygon
is less than @ — 27” Hence,
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21
t\m—— | >27
K

(s —2)(t —2) > 4.

or, equivalently,

Note that there are infinitely many possibilities. The following proposition guaran-
tees that all these possibilities are realizable (Exercise 4.21).

Proposition 4.37. For a given integer n with n > 3 and a given angle 6 with

0<p< DT
n

there is a regular n-gon on the hyperbolic plane whose interior angle is 0.

Proof. We will show it on the Poincaré disk D?. Draw a Euclidean circle I" that
intersects orthogonally with ID? such that the Euclidean center of the circle lies on
the x-axis. Note that I" is a D?-line. We can also require that the circle intersects
with the line segment 0p with the angle %, where p = (cos @, sing) with ¢ = £

n
(Figure 4.24). Let
I =rux ().

Then, Iy, I, --- , [,—1 together form a regular n-gon whose interior angle is 6.
O

The regular hyperbolic tessellations shown in Figure 4.25 are of type [4, 5] which
are composed of D?-squares.

~

Fig. 4.24 A construction of a regular ID?> hexagon with interior angle 6
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The regular hyperbolic tessellations shown in Figure 4.26 are of types [5, 4] and
[7, 4], respectively. Note that all the interior angles of the tiles are 5.

The regular hyperbolic tessellations in Figure 4.27 are of types [7, 3] and [7, 7],
respectively.

Circle Limit IV (Heaven and Hell) by M.C. Escher(1960) is related with a regular
hyperbolic tessellation of type [6, 4]'.

Fig. 4.26 Regular hyperbolic tessellations of types [5, 4] and [7, 4]

Uhttps://www.escherinhetpaleis.nl/escher-today/circle-limit-iv-heaven-and-hell/?lang=en


https://www.escherinhetpaleis.nl/escher-today/circle-limit-iv-heaven-and-hell/?lang=en
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Fig. 4.27 Regular hyperbolic tessellations of types [7, 3] and [7, 7]

Exercises

4.21. For each pair of non-negative integers s and ¢ with
(s—2)(t—2) >4,

show that there is a regular hyperbolic tessellation of type [s, 7].



Chapter 5 )
Lorentz—Minkowski Plane Chock or

“The essence of mathematics is its
freedom.”

Georg Cantor (1845-1918)

“Do not fear to be eccentric in
opinion, for every opinion now
accepted was once eccentric.”

Bertrand Russell (1872-1970)

Special relativity (also known as the special theory of relativity) is an experimentally
well-confirmed and universally accepted physical theory that explains how space
and time are linked. It was originally proposed by Albert Einstein. Today, special
relativity is accepted as the most accurate theory of motion at any speed when
gravitational forces are negligible. Special relativity leads to a wide range of conse-
quences, which have been experimentally confirmed, including length contraction,
time dilation, relativity of simultaneity, a universal speed limit and the mass-energy
equivalence. It has replaced the long-standing notion of an absolute universal time
by the notion of a relative time that is not independent of a reference frame and
spatial position. Rather than treating the invariant time and the invariant spatial
intervals between two events separately, we must consider an invariant spacetime
interval, which enables us to understand spacetime from a geometric view of
distances and isometries. In this chapter, we study the simple two-dimensional case.
The goal is to formulate the geometry of special relativity in a truly equal setting
along with other classical geometries. We will also see that hyperbolic geometry
and relativistic geometry are intrinsically related.
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130 5 Lorentz—Minkowski Plane
5.1 Lorentz—Minkowski Distance

Fore; = (x1, 1), €2 = (x2, 7o) in R2, the Lorentz—Minkowski distance between e
and e5 is as follows':

der, e2) = (x1 — x2)? — (11 — »)°.

The set R2, together with the Lorentz—Minkowski distance, is called the Lorentz—
Minkowski plane. To distinguish the Lorentz—Minkowski plane from the Euclidean
plane, we denote the set by R!:! (Figure 5.1) and call its elements events. A bijective
map ¢ : RD — RUUis called an isometry of the Lorentz—Minkowski plane if it
preserves the Lorentz—Minkowski distance, i.e.,

dV(p(er), p(e2)) = d"(e1, e2)

for any two events e, e; € R1'!. We denote by Iso(R!!) the set of all isometries
of the Lorentz—Minkowski plane. A line on the Lorentz—Minkowski plane can be
regarded as the set of events equidistant from two distinct events e; and e;:

Loy, i={e e RN [ dY(er, e) = dY(er, €)).

Let @ be an event and fy(¢) = o + e; then, 7, is an isometry that is called a
translation. The following properties can be readily proven:

Fig. 5.1 Lorentz—Minkowski ~T
plane R

~

'In a general system of units,
11 2_ 2 2
d“(er, e2) = (x1 —x2)” — c* (11 —12)

fore; = (x1, 11), e2 = (x2, 1), where c is the speed of light. In this book, we are using a timescale
so that c = 1.
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d%ey, er) = d" (e, e1),
d"(e1, e2) = d"(ey —e1,0),
and
d"%aey, aer) = a’d"(ey, )

fora e R.
Lemma 5.1. An isometry of the Lorentz—Minkowski plane maps a line to a line.

Proof. Let L be a line and ¢ be an isometry; then, there are two distinct events e
and e such that

L={peR" |d"er p)=d"(e2. p)}.
Since ¢ is injective, the events ¢ (e1) and ¢ (ep) are distinct. Let
L'=1{q eR" |d"@(e1). q) = d"($(e2), )}
such that L’ is also a line. Then, it is adequate to show that
L' =¢(L).
Let p € L be an event such that
d'(e1. p) = d"(e2, p).
Since ¢ preserves the Lorentz—Minkowski distance,
d"(@(en). p(p) = d"(e1, p) = d"(e2, p) = d" (P (e2), P(P)),
ie.,
d"(g(e1). d(p) = d"($(e2). $(P));
therefore, ¢ (p) € L'. Conversely, let ¢ € L'; then,
d"(@(en). q) = d"(@(e2), 9.
Since ¢ is surjective, there is an event p such that ¢ = ¢ (p). Accordingly,

d"(¢(e1), p(p)) = dV(p(e2), p(p)).

Again,
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der, p) = d"(p(er), p(p)) = d"(p(e2), p(p)) = d"(e2, p),

i.e., dH(el, p) = dH(eg, p). Thus, p € L, and then,

q=¢(p) €p(l).

O

Events in R"! are said to be collinear if they lie on the same line. The following
lemma is the Lorentz—Minkowski plane version of the “three points theorem.”

Lemma 5.2 (Three events theorem). Let ¢ and  be isometries of the Lorentz—
Minkowski plane. If

¢ (e1) = Y (e1), p(e2) = Y (e2) and (e3) = Y (e3)
for some set of non-collinear events ey, ez, and e3, then ¢ = .

Proof. 1t is not difficult to show that the events ¢ (e1), ¢ (e2), and ¢ (e3) are also
non-collinear.

Suppose that ¢ # . Then, there is an event e such that ¢ (e) # ¥ (e), and we
can define aline L = Lgy(e),y (e). Note that

d"(@(e), pler)) = d"(e, e1) = d"(W(e), Y(en) = d (Y (e), (1)),

e, dY(¢(e), p(er)) = d (Y (e), p(e1)). Therefore, ¢ (e1) € L. Similarly, ¢ (e2) €
L and ¢ (e3) € L. Then the events ¢(e1), ¢ (e2), and ¢ (e3) are collinear, which is a
contradiction. O

Fore; = (x1,11),e20 = (x2, 1p) € R, the Minkowski inner product is defined
by

e1-ex=X1xX2 — 17| T2.

The Minkowski inner product possesses similar properties as the ordinary inner
product:

€1-ey=e-¢€,
el-(exte) =e-extep-es.
Define the norm-square || [ on R1-1 by lel|> = e - e. We can see that
d"(e1, e2) = || (e1 — ed)]I*.
If an event e satisfies [¢[|> > O, [le|> = 0 or |le]|*> < 0, it is called spacelike,

lightlike, or timelike, respectively. If two events e¢; and ej satisfy e - e = 0, then
they are said to be orthogonal to one another.
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Theorem 5.3. Let ¢ : R — RV pe a surjective map with ¢(0) = 0. The map ¢
is an isometry if and only if it preserves the Minkowski inner product, i.e.,

ple1) -plex) =er-e2

for any ey, es € RI:1.

Proof. Assume first that ¢ is an isometry. Note that
lp(e)* = d"(@(e), 0) = d"(p(e), $(0)) = d" (e, 0) = ||e]?
for every event e. From
ler — el = (e1 — e2) - (e1 — €2) = [le1[|* — 2e1 - €2 + [lea %,

1
er-ex =73 (llerl* + lle2ll* — ller — e2]|?) . Hence,

plen) - (e =5 (I + (e = g (e1) — p(e)l?)
le1? + llezl? = a"(@en). g (e2)

le11? + lle2 > = d (e e2))

(
=5
=5 (
(

l\)l'—‘ t\)l'd NI" l\)l'—‘

2 2 2
le1 1P + lle2)> = lle1 = ex)

= €2,

and therefore, ¢ preserves the Minkowski inner product.
Conversely, assume that ¢ preserves the Minkowski inner product. Then,

d"(@(e1), ¢(e2)) = llp(er) — ple) |
= ¢(e1) - Ppler) —2¢(e1) - plea) + P(e2) - plea)
=e1-e1—2e1-e2+ey-en
= lle1 — ea]|? = d"(ey, e2).
Therefore, ¢ is an isometry. O

Consider a map by, : R — R!, defined as follows:
b)(x,7) = (x coshA 4+ tsinh A, x sinh A + 7 cosh 1),

where A € Rand (x, ) € R'L. Let us show that this is an isometry. Since ¢ (0) = 0,
it is sufficient to show that
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b(ey) -b(ex) =e1-e2
for any e; = (x1, 1), €2 = (22, T0) € RUL Noting that cosh? A —sinh? A =1,

by.(e1) - by(e2) = (x1 coshA 4 11 sinh A)(x3 cosh A + 12 sinh 1)
— (71 cosh A + x1 sinh A) (72 cosh A + x, sinh A)
= x1xp cosh® A — x1x; sinh® A — 7173 cosh? A + 775 sinh® A
= (x1x2 — T1T2)(cosh? A — sinh? 1)

= X1X2 —T1Tp = ¢€1 - €é).

Hence, b, is an isometry, referred to as a Lorentz boost.? Tt is not difficult to show
that (Exercise 5.5)

b)\lJr)Lz = bkl o bkz-

Exercises

5.1. For some a, b, ¢ € R with (a, b) # (0, 0), let
L={x1) eR" |ax +br =c}.
Find some events e;, e; € R such that
L=0Lee.

5.2. For two distinct events e and e, show that

1.
Leie, ={e€ R | (e —u)-v=0},

where u = %(el +ep)and v = %(el —e).
2. forany u’ € L., ., and a € R witha # 0,

Ly, =le € RM [ (e—u) v/ =0},

where v/ = av.

2 A Lorentz boost is also called a hyperbolic rotation.
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5.3. Show that a Euclidean reflection
o(x, 1) = (1,%)

is not an isometry of Rl

5.4. Show that a Euclidean rotation
¢(x,7) = (xcosf — tsinf, xsinb + 7 cosH)

is not an isometry of R"! unless 6 = nx for some n € Z.

5.5. Show that a composition of two Lorentz boosts is a Lorentz boost. More
precisely, show that

b)»z o b)\,l = b)n1+)»2~

5.6. Suppose that a map ¢ : R — RD! preserves the Lorentz—Minkowski
distance. Show that it is injective.
Note that the solution for a similar-looking Exercise 1.11 does not work here.

5.2 Relativistic Reflections

Since reflections play a key role in studying isometries of the Euclidean plane, it
is natural to also consider reflections in the Lorentz—Minkowski plane. For a line
Leye,, letus denote by 7z, . (if it exists) the relativistic reflection of the Lorentz—
Minkowski plane in the line L., ¢, We seek to define 77, ,, such that it satisfies all
the properties in Remark 5.4, similar to a reflection of the Euclidean plane.

Remark 5.4.

@ rp,,.,(e1) = ez, andry, , (e2) = e1.
(b) TLey ey (e) = eforeachevente € L, ,.

_2 _
(c) Mooy = idg1.1.

Let e; = (0,0) and e = (1, 1). Then, the events e; and e> belong to the line
L, e,. By property (a), quygz (e1) = e2, and by property (b), FLewz (e1) = ej.
Therefore, e = e3, but clearly e; # e>. Therefore, a relativistic reflection in such
a line cannot exist. We call the line described above lightlike, i.e., a line L,, ., such
that e, ez € L, ¢,. It is not difficult to see that L., ., is lightlike if and only if
el — e is lightlike (Lemma 5.6). For a non-lightlike line L = L., .,, define the
relativistic reflection as follows:

2(e —u)-v

rp(e) =e — v,
vl
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where u = %(el +e)and v = %(el — ep) (see Exercise 1.14). We call v a normal
event of the line L.

Theorem 5.5. The relativistic reflection FLe e, 18 an isometry of the Lorentz—
Minkowski plane, and it satisfies the properties in Remark 5.4.

Proof. First, for two events p; and p»,

A" Ly, 0 (P, FLey oy (P2) = 1Ly, o (P1) = T, 4, (PO

2(p1 — p2) - v H2

pP1—p2—

lvl?
4((p1 — p2) - v)?
= llpi — pol>+ L P 2
flo)l*
_A(p1—p2) - v)?
lv]|?
= lp1 — p2Il
=d"(p1, p).
Therefore, 7, ,, is an isometry. Note that

7 (e)_e_wv_e_zv_‘“v_g _v=e
Lerey 10 71 HE e T >

and similarly, 7z, ., (e2) = ey, which is property (a) in Remark 5.4.
If e lies on the line L., ,, then

de, e1) = d"(e, ),

1.€.,
2 2
le — e1ll* = lle — e2|?,

which implies that

1(|| I = lle2ll 1( )
—(le1]l” —lle = —(e1 —e2) - e,
g e 2 Sler—e

i.e.,u-v=uv-e;thus, (e —u)-v =0. Hence,

_ © 2(e —u)-v
Fle ., () =e— ———v=e,
" vl
showing property (b) in Remark 5.4.
Choose two distinct events pj and p; from L; then, the events e, p1, and p, are
non-collinear. Let ¢ = fL_l . It can be readily verified that
e1,e
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pler) = Fr, (). p(p1) = 1, ., (P1). $(p2) = FL, . (P2).
According to Lemma 5.2, F;ell o= ¢=rrL, ., This is property (c) in Remark 5.4.
O

The set of fixed points of ry, , is the following:

{eeRM | (e—u) -v=0},

which is a line. Note that the line L., ., is a subset of the set of fixed points of rz, . .
Therefore (see also Exercise 5.2),

Leje,={e e R | (e—u)-v =0}

Since ey = u + v and e = u — v, one can think that the events 1 and v determine

the line. It is obvious that scaling v by a non-zero real number a does not change

the line. Additionally, replacing u by any event in L does not change the line. It

can be readily seen that the two lines L and L;, determined by u1, vy, and u3, va,

respectively, are parallel if and only if vy = av, for some non-zero real number a.
We summarize the properties of a lightlike line as follows.

Lemma 5.6. The following statements are all equivalent for a line L = L ,.

1. L is a lightlike line.

2. eeLoreye L.

3. e1 — ey is a lightlike event.

4. For any two events a1, oy € L, a1 — o is lightlike.

5. There are some distinct events a1, oy € L such that oy — «y is lightlike.

Proof. Let
1( +e2) 1( )
= — V= — — .
u 5 e r+ep), 5 €1 — e
Then, by Exercise 5.2,

Leoje,=fe e RV [ (e—u)-v =0}

1 = 2: Itis trivial.
2 = 3: Assume thate; € L = L, ,. Then,

0=d"er, e1) =dei, e2) = |ler — e2]?

and thus, e; — e is lightlike.
3 = 4: Note that
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(aj —u)-v=0,

where u = e‘gez and v = “5°. Hence,
O=(a; —u)-v—C(op —u)-v= (] —ap)-v.

Since v is lightlike, v = (a, =a) for some non-zero a € R. Let o) — oy =
(b, ¢); then, ab — (£)ac = 0. Therefore, b = +c, and

o] — oy = (Fc, 0)
is a lightlike event.
It is clear.
Asin “3 = 4”, we have
(a1 —ap) -v=0.
Since o1 — > is lightlike, v = % is also lightlike. Hence,
d"(e1,e2) = lley — e2]* = 0.
Since
d"(er,en) =0=d"(e1, e2),

e1 € L =1L, . Similarly, e; € L.

We prove a reflection theorem for the Lorentz—Minkowski plane.

Theorem 5.7 (Four reflections theorem for the Lorentz—Minkowski plane). An
isometry of the Lorentz—Minkowski plane is a composition of at most four relativistic
reflections.

Proof. Let ¢ : R\ — R be an isometry.

Case 1.

First, assume that there are non-collinear events ej, e, and e3 such that

p(e1) =e1, p(e2) = ez and P (e3) = e3.

According to Lemma 5.2, ¢ is the identity map, which is a composition of two
relativistic reflections.

Case 2.

Assume that there are distinct events ¢ and e such that

p(e1) = e1, p(e2) = en.
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If e; — ey is lightlike, then choose an event e3 such that the events ey, ez, and e3 are
not collinear. Suppose that ¢ (e3) # e3, then we let L = L, ¢(c5)- Since

d ey, e3) = d"(p(e1), p(e3)) = d'(er, p(e3)),

e1 € L and similarly e; € L. Since e; — e3 is lightlike, by Lemma 5.6, L is a
lightlike line, and the event e3 lies on L. In summary, the events e1, €3, and e3 lie on
the line L, which is a contradiction. Therefore,

¢ (e3) = e3,

resorting to Case 1. If e; — e3 is not lightlike, consider a line L that contains both the
events e] and e;. It is elementary to verify that L is not a lightlike line (Lemma 5.6).
Choose an event e3 such that the events e, e2, and e3 are not collinear. If ¢ (e3) = e3,
we resort to Case 1. Otherwise, consider a line L e;),e5. Since

e, ey € L83,¢(83)»
Ley.g(es) = L.

Therefore, 7 o ¢ leaves the events ey, e, and e3 fixed, 77 o ¢ is the identity, and ¢
is a relativistic reflection.

Case 3. Assume that there is an event e; such that ¢(e;) = e;. Choose another
event ey such that e; — ey is not lightlike. If ¢(ez) = ez, we resort to Case 2.
Otherwise, let

L =Lgey),e-

Note that e; € L. Suppose that L is a lightlike line, then e;, ¢ (e2) € L. However,
this means that e — e is lightlike (Lemma 5.6), which is a contradiction. Therefore,
L is not a lightlike line and we can consider the relativistic reflection 7 in the line
L. Note that the map 7, o¢ leaves the events e; and e, fixed. Therefore, we can apply
Case 2 and conclude that ¢ is a composition of at most two relativistic reflections.

Case 4. Assume that ¢ has no fixed events. Let e; = ¢(0). Note that e; # 0. If e;
is non-lightlike, let L = Lg,. Let ¢ = r o ¢; then,
V(0) =rp(er) =0.

Applying Case 3, we conclude that i is a composition of at most two relativistic
reflections. Therefore, ¢ = rp o Y is a composition of at most three relativistic
reflections. If e; is lightlike, we can let e; = (a, a) with a # 0. Let e = (a, 0);
then, e; — 0 and e; — e are non-lightlike. Let

Ll = Lel,ezs L2 = Lo,ez
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and Iﬂ/ = sz o le O¢. Then,
Y'(0) = (Fr, o7y 0 9)(0) = (Fr, o Fp,)(e1) = Fr,(e2) = 0.

Applying Case 3, we conclude that v/ is a composition of at most two relativistic
reflections. Therefore, ¢ = i1, oFp, o9’ is a composition of at most four relativistic
reflections. |

Consider a composition of two relativistic reflections 7, and ry,. A property
similar to that used in the Euclidean plane holds as follows.

Theorem 5.8. The composition of two relativistic reflections in two non-lightlike
parallel lines is a translation.

Proof. Let L| and L, be two non-lightlike parallel lines and

2(e —ui) - v

i
lli |12

r(e) =e—

fori = 1, 2. Since the lines L and L, are parallel, we can assume that vy = vy = v
and uy = uy + av for some event v and real number a. Hence,

(FL, o Fr,) (e) = 7y, (e _ le>

llorll?

_ (e_ z(e_ul).vlvl> ~ 2((6‘— %Ul) —u2>.v2U2
o)l llva |
2e —uy) - v 2((e—%v>—(ul+av)).v
T e T BE ’
2(e —uy)-v 2(e-v—2(e—uy)-v—(uy +av)-v)
T T ol !
_ 2e—u)-v 2(=e-vtui-v—alvl?)
T BIE
= e+ 2av = tyy(e).
Therefore, 71, o ¥, = trqy, Which is a translation. m|

For a non-zero event «, the set ot is defined as follows:

aLz{e€R1’1|a~e=O}.
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For a non-lightlike event v, let L = vland L' = ty2(L). Then, t, = rp/ o7,
which is a composition of two relativistic reflections. In contrast to the case of the
Euclidean plane, some translations cannot be expressed as a composition of two
relativistic reflections.

Theorem 5.9. For a non-zero, lightlike event «, the translation ty cannot be
expressed as a composition of two relativistic reflections. It can be expressed as
a composition of four relativistic reflections.

Proof. Suppose that z, = 7y o7y, for some non-lightlike lines L and L'. If the lines
L and L’ are parallel with the non-lightlike normal event v, then 7;/ o i = fgy
for some real number k. Note that « = kv. However, then, the lines L and L’ are
lightlike, which is impossible. If the lines L and L’ are not parallel, then

LNL ={e}
for some event e. Then,
eFet+a=iy(e)=(rporp)(e) =e,

which is a contradiction. Note that « = (a, a) for some a # 0. Let «; = (a, 0)
and ap = oo — 1. Note that the events 1 and «; are not lightlike. Hence, #,; can be
expressed as a composition of two relativistic reflections. Since f, = tg, 0 tg,, the
proof is complete. O

A composition of two Euclidean reflections of R? in two crossing lines is a
Euclidean rotation. We will show that a similar property holds in the Lorentz—
Minkowski plane. We need to develop a concept of “angles” in the Lorentz—
Minkowski plane.

Exercises

5.7. Show that the relativistic reflection 77 depends on the line L, not on the
individual events e and e;. In concrete words, show that

2(e —u)-v 20 —u')-v
T iz YT T
vl [l
for every event ¢ if the events ¢} and e; satisfy Le, e, = Ly, Where

1 1
u' = E(e’l +e)) and v’ = 5(6/1 —é).
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5.8. For a relativistic reflection 7z in a non-lightlike line L, show that
FLtaq =lyOFL Ol g,

where L + o = t,(L).

5.9. Given the isometries ¢ and ¥ of R'"!, the conjugation of ¥ by ¢ is the isometry

Y =poyog .

(a) For relativistic reflections 7, and 7y, show that

where L' =7y (L).
(b) For an isometry ¢, show that

where L' = ¢ (L).

5.10. Let L be a timelike line and ¢ be an isometry. Show that the line v (L) is also
timelike.

5.11. Recall that two isometries ¢, ¢’ are said to be conjugate if there is an
isometry ¥ such that ¢ = w(l)’ (Exercise 1.13). Show that there are some relativistic
reflections 7y, 'y that are not conjugate.

5.3 Hyperbolic Angle

Note that the Lorentz boost b, has a very similar property to rotation in the
Euclidean plane (Exercise 5.5),

b)\z o b}\.l = bkrl»)»z’
and b, (0) = 0. Thus, it may be worth trying to develop concepts of angles and

rotations in the Lorentz—Minkowski plane.

Definition 5.10. Lete; = (x1, 71) and e = (x2, 72) be spacelike events with x| >
0and x3 > 0, and let ¢ = ¢ Then, e} is on the unit hyperbola

A llei|1?

x2—12=1.
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Fig. 5.2 Hyperbolic angle AT
Le10ey from e; to ep with
respect to the origin 0
e/
e 2
®
X
0 7
e
AN
2-12=1
Fig. 5.3 e =+/|lel*(a, b) AT
, 7 (ab)
L ]

Then, the hyperbolic angle /e10e; from e to e with respect to the origin 0 is twice
the signed Euclidean area of the sector on the unit hyperbola cut off from e} to ¢}
(Figure 5.2). (Take a plus sign if 7 > 7/, and take a minus sign otherwise.)

Proposition 5.11. For a spacelike event e with a positive x-coordinate,

e = +/|le]|*(cosh A, sinh 1),

where . = [Leg0e with ey = (1, 0).

Proof. Lete = /| e|?(a, b); then, (a, b) lies on the curve x> — 72 = 1 as shown in
Figure 5.3. Let & = sinh™! (b). Then, b = sinh(&) and

a=+/14b2=,/1+sinh®& = cosh&.

For now, we assume b > 0. The hyperbolic angle . = Zeg0e is twice the area
surrounded by the curve x> — > = 1 with x > 0, the x-axis and the line through
the origin and the event e. Hence,



144 5 Lorentz—Minkowski Plane

A = LegOe

l a
=2 <§ab — / Va2 — 1dx>
1
£
= cosh& sinh& — 2 / Vcosh? ¢t — 1sinhrdt
0

1
=cosh&sinhé + & — 3 sinh 2&
:S’

i.e., & = A. Therefore, a = cosh X, and b = sinh L. If b < 0, then the hyperbolic
angle is simply the negative of the area; the other calculation is the same. O

Since the hyperbolic angle is defined by area, which is additive, the hyperbolic
angle is also additive:

Le10e3 = Le10er + Lex0es (5.1

for spacelike events e, €3, and e3 with positive x-coordinates. Hyperbolic angles
are closely related to hyperbolic functions. We summarize some of their properties,
which can be readily shown by direct calculation.

1 1
cosh A = E(e)‘ +e), sinhA = 5(eA — e,

cosh? A — sinh? A = 1,
|sinhA| < coshA, |tanhA| < 1,
sinh(A & ") = sinh A cosh A" & cosh A sinh A/,

cosh(r = 1') = cosh A cosh A’ & sinh A sinh A/,

tanh A = tanh }/

tanh(A + 1) = —MMM—,
1 & tanh A tanh A/

sinh2A = 2sinh A cosh A,

cosh2A = cosh? A + sinh? A,
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cosh2Xx + 1
cosh? A = _—
2
hZ cosh2A — 1
sin =
2

In general, a spacelike event e can be written as
e = ¢(cosh A, sinh 1)

for some real number ¢ and A. It is readily seen that these numbers, ¢ and A, are
unique (Exercise 5.12). For two spacelike events e; and e with

e1 = ¢1(cosh Ay, sinh A1), ez = éx(cosh Ay, sinh Ap),
the hyperbolic angle Ze 0e; is defined as follows:
le10ey = Ay — .
For spacelike events e, ez, and e3, it is now readily seen that
Le10e3 = Lej0ey + Lex0es.
We can similarly define the hyperbolic angle for two timelike events as follows:
e1 = (x1,71), 2 = (x2, T2)
with 71 > 0 and 7, > 0 by using the hyperbola
x2—1?2=—1.
We can verify
Le10er = Le0er,

where ¢; = (t;, x;). The above formula can then be used as a definition of a
hyperbolic angle for timelike events. Then, for a timelike event e,

e = ¢é(sinh A, cosh 1),
where A = ZegOe with ¢g = (0, 1). For a non-lightlike event e, the number ¢ is
called the signed relativistic norm of e. If e is a lightlike event, we define ¢ to be

zero. Note that

¥2 2
& =|lel?|.
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For a timelike event e; and a spacelike event e, the hyperbolic angle between e
and ey with respect to the origin 0 is defined as follows:

Le10ey = Le10er(= Le10ey).
For events
e1 = (cosh Ay, sinh Ap),
er = (cosh Ay, —sinh Ap) = (cosh(—A;), sinh(—AX3)),
e3 = (sinh A3, cosh 13),
eq4 = (sinh A4, — cosh A4) = —(sinh(—2X4), cosh(—X14)),
the hyperbolic angles between them are as follows,
Le10er = —Ay — Aq,
Le10e3 = Le10e3 = A3 — Aq,
Le10es = Lej0ey = —Ag — A1,
Ler0ey = Ler0e3 = Ay — (—A2) = A3 + Ao,
Ler0ey = Le10ey = —hg — (—Ap) = —Ag + Ap,
Le30eq4 = Le10e4 = —Agq — A3.

We propose a formula for the Minkowski inner product, similar to that of the
Euclidean inner product.

Theorem 5.12. For two non-lightlike events ey and ey, let A = Le|0es.

1. If both the events ey and e are spacelike, then
e - ey = é1ép cosh \.
2. If both the events e\ and ey are timelike, then
e -ey = —é1épcoshA.
3. Ifthe event e is spacelike and the event e is timelike, then
e1 - ey = é1éysinh A.

Proof. Assume that both events e and e, are spacelike. (The proof for the timelike
events is very similar, and we will omit it.) Note that

e; = ¢;(cosh A;, sinh ;)

for some A; € R. Then A, — A1 = A.
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Therefore,

eq - ey = e1é(cosh Aq cosh Ay — sinh A sinh A,)
= ¢1¢p cosh(Ay — A1)

= ¢1ép cosh A.
Suppose that e; is spacelike and e, is timelike. Then,
e1 = ¢é1(cosh Ay, sinh A1), ex = é>(sinh Ay, cosh A»)
for some A; € Rand A — A; = A.
ey - ey = ¢1¢x(cosh A sin Ay — sinh A cosh 1)

= ¢1¢p sinh(Ay — A1)

= ¢1éy sinh A.

We note a direct consequence of this theorem.

Corollary 5.13. If both events e| and e are spacelike or timelike, then

ler - e2| = |é1é2].

The following formula holds for all non-lightlike events ej, e;, and e3 (Exer-
cise 5.15):

Le10e3 = Le10er + Ler0es. 5.2)

Suppose that both the events e; and e are spacelike or timelike. We note that
Lej0e; = 0 if and only if the events ¢; and e lie on a line through the origin
(Exercise 5.16).

For two events e and e; that are different from an event e, the hyperbolic angle
Lejeger from e to ey with respect to e is defined as follows:

Lejeper = Le|0e,

where ¢} = e; — ¢ and ¢}, = e — ¢o (Figure 5.4).
Consider a line

L={eeR' | (e—u) -v=0

with a normal event v. It is not difficult to show that

L={u+1t|teR}
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Fig. 5.4 Hyperbolic angle e
Lejepey from e to e with

respect to eg

Zejeyey

€

/
0 461062

e
1

In general, for a line L = {u + tw | t € R}, where w is a non-zero event, w is
called a directional event of the line L. We call a line L spacelike (or timelike) if it
has a spacelike directional event (or timelike directional event). Note that a line is
spacelike if and only if it has a timelike normal event.

Let L and L’ be lines with directional events w and w’, respectively. The
hyperbolic angle between L and L’ is defined as the angle between w and w’ as
follows:

/LL = /wlw'.
It is not difficult to see that
[LL = /v0v,

where v and v’ are normal events of L and L', respectively.

Exercises

5.12. For real numbers a, a’, A and A’ with a, a’ # 0, assume that
a(cosh A, sinh ) = a’(cosh )/, sinh 1”).

Show thata =a’ and A = /.

5.13. For a spacelike event
e1 = ¢ej(cosh A, sinh Aq)
and a timelike event

ey = é»(sinh A2, cosh A7),
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show that
by(e1) = é1(cosh(r; 4 1), sinh(h; + 1))
and
by (e2) = &(sinh(ha + 1), cosh(Aa + A)).
5.14. For two spacelike events e¢; and e; with ¢;¢, > 0, show that

Jller +eal? = Jletl? +/lleal.

This is referred to as the reverse triangle inequality.

5.15. For non-lightlike events e, e>, and e3, show that
le10e3 = Le10er + Lerles.

5.16. Suppose that both events e; and e, are spacelike or timelike. Show that
Le10ey = 0 if and only if the events e; and e, lie on the same line through the
origin.

5.17. Let e; and e be non-lightlike orthogonal events. Prove that one of them is
spacelike and that the other is timelike.

5.4 Relativistic Rotations

Figure 5.5 shows how the Lorentz boost b, acts on the Lorentz—Minkowski plane.

Lemma 5.14. Let ¢ : RUD — RUL be an isometry with ¢ (0) = 0. Suppose
le0e' =0

for every non-lightlike event e, where ¢’ = ¢ (e). Then, ¢ = idg1.1 or —idg1.1.

Proof. According to Theorem 5.3, ¢ preserves the Minkowski inner product. Let e
be a non-lightlike event. Note that ¢ (¢) = ae for some real number a. From

lel> =e-e=@(e) - ¢(e) =a’e-e=a’|e|?
we conclude that a2 = 1, i.e., a = 1. Assume that ¢ # idg1.1. Note that the three

events 0, (1, 0), and (2, 1) are non-collinear. Hence, ¢ (1, 0) # (1,0) or ¢(2, 1) #
2,1).Ifp(1,0) # (1,0), then ¢(1,0) = —(1,0). Let (2, 1) = a(2, 1). Since
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Fig. 5.5 Lorentz boost b; T

rotates the T v
Lorentz—Minkowski plane
“relativistically”
X/
A
—
(2 x
0 7
2=(0-2,D=¢1,0-¢2,1)=(-1,0)-a2,1) = —2a,
a = —1. Since the images of the three events under ¢ and —idgi,1 match, we
conclude that ¢ = —idp1,1 according to Lemma 5.2. Additionally, in the case where
¢ (2, 1) # (2, 1), we can show the same result using similar arguments. |
Note that
LeOe = A = LeOe”
for every non-lightlike event e (Exercise 5.13), where ¢’ = b (e) and ¢’ = —b; (e).

Theorem 5.15. Let ¢ : R — RY1 be an isometry with ¢ (0) = 0 and A be a real
number. Suppose that

LeOe' = A

for every non-lightlike event e, where ¢’ = ¢ (e). Then, ¢ = b, or —b;.
Proof. Lety = b_) o ¢. Using (5.2) and the result from Exercise 5.13,

LeOy(e) = LeOb_) (Pp(e)) = LeOp(e) + Lp(e)0b_s(p(e)) =1 — X1 =0.
Hence, v satisfies the condition in Lemma 5.14, and
Y =idgi1 or —idp1,1,

which implies that ¢ = by or —b;. m]
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Let b; = —b,. We call b, an antipodal Lorentz boost. Let
by =ty obyot_g, I;a,k =1ty 0b; 0l_g.

Let ¢ : R — R be an isometry that fixes an event  and A be a real number.
According to Theorem 5.15,

Leae = A

for every event e with e—« being non-lightlike if and only if ¢ = by, or 150,, 2, Where
¢’ = ¢(e) (Exercise 5.18). In other words, by ). and by “rotate” events around the
event o by a hyperbolic angle X. This is the motivation for the following definition.

Definition 5.16. The isometries b, and Ea, , of R are called relativistic rota-
tions around the event « by the hyperbolic angle A.

With some calculations, we can find the concrete form of the relativistic reflection
in a non-lightlike line L that passes through the origin 0. Note that L = v, where
v is a normal event of L. We choose the normal event v such that v = 1.

First, assume that L is a timelike line. Then, v is spacelike, and

v = (cosh A, sinh }),

where A = Zey0v with eg = (1, 0). Hence,
2(x,7)-v
vl

=(x,7) —2(xa — tb)(a, b)

ro(x,t)=(x,1) —

= ((1 — 2a*)x + 2abt, —2abx + (1 +2b*)t

=(x(1 - 2 cosh? A) 4+ 27 cosh A sinh A, —2x cosh A sinh A
+ 7(1 + 2sinh? 1))

= (—x cosh2A + 7 sinh2A, —x sinh 2A 4+ 7 cosh 21),

where (a, b) = v.
Second, if L is spacelike, then v is timelike, and

v = (sinh A, cosh 1),
where A = /e 0v with e; = (0, 1). Hence,

2(x,7)-v
[v]|?

=(x,7)+2(xa — tb)(a,b)

ro(x,t)=(x,1) —



152 5 Lorentz—Minkowski Plane

= ((1 + 2a®)x — 2abrt, 2abx + (1 — 2b%)7)
= (x(1 +25sinh? ) — 27 sinh A cosh A, 2x sinh A cosh A 4 7 (1 — 2 cosh? A)
= (x cosh2A — 7 sinh 2A, x sinh 2A — 7 cosh 21).

For aline L = v+ with agon—lightlike event v, let I = L. Note also that rp=—Tr}
and that the lines L and L are orthogonal, i.e., their normal events are orthogonal.

Now consider a composition ¢ = 7y o 7y, of relativistic reflections in two lines
L and L’ that pass through the origin 0.

Case 1. First, assume that the lines L and L’ are timelike. Then,
L = (cosh A, sinhA)*, L’ = (cosh A/, sinh )+
for some A and A’. Hence,
7rL(x, ) = (—x cosh2X + T sinh 2\, —x sinh 2A + 7 cosh 2).),
Fr/(x, ) = (—x cosh2)” 4 T sinh 21/, —x sinh 21" 4 7 cosh 21).
Accordingly,

d(x, )
= (Fprorp)(x, )
= (x(cosh 2 cosh 21" — sinh 24 sinh 21”) + 7(— cosh 2’ sinh 2\ 4 cosh 2 sinh 21”),
x(—cosh2) sinh 2A 4 cosh 2 sinh 21”) + 7(cosh 2\ cosh 2.’ — sinh 2 sinh 21"))
= (x cosh(2)” — 21) + T sinh(2)” — 21), x sinh(2X” — 21) + 7 cosh(2A” — 21))
=bon—2n(x, 7).
Therefore, rp/ oy = bagr—n) = by/p -

Case 2. 1If the lines L and L’ are spacelike, then 7, = —ry and rps = —rp,. Since
L and L’ are orthogonal to L and L', respectively,

/[LL = /LL'.
Therefore,
b =Fuof = (g of =bypii=by/yy

which is a Lorentz boost.
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Case 3. Finally, if one of the lines L or L’ is spacelike and the other is timelike,
e.g., L is spacelike and L' is timelike, then from 7, = —77,
¢ =rporp=(=Drporg=—by 51, =by/5y:s
which is an antipodal Lorentz boost.
We obtain results for relativistic rotations similar to those in the Euclidean plane.

Theorem 5.17. An isometry of RU! is a relativistic rotation around an event o if
and only if it is a composition of two relativistic reflections r, and rp, in lines L
and Ly, respectively, which pass through the event a.

Proof. The previous discussion gives a proof for the case in which « is the origin.
The proof for the general case is similar. Let M and M> be spacelike lines through
the origin such that /MM, = % Noting that

fq OTM; O g = T1,(M,)s

by =tyobyot_g
=1lqO0FpM, OTM Ot ¢
=14q0Fp,0l_qOlyOFpy, Ot ¢

= Tty (Ma) © Tt (My)>

which is a composition of two relativistic reflections in lines #,(M;) and f,(M>)
through the event «. Similarly,

o = Fi (M) © Ty (il -

Conversely, for non-lightlike lines L; and L, that pass through an event «, each
line 7_, (L;) passes through the origin. Hence,

t_gofFp,o0fF 0ty =t _gq0F,0ly0l_gqOF, Oly
= Ti_g(Ly) O T1q(L)
is a relativistic rotation around the origin by the angle
A=2/0t_o(L1)t_o(L2) =2/L Ly,
which is b, or b;. Hence, rr,orr, is
toobyot_g =bg

or
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ty OB}h ol_y = Ba,)”

which is a relativistic rotation around the event o. O

Exercises

5.18. Let ¢ : R — RU! be an isometry that fixes an event o and A be a real
number. Show that

Leae = A

for every event e with e — & being non-lightlike if and only if ¢ = by ; or by 1,
where ¢’ = ¢ (e).

5.19. Let ¢ be a relativistic rotation such that ¢" = idp1,1 for a positive integer n.
Show:

1. ¢ = idp1,1 when n is odd and
2. ¢ =1idg1,1 or by o for some event @ when 7 is even.

5.5 Matrix and Isometry

Let Iso™(R“1) be the set of all compositions of even numbers of relativistic
reflections, and let Iso~ (R'1) be the set of all compositions of odd numbers
of relativistic reflections. An isometry in Iso™ (RM1Y is said to be orientation-
preserving, and an isometry in Iso~ (R"!) is said to be orientation-reversing. Note
that Iso(R'"1) = Iso™ (R!"1) U Iso~ (R}1).

We will show that the sets Iso™ (R!*!) and Iso~ (R!:!) are disjoint. This could be
done by using purely geometric arguments, considering various configurations of
reflection lines, as in Chapter 1, although the argument can be more complicated
because of the existence of lightlike lines, in which relativistic reflections cannot
be defined. Instead, we will take a more algebraic approach that uses matrix

computation.
ab
A= ,
(22)

For a 2 x 2 matrix
we define a map Ty : Rb! — R as follows:

Ta(x,t) = (ax + b1, cx + dT).
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Remark 5.18. We consider an event ¢ = (x, 7) a 1 x 2 matrix. For a matrix M,
denote its transpose by M’. Then,

(Ta(x,7))' = A (x>
T

or

t
Ta(x,7) = (A (’;)) — (x, )A".

Theorem 5.19. For two 2 x 2 matrices A and B,
TaoTp = Tyup.
Proof. For (x,7) € RLL,

(Ta o Tp)(x, T) = Ta((x, T)B")
= (x,7)B'A’
= (x, 7)(AB)

= Tap(x, 1),

and the proof is complete. O

The Lorentz boost is b, = Tg(;), where

cosh A sinh A
R = .
@) (sinhk coshk)

The relation
by 4a, = by, 0 by,

is from the relation R(A; + A2) = R(A1)R(X2). Note that b;, = T_g(,). For a
timelike line L = v+ with a spacelike normal event

v = (cosh A, sinh 1),
the relativistic reflection in L is r;, = Tx(2y), Where

A0 = <—coshk smhk>.

—sinh A cosh A
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Similarly, 77 = T_ A(2,). Some simple calculations lead to

AA)A(M1) = R(Az — Ap).

Let J = <(1) (1)> Note that the Minkowski inner product e; - e2 can be expressed

by multiplications of matrices:
e1-ey=e1Jé.

A 2 x 2 matrix A is said to be J-orthogonal if ATJA = J.

Theorem 5.20. For a 2 x 2 matrix A, the map Ty : RV — RV is an isometry if
and only if A is J-orthogonal.

Proof. Note thate; - ey = ejJeb forey, ez € R"!. Then,

Ta(er) - T(e2) = Ta(e1)J Ta(er)'
=e Al JAeé.
Hence, Ta(e1)-Ta(ez) = eq-exifand only if A’J A = J. According to Theorem 5.3,
the proof is complete. O

For the equation A’J A = J, taking the determinant on both sides yields
det(A'JA) = det(A") det(J) det(A) = det(A) det(J) det(A) = det(J).

Therefore, det(A)2 = 1, and thus, det(A) = =+1. Note that det(=R(1)) = 1 and
det(£A(1)) = —1. The following lemma provides a complete description of J-
orthogonal matrices.

Lemma 5.21. If A is a J-orthogonal matrix, then A = £=R(A) or A = £ A(A) for
some real number A.

Proof. Let
A= ab
“\ed)’
Since
2—c?ab—cd
Aga=(4 "¢ =J,
<ab—cdb2—d2

a?—c?=1, b*—d*>=—-1, ab—cd =0.
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First, assume that the (1, 1) entry of matrix A is non-negative, i.e., a > 0. Let
A = sinh™! c; then, ¢ = sinh A, and

a=\/02+1=\/sinhzk+1=coshk.

Let ' = sinh~! b, i.e., b = sinh \'.
Case 1. Suppose that d > 0.

d=+vb2+1=+/sinh® X + 1 =sinh .
Hence,
0=ab—cd

= cosh A sinh A" — cosh A" sinh A
=sinh()' — A).

Therefore, A’ = A, and A = R(}).
Case 2. Suppose that d < 0. Then,

d=—Vb2+1= —/sinh2 X" + 1 = —cosh A",
We know that

O0=ab—cd
= cosh A sinh A" 4+ cosh A’ sinh A
=sinh(\' + 1),

and therefore, A’ = —A. Hence,

A= coshA sinh(—A)
~ \sinh A — cosh(—2)

__( —cosha sinha
- —sinh A cosh A

—A(V).

Second, assume a < 0. Let B = —A; then, B is a J-orthogonal matrix with a
positive (1, 1) entry. Applying the previous arguments, we conclude that B = R(A)
or —A()) for some real number A. Therefore, A = —B = —R(A) or A(L). |
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Consider a relativistic reflection 7. If L passes through the origin, 77, = T
or T_ 4, for some A, as previously shown. Note that A(L) and —A(A) are J-
orthogonal matrices with determinant —1.

If L does not pass through the origin, consider L’ = r_g(L), where f is an event
on L. Note that L = tg(L’) and (Exercise 5.8)

rp=tgoryp ot g.
Note that 77 = T4 for some J-orthogonal matrix with determinant —1. Hence,

rr(e) = (tgorp ot_g)(e)

=B+ (e—pPA

=B — BA" +eA’

=a+eA’

= (to 0 Ta)(e),
where o = B — BA’. Therefore, 71 = t, o T4 for event & and some J-orthogonal
matrix A with det(A) = —1.
Theorem 5.22. A composition of n relativistic reflections can be expressed as
follows:

to 0 Tx

for some event o and a J-orthogonal matrix A with det(A) = (—1)". Such « and A
are unique.

Proof. We will use an induction on n. When n = 1, it is already showed.
Assume that this statement holds when n = k, and consider the case n = k + 1.
Note that

FLeoFLgo---ofp =7, 0lgoTa

for some event o and some J-orthogonal matrix A with determinant (—D)*. Note
also that

kaH =tgoTp

for some event 8 and some J-orthogonal matrix B with determinant —1. Hence, for
every event e,

(ka_H Oka S OFL])(E) = (FLJH_] ofyo TA)(E)

= (tgoTgotyoTx)(e)
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= (tg o Tp)(a + eA")
=B+ (a+eA)B'
=B +aB' +eA'B'
=o' 4+ e(BA)
=ao +eA”
= (1o o Tar)(e),
where A’ = BA and o/ = 8 + aB'. Hence,
FLk-H Oka O-~-Of[‘1 :la/ OTA/.
Note that
det(A”) = det(B) det(A) = (—1)**1.
Therefore, we showed that the statement holds for the case n = k + 1.

The uniqueness of « and A can be readily obtained (Exercise 5.20). O
Corollary 5.23. An isometry of the Lorentz—Minkowski plane has the following
form:

ta 0Ty
for some event o and a J-orthogonal matrix A. It is orientation-preserving (or
orientation-reversing) if and only if det(A) = 1 (or —1).
Proof. According to Theorem 5.7, the isometry is a composition of relativistic
reflections. Theorem 5.22 implies that it has a form of

ta 0 Th.

The second statement is also a result of Theorem 5.22. m]

At this point, the fact that the sets IsoT(RY1) and Iso~ (RY!) are disjoint is
obvious.

Corollary 5.24. Let A be a J-orthogonal matrix and o be an event. Let ¢ = ty o
Ta.

1. Ifdet(A) = 1, then ¢ is either a translation or a relativistic rotation.
2. Ifdet(A) = —1, then ¢ is either a relativistic reflection or a composition of three
relativistic reflections.

Proof. ¢ is an isometry of R and so it is a composition of at most four relativistic
reflections.
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If det(A) = —1, then ¢ is a relativistic reflection or a composition of three
relativistic reflections by Theorem 5.22.

Assume that det(A) = 1. If A is the 2 x 2 identity matrix I, then ¢ = t, is
a translation. Assume that A # I. Let us check whether there is an event 8 that
satisfies ¢ (8) = B, i.e.,

BA'+a=p
ie.,
B, — A") = a.

Noting that A = £R(}) for some A € R by Lemma 5.21 and A # I, it can be
readily shown that

det(l, — A') = det(l, F R(A)') = 2(1 F cosh(Lr)) 0.
Thus, it has the inverse matrix (I, — A’)~!, and 8 = a (I, — A")~!; such an event 8

does therefore exist.
Let

Y=t pgogotg=1t_pgolyoTyoig.
For every event e,
Y(e) =(t_gotyoTyotg)(e)

= (+PA +a—p

=eA' +a— B — A"

=eA'+a—a

= Ta(e).
Hence, 1 = T4. Since A = £=R(A),

v = by, if A= R);
T\ by, ifA=—RO).

Finally,

tgob; ot_g =bgy, if A= R(A);

=1 g =
b=tpovoly {tﬂobkotﬁzbﬂ,k, if A =—R(),

which is a relativistic rotation around the event 3. m|
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Corollary 5.25. For a non-zero, lightlike event «, the translation t, cannot be
expressed as a composition of less than four relativistic reflections.

Proof. According to Theorem 5.9, 7, cannot be expressed as a composition of two
relativistic reflections. According to Corollary 5.23, #, is orientation-preserving.
Hence, t, cannot be expressed as a composition of three relativistic reflections, and
it is not a relativistic reflection. This completes the proof. O

Exercises

5.20. For two events «, 8 and two 2 x 2 matrices A, B, suppose that
tqoTy =tgoTp.
Show that
o =pPBand A = B.
5.21. Suppose that an isometry of R!:! cannot be expressed as a composition of less

than four relativistic reflections. Show that it is a translation in a lightlike direction.

5.22. Show that the set of translations and relativistic rotations is closed under
composition.

5.23. For an orientation-reversing isometry ¢ of R1:!, show that ¢? is a translation.
5.24. Classify all the isometries such that ¢ = ¢ o ¢ = idgi.1.

5.25. Suppose that an isometry ¢ : R""! — R!! satisfies ¢ = idg1.1. Show that
¢* =idp.1.

5.6 Relativistic Lengths of Curves

For curves in R"!, we define the notion of “length.” Before proceeding, we must be
more precise about the definition of a curve in R!:!. By a curve, we mean a smooth
curve, i.e., a curve with a smooth, regular parametrization. A parametrization
y() = (x(), () is called smooth if all the functions x(¢) and t(¢) of r have
derivatives of all finite orders; it is called regular if % # 0 for any 7. Henceforth,
a parametrization will be assumed to be smooth and regular. For a parameterized
curve

y ila, bl — RM ) = (x(1), T (1)),
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y is called spacelike (timelike) if ||y’ (t)|*> > 0 (< 0) for each ¢. It might seem
natural to use the following as the definition of length for curves:

b d
u(dy (@)

/ad (—dl ,0>dt.

Zdt_/b dx()\*  (dT))’ ”
-[ () -(50) )«

Note that

b b
/ d[l <m’0> dt = /
a dt a

Consider a spacelike curve

dy (1)
dt

y 110,11 = RYY y () = 21, 0).

Then, its length would be

1 2 1
/ dt:/ 3dt = 3.
0 0

However, if we use another parametrization

dy(1)
dt

§:10,11 > RV 5@) = (2%, 1%)

for the same curve, the length is different:

[

The correct definition requires some modification.

ds@) ||
dt

1
dt = / 12¢2dt = 4.
0

Definition 5.26. For a spacelike curve,
y ila.bl > Ry (1) = (x(0). T (1)),

its relativistic length is as follows:

Ir(y) = /,/ dy@|? /\/dx(t) d;ﬁ”) dr.

For a timelike curve,
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2
Ir(y) = /,/ dzgt) /\/ dx(t) (dzlit)) dr.

It can be readily verified that this definition does not depend on the parametrization
(Exercise 5.27). The following theorem justifies Definition 5.26 further.

Theorem 5.27. If I is a spacelike (or a timelike) curve of finite relativistic length,
then

Ir(@(I") = Ir(I")

for every isometry ¢ of RL1.

Proof. According to Corollary 5.23, ¢ = t, o T4 for some event o and a J-
orthogonal matrix A. It is obvious that the translation 7, preserves the relativistic
length. Hence, we must only show that [z (T4 (I")) = Igr(I"). Let

y tla,bl = RM y(@) = (x(0), T(1))
be a parametrization of I" and § = T4 o y. Note that
8() = (Ay (")’

and

ds@) _ (Ady(t)’>f _dr®
dt dt dt

Hence,

2 ds(r) ds()
Tt dt
_ds(n) Jda(z)’

T dt dt
dy(t)A,JAdJ/(t)’
dt dt
_ dy(t)de(t)’
Tdt dt
_dy(@) dy() de(r) 2
T dt dt | dt

H ds(t)
dt

and therefore,
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b b
ds@) | d 2
zR(¢(r>)_zR(a>_/ ‘/H% dt—/ 1/” Zﬁ’) di = Ig(y) = Ix(I).

A similar argument works for the case where I” is a timelike curve. O

Let us consider a hyperbolic curve:

U ={(x,7) e RV | =1 +x2).

It is one of two components of the curve defined by
e = ~1.

Hence, U! may be thought of as a relativistic “circle” of squared radius —1 or of

radius o/—1.

U! can be parameterized by
y :R— U', y(r) = (sinhr, coshr). (5.3)

Note that U is a spacelike curve and that each event in U is timelike. For two events
e1 and ez on U', we define the Lorentz—Minkowski distance dy (e, e2) between e;
and e, by the relativistic length along U! from e; to e. Let e; = (sinh A;, cosh ;)
for some A;; then, it is readily seen (Figure 5.6) that

dy(er, e2) = |h1 — A2| = |Le10er].

Using —e; - e = cosh A with A Le10ey (Theorem 5.12) yields the following

proposition.

Fig. 5.6 dy(er,er) = AT
A1 — X2| = [Le1Oer]

€]
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Proposition 5.28. coshdy(ey, e3) = —eq - €.

Note that the parametrization y is an isometry from R to U!. (An isometry of R is
defined in Exercise 1.27.) An isometry of R!:! is called a Lorentz transformation if
it fixes the origin; the set of them is denoted by O(1, 1). If a Lorentz transformation
maps U onto U', we call it orthochronous and denote the set of these by O (1, 1).
Note that the restriction of an element ¢ of O* (1, 1)

oly : U - U!

is an isometry of U!. The following is a relativistic version of Theorem 2.18.
Theorem 5.29. The restriction map

ot (1, 1) — Iso(UY),
given by

¢ = Slyr,

is bijective.
Proof. We will build the inverse map of the map in the statement. For each isometry
¢ of U!, we must find a map from OT (1, 1) whose restriction to U! s ¢. Since
R and U' are isometric and an isometry of R is a composition of reflections
(Exercise 1.27), we can assume that ¢ is a reflection of U! (fixing one single event
« and moving other events to different events). Let L be a line that passes through 0

and o; then, L is timelike, and it is not difficult to see that 7y |1 = ¢ (Exercise 5.28).
Note that 7; belongs to O" (1, 1). Hence, we found such a map. m]

Exercises

5.26. Lety : [a, b] — R!! be a spacelike (timelike) curve and f : [c, d] — [a, b]
be a bijective differentiable function. Then,

S§=yof:[c,dl - RN

is a reparametrization of the curve. Show that the parametrization § is spacelike
(timelike).

5.27. Lety :[a, b] — R"! pe a spacelike or timelike curve and f : [c, d] — [a, b]
be a bijective increasing differentiable function. Then,

8:yof:[c,d]—>R1’1
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is a reparametrization of the curve. Show that their relativistic lengths are the same,
i.e.,

[r(y) =R (3).

5.28. Consider the map y : R — U! in (5.3) with an event & € U'. Assume that
y(a) = «. Define a reflection 7 : R — R by 7(¢) = 2a — t. Consider a relativistic
reflection 7, of R1:!, where L is a line on R"! that goes through 0 and «. Show that

FL(e) = (y oFoy (e

for each event e € U!.

5.7 Hyperboloid in R>!

In this section, we will see that hyperbolic geometry and relativistic geometry are
intrinsically related. Let us consider three-dimensional space with the Minkowski
inner product

e]-ex=x1x2+y1y2 —n2

for events ¢; = (x;, yi, Ti) € R3. Then, the Lorentz—Minkowski distance d ey, e2)
is defined by

1 2
d (e1,e2) = lle1 —e2||” = (e1 — e2) - (e1 — e2),

and we denote the set R3 with the Lorentz—Minkowski distance by R%! which
represents a three-dimensional Lorentz—Minkowski space. The elements of R>!
are also called events. A bijective map ¢ : R>! — R>! is called an isometry
of R>! if it preserves the Lorentz—Minkowski distance. We denote by Iso(R>!)
the set of all such isometries and by O(2, 1) the set of all isometries that fix the
origin. All other notations can be similarly defined. For each event e € R>!, if
lel> > 0 (resp. lell> = 0, |lel|> < 0), then the event e is said to be spacelike (resp.
lightlike, timelike). If two events e] and e; satisfy e - e; = 0, then they are said to
be orthogonal to each other.

Lemma 5.30. Suppose two non-zero events e1 and ey are orthogonal to each other.
If ey is timelike, then e is spacelike.

Proof. Lete; = (x;, y;, 7;). Since ey is timelike, ||e; ||2 = x%—i—y% — 112 < 0. Hence,
71 # 0, and

1
—Gf 4D < 1.
7
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Because e1 - 2 = 0, 1172 = x1x2 + y1y2. Therefore,

1
) = —(x1x2 + y1y2).
71
We note that
leall* = x5 +y5 — 15
| 2
2, .2
=x;+y; — (T—l(xlxz + ylyz))

I
> X2+ y3 — ;(xlz +yD 3 +¥9)
1

> x5+ — (3 +y9)

=0,

where the equalities hold only if x3+y3 = 0,i.e., x = y» = 0. Hence, if [le2]|*> = 0,
then x» = y, = 0. However, then 0 = ||es||> = r22 and ) = 0, which is impossible
because e; is a non-zero event. Therefore, |lez]|2 > 0. |

For a parameterized curve

y ila, bl — Ry () = (x(1), y(1), T(1)),

y is timelike (spacelike) if ||y’ (t)||2 < 0 (> 0) for each t. For a timelike or a
spacelike curve y : [a, b] — R>!, we define its relativistic length as follows:

b
dy @) [
lmw/me dt
a
b
[|dv) |?
lR(y)—/ H | dr
a
for a spacelike curve.

Let us consider a hyperbolic surface, which is called a hyperboloid:

U2 :={(x,y,7) e R>' | 7 = /1 +x2+y2}.

for a timelike curve and
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Note that
U ={(x,y, 1) e R* | x2+y? 12 =—1,7 > 0}.
Hence, U? is one of two components of the surface defined by
lel)> = —

Thus, U? may be considered a relativistic “sphere” of squared radius — 1 or of radius

=1
Proposition 5.31. A curve on U? is spacelike.

Proof. Let
yila,bl = U y() = (@), (1), 7(1))
be a parametrization of a curve on U?. Note that
—L=lyOI* =x®?+y0)* - 1),

The event y (¢) is timelike. Differentiating both sides of the equation with respect to
t yields

0=2:0 " 4 2502 2
=26:0), y(0, w(ey) - (0, 210 A0,

dt = dt
dy(t)

=2y (t) -

Hence, the events y () and dy(t) are orthogonal. According to Lemma 5.30, dy(’)
is spacelike, so the curve y is spacehke D

We will use the relativistic length [z (y) as the U?-length of a curve y on U?:

Iy (y) = Ir(y).

If we project the hyperboloid U? through the origin to the plane r = 1, the image
is a unit disk, which is identified as a Klein disk by dropping the t-coordinate
(Figure 5.7): (x, y, 1) — (x, ).

This results in a bijective map & : U> — K? from the hyperbolic surface to the
Klein disk as follows:

et (52)

T
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Fig. 5.7 Projection of the
hyperboloid U? through the
origin to the plane 7 = 1

The following theorem states that U? and K? (and H? and ID?) are essentially the
same space.

Theorem 5.32. For a curve I' on U? of finite relativistic length,
ip(I') = lIga (EU)).

Proof. One can show that the map ¢ : U> — D? is as follows:

(x,y,7) a , 4 .
147 141

Then, I (£(I')) = Ig2(£(17)), and thus, it is sufficient to show that

Lip(I) = Ipa (¢(I7)).

Lety : [a,b] — U2, y(1) = (x(t), y(1), T(t)) be a parametrization of I". Then,

b b
[y ||? dx\> [dy\> [dt\?
le(y)=/ 'd—); dt=/ \/(d—:) +<d—f) _<d_:> dt.

Now note that

x(1) y() )

§() =¢(y() = <1+r(t)’ T 20)

is a parametrization of ¢(I"). Let



170 5 Lorentz—Minkowski Plane

Using the relations

and
dx+ dy dt
xX— — =1,
dt ydt dt
2 2 (rax 2+ dy\?
1—X2-Yy?2 dt dt
il %Y A AN
T (1412 Tie) T T (+1)? + 1T
- R
(l (1+71)2 (1+r)2>
2 2
(et = a8 + (8 - a+0%))
(—(1+ 72 + 22 +y?)°
2 2
((xj’l—;—(lﬂ)f’l—f) +(y§’,—§—(1+r)fl—§) )
B 1+
dr\2 d d d
(A, (), T D@ 24t (x4 %)
~\dt dt 1+41)
_ (dx 2+ dy\* [(dt\?
— \dr dt dt
Therefore,

Ip2(£(I7)) = Ip2(8)

b

2 dx 2+ dy zdt
1—X2-Y2 dt dt
a
b
dr\2 v\ 2 2
= st + il I d—r dt
dt dt dt
a
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=l (y)
= lip(T).

O

For two distinct events p; and p> on U2, a path on U? from p; to p is a smooth
curve y : [a, b] — U2 such that

y(a) = p1, y(b) = pa.

Definition 5.33. A path y on U? from an event p; to another event p, is called a
U2-shortest path from pj to py if

lp(y) < ip(y")
for any path y’ on U? from p; to ps.

Theorem 5.32 implies that a curve y on U? is a U2-shortest path if and only if
its image on K? under & is a K>-shortest path on K2. As before, we define the U?
distance dy2 on U? as follows:

dy2(p,q) = ly2(y)

for p, g € U?, where y is a U?-shortest path from p to g. An isometry of U? is a
bijective map from U? to itself that preserves the U? distance.
Note that

dp2(p, q) = lp(y) = lr2 (§(r)) = dg2 (§(p), §(9)).

Hence, the map & : U? — K?Z is an isometry, and the two spaces U? and K are
isometric. We now define a U2-line as the set of all the events on U? that have the
same U? distance from some two distinct events on UZ2. Then, it is not difficult to
see that a curve y on U? is a U-line if and only if £(y) is a K*-line. Hence, we can
pose the following theorem.

Theorem 5.34. A U?-line on U? is an intersection of U* with a plane in R>!
containing the origin.

Proof. There is a one-to-one correspondence between the set of U2-lines on U? and
the set of K2-lines on K. A K?-line L is a Euclidean line that is the intersection
of the plane = 1 and a plane P passing through the origin. Hence, the K2-line L
yields a U2-line M on U? that is the intersection of the plane P and U?. Conversely,
for a given K2-line M on the plane 7 = 1, there is a unique plane P, passing through
the origin, whose intersection with the plane t = 1 is a K2-line L. See Figure 5.8.
O

Note that the plane, corresponding to a given U?-line in the proof of Theorem 5.34,
is unique.
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Fig. 5.8 K2-line L and
U2-line M

It is now clear that the spaces HZ, D?, K? and U? are all isometric (Figure 5.9).

A cross-section in R%! is shown in Figure 5.9, which shows how the models HZ,
D2, K2,J2, and U? are related. The five bullet points n, 8, k, ¢, and v represent the
same point in the hyperbolic geometry in two dimensions. The following is how
the points on the figure correspond to each of the models of hyperbolic surfaces in
Figure 5.9.

o THZ2: (x,y) < (1,x,y)
¢ D% (x,y) < (x,y,0)
o K% (x,y) < (x,y,1)

See also Figure 5.10, where a Poincaré disk on the plane t = 0 is shown,
explaining the correspondence between D2-lines (L) and U?-lines (M).

Exercises

5.29. Consider a U? circle I" of U?-radius p with center o € U?:
I'={ecU?|dp,e) = p).

Find its U2-circumference, I (I7).

5.8 Isometries of R2'1

In Section 2.4, we saw that we can understand some aspects of isometries of
R? based on the geometry of S. Since the hyperboloid U? is isometric with the
hyperbolic plane, we now have a good knowledge of its isometries. In this section,
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Ve

(0,0, —1)

Fig. 5.9 H?, D2, K?, J? and U?

Fig. 5.10 D?-line L and
U?-line M U -

(0,0,—1)
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we investigate the structure of the isometries of R>! using our knowledge of the
isometries of U?.
Let P be a plane in R>! that contains the origin. Then,
P ={tey +sex | t,s € R}

for some events e; and e;. Conversely, if e; and e, are non-zero events in P such
that there is no real number A such that e; = Aeq, then

P ={te; +ser | t,s € R}.
Lemma 5.35. Every U?-line through an event eq € U? can be parameterized by
t — egcosht + « sinht,
where a is an event such that
lal> =1, eg-a=0.
Proof. Let I" be a U?-line through the event eg. Then, by Theorem 5.34, I' =
U%N P for some plane P through the origin. We can choose an event 8 from P such
that 8 = (x, y, 0) with ||8]|> = 1. Since g and $ are non-zero events and they are
not proportional to one another,
P ={teg+sB|t,s € R}.
We seek an event « in P such that
lal> =1, ey-a=0.
Let @ = aeg + bB. Then,
1= lla|® = —a® + b +2ab(eo - B),
O=ey-a=—a—+ble-p).
Hence,

+ep- B +1

a@=——, b= —,
V1+(eo- B)? V1+(eo- B)?

and we have found such an event «. Since @ = aeg + bg,

P={teo+sB|t,s e R} ={teg +sa|t,s € R}.
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Let y(t) = egcosht + « sinhz. Note that (0) = e¢g and y(t) € P. Since
Iy (D117 = lleoll® cosh? t + ||||* sinh? # = — cosh? ¢ + sinh? ¢t = —1,

y(t) € U?. Hence, y(t) e U>’NP =T.
Conversely, for any event e € I' = U> N P, e = teg + sa for some 5,1 € R.
Note that

2 2

—1 = |lel* = *lleol|* + 2ts(eo - @) + s*a||? = —1 + 52

Note also that # = cosh A and s = sinh A for some real number A. Therefore, e =

y (™). |
We present a two-dimensional version of Proposition 5.28.

Corollary 5.36. cosh (dip2(e1, €2)) = —ey - €3 forany ey, e> € U

Proof. According to Lemma 5.35, there is a parameterized curve

y(t) = ey cosht + « sinht

for some « with ||||> = 1 and e; - @ = 0 such that y (a) = e, for some a € R.

dy @) |?
H r(® ‘ = cosh?t — sinh?¢ = 1.
dt
Hence,
a
[|dv@® |
dip(er, e2) = dt =a.
UZ( 1, €2) / H dt
0
Note that
e1-ey=e1-y(a) =ep - (egcosha + o sinha) = —cosha.

Therefore,

cosh (dUz (eq, ez)) = cosha = —eq - e3.

Compare it with the formula for the case of S? and R>:

cos (dg2 (p1. p2)) = p1- p2

T3]

for any pi, pp € S?, where the inner product is the ordinary one for the

Euclidean space R3.
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The formula for the U?-distance in Corollary 5.36 is simpler and easier to use
than that for H2-distance (Exercise 4.4). This is one of the advantages that are
enjoyed when one uses U? for a model of hyperbolic geometry. One can use the
formula in Corollary 5.36 in deducing a formula for the distance in D? as follows:

Note that

( );—1 2x 2y 14 x2 42
X, [ —d N 5
' =7+ T= 07 +3) T 67 +)?)
or

¢ ( 2p 1+||p||2) 1 ( 2

pr— , = 2,1+ 1pI?).
L—pI2 1—1pI2) ~ 1—lpl?

Hence,

cosh(dp2 (p1, p2)) = cosh(dy (2~ (p1), 1 (p2)))
=~ p -7 (p2)

1
=— @p1-p2—A+Ip1IH A+ p2l*)
(I—1lp1 1> A —lIp2l1?)
=1- 21 ~@p1-pa—=2pil* =2l 21
(1= Ip DA = 1Ip2l?)
2lp1 — pall?

(= pHA = p2l?)

2(d(p1, p2))?
(1= 1pi DA = [Ip2l»)’

ie.,

2(d(p1, p2))?

h(d , =1+ ’
cosh(dp2(p1, p2)) A= p1HA = I p2l1?)

A map ¢ € O(2, 1) is called orthochronous if it maps U2 onto U2, and we denote
the set of these maps by O (2, 1).

Proposition 5.37. The restriction
Pl : U? — U2

of an element ¢ of O (2, 1) is an isometry of U?.

Proof. Tt is not difficult to prove that a map from R>! to R>!, fixing the origin, is
an isometry of R%! if and only if it preserves the Minkowski inner product (regard
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events as elements of R%! in the proof of Theorem 5.3). For any events e, e € U2,
according to Corollary 5.36,

coshdpp (¢ (e1), p(e2)) = —¢(e1) - p(e2) = —ey - e2 = coshdyn ey, e2),

which implies that dy2 (¢ (e1), ¢ (e2)) = dype (e, e2). |
For two distinct events e1, e; € R>!, we can define a plane P,, ., in R*! as in
RLL:
Pey e, :={e € R [ d"(e1, e) = d"(e2, 0))}.
Note that

Pooy={e eR*' | (e—u) - v =0}, (5.4)

where u = %(el +ep)and v = %(el — e7) (Exercise 5.2). Furthermore, if ¢; — e is
not lightlike, we define the relativistic reflection rp, , in the plane P, ., as follows:

2(e —u)-v

Pan®@ =T TR

It can be readily shown that the relativistic reflection is an isometry of R>!
(Theorem 5.5) and that every translation can be expressed as a composition of two
(for the non-lightlike direction, Theorem 5.8) or four (for the lightlike direction,
Theorem 5.9) relativistic reflections, as shown in Section 5.2—just regard events as
elements of R%! in the proofs.

Lemma 5.38. For two distinct events a, 8 € U?, consider a U%-line
Lop = 1{e € U? | dip(e, @) = dip(e, B)).
Then
Log = PypnU%

Furthermore, the event a — B is not lightlike. Hence, the relativistic reflection rp, ,
of R>! in the plane P, g is defined.

Proof. Foreache € Ly,
(@, ¢) = lla —e|®

2 2
= [leel|” = 20 - e + [ e]

=-2—-20-¢
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= —2+ 2cosh (dp(a, e)) (.- Corollary 5.36)
= —2+2cosh (d2(B, e))

=-2-2B-¢ (.- Corollary 5.36)
= 1BI° = 2¢(@) - e + lle|®

=B —el?

=d" (B, e).

Hence, e € Py gandso Ly g C Py . By Theorem 5.34, Ly g = Py g N L0

lee = BI* = llall® = 200 - B + 1111
=-2-20-8
= —2 4+ 2cosh (dU2 (a, ,3)) (. Corollary 5.36)
#0. (. dip (e, B) #0)
Hence, the event ¢ — f is not lightlike and so the relativistic reflection 7p in P =
Py g is defined. |

An isometry ¢ of U? is called a reflection if the corresponding isometry ¢ ! oo
of D? is an inversion in a D*-line. In the following theorem, it is proved that a
reflection of U? is the restriction to U2 of a relativistic reflection in a plane that
passes through the origin in R?!. This property was discussed for the case of R
and S? in Section 2.2.

Theorem 5.39. An isometry ¢ of U? is a reflection in a U?-line L if and only if
¢(e) =rp(e)

for each event e € U?, where P is the plane in R>' through the origin such that
PN =L

Proof. By Theorem 5.34, L = U? N P for some plane P through the origin. By
Lemma 5.8, the relativistic reflection 7p in the plane P is defined.
Let ¢ be the reflection of U? in a U?-line L. If e € L, then e € P and so

¢p(e) =e=rp(e).
If an event e € U? does not lie on L, then e # ¢ (¢) and
L = L€,¢(€)'

By Lemma 5.8,
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Lege) = Pe,gp(er N U,

Hence, P = P, 4() and so7p(e) = ¢ (e).
Conversely, assume that an isometry ¢ of U? satisfies

¢(e) =7p(e)
foreache € U%. If e € L, then e € P and so
pe) =rple) =e.

Ife ¢ L,thene ¢ P and so rp(e) # e. Hence, P = P, 7,(,) and, by Lemma 5.8,
L= Lejpe)-

¢(e) =rp(e) =rp(e).

Therefore, ¢ is the reflection of U?in L. O

Since U? and D? are isometric, every isometry of U? is a composition of at most
three reflections.
If a plane P contains the origin, then we can let # = 0 in (5.4) (Exercise 5.2),

P:{eeR1’1|e~v=O}=vL.

We are interested in the case that P meets with U? along a U?-line. Hence, assume
that P N U? # @ and choose an event « € P N T2,

a-v=0, af?>=-1.
By Lemma 5.30, ||v||2 > 0. Thus, we can assume that ||v||2 = 1 and then
rp(e) =e —2(e- v)v.

The following is a higher-dimensional version of Theorem 5.29 and very similar
to Theorem 2.18.

Theorem 5.40. The map
¥ :0t(2,1) = Iso(U?)

defined by the restriction is bijective.

Proof. In this proof, we assume some knowledge of linear algebra. We will build
an inverse map of the map in the statement. For each isometry ¢ of U?, we must
find a map ¥ from O (2, 1) whose restriction to U? is ¢. Let
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e1 =(0,0,1), e2=(1,0,v2), e3=(0,1,v2),
which are elements of U2. Let elf = ¢ (e;). According to Corollary 5.36,
¢ (ei) - p(ej) = —coshdy(d(e;), p(ej)) = —coshdyp(e;,ej) =e; - ¢;
for each i, j. Note that any event ¢ € R>! can be expressed as
e =ajel +azey + azes

with coefficients ay, az, a3 € R and those coefficients are unique. We define a linear
map ¢ : R>! — R>! as follows:

aje; + azer + azez — a1p(e) +axp(e2) + azp(e3),
where a; € R. We can denote

aje] + axez + azes

by
Z aie;.
Then
v (Zam) =D _aen).
Hence, | |

v <Zaiei) Y ijej = Zai¢(ei) ~ ij¢(ej)
i j i j

= aibj (d(e) - p(e)))
i,J

=Za,~bj(el- ~ej)
i,J

=Za,~ei 'ijej.
i J

Therefore, ¢ preserves the Minkowski inner product, and accordingly, it is an
isometry of R>1.



5.8 Isometries of R%! 181

Note that e; € U? and ¥ (e1) = ¢(e1) € U2 Hence, e; € U? N ¢ (U?) and so
UZNy (U?%) + @. Using the result from Exercise 5.30, we conclude that ¢ (U?%) =12
andsoy € OT(2, 1).

Fore, ¢ € U?,

dip (W (e), ¥(e)) = cosh™ (= (e) - ¥r(e')) (.- Corollary 5.36x)
= cosh™!(—e-¢)

=dn(e, ) (.- Corollary 5.36).

So ¥ |y2 1s an isometry of U?. Since there are no planes in R>! that contain all the
points eq, e2, e3 and the origin, there are no U?-lines that pass through all the points
e1, ez, and e3. Note that Y (e;) = ¢ (e;) fori = 1, 2, 3. By Theorem 4.19,

Vip: = ¢,

where we note that H?> and U? are isometric with each other. For a given isometry
¢ of U?, we have built an isometry v in O (2, 1) such that ¥ (/) = ¢. Hence, the
map ¥ is bijective. O

By Theorem 5.39, now it is clear that a relativistic reflection in O (2, 1) corresponds
to a reflection of U? via the map ¥ in Theorem 5.40.

Theorem 5.41. An isometry of R>! is a composition of at most eight relativistic
reflections.

Proof (Sketch). Let ¢ be an isometry of R>1, Suppose that ¢ € OT(2, 1). Then,
from the proof of Theorem 5.40, we can show that ¢ |2 is an isometry of U2, which
is a composition of at most three reflections. This implies that ¢ is a composition
of at most three relativistic reflections. If ¢ € O(2,1) but ¢ ¢ OT(2, 1), then
¢ (e) ¢ U? for some e € UZ. Since (7 o ¢)(e) € U2,

(7 0 p)(U*) NU? £ 4,

where 7 is the relativistic reflection in the xy-plane. Using the result from Exer-
cise 5.30, we conclude that

(F 0 ) (U?) = U?,
and that 7 o ¢ lies in O™ (2, 1); thus, it is a composition of at most three relativistic
reflections. Therefore, ¢ is a composition of at most four relativistic reflections in

this case. If ¢ ¢ O(2, 1), then

fwo¢ € 02, 1),
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where « = —¢(0). Note that 7, o ¢ is a composition of at most four relativistic
reflections and that the translation #, is a composition of two or four relativistic
reflections. Therefore, ¢ is a composition of at most eight relativistic reflections in
the most general case. O

It is known that an isometry of R%! can be expressed as a composition of at most
four (not five!) relativistic reflections.

Corollary 5.42. An isometry of R>! is a composition of relativistic reflections.

Using this corollary, one can show that an isometry of R>! can be expressed with a
matrix multiplication and addition by an event, as in Corollary 5.23.

Exercises

5.30. Suppose that the set ¢ (U?) N U? is non-empty for a map ¢ € O(2, 1). Prove
that ¢» maps U? onto U?.

5.31. Let e; and e; be timelike events in R%!. Show that
2 2 2
(e1-€)” = lletl”lle2ll

with equality if and only if e; = Lep for some real number A.

5.32. Two U?-lines are said to intersect orthogonally with each other if the two
corresponding D?-lines on D? intersect orthogonally with each other.

For two U?-lines L = e~ NTU? and M = B+ NTU?, show that the U>-lines L and
M intersect orthogonally with each other if and only if

a-p=0.

(Hint. Let ¢ be the reflection of U? in the U?-line L. Then the U2-line M intersect
orthogonally with L if and only if (M) = M and L # M.)



Chapter 6 )
Geometry of Special Relativity e

“The views of space and time which |
wish to lay before you have sprung
from the soil of experimental physics,
and therein lies their strength. They
are radical. Henceforth space by itself,
and time by itself, are doomed to fade
away into mere shadows, and only a
kind of union of the two will preserve
an independent reality.”

Hermann Minkowski (1864-1909)

“In all affairs it’s a healthy thing now
and then to hang a question mark on
the things you have long taken for
granted.”

Bertrand Russell (1872-1970)

6.1 R33! and the Special Relativity of Einstein

Spacetime is the arena in which all physical events take place, i.e., an event is a point
in spacetime specified by its position and time. The basic elements of spacetime are
events. In spacetime, an event is a unique position (x, y, z) with a unique time ¢.
Thus, it is specified by quadruples of real numbers, i.e., (x, y, z, t). For example, in
the year 2014, an exploding star (supernova) was spotted, later named SN 2014J, in
a nearby galaxy, which is at a distance of approximately 12 million light years. This
explosion is an example of an event, wherein its position and time are described
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from our point of view, i.e., the viewpoint of the human beings on Earth. We can set
Earth as the origin of a coordinate system of spacetime and assign the coordinates
(x,y,z,1).

Spacetime itself can be viewed as the set of all events in the same way that the
Euclidean plane is the set of all of its points. Hence, it can be identified with the set
R*. The trajectories of elementary point particles such as electrons through space
and time are thus a continuum of events that may be regarded as a “curve” in R?.
The trajectory of a compound object (consisting of a huge number of elementary
point particles) is a union of many curves twisted together by virtue of interactions
between the particles in it through spacetime.

Physicists use the term “observer” as a synonym for a specific reference frame
from which a set of events is being recorded. Referring to an observer in special
relativity is not specifically considering an individual creature who is witnessing
events, but rather, it is a particular coordinate system by which events are to be
assigned coordinates. The effects of special relativity occur regardless of whether
there is a human being within the inertial reference frame to observe them.

For an observer O, the set of events has a one-to-one correspondence to R* by
specifying each event by quadruples of real numbers (x, y, z, t). If there is another
observer O, she may record each event in her own way. In the example of the
supernova SN 2014J above, imagine that there are other creatures in the center of
the Andromeda Galaxy, which is a spiral galaxy approximately 2.5 million light-
years (2.4 x 1019 km) from Earth, moving at 300 kilometers per second in the
direction of the earth. They also observed the explosion, and they would record it
from their point of view, assigning it the coordinates (x', y’, 7/, t’).

The transformations in coordinates of all events between these two observers O
and O’ can be expressed by a map ¢ : R* — R* (x,y,z,1) — ',y 7. 1).
Before Einstein and his contemporaries, the common belief was that the spatial
distance and the time interval are independently invariant under this transformation:

\/(X1 —x2)% + (1 = y2)? + (21 — 22)?

= Ol =2 O = @~ ()
n—n=t—t. (6.2)

In the nineteenth century, this belief started to lose ground. In classical electro-
magnetism, the electromagnetic field obeys a set of equations known as Maxwell’s
equations. It was noted that light is a fluctuating wave of electromagnetic fields.
According to Maxwell’s equations, the speed of light is a universal constant (=
3.00 x 10 m/s), independent of the observers. However, (6.1) and (6.2) (and some
intuition) imply that the speed must vary with respect to the observers unless it is
infinite.

One suggested solution to this contradiction was to assume the existence of
a luminiferous background substance (called “ether”) through which the light
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Fig. 6.1 Earth in the ether : 11T i1 RR % or %ol o1l e
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Fig. 6.2 Observers O and O’ in relative motion and a moving object (-

propagates. Just as waves on the surface of water must have a supporting substance,
a “medium,” to be propagated (in this case, water) and audible sound needs a
medium to transmit its wave motions (such as gas or liquid), light, which is an
electromagnetic wave, must also propagate in a medium, the so-called “luminiferous
ether.” Since light can be propagated through a vacuum, it was assumed that even a
vacuum must be filled with luminiferous ether.

The Earth orbits around the Sun at a speed of approximately 30 km/s. The Earth
is in motion, through the ocean of ether. According to this hypothesis, Earth and the
ether are in relative motion, which implies that there should be a so-called ether wind
(Figure 6.1). In experiments conducted by Michelson and Morley, it was shown that
such wind does not exist and that the speed of light is constant in fall and summer
and in any direction.

Einstein and his contemporaries suggested another relation, instead of (6.1)
and (6.2):

(x1 — x2)% 4+ (1 — y2)? + (21 — 22)* = (11 — 12)?
= =)+ O =P+ @ - = - (63)

where c is the speed of light.
Choosing a new unit for time by letting T = ct, (6.3) becomes

(1 — x4+ (31— 3)* + (21— 2)* — (11 — 0)?

= (] — x5+ O] — ¥ + (2] — ) — (1] — )~
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Note that the speed of light is 1 in this time scale. Thus, the transformations
of special relativity are isometries that preserve the Lorentz—Minkowski distance,
defined as follows:

d"er, e2) = (x1 —x2)* + (1 — »)* + (21 — 22)* — (11 — ©)?

for e; = (x1,y1,21,71) and e2 = (x2, y2, 22, 72). Hence, we denote spacetime
by R*!. The physical theory resulting from (6.3) is called the theory of special
relativity. Some consequences of (6.3) are the following:

1. Two events happening in two different locations that occur simultaneously for an
observer may occur non-simultaneously for another observer (lack of absolute
simultaneity). See Theorem 6.11.

2. The time lapse between two events is not independent of the observers and is
dependent on the relative speeds of the observers. (The twin paradox describes
a twin who departs from the Earth in a spaceship traveling near the speed of
light and returns to find that his or her twin sibling has gotten much older.) See
Theorem 6.16.

3. The dimensions (e.g., length) of an object measured by an observer may not be
the same as those measured by another observer. (The ladder paradox involves a
ladder, which is longer than a garage at rest, moving near the speed of light and
being contained within the smaller garage.)

4. Speeds do not simply add. If the observer O measures an object () as moving
at speed u in the positive x-direction, then the observer O’, moving at speed v
in the negative x-direction with respect to O, will measure the object as moving
with speed

u+
1+

<

(6.4)

|:
e

C

See Section 6.5 for a derivation of this formula.

Exercises

6.1. LetR; = {x €e R| —1 < x < 1}. Motivated by (6.4), with the convention of
¢ = 1, we define

u—+v
udv=
14+ uv
for u, v € Ry. Show that
1.
udvelR

foru,v € Ry.
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uUBVOW=ud (vdw)

foru, v, w € R;.
3.

o _ (D ==
UOUD - O U= ey
n times
for a positive integer n and u € R;.

6.2. Forr e Rand u € Ry, let

_ A" = A=)
(L July =+ (1= )" Jul

r®u

For any r, 7’ € R and u, v € Ry, show that

1. r ® u = tanh (r tanh ™! (u)).

2. r @ u belongs to R;.

3. G+ Qu=0Qu) @& Qu).
L Qu=rQ® ' Qu).
r@udv)=rQu® ).

% The operations & and ® form the so-called Gyrogroups, which can be used to
describe hyperbolic geometry in a different way.

TN

6.2 Causality

Let us consider four-dimensional space with the Minkowski inner product
ejrex=x1x2+y1y2+2122 — U

for events ¢; = (x;,yi,2i,Ti) € R*. Then, the Lorentz—Minkowski distance
dH(el , €2) is defined as follows:

1 2
d (e1,e2) = |leg —ex||” = (e1 — e2) - (e1 — e2),

and we denote the set R* with the Lorentz—Minkowski distance by R>! and call
it four-dimensional Lorentz—Minkowski space, which is a mathematical model of
spacetime. A bijective map ¢ : R3! — R>! is called an isometry of R>! if it
preserves the Lorentz—Minkowski distance. We denote the set of all such isometries
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by Iso(R>!) and the set of all isometries fixing the origin 0 by O(3, 1). All other
notations can be similarly defined.

Recall that we are assuming that a curve is described by a smooth, regular
parametrization. A parametrization y (t) = (x(¢), y(t), z(¢), T(¢)) is called smooth
if all the functions x(¢), y(¢), z(¢), and 7 (¢) of ¢ have derivatives of all finite orders,
and it is called regular if

dy (1)
dt

£0

for any 7. A parametrization is always assumed to be smooth and regular.

For an object (approximated as a point in space, e.g., a particle or an observer),
one can consider a curve composed of spacetime events that correspond to the
history of the object. Each point of this curve is an event that can be labeled with
a spatial position and the time of the object. We call this curve the worldline of
the object. For example, the orbit of the Earth in the solar system is approximately
a circle, a three-dimensional closed curve in space (Figure 6.3): the Earth returns
every year to the same position in space. However, it comes back there at a different
time. The worldline of the Earth is actually helical in spacetime (Figure 6.4) and
does not return to the same point in the spacetime.

Roughly speaking, physics is the study of the worldlines of objects—how they
look and how they can be determined. Before we proceed to the study of worldlines,

Fig. 6.3 Motion of the Earth Yy

in space space

Fig. 6.4 Worldline of the time
Earth in spacetime

z space
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Fig. 6.5 Cause ¢; and effect e

we need to consider an important physical concept, causality. Causality is the
relationship between causes and effects. An effect cannot occur before its cause.

Referring to Figure 6.5, let e; = (x1, y1, 21, T1) be the event of the bullet being
fired and ey = (x2, y2, 22, T2) be the event of the bullet hitting the target. Since
ey is an effect and e is its cause, the time relation should be 71 < 2. Suppose
that these events are recorded as ¢] = (x],y|,2}, 7)) and ¢, = (x}, ¥}, 25, 7))
by another observer. We still should have 71/ < 12’. In the previous section, we
saw that simultaneity is not an absolute concept in relativity. Hence, comparing
the time coordinates is not sufficient to address causality (see Exercise 6.7). For
e=(x,y,2,7) € R3!, the event e is said to be future-directed (past-directed) if
T > 0 (r < 0). We now can define a causality relation between events.

Definition 6.1. For two events e1, e; € R3!, ¢; is said to causally precede ej if
ey — e is neither past-directed nor spacelike, i.e.,

-1 >0and (xj —x2)> 4+ (1 —y2)? + (@1 —22)° — (11 —w)* <0

for e; = (x;, yi, zi, Ti), denoted as e < e3.
It is a simple but useful fact that
e1<ep s 0<er—ey.
Note that e; £ e» does not imply e» < e1. Two events e; and e, are said to be

causally related if e; < ey or ey < e and causally unrelated otherwise. If two
events ej, ey are causally unrelated, then

11 — o < \/(xl —x2)? + (1 —y2)? + (21 — 22)%,

i.e., the spatial distance between e and e is greater than the time distance between
them. One can say that they are too far from each other to be causally related within
the given time elapse |71 — 13|.

The causality relation is transitive. To prove this, we need a lemma.

Lemma 6.2. For two events ey, e3,

0<el+e
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0<erand0 < e.

Proof. First note that e + e is not past-directed. Therefore, we must show that
ller + e2])* < 0.
Let e; = (x;, yi, zi, ;) fori = 1, 2. Then, the given condition implies that
T > Oandxiz—i—yi2 —i—ziz < r,-z.

Recall the Cauchy—Schwartz inequality,

x1x2+ y1y2 + 2122 < JxF 4+ y7 + z%/xg +y3 +25.

Hence,
ej-ex=x1x2+y1y2+z2122 — T2
=< \/x% +yf +z%\/x§ +y§ +z% — T2
ST —-1Un
=0.
Finally,

2 2 2 2 2
ller + e2ll” = lle1]|” + lleall” 4 2e1 - €2 < [ler|I” + [le2] < 0.

O

Theorem 6.3. The causality relation < is transitive, i.e., if e; < ez and ex < e3,
then ey < e3.

Proof. Note that
0<ex—e,0<e3—en.

According to Lemma 6.2,
e3—el = (e3—e)+(e2—e1) >0,

which means that e; < e3. O
The causality relation is a partial order, satisfying:

* Reflexivity: e] < e
e Antisymmetry: e; < e2,e2 < e] = e] =€)
* Transitivity: e; < €2, €2 < €3 = e] < e3.
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The reflexivity is obvious and the transitivity is showed in the previous theorem. For
the antisymmetry, assume that

e] < ey, ey <el
for e; = (x;, yi, zi, Ti). Since neither ey — e nor ey — e is past-directed,
T1=T), 2711,
which implies t; = 12. The event e; — e is not spacelike. Hence,
0= llez —er]?
= (1 — )+ (1 — )’ + @ — )’ — (11 — )’
= (x1 —x2)> + (1 — 2> + (21 — 22)°
and so
(1 —x2)% + (v — y2)? + (21 —22)* = 0.
We conclude that
X1 =X2, Y1 =Y2, 21 =22
and accordingly e] = e3.
In general, an isometry does not need to preserve the causality relation. For

example, if ¢(x,y,z,7) = (x,y,z,—7), then ¢ is an isometry but does not
preserve the causality relation.

Definition 6.4. An isometry ¢ of R3! is said to be causal if it preserves the
causality relation, i.e., ¢ (e1) < ¢ (e2) for any two events eq, e3 € R31 withe; < es.

It is known that if an isometry ¢ of R3! is not causal, then it is causality-reversing,
ie. ¢(e;) > ¢(er) for any e1, ex € R>! with e; < e> (see Corollary 6.8 for the
case of R1'1).

Example 6.1. A four-dimensional Lorentz boost is a causal isometry that is defined
as follows:

B, : R - R3!

Bi(x,y,z,1) =,y 2, 1),
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x’ = x cosh X + t sinh X,
Y=y,
7=z
v/ = xsinhA + 7 cosh A

for A € R. Suppose e] < ey with ¢; = (x;, yi, zi, T;) fori = 1,2. Then, 71 < 1,
and

ler — eall* = (x1 — x2)* + (v1 — y2)* + (21 — 22)* — (11 — )* <0,
which implies that
lx1 — x2] = v (x1 — x2)?

< Jor =+ 01— 92 + (1 — 220

< V(11 —)?

= |11 — 12|

=T —T].
Let
¢ = Bulen) = (< ¥} 2} 7).
It is easy to check that B, is an isometry of R3.1 (Proposition 6.10),
le — 511> = ller — e2* < 0.

Moreover,

7{ — 5 = x1 sinh A + 7 coshA — xp sinh A — 72 cosh A
= (x; — xp)sinh A + (11 — 12) cosh A
< |x1 — x2]| sinh A| + (t; — 2) cosh A
< (1o — 11)|sinh A| 4+ (71 — ) cosh A
= (1 — 71) (| sinh A| — cosh })
<0.

Hence, €| < ¢,. Therefore, By is a causal isometry.

It is also trivial to check that a translation 7, by an event @ € R¥! is a causal
isometry.
A causal isometry has the following properties which seem natural.
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Theorem 6.5.

a) A composition of two causal isometries is causal.
b) The inverse of a causal isometry is causal.

Proof.

a) Let ¢; and ¢, be causal isometries of R3!. Then,

e1 < e2 = ¢1(e1) < g1(e2) = Pa(g1(e1)) < h2(d1(e2)).

Therefore, the composition ¢; o ¢ is causal.
b) Let ¢ be a causal isometry of R>!. Suppose that ¢! is not causal. Then,

-1 -1
¢ (e1) Ao (e2)
for some events ¢;, e; € R>! with e; < e>. Since qb’l is also an isometry,

o~ (e2) —d (enlI> = d" (¢ (e2), o7 (e1))
=d"%es, e1)
= llez —e1?

<0.

Hence, ¢ ~'(e2) — ¢~ '(e1) is past-directed because otherwise, o e <
¢>’1(ez). Now gb’l(e 1) — ¢’1(e2) is future-directed, and therefore,

¢~ (e2) < 97 ().

Note that
¢~ (e2)) < (™" (1),
ie.,
e < ej.

Then, e; = e and hence, we have

¢~ en) = ¢ (e),
which implies

o (e1) < 97 (er).
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Now we have a contradiction and so ¢! is a causal isometry.
O

Mapping R>! by a causal isometry in geometry is equivalent to recording events
in the spacetime by another observer in physics. Hence, the physical saying

“An event (x, y, z, T) is recorded as (x’, y', z/, t/) by another observer.”

is equivalent to the geometrical saying

“An event (x, y, z, ) is mapped to (x’, y', z/, t/) by a causal isometry.”

Exercises

6.3. Suppose that e; < e and e3 < e4 for events ey, e, €3, and e4. Show that

a) e] +e3 <er+eq.
b) €] —e4 <€) — e3.

6.4. For v € R with |v| < 1, the map
L, :R¥ 5 R
defined by

Ly(x,y,z,7)=(x',y, 2, 1),

1

/

x' = X — V1),
17U2( )

r_

y =Y,

7=z

= —L (7 —vx),

A 1—02

is called a Lorentz transformation. Show that
L, =B,

for some A € R.

6.3 Causal Isometry

One can define the notion of causality for R!:! similarly. Using knowledge about
isometries of R!:! from Chapter 5, we will show numerous interesting facts about
casualty in R1:! and R>! in this section.
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Lemma 6.6. For any events ey, ey € RY with e) < e,

1. Tp(er) < Ty(er) if A = R(A) or A(X) for some A,
2. Ta(er) = Ta(er) if A= —R(\) or —A(X) for some A.

Proof. Lete; = (x;,7;) and e] = (x], /) = Ta(e;). Note that 7] < 7 and
(x1 —x2)* — (11 —©)* <0.
Hence,
lx1 —x2| <2 — 710
Since T4 is an isometry of R! for all the cases, we need to show that rl’ < Té if
A = R() or A(A) and 7{ > 1) if A = —R(X) or —A(%). These can be shown by

direct calculation. For example, if A = A(A), then

x" = —xcoshA + 7 sinh A,

7/ = —xsinh A + T cosh A.
Hence,

1:{ — 17y = —x1 sinh A + 7y cosh A 4 x2 sinh A — 72 cosh A

—(x1 — xp)sinh A + (11 — 1) cosh A

IA

|x1 — x2]| sinh A| 4+ (1 — 72) cosh A
< (1o — 11)| sinh A| 4 (71 — 12) cosh A
= (tp — 71) (| sinh A| — cosh })
<0
and so rl’ < ré. We leave as an exercise (Exercise 6.5) the calculation for the rest of
cases. O
The following theorem describes causal isometries of R!:! completely.

Theorem 6.7. An isometry of R"! is causal if and only if it has the form of
tq o T4,

where A = R(A) or A()) for some ) € R.

Proof. According to Corollary 5.23, an isometry ¢ of R"! has the form

$p=ty0Ty
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for some J-orthogonal matrix A and eventa € R'"!. By Lemma 5.21, A = +R(}) or
+A()) for some A € R. Note that the translation 7, is causal. As seen in Lemma 6.6,
T4 is causal only if A = R(A) or A(A). Hence, the proof is completed. O

An isometry of R"! is causal or causality-reversing as shown in the following
corollary.

Corollary 6.8. If an isometry ¢ of RV! is not causal, then ¢ (e1) > ¢ (e2) for any
e1,er € RV with e < es.

Proof. By Corollary 5.23 and Lemma 5.21, an isometry ¢ of R""! has the form
$p=tyoTa

forevent o € RI'! where A = +R(A) or 2A(X) for some A € R. By Theorem 6.7,
A = —R()) or —A(L). As seen in Lemma 6.6, Ta(e;) > Ta(ep) for events ey, e
with e < ej in this case. Therefore,

e1 < ey = Ty(er) > Ta(er)
= 1ty (Tale1)) > t4(Ta(ez))
= ¢(e1) > d(e).

The following lemma will be used in proving Theorem 6.11.

Lemma 6.9. If two events e1, ex € RV! are causally unrelated, there are causal
isometries 1, ¢o, and ¢z of RV such that

1. the event ¢1(e1) — ¢1(e2) is past-directed,
2. the events ¢y (e1) and ¢o(e2) have the same time coordinate,
3. the event ¢3(e1) — ¢3(e2) is future-directed.

Proof. Note that
ley = e2ll* > 0
and so e; — e is spacelike. Hence,
e1 — ey = a(cosh A, sinh A)
for some a, . € R with a # 0. By Theorem 6.7, the Lorentz boost
by = Trop
is a causal isometry. Note that

by (e1 — e2) = a(cosh(A + 1), sinh(A + 17)).
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We can find real numbers 71, 12, and n3 such that the numbers
asinh(A + 1), asinh(A 4+ 12), asinh(A + n3)
are negative, zero, positive, respectively.

Let¢; = by, ot_,, fori =1, 2, 3, then ¢y, ¢, and ¢35 are causal isometries. Note
that

di(e1) — ¢i(e2) = by, (e1 — e2) — by, (0)
= a(cosh(A + n;), sinh(A + 7n;)) — 0
= (acosh(A + n;), a sinh(A + 1;)).

Hence, the event ¢1 (e1) — ¢ (e2) is past-directed, the events ¢, (e1) and ¢, (e2) have

the same time coordinate and the event ¢3(e1) — ¢3(ep) is future-directed. |
For a map
w . Rl’l N Rl’l
defined by

Yx, 1) =(f(x, 1), 8(x, 1)),
define a map
¥ RY - R
by
V(x,y.2,7) = (f(x, 1), 5.2, 8(x, 1))

respectively, where f and g are some functions of x and 7. The map J is said to be
induced by the map ¢. Note that the isometry B; of R*! in Example 6.1 is induced
by the isometry b, of R"!. The following hold:

Proposition 6.10.

1. The map ¥ is an isometry of RV if and only if the map w is an isometry of R31.
2. The map  is a causal isometry of RY! if and only if the map w is a causal
isometry of R31.

Proof. Foranevente = (x,y,7,7) € R31, let
~_ 1,1
e=(x,71)eR"".

Then
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Vi) =v@.
First, assume that ¢ is an isometry of R!! For events ey, ey € R31 with
ei = (Xi, Yi, Zi, Ti),
we have
d"(y@). ¥ (@) = d"@.2).
Note also
d"(e1, e2) = |le1 — 2
=@ —x)? = (1 —1)*+ 01— ) + (@1 — 22)°
= |61 — &l + (01 — y2)* + (21 — 22)?

=d"@,e) + (1 — y»)* + (21 — )%
Hence,

N en), Fe) = d (e, T(e) + 1 — ) + (a1 — 227

=d (@), ¥(@)) + (1 — y2)* + (21 — 22)°
=d"@. ) + (y1 — y2)* + (21 — 22)°

=d"(e1, e2)

and so ¥ is an isometry of R31.
Second, assume that ¥ is an isometry of R31. Then, for any events e, ey € R31,

d"(Y(e1). ¥(e2)) = d" (1. e2).
i.e.,
d" (T, Te) + 01 =3+ (@1 —22)° = A @, 8+ (1 =12+ (21— 22)%
which implies

d" (Y @), ¥ (@) =d" @1, e).

Since we can choose ¢ and e; arbitrarily, we have shown that v is an isometry of
R
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Itis tri\Lial to chgck that the event {(e;) — ¥ (e2) is past-directed if and only if
the event ¥ (e1) — ¥ (ez) is past-directed. Hence, the second claim holds. |

For amap ¢ : R? — R3, define a map
¢ R* — R
by
$(x,y,2,7) = (p(x,y,2), ).

It is easy to see that ¢ is an isometry of R3 if and only if 5 is an isometry of R3!
(Exercise 6.6).

Theorem 6.11. Iftwo events e, e € R3! are causally unrelated, there are causal
isometries 1, ¢, and ¢z of R>! such that

1. the event ¢1(e1) — ¢1(e2) is past-directed,
2. the events ¢y (e1) and ¢o(e2) have the same time coordinate,
3. the event ¢3(e1) — ¢3(en) is future-directed.

Proof. Since the events e, e, are causally unrelated,
2
ller —e2||” > 0.
Lete; = (xi, yi, zi, ;) fori = 1,2 and
/
e, = I_e) (ei)»
ie,ej =e —eyande) =0. Let
ep = (X, y 2 1) = (1),
where @ = (x{, y{, z}). Note that
2 2 2 2
leell” = 7" = lley I* = ller — e2l|* > 0.
Let B = (]|, 0,0,) € R3.
If @ # B, consider a plane P = P, g in RR3. Then the plane P contains the origin
of R3, 7p(0g3) = Ogs and
rp(a) = B,
where O3 is the origin of R3. Note that 7p induces an isometry ?p of R31. Let

" =~
e; =rp(e;).
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Then e) =0

6/1/ = (fP(Ol), T]/) = (ﬂ’ T]/) = (||Ol||v Oa O? Tl/)

"o
Ifa;éﬂ,letei =e;.
Since
~2
2 2
el —ef| =l =1 >0,

‘

the events e/l’ , 6’2/ of RL1 are causally unrelated. According to Lemma 6.9, there are
causal isometries /1, ¥», and ¥3 of R such that the event

14 (2{) - Y1 (%)

is past-directed, the events v/, (e’{ ) and v, (e’z’ ) have the same time coordinate and

(@) -w(3)

the event

is future-directed.
Ifa # B, let

¢ =Vioipot,
fori =1,2,3. Ifa = B, let
¢i = Vi o fe,
fori =1,2,3.
Then ¢1, ¢, and ¢3 are causal isometries of R>!. Noting that
$i(e1) = gi(e2) = Pi(e]) — Vi(ey).
we have
Fen - ae =i (3) - i ()

Therefore, the event ¢1(e1) — ¢1(e2) is past-directed, the events ¢»(eq) and ¢»(e2)
have the same time coordinate and the event ¢3(e1) — ¢3(e2) is future-directed. O

Hence, if two events ej, e; are causally unrelated, then their time order is not
absolute—some observer may record that the event e; occurs before e, while some
other observer may record that the event e occurs after e;. Therefore, we conclude
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that two events e, e> should be causally related if one of them is a cause or an effect
of another.

Suppose that events e; and e, are causally related. The following theorem
guarantees that there is an observer for whom the two events e; and e, occupy
the same spatial position at different moments.

Theorem 6.12. Iftwo events e| and e> of R3 are causally related, there is a causal
isometry ¢ of R31 such that

¢(e1) =(0,0,0, 1), ¢(e1) =(0,0,0, 72)

for some 11, T2

Proof. We will use arguments similar to those in the proof of Theorem 6.11. Since
the events ey, ey are causally related,

ler — ex]|* < 0.
Lete; = (xi, i, zi, ;) fori = 1,2 and
e =1_¢, (),
then ¢}, = 0. Let
e’l = ('xi’ .Vi, Z/lv tl/) = (aa Tl’)a
where o = (x{, ¥, z}). Note that
2
el = 7{" = lley ) = ller — e2l|* < 0.
Let f = (e[|, 0,0,) € R.
If @ # B, consider a plane P = P, g in R3. Then the plane P contains the origin
of R?, 7p(0g3) = Ogs and
rp(a) = B,
where Op; is the origin of RR3. Note that 7p induces an isometry 7p of R¥! Let
e/ =rp(e).
Then ¢} = 0 and
u = /! /! /
ep = (Fp(e), 7)) = (B, 7)) = (I, 0,0, 7).

Ifa=8lete =¢ fori =1,2.
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Since

2
2 12
= lef” — 7" <0,

7
€]

(?1/ = (lall, ;) = a(sinh A, cosh 1)
for some a, A. Then
b_(€]) = a(sinh(x — 1), cosh(x — 1)) = (0, a)

(see Exercise 5.13).
Ifa # B, let

p=b_joipot_,,.
Ifa=8,let
d=b_y o0l q.
Then ¢ is a causal isometry of R!. Finally, we have
$(e1) = by(¢) = (0,0,0,a)
and

¢(e2) = b_1(0) =0 =(0,0,0,0).

Exercises

6.5. Complete the proof of Lemma 6.6.
6.6. Let ¢ : R? — R> be an isometry of R3. Show that the map

¢ R — R
defined as

(x,y,2,7) = (P(x, ,2), 7),

is an isometry of R>1.
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6.7. Consider events ¢ = 0, ex = (a, 0,0, b) witha > b > 0. Note that ey — e
is future-directed. Show that there is a four-dimensional Lorentz boost B, such that
B). (e2) — B).(ey) is past-directed.

6.8. Show that a causal orientation-preserving isometry of R!:! has the form of
ty o by.

for some o € R:! and some A € R.

6.4 Worldline

We now return to the discussion of the worldlines of objects in R*!. A sequence
of spacetime events on the worldline represents the history of the object, and these
events should thus be causally related to one another. A curve in R>! is called causal
if each pair of events on it is causally related. There are infinitely many ways of
parameterizing a worldline, but there is a natural condition, called “future-directed.”
A parameterized curve y () = (x(t), y(¢), z(t), T(t)) is said to be future-directed
(past-directed) if

dz(t) (dr(t)
>0
dt dt

<0, resp.)
for any .

Proposition 6.13. A parametrization of a causal curve is either future-directed or
past-directed.

Proof. Let

y(0) = (x(@), y(©), 2(1), T()) = (a (), (1))

be a parametrization of a causal curve, where o (t) = (x(¢), y(t), z(¢)) € R3.
Suppose that

dz (1)
dt

1=ty

for some #y. Note that a parametrization is assumed to be regular. Hence,

dy (1)
dt

0,

t=ty
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da(t)
dt

3

#(0,0,0),

. <dx(t) dy(t) dz(t))
=\ dt T odtdt

=ty

and therefore,

da(t) |?
dt

((xON | (D, (dz))
,=t0_<< i ) +< i > +< i )

Hence, at least one of

t=toy

dx(1) dy(t) dz(t)
dt t=tgy ’ dt t=tqy 7 dt t=ty
is non-zero, say
dx(t
x(t) £0.
dt t=ty

By continuity, there is some positive number € > 0 such that

dx(t) a dt(t) a
> —, < —
dt 2 dt 2
for any ¢ € [ty — €, ty + €], where
dx(t
= x(®) > 0.
dt =1y

By the mean value theorem,

x(to + €) — x(tp) _ dx(t) T(tg + €) — t(tp) _ dt(t)

€ dr |’ € dt |i—,
for some ¢y, ¢ € [19, to + €]. Hence,
2 2 2 d-x(t) 2a2
la(to +€) —a@) ™ =[x +¢€) —x(to)|” =€ | —— € —
dar |,_ 4

and

dt(t)
dt

(t(to + €) — T(1))? = €* <
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Note that y (fp + €) and y (fp) are causally related. Therefore,

ly (to 4+ €) — v (t)|I* < 0.

However,
2 2 2 20 d?
ly to+€)—y () [I” = lla(to+€)—a ()" —(r(fo+€)—T(10))” > € T = 0,
which is a contradiction. Therefore,
dt (1)
0
dt 7
for any ¢. Therefore, by continuity,
dr(t)
dt
is always positive or negative, which implies the statement in the theorem. O

The following theorem characterizes the causality of curves.
Theorem 6.14. A parameterized curve y is causal if and only if

dy (1)
dt

is not spacelike.

Proof. First, assume that the curve y is causal. Then, the events y (¢ + At) and y (¢)
are causally related for any ¢ and A¢. Therefore,

ly(t+ A0 —y®I* <0

and
dyn | _ ye+An—y|® _ L Ive+an -yl _
dt At—0 At At—0 |At|? -
Therefore, d}:lgt) is not spacelike.
Conversely, assume d’:ly) is not spacelike, i.e.,
dy(®) |
— =<0 6.5
e =

for any 7. Let y (t) = (x(¢), T(¢)). If
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dr(t)
=0
dt
for some ¢, then
2 2 2 2
0> dy(t) _ do(t) B dt(t) _ do(t) >0
- dt dt dt dt -
Therefore,
da()|>
dt B
and
d
y@ _ 0.
dt

which is contradictory to the regularity of . Hence,

dz(t)
dt

#0
for any ¢. Therefore, by continuity,

dt(t)
dt

is always positive or negative. Suppose that the curve y is not causal; then, there are
some a and b (a < b) such that y (a) and y (b) are not causally related. Then,

ly @ —y®)I* > 0. (6.6)

Note that «(¢) is a parameterized curve in R3 and
b
/

is the Euclidean length of the curve from ¢ = a to t+ = b. Hence, the length should
be greater than or equal to the Euclidean distance between «(a) and o (b):

r

However, (6.5) implies that

do(t)
dt

‘dl

da(t)
dt

‘dr > |la(a) —a(b)].
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H da(n) |* ‘dr(t) 2 0.
dt dt -
ie.,

H da(t) ‘ - ‘dr(t) |

dt — | dt
Hence,
b b b

la(@)—a(B)| sf d‘;‘li’) H dtf/ dr(®) dt:/ ?dr — e )=t (@),

where we used the fact that % is always positive or negative. Then,

0 < lly(@) — y®)II* = la(a) — a®)|* — (x(b) — t(a))* <0,

which is a contradiction. Therefore, the curve y is causal. m]

According to Proposition 6.13 and Theorem 6.14, every worldline has a future-
directed parametrization that is not spacelike.
A line [ in R>! is a subset

l={a+1t8]|teR}

of R3!, where «, B are some events in R>! with 8 # 0. The line [ is said to be
timelike (spacelike, resp.) if [|8]|> < 0 (||8]I*> > 0, resp.). If |B]|*> = 0, then it is
called a lightline.

Each observer has her own coordinate system of the spacetime. Hence, for
an observer, there is a corresponding coordinate system of the spacetime, which
physicists often call a reference frame. An observer is supposed to record her
position as the spatial origin of her own coordinate system. In other words, the
worldline of the observer is recorded as (0, 0, 0, ) in her coordinate system for any
t because she regards her position the center of spatial space R> as we often put the
Earth as the center when we observe our universe

Note that mapping R>! by a causal isometry is equivalent to recording the
spacetime by an observer—for an observer, there is a causal isometry. Therefore,
if a curve y (¢) is the worldline of an observer, then

¢y (1)) =(0,0,0,1)

i.e.,

y(®) =¢"'0,0,0,1)
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for any 7, where ¢ is a causal isometry ¢ of R>!, corresponding to the observer.
The following holds in general.

Theorem 6.15. A curve is the worldline of an observer if and only if it is a timelike
line.

Proof. We give a proof for the case of R'"! and refer to [17] for the general
case. Let y(r) be the worldline of an observer, then y (1) = ¢~'(0, t) for some
causal isometry of R"!. Note that ¢! is also a causal isometry. According to
Corollary 5.23,¢ has the form

' =1,0Ty

for some J-orthogonal matrix A and event o € R"!. Let

ab
A= ,
then ¢ — d? = —1. Let B = (¢, d), then ||8]|> = —1 and so B is a timelike event.

y() =¢7'(0.1) = (ta 0 Ta)(0. 1) = & + 1,

which is a parametrization for a timelike line.
Conversely, let

l={a+1t8]|teR}
be a timelike line. Then 8 = (c, d) is a timelike event. We can assume that
B = (sinh A, cosh })

for some A € R by replacing B by aff for some a € Rif necessary. Let¢p = b_jor_,
then ¢ is a causal isometry. Note that

(1571 =ty 0Dby.
Hence, the worldline of the observer, corresponding to the causal isometry ¢, is

y () = ¢ 10,1) = (ty 0 b3)(0,1) = a + 1B,

which is a parametrization of the line /. O

A timelike line describes a motion of constant velocity (see Definition 6.17 for
an official definition of the velocity). The fact that any timelike line can be the
worldline of an observer is closely related with the following physical principle of
relativity.
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“The laws of physics are identical in every inertial frame of reference (i.e., every non-
accelerating frame of reference)”

For a timelike line /, there is an observer whose worldline is the line. Let eq, ey €
L. Note that

¢~ (e1) = (0,0,0,71), ¢ (e2) = (0,0,0, )

for some 71, 72, where ¢ is the causal isometry corresponding to the observer.
Suppose that the observer is carrying a clock. The two events ej, e» occur at 71, 12,
respectively, according to the clock. Hence, the elapsed time on the clock of the
observer between the event ¢ and the event e; is

T2 — 71l
Note that
—(m =)’ =o' (e2) — ¢ (eD)|?
=d" (@7 (e2). o7 (e1))
=d"(es, e1)
= [lez — e1]|*.
Since

2
lez —erll” <0,

|2 — 11l =/~ llex —ex . (6.7)

Let y(¢) (a <t < b) be the worldline of a traveler (not necessarily an observer)
who is carrying a clock. Note that the traveler may accelerate during her journey and
the worldline may not be a line. We want to find out the elapse of time from y (a)
to y (b) the clock records. Let us approximate the curve y (¢) by a series of timelike
line segments (Figure 6.6) as

a=ty<th <---<t, =b.

For each line segment, the time elapse is given by

=y =y

as in (6.7). Hence, the elapse of time from an event y (a) to an event y (b) can be
found by taking the limit:
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Fig. 6.6 Approximation of a T
curve by line segments

Tim S~y —y oI
i=0

For simplicity, assume that

a
ti =a-+ I =a-+iAt,

where Ar = b;“ . Then

I
5

2
a

Tim 3y -y ool = tim Y /- H Y = vii-n)
i=0 i=0

b 2
[ |ld
a dt

Note that it is the relativistic length g (y) of the curve y, which is defined in
Section 5.6. It is invariant under isometries (Theorem 5.27) and reparametrizations
(Exercise 5.27)". It is called the proper time along the worldline between those two
events. The following theorem addresses the twin paradox.

Theorem 6.16. Let y (t) be a worldline such that y(t1) = ey, y(t2) = ea for two
events ey, ey. then elapsed proper time along the worldline between e, ey satisfies
the inequality

't was showed for R!! but the same argument also applies to the case of R*!.
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15 d 2
f,h”%”ms¢4q—@w
1

where the equality holds if and only if the worldline is a line segment between e, e;.

Proof. Let [ be a line through the events ej, eo. Then [ is a timelike line and, by
Theorem 6.15, there is an observer whose worldline is the line [. Let ¢ be the
corresponding causal isometry. Then qb’l(el) = (0, 77) and ¢’1(e2) = (0, ).
Note that

Ir(y) = IR~ (1)),

where the length is measured between t = t1, t = fp. Let

¢~ (y (@) = (x (@), y(0), 2(0), T(1)).

Then, x(¢) = 0, y(¢) = 0 for any ¢ and so

Ir(y) =R (¥)
1) d¢_ 2
Z[ _H dr
2 2 2
/ \/ dx(t) (dy(t)) _(dz(t)) +<dr(t)> .,
dt dt dt

n
5/ dz (1) s
n | odt
2 dr(t
= / 14 )dt‘ (. Proposition 6.13)
y o dt
= — 1l
=+ —lle1 — ezl (. (6.7)

dr(t) _

The equality holds if and only if = dr(t)

= 0 for any 7. Note that = 0 for any ¢ if
and only if ¢~ (y) is a line, which implies the claim in the theorem. O

Hence, the clock, carried by an accelerated traveler, appears to run more slow than
that of a non-accelerating traveler. This phenomenon is called the time-dilation. The
time-dilation is very well-confirmed by many experiments in numerous situations.
This effect should be carefully taken into account in correcting the time in global
positioning system (GPS), in order to keep the system to work reliably.



212 6 Geometry of Special Relativity
Exercises

6.9. A traveler on a spaceship takes a journey to a remote star. The spaceship
uniformly accelerates at a until it reaches the midpoint of the journey and its
worldline of the traveler is

1
y(t) = —(cosht — 1,0, 0, sinh ¢),
a

where y(0) = 0 represents the launching event of the spaceship. Note that this
parametrization of the worldline is made from the viewpoint of people on the Earth.
Let d be the spatial distance between the Earth and the star.

1. Suppose that the traveler reaches the midpoint of her journey to the star when
t = to. Let T be the proper time elapse of the traveler between t = 0, t = 1, and
T’ be time elapse of people on Earth between t = 0, r = 1y. Express T, T, and
to in terms of @ and d.

2. We want the spaceship to accelerate at a comfortable rate that has the effect of
mimicking weights of its crews on Earth. Assume that the spaceship accelerates
at g, which is the gravitational acceleration on the surface of the Earth, so that
its crew experiences the equivalent of a gravitational field with the same strength
as that on Earth. The spaceship starts to decelerate at g just after it reaches the
midpoint of the journey and eventually stops at the position of the star. It will
take twice as long in terms of proper time 7 for the spaceship to arrive at the
destination. Suppose that the spaceship returns to the Earth in the same way. Then
the total proper time elapse of the traveler during her journey is 47 . Suppose that
the traveler starts her journey at her tenth birthday, which is January 2nd, 2021.
She will come back to the Earth exactly when her age reaches 46, which is her
father’s age when she starts the journey. How many years pass on Earth when she
comes back? Find out the distance d between the Earth and the star.

Use the light-year for the unit for the distance and the year for the unit for time.
g is approximately 1.03 light-year/year.

6.5 Kinetics in R31

We define a fundamental physical notion for a worldline.

Definition 6.17. Let I" be the worldline of an object and e be an event on I". Let
y(t) = (x(@), y(t), z(t), T(t)) = (a(t), t(¢)) be a future-directed parametrization
of I with y (tg) = e. The three-dimensional vector

1 da()
= o
0

t=ty
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is called the velocity of the object at e, and its Euclidean norm

d
142

= —r

dt t=ty

is called the speed of the object at e.

It is not difficult to see that the velocity and thus the speed do not depend on
parametrization (Exercise 6.11).

Let us derive the formula (6.4) of the addition of speeds. In Figure 6.2,
the observer O records events with coordinates (x, y, z, ) and another observer
O’, moving with speed v relative to O, records events using the coordinates
', y,7,t). Letp(x, y,z,7) = (x', ¥, 7/, t/). Then the map

¢ R — R

is a causal isometry. We can assume that ¢ (0) = 0. The worldline of the object )
with respect to the observer O is given by

y(t) = (ut,0,0,1).
Since y’ = y and 7’ = z, ¢ has form of

o(x,y,2,1) =(f(x,7),y,2,8(x, 1)),

where f and g are some functions of x and .
From the results of Proposition 6.10 and Exercise 6.8 with ¢(0) = 0, we can
assume that ¢ is a Lorentz boost, hence

¢(x,y,z,7) = (xcoshA + tsinhA, y, z, x sinh A 4+ T cosh A)

for some A.
The worldline of the observer O with respect to the observer O’ is

a(t) =¢(0,0,0,1) = (¢sinh 1, 0,0, f cosh 1)
Its velocity is (v, 0, 0) as indicated in Figure 6.2, therefore

sinh A
v = = tanh A.
cosh A

The worldline of the object (-) with respect to the observer O’ is

v'(t) = ¢(y(t)) = (ut cosh A + ¢ sinh A, 0, 0, ut sinh A + ¢ cosh 1)
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and its velocity is

ucoshA + sinh A u + tanh A u+v

—,0,0) = ———,0,0 ) ={ ——.,0,0) .

u sinh A 4 cosh A utanhA + 1 uv + 1
Therefore, the speed of the object (-) with respect to the observer O’ is

u—+v
1+ uv’

which is the formula (6.4) (note that we are using a timescale so that ¢ = 1).

If the object does not move, then its speed is zero. However, if its worldline
is mapped to another one by a causal isometry of R3! (physically speaking, if
the object is observed by another observer), its velocity and speed may change.
Newton’s first law states that if there is no force acting on the object, then the
velocity of the object is constant. For a photon (the smallest discrete amount of
light), its speed is 1 (we are using a timescale that causes the speed of light to be 1),
so its worldline is lightlike, i.e.,

2

)

” dy (1)
dt

which implies that

da(t)
1=zl
dt (1)
dt

=1

vl =

According to physics, all conventional matter and all known forms of information
in the universe can travel at a speed that is less than or equal to the speed of light.
We “prove” this fact mathematically.

Theorem 6.18. The speed of an object is less than or equal to the speed of light at
any event of its worldline.

Proof. Let y(t) = (x(t),y(@),z(),t(t)) = (a(t),t(t)) be a future-directed
parametrization of the worldline of the object. Since the worldline is a causal curve,

dy () _(dx(t) dy(t) dz(t) d‘[(l))
de ~ \ dt ’ dt  dr’ dt

is not spacelike according to Theorem 6.14. Hence,

2 (dr(t) 2
ar ) ’

2

0>

dt

H dy (1)
dt

’da(t)
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i.e.,
dr(t)> da(t) '
dr — dt
Therefore,

d
14 @)

- dr(t)
dt

O

According to physics, the speed of a massive object is always less than that of
light, which means that its worldline is a timelike curve (a photon is considered to
be massless). There are many ways to parameterize a worldline; however, a special
kind of parametrization is very useful to study the worldline of an object.

Definition 6.19. A parametrization y of a worldline is said to be natural if it is
future-directed and

de(t) >
dt B

for every ¢.

Theorem 6.20. A timelike worldline admits a natural parametrization. Further-
more, if both y and § are natural parametrizations of the worldline, then

y(t +a) =4(t)

for some real number a.

Proof. Lety : [a,b] — R>', y(t) = (x(1), y(t), z(t), T(t)) be a future-directed
parametrization of a worldline. Then,

dz(t)
dt

> 0.

<0,

dy (@) |
dt

Define a function s : [a, b] — R as

d
o= [ e

Then, s(¢) is a strictly increasing function, and its image is an interval. Therefore,
the function s(¢) has an inverse function ¢ (s). Writing y (s) = y (¢(s)), we obtain a
reparametrization y of the worldline. Note that
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ds@) _ | [dv@|?
dr d '
Let y (s) = (x(s), y(s), z(s), T(s)). First,
O N =
ds T da = 7 >0
dar _de(z)
dt

which implies that the parametrization y is future-directed. In addition,

_ dy () dy ()
dys) & 5
- ds@t) T :
ds at s H2
dt
Therefore,
2
dy (@)
H dy(s)|* H ar
ds _|ldr@® 2 '
dt

which shows that y is a natural parametrization.

Let y and § be natural parametrizations of the worldline. Then, § is a
reparametrization of y; therefore, there is a function u(¢) such that 6(¢) = y (u(¢)).
Since

I LG 2
| dr
| dy@an |
N dt
||y @) du() ‘2
|l du dr
v @) | |du [P
|l du dt
__‘du(t)z
N dr |’

du() |

o~| = 1. Hence, dul) _ 49,

dt

ie.,
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Let y(t) = (x(¢), y(®), z(2), T(1)); then,
§@) =y() = x@), yw®)), zw()), t(u())).

Since both y and § are future-directed,

dt (1)
0
= dt
and
dt(u()) dt) du(?)
0< = .
dt du dt
Hence, dzgt) > 0 and
du(t)
= +1.
dt +

Finally, u(¢) = t + a for a real constant a, and hence,

8() =y @) =y +a).

O

The worldline of a massive object is timelike. Therefore, it admits a natural
parametrization.

Definition 6.21. Let I" be the worldline of an object and e be an event on I". Let
y(t) = (x(@), y(@), z(t), t(t)) = (x(t), T(t)) be a natural parametrization of I" with
y (fo) = e.

dy (1)
dt

_ (dx(t) dy(t) dz(t) dt(t))
—y \ dt T odt " odr 7 odi

=ty
is called the four-velocity of the object at e.

One can show that the four-velocity does not depend on the parametrization.

Proposition 6.22. Let v be the velocity of a massive object at some event. The four-
velocity of the object at that event is as follows:

(v, 1).

1—vl?

Proof. Let y(t) = (x(¢), y(t), z(¢), T(t)) = (x(t), T(t)) be a natural parametriza-
tion of the worldline of the object. Then,
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2 rdr())\? 1ol O\ [t@)\?

— =|lv — ) - — -
dt dt dt

dr(t) 1

dt 1 l®

dy(1)
dt

> | da)
T dr

|

Hence,

The four-velocity is

da(t)
dy (1) _ (da(z) dr(t)) _dr@® ( 2t o).

1
b 9 1 =
dt dt dt dt d;&’) ) /T— |v]2

O

Let m be the mass of a massive object; then, the quantity mass times the four-
velocity,

p=—" (0, (6.8)

V1=lvl?

is called the four-momentum of the object. Note that || plI? = —m?. When the speed
of the object is much less than the speed of light, which is 1 in our time scale, the
motion of the object can be described by classical mechanics. More concretely, if
[lv]| is much less than 1 (||v]] < 1), then

1
~ 14 —|v|%
5~ 1+ 5l

1
V1=l

Hence, if we approximate the four-momentum of the object up to the first term with
respect to ||v]|,

m
V1=lvl?

Before proceeding, let us see how accurate this approximation is in the real world.
The typical speed of a bullet is approximately 1000 m/s. In our time scale, its speed
is

1 2
@, D~ mv,m+ Smiv]” .

1000 m/s
— P MS  0.00000333564 ...
IVl = 359792458 mys

(the speed of light is 299792458 m/s). Hence,

1

1 4+556311...x 10712
1—Jlv)?
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1
1+?wW=1+5%w5“xlmu.

Note that mv and %m [lv]|? are the momentum and kinetic energy of the object,
respectively, in classical mechanics. Let p = (px, py, p;, E). Since

1
E—./— 2 - 2
v —lpl 2m||v||

for ||v|| < 1, which is the classical kinetic energy of the object, we call

m
Eyi=E—\/-lpl> = ———= —m
V=1l

the relativistic kinetic energy of the object. The quantity E is called the toral energy
of the object (this naming will be justified later). The total energy when the speed is
zero is called the rest energy of the object, and we denote it by E(y. Note that

E = E, + Ey.

For the bullet previously considered, the difference between its classical kinetic
energy and its relativistic kinetic energy is less than 0.0025%, which implies that
the relativistic effect is negligible when the speed of the object is much less than
the speed of light. Electrons are very light and easy to accelerate. In a physics lab,
one can easily find an electron whose speed is 99% of the speed of the light, i.e., its
speed is 0.99 in our time scale. In this case, the ratio of its relativistic kinetic energy
to its classical kinetic energy is greater than 12. Therefore, the relativistic effect is
large and cannot be ignored when studying the motion of these electrons.

According to Newton’s first law of motion, an object either remains at rest or
continues to move at a constant velocity unless acted upon by a force. Therefore, the
worldline for such an object is a line in R>! that has a constant four-momentum.

Imagine that there are two objects that initially do not interact with each other.
If there are no outside forces, they have constant four-momentums p; and p;
according to Newton’s first law of motion. Suppose that these two objects collide
with each other at some moment and then do not interact with each other afterward;
hence, they have constant four-momentums p} and p) (Figure 6.7). The relativistic
version of Newton’s third law of motion asserts that

p1+ p2 = pl+ ph

If there are several particles interacting, then Newton’s third law of motion asserts
that

pi+p2+- 4+ pa=pi+pi++p,. (6.9)
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Fig. 6.7 Collision of two P 6@

p
objects %\!‘]

‘ Py ~

If the speeds of the objects are much less than one, there is conservation of
momentum and conservation of kinetic energy.

A photon moves at a constant velocity, and its speed is 1, which means that its
worldline is lightlike and that it does not admit a natural parametrization. According
to physics, a photon interacts with ordinary objects. One can ask if it still has a four-
momentum that obeys Newton’s third law of motion ( (6.9)) during the interaction.
The four-momentum in (6.8) is not well-defined for a photon because

1—|v|*=0.

Instead, one may consider a photon as a limiting case of a massive object whose
speed approaches one in (6.8). For the photon to have a well-defined four-
momentum, its mass should approach zero in this limiting process. In this way, we
expect that a photon is massless. Let p = (pyx, py, p;, E) be the four-momentum of
a photon; then,

= lim ,
P m—0t Pm
where p,, = m(v, 1). Since m > 0, we expect that E > 0. Noting

2

that || p,u |> = —m?, we conclude that

Ipl*> = lim (=m*) =o.
m—0t
Since || p||? = 0, the relativistic kinetic energy of a photon is

Ex=E—/~lpl*=E,

which is the total energy.

According to physics, an ordinary object may not travel faster than light.
However, if an object continues to be “pushed” forward, its speed will increase.
Hence, one can still suspect that a pushed object may travel faster than light.

Imagine a situation in which a photon pushes an object through a collision. Let

(pv 05 07 p)7 (_P/» 07 Oa p/)
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be the four-momentums of the photon before and after the collision (p, p’ > 0). Let

(v,0.,0,1) and —— _(,0,0, 1)

m
V1 =02 V1—v

be the four-momentums of the object before and after the collision, respectively,
where v and v’ are the speeds of the object before and after the collision,
respectively. We assume that the object initially does not travel faster than light,
and thus, v < 1. By Newton’s third law of motion,

m m
(p7 03 09 p) + —(v’ O? 07 1) == (_[7/7 07 05 p/) + —(v/’ 07 05 1)5
V1 =2 /T— o2
which results in
L_m ,+ mv’
pPpT—F—=-D e
V1 =2 1—v72

and

Pt = p

V1 =2 J1—v72
Therefore,
(14+v)m 1+
2p4+ —— =m—,
V1 —v? V1 —v?
which yields
, mPu42p2(1 —v) + 2mpvVT—202 b

m2 +2p2(1 —v) + 2mp/1 =12  a’

where
a=m?+2p>(1 —v) +2mpy'1 — v2,

and

b=m>v+2p*(1 — v) + 2mpv/'1 — v2.
Since0 <v<1l,a>0,b>0and
a—b:mz(l—v)>0.

Hence,
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0.8

0.6

0.4

0.2

2 4 6 8 10

Fig. 6.8 The speed of a massive object cannot reach the speed of light

Fig. 6.9 Electron—positron T
annihilation

Y2

which means that the speed of the object after the collision is still less than that of
light. Even though the object is pushed forward by a photon, the speed is less than
that of light. Hence, regardless of how hard and how many times an object is pushed
by photons, its speed cannot reach the speed of light (Figure 6.8).

According to elementary particle physics theory, every type of elementary
particle has an associated antiparticle with the same mass but with opposite physical
charges (such as electric charge). For example, the antiparticle of the electron is the
anti-electron (which is called a positron). While an electron has a negative electric
charge, a positron has a positive electric charge. When a positron (e*) collides with
an electron (e™), annihilation occurs, resulting in the creation of gamma ray photons
(Y1, Y7) (Figure 6.9):

e +et = Y1+ Yo
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Let E_, E, E1, and E; be the total energies of the electron, the positron, and the
two photons, respectively. According to Newton’s third law,

E_.+E,=E +E,.

Suppose that the electron and the positron do not initially move. Then, the left-hand
side of the above equation is the sum of their masses. However, the right-hand side
of the above equation includes all the kinetic energies of the photons. Hence, we
conclude that

2m, = E1 + E3,

where m, is the mass of an electron, which is equal to that of a positron.

Therefore, we can say that all the mass of the electron and the positron turns
into kinetic energy of the photons. Since every type of particle has an associated
antiparticle and particle—antiparticle pairs can annihilate each other, producing
photons, every object of the universe can turn into photons, whose total energy is
the mass of the object:

E=m.
This leads to the famous conclusion by Einstein that mass is just another form of
energy (mass—energy equivalence). The above equation involves the speed of light,

which is 1 in our scale of time. In the ordinary unit system, the equation of the
mass—energy equivalence becomes

where c is the speed of light.

Exercises

6.10. For u, v € R with |u]|, |v] < 1, show that

u-+v
14+ uv

<1

6.11. Show that the velocity and, accordingly, the speed of an object are indepen-
dent of how its worldline is parameterized.

6.12. Consider a worldline y; whose speed is less than one at every event of it. Map
it to another worldline y» by an isometry R>!. Show that the speed of y» is still less
than one at every event of it.
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Chapter 1
1.2 Note that @ # 0 or b # 0. First assume that a # 0.
Let
C
n=(o-5)
a
and

Then, for p = (x, y) € R?,
P €Ly p, < dp1,p)=d(pa p)
& d(p1.p)* =d(p2. p)°
c\2 c\2
@(x—a+;) +(y—b)2:<x+a+;) + (y + b)?
c c\2 c c\2
&2 (—a—l——) x+ (—a+—> —2by=2 (a—l——) x+ <a + —) + 2by
a a a a
& 0 =4dax + 4by + 4c
& 0=ax+by+c.

Therefore, L = L, p,.
Now assume a = 0. Then b # 0 and the line L is defined by the equation
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Let

and

p2=<0,—%+1).

Then we have L = L, p, also in this case.

1.3 For an isometry ¢ and a circle
C={peR’|dp.q) =r}
where ¢ is the center and r is the radius, let
C'={p R |d(p,¢(@) =r},

a circle of radius r, centered at ¢ (q).
We will show that

C' = ¢(C).

peC &dp,¢@)=r
S dp~ (p).o7 @) =r
©do ' (p)h.q) =r
s l(pecC
< ped(0).

Hence, C' = ¢(C).
1.6 Note that

T(a,b),60 = La,b) ©T6 O L—(a,b)-

Hence,
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Fa,b),0 (X, ¥) = (t@,p) 0To 0 t_(a,p))(X, ¥)
= (@p)or9)(x —a,y —b)
= ta.p)((x —a)cos® — (y — b)sinf, (x —a) siné + (y — b) cos 6)
= (a+(x —a)cosO—(y — b)sinb, b+ (x — a) sinf+ (y — b) cos H).

1.7
1. Forall p,q € R?,
d(idg2(p), idr2(q)) = d(p. q).

Hence, the identity map is an isometry.
2. Let ¢ be an isometry of R2. For all p.q € R2,
d@~'(p). o7 (@) =d@@ " (p). 6 (@)
=d(p, q).

Hence, ¢>’1 is also an isometry.
3. Let ¢ and ¥ be isometries of R?. For all p, ¢ € R?,
d((@ o) (p), (@ oV¥)(q) =d(@W(p)), ¢(¥(qg)))
=dY(p), ¥(q))
=d(p,q).

Hence, ¢ o v is also an isometry.

1.11 Choose non-collinear points p1, p2, and p3. The isometry ¢ maps the triangle
Ap1 pa2p3 to a congruent triangle

Ap(p1)9(p2)9(p3),
which implies that the points ¢ (p1), ¢ (p2), and ¢(p3) are also non-collinear. As

in the proof of Theorem 1.6, by composing reflections, we can build an isometry ¥
such that

d(p1) =¥ (p1), d(p2) = Y (p2) and ¢(p3) = Y (p3).

Using arguments similar to those in the proof of Theorem 1.4, we show that ¢ = .
Since ¥ is bijective, ¢ is also bijective.
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1.13 For given two reflections 7z, 7 in lines L, M, there is an isometry ¥ such
that (M) = L.
Y = Fun = -
Hence, 71, and 7y are conjugate.
1.14 Define a map ¢ : R — R? using the formula in the exercise;

2(p—u)-v
llvll?

¢(p)=p—

We must show that ¢ = 7.
First, for two points o1 and oy,
d(@ (1), p(@2)) = [P (1) — P (e2) ]|
2(ap —on) - v
vl
4((a1 — @) - v)?
(%2

2

o] — o2

4((a1 — a2) - v)?

2
vl -
llo]l?

= [l — oll* +

= oy — a2

=d(ai, az).
Therefore, ¢ is an isometry by Exercise 1.11. Then,

2(p1 —u)-v 2v-v

d(p)=p1————5—Vv=p|— —>V=p; —20=py,
vl vl

and similarly, ¢ (p2) = py.

If p lies on the line L, p,, then d(p, p1) = d(p, p2).ie. lp— pil* = llp —
p2|1?, which implies that

1(|| I = llp2ll*) = L )
4 P1 P2 =3 pPr—p2)-p,
ie,u-v=uv-e;thus, (p —u)- v =0.Hence,

2(p—u)-v
vl

¢(p)=p
Note that p, p1, and p, are non-collinear for p € L, and we showed that

d(p)=p=r(p),d(p1) = p2 =7L(p1), ¢(p2) = p1 =7L(P2).
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Therefore, according to Theorem 1.4, ¢ = rr.

1.23 Consider a glide reflection ¢ = gr. . Choose a coordinate system such that L

coincides with the x-axis. Then, @ = (a, 0) for some a. Then,
®=8Lo=1ta0)or.

For (x, y) € R?,

¢*(x, y) = (ta,0) 0 F)(x, y)
= ({@,0 0oF(a+x,—y)
= Qa+x.y)
= 124,0)(x, y)

= t20t(-x7 )’)

Therefore, ¢2 = 1y, a translation.

1.27 Let ¢ : R — R be an isometry. Let ¥ = r, o ¢, where a = @. Then, ¥ is
an isometry with ¢ (0) = 0.

Case 1. Assume that ¢ (1) = 1. We will show that ¥ = idr. Suppose that ¥ (x) #
x for some x € R. Since

[x| =d(x,0) =d((x), ¥(0)) =d{(x),0) = [¢(x)],
¥ (x) = —x. Note
lx =1 =dx,1) =d@ ), ¥y(1) =dyx), ) =[yx) - 1|=]-x—1],

which implies x = 0. But then 0 = ¥ (0) = ¥ (x) # x = 0, which is impossible.
Hence, 7, o ¢ = ¢ = idr and so ¢ = r,,.

Case 2. Assume that (1) # 1. Note

W =Iy1) =0l =d@(1),0) =d 1), ¢¥(0) =d(1,0) =1.
Hence (1) = —1.
Let ' = ry o v, then /(1) = 1. Since ¥’(0) = 0, we can use Case 1 to show
that ¢’ = idg, i.e.,

7o orq 0 ¢ =idp,

which implies ¢ = r, o rp, a composition of two reflections.
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Chapter 2

2.5

(a) Let Gy, Gy, and G, be the intersection of the sphere with the yz-plane, zx-
plane, and xy-plane, respectively. It can be readily verified that

a=7g,0rG, 0iG,,

which is an orientation-reversing isometry.
(b) If ¢ = a o ry ¢ for some rotation r; g, then ¢ can be expressed as a composition
of (3 + 2) reflections. Hence, it is orientation-reversing.
Conversely, if ¢ is orientation-reversing, then a o ¢ is orientation-preserving.
According to Euler’s rotation theorem, it is a rotation r; g, i.e.,

dod=rpp,
which implies that
¢=ado 0.

2.6 If ¢ is orientation-preserving, then according to Euler’s rotation theorem, it is a
rotation whose fixed points are composed of two points or infinite points (when it is
arotation by zero angle).

If ¢ is orientation-reversing, then according to Exercise 2.5,

¢=&orl,9

for some line / through the origin and an angle 6 (0 < 6 < 2m)). One can choose
the coordinate system such that / coincides with the z-axis. Let p = (x, y,z) be a
fixed point of ¢; then,

(-x9 ) Z) =pP= ¢(P) = —(VQ(X, y)s Z)'

Hence, z = 0, and 6 = 7. Now it is readily seen that all the points on the equator of
the sphere are fixed points of ¢p. Note that ¢ is actually a reflection.

In summary, if the isometry ¢ has a fixed point, then it is a rotation or a reflection.
Now the claims in the Exercise are readily verified.

2.14 Let pi, p2, and p3 be the vertices of the spherical triangle T, right-angled at
p1- We can choose a coordinate system such that

p1=(1,0,0), pop = (cosa, sina, 0), p3 = (cosa, 0, sina).
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Project the triangle T from the origin to the plane x = 1, forming a right-angled
isosceles triangle with like sides of length a. Hence, the area of its projected image

is
1 (sina\* 1 ,
- = —tan“a,
2 \cosa 2
and it is greater than the area of 7. Conversely, project the triangle T from the origin

to the plane x = cosa, forming a right-angled isosceles triangle with like sides of
length sin a. Hence, the area of its projected image is

— sin? a,
2

which is less than the area of 7'. In summary,

1, |
Etan a > Area(T) > 3 sin“ a,

and therefore,

1,2 12
stan“a  Area(T) 5sin“a

12 - 12 = 2
Therefore,
Area(T)

converges to one as a approaches Z€ro.

Chapter 3

3.3 Let P be the plane in R? whose intersection with S? is C. Choosing a suitable
coordinate system, we can assume that P is orthogonal to the zx-plane. Let C N
zx-plane = {p1, p2}. Now we only need to show (why?) that @ (g) is the middle
point of @(p1) and @ (p»), i.e.,

1
P(q) = 5(@(p) + P (p2)).

Note that p; = (cos 9;, 0, sin 8;) for some 81 and 6, and thus,
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& (pi) = cos 0; 0
PO=\T"5ing, ")

By a direct calculation, one can show that
q = cosec(0] — 62)((sinf — sinbs), 0, —(cosh; — cos(62))).

By another direct calculation, one can check that

1
P(q) = 5(@(p1) + P (p2)).

3.6
(a) Fora € R,

2
Iy, (@) = —=a.

lor]|

However,

(drolodi)(@) = (dyol)(a/r)

1
=dr (||a/r||2°‘/ V)

()
= dy —_—
llee?

2
= Woz.
Hence, Ic,, =drolod:.
(b) For « € R?, '
")
Ic,, (@) —p= m(a - p).
Hence,
2
Icp.r(ot) =p+ m(a —p)= (tp olg,y, © t_p) (o).
3.13

1. Let
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Then

ax + ,3) _a(;jif + b_ (aa + b8)x+ap+dy

sx+y ) c‘”+f+d “(ca+dd)x +cB+dy

fa(fB(x)) = fa ( =fap(x).

Sx+

Thus, fa o f=fas.

Note that

fr, =1dr,
for

10

h= (0 1)

and
AAT = A7TA = 1.

Thus

fao fa-1 = fa-10 fa= fr, =idr,,

which means fA_1 = fa-1.
2. If none of the elements x», x3, x4 is 00, let

X —X3Xp — X3

fx) =

X — X4 X3 — X4
If x5, x3 or x4 = o0, let f(x) be

X—X3 Xp—X4 X—X3

X—Xx4 X—Xx4 X3—Xx3

respectively. Then f has the property. Let g be another linear fractional
transformation with the same property. Then f o g~ ! is also a linear fractional
transformation that leaves 1, 0, oo invariant. Direct calculation shows that

fo g_1 =idg,,.

Hence f = g and we conclude that f is uniquely determined.
When x1, x2, x3, x4 € R,
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Xl — X3 X2 — X3

(x1, x2; X3, x4) = f(x1) = .
X| — X4 X2 — X4

3. For given xi, x2,x3,x4 € Ry, define a map g : Ry — Ry by glx) =
(x, x2; x3, x4). Explicitly,

X —X3X) — X4

glx) =
X — X4 X2 — X3

for x # x4 and g(x4) = oo.

It is easy to verify that g is a linear fractional transformation. For a given linear
fractional transformation f, go f ! is also a linear fractional transformation and

(80 fTH(f() = glx) = 1,

(8o /™D (f(x3) = g(x3) =0
and

(80 /™) (f(xa) = glxs) = 0.
Hence, by the very definition of the cross ratio,

(g0 [N (fx1)) = (F(x1), f(x2); f(x3), f(xa)).
On the other hand,
(80 /7D (fGrD) = g(x1) = (x1, %23 13, x4).
Therefore,
(f(x1), f(x2); f(x3), fx4)) = (x1, x2; X3, X4),
i.e., f preserves the cross ratio.
4. An inversion Ic of RZ in a circline C leaves the x-axis invariant if and only if

the circline C meets with the x-axis orthogonally.
When ¢ = r, for some a € R, we have

Ic(x,0) = (¥ (x),0)

for x € Ry if and only if C is a vertical line that meets the x-axis at x = a.
When ¢ = 7y, for some o € R and r > 0, we also have

Ic(x,0) = (¥ (x),0)
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for x € Ry if and only if C is a circle that meets the x-axis orthogonally at
X=oa—r,od+r.

5.

a < b:

b & c:

It is easy to see that an inversion of R, is a linear fractional trans-
formation. By 1 of Exercise 3.13, a composition of linear fractional
transformations is a linear fractional transformation. Hence, a compo-
sition of inversions of R is a linear fractional transformation.
Conversely, consider a linear fractional transformation

For r # 0, define a map d, : Ry — Ry by d,(x) = rx. When r > 0,

(vr)*

1
X

dy(x) =

= Ip, 5 (o1 ().

Sod, =1y sz olo,1. Whenr <0,

d, = 10’\/:0]0’1 oryp.

Therefore, d, is a composition of inversions of R, in either case.
Assume that a, ¢ # 0.

ax+b_
cx+d

fx)=

| Q
|
—_
|
| ol
oI |
>|< QS
\—/
Il
l&.
sl
N
l\l
Nf—
N
QU
—
sl
|
U
S—"
oy
I*sn
NES
~~~
=2
~~—
S~
~

Hence,
f=d_aor_ipodi, ,\or_a
¢ 2 (;—5) 2c

is a composition of inversions. Similarly one can easily show that f is a
composition of inversions for the case thata = 0 or ¢ = 0.

“b = ¢” is shown already in 3 of Exercise 3.13.

Assume that f preserves the cross ratio. We will show that f is a linear
fractional transformation. Let

xa = f(1),x3 = f(0), x4 = f(00).

Define amap g : Roo =& Ry by

g(x) = (f(x), f(x2); f(x3), f(x4)) = (x, x25 X3, X4).
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Note that g is a linear fractional transformation with

g(x2) =1,g(x3) =0, g(x4) = 00.

Let h = g o f, then it also preserves the cross ratio. Note that 2(1) = 1,
h(0) = 0, and h(oc0) = oo. Hence,

x = (x,1;0,00) = (h(x), h(1); h(0), h(00)) = (h(x), 1; 0, 00) = h(x),
SO

go f=h=1idg,,

1

and we conclude that f = g™ is a linear fractional transformation.

Chapter 4

4.6
(a) Choose two points py, pp € H' = Iy(H). Then, Iy (p;) € H. Note that
Iy (pi) = pi. Note also that
M1y (pi) = (U o T o In) (pi)
= In(Ia(In(pi)))
= InUp(pi))
= PDi

for i = 1, 2. Choose another point p3 that does not belong to H'; then, H' =

H,, p, for some point p5. Note that

H =) ' (H) = In(H") = Iy (Hp; ) = Hiy (o). 1)
Clearly, Iy (p3) = p5. Note that
M1 (p3) = Uy o Iy o In) (p3)
= In(Ig(Ipn(p3)))
= In(Ip(p3))

In summary,
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Iy (pi) = IMIH (pi)

fori = 1,2,3, and py, p2, and p3 are non-collinear. According to Theo-
rem 4.19,

Iy =""1,.
(b) According to Theorem 4.20,
¢=1Iy,oly, ,0---0lp,olpy,
for some lines Hy, Hy, --- , H, with0 <n < 3. Let
H; = (I, ol 0---olp,oly)(H).
Note that H, = ¢(H) = H'. Then,
Iy =dolgog™
=1Iy,o0ly,_,o---olg,oly olgoly olyo---olp,
=1Iy,olp, 0--olgoly olgo---olp,

=I]-1noIHn_1o~-~oIJr.J(30[HZ/011.130---011.1}1

4.12

1. Let T be an ideal H?-triangle with vertices py, p2, and p3. We need to find an
isometry ¢ of H? such that

¢(p1) = 0’ (b(PZ) = (1$ 0)1 45(173) = 0.

Case 1. If all the p;’s are on the x-axis. We can assume that 7, (p2) < 7 (p1) by
re-labeling if necessary. Let

¢ =dy otk o lc,
where C is a circle, centered at p3, k = 7 (Ic(p1)) and

1
(ko c(p2)
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Now it is easy to verify

¢(p1) =0,9(p2) = (1,0), ¢(p3) = oo.

Case 2. If any of p;’s is co. Let p3 = oo. Then p; and p» lie on the x-axis and
we can assume that 7wy (p1) < mx(p2).
Let

¢ =dsot0),

where [ = m,(p1) and s = . Again it is easy to verify

1
t(—1,0)(P2)
¢(p1) =0,¢(p2) = (1,0), p(p3) = oo.

2. Let T be the ideal Hz-triangle with vertices 0, (1, 0), co. Using the integral in
the proof of Lemma 4.23, we can show that

AreaZ(T) = 7.

Since all the ideal H>-triangles are congruent with T, as shown above, and an
isometry of H? preserves the H>-area, the H?-area of an ideal H>-triangle is 7.

4.18
Let C be a circle on S of radius p, centered at p, and let I'(p) be the
circumference (measured in S) of C. Note that

C={qeS|d(p,q) =p}

Hence,

¢(C) ={¢(q) 1 g €S,d(p,q) = p}
={¢' €S 1¢7'@) €S, dp.¢7' (¢ = p)
={¢' €S 1dp.¢”' @) = p)
=1{q' e 1d@/p).q9) =p}
which is a circle on S’ of radius p, centered at ¢ (p). Since ¢ is an isometry, the
circumference I’ (p) (measured in S”) of ¢ (C) is the circumference of C (measured

in S), which is I"(p).
Therefore, the Gaussian curvature of S’ at the points ¢ (p) is

2np — I’
K = lim+3«'0—3(mz lim 3
p—0 T p—0 TO

2mp—I'(p) _

3 K,
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which is the Gaussian curvature of S at point p.

4.20 Note that the image of a D?-circle on J? is a Euclidean circle. Hence, a K-
circle, which is a projection of the circle on J? to the xy-plane, is, in general, a
Euclidean ellipse. A K?-circle is a Euclidean circle if and only if the circle on J?
has the north pole as it spherical center.

4.21 Let6 = 2Z then

(s —2)m
< —.
S

0

Hence, as in Proposition 4.37, we can build a regular s-gon on the hyperbolic plane
whose interior angle is 6. Perform hyperbolic reflections in all the edges of the s-
gon. Then we have new s regular s-gons. Note that they overlap only in their edges.
Perform hyperbolic reflections in all the edges of all the s-gons again. Then we have
more regular s-gons and they overlap only in their edges. Repeat this process to get
a regular hyperbolic tessellation. This tessellation is of type [s, ¢].

Chapter 5

5.2
1.

€€ Lo, & dle e)=d"e, e)
& lle—ell* = lle — e?
& llel® + llet* = 2¢ - e1 = [lell* + lleall* — 2¢ - e
S lletl* —2¢-ep — lleal* +2¢ -2 =0
& (e1+ep)-(e1 —ex) —2e-(e1 —ex) =0
S 2u-2v—2e-2v=0
< (e—u)-v=0.

2. Since u’ € Le, ey
W —u)-v=0.
Let L' ={e e RN | (e —u') - v/ =0},

e€ Lo, ©(e—u)y-v=>0
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se—u)-v—=u —u)-v=0
sSe—u) - v=0
Sale—u) - v=0
Se—u) v=0

sSeel.

Hence, L, ., = L'.

5.5 A direct calculation yields

(by, o by,)(x, T) =(cosh(r2)(x cosh(r1) + T sinh(A1))+

(T cosh(A1) + x sinh(A1)) sinh(A7),
cosh(Xy) (T cosh(A1) 4+ x sinh(11))+
(x cosh(Aq) + 7 sinh(A1)) sinh(X3))

=(x cosh(A1) cosh(X2) + 7 cosh(A2) sinh(X1)+
7 cosh(Aq) sinh(A,) + x sinh(A{) sinh(A»), T cosh(A1) cosh()\y)
+ x cosh(X,) sinh(A1) + x cosh(A1) sinh(A2)-+
7 sinh(A1) sinh(A»))

=(x cosh(A; + Ap) + T sinh(Aq + A2), T cosh(A; + A2)+
x sinh(A1 + A2))

=by, 41, (x, 7).

Therefore, by, o by, = by, +1,-

5.8 Lete,ex € L + . Then, ¢; — « € L. Note that 7744 (e;) = e;. Note also that
(ty orp ot_g)(ej)) = (ty orL)(e; — )

=ty(ei —a)

:gi

for i = 1, 2. Choose an event e3 that does not lie on the line L + «; then, one can
choose another event e’3 such that

L+a=1L

e3,ef"

Note that
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Clearly, 71 14(e3) = €. Note also that

(fgorpot_g)(e3) = (tyorL)(e3 —a)
=ty(ey — @)

—_— 83 .
In summary,

Frya(e;) = (tyorp ot_g)(e;)

fori = 1,2,3, and ey, e>, and e3 are non-collinear. According to Lemma 5.2,

Flia =lq0FL 0l q.
5.10 Let L = L., ¢, be a timelike line, then |e; — er]|? > 0.
H(L) = ¢ (Leye)) = Loer).pien)-
Note that
lp(e1) — ¢e2) > = d" (@ (en), p(e2))
=d" (e1, e2)

2
= [le; — el
> 0.

Hence, ¢ (L) is a timelike line.
5.12 From
lla(cosh A, sinh 4)||> = ||l@’(cosh A/, sinh 1) ||,
we have a2 = a’?, so a = +a’. Since cosh A, cosh A’ > 0 and
acoshA = a’ cosh )/,
we conclude that @ = a’. From a sinh A = @’ sinh A/, we have

sinh A = sinh )/,

which implies that A = 1.

241
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5.13
b;.(e1) = ¢1(cosh(Ay) cosh(A) + sinh(A;) sinh()), cosh()) sinh(X{)
~+ cosh()) sinh(}))

= ¢1(cosh(A; + 1), sinh(A1 + 1)),

b;.(e2) = é>(cosh(A) sinh(A) + cosh(A,) sinh(X), cosh(X>) cosh(X)
+ sinh(A») sinh()))
= ¢y (sinh(Ap + A), cosh(Ay + 1)).
5.15 Leteg = (1,0) and
Ae) = Leple
for a non-zero event e. Then,
Ae) = A(—e) = A(e) = A(—e).

Hence, we can assume that e1, e3, and e3 are spacelike with positive x-coordinates.
Now the claim in the exercise comes directly from (5.1).

519 ¢ = by or by . If ¢ = by 5, then
idgi1 = bg,x = by ni.
Hence, we have
ty 0 bpy ot_y = idp11,
which implies
bpy = ot_y o idgi1 oty = idgi,1.

Hence ni = 0 and we have A = 0, which means that ¢ = by = idp1.1.
If ¢ = by 5, then

idgiy = B = Zza,n,\, %fn%s even;
@ ba.ny, if n is odd.

When # is even, we have
ba,nk =tyobyot_y = idRI,l,

which implies
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bn}» =of_y4 O ide,l oly = idRI,l.

Hence n). = 0 and we have A = 0. So ¢ = 150,,0.
When n is odd,

@" = by py. # idgi.1.

Hence, this case is excluded.
In summary, we have the claims in the exercise.

5.20 First, suppose that
ty o Tc = idR1

for some event y and 2 x 2 matrix C. Note that

y =1,(0) = (t, o Tc)(0) = idgi (0) = 0.

Let
ab
¢= (c d) '
Since
(a,c) =Tc(1,0) =idR1,1(1,0) = (1,0)
and

(b,d) =Tc(0,1) =idR1.1(0, 1) = (0, 1),

10
= = D.
¢ (01> ?

From the condition given in the exercise,
17 otyoTao Ty =id
8 OlyolpoO B =1 RIL1,
ie.,

ta_ﬁ o TAB_I = ide.l .

As shown above, « — 8 = 0, and AB™! = Ir;thus,0 = 8, A = B.

243

5.27 Assume that y is a spacelike curve. Then, according to Exercise 5.26, § is also

a spacelike curve.
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1R(8>—/° M”
d
_/ HJ/(S)f(l) dr
ds dt
s=f(1)
d
_ / re 0],
ds dt
s=f(1)
¢ 2
] / Wl o,
ds dt
s=f(1)
2
= & ds
ds
=Ir(y).

One can similarly show that if y is a timelike curve, § is also timelike.

5.28 o = y(a) = (sinha, cosha). Thus, L = vl, where
v = (cosha, — sinha) = (cosh(—a), sinh(—a)).
Hence, 1, = Tp(—24). Let e = (sinh A, cosh 1.).
(yoFoy ()= (yoR®)
=yQa—2)
= (sinh(2a — )1), cosh(2a — 1))
= T p(—24)(sinh A, cosh 1)
= Tp—2a)(e)

=rr(e).

5.30 Choose an event e from ¢(U2) N2 Lete e ¢(U2). Then, e = ¢(e1) and
¢ = ¢(e}) for some ey, €] € U2. Note that

le'l? = llpEDI* = llejlI* = —1.
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Hence, ¢ or —¢’ belongs to U?. Suppose that —e’ € UZ. Then, according to
Corollary 5.36,

1 < coshdpp(e, —€')

= —c-(=¢)

/
=e-e

=¢(e1) - ¢p(e))
=e €]

= —(—e1-¢))

= —coshdyn (e, €))

=-1
which is a contradiction. Therefore, ¢/ € UZ2, and we conclude that
¢ (U c U
On the other hand, note that
ecpUHNU* = e =¢ '(e) e U Ng 1 (U?),
which implies that
N UHNTU? £ 9.
Applying the same argument to the isometry ¢!,
¢~ (U c 12,

which implies that U? C ¢ (U?).
In summary, ¢ (U?) = U2

Chapter 6

6.5 If A = —A(L), then

x" = xcoshA — 7 sinh A,

7/ = xsinh A — v coshA.
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Hence,

7{ — 5 = x1 sinhA — 7y coshA — xp sinh A + 72 cosh A

(x;1 — xp)sinh A — (t1 — 72) cosh A

v

—|x1 — x2]| sinh A| — (t1 — 2) cosh A)
> —(1p — 11)|sinh A| — (71 — 1) cosh A
= (1 — 1) (—| sinh A| + cosh })
>0

and so 7| > 1;.

If A= R(L), then
x' = xcoshA + tsinhA,

7/ = xsinh A + t coshA.
Hence,

7] — 5 = x1 sinh A + 71 coshA — xp sinh A — 75 cosh A
= (x1 — xp)sinh A + (71 — 13) cosh A
< |x1 — x2]| sinh A| + (1 — 12) cosh A
< (1o — 11)|sinh A| + (11 — 72) cosh A
= (tp — 71) (] sinh A| — cosh })
<0.

and so 7] < 7;.
If A= —R(})), then

x" = —xcoshA — T sinh A,
v/ = —xsinhA — T coshA.
Hence,
7] — 75 = —x; sinh A — 7y cosh A + x3 sinh A + 73 cosh A

= (x2 — x1) sinh A + (13 — 71) cosh A

v

—|x1 — x3]| sinh A| 4+ (72 — 71) cosh A

v

—(tp — 11)| sinh A| + (1o — 71) cosh A
= (1p — 71) (—| sinh A| + cosh })
> 0.
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/ /
andso 7| > 15.

247

6.6 Forevents e, ex € R3¢ = (xi, Vi, zi, Ti), let o; = (xi, yi, zi) € R3. Then

e; = (a;, 7;) and
ler — eall* = oy — e2])* = (11 — ).
Hence,
d" ($(er), Ple2) = |Bler) — dler) |’
= (@ (). 11) — ($(2). )|
= (@) — p(@)]* — (11 — 12)?
=d(@(@1). (@) — (11 — 12)°
=d(a, o) — (11 — )*
= llay — ol* = (11 — 12)?
= |ler — e

=d"e; — e).

Hence, ¢ is an isometry of R3:L

6.7 Foranevente = (x,y,z,7) € R3! et
e=(x,7) e Rb
Note that the event ¢, = (a, b) is spacelike. Hence,
@ = e>(cosht, sinh?)
for some ¢t € R with r > 0, ’exz > 0. Let A = —2¢. Then,
B;.(e2) = (es cosh(—1), 0, 0, ¢, sinh(—1)).

Now, clearly, By (e2) — B, (e1) is past-directed.

6.8 According to Theorem 6.7, a causal isometry of R"! has the form of

to 0 Ta,

where A = R(X) or A(X) for some A € R. Note that this isometry is orientation-

preserving only if A = R(X) and then T4 = b). So we are done.
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6.9

1. First, note that
1 . d ,
y(tp) = —(coshtg — 1,0, 0, sinh 7g) = E’O’ 0, 7).
a

Hence,

d
to = cosh™! (% + 1)

1 1 d
T' = —sinh#y) = — sinh (cosh_l (a_ + 1)) .
a a 2
The proper time elapse is
0 d 2
e
0 dt
0
! ) 2
= — (= sinh” ¢t 4 cosh” )dt
a
fo
o1

to 1 1 ad
= —dt = — = —cosh —4+1).
n @ a a 2

2. From the previous calculation,

d 1 d
t) = cosh™! (g_ + 1) , T = Zcosh! <g_ + 1) .
2 g 2

and so

46 — 10
T = =
4

9.
The distance d between the Earth and the star is
2 .
d = —(cosh(gT) — 1) =~ 10304 light-years.
g

The number of years that pass on Earth is

4 d
4T' = —sinh <cosh] (g? + 1)) ~ 20611 years.
8
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6.11 Let y () and y'(r) be parametrizations of the worldline. Then,

y'(0) =y (s®)

for some one variable function s(¢) with fl—i # 0. Let

y (@) = (r(0), t()) and y'(t) = (' (1), T'(1))
with r(r), (1) € R3. The velocity with respect to the parametrization y (¢) is

1 dr(t)

dt(t)
r at

The velocity with respect to the parametrization y’(¢) is

1 dr/(t)_ 1 dr(s(t))

at'(t) gt — dt(s(t)) dt
dt dt

1 dy(s)ds
dts) ds  Jdg  dr
TG ds ar

1 dy(s)

dt(s) ?
e ds

which is the velocity with respect to the parametrization y (¢). Hence, the velocity
and the speed are independent of the parametrization.
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G
Gaussian curvature, 118
Glide reflection, 17

Global positioning system (GPS), 214

Great circle, 24

H

Half line, 88
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Heron’s formula, 36
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Hyperbolic curve, 165
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Hyperbolic rotation, 134
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I
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Isometry of S2,25
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K
Klein disk, 120

L

Least upper bound, 119

Lightlike event, 133

Lightlike line, 135

Linear fractional transformation, 75
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Lorentz boost, 134
Lorentz—Minkowski distance, 130
Lorentz—Minkowski plane, 130
Lorentz transformation, 166, 196
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Mass—energy equivalence, 226
Matrix, 155
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Metric space, 82, 120

Minkowski inner product, 132, 133, 167

Mobius transformation, 75

N

Natural parametrization, 217
Newton’s first law of motion, 222
Newton’s third law of motion, 222
Norm, 10
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Observer, 186
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Orientation-preserving on R2, 20
Orientation-preserving on R""1, 155
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Orientation-reversing on S?, 34
Orthochronous, 166
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Orthogonal events, 133

Orthogonal transformation of Euclidean

spaces, 44

P

Pappus chain, 67

Parallel, 112

Parallel postulate, 122
Parametrization, regular, 162, 190
Parametrization, smooth, 162, 190
Partial order, 192

Photon, 216

Platonic solid, 41

Poincaré disk, 112

Poincaré upper half-plane, 87
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S

Schweikart’s constant, 119
Semicircle, 88

Signed relativistic norm, 146
Spacelike curve, 163
Spacelike event, 133
Spacelike line, 149
Spacetime, 185

Special relativity, 129
Speed, 215

Speed of light, 186
Spherical circle, 29
Spherical distance, 24
Spherical line, 26
Spherical lune, 37
Spherical rotation, 33
Spherical tessellation, 124
Spherical triangle, 36
Steiner chain, 67
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Stereographic area, 82
Stereographic distance, 77
Stereographic isometry, 79
Stereographic length, 77
Stereographic line, 80
Stereographic projection, 47

T

Tessellation, 123

Tetrahedron, 41

Theory of special relativity, 188

Three events theorem, 132

Three inversions theorem for the
hyperbolic plane, 103

Three points theorem, 6

Three points theorem for the hyperbolic
plane, 102

Three points theorem for the sphere, 28

Three reflections theorem, 8

Three reflections theorem for the sphere, 30

Time-dilation, 214

Timelike curve, 163

Timelike event, 133

Timelike line, 149

Total energy, 222

Translation, 4

Transpose, 156

U

Ultraparallel, 105
Unit disk, 112

Unit sphere, 23
Upper half-plane, 87

\4
Velocity, 215

W
Worldline, 190



Symbol Index

(x1, x2; X3, X4), 76 0Q3), 44

1 x 2 matrix, 156 9H2, 111

1/3-ideal H?-triangle, 111 aB2, 112

2 x 2 matrix, 155 <, 191

2/3-ideal H?-triangle, 111 Iso(S?), 26

B, 193 e, 146

H), . 115 ¢ :U* - D2, 170
P1.p2> dr,59

1,57 dpe, 114

Ic, 58 de, 96

1o, 76 di2, 120

J, 112 ds, 24

J-orthogonal matrix, 157 fa,76

K(x,y), 119 Ig, 163

Ly, 196 Iy, 169

Py pa» 24 lo,77

R()), 157 Ipe, 113

Ty, 155 le, 89

AN, 157 Ix2, 120

@, 49 r.6,33

at, 141 v, 141

Lp(C1, C2), 51 Iu,, > 100

by, 152 B2, 112

¢, 146 E2, 1

ag, 74 Iso(H?), 90

00, 49 Iso(R2), 5

RZ,, 49 Iso(R!1), 130

RL1 130 Iso(R>1), 167

R>! 167 Iso(R31), 190

R*! 189 Tso(D?), 114

Roo, 75 Isot(RM1), 155

Ul 165 IsoT (H2), 105

U2-line, 172
U2-shortest path, 172

Isot (S?), 34
Iso~ (R, 155
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Iso~ (H?), 105
Iso~ (S?), 34
0(1, 1), 166
0@, 1), 167
0@, 1), 190
ot(1, 1), 166
o+, 1,177
d", 130

D2, 113
D2-circle, 116
D?-distance, 114
D?-length, 112
D2-line, 114
HZ2, 87

H? circle, 116

Symbol Index

H>-area, 106, 107
H2-area of an ideal H>-triangle, 111
H2-length, 89
H?-line, 97
H2-polygon, 106
TH2-shortest path, 93
H2-triangle, 106
J%, 119

K2, 120

K2 circle, 122
K2-distance, 120
K2-length, 120
K?-line, 120
Areayp, 107

$%,23
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