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Preface

Physics and mathematics students are as eager as ever to become acquainted with
the foundations of general relativity and some of its major applications in astro-
physics and cosmology. I hope that this textbook gives a comprehensive and timely
introduction to both aspects of this fascinating field, and will turn out to be useful
for undergraduate and graduate students.

This book is a complete revision and extension of my previous volume ‘General
Relativity and Relativistic Astrophysics’ that appeared about twenty years ago in the
Springer Series ‘Texts and Monographs in Physics’; however, it cannot be regarded
just as a new edition.

In Part I the foundations of general relativity are thoroughly developed. Some of
the more advanced topics, such as the section on the initial value problem, can be
skipped in a first reading.

Part IT is devoted to tests of general relativity and many of its applications. Binary
pulsars—our best laboratories for general relativity—are studied in considerable
detail. I have included an introduction to gravitational lensing theory, to the extent
that the current literature on the subject should become accessible. Much space is
devoted to the study of compact objects, especially to black holes. This includes a
detailed derivation of the Kerr solution, Israel’s proof of his uniqueness theorem,
and a derivation of the basic laws of black hole physics. Part II ends with Witten’s
proof of the positive energy theorem.

All the required differential geometric tools are developed in Part III. Read-
ers who have not yet studied a modern mathematical text on differential geometry
should not read this part in linear order. I always indicate in the physics parts which
mathematical sections are going to be used at a given point of the discussion. For
example, Cartan’s powerful calculus of differential forms is not heavily used in the
foundational chapters. The mathematical part should also be useful for other fields
of physics. Differential geometric and topological tools play an increasingly impor-
tant role, not only in quantum field theory and string theory, but also in classical
disciplines (mechanics, field theory).

A textbook on a field as developed and extensive as general relativity must make
painful omissions. When the book was approaching seven hundred pages, I had to
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vi Preface

give up the original plan to also include cosmology. This is really deplorable, since
cosmology is going through a fruitful and exciting period. On the other hand, this
omission may not be too bad, since several really good texts on various aspects of
cosmology have recently appeared. Some of them are listed in the references. Quan-
tum field theory on curved spacetime backgrounds is not treated at all. Other topics
have often been left out because my emphasis is on direct physical applications of
the theory. For this reason nothing is said, for instance, about black holes with hair
(although I worked on this for several years).

The list of references is not very extensive. Beside some useful general sources
on mathematical, physical, and historical subjects, I often quoted relatively recent
reviews and articles that may be most convenient for the reader to penetrate deeper
into various topics. Pedagogical reasons often have priority in my restrictive selec-
tion of references.

The present textbook would presumably not have been written without the endur-
ing help of Thiemo Kessel. He not only typed very carefully the entire manuscript,
but also urged me at many places to give further explanations or provide additional
information. Since—as an undergraduate student—he was able to understand all the
gory details, I am now confident that the book is readable. I thank him for all his
help.

I also thank the many students I had over the years from the University of Zurich
and the ETH for their interest and questions. This feedback was essential in writing
the present book. Many of the exercises posed in the text have been solved in my
classes.

Finally, I would like to thank the Tomalla Foundation and the Institute for Theo-
retical Physics of the University of Zurich for financial support.

Post Script I would be grateful for suggestions of all kind and lists of mistakes.
Since I adopted—contrary to my habits—the majority convention for the signature
of the metric, I had to change thousands of signs. It is unlikely that no sign errors
remained, especially in spinorial equations.

Comments can be sent to me at <norbert.straumann @ gmail.com>.

Zurich, Switzerland Norbert Straumann


mailto:norbert.straumann@gmail.com

Preface to the Second Edition

The present edition is a thorough revision of my book on general relativity that
appeared in 2004 in the Springer Series “Text and Monographs in Physics”. I hope
that almost no errors have survived.

A lot of effort went into refining and improving the text. Furthermore, new ma-
terial has been added. Beside some updates, for instance on the marvellous double
pulsar system, and many smaller additions, the following sections have been added:

Sect. 2.11 General Relativistic Ideal Magnetohydrodynamics; Sect. 3.10 Do-
main of Dependence and Propagation of Matter Disturbances; Sect. 3.11 Boltz-
mann Equation in GR; most of Sect. 8.6.4: The First Law of Black Hole Dynamics;
Sect. 15.11 Covariant Derivatives of Tensor Densities.

As in the previous edition, space did not allow me to give an adequate introduc-
tion to the vast field of modern cosmology. But I have now at least added a concise
treatment of the Friedmann-Lemaitre models, together with some crucial observa-
tions which can be described within this idealized class of cosmological models.

Solutions to some of the more difficult exercises have been included, as well as
new exercises (often with solutions).

In preparing this new edition, I have benefited from suggestions, criticism, and
advice by students and colleagues. Eric Sheldon read the entire first edition and
suggested lots of improvements of my Swiss influenced use of English. Particular
thanks go to Domenico Giulini for detailed constructive criticism and help. Positive
reactions by highly estimated colleagues—especially by the late Juergen Ehlers—
encouraged me to invest the energy for this new edition.

Zurich, Switzerland Norbert Straumann
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The General Theory of Relativity



Chapter 1
Introduction

I worked horribly strenuously, strange that one can endure that.
—A. Einstein
(On a postcard to his friend M. Besso in Nov. 1915)

The discovery of the general theory of relativity (GR) has often been justly
praised as one of the greatest intellectual achievements of a single human being. At
the ceremonial presentation of Hubacher’s bust of A. Einstein in Ziirich, W. Pauli
said:

The general theory of relativity then completed and—in contrast to the special theory—

worked out by Einstein alone without simultaneous contributions by other researchers, will

forever remain the classic example of a theory of perfect beauty in its mathematical struc-
ture.

Let us also quote M. Born:

(The general theory of relativity) seemed and still seems to me at present to be the greatest
accomplishment of human thought about nature; it is a most remarkable combination of
philosophical depth, physical intuition and mathematical ingenuity. I admire it as a work of
art.

The origin of the GR is all the more remarkable when one considers that, aside
from a minute advance of the perihelion of Mercury, that remained in the data after
all perturbations in the Newtonian theory had been accounted for, no experimental
necessity for going beyond the Newtonian theory of gravitation existed. Purely the-
oretical considerations led to the genesis of GR. The Newtonian law of gravitation
as an action-at-a-distance law is not compatible with the special theory of relativity.
Einstein and other workers were thus forced to try to develop a relativistic theory of
gravitation. It is remarkable that Einstein was soon convinced that gravitation has
no place in the framework of special relativity. In his lecture On the Origins of the
General Theory of Relativity Einstein enlarged on this subject as follows:

I came a first step closer to a solution of the problem when I tried to treat the law of
gravitation within the framework of special relativity theory. Like most authors at that time,
[ tried to formulate a field law for gravity, since the introduction of action at a distance
was no longer possible, at least in any natural way, due to the elimination of the concept of
absolute simultaneity.

N. Straumann, General Relativity, Graduate Texts in Physics, 3
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The simplest and most natural procedure was to retain the scalar Laplacian gravitational
potential and to add a time derivative to the Poisson equation in such a way that the re-
quirements of the special theory would be satisfied. In addition, the law of motion for a
point mass in a gravitational field had to be adjusted to the requirements of special rela-
tivity. Just how to do this was not so clear, since the inertial mass of a body might depend
on the gravitational potential. In fact, this was to be expected in view of the principle of
mass-energy equivalence.

However, such considerations led to a result which made me extremely suspicious. Accord-
ing to classical mechanics, the vertical motion of a body in a vertical gravitational field is
independent of the horizontal motion. This is connected with the fact that in such a gravi-
tational field the vertical acceleration of a mechanical system, or of its center of mass, is
independent of its kinetic energy. Yet, according to the theory which I was investigating, the
gravitational acceleration was not independent of the horizontal velocity or of the internal
energy of the system.

This in turn was not consistent with the well known experimental fact that all bodies experi-
ence the same acceleration in a gravitational field. This law, which can also be formulated
as the law of equality of inertial and gravitational mass, now struck me in its deep signifi-
cance. I wondered to the highest degree about its validity and supposed it to be the key to a
deeper understanding of inertia and gravitation. I did not seriously doubt its strict validity
even without knowing the result of the beautiful experiment of Eotvos, which—if I remem-
ber correctly—I only heard of later. I now gave up my previously described attempt to treat
gravitation in the framework of the special theory as inadequate. It obviously did not do
Justice to precisely the most fundamental property of gravitation.

In the first chapter we shall discuss several arguments to convince the reader that
a satisfactory theory of gravitation cannot be formulated within the framework of
the special theory of relativity.

After nearly ten years of hard work, Einstein finally completed the general theory
of relativity in November 1915. How hard he struggled with the theory is indicated
by the following passage in a letter to A. Sommerfeld:

At present I occupy myself exclusively with the problem of gravitation and now believe

that I shall master all difficulties with the help of a friendly mathematician here (Marcel

Grossmann). But one thing is certain, in all my life I have never labored nearly as hard, and

I have become imbued with great respect for mathematics, the subtler part of which I had

in my simple-mindedness regarded as pure luxury until now. Compared with this problem,

the original relativity is child’s play.

In GR the rigid spacetime structure of the special theory of relativity (SR) is gen-
eralized. Einstein arrived at this generalization on the basis of his principle of equiv-
alence, according to which gravitation can be “locally” transformed away in a freely
falling, non-rotating system. (In the space age, this has become obvious to every-
body.) This means that on an infinitesimal scale, relative to a locally inertial system,
such as we have just described, special relativity remains valid. The metric field of
the SR varies, however, over finite regions of spacetime. Expressed mathematically,
spacetime is described by a (differentiable) pseudo-Riemannian manifold. The met-
ric field g has the signature! (— + ++) and describes not only the metric properties
of space and time as well as its causality properties, but also the gravitational field.
The physical metric field is thus curved and dynamical, both influencing and being

IIn this case, the pseudo-Riemannian manifold is called a Lorentz manifold.
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influenced by all other physical processes. In this sense GR unifies geometry and
gravitation, whence the name geometrodynamics, coined by J.A. Wheeler, is indeed
appropriate. Einstein had this profound insight some time during the summer 1912.

The theory consists of two main parts. The first describes the action of gravity
on other physical processes. In collaboration with M. Grossmann, Einstein soon
succeeded in generalizing non-gravitational (matter) laws, such as Maxwell’s equa-
tions. The coupling of matter variables to gravitational fields is largely determined
by the equivalence principle. This will be discussed extensively in Chap. 2. Briefly,
this comes about as follows.

It is a mathematical fact that in a Lorentz manifold one can introduce (nor-
mal) coordinates such that, at a given point p, the metric takes the normal form
(guv(p)) =diag(—1,1,1,1), and in addition its components have vanishing first
derivatives: g3 (p) = 0. Relative to such a coordinate system, the gravitational
field is locally transformed away (up to higher order inhomogeneities). The kinemat-
ical structure of GR thus permits locally inertial systems. According to the equiva-
lence principle, the laws of SR (for example, Maxwell’s equations) should hold in
such systems. This requirement permits one to formulate the non-gravitational laws
in the presence of a gravitational field. Mathematically this amounts to the substi-
tution of ordinary derivatives by covariant derivatives. The equivalence principle
thus prescribes—up to certain ambiguities—the coupling of mechanical, electro-
magnetic and other systems to external gravitational fields. This corner stone en-
abled Einstein to derive important results, such as the gravitational redshift of light,
long before the theory was completed.

Conversely, the metric field depends on the energy-momentum distribution of
all forms of matter. This dependence is expressed in Einstein’s field equations—the
hard core of the theory—which relates the curvature of spacetime to the energy-
momentum tensor of matter. Einstein discovered these highly nonlinear partial dif-
ferential equations after a long and difficult search, and showed that they are almost
uniquely determined by only a few requirements. At the same time, he recognized
that his new theory reduces in lowest order to the Newtonian one for the case of
quasistationary weak fields and slowly changing matter sources (and test particles).
In particular, Newton’s 1/r2 law is an unavoidable consequence of GR. The new
field theory of gravity also described deviations from Newtonian theory, in particu-
lar the anomalous precession of the perihelion of Mercury. Einstein once said about
his intellectual odyssey:

In the light of present knowledge, these achievements seem to be almost obvious, and every

intelligent student grasps them without much trouble. Yet the years of anxious searching in

the dark, with their intense longing, their alternations of confidence and exhaustion and the
final emergence into the light—only those who have experienced this can understand it.

The history of Einstein’s struggle is by now well documented. Some particularly
valuable references are collected in the bibliography.>

Contrary to original expectations, GR had little immediate influence on further
progress in physics. With the development of quantum mechanics, the theory of

ZFor a description of a particularly fruitful phase in Einstein’s struggle on the way to GR, see [61].
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matter and electromagnetism took a direction which had little connection with the
ideas of GR. (Einstein himself, and some other important physicists, did not partic-
ipate in these developments and clung to classical field concepts.) Nothing would
indicate that such phenomena would not be compatible with special relativity. This
was one of the reasons that progress in GR slowed. Another was that for a long
time no really novel observations were made for which Newtonian theory would be
inadequate.

The situation changed radically with an incredible chain of important astronom-
ical discoveries in the 1960s and 1970s which brought GR and relativistic astro-
physics to the forefront of present day research in physics. We now know that ob-
jects having extremely strong gravitational field exist in the Universe. Catastrophic
events, such as stellar collapse or explosions in the centers of active galaxies give
rise to not only strong, but also rapidly varying, gravitational fields. This is where
GR finds its proper applications. For sufficiently massive objects, gravitation dom-
inates at some point over all other interactions, due to its universally attractive and
long range character. Not even the most repulsive nuclear forces can always pre-
vent the final collapse to a black hole. So-called horizons appear in the spacetime
geometry, behind which matter disappears and thus, for all practical purposes of
physics and astrophysics, ceases to exist. For such dramatic events GR must be used
in its full ramifications, and is no longer merely a small correction to the Newtonian
theory. The observational evidence for black holes in some X-ray binary systems,
as well as for supermassive black holes in galactic centers is still indirect, but has
become overwhelming. We are undoubtedly in the middle of a truly Golden Age of
astrophysics and cosmology.

As a result of these astronomical observations, theorists have performed rele-
vant investigations on the stability of gravitating systems, gravitational collapse, the
physics of black holes, the emission of gravitational radiation, and other applied
fields of GR have been created and are further developed. Soon we shall have a
gravitational wave astronomy, allowing us to study highly dynamical strong field
processes, like the coalescence of black holes. Here Einstein’s equations come into
play in their full glory.®> Surely, gravitation wave searches will again strengthen the
interplay of theory and experiment. Cosmology is another observationally driven,
rapidly expanding area where GR plays a crucial role.

It is now widely recognized that GR is a non-Abelian gauge theory of a special
type, in that it has a common geometrical structure with the gauge theories of parti-
cle physics.* In all these theories spacetime-dependent invariance principles specify
the dynamics. In most unification attempts beyond the Standard Model of particle
physics, gravity is an essential and unavoidable part. Also for this reason, particle
physicists should nowadays have a good knowledge of GR and its differential geo-
metric methods.

3In the investigations of such complex phenomena, numerical relativity plays an increasingly im-
portant role. Fortunately, there now exist text books on this vast field [19, 20].

4For a historically oriented account of this, see [66].
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Physics in External Gravitational Fields

I was made aware of these (works by Ricci and Levi-Civita) by my friend Grossmann in
Ziirich, when I put to him the problem to investigate generally covariant tensors, whose
components depend only on the derivatives of the coefficients of the quadratic fundamental
form.

—A. Einstein (1955)

We already emphasized in the introduction that the principle of equivalence is one
of the foundation pillars of the general theory of relativity. It leads naturally to the
kinematical framework of general relativity and determines, suitable interpreted, the
coupling of physical systems to external gravitational fields. This will be discussed
in detail in the present chapter.

2.1 Characteristic Properties of Gravitation

Among the known fundamental interactions only the electromagnetic and gravita-
tional are of long range, thus permitting a classical description in the macroscopic
limit. While there exists a highly successful quantum electrodynamics, a (unified)
quantum description of gravity remains a fundamental theoretical task.

2.1.1 Strength of the Gravitational Interaction

Gravity is by far the weakest of the four fundamental interactions. If we compare
for instance the gravitational and electrostatic force between two protons, we find in
obvious notation

Gm? 2
L =08 x 10—36%. 2.1)
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The tiny ratio of the two forces reflects the fact that the Planck mass

e\ /2 GeV
Mp=(25) =12x1002X ~ 1075 g (2.2)
G c?

is huge in comparison to known mass scales of particle physics. The numerical fac-
tor on the right in Eq. (2.1) is equal to a_lmf,/MIZ,l, where o = €2 /hc ~ 1/137 is
the fine structure constant. Quite generally, gravitational effects in atomic physics
are suppressed in comparison to electromagnetic ones by factors of the order
(X”(m/Mpl)z, where m =me,mp,...andn =0, £1, .... There is thus no chance to
measure gravitational effects on the atomic scale. Gravity only becomes important
for astronomical bodies. For sufficiently large masses it sooner or later predomi-
nates over all other interactions and will lead to the catastrophic collapse to a black
hole. One can show (see Chap. 7) that this is always the case for stars having a mass
greater than about

—2L ~ 2M, (2.3)

where m y is the nucleon mass. Gravity wins because it is not only long range, but
also universally attractive. (By comparison, the electromagnetic forces cancel to a
large extent due to the alternating signs of the charges, and the exclusion principle
for the electrons.) In addition, not only matter, but also antimatter, and every other
form of energy acts as a source for gravitational fields. At the same time, gravity
also acts on all forms of energy.

2.1.2 Universality of Free Fall

Since the time of Galilei, we learned with increasing precision that all test bodies
fall at the same rate. This means that for an appropriate choice of units, the iner-
tial mass is equal to the gravitational mass. Newton established that the “weight”
of a body (its response to gravity) is proportional to the “quantity of matter” in it
already to better than a part in 1000. He achieved this with two pendulums, each
11 feet long ending in a wooden box. One was a reference; into the other he put
successively “gold, silver, lead, glass, common salt, wood, water and wheat”. Care-
ful observations showed that the times of swing are independent of the material. In
Newton’s words:

And by experiments made with the greatest accuracy, I have always found the quantity of
matter in bodies to be proportional to their weight.

In Newton’s theory of gravity there is no explanation for this remarkable fact.
A violation would not upset the conceptual basis of the theory. As we have seen in
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the introduction, Einstein was profoundly astonished by this fact.! The equality of
the inertial and gravitational masses has been experimentally established with an ac-
curacy of one part in 10'2 (For a review, see [96]). This remarkable fact suggests the
validity of the following universality of free fall, also called the Weak Equivalence
Principle:

Weak Equivalence Principle (WEP) The motion of a test body in a gravitational
field is independent of its mass and composition (at least when one neglects inter-
actions of spin or of a quadrupole moment with field gradients).

For the Newtonian theory, universality is of course a consequence of the equality
of inertial and gravitational masses. We postulate that it holds generally, in particular
also for large velocities and strong fields.

2.1.3 Egquivalence Principle

The equality of inertial and gravitational masses provides experimental support for
a stronger version of the principle of equivalence.

Einstein’s Equivalence Principle (EEP) In an arbitrary gravitational field no lo-
cal non-gravitational experiment can distinguish a freely falling nonrotating system
(local inertial system) from a uniformly moving system in the absence of a gravita-
tional field.

Briefly, we may say that gravity can be locally transformed away.” Today of
course, this is a well known fact to anyone who has watched space flight on televi-
sion.

Remarks

1. The EEP implies (among other things) that inertia and gravity cannot be
(uniquely) separated.

In popular lectures which have only recently been published [70], H. Hertz said about inertial and
gravitational mass:

And in reality we do have two properties before us, two most fundamental properties of
matter, which must be thought as being completely independent of each other, but in our ex-
perience, and only in our experience, appear to be exactly equal. This correspondence must
mean much more than being just a miracle . ... We must clearly realize, that the proportion-
ality between mass and inertia must have a deeper explanation and cannot be considered
as of little importance, just as in the case of the equality of the velocities of electrical and
optical waves.

2This ‘infinitesimal formulation® of the priniple of equivalence was first introduced by Pauli in
1921, [1, 2], p. 145. Einstein dealt only with the very simple case of homogeneous gravitational
fields. For a detailed historical discussion, we refer to [81].
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Fig. 2.1 EEP and blueshift P
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2. The formulation of the EEP is somewhat vague, since it is not entirely clear what
is meant by a local experiment. At this point, the principle is thus of a heuristic
nature. We shall soon translate it into a mathematical requirement.

3. The EEP is even for test bodies stronger than the universality of free fall, as can
be seen from the following example. Consider a fictitious world in which, by
a suitable choice of units, the electric charge is equal to the mass of the parti-
cles and in which there are no negative charges. In a classical framework, there
are no objections to such a theory, and by definition, the universality property
is satisfied. However, the principle of equivalence is not satisfied. Consider a
homogeneous magnetic field. Since the radii and axes of the spiral motion are
arbitrary, there is no transformation to an accelerated frame of reference which
can remove the effect of the magnetic field on all particles at the same time.

4. We do not discuss here the so-called strong equivalence principle (SEP) which
includes self-gravitating bodies and experiments involving gravitational forces
(e.g., Cavendish experiments). Interested readers are referred to [8] and [96].

2.1.4 Gravitational Red- and Blueshifts

An almost immediate consequence of the EEP is the gravitational redshift (or
blueshift) effect. (Originally, Einstein regarded this as a crucial test of GR.) Fol-
lowing Einstein, we consider an elevator cabin in a static gravitational field. For
simplicity, we consider a homogeneous field of strength (acceleration) g, but the re-
sult (2.4) below also applies for inhomogeneous fields; this is obvious if the height
H of the elevator is taken to be infinitesimal. Suppose the elevator cabin is dropped
from rest at time # = 0, and that at the same time a photon of frequency v is emitted
from its ceiling toward the floor (see Fig. 2.1). The EEP implies two things:

(a) The light arrives at a point A of the floor at time ¢t = H/c;
(b) no frequency shift is observed in the freely falling cabin.
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Fig. 2.2 Conservation of [
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Consider beside A an observer B at rest in the shaft at the same height as the point
A of the floor when the photon arrives there. Clearly, B moves relative to A with
velocity v =~ gt (neglecting higher order terms in t). Therefore, B sees the light
Doppler shifted to the blue by the amount (in first order)?

Av v gH
Ii=—=-= 5
% c c
If we write this as
A
7= —2¢, 2.4)
c

where A¢ is the difference in the Newtonian potential between the receiver and
the emitter at rest at different heights, the formula also holds for inhomogeneous
gravitational fields to first order in A¢/c?. (The exact general relativistic formula
will be derived in Sect. 2.9.)

Since the early 1960s the consequence (2.4) of the EEP has been tested with
increasing accuracy. The most precise result so far was achieved with a rocket ex-
periment that brought a hydrogen-maser clock to an altitude of about 10,000 km.
The data confirmed the prediction (2.4) to an accuracy of 2 x 10~*. Gravitational
redshift effects are routinely taken into account for Earth-orbiting clocks, such as
for the Global Positioning System (GPS). For further details see [96].

At the time when Einstein formulated his principle of equivalence in 1907, the
prediction (2.4) could not be directly verified. Einstein was able to convince himself
of its validity indirectly, since (2.4) is also a consequence of the conservation of en-
ergy. To see this, consider two points A and B, with separation H in a homogeneous
gravitational field (see Fig. 2.2). Let a mass m fall with initial velocity zero from A
to B. According to the Newtonian theory, it has the kinetic energy mg H at point B.
Now let us assume that at B the entire energy of the falling body (rest energy plus
kinetic energy) is annihilated to a photon, which subsequently returns to the point A.
If the photon did not interact with the gravitational field, we could convert it back

3B is, of course, not an inertial observer. It is, however, reasonable to assume that B makes the
same measurements as a freely falling (inertial) observer B’ momentarily at rest relative to B.



12 2 Physics in External Gravitational Fields

to the mass m and gain the energy mgH in each cycle of such process. In order
to preserve the conservation of energy, the photon must experience a redshift. Its
energy must satisfy

gH
Eiower = Eupper +mgH =mc* + mgH = Euppe,<1 + 7).

For the wavelengths we then have (% is Planck’s constant)

)Lupper _ hViower N Ejower gH

I 4z= =1+%,
Z C2

Alower hvupper Eupper

in perfect agreement with (2.4).

2.2 Special Relativity and Gravitation

That the special theory of relativity is only the first step of a necessary development became

completely clear to me only in my efforts to represent gravitation in the framework of this
theory.

—A. Einstein

(Autobiographical Notes, 1949)

From several later recollections and other sources we know that Einstein recognized
very early that gravity does not fit naturally into the framework of special relativity.
In this section, we shall discuss some arguments which demonstrate that this is
indeed the case.

2.2.1 Gravitational Redshift and Special Relativity

According to special relativity, a clock moving along the timelike world line x* (1)
measures the proper time interval

A /AZ dxttdxr (2.5)
T= - ————dA, .
" dn da

where 7, is the Minkowski metric. In the presence of a gravitational field, (2.5)
can no longer be valid, as is shown by the following argument.

Consider a redshift experiment in the Earth’s gravitational field and assume that
a special relativistic theory of gravity exists, which need not be further specified
here. For such an experiment we may neglect all masses other than that of the Earth
and regard the Earth as being at rest relative to some inertial system. In a spacetime
diagram (height z above the Earth’s surface versus time), the Earth’s surface, the
emitter and the absorber all move along world lines of constant z (see Fig. 2.3).
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The transmitter is supposed to emit at a fixed frequency from S; to S>. The pho-
tons registered by the absorber move along world lines y; and y», that are not neces-
sarily straight lines at an angle of 45°, due to a possible interaction with the gravita-
tional field, but must be parallel, since we are dealing with a static situation. Thus,
if the flat Minkowski geometry holds and the time measurement is given by (2.5),
it follows that the time difference between S; and S> must be equal to the time dif-
ference between A and A;. Thus, there would be no redshift. This shows that at
the very least (2.5) is no longer valid. The argument does not exclude the possibility
that the metric g, might be proportional to 7,,. (This possibility will be rejected
below.)

2.2.2 Global Inertial Systems Cannot Be Realized in the Presence
of Gravitational Fields

In Newtonian—Galileian mechanics and in special relativity, the law of inertia dis-
tinguishes a special class of equivalent frames of reference (inertial systems). Due
to the universality of gravitation, only the free fall of electrically neutral test bodies
can be regarded as particularly distinguished motion in the presence of gravitational
fields. Such bodies experience, however, relative accelerations. There is no oper-
ational procedure to uniquely separate inertia and gravitation. In spite of this, the
fiction of a linear affine Galilei spacetime (with a flat affine connection) is main-
tained in the traditional presentation of Newton’s theory,* and gravity is put on the
side of the forces. But since the concept of an inertial system cannot be defined
operationally, we are deprived of an essential foundation of the special theory of
relativity.

We no longer have any reason to describe spacetime as a linear affine space.
The absolute, integrable affine structure of the spacetime manifold in Newtonian—
Galilean mechanics and in special relativity was, after all, suggested by the law of

4A more satisfactory formulation was given by E. Cartan, [67, 68] and K. Friederichs, [69] (see
also Exercise 3.2).
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inertia. A more satisfactory theory should account for inertia and gravity in terms
of a single, indecomposable structure.

2.2.3 Gravitational Deflection of Light Rays

Consider again the famous Einstein elevator cabin in an elevator shaft attached to
the Earth, and a light ray emitted perpendicular to the direction of motion of the
freely falling cabin. According to the principle of equivalence, the light ray propa-
gates along a straight line inside the cabin relative to the cabin. Since the elevator
is accelerated relative to the Earth, one expects that the light ray propagates along
a parabolic path relative to the Earth. This consequence of the EEP holds, a priori,
only locally. It does not necessarily imply bending of light rays from a distant source
traversing the gravitational field of a massive body and arriving at a distant observer.
Indeed, we shall see later that it is possible to construct a theory which satisfies the
principle of equivalence, but in which there is no deflection of light. (For a detailed
discussion of how this comes about, see [95].) At any rate, the deflection of light is
an experimental fact (the precise magnitude of the effect does not concern us at the
moment).

It is therefore not possible to describe the gravitational field (as in the Einstein—
Fokker theory, discussed in Sect. 3.2) in terms of a conformally flat metric, i.e., by a
metric field proportional to the Minkowski metric: g, (x) = ¢ (x)ny., where ¢ (x)
plays the role of the gravitational potential. Indeed, for such a metric the light cones
are the same as in the Minkowski spacetime; hence, there is no light deflection.

2.2.4 Theories of Gravity in Flat Spacetime

1 see the most essential thing in the overcoming of the inertial system, a thing that acts upon
all processes, but undergoes no reaction. This concept is, in principle, no better than that of
the center of the universe in Aristotelian physics.

—A. Einstein (1954)

In spite of these arguments one may ask, how far one gets with a theory of gravity in
Minkowski spacetime, following the pattern of well understood field theories, such
as electrodynamics. Attempts along these lines have a long tradition, and are quite
instructive. Readers with some background in special relativistic (classical) field
theory should find the following illuminating. One may, however, jump directly to
the conclusion at the end of this subsection (p. 18).

Scalar Theory

Let us first try a scalar theory. This simplest possibility was studied originally by
Einstein, von Laue, and others, but was mainly developed by G. Nordstrgm, [62—
64].
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The field equation for the scalar field ¢, generalizing the Newtonian potential, in
the limit of weak fields (linear field equation) is unique:

O =—4nGT. (2.6)

Here, T denotes the trace of the energy-momentum tensor 7#" of matter. For a
Newtonian situation this reduces to the Poisson equation.

We formulate the equation of motion of a test particle in terms of a Lagrangian.
For weak fields this is again unique:

L(x", x") = —\/=nuxtiV (1 + @), .7

because only for this the Newtonian limit for weak static fields and small velocities
of the test bodies comes out right:

1
L(x,x)~ Eicz — ¢ 4+ const.

The basic equations (2.6) and (2.7) imply a perihelion motion of the planets, but
this comes out wrong, even the sign is incorrect. One finds (—1/6) times the value
of general relativity (see Exercise 2.3). In spite of this failure we add some further
instructive remarks.

First, we want to emphasize that the interaction is necessarily attractive, inde-
pendent of the matter content. To show this, we start from the general form of the
Lagrangian density for the scalar theory

1
£=—§3M¢3“¢+8T'¢+£mm, (2.8)

where ¢ is proportional to ¢ and g is a coupling constant. Note first that only g’ is
significant: Setting ¢ = g¢, we have

1 - -
C=—@3M¢3“¢+T~¢+£maz,

involving only g2. Next, it has to be emphasized that it is not allowed to replace
g% by —g?, otherwise the field energy of the gravitational field would be negative.
(This “solution” of the energy problem does not work.) Finally, we consider the field
energy for static sources.

The total (canonical) energy-momentum tensor

oL

A ad
v 8¢’M

v+ L
gives for the ¢-contribution

1
(Tp) v = 8, Pdup — Enwama% + 1uwgTo.

For the corresponding total energy we find
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1

E = / (Tp)oo d>x = 5 / ((V§)? —2gT¢)d*x

= %/(¢(—A¢) —2gT¢)d’*x = —%g/ Todx. (2.9)

Since A¢p = —gT, we have

sy =5 [ T&D 5y

4 J |x —x/|

Inserting this in (2.9) gives finally
g2 1 / T(x)T (x")

= dxd3x’,
4 2 lx — x|
showing that indeed the interaction is attractive.

This can also be worked out in quantum field theory by computing the effective
potential corresponding to the one-particle exchange diagram with the interaction
Lagrangian L;,; = g¥ ¥ ¢m—o. One finds

2
g 1
Verr=—"—
o 47 |x — x'|

both for fermion-fermion and fermion-antifermion interactions. The same result is
found for the exchange of massless spin-2 particles, while for spin-1 we obtain
repulsion between particles, and attraction between particles and antiparticles (see
Exercise 2.4).

The scalar theory predicted that there is no light deflection, simply because the
trace of the electromagnetic energy-momentum tensor vanishes. For this reason Ein-
stein urged in 1913 astronomers (E. Freundlich in Potsdam) to measure the light
deflection during the solar eclipse the coming year in the Crimea. Shortly before
the event the first world war broke out. Over night Freundlich and his German col-
leagues were captured as prisoners of war and it took another five years before the
light deflection was observed. For further discussion of the scalar theory we refer to
[97], and references therein.

Tensor (spin-2) Theory

We are led to study the spin-2 option. (There are no consistent higher spin equations
with interaction.) This means that we try to describe the gravitational field by a
symmetric tensor field /. Such a field has 10 components. On the other hand, we
learned from Wigner that in the massless case there are only fwo degrees of freedom.
How do we achieve the truncation from 10 to 2?

Recall first the situation in the massive case. There we can require that the trace
h= h’fl vanishes, and then the field %, transforms with respect to the homoge-
neous Lorentz group irreducibly as D'V (in standard notation). With respect to the
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subgroup of rotations this reduces to the reducible representation
D'®D'=D*® D' D"
The corresponding unwanted spin-1 and spin-0 components are then eliminated by
imposing 4 subsidiary conditions
d,.ht =0.

The remaining 5 degrees of freedom describe (after quantization) massive spin-2
particles (W. Pauli and M. Fierz, [98, 99]; see, e.g., the classical book [22]).

In the massless case we have to declare certain classes of fields as physically
equivalent, by imposing—as in electrodynamics—a gauge invariance. The gauge
transformations are

hyy — hyy 4+ 0,80 + 0,8, (2.10)

where £, is an arbitrary vector field.
Let us first consider the free spin-2 theory which is unique (W. Pauli and M.
Fierz)

1 1 1 1
L= —Zh,w,(,h“”"’ + Eh,w,gh“”’“ + Zh,gh"’ — Eh,gh”j. .11)

Let G, denote the Euler—Lagrange derivative of L,

1
Gy = 5070 hyy + 8u00h = 0,0 hyo = 3,97 ho
+ 10 (098P hag — 87 05 ). (2.12)
The free field equations

G =0 (2.13)

are identical to the linearized Einstein equations (as shown in Sect. 5.1) and de-
scribe, for instance, the propagation of weak gravitational fields.
The gauge invariance of £ (modulo a divergence) implies the identity

9,G"" =0, “linearized Bianchi identity”. (2.14)

This should be regarded in analogy to the identity 9, (JA* — 9#9,A") = 0 for the
left-hand side of Maxwell’s equations.

Let us now introduce couplings to matter. The simplest possibility is the linear
coupling

1
Lint = —Efch,wT’”, (2.15)
leading to the field equation

GMY = —TH, (2.16)
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This can, however, not yet be the final equation, but only an approximation for
weak fields. Indeed, the identity (2.14) implies 9, 7#" = 0 which is unacceptable (in
contrast to the charge conservation of electrodynamics). For instance, the motion of
a fluid would then not at all be affected by the gravitational field. Clearly, we must
introduce a back-reaction on matter. Why not just add to 7" in (2.16) the energy-
momentum tensor ?)¢#V which corresponds to the Pauli—Fierz Lagrangian (2.11)?
But this modified equation cannot be derived from a Lagrangian and is still not
consistent, but only the second step of an iteration process

Lfree — D s Lowpic —> Dt — .22

The sequence of arrows has the following meaning: A Lagrangian which gives the
quadratic terms @£V in

GH = g(TMV + (z)tﬂv + (3)t/'w +.. ) (217)

must be cubic in £, and in turn leads to cubic terms Gtv of the gravitational
energy-momentum tensor. To produce these in the field equation (2.17), we need
quartic terms in /,,, etc. This is an infinite process. By a clever reorganization it
stops already after the second step, and one arrives at field equations which are
equivalent to Einstein’s equations (see [100]). The physical metric of GR is given in
terms of ¢V = h*V — %n‘“h by

V—=gg"’ =n"" — oM, (2.18)

where g :=det(g,y).

At this point one can reinterpret the theory geometrically. Thereby the flat metric
disappears completely and one arrives in a pedestrian way at GR. This approach
is further discussed in [97]. There it is also shown that g, is really the physical
metric.

Conclusion The consequent development of the theory shows that it is possible to
eliminate the flat Minkowski metric, leading to a description in terms of a curved
metric which has a direct physical meaning. The originally postulated Lorentz in-
variance turns out to be physically meaningless and plays no useful role. The flat
Minkowski spacetime becomes a kind of unobservable ether. The conclusion is in-
evitable that spacetime is a pseudo-Riemannian (Lorentzian) manifold, whereby the
metric is a dynamical field, subjected to field equations.

2.2.5 Exercises

Exercise 2.1 Consider a homogeneous electric field in the z-direction and a charged
particle with e = m. Show that a particle which, originally at rest, moves faster in
the vertical direction than a particle which was originally moving horizontally.
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Exercise 2.2 Consider a self gravitating body (star) moving freely in the neighbor-
hood of a black hole. Estimate at which distance D the star is disrupted by relative
forces due to inhomogeneities of the gravitational field (tidal forces).

Solution Relative gravitational accelerations in Newtonian theory are determined
by the second derivative of the Newtonian potential. A satellite with mass M and
radius R at distance r from a compact body (neutron star, black hole) of mass M,
experiences a tidal force at the surface (relative to the center) of magnitude

d (GM,
— R|.
dr \ r?

Once this becomes larger than the gravitational acceleration of its own field at the
surface, the satellite will be disrupted. The critical distance D is thus estimated to

be
<2Mc>1/3
D~ R.
M

Let us introduce the average mass density p of the satellite by M = 4T”R3,5, then

3NY3 g\ 13
v>(x) (%)
2w 0
Put in the numbers for M, ~ 103 M and the parameters of the sun for the satellite.
Compare D with the Schwarzschild radius Ry =2G M,/ 2 for M..

Exercise 2.3 Determine the perihelion motion for Nordstrgm’s theory of gravity
(basic equations (2.6) and (2.7)). Compare the result with that of GR, derived in
Sect. 4.3. Even the sign turns out to be wrong.

Exercise 2.4 Show that a vector theory of gravity, similar to electrodynamics, leads
necessarily to repulsion.

2.3 Spacetime as a Lorentzian Manifold

Either, therefore, the reality which underlies space must form a discrete manifold, or we
must seek the ground of its metric relations (measure conditions) outside it, in binding
forces which act upon it.

—B. Riemann (1854)

The discussion of Sect. 2.2 has shown that in the presence of gravitational fields
the spacetime description of SR has to be generalized. According to the EEP,
special relativity remains, however, valid in “infinitesimal” regions. This suggests
that the metric properties of spacetime have to be described by a symmetric ten-
sor field g, (p) for which it is not possible to find coordinate systems such that
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guwv(p) =diag(—1,1,1, 1) in finite regions of spacetime. This should only be pos-
sible when no true gravitational fields are present. We therefore postulate: The math-
ematical model for spacetime (i.e., the set of all elementary events) in the presence
of gravitational fields is a pseudo-Riemannian manifold M, whose metric g has
the same signature as the Minkowski metric. The pair (M, g) is called a Lorentz
manifold and g is called a Lorentzian metric.

Remark At this point, readers who are not yet familiar with (pseudo-) Riemannian
geometry should study the following sections of the differential geometric part at
the end of the book: All of Chaps. 11 and 12, and Sects. 15.1-15.6. These form a
self-contained subset and suffice for most of the basic material covered in the first
two chapters (at least for a first reading). References to the differential geometric
Part III will be indicated by DG.

As for Minkowski spacetime, the metric g determines, beside the metric proper-
ties, also the causal relationships, as we shall see soon. At the same time, we also
interpret the metric field as the gravitational potential. In the present chapter our
goal is to describe how it influences non-gravitational systems and processes.

Among the metric properties, the generalization of (2.5) of the proper time inter-
val for a timelike curve x* (1) (i.e., a curve with timelike tangent vectors) is

A2 dx* dxV
Ar:/ — gy ———d. (2.19)
. "dn dx

A good (atomic) clock, moving along x* (1), measures this proper time.

The coupling of the metric to non-gravitational systems should satisfy two prin-
ciples. First, the basic equations must have intrinsic meaning in (M, g). In other
words, they should be expressible in terms of the intrinsic calculus on Lorentz man-
ifolds, developed in DG. Equivalently, the basic laws should not distinguish any
coordinate system. All charts of any atlas, belonging to the differential structure, are
on the same footing. One also says that the physical laws have to be covariant with
respect to smooth coordinate transformations (or are generally covariant). Let us
formulate this property more precisely:

Definition A system of equations is covariant with respect to the group G(M) of
(germs of) smooth coordinate transformations, provided that for any element of
G(M) the quantities appearing in the equations can be transformed to new quan-
tities in such a way that

(i) the assignment preserves the group structure of G(M);
(ii) both the original and the transformed quantities satisfy the same system of equa-
tions.

Only generally covariant laws have an intrinsic meaning in the Lorentz manifold.
If a suitable calculus is used, these can be formulated in a coordinate-free manner.
The general covariance is at this point a matter of course. It should, however, not
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be confused with general invariance. The difference of the two concepts will be
clarified later when we shall consider the coupled dynamical system of metric plus
matter variables. It will turn out that general invariance is, like gauge invariance, a
powerful symmetry principle (see Sect. 3.5).

From DG, Sect. 15.3, we know that in a neighborhood of every point p a coordi-
nate system exists, such that

guv(P) =Ny and g (p) = 0, (2.20)

where (1,,,) = diag(—1, 1, 1, 1). Such coordinates are said to be inertial or normal at
p, and are interpreted as locally inertial systems. We also say that such a coordinate
system is locally inertial with origin p. The metric g describes the behavior of
clocks and measuring sticks in such locally inertial systems, exactly as in special
relativity. Relative to such a system, the usual laws of electrodynamics, mechanics,
etc. in the special relativistic form are locally valid. The form of these laws for an
arbitrary system is to a large extent determined by the following two requirements
(we shall discuss possible ambiguities in Sect. 2.4.6):

(a) Aside from the metric and its derivatives, the laws should contain only quantities
which are also present in the special theory of relativity.’

(b) The laws must be generally covariant and reduce to the special relativistic form
at the origin of a locally inertial coordinate system.

These requirements provide a mathematical formulation of Einstein’s Equiva-
lence Principle. We shall soon arrive at a more handy prescription.

2.4 Non-gravitational Laws in External Gravitational Fields

We now apply this mathematical formulation of the EEP and discuss possible am-
biguities at the end of this section. Familiarity with the concept of covariant differ-
entiation (DG, Sects. 15.1-15.6) will be assumed. We add here some remarks about
notation.

Remarks (Coordinate-free versus abstract index notation) Modern mathematical
texts on differential geometry usually make use of indices for vectors, tensors, etc.
only for their components relative to a local coordinate system or a frame, i.e. a local
basis of vector fields. If indices for the objects themselves are totally avoided, com-
putations can, however, quickly become very cumbersome, especially when higher
rank tensors with all sorts of contractions are involved. For this reason, relativists
usually prefer what they call the abstract index notation. This has nothing to do with
coordinates or frames. For instance, instead of saying: “. .. let Ric be the Ricci ten-
sor, u a vector field, and consider Ric(u, u) ...”, one says: “... let R, be the Ricci

51t is not permitted to introduce in addition to guv other “external” (absolute) elements such as a
flat metric which is independent of g.
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tensor, u" a vector field, and consider R, u*u", ....” In particular, the number and
positions of indices specify which type of tensor is considered, and repeated indices
indicate the type of contraction that is performed.

Some authors (e.g., R. Wald in his text book [9]) distinguish this abstract meaning
of indices from the usual component indices by using different alphabets. We do not
want to adopt this convention, since it should be clear from the context whether the
indices can be interpreted abstractly, or whether they refer to special coordinates
or frames which are adapted to a particular spacetime (with certain symmetries,
distinguished submanifolds, .. .).

When dealing, for example, with differential forms we often avoid abstract in-
dices and follow the habits of mathematicians. We hope that the reader will not be
disturbed by our notational flexibility. After having studied the present subsection,
he should be familiar with our habits.

2.4.1 Motion of a Test Body in a Gravitational Field

What is the equation of motion of a freely falling test particle? Let y(t) be its
timelike world line, parameterized by the proper time t. According to (2.19) its
tangent vector y (four-velocity) satisfies

dx* dx¥

@ oy )op) = (y,y) = —1. 2.21
v or gy,y)=:(y,y) (2.21)

Consider some arbitrary point p along the orbit y(r), and introduce coordinates
which are locally inertial at p. The weak equivalence principle implies

2,1
X o, (2.22)
d 2

™ p

Since the Christoffel symbols F’;ﬂ vanish at p, we can write this as

d%x™ u dx® dx?

- - =0 2.23
TR T (2.23)

at p. This is just the geodesic equation (DG, Sect. 15.3), which is generally covari-
ant. Therefore, Eq. (2.23) holds in any coordinate system. Moreover, since the point
p is arbitrary, it is valid along the entire orbit of the test body. In coordinate-free
notation it is equivalent to the statement that y is autoparallel along y

Vyy =0. (2.24)
Note that (2.21) and (2.23) are compatible. This follows with the Ricci identity from

d . . o o
d—r(y,y)=Vy'<y,y>=2(Vy'V,V)=0.
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The geodesic equation (2.23) is the Euler—Lagrange equation for the variational
principle

dx* dxV

gAY 225
ST an (2.25)

(see the solution of Exercise 2.5).

The basic equation (2.23) can be regarded as the generalization of the Galilean
law of inertia in the presence of a gravitational field. It is a great triumph that the
universality of the inertial/gravitational mass ratio is automatic. It is natural to regard
the connection coefficients I ’; 5 as the gravitational-inertial field strength relative to
the coordinates {x*}.

2.4.2 World Lines of Light Rays

Using the same arguments, the following equations for the world line y (1) of a light
ray, parameterized by an affine parameter X, are obtained

d?x* u dx® dxB
—— =0, 2.26
o2 e (2:262)
dx* dx”

In other words, the world lines of light rays are null geodesics. (See also Exer-
cise 2.7.) Later (in Sect. 2.8) we shall derive these equations from Maxwell’s equa-
tions in the eikonal approximation.

At each spacetime point p € M we can consider, as in Minkowski spacetime, the
past and future null cones in the tangent space T), M. These are tangent to past and
future light cones, generated by light rays ending up in p, respectively emanating
from p. The set of all these light cones describes the causal structure of spacetime.

Relativists are used to draw spacetime diagrams. A typical example that illus-
trates some of the basic concepts we have introduced so far is shown in Fig. 2.4.

2.4.3 Exercises

Exercise 2.5 Let

y:la,b] — M

T — y (1),
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Four-velocity
of P at a

World tube of B

Light ray L

World line of P Light cone

Fig. 2.4 Spacetime diagram representing a particle P, abody B and a light ray L emitted at e € B
and absorbed at a point of P’s worldline

be a smooth timelike curve (at least of class C2). Show that when y minimizes the
distance

b
L(y) =f —(v.y)dr (2.27)

for fixed endpoints p and g, then y is a geodesic if 7 is the proper time.

Solution Note first that L(y) is independent of the parametrization. For simplic-
ity, we assume that the minimizing curve y lies in the domain U of a chart with
associated coordinates {x*}. Consider a family {y,}, —a < & < a, of smooth (C?)
curves from p to g (y. C U, ¢ € (—«, @)), defined by the coordinates x* (7, &) =
x*(t) 4+ &M (), with £#(a) = £*(b) = 0. We use the notation - = d/dt and
' = 9/de. Since the quantity

b
L(y,) = / [—g0 (x(z, )i (z, )5 (z, )] /2 dx

attains a minimum at ¢ = 0, we have

2
=0.

1 [ )
L' (Ye)le=0 = ——/ [8Agw(y(t))ékic“(f)fc”(r) + 280 (v (D)EH (1" (D) ] dT

Integration by part of the second term gives

b
[ [(8Aguv - zaug)\v))'cﬂxv - ZgAv)'C'U]SA dt =0.
a
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By a standard argument, the curly bracket must vanish. Renaming some indices
and using the symmetry of g,,,, one finds that x*(7) satisfies the geodesic equation
(2.23).

Remark We show in DG, Sect. 16.4 how this variational calculation can be done in
a coordinate-free manner. For the second derivative, see, e.g., [46], Chap. 10.

Exercise 2.6 Beside L(y) one can consider the energy functional

1
E(y)= 5/(%?)% (2.28)

which depends on the parametrization. From the solution of Exercise 2.5 it should
be obvious that minimization of E(y) again leads to the geodesic equation (we
shall often use this for practical calculations). Show by a direct calculation that the
geodesic equation implies

d e
< (g le@)ire) =0,

whence the parametrization is proportional to proper time. It should be clear that the
variational principle for the energy functional also applies to null geodesics.

Exercise 2.7 Consider a conformal change of the metric
gr— g =¢e"g. (2.29)
Show that a null geodesic for g is also a null geodesic for g.

Hints In transforming the geodesic equation one has to carry out a re-parametriza-
tion A — A such that dA/dA = e?®. The relation between the Christoffel symbols
for the two metrics is

f’;ﬂ =Ty + 80 p+ 800 — 8apg" ¢,v- (2.30)

2.4.4 Energy and Momentum “Conservation’ in the Presence of
an External Gravitational Field

According to the special theory of relativity, the energy-momentum tensor 7#" of a
closed system satisfies, as a result of translation invariance, the conservation law

In the presence of a gravitational field, we define a corresponding tensor field on
(M, g) such that it reduces to the special relativistic form at the origin of a locally
inertial system.
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Example (Energy-momentum tensor for an ideal fluid) In SR the form of the
energy-momentum tensor is established as follows. A fluid is by definition ideal if a
comoving observer sees the fluid around him as isotropic. So let us consider a local
rest frame, that is an inertial system such that the fluid is at rest at some particular
spacetime point. Relative to this system (indicated by a tilde) the energy-momentum
tensor has at that point the form

T0=p, TY9=70=0, TY=ps;, (2.31)

where p is the proper energy density and p is the pressure of the fluid (¢ = 1). The
four-velocity u* of the fluid has in the local rest frame the value #° = 1, & = 0, and
hence we can write (2.31) as

T = (o + pyata’ + py™".

Since this is a tensor equation it holds in any inertial system.
In the presence of gravitational fields our general prescription leads uniquely to

T = (p + pyutu” + pgh", (2.32)

with the normalization
guoutu’ =—1. (2.33)

of the four-velocity field. For an introduction to special relativistic fluid dynamics,
see for instance [21].

Remark We shall discuss in Sect. 3.3.4 a general method of constructing the energy-
momentum tensor in the framework of the Lagrangian formalism.

At the origin p € M of a locally inertial system we have, by the EEP, T"" , =
at p. We may just as well write T" V_v =0 at p, where the semicolon denotes the
covariant derivative of the tensor field. This equation is generally covariant, and
hence is valid in any coordinate system. We thus arrive at

™' =0. (2.34)

Conclusion From this consideration, we conclude quite generally that the physical
laws of special relativity are changed in the presence of a gravitational field simply
by the substitution of covariant derivatives for ordinary derivatives, often called the
principle of minimal coupling (or comma — semicolon rule). This is an expression
of the principle of equivalence. (Possible ambiguities for higher order derivatives are
discussed at the end of this section.)

In this manner the coupling of the gravitational field to physical systems is deter-
mined in an extremely simple manner.
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We may write (2.34) as follows: General calculational rules give (DG, Eq.
(15.23))

Ay w oA A
T, =T  + T, T+ T, T".
Hence,
v w o A
T W:T’“,,,—i-FMT ”—i—FﬁAT“ .

Now we have®

1
ry, =—o(/—2. (2.35)
Ve
where g is the determinant of (g, ). Hence, (2.34) is equivalent to
1
\/T_ga,,(«/_—gT‘”) + I T =0. (2.36)

Because of the second term in (2.36), this is no longer a conservation law. We cannot
form any constants of the motion from (2.36). This should also not be expected,
since the system under consideration can exchange energy and momentum with the
gravitational field.
Equations (2.34) (or (2.36)) and (2.32) provide the basic hydrodynamic equations
for an ideal fluid in the presence of a gravitational field (see the exercises below).
Show that (2.36) is for a symmetric 7" equivalent to

1 1
—— 3, (v=gT.") — = T =0. 2.37
\/_—g u( 81l ) 2801/3, W ( )
Remark 1In the derivation of the field equations for the gravitational field, (2.34) will
play an important role.
2.4.5 Exercises

Exercise 2.8 Contract Eq. (2.34) with u* and show that the stress-energy tensor
(2.32) for a perfect fluid leads to

Vup=—(p+p)V -u. (2.38)

%From linear algebra we know (Cramer’s rule) that gg”¥ is the cofactor (minor) of g, hence
dug = %Bag,w = 8¢ 0y g,v- This gives

1 1
F!]ja = gﬂvi(aag/w + avg//.a - 8/tgvo:) = Eg“vaaguu

1 1
= — g = —0(V/—8).
228 = V=8
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Exercise 2.9 Contract Eq. (2.34) with the “projection tensor”
hyy = guv +uyuy (2.39)
and derive the following general relativistic Euler equation for a perfect fluid:
(o + p)Vyu = —grad p — (Vy p)u. (2.40)

The gradient of a function f is the vector field grad f := (df)*.

2.4.6 Electrodynamics

We assume that the reader is familiar with the four-dimensional tensor formulation
of electrodynamics in SR. The basic dynamical object is the antisymmetric electro-
magnetic field tensor F,,,, which unifies the electric and magnetic fields as follows:

0 —-E —-E, —E3
Eq 0 B3 —B>
E, —B3 0 B
Es By —Bj 0

(F/w) =

In the language of differential forms (DG, Chap. 14) F},, can be regarded as the
components of the 2-form

F= %F,w dx* Andx?
= (E1 dx' + Ezd)c2 + E3 dx3) A dx®
+ Bidx* Adx® 4 Bydx® Adx' 4 Bydx' Adx?, (2.41)
sometimes called the Faraday form. The homogeneous Maxwell equations are
O Fyy + 0y Fyp + 0, Fyy, =0, (2.42)
expressing that the Faraday 2-form is closed:
dF =0. (2.43)

Obviously, this law makes no use of a metric.
If j* = (p, J) denotes the current four-vector, the inhomogeneous Maxwell
equations are (c = 1),

9, FH =4 jH. (2.44)

With the calculus of differential forms this can be written as

0F =—4nJ, (2.45)
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where § is the codifferential’ and J denotes the current 1-form
J = judxt. (2.46)

The generalization of these fundamental equations to Einstein’s gravity theory
is simple: We have to define F},, and j* such that they transform as tensor fields,
and have the same meaning as in SR in locally inertial systems. Secondly, we must
apply the 9, —> V, rule. Maxwell’s equations in GR are thus

ViFuw + VyFoy + VyFyy =0, (2.47a)
V" = 45 jk, (2.47b)

with
FIW = ghg"PE g (2.48)

Because of (2.43) the metric should drop out in (2.47a). The reader may verify
explicitly that the following identity

ViFuy + =0 Fuy + -+

holds for any antisymmetric tensor field F,,. A more general statement is derived
in DG, Sect. 15.4 (Eq. (15.25)).

As expected, the inhomogeneous equations (2.47b) imply (covariant) current
conservation

V" =0. (2.49)

This follows from the identity V,V,F*" = 0. A simple way to show this is to
note that for an antisymmetric tensor field F*” and a vector field j* the following
identities hold (see Exercise 2.10)

VU Fl“) = \/—_ («/ FMV) (250)
Vujt = ——0,(v/—gJj (2.51)
I3 \/_ ( )
These can also be used to rewrite (2.47b) and (2.49) as
1
——0y («/—gF"") =4nj", (2.52)
NET ol )
du(v—=gj")=0. (2.53)

In terms of differential forms, things are again much more concise. Due to the
identity § o § =0, Eq. (2.45) implies immediately 6J = 0, and this is equivalent to

"Note the sign convention for § adopted in DG, Sect. 14.6.4, which is not universally used.
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(2.49) (see DG, Exercise 15.8). Because of Gauss’ Theorem (DG, Theorem 14.12),
the vanishing of the divergence of J implies an integral conservation law (conser-
vation of electric charge).

The energy-momentum tensor of the electromagnetic field can be read off from
the expression in SR

_]
T Ax

1
TH [F““Fg——zg“”ﬂwfﬂﬁ}. (2.54)

Note that its trace vanishes.
The Lorentz equation of motion for a charged test mass becomes in GR

—_— —— — )| =eF* . 2.55
dt? 1 ap dt dt ¢ (2.55)

d?x* u dx® dxB dxV
m r N
dt

The homogeneous Maxwell equation (2.43) allows us also in GR to introduce
vector potentials, at least locally. By Poincaré’s Lemma (DG, Sect. 14.4), F is lo-
cally exact

F=dA. (2.56)
In components, with A = A, dx", we have
Fu=0,A, —0,A, (=V,A, —V,A,). (2.57)
As in SR there is a gauge freedom
A— A+dy or Ay— Au+0dux, (2.58)

where x is any smooth function. This can be used to impose gauge conditions, for
instance the Lorentz condition

V,A¥ =0 (or8A=0). (2.59)
We stay in this class if x in (2.58) is restricted to satisfy
Ox =V, V¥x =0. (2.60)
In terms of the four-potential A* we can write the inhomogeneous Maxwell equa-
tions (2.47b) as
V,VVA* — V,VFAY = —4xjH. (2.61)

Let us impose the Lorentz condition. We can use this in the second term with the
help of the Ricci identity for the commutator of two covariant derivatives (DG,
Eq. (15.92))

(VuVy = Vy V) A* =R AP (2.62)
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This leads to
VyVVA* — REAY = —4m j*. (2.63)

Note that in SR (2.63) reduces to the inhomogeneous wave equation d,0" A* =
—4g j*. If we would substitute here covariant derivatives, we would miss the cur-
vature term in (2.63). This example illustrates possible ambiguities in applying the
d —> V rule to second order differential equations, because covariant derivatives
do not commute. In passing, we mention that without the curvature term we would,
however, lose gauge invariance (see Exercise 2.11).

Let us finally derive a wave equation for F in vacuum (J = 0). With the calculus
of exterior forms this is extremely simple: From d F =0 and 6 F = 0 we deduce

OF =0, (2.64)
where

O=8o0d+dos. (2.65)

In Exercise 2.13 the reader is asked to write this in terms of covariant derivatives,
with the result (2.67).

2.4.7 Exercises

Exercise 2.10 Derive the identities (2.50) and (2.51).

Exercise 2.11 Show that the curvature term in (2.63) is needed in order to maintain
gauge invariance within the Lorentz gauge class.

Exercise 2.12 Use the Ricci identity (2.60), as well as V,V,, f =V, V,, f for func-
tions f, to derive the following Ricci identity for covariant vector fields

Wy v — Wovp = R)(;Mvw)\,’ (2.66)

and its generalization for arbitrary tensor fields.

Exercise 2.13 As an application of the last exercise apply V* on the homogeneous
Maxwell equations in the form (2.47a) and use the vacuum Maxwell equations
V, F*¥ =0 to show that

F o+ (RS Foo — R Fug) + Rapyy F* =0 (2.67)

Exercise 2.14 Show that Maxwell’s vacuum equations are invariant under confor-
mal changes g —> ¢>? g of the metric.
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Exercise 2.15 Show that Maxwell’s equations (2.47a), (2.47b) imply for the
energy-momentum tensor of the electromagnetic field

THY., = —F"],. (2.68)
Exercise 2.16 Show that the equation

Oy — éRt// =0 (2.69)

for a scalar field ¥ is invariant under conformal changes g —> e>?g of the metric
and the transformation law  —> e~ %1.

Hints Use the formula

1
O = <=0 (V50" ).

j

and the transformation law for R in Eq. (3.268).

2.5 The Newtonian Limit

For any generalization of a successful physical theory it is crucial to guarantee that
the old theory is preserved within certain limits. The Newtonian theory should be an
excellent approximation for slowly varying weak gravitational fields and small ve-
locities of material bodies. At this point we can check only part of this requirement,
because the dynamical equation for the metric field is not yet known to us.

We consider a test particle moving slowly in a quasi-stationary weak gravitational
field. For weak fields, there are coordinate systems which are nearly Lorentzian.
This means that

uv =Ny +hpy,  |hw! K 1. (2.70)

For a slowly moving particle (in comparison with the speed of light) we have
dx®/dt ~ 1 and we neglect dx’/dt (i = 1,2, 3) in comparison to dx°/dt in the
geodesic equation (2.23). We then obtain

d%xt N d?x! . dx® dxP

~ ——ri = = ~_ i 2.71
dt? dt? b gr dr 00 2.71)

Thus only the components I” ’60 appear in the equation of motion. To first order in
h,, these are given by

: 1
F’OO ~ —Eho(),,' + hoi0- 2.72)
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Table 2.1 Numerical 5
illustration of Eq. (2.75) ¢/c On the surface of

10™°  the Earth
107 the Sun

10~* a white dwarf
10! a neutron star

1073 aproton

For quasi-stationary fields we can neglect the last term, I” i00 o~ — %hoo, i, obtaining

d*x' 1
This agrees with the Newtonian equation of motion

dx _ Vo (2.74)
a2 ® '

where ¢ is the Newtonian potential, if we set oo >~ —2¢ + const. For an isolated
system ¢ and hqo should vanish at infinity. So we arrive at the important relation

£00 = el 2(]5 (275)

Note that we only obtain information on the component ggp for a Newtonian
situation. However, this does not mean that the other components of %,, must be
small in comparison to &gg. The almost Newtonian approximation of the other com-
ponents will be determined in Sect. 5.2. (In this connection an interesting remark is
made in Exercise 2.18.) Table 2.1 shows that for most situations the correction in
(2.75) is indeed very small.

Remark In the Newtonian limit, the Poisson equation for ¢ will follow from Ein-
stein’s field equation.

2.5.1 Exercises

Exercise 2.17 Use (2.75) to derive the Newtonian limit of the basic equation for an
ideal fluid.

Exercise 2.18 The result (2.75) might suggest that the metric for a Newtonian situ-
ation is approximately

g =—(1+2¢)di> +dx*> +dy* +dz°.

Compute for this metric the deflection of light by the sun.
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Remark Tt turns out that the deflection angle is only half® of the value of GR that
will be derived in Sect. 4.4. The reason for this famous factor 2 is that the correct
Newtonian approximation will be found to be

g =—(142¢)di* + (1 —2¢)(dx* + dy* + d2*). (2.76)

Thus, the spatial part of the metric is non-Euclidean. This result will be derived in
Sect. 5.2.

2.6 The Redshift in a Stationary Gravitational Field

The derivation of the gravitational redshift in this section is a bit pedestrian, but
instructive. A more elegant treatment will be given in Sect. 2.9.

We consider a clock in an arbitrary gravitational field which moves along an ar-
bitrary timelike world line (not necessarily in free fall). According to the principle
of equivalence, the clock rate is unaffected by the gravitational field when one ob-
serves it from a locally inertial system. Let At be the time between “ticks” of clocks
at rest in some inertial system in the absence of a gravitational field. In the locally
inertial system {£} under consideration, we then have for the coordinate intervals
d&M between two ticks

At = /=1, dEF EV.

In an arbitrary coordinate system {x*} we obviously have

At = /—guvdxtdx”.

Hence,

dr dxt dx"\"'/? 277
A\ ar ar ’ '

where dt = dx" denotes the time interval between two ticks relative to the system
{x#}. If the clock is at rest relative to this system, i.e. dx'/dt =0, we have in par-
ticular

dt 1
= (2.78)

At /=g
This is true for any clock. For this reason, we cannot verify (2.77) or (2.78) locally.
However, we can compare the time dilations at two different points with each other.
For this purpose, we specialize the discussion to the case of a stationary field. By this
we mean that we can choose the coordinates x* such that the g, are independent
of t. Now consider Fig. 2.5 with two clocks at rest at the points 1 and 2. (One can
convince oneself that the clocks are at rest in any other coordinate system in which

8Einstein got this result in 1911 during his time in Prague. He obtained the correct value only after
he found his final vacuum equation in November 1915.
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Fig. 2.5 Gravitational
redshift in a stationary field

At — dt
—goo(22)

dto
f dt =const

Clock 2 Clock 1

the g, are independent of time. The concept “at rest” has an intrinsic meaning for
stationary fields. See Sect. 2.9 for a geometrical discussion.)

Let a periodic wave be emitted at point 2. Since the field is stationary, the time
(relative to our chosen coordinate system) which a wave crest needs to move from
point 2 to point 1 is constant.® The time between the arrival of successive crests (or
troughs) at point 1 is thus equal to the time dt, between their emission at point 2,
which is, according to (2.78)

1
V=800 x2)

If on the other hand, we consider the same atomic transition at point 1, then, accord-
ing to (2.78) the time dt| between two wave crests, as observed at point 1 is

1
V=200’

For a given atomic transition, the ratio of frequencies observed at point 1 for light
emitted at the points 2 and 1, respectively, is equal to

dtry = At

dt; = At

V2 _ [800(x2) 2.79)
Vi goo(x1)
For weak fields, ggo >~ —1 — 2¢ with |¢| < 1, we have
Av v
—=—=—1=¢(x2) —p(x1), (2.80)
v V1

in agreement with our previous result in Sect. 2.1. The experimental situation was
already discussed there.

9From g,,, dx" dx" = 0 along the light rays, we have

1 : .
dt = — - (~giod’ =/ (iogj0 — giyg) ! ).

The time interval being discussed is equal to the integral of the right hand side from 2 to 1, and is
thus constant.
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2.7 Fermat’s Principle for Static Gravitational Fields

In the following we shall study in more detail light rays in a static gravitational
field. A characteristic property of a static field is that in suitable coordinates the
metric splits as

ds* = goo(x) dt® + gix (x) dx' dx*. 2.81)

Thus there are no off-diagonal elements go; and the g,,, are independent of time.
We shall give an intrinsic definition of a static field in Sect. 2.9.

If A is an affine parameter, the paths x* () of light rays can be characterized by
the variational principle (using standard notation)

A2 dx* dx"
5/ Guy—— ——dr =0, (2.82)
o da da

where the endpoints of the path are held fixed. In addition, we have (see Exer-
cise 2.6)

dx" dx"

S5

Consider now a static spacetime with a metric of the form (2.81). If we vary only
t(A), we have

A2 dx" dxY A2 dt (dt
5 L = 200558 ) an
/M B an dn /M 800 (dx)

A2 dt d
= 2g00— ——(8t) dA
A

—0. (2.83)

- %anda
dr | g dt

=2go0——5t| —2 — — |otdA, (2.84

800~ N /;1 an (good)) (2.84)

where & denotes the derivative d/d¢|.—g, introduced in the solution of Exercise 2.5.
The variational principle (2.82) thus implies (§¢ = O at the end points)

dt )
—— =const.
good)L

We normalize A such that

dt
—=—1 2.85
800~ (2.85)
Now consider a general variation of the path x* (), for which only the spa-
tial endpoints x’ (1) are held fixed, while the condition 67 = 0 at the endpoints is

dropped. If we require that the varied paths also satisfy the normalization condition
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(2.85) for the parameter A, the variational formula (2.84) reduces to

5 A2 dx* dx¥ _ o A2
guv————dA= —28t|M =-28 dt. (2.86)
Al dir di Al

The time lapse on the right is a functional of the spatial path. If the varied orbit is
also traversed at the speed of light (just as the original path), the left-hand side of
(2.86) is equal to zero and for the varied light-like curves the relation

v/ —goodt =do (2.87)

holds, where do? = gji dx' dx* is the 3-dimensional Riemannian metric of the spa-
tial sections. We thus have

A2 1
8[ dt=0= 8/ do. (2.88)
Al —&00

This is Fermat’s principle of least time. The second equality in (2.88) determines
the spatial path of the light ray. Note that the spatial path integral is parametrization
invariant. The time has been completely eliminated in this formulation: The second
equation in (2.88) is valid for an arbitrary portion of the spatial path of the light
ray, for any variation such that the ends are held fixed. A comparison with Fermat’s
principle in optics shows that the role of the index of refraction has been taken over
by (goo) /2.

With this classical argument, that goes back to Weyl and Levi-Civita, we have
arrived at the interesting result that the path of a light ray is a geodesic in the spatial
sections for what is often called the Fermat metric

gr = gh dx' dxk, (2.89)

where gﬁc = gik/(—goo). We thus have the variational principle for the spatial path
y of a light ray

5 / JErG P dr =0, (2.90)

where the spatial endpoints are kept fixed. Instead of the energy functional for gr
we can, of course, also use the length functional. This result is useful for calculating
the propagation of light rays in gravitational fields. In many situations it suffices to
use the almost Newtonian approximation (2.76) for the metric. The Fermat metric
is then

1-2
= ¢dx2, (2.91)
1+42¢

with dx? = (dx")? + (dx?®)? + (dx3)?. Fermat’s principle becomes

8F

5/(1 —2¢)|x(1)|dr =0,
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where |x| denotes the Euclidean norm of dx /d . This agrees with the Fermat prin-
ciple of geometrical optics

5/n(x(,\))|x(,\)|dx =0

for the refraction index
n=1-2¢. (2.92)

This can be used as the starting point for much of gravitational lensing theory, an
important branch of present day astronomy. Section 5.8 will be devoted to this topic.

Exercise 2.19 Consider a stationary source-free electromagnetic field F,, in a
static gravitational field g with metric (2.81). Show that the time independent scalar
potential ¢ satisfies the Laplace equation

where A(gr) is the 3-dimensional Laplace operator for the Fermat metric gr.

Hints Use the conformal invariance of Maxwell’s equations and work with the met-
ric g/8o0-

2.8 Geometric Optics in Gravitational Fields

In most instances gravitational fields vary even over macroscopic distances so little
that the propagation of light and radio waves can be described in the geometric op-
tics limit (ray optics). We shall derive in this section the laws of geometric optics
in the presence of gravitational fields from Maxwell’s equations (see also the cor-
responding discussion in books on optics). In addition to the geodesic equation for
light rays, we shall find a simple propagation law for the polarization vector.

The following characteristic lengths are important for our analysis:

1. The wavelength A.

2. A typical length L over which the amplitude, polarization and wavelength of the
wave vary significantly (for example the radius of curvature of a wave front).

3. A typical “radius of curvature” for the geometry; more precisely, take

| typical component of the Riemannian tensor 172

R in a typical local inertial system

The region of validity for geometric optics is

ALL and AKR. (2.94)
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Consider a wave which is highly monochromatic in regions having a size smaller
than L (more general cases can be treated via Fourier analysis). Now separate the
four-vector potential A, into a rapidly varying real phase v and a slowly varying
complex amplitude 4, (eikonal ansatz)

Ay =Re| A}

It is convenient to introduce the small parameter ¢ = A/ min(L, R). We may expand
A, =a, +eb,+---, where a,, b, ... are independent of A. Since 1 271 we
replace i by ¥/e. We thus seek solutions of the form

Ay =Re{(ay +eby, +---)eV /). (2.95)

In the following let k;, = 9,4 be the wave number, a = ,/(a,a*) the scalar am-
plitude and f,, = a,/a the polarization vector, where f, is a complex unit vector.
By definition, light rays are integral curves of the vector field k* and are thus per-
pendicular to the surfaces of constant phase ¥, in other words perpendicular to the
wave fronts.

Now insert the geometric-optics ansatz (2.95) into Maxwell’s equations. In vac-
uum, these are given (see Sect. 2.4.6)

AVE L — AT =0, (2.96)

v v
We use the Ricci identity
AVE =AY+ REAY (2.97)
and impose the Lorentz gauge condition
AY =0. (2.98)
Equation (2.96) then takes the form
A = REAY =0. (2.99)

If we now insert (2.95) into the Lorentz condition, we obtain
v : kl/« i /e
0=A" =Re 1—(a”+8b“+--~)+(a“+£b“+~--)_ e . (2.100)
5 P N
From the leading term, it follows that k,,a** = 0, or equivalently

ky f*=0. (2.101)

Thus, the polarization vector is perpendicular to the wave vector. The next order in

(2.100) leads to k, b* = ia’fﬂ. Now substitute (2.95) in (2.99) to obtain
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_ niv WAV
0=—A"" +RLA

1 .
:Re{<8—2kvku(a“+sb“+-~) —2ék"(a“ +ebt +---)

sV
— ék‘jv(a“ +ebt o) = (a4 --0) |+ R (a” +-~~))ei‘/’/£}. (2.102)

This gives, in order £ =2, kVk,a* = 0, which is equivalent to
k'k, =0, (2.103)
telling us that the wave vector is null. Using k,, = 9,3 we obtain the general rela-
tivistic eikonal equation
g ooy =0. (2.104)

Ihe terms Of Oldel & gl €
l Vk E M 2‘ l v, M L % M O
Vv 1 a ) 2 -Ua .

With (2.103), this implies

1
ka" = —Ek‘;’va”. (2.105)

Y
As a consequence of these equations, we obtain the geodesic law for the propagation

of light rays: Eq. (2.103) implies

0=(k"ky)., =2k Ky,

HY

Now k, =, and since V.., = V.., we obtain, after interchanging indices,
Kk =0, (Vik=0). (2.106)

We have thus demonstrated that, as a consequence of Maxwell’s equations, the paths
of light rays are null geodesics.
Now consider the amplitude a”* = af*. From (2.105) we have

2ak"a, =2ak'a., = k”(az);v = k”(aué“)

_ _p 105 1 _ _
=a'k’ay;, +ayk’a’, L9 —Ek‘;’v (a"a, +auat),

Y

so that

Ka,=—=k"a. (2.107)
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This can be regarded as a propagation law for the scalar amplitude. If we now insert
a™ = af" into (2.105) we obtain

1
0=k (af"),, + 3k s
1
=ak’ " + f* (k”a;v + Ek‘;’va> CLD akv p,

or
K fE =0, (Vif =0). (2.108)

We thus see that the polarization vector f# is perpendicular to the light rays and is
parallel-propagated along them.

Remark The gauge condition (2.101) is consistent with the other equations: Since
the vectors k* and f# are parallel transported along the rays, one must specify the
condition k,, f* = 0 at only one point. For the same reason, the equations f,, f* = 1
and k, k" = 0 are preserved.

Equation (2.107) can be rewritten as follows. After multiplying by a, we have
(k"Vy)a? +a*V,k* =0

or

(a®k")., =0, (2.109)

thus a®k* is a conserved “current”.

Quantum mechanically this has the meaning of a conservation law for the num-
ber of photons. Of course, the photon number is not in general conserved; it is an
adiabatic invariant, in other words, a quantity which varies very slowly for R > A,
in comparison to the photon frequency.

Let us consider the eikonal equation (2.104) for the almost Newtonian metric
(2.76)

—(1=20)@¥)* + (1 +2)(Vi)* =0.
Since ¢ is time independent we set
Y(x,1)=Sx)— ot (2.110)
and obtain (up to higher orders in ¢)
(VS)? =n’w?, n=1-2¢. (2.111)

This has the standard form of the eikonal equation in ray optics with refraction
index n. The connection between n and the Newtonian potential ¢ was already
found earlier with the help of Fermat’s principle.
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2.8.1 Exercises

Exercise 2.20 Consider light rays, i.e., integral curves x* (1) of V#. Derive from
the eikonal equation (2.104) that x* is an autoparallel null vector.

Exercise 2.21 Show that the energy-momentum tensor, averaged over a wave-
length, is (for e = 1)
(T") = L g,
8w
In particular, the energy flux is
(T%) = (1%,
where n/ = k7 /k°. The Eqgs. (2.106) and (2.109) imply

87V (TH) =V, (a®k"k") = V,, (a®k") k" + a*k" V, k" = 0.

2.9 Stationary and Static Spacetimes

For this section the reader should be familiar with parts of DG covered in Chaps. 12
and 13.

In Sect. 2.5 we defined somewhat naively a gravitational field to be stationary if
there exist coordinates {x*} for which the components g, of the metric tensor are
independent of = x°. We translate this definition into an intrinsic property of the
spacetime (M, g). Let K = 3/9x", i.e., K* = 8’6. The Lie derivative Lk g of the
metric tensor is then

(Lk&uv = K)\guv,)u + gqu%M +guAK):V
=04+0+0, (2.112)

so that
Lxg=0. (2.113)

A vector field K which satisfies (2.113) is a Killing field or an infinitesimal isometry.
This leads us to the

Definition 2.1 A spacetime (M, g) is stationary if there exists a timelike Killing
field K .

This means that observers moving with the flow of the Killing field K recognize
no changes (see DG, Theorem 13.11). It may be, as in the case for black holes, that
a Killing field is only timelike in some open region of M. We then say that this part
of spacetime is stationary.
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Fig. 2.6 Adapted
(stationary) coordinates Integral curve of K

Let us conversely show that Definition 2.1 implies the existence of local coordi-
nates for which the g,,, are independent of time. Choose a spacelike hypersurface
S of M and consider the integral curves of K passing through S (see Fig. 2.6). In
S we choose arbitrary coordinates and introduce local coordinates of M as follows:
If p =¢:(po), where pg € S and ¢, is the flow of K, then the (Lagrange-) coordi-
nates of p are (z, xl(po), xz(po), x3(po)). In terms of these coordinates, we have
K=09/3x%and Lxg=0 implies (using (2.112))

g0+ 0+0=0.

We call such coordinates to be adapted to the Killing field.

Static fields are special cases of stationary fields. The following heuristic con-
sideration will lead us to their proper definition. We choose adapted coordinates
and assume that go; = 0 for i = 1,2, 3. Then the Killing field is orthogonal to
the spatial sections {t = const.}. The 1-form @ corresponding to K (v = K",
o, =K, =guwK")is then

w=goodt =(K,K)dt. (2.114)
This implies trivially the Frobenius condition
wANdw=0. (2.115)

Conversely, let us assume that the Frobenius condition holds for a stationary
spacetime with Killing field K. We apply the interior product ix to (2.115) and use
Cartan’s formula Lx =doig +ig od:

O=ig(wnrndw)= (igw) do—oAN igxdo
o(K)=(K,K) Lxwo—d(K,K)

We expect that L xw = 0; indeed, for any vector field X we have
(Lxw)(X) = K (0(X)) — (K, X]) = K (K, X) — (K, [K, X]).
On the other hand

0=(Lgxg)(K,X)=K(K,X)—(K,K]X)— (K, [K,X]),
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and the right-hand sides of both equations agree.
Using the abbreviation V := (K, K) # 0 we thus arrive at

Vdo+wAndV =0 or dw/V)=0. (2.116)

Together with the Poincaré Lemma we see that locally w = V df for a function f.
‘We use this function as our time coordinate ¢,

w=(K,K)dt. (2.117)

K 1is perpendicular to the spacelike sections {t = const.}. Indeed, for a tangen-
tial vector field X to such a section, (K, X) = w(X) =V dt(X) =V (Xt) =0. In
adapted coordinates we have therefore K = 9, and go; = (9, 9;) = (K, 9;) =0.

Summarizing, if the Frobenius condition (2.115) for the timelike Killing field is
satisfied, the metric splits locally as

g = goo(x) dt* + gix(x) dx’ dx*, 2.118)

and

goo = (K, K), (2.119)
where K = 9/0¢. This leads us to the
Definition 2.2 A stationary spacetime (M, g) with timelike Killing field is static, if
w = K" satisfies the Frobenius condition w A dw = 0, whence locally w = (K, K) dt

for an adapted time coordinate ¢, which is unique up to an additive constant.

The flow of K maps the hypersurfaces {t = const.} isometrically onto each other.
An observer at rest moves along integral curves of K.

2.9.1 Killing Equation

According to DG, Eq. (15.104) we have for any vector field X and its associated
1-form « = X" the identity

1
Vo = E(Lxg—da). (2.120)
For the special case X = K and o = w this gives
1
Vw:—idw. (2.121)

In components, this is equivalent to the Killing equation

K+ Ky =0. (2.122)
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A shorter derivation in terms of local coordinates goes as follows. From (2.112)
we obtain for a Killing field

K)Lguv,)» +g)LvK);M + guAK):V =0.

Now introduce, for a given point p, normal coordinates with origin p. At this point
the last equation reduces to K, , + K, ;, = 0 or, equivalently, to (2.122). But (2.122)
is generally invariant and so holds in any coordinate system.

The reader may wonder, how one might obtain (2.116) in terms of local coor-
dinates. We want to demonstrate that such a derivation can be faster. We write the
Frobenius condition (2.115) in components

KMKV,A + KUK)L,pL + K)\Kﬂ’v =0.

The left hand side does not change if partial derivatives are replaced by covariant
derivatives. If then multiply the resulting equation by K* and use the Killing equa-
tion (2.122), we obtain

—Ku(K"Ky),, + Ko (K*Ky),, + K* Ko (K 0 — Ku) =0.

This implies
[Ko/(K, K)] |, — [Ku/(K, K)] =0,

and this is equivalent to (2.116).

2.9.2 The Redshift Revisited

The discussion of the gravitational redshift in Sect. 2.6 was mathematically a bit
ugly. Below we give two derivations which are more satisfactory, mathematically.

First Derivation

In the eikonal approximation (see Sect. 2.8) we have for the electromagnetic field
tensor

FMU = Re(fweiw),

where f,, is a slowly varying amplitude. Light rays are integral curves of the vector
field k* = yr-# and are null geodesics (see Sect. 2.8). Since k#*1 ;, = 0, the light rays
propagate along surfaces of constant phase, i.e. wave fronts.

Consider now the world lines, parameterized by proper time, of a transmitter and
an observer, as well as two light rays which connect the two (see Fig. 2.7). Let the
corresponding phases be ¥ = ¥y and ¥ = Yo + A¥. We denote the interval of
proper time between the events at which the two light rays intersect the world line i
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Fig. 2.7 Redshift (first
derivation)

. World line 2
‘World line 1

Ul

Emitter Observer

(i =1,2) by Ar;. The four-velocities of the emitter and observer are denoted by u’f
and u’ , respectively. Obviously,

Ul QY1 AT = Ay = ub (0,9 )2 Ao (2.123)

If v; and v, are the frequencies assigned to the light by 1 and 2, respectively, then
(2.123) gives

v Atn (k,ui)

v Ar (koug)
This equation gives the combined effects of Doppler and gravitational redshifts (and
is also useful in SR).

Now, we specialize (2.124) to a stationary spacetime with Killing field K. For
an observer at rest (along an integral curve of K) with four-velocity u, we have

(2.124)

K =(—(K,K))"u. (2.125)
Furthermore, we note that (k, K) is constant along a light ray, since
Vilk, K) = (Vik, K) + (k, Vi K) = 0.

Note that the last term is equal to k*kP K. g and vanishes as a result of the Killing
equation; alternatively, due to (2.121) it is proportional to dw (k, k) = 0.
If both emitter and observer are at rest, we obtain from (2.124) and (2.125)

v (K. K)n\'"?
v_z_<<1<,1<>1> ' 2120

In adapted coordinates, K = d/d¢ and (K, K) = goo, we can write (2.126) as

L <_g00|2>1/2 (2.127)

%) gool
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Fig. 2.8 Redshift (second
derivation)

World line 2
(s =1)__

U2

World line 1
(s =0)\_

Null geodesic

Uy = V‘s:o

Emitter Observer

Remark At first sight this appears to be inconsistent with (2.79). However, the fre-
quencies are defined there differently. In Sect. 2.6, v; and v, are both measured at
1, but v; refers to a definite atomic transition at 2, while vy is the frequency of the
same transition of an atom at the observer’s position 1. In (2.127) the meaning of v;
and v, is different: v; and v, are the frequencies assigned to the light by 1 and 2,
respectively.

Second Derivation

We again work in the limit of geometric optics, and consider the same situation as
before. Emitter and observer, with four-velocities #; and u», can be connected to
each other by null geodesics with tangent vectors k (see Fig. 2.8). We assume that
for a finite t{-interval, null geodesics exist which are received by the observer. This
family of null geodesics can be parameterized by the emission time 71 or by the
observer time 77, and defines a function t;(71). The frequency ratio 7 is clearly the
derivative of this function,

do
r=—-.
dl’]

We can parameterize the null geodesics by an affine parameters s, such that s =0

along the world line 1 and s = 1 along 2. In what follows we parameterize the 1-

parameter family of null geodesics by (s, t1) —> H (s, t1). With this set up, we are

in a situation that has been studied generally in DG, Sect. 16.4. We use the concepts

and results which have been developed there (including Sect. 16.2 and Sect. 16.3).
k is a tangential vector field along the map H

(2.128)

0
k=THo—. (2.129)
as

Beside this we also use the field of tangent vectors for curves of constant s

0
V=THo—. (2.130)
0T
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Note that
Vlis=0 =ui, Vlis=1 =rua, (2.131)

because 71 —> H (s = 1, 11) is the world line 2, parameterized by 7.
We shall show below that (V, k) is constant along a null geodesic. Using this, the
ratio r can easily be computed. We obtain the previous result (2.124) from

(Vioki)r=(ur, k) =(V, k)2 =r{uz, k).

The rest is as before.
It remains to prove that (V, k) is constant. The null geodesics satisfy

(k,k) =0, Vik=0. (2.132)

(We denote the Levi-Civita connection and the induced covariant derivatives for
vector fields along the map H by the same letter.) For the tangential vector fields
along H, such as k and V, we have (DG, Proposition 16.4 and 16.5)

VB —VzA=|[A,B], (2.133)
where A, B € X(H)T and

AX,Y) = (VaX,Y) + (X, VaY) (2.134)
for A=TH oA’ and X,Y € X (H). Using this we get (for A’ = 3/3s)

aa—s(V,k) = (Vi V, k) +(V, Vik) = (Vi V, k).

From (2.129) and (2.130) we see that [V, k] = 0 (see DG, Eq. (16.9)). Hence,

a 1 d
as 23‘(1

2.10 Spin Precession and Fermi Transport

Suppose that an observer moves along a timelike world line in a gravitational field
(not necessarily in free fall). One might, for example, consider an astronaut in a
space capsule. For practical reasons he will choose a coordinate system in which
all apparatus attached to his capsule is at rest. What is the equation of motion of a
freely falling test body in this coordinate system? More specifically, the following
questions arise:

1. How should the observer orient his space ship so that “Coriolis forces” do not
appear?
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2. How does one describe the motion of a gyroscope? One might expect that it will
not rotate relative to the frame of references, provided the latter is chosen such
that Coriolis forces are absent.

3. It is possible to find a spatial frame of reference for an observer at rest in a sta-
tionary field, which one might call Copernican? What is the equation of motion
of a spinning top in such a frame of reference? Under what conditions will it not
rotate relative to the Copernican frame?

2.10.1 Spin Precession in a Gravitational Field

By spin we mean either the polarization vector of a particle (i.e., the expectation
value of the spin operator for a particle in a particular quantum mechanical state) or
the intrinsic angular momentum of a rigid body, such as a gyroscope.

In both cases this is initially defined only relative to a local inertial system in
which the body is at rest (its local rest system). In this system the spin is described
by a three vector S. For a gyroscope or for an elementary particle, the equivalence
principle implies that in the local rest system, in the absence of external forces,

d
=50 =0, (2.135)

(We assume that the interaction of the gyroscope’s quadrupole moment with inho-
mogeneities of the gravitational field can be neglected; this effect is studied in Ex-
ercise 2.23 at the end of this section.) We now define a four-vector S which reduces
to (0, S) in the local rest system. This last requirement can be expressed invariantly
as

(S,u) =0, (2.136)

where u is the four-velocity.
‘We shall now rewrite (2.135) in a covariant form. For this we consider V,S. In
the local rest system (indicated by R) we have

(VuS)r = (dd—sto, %S) = (dd—io,o) (2.137)
It follows from Eq. (2.136) that

(VuS,u)y=—(S, Vyu) =—(S, a), (2.138)
where a = V,u is the acceleration. Hence,
ds°

VuS,u)=—
(VuS, u) dr

=—(S,a). (2.139)
R

From (2.137) and (2.139) we then have
(VuS)r = ((S.a),0) = ((S. a)u) . (2.140)
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The desired covariant equation is thus
VuS=(S,a)u. (2.141)
Equation (2.136) is consistent with (2.141). Indeed from (2.141) we find
(, Vi S) = (S, a)(u,u) = —(S,a) = —(S, Vyu),

so that V, (u, ) = 0.

2.10.2 Thomas Precession

For Minkowski spacetime (2.141) reduces to

S=(S,u)u, (2.142)

where the dot means differentiation with respect to proper time. One can easily
derive the Thomas precession from this equation.

Let x(7) denote the path of a particle. The instantaneous rest system (at time 7)
is obtained form the laboratory system via the special Lorentz transformation A(f),
where 8 = v/c and v the 3-velocity. With respect to this family of instantaneous rest
systems S has the form S = (0, S(¢)), where ¢ is the time in the laboratory frame.
We obtain the equation of motion for S(¢) easily from (2.142). Since S is a four
vector, we have, in the laboratory frame, with standard notation of SR

2
S=(Vﬂ-S,S+ﬂ 4 ﬂ-S). (2.143)
y+1
In addition,
u=(,vyB), a=,yB+vh). (2.144)

Hence,

. 2
<s,u>=—wﬂ-s+<y‘ﬂ+yﬂ>-(s+ﬂ 4 ﬂ~S>

y+1
. )/2 o
=y<ﬂ-S+y+lﬂ-ﬂﬂ~S). (2.145)
From (2.142) and (2.145) we then obtain
. 7/2 .
(Vﬂ~S)'=V2<ﬂ-S+ ﬂ-ﬂﬂ-s>,
y+1
(s+ & p-5) =v(8 -5+ y b-88-5)
y+1 v y+1 '
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After some rearrangements, one finds
S=Sxwr, (2.146)

where wr = yﬁ—_zlﬂ X ﬂ This is the well-known expression of the Thomas preces-
sion.

2.10.3 Fermi Transport

Definition Let y (s), with s the proper time, be a timelike curve with tangent vector
u = y satisfying (u, u) = —1. The Fermi derivative F,, of a vector field X along y
is defined by

F,X=V,X—(X,a)u+ (X, u)a, (2.147)

where a =V, u.

Since (S, u) =0 we may write (2.141) in the form
F,S=0. (2.148)
It is easy to show that the Fermi derivative (2.147) has the following important
properties:

1. F, =V, if y is a geodesic;
2. Fu=20;
3. f F,X = F,Y =0 for vector fields X, Y along y, then (X, Y) is constant along
Vs
4. If (X, u) =0 along y, then
F,X=(V,X),. (2.149)

Here L denotes the projection perpendicular to u.

These properties show that the Fermi derivative is a natural generalization of V,,.

We say that a vector field X is Fermi transported along y if F, X = 0. Since this
equation is linear in X, Fermi transport defines (analogously to parallel transport) a
two parameter family of isomorphisms

Trl,ps Ty (M) —> Ty (M).
One can show that

d
F)?X(V(f))=£ t,I;X(y(s)).

s=t

The proof is similar to that of Theorem 15.1 in DG.
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As in the case of the covariant derivative (see DG, Sect. 15.4), the Fermi deriva-
tive can be extended to arbitrary tensor fields such that the following properties
hold:

1. F, transforms a tensor field of type (r, s) into another tensor field of the same
type;

F,, commutes with contractions;

F,(S®T)=(FuS)QT +SQ(F,T);

F,f=df/ds, when f is a function;

tfs induces linear isomorphisms

Nk »

Ty s)(M)g —> Ty 1y (M)5.

We now consider the world line y () of an accelerated observer (7 is the proper
time). Let u = y and let {e;}, with i = 1, 2,3, be an arbitrary orthonormal frame
along y perpendicular to ¢p := y = u. We then have

(e, ev) =nNuv,

where (1,,) = diag(—1,1,1,1). For the acceleration a := V,u it follows from
(u,u) = —1 that {(a,u) = 0. We set

wij =(Vuei, ej) = —wji. (2.150)

If e = ntVe, and a)ij = (Vye;, /), we have
Ve = (V,,e,-, e”‘)ea
= —(Vyei,u)u +(Vuei, ej>ej

= (e;, Vyu)u +a)l.jej,

so that
Vaei = (e, a)u+ /] e;. (2.151)
Adding a vanishing term, this can be rewritten as V,e; = —(e;, u)a + (e;, a)u +
a)lj ej.
Let

(@) = (8 af:;)

Then V,eq = —(eq, )a + {eq, a)u + waﬂeﬁ, since for « = 0 the right-hand side is
equal to —(u,u)a + (u,a)u = a = V,u. Using (2.147) this can be written in the
form

Fueq=wles. (2.152)
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waﬂ thus describes the deviation from Fermi transport. For a spinning top we have
F,S=0and (S,u) =0. If we write S = S'¢;, then

0=F,S as +S/'F as +Sw!
— = e e; = —¢€; w:€;,
u d‘L’ 1 u j d‘L’ 1 J 1
hence,
as. ..
— =w's. 2.153
g7 =@ ( )

Thus the top precesses relative to the frame {e;} with angular velocity 2, where
wij = ik $2%. (2.154)
We may write (2.153) in three-dimensional vector notation

ds
—=Sx£2. (2.155)
dt

If the frame {e;} is Fermi transported along y, then clearly £2 = 0. We shall evaluate
(2.150) for the angular velocity in a number of instances. A first example is given in
Sect. 2.10.5.

2.10.4 The Physical Difference Between Static and Stationary
Fields

We consider now an observer at rest in a stationary spacetime with timelike Killing
field K. The observer thus moves along an integral curve y(t) of K. His four-
velocity u is

u=(—(K,K))""’K. (2.156)
We now choose an orthonormal triad {e;} along y which is Lie-transported
Lkge; =0, (2.157)

fori =1, 2, 3. Note that the ¢; remain perpendicular to K and hence to u. Indeed, it
follows from

0=Lkg(X,Y)=K(X,Y)— (LgX,Y)— (X, LgY)

that the orthogonality of the vector fields X and Y is preserved when Lg X =
LY =0. Also note that K itself is Lie-transported: Lx K =[K, K] =0.

The {e;} can then be interpreted as “axes at rest” and define what one may call
a “Copernican system” (see Fig. 2.9). We are interested in the change of the spin
relative to this system. Our starting point is (2.150) or, making use of (2.156)

wij = (—(K,K>)_1/2<ej,vz<ei>. (2.158)
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Fig. 2.9 Spin precession in
stationary fields relative to a
“Copernican system”

Integral curve
v of K

Lie-transported
triad L u

Observer

Now
0=T(K,e;)=Vge; — V,, K —[K, ¢i],
and [K, e;] = Lge; =0. Hence (2.158) implies

-1/2 —1/2

wij=(—(K,K)) (e, Vo, K) = (—(K,K)) ""VK(ej, e,

where K = K°. Since w; j 18 antisymmetric
,1/21
wij =—(—(K,K)) E(VK(ei,ej)—VK(ej,ei))
or, since any one-form ¢ satisfies Vo(X,Y) — Vo(Y, X) = —de(X,Y), we have
also
1 —1/2
wij = 5 (~(K. K) ZdK (e, e;). (2.159)

We shall show below that

w;j =0, ifandonlyif K AdK =0. (2.160)

From this it follows that a Copernican system does not rotate if and only if the
stationary field is static.

The one-form *(K Ad K) can be regarded as a measure of the “absolute” rotation,
because the vector §2 = £2Xe; can be expressed in the form

[Z:—%(K,K)_l*(K/\dK), (2.161)

where £ denotes the one-form corresponding to £2.
It remains to derive Eq. (2.161). Let {6} denote the dual basis of {e,}, ep = u.
From well-known properties of the x-operation (see DG, Sect. 14.6.2), we have

0" A (K ANdK) = (0", «(K A dK)). (2.162)

Since K = —(—(K, K))'/209, the left hand side of (2.162) is equal to —(—(K,
K)N'261 A 9% A dK and vanishes for = 0. From (2.159) we conclude that

dK = (—(K, K))l/za),-jei A 67 + terms containing 6°.
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Hence we have

if u =0,

0" A (K ANdK) = P .
(K, K)eij12'68 AN0O A6 AOT = —2(K, K)n2¥  if p =k,

where we used 05 A 09 A OF A OT = —é&;jkn. From this and (2.162) we get

if u =0,

" _
(6%, +(K A dK)) = {-2(1(,1():2" if p=k.

The left-hand side of this expression is equal to the contravariant components of
*(K A dK) and hence (2.161) follows. Obviously (2.161) implies (2.160).

2.10.5 Spin Rotation in a Stationary Field

The spin rotation relative to the Copernican system is given by (2.161). We now
write this in terms of adapted coordinates, with K = d/d¢ and g,, independent of
t =x0. Then

K = goodt + goi dx’,
dK = goor dx* Adt + goi g dx* Adx',
K ANdK = (20080i,j — 80i800,;) dt Adx! Adx' + gokgoi j dx* Adx/ A dx'.

From DG, Exercise 14.7, we then have

(K A dK) = g()o(gOl > * (dt A dx’ Adxi) + g0k goi, j * (dxk Adx/ /\dxi)
800/ j

_g_%og..l<&)
- L
V=8 ! 800/ j
8108k0
x|:(g1kdxk+g10dx) <g1 dx® 4 2222 200 dx k)],

where we used x(dt A dx? A dx') = noj”gm dxt = —\/#_—gé?jﬂgz# dx™ in the last

step. We thus obtain

—&00 80i 8108k0 k
2= 8"1(—> (glk )d (2.163)
2v=¢ ""\gw/ ; 800

and it follows immediately that

—&00 80i 8k0
2= 8"1<—> (ak — —8()). (2.164)
2v=¢ ""\ew/ ; 800
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Fig. 2.10 Adapted
coordinates for accelerated Geodesic a(s,n, 1)
observer

Accelerated observer

We shall later apply this equation to the field outside of a rotating star or black hole.
At sufficiently large distances we have

80k
goo = —1, 8ij = bij, — K1,
800
and a good approximation to (2.164) is given by
1
2~ Esijkg()i,jak. (2.165)

Since e, = 0, the gyroscope rotates relative to the Copernican frame with angular
velocity (in three dimensional notation)

1
2= Vxg. (2.166)

where g := (go1, 802, £03)-
We have shown that in a stationary (but not static) field, a gyroscope rotates

relative to the Copernican system (relative to the “fixed stars’’) with angular velocity
(2.164). In a weak field this can be approximated by (2.166). This means that the
rotation of a star drags along the local inertial system (Lense—Thirring effect). We
shall discuss possible experimental tests of this effect later.

2.10.6 Adapted Coordinate Systems for Accelerated Observers

We again consider the world line y () of an (accelerated) observer. Let u = y and
let {e;} be an arbitrary orthonormal frame along y which is perpendicular to ep = u.
As before, a = V,u. Now construct a local coordinate system as follows: at every
point on y(t) consider spacelike geodesics a(s) perpendicular to u, with proper
length s as affine parameter. Thus «(0) = y (7); let n = &(0) Lu. In order to distin-
guish the various geodesics, we denote the geodesic through y (7) in the direction n
with affine parameter s by « (s, n, t) (see Fig. 2.10). We have

d
n= <—> . ,n)=1. (2.167)
ds a(0,n,1)
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Each point p € M in the vicinity of the observer’s world line lies on precisely
one of these geodesics. If p = a(s,n,7) and n = n’/e; we assign the following
coordinates to p

(xo(p),...,xS(p))z (r,snl,sn2,sn3). (2.168)

This means

xo(oz(s, nt)=r1

. ) (2.169)
x’ (a(s, n, ‘L')) =sn/ =snj=s(n,ej).
Calculation of the Christoffel Symbols Along y (1)
Along the observer’s world line, we have by construction
]
| = ey, (2.170)

14

and hence gqg = (34, 08) = Nap along y (7). If F%y denote the Christoffel symbols

relative to the tetrad {e,} (see DG, Sect. 15.7), then V,eq = V¢ eq = F’gaeﬁ and
thus

(eg. Vuea) =npy Iy, (2.171)

In particular,
Y% = —(u, Vu) =0,

Iy =(ej. Vau)=(ej.a)=a’,

F%j = —(u,Vye;) = (ej,a) =al.
If we make_ use of w;; = (Vye;, ej) = —wj;, introduced in (2.150), and the angular
velocity £2°,
wjk = &ijk$2", (2.172)
then
rj, =—ej'. (2.173)

The remaining Christoffel symbols can be read off from the equation for the
geodesics s —> a(s,n, 7). According to (2.169) the coordinates x* for these
geodesics are x%(s) = const. and x/ (s) = sn’/, hence dzx‘)‘/a’s2 = 0. On the other
hand, the geodesics satisfy the equation

d’x“ o dxPdx” o
= r = % nink
0= as? U gy as T



58 2 Physics in External Gravitational Fields
Hence, along the observer’s world line y we have
F‘j.k =0. 2.174)

The partial derivatives of the metric coefficients can be determined from the
Christoffel symbols. The general relation is

0= gapiy = 8ap.y — Iy 8up — F%ygau'

If we substitute gog = g along y(7) and our previously derived results for the
Christoffel symbols, we find

8ep,0 =0, ik, =0,
g00.j = —2a’, g0jk = —&jus2.
These relations, together with g8 = nqp along y (), imply that the metric near y
is given by
g=—(+2a-x)(dx°)” — 26 ux* 2 dxdx’
+ 8k dx! dxk + O (|x|?) dx® dxP. (2.175)
From this we see that
1. The acceleration leads to the additional term
8g00=—2a-x. (2.176)
2. Since the observer’s coordinates axes rotate (£2° # 0), the metric has the “non-
diagonal” term
g0j = —&juxk Rl = —(x x 2)7. (2.177)

3. The lowest order corrections are not affected by the curvature. The curvature
shows itself in second order.

4. If a =V,u =0 and £ = 0 (no acceleration and no rotation) we have a local
inertial system along y (7).

2.10.7 Motion of a Test Body

Suppose that the observer, whose world line is y (t) (an astronaut in a capsule, for
example), observes a nearby freely falling body. This obeys the equation of motion

d*x® dxB dxv

o —

dr? Fvde dv
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We now replace the proper time t of the test body by the coordinate time ¢, using
d <dt ) d i
dr dc)ar ~ Var
Since dx®/dt = y (1, dx* /dt), we obtain

d>x*  1dydx* dxP dxv
re ——_ =0. 2.178
di2 " ydt dt P dr dr ( )

For o = 0, this becomes

1 dy s dxP dxv
y di BY dr dr

Substitution of this into (2.178) for « = j gives

]—vO

d*x/ dx/
( o Tby =0. (2.179)

j dxP dxY
dt?

dt dt

We work this out relative to the coordinate system introduced above for small
velocities of the test body. To first order in v/ = dx/ /dt the equation of motion is

dv’ 0 i ok
— v 00+ Thy+2I7 vk =0. (2.180)

Since the particle is falling in the vicinity of the observer, the spatial coordinates
(2.169) are small. To first order in x¥ and v we have

a . . .
0 J kpJ kpJ
dr = U]F00|x:0 - F()()|x:0 —X F()Q)k|x:0 —2v Fk()|x:0'

The Christoffel symbols along y have already been determined. If we insert
these, we find

dv’

j ik kJ
o =—al —2ej; 2'v" —x I 0.1 lx=0-

The quantity I” J(.)O’ ;. 1s obtained from the Riemann tensor (see DG, Eq. (15.30))
o _ra o w
Brs =T sy = Ty + 150l gs = T3,
so that
i _ pi j i i
ook = Roko T Toko = T o0 + o ok

For x =0, we have



60 2 Physics in External Gravitational Fields
F{)k,o = —¢&jkm$2",
Fiurﬁo =0,
T Tl = Too My + T, Tl = a9 ab + £jn 2" e1m 21
Hence,
xkl—'](.)o’k = xk(R{)kO — Sjkm.Q”fO +ald* + Emjn.QnSkm[.Ql).
Expressed in three-dimensional vector notation, we end up with
v=—a(l+a-x)—22xv—2x(Rxx)—Lxx+ f, (2.181)

where
f7 =R k. (2.182)

The first term in (2.181) is the usual “inertial acceleration”, including the rela-
tivistic correction (1 4+ a - x), which is a result of (2.176). The terms containing 2
are well-known from classical mechanics. The force RJOkak is a consequence of the
inhomogeneity of the gravitational field.

If the frame {e;} is Fermi transported (2 = 0), the Coriolis force (third term)
vanishes. If the observer is freely falling, then also @ = 0 and only the tidal force
f/ remains. This cannot be transformed away. The equation of motion for the test
body then becomes

d?x/
de?

We shall discuss this equation of geodesic deviation in more detail at the beginning
of the next chapter.

= — R/ yrox*. (2.183)

2.10.8 Exercises

Exercise 2.22 Carry out the rearrangements leading to the Thomas precession
(2.1406).

Exercise 2.23 A non spherical body of mass density p in an inhomogeneous grav-
itational field experiences a torque which results in a time dependence of the spin
four vector. Suppose that the center of mass is freely falling along a geodesic with
four-velocity u. Show that S satisfies the equation of motion

V.S = npﬁ““uﬂu‘ru}‘tguR

v
oor’

where g, is the “reduced quadrupole moment tensor”



2.10  Spin Precession and Fermi Transport 61

|
tij :/p(xlx] — 55,']-) d’x

in the rest frame of the center of mass and % g = 0.Itis assumed that the Riemann
tensor is determined by an external field which is nearly constant over distances
comparable to the size of the test body.

Solution Perform the computation in the local comoving Lorentz frame of the cen-
ter of mass of the body. The center of mass is taken as the reference point of the
equation of geodesic deviation (2.183). The relative acceleration of a mass element
at position x’ due to the tidal force is thus — R/ ozox*. Therefore, the i component
of the torque per unit volume is equal to —&;; jxl pR7 groxk. The total torque, which
determines the time derivative of the intrinsic angular momentum, is the right hand
side of the equation

ds;
dt

' I k ;3
=_8iljRj0kO/,0X xd’x,

if the variation of R/ o over the body is neglected. Because of the symmetry prop-
erties of the expression in front of the integral, this equation is equivalent to
ds;
dt

where #;; is the “reduced quadrupole tensor” in the exercise. The invariant tensor
version of this equation is just the equation to be derived.

= —¢&i1jtik R oo,

Exercise 2.24 Show that
1 v
H = Eg (ry, —eAy)(my —eAy)

is the Hamiltonian which describes the motion of a charged particle with charge e
in a gravitational field (7, is the canonical momentum).

Exercise 2.25 (Maxwell equations in a static spacetime) Let g be a static space-
time. In adapted coordinates

g =—a?dt® + gix dx' dx*, (2.184)

where « (the lapse) and g;i are independent of 7. We introduce an orthonormal tetrad
of 1-forms: 6° = a dt, {6'} an orthonormal triad for the spatial metric. Relative to
this basis we decompose the Faraday 2-form as in SR

F=EAO"+B, (2.185)

where E is the electric 1-form E = E;0" and B the magnetic 2-form B = %Bi jei A
6.

1. Show that the homogeneous Maxwell equation d F = 0 splits as
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dB =0, d(aE)+9;B=0, (2.186)
where d is the 3-dimensional (spatial) exterior derivative.
2. Show that
*F=—HA0"+D, (2.187)
where
H =B, D ==«E. (2.188)

The symbol # denotes the Hodge dual for the spatial metric g;; dx’ dx*.
3. Decompose the current 1-form J as

J=p6° + ji0* = pp° + j
and show that the inhomogeneous Maxwell equation § F = —J splits as
SE =4mp, §(aB)=0:FE +4rmaj, (2.189)

where § is the spatial codifferential.
4. Deduce the continuity equation

9p+68(aj)=0. (2.190)

2.11 General Relativistic Ideal Magnetohydrodynamics

General relativistic extensions of magnetohydrodynamics (MHD) play an important
role in relativistic astrophysics, for instance in accretion processes on black holes.
In this section we present the basic equations in the limit of infinite conductivity
(ideal MHD).

We consider a relativistic fluid with rest-mass density pg, energy-mass density p,
4-velocity u*, and isotropic pressure p. The basic equations of ideal MHD are easy
to write down. First, we have the baryon conservation

V. (pout) =0. (2.191)
For a magnetized plasma the equations of motion are
VvV, TH" =0, (2.192)

where the energy-stress tensor 7" is the sum of the matter (M) and the electromag-
netic (EM) parts:

Ty = (o + putu’ + pg"”, (2.193)

1 L1
Tey = E(”AF” - Zg’”FaﬂF“") (2.194)
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In addition we have Maxwell’s equations
dF =0, V,F* =47z J*, (2.195)

We adopt the ideal MHD approximation
i,.F =0, (2.196)

which expresses that the electric field vanishes in the rest frame of the fluid (infinite
conductivity). Then the inhomogeneous Maxwell equation provides the current 4-
vector JH#.

As a consequence of (2.195) and (2.196) we obtain, with the help of Cartan’s
identity L, =i, od +d oy,

L,F =0,

i.e., that F is invariant under the plasma flow, implying flux conservation. The basic
equations imply that

*F=BAu, (2.197)

where B =i, * F' is the magnetic induction in the rest frame of the fluid (seen by
a comoving observer); see the solution of Exercise 2.26. Note that i, B = 0. Fur-
thermore, one can show (Exercise 2.26) that the electromagnetic part of the energy-
momentum tensor may be written in the form

171
Tey = E[EIIBIIZg‘“ +BI*U"UY — B’“‘B“}, (2.198)

with || B||? := B, B“.

2.11.1 Exercises

Exercise 2.26 Derive Eq. (2.197). Consider, more generally, for an arbitrary Fara-
day form F, the electric and magnetic fields measured by a comoving observer

E=—i,F, B=i,xF, (2.199)
and show that

F=unE+x(uAB). (2.200)

Solution The right hand side of (2.200) can be written with the help of the identity
(14.34) as

UNE+x(uNiyxF)y=unE —i,(FAu)=F. (2.201)

Exercise 2.27 Derive Eq. (2.198).



Chapter 3
Einstein’s Field Equations

There is something else that I have learned from the theory of gravitation: No collection of
empirical facts, however comprehensive, can ever lead to the setting up of such complicated
equations. A theory can be tested by experience, but there is no way from experience to the
Sformulation of a theory. Equations of such complexity as are the equations of the gravi-
tational field can be found only through the discovery of a logically simple mathematical
condition which determines the equations completely or (at least) almost completely. Once
one has those sufficiently strong formal conditions, one requires only little knowledge of
facts for the setting up of a theory; in the case of the equations of gravitation it is the four-
dimensionality and the symmetric tensor as expression for the structure of space which,
together with the invariance concerning the continuous transformation-group, determine
the equation almost completely.
—A. Einstein
(Autobiographical Notes, 1949)

In the previous chapter we examined the kinematical framework of the general
theory of relativity and the effect of gravitational fields on physical systems. The
hard core of the theory, however, consists of Einstein’s field equations, which relate
the metric field to matter. After a discussion of the physical meaning of the curvature
tensor, we shall first give a simple physical motivation for the field equations and
will then show that they are determined by only a few natural requirements. !

3.1 Physical Meaning of the Curvature Tensor

In a local inertial system the “field strengths” of the gravitational field (the Christof-
fel symbols) can be transformed away. Due to its tensor character, this is not possible
for the curvature. Physically, the curvature describes the “tidal forces” as we shall
see in the following. This was indicated already in the discussion of (2.181).

IFor an excellent historical account of Einstein’s struggle which culminated in the final form of his
gravitational field equations, presented on November 25 (1915), we refer to A. Pais, [71]. Since
the publication of this master piece new documents have been discovered, which clarified what
happened during the crucial weeks in November 1915 (see, e.g., [72]).
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Congruence of
timelike geodesics

Spacelike
hypersurface

Transversal
curve 7y(t)

Fig. 3.1 Geodesic congruence

Consider a family of timelike geodesics, having the property that in a sufficiently
small open region of the Lorentz manifold (M, g) precisely one geodesic passes
through every point. Such a collection is called a congruence of timelike geodesics.
It might represent dust or a swarm of freely falling bodies. The tangent field to this
set of curves, with proper time s as curve parameter, is denoted by u. Note that
(u,u) =—1.

Let y () be some curve transversal to the congruence. This means that the tangent
vector y is never parallel to u# in the region under consideration, as indicated in
Fig. 3.1. Imagine that every point on the curve y (f) moves a distance s along the
geodesics which passes through that point. Let the resulting point be H (s, t). This
defines amap H : Q —> M from some open region Q of R? into M. For each ¢, the
curve s —> H (s, t) is a timelike geodesic with tangent vectors u(H (s, t)). Such 1-
parameter variations of geodesics are studied in DG, Sect. 16.4, using general results
developed in Sects. 16.2 and 16.3. With the concept introduced there, we can say
that u defines a vector field u o H along the map H which is tangential, i.e. of the
form (16.8)

0 d
H=THo— H(s,t))=T,.nH - —. 3.1
uo o o5 or u( (s )) (s,0) " (3.1
(In other words, u and d/ds are H-related.) We shall use for u o H the same letter u.
Let v be the tangential vector field along the map H belonging to d/9¢

0
=THo—. 32
v o 57 (3.2)
The vectors v(s, ¢) are tangent to the curves r —> H(s, t) (s fixed), and represent
the separation of points which are moved with the same proper time along the neigh-
boring geodesics of the congruence (beginning at arbitrary starting points).
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Since d/ds and d/d¢ commute, the tangential fields # and v also commute, i.e.,
[u, v] = 0, which is equivalent to the statement that v is invariant under the flow of
the four-velocity field u; we also say that v is Lie-transported.”

If one adds a multiple of u to v, the resulting vector represents the separation
of points on the same two neighboring curves, but at different distances along the
curve. However, we are interested only in the distance between the curves and not
in the distance between particular points on these curves. This is represented by the
projection of v on the subspace of the tangent space which is perpendicular to u.
Thus the relevant (infinitesimal) separation vector n is

n=v+ (v, udu. 3.3)

Since (u,u) = —1, n is indeed perpendicular to u. We now show that n is also
Lie-transported. We have

Lyn=[u,n]=I[u,v]+ [u (v, u)u] = (u(v, u))u,

ul{v,u) = 5(v,u).

Now, the Ricci identity and (i, u) = —1 imply>

0
0= E(u, u) =2(Vyu, u).

Furthermore, since V,u = V, v (because u and v commute and the torsion vanishes),
it follows that

;(u,v) ={(Vyu,v)+ (u, V,v) = (u, Vyu) =0. (3.4
s

This shows that indeed
Lyn=0. (3.5)
Next, we consider
V20 =V,V,0 =V, (Vyu) = (V,Vy — Vy V).
Due to [u, v] = 0, we obtain
Vv = R(u, v)u. (3.6)

This is called the Jacobi equation for the field v; see also DG, Sect. 16.4.

2The reader is invited to generalize the proof of Theorem 13.11 (given in DG, Sect. 16.1) to vector
fields along maps.

3To simplify notation, we use for the induced covariant derivative of fields along the map H the
same letter V (instead of V in the quoted sections of DG).
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We now show that n also satisfies this equation. From (3.4) it follows that
Vun=Vu1)+(u(v,u))u+(v,u)vuu=Vuv. 3.7
Furthermore,
R(u,n)u = R(u,v)u + (v, u)R(u, u)u = R(u, v)u. 3.8)
From (3.6), (3.7) and (3.8) we see that n satisfies the Jacobi equation
Vﬁn = R(u,n)u. 3.9)

The Jacobi field n is everywhere perpendicular to u. Physicists usually call this the
equation for geodesic deviation. For a given u the right hand side defines at each
point p € M a linear map n —> R(u,n)u of the subspace of 7, M perpendicular
to u (use (15.46)). We might call this the tidal force operator. Its trace is equal to
—Ric(u, u), as is shown below.

Now let {e;}, for j =1, 2, 3, be an orthonormal frame perpendicular to u, which
is parallel transported along an arbitrary geodesic of the congruence (according to
the discussion in Sect. 2.10, this is a non-rotating frame of reference). Since n is
orthogonal to u, it has the expansion

n=nle;. (3.10)

Note that

Vun = (uni)e- +n'V,e; = d—nie
u l uti dS I
The triad {e;}, together with eg = u form a tetrad along the chosen geodesic. From

(3.9) we obtain

dzni ) ..
Wej =n’ R(ep, ejley = n’ RlOOjei
or
dzni . .
I = RlOOjn]' 3.11)

If we set K;j = R’bo i Eq. (3.11) can be written in matrix form
42
Wn = Kn, (3.12)
where n = (n',n?, n%) and K = (K;). Note that K = KT and
TrK = Ry, = Rl = —Roo = —Ryputu”. (3.13)

Equation (3.11) (or (3.12)) describes the relative acceleration (“tidal forces”) of
neighboring freely falling test bodies.
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3.1.1 Comparison with Newtonian Theory

In Newtonian theory the paths of two neighboring test bodies, denoted by x'(t) and
x'(t) + n' (1), satisfy the equation of motion

i %
o= (8xi>x(t)’

i i d¢
X(l‘)"’f’l(l‘):—(g) .
x(t)+n(t)

If we take the difference of these two equations and retain only terms linear in n,
we obtain

. 12¢
i j
n'(t) = axiaxjn ®). (3.14)
Thus we again find (3.12), but with
82
K=- .¢.. (3.15)
dxtox/

Note that Tr K = — A¢, whence in matter-free space Tr K = 0. As we shall see, this
is also true in GR. We thus have the correspondence

) 9%
l —_—
Ryjo <— pperTh (3.16)
In particular,
Rutu’ «— Ag. (3.17)

Summary Variations of the gravitational “field strengths” are described by the
Riemann tensor. The tensor character of this quantity implies that such inhomo-
geneities, unlike the field strengths I” ‘g 4> cannot be transformed away. Relative ac-
celerations or tidal forces of freely falling test bodies are described by the Riemann
tensor, via the equation of geodesic deviation (3.9) or (3.11) for an adapted tetrad.

These remarks are also important for understanding the effect of a gravitational
wave on a mechanical detector (see Sect. 5.3).

3.1.2 Exercises

Exercise 3.1 Use the results of Sect. 2.5 to show that in the Newtonian limit the
components R, 70 of the curvature tensor are given approximatively by 9;0;¢.
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Exercise 3.2 Write the Newtonian equations of motion for a potential as a geodesic
equation in four dimensions. Compute the Christoffel symbols and the Riemann
tensor, and show that the (Newtonian) affine connection is not metric.

Exercise 3.3 Generalize the considerations of this section to an arbitrary con-
gruence of timelike curves. Derive, in particular, the following generalization of
Eq. (3.9)

F2n = R(u,n)u + (Vya), + (a,n)a,

where a = V,u and L denotes the projection orthogonal to u. (Important conse-
quences of this equation, in particular the Landau—Raychaudhuri equation, are stud-
ied, for instance, in [10].)

Exercise 3.4 Consider a static Lorentz manifold (M, g). We know (see Sect. 2.9)
that this is locally isometric to a direct product manifold R x X with metric

g=—¢?dt* +h, (3.18)

where % is a Riemannian metric on X' and ¢ is a smooth function on X'. (More accu-
rately, one should write in (3.18) 7 *h instead of &, where 7 denotes the projection
from R x X to the second factor.) Show that the function ¢ satisfies the equation

1 -
—Ap = Ryuu’, (3.19)
%

where A denotes the Laplacian on (X, 1), and u* is the four-velocity field

u =

- 3.20
Y (3.20)
Solution We first give some hints for an elementary derivation, and then show how

the result can be obtained in a straightforward manner with the help of Cartan’s
structure equations (see DG, Sect. 15.7).

Hints Use the Killing equation for the Killing field K = 9/9¢ and d ({;—;) =0to
show first that @uy.g = —uge . This implies that a = V,u is given by a, =
—(é)(p,a and that uy,5 = aqug. Then express the divergence of a, in two differ-
ent ways.

We introduce an orthonormal tetrad {##} on R x X' consisting of 69 = g dr and
an orthonormal triad {6#'}, i = 1,2, 3, of (X, h). The connection forms of (X, &)
relative to {6’} are denoted by @' i and those of (M, g) relative to {#*} by ;. Bars

always refer to quantities on (X, ). (We identify, for instance, 6’ with the pull-back
T*61.)
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First, we determine the connection forms w';. Comparison of
0 1 o_ 1 i 0
do” =doNdt =—dp NO" = —¢ ;0" NO (3.21)
@ ®

with the first structure equation (see DG, Eq. (15.71))
de’ = - A6 (3.22)

invites us to guess that

1 . )

This does not only satisfy (3.22), but also the other components of the first structure
equations
do' + o'y AO° + ', A0 =0,

thanks to the first structure equations on (X, &).
Next, we compute the curvature forms. We have

0 0 0 j
27 =da)i—|—a)j/\a)jl.
1 1 1 ; 1 .
:d(—(ﬁ,i> NAEE —@i—g¢, 0’ NCARE —q),,-eOA@fi
% Y @ %

1 .
= ;(mp,,- — @l ;) n6°.

The expression in the bracket of the last line is equal to the covariant derivative V
of g ;,i.e., equal to V;V;p A 607, Thus, we have

1 1- - .
2= ER?aﬁQ“ NOP = p iVipsd A 6°. (3.24)
From this we obtain
0 i 1o ¢
RijO = Ro‘/o =—V;Vip,
@ (3.25)
0 .
Riji = lek =0,
and hence for the Ricci tensor
1 -
Roo = — Ay, Roi =0. (3.26)
@

But Roo = R,yutu” (relative to the base {#*} and its dual {e, }, u = eg). Therefore,
the first equation of (3.26) agrees with the claim (3.19).
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For later use, we also work out the other components of the Ricci tensor. From
Eq. (3.23) we obtain

Q' =do'; + 0y A+ o Ao =di' + 0 N a5 =2 (3.27)

This implies in particular R';;, = R;,,. Hence, with (3.25),

A 0 k YAy pk
RlI:Rl)\.]:RIO/—'—lej:_ V/V[§0+lej

1
¢
or

R,-,-:-é?ﬁ,-cpﬂéij. (3.28)
From (3.26) and (3.28) we obtain for the Riemann scalar

1 - _
R=-2-A¢p+R. (3.29)
%

Relative to any basis which is adapted to the split (3.18), the Einstein tensor is found
to be

- 1 - - _
Gij=Gij - ;(Vjvi —hijA)e,
Goi =0, (3.30)

Gutu’ = R.

N =

3.2 The Gravitational Field Equations

You will be convinced of the general theory of relativity once you have studied it. Therefore
I am not going to defend it with a single word.

—A. Einstein

(On a postcard to A. Sommerfeld, Feb. 8, 1916)

In the absence of true gravitational fields one can always find a coordinate system
in which g, =7, everywhere. This is the case when the Riemann tensor vanishes
(modulo global questions, as discussed in Sect. 15.9 of DG). One might call this
fact the “zeroth law of gravitation”. In the presence of gravitational fields, space-
time will become curved. The field equations must describe the dependence of the
curvature of the metric field on the energy-momentum distributions in terms of par-
tial differential equations.
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3.2.1 Heuristic “Derivation” of the Field Equations

As a starting point for the arguments which will lead to the field equations we recall
from Sect. 2.5 that for a weak, quasi-stationary field generated by a non-relativistic
mass distribution, the component ggo of the metric tensor (relative to a suitable
coordinate system which is nearly Lorentzian on a global scale) is related to the
Newtonian potential by

goo =~ —(1+2¢). (3.31)
The Newtonian potential ¢ satisfies the Poisson equation
AP =4nGp. (3.32)

We have seen that the left-hand side of (3.32) is equal to minus the trace of the tidal
tensor (3.15). According to (3.17) this corresponds to R,,u*u" in GR for a freely
falling observer with four-velocity u#*. On the other hand, p in the Poisson equation
is approximatively equal to 7, u*u" and T = T';, under Newtonian conditions. So
the GR-analogue of Poisson’s equation is

Ryutu’ =4 G (AT + (1 — Mg T)utu”,

where ) is a constant to be determined. Since this should hold for all observers, we
are led to the equation

Ry =47rG()»T,w + 1 - )L)g/wT)'

Using the trace of this equation one finds that it is equivalent to

1
G = 4nG<xT,w -5~ /\)g,wT>, (3.33)

where G, is the Einstein tensor (see DG, Eq. (15.54))

1
Guv =Ry = 5gwR. R=R}. (3.34)

From Sect. 2.4 we know that the energy-momentum tensor must satisfy V,, 7#" = 0.
If we use this in (3.33) and also the reduced Bianchi identity

V,G*’ =0, (3.35)

we conclude that for A # 2 the trace T would have to be constant. This unphysical
condition is avoided for A = 2. We are thus naturally led to Einstein’s field equations

1
Ry = 877G(T,w — EgWT> or Gy =87GT,,. (3.36)
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This final form is contained in Einstein’s conclusive paper [74] submitted on
25 November 1915.4

Remark Let us consider a static solution of the Einstein equations for an ideal fluid
at rest. Using the notation in Exercise 3.4 the fluid four-velocity is u = %8,, and we
obtain from (2.32) and (3.19) the following exact GR-version of Poisson’s equation

1 -
—Ap=47G(p +3p). (3.37)
@

Note the combination p + 3 p as the source of the potential ¢.

3.2.2 The Question of Uniqueness

A chief attraction of the theory lies in its logical completeness. If a single one of the conclu-
sions drawn from it proves wrong, it must be given up; to modify it without destroying the
whole structure seems to be impossible.

—A. Einstein (1919)

Now that we have motivated the field equations with simple physical arguments, we
must ask how uniquely they are determined. The following investigation will show
that one has very little freedom.

It is natural to postulate that the ten potentials g,,,, satisfy equations of the form

Duv[g] = T/j,w (3.38)

where D,,,[g] is a tensor field constructed pointwise from g, and its first and
second derivatives. Furthermore, this tensor valued local functional should satisfy
the identity

v, D =0, (3.39)

in order to guarantee that V,7"" = 0 is a consequence of the field equations.

4Among historians, there have recently been controversial discussions after the claim in [78] that
D. Hilbert had not found the definite equations a few days earlier. Archival material reveals that
Hilbert revised the proofs of his paper [79] in a major way, after he had seen Einstein’s publication
from November 25. We may never know exactly what happened in November 1915. I prefer to
quote from a letter of Einstein to Hilbert on December 20, 1915: “On this occasion I feel compelled
to say something else to you that is of much more importance to me. There has been a certain ill-
feeling between us, the cause of which I do not wish to analyze. I have struggled against the feeling
of bitterness attached to it, and this with success. I think of you again with unmixed congeniality
and I ask that you try to do the same with me. Objectively it is a shame when two real fellows who
have managed to extricate themselves somewhat from this shabby world do not give one another
pleasure.”
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Remarks

1. The requirement that the field equations contain derivatives of g, only up to
second order is certainly reasonable. If this were not the case, one would have
to specify for the Cauchy problem the initial values not only for the metric and
its first derivative, but also higher derivatives on a spacelike surface, in order to
determine the development of the metric.

2. Since V,T*” =0 is also a consequence of the non-gravitational laws (see
Sect. 2.4), the coupled system of equations contains four identities. As we shall
later discuss in more detail, general invariance of the theory implies this. In-
deed, general invariance is a kind of gauge invariance: Solutions of the coupled
dynamical system—consisting of gravitational and matter equations—that can
be transformed into each other by a diffeomorphism, are physically equivalent.
Since the diffeomorphism group can (locally) be described by four smooth func-
tions, the existence of four identities in the coupled system is necessary. This is
completely analogous to the situation in gauge field theories. (More on this in
Sect. 3.3.6.) On the linearized level, this was already discussed in Sect. 2.2 (see,
in particular, Egs. (2.10) and (2.14)).

It is very satisfying that in four spacetime dimensions the following theorem
holds:

Theorem 3.1 (Lovelock) A tensor D,[g] with the required properties is in four
dimensions a linear combination of the metric and the Einstein tensor

Duwlgl=aGuy + bguv, (3.40)

where a,b € R.

Remarks This theorem was established relatively late (see [101]). Previously one
had made the additional assumption that the tensor D,,,,[g] was linear in the second
derivatives. It is remarkable that it is unnecessary to postulate linearity in the second
derivatives only in four dimensions.” It is also by no means trivial that it is not nec-
essary to require the symmetry of D,,,. The theorem thus shows that a gravitational
field satisfying (3.38) cannot be coupled to a non-symmetric energy-momentum
tensor.

We first prove the following
Theorem 3.2 Let K[g] be a functional which assigns to every smooth pseudo-

Riemannian metric field g a tensor field K (of arbitrary type) such that the com-
ponents of K[g] at the point p € M depend smoothly on g;; and its derivatives

5In higher dimensions additional terms are possible. We shall state Lovelock’s general result at the
end of Sect. 3.6.
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8ijk»&ij ki at p. Then K is determined pointwise by g and the curvature tensor by
elementary operations of tensor algebra.

Proof In normal coordinates (see Sect. 15.3 of DG) the geodesics are straight lines
x'(s) =sa'. Hence,

Flﬁj(sam)aiaj =0, (3.41)
with arbitrary constants a'. Since I" is symmetric, we have F’;J. (0) =0, implying

8ij.k = 0. Furthermore, at x = 0 we can bring g;; to normal form: g;;(0) = §i8ij,
with &; = £1. In a neighborhood of x = 0 we may then expand in powers of x’

1 r..S
gik = €idij + Eﬂik,rsx Xt

Thus, if T, = gi.,'I"Jk

ro
1
i = E(gik,r + &irk — gkr,i)
1
= E(ﬁik,rsxs + lgir,kxxs - ﬂkr,isxs) +--- (3.42)
From (3.41) we have F’jj (x)x'x/ =0 and hence
T (x)xkx" =0. (3.43)
If we insert (3.42) into (3.43) we obtain

Bik,rs + Birks — Bir,is)x*x"x* = 0. (3.44)

We shall use the abbreviation

ik 32g,'k
IBik,rs: — | =
rs dx” 0xS

The x* in (3.44) are arbitrary; hence the contribution to the coefficients which is
symmetric in (k, r, s) must vanish. In other words, the following cyclic sum must

vanish S [(5)+ (&) -(5)] -0

(k,r,s)

()5 @) () () ()0 o

This equation says that twice the cyclic sum with an upper index fixed is equal to
the cyclic sum with a lower index fixed. If we interchange k and i, respectively r

(3.45)

x=0

or
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and i, we obtain

L))+ - ()-(2)-(2) -
{0 () () () (5)- ()

If we add these three equations, we obtain

B e
rs ks is

So, the cyclic sum with the lower index s fixed vanishes. Because of (3.46) the cyclic
sum with an index of the upper pair fixed then also vanishes:

ik ir is
(%) (%) + (i)=0 (349

A comparison with (3.47) yields
is kr
<_> = (—) (3.49)
kr is

From the general expression for the Riemann tensor (see DG, Eq. (15.30)), one
obtains in normal coordinates

() (2)-(8)- (P () (2)

Using this and (3.48) one obtains
R + R — im il n Im il
il 7 Rlkim = k1 km ki kim
G (im (KN ()62 5L
kil Im km km

Hence, in normal coordinates

1 )
ik = €idij — E(Rirks + Ripis)x"x* + -+,

| (3.50)
8ik = €idij — gRirksxrxs +-o

Thus R;rks, expressed in terms of normal coordinates, determines all the second
derivatives of g;x at p. The first derivatives vanish. Since R;, is a tensor, the state-
ment of the theorem follows immediately. U

We now prove Theorem 3.1 under the additional assumption that D,,, [g] is lin-
ear in the second derivatives. (For the generalization we refer once more to [101].
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Unfortunately, the proof of Lovelock’s theorem is too complicated to be reproduced
here.)

Fartial proof of Theorem 3.1 Since the R’; gy are linear in the second derivatives of
the g, Theorem 3.2 implies that D, [g] must have the following form

D;w[g] =c1Ruy + c2Rguv + 3840,

with constants c1, ¢ and c3. As a result of the contracted Bianchi identity G* ”4‘) =
0, we get the restriction

1 1
DMU;U - (Cz * 561)(gle);v - <C2 + ECI>8HVR,U =0.
Hence ¢ + %cl =0, and D,,, must be of the form (3.40). O

Theorem 3.1 implies that the field equations having the structure (3.38), with the
required properties for D, [g], must be of the form

Gy =kTyy — Aguv, (3.51)

where A and k are two constants. The field equations (3.51) are highly non-linear
partial differential equations, even in vacuum. This must be so, since every form of
energy, including the “energy of the gravitational field”, is a source of gravitational
fields. This non-linearity makes a detailed analysis of the field equations extremely
difficult. Fortunately, one has found a number of physically relevant exact solutions.
Beside this, qualitative insight has been gained, for example, by the study of the
initial value problem (see Sect. 3.8). As in any other field of physics, approximation
methods allow us to treat relevant problems, such as binaries of compact objects
(see Chaps. 5 and 6). And, of course, numerical methods are playing an increasingly
important role, especially in investigations of highly dynamical processes.

Remarks

1. The energy-momentum tensor 7*" must be obtained from a theory of matter (just
as is the case for the current density j#* in Maxwell’s equations). We shall discuss
the construction of 7#" (and j*) in the framework of a Lagrangian field theory
in Sect. 3.3. In practical applications one often uses simple phenomenological
models (such as ideal or viscous fluids).

2. We shall obtain the field equations in the next section from a variational principle.

3.2.3 Newtonian Limit, Interpretation of the Constants A and k

The field equations (3.51) contain two constants A and «. In order to interpret them,
we consider the Newtonian limit. We need

A A A A
RM,,=8;LFW—8UFAM+F(LMFM—Fiul"w.



3.2 The Gravitational Field Equations 79

As in Sect. 2.5, we can introduce a nearly Lorentzian system for weak, quasi-
stationary fields, in which

guv="Mw +hu, |l K1, (3.52)

and A, is almost independent of time. We may neglect the quadratic terms I"I" of
the Ricci tensor,

Ry~ 0, T, —8,I% .
Since the field is quasi-stationary, we have Roo =~ 9; 1’100 and Floo ~ — %81 goo. In the

Newtonian limit, we have goo >~ —(1 + 2¢). We thus find, as already suggested by
(3.17),

Roo =~ Ag. (3.53)

Equation (3.51) is equivalent to

1
R,y = 87rG(TW - Eg”UT> + Aguv, (3.54)

with ¥ = 87 G. For non-relativistic matter |T;;| < |Tool, and hence we obtain
for A = 0 the Poisson equation (3.32) for the (0, 0) component of (3.54), using
Eq. (3.53). A small non-zero A in (3.51) leads to

AP =4nGp — A. (3.55)
Note that instead of (3.37), we now obtain as an exact equation for ¢ = /—goo =~
1+¢
1 -
—Ap=4nG(p+3p) — A. (3.56)
2

3.2.4 On the Cosmological Constant A

We shall now say more on the mysterious A-term in (3.51). This term was intro-
duced by Einstein when he applied GR for the first time to cosmology. In his influ-
ential paper [80] of 1917 he proposed a static cosmological model which is spatially
closed. His assumption that the Universe is quasistatic was not unreasonable at the
time, because the relative velocities of stars as observed were small. The completely
novel assumption that space is closed had to do with Machian ideas about inertia.®

%Tn these early years, Einstein believed that GR should satisfy what he named Mach’s principle, in
the sense that the metric field should be determined uniquely by the energy-momentum tensor (see
Einstein’s paper [80]). His intention was to eliminate all vestiges of absolute space. For a detailed
discussion we refer to the last part of his Princeton lectures [83]. Only later Einstein came to realize
that the metric field is not an epiphenomenon of matter, but has an independent existence, and his
enthusiasm for Mach’s principle decreased. In a letter to F. Pirani he wrote in 1954: “As a matter
of fact, one should no longer speak of Mach’s principle at all.” For more on this, see [71].
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More precisely, Einstein’s cosmological model (M, g) is
M=RxS3,  g=—dt*+h, (3.57)

where S? is the 3-sphere with radius @ and # its standard metric. The Ricci and
Einstein tensors for the metric (3.57) can be obtained by specializing the results of
Exercise 3.4. We need only the time-time components, and obtain

Roo =0, Goo = = R, (3.58)

N[ =

where R is the Riemann scalar of S>. For this space of constant curvature one finds

(see Exercise 3.8) R = %, thus
a

3
Goo = el (3.59)

With these geometrical results we go into Einstein’s field equation. Because of the
symmetries of the model, the energy-momentum tensor must have the following
diagonal form

(Tyw) = diag(p, p, p, p)- (3.60)
From (3.36) we obtain
3
—2=87rG,0+A. 3.61)
a
On the other hand, (3.54) gives
0=47nG(p+3p) — A. (3.62)

Einstein first tried to solve his original field equations from November 1915 (without
the A-term). Then, however, (3.62) cannot be satisfied for p > 0 (e.g., for dust).
It was this failure that led him to introduce the A-term’ as a possibility which is
compatible with the principles of GR. Indeed, as we have seen, nothing forbids the
presence of this term. With its inclusion the two equations (3.61) and (3.62) can be
satisfied and lead for dust (p = 0) to the two basic relations

4nGp = iz =A (3.63)

a
of Einstein’s cosmological model. For obvious reasons, the A-term is often called
the cosmological term. Because of recent exciting cosmological observations, the
cosmological constant A has again become a central issue, both for cosmology and
particle physics. Before indicating that there is a deep mystery connected with the

7 Actually, Einstein considered this term earlier in a footnote in his first review paper on GR early
in 1916, but discarded it without justification.
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cosmological constant, we rewrite Einstein’s equations in the following suggestive
manner

Gy =87G (T + T1)), (3.64)
with
A
A
T =gz

This has the form of the energy-momentum tensor of an ideal fluid with energy
density p4 and pressure p4 given by

A

=— =—pq. 3.65
e PA oA (3.65)

PA
Although a positive A corresponds to a positive p4, it has a repulsive effect. This
becomes manifest if we write (3.56) as

1 -
—Ap =47G((p+3p) + (pa+3pa)). (3.66)
() N———

—2pa

Since the energy density and the pressure appear in the combination p + 3p, we
understand that a positive p4 leads to a repulsion. In the Newtonian limit we have
¢ ~14 ¢ and p < p, hence we obtain the modified Poisson equation

Ap=47G(p —2p4). (3.67)

Without gravity, we do not care about the absolute energy of the vacuum, because
only energy differences matter. However, when we consider the coupling to gravity,
the vacuum energy p,qc acts like a cosmological constants. In order to see this, first
consider the vacuum expectation value of the energy-momentum tensor operator in
Minkowski spacetime. Since the vacuum state is Lorentz invariant, this expectation
value is an invariant symmetric tensor, hence proportional to the metric tensor. For
a curved metric we expect that this is still the case, up to higher curvature terms

(Tiv)vac = &uv Pvac + higher curvature terms. (3.68)

The effective cosmological constant, which controls the large scale behavior of the
Universe, is given by

A= SnG,Ovac + Ao, (3.69)

where Ag is a bare cosmological constant in Einstein’s field equations.
We know from astronomical observations that p,4 cannot be larger than about the
so-called critical density

3H?
Derit = ﬁ =1.88 x 107 gem™ =8 x 107*7 1% GeV*, (3.70)
T
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where Hj is the Hubble parameter and 2o = Hp/(100 km s7! Mpc_l). Observation-
ally, ho ~0.7.

It is complete mystery as to why the two terms in (3.69) should almost exactly
cancel. This is the famous A-problem. It is true that we are unable to calculate
the vacuum energy density in quantum field theories, like the Standard Model of
particle physics. But we can attempt to make what appear to be reasonable order-
of-magnitude estimates for the various contributions. These expectations turn out to
be in gigantic conflict with the facts. For a detailed discussion of this and extensive
references, see [102, 103] and Part VII of [35].

3.2.5 The Einstein—-Fokker Theory

One can obtain field equations different from those of Einstein if one limits a priori
the degrees of freedom of the metric tensor (beyond the requirement that the signa-
ture be Lorentzian). For example, one might require that the metric be conformally
flat, i.e., that g has the form

g =¢*(x)m, (3.71)

where 7 is a flat metric, so that the corresponding Riemann tensor vanishes, and ¢
is a function. According to DG, Sect. 15.10 conformal flatness is locally equivalent
to the vanishing of the Weyl tensor. Since the metric (3.71) contains only one scalar
degree of freedom ¢ (x), we need a scalar equation. The only possibility which
satisfies the requirement that ¢ appears linearly in the second derivatives is

R =24nGT, (3.72)

where T = T’,ﬁ and R is the scalar Riemann curvature. The constants have been
chosen such that in the Newtonian limit Eq. (3.72) reduces to the Poisson equa-
tion. This scalar theory was considered by Einstein and Fokker; in the linearized
approximation it agrees with the original Nordstrgm theory (see Sect. 2.2). As we
emphasized previously, there is no bending of light rays in such a theory. In addition,
the precession of the perihelion of Mercury is not correctly predicted.

However, this scalar theory does satisfy the principle of equivalence. Thus we
have an example to demonstrate that the equivalence principle alone (without addi-
tional assumptions) does not predict a (global) bending of light rays.

3.2.6 Exercises

Exercise 3.5 Choose a coordinate system such that (3.71) has the form

v = Nuv, (M) = diag(—1, +1, 4+1, +1) (3.73)
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Fig. 3.2 Stereographic
projection from the north pole

R"L
-
and show that in this case
R=—6¢"31""3,08,¢. (3.74)
Equation (3.72) then reads
O¢ = —4nGT >, (3.75)

where O := n#*V9,,0,, and this reduces indeed to the Poisson equation in the New-
tonian limit.

Exercise 3.6 Consider a static, spherically symmetric solution for a point source
subject to the boundary condition g, —> 1, for r — oo.

Exercise 3.7 Write down the differential equations for planetary orbits (geodesics
for g,,,,). Show that the precession of the periastron is given by

A GM\?
= —TT| — ,
¢ L

where M is the central mass (solar mass) and L = r2¢ is the constant in the law
of equal areas (L is proportional to the orbital angular momentum). We shall see in
Sect. 4.3 that this result is equal to (—1/6) times the value in GR.

Exercise 3.8 Introduce for the n-sphere of radius a S} = {x € R**1: x| = a} co-
ordinates by stereographic projection (see Fig. 3.2). Show that after a rescaling of
the coordinates x?, fori = 1, ..., n, the induced metric of S" is

1 &, . k<,
g=ﬁl;(df)2, 1/f<x)=1+z§(x’)2, (376)

with k = a% As in Exercise 3.5 show that for such a conformally flat metric the

Riemann scalar is given by

R=2(n— DY Ay¥ —n(n— 1)(V§)? (3.77)
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(the right-hand side is formed with the Euclidean metric), and conclude from this
that for the particular ¥ in (3.76) this becomes

R=knn—-1). (3.78)

We used this for the Einstein universe (n = 3): R = a%. Energetic students may
compute the Riemann tensor, with the result

Rijki = k(gik&ji — 8i1&jk)- (3.79)

3.3 Lagrangian Formalism

In this section we shall obtain Einstein’s field equations from an action principle.
This will enable us to give a general formula for the energy-momentum tensor in the
framework of a Lagrangian field theory, and to show that its covariant divergence
vanishes as a consequence of the equations for the matter fields. In this connection
we shall discuss the necessity for four identities in the coupled dynamical system,
and point out the close analogy with electrodynamics. We begin with a mathematical
supplement.

3.3.1 Canonical Measure on a Pseudo-Riemannian Manifold

In DG, Sect. 14.6.1 the canonical (Riemannian) volume form n for an oriented
pseudo-Riemannian manifold (M, g) is introduced, and in Sect. 14.7.2 the integral
of fn is defined, where f is a continuous function with compact support. This pro-
vides a linear functional on the space of continuous functions with compact support,
and thus by Riesz’s representation theorem a unique positive Borel measure dv, on
the o-algebra of Borel sets on M. We call dv, the canonical or Riemannian mea-
sure on (M, g). Here we add that this measure can also be introduced if M is not
orientable. Moreover, Gauss’ theorem still holds.

The measure dvg is naturally defined as follows. For any smooth coordinate
transformation {x'} — {x’} we have for the determinants of the metric tensor

_ axk
V08@]=1/|gx)] det<ﬁ>‘. (3.80)

From this, and the transformation formula for integrals, it follows that for a contin-
uous function f with compact support in a coordinate patch U C M, the integral

/Mfdvg :=/Uf(x),/|g(x)}d4x (3.81)

is independent of the coordinate system. If the support of f is not in the domain
of a chart, we define the integral with the help of a partition of unity, exactly as
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for the integration of n-forms (see DG, Sect. 14.7.1). Again, this provides a linear
functional of such functions and thus a measure dv, on M. One often says that dv,
is the measure associated to the metric g. (Usually the index g will be dropped if
no confusion can arise.) In local coordinates the Riemannian measure is given by

dvg =,/|g(0)|d*x. (3.82)

For a proof of the divergence theorem for non-orientable manifolds, see [56].

3.3.2 The Einstein—-Hilbert Action

We show below that a Lagrangian density £[g], whose Euler-Lagrange derivative
is equal to (3.40) in Lovelock’s theorem, is given by a linear function of the Rie-
mann scalar R[g] : L[g] = aR[g] — 2b. In the next section we shall also see that the
variational derivative of any invariant functional L[g] has always a vanishing co-
variant divergence. Therefore, Lovelock’s theorem implies that in four dimensions
a linear function of the Riemann scalar R[g] is, up to a total divergence,8 the most
general Lagrangian density, whose Euler—Lagrange derivative contains no higher
than second order derivatives of the metric field. The additional freedom in higher
dimensions will be mentioned in Sect. 3.6.

These remarks lead us to study variations of the Einstein—Hilbert action func-
tional

SD[g]zf R(gldvyg, (3.83)
D

where D is a compact region with smooth boundary d D. We write everything for
a Lorentz manifold, but the formalism is independent of the number of dimensions.
Assume, for simplicity, that D is contained in a coordinate patch, but the final result
(Eq. (3.84) below) is independent of this. Variational derivatives (d/d¢|.= for a 1-
parameter family of metrics g., —o < & < o) will be denoted by the letter 6 (not to
be confused with the codifferential).

It was shown by Einstein and Hilbert® that the functional derivative of (3.83) is
proportional to the Einstein tensor. More precisely, we show that the first variation
of (3.83) is given by

(SSD[g]=/ Gwz?g’“’dv—i—/ div W dv, (3.84)
D D

where W is a vector field defined later.

8 An interesting functional of g, which in four dimensions is locally a total divergence, is the Gauss—
Bonnet scalar discussed in Exercise 3.18.

In the light of recent historical studies it is no more justified to attribute the action principle
entirely to Hilbert. For a detailed discussion and references we refer to [104]. Beside Einstein and
Hilbert, also H.A. Lorentz published a series of papers on general relativity based on a variational
principle.
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We have
8/ Rdv:/ S(g“”R,“«/—g)d“x
D D
:/ SR,wg’“’«/—gd“x—i-/ Ruwd(g"/—g)d*x.  (3.85)
D D

We first consider § R;,,,. Recall
Ry = Bal“‘fw — BVF‘fm + F‘l’wF‘fm — F‘I’WF‘:)U.

Things are enormously simplified by using a normal system of coordinates with
origin p € D. Then we have at p:

SRy =8(8T5,) — 80 (8175,)-

Now, the variations 61 OI{‘LV of the Christoffel symbols transform as tensors, as is
obvious from the transformation law DG, Eq. (15.4). At p we can therefore write

SRy = Vo (8T%,) — Vi (8T%,). (3.86)

Since this is a tensor equation, known as the Palatini identity, it holds everywhere
in every coordinate system. It implies

g" R = WO, (3.87)
where W¥ is the vector field
W = g’“’SF‘fw — g"‘”(SF’tw. (3.88)

Thus the first term on the right of (3.85) is the volume integral of div W.
For the second term we need 6./—g. With Cramer’s rule (footnote in Sect. 2.4.4)
we get, using that g"‘ﬁégaﬁ = —ga,gég“ﬁ,

S =t b=t L e = L euse®. (389)
If we insert this in (3.85) we obtain indeed (3.84). Clearly, this holds without the
assumption that D is in the domain of a chart.

For later use we rewrite (3.89) as

1
8(dv) = —EgaﬁSgaﬂ dv. (3.90)

If the variations 8g,,, vanish outside a region contained in D, only the first term
in (3.84) survives

8/ Rdv:/ Gd8g"Y dv. (3.91)
D D
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1
3/ dv:——/ glwgglwdv_
D 2Jp

So Einstein’s vacuum equations, with a cosmological term, are obtained from the
action principle

In addition, (3.90) gives

8 /(R —2A)dv=0. (3.92)

Boundary Term

We want to write (3.88) a bit more explicitly. Using again normal coordinates with
origin p, we see that in any coordinate system we have everywhere

1
81—";5 = Eg’”(@gva);ﬁ + (ngﬂ);oc - (Sgotﬂ);v)~ (3.93)
This gives

W, = —(58"). o5 + (2s08°F) ;. (3.94)

We shall later interpret the boundary term in (3.84) geometrically in terms of the
second fundamental form (extrinsic curvature) of 9D (see Sect. 3.6).

3.3.3 Reduced Bianchi Identity and General Invariance

We can use the variational equation (3.91) to obtain another derivation of the re-
duced Bianchi identity (this presentation assumes familiarity with DG, Chap. 14).
For the moment we shall keep the discussion more general, so that we can make use
of it later in other contexts.

Consider a 4-form £2[yr], which is a functional of certain (tensor) fields . We
assume that it is generally invariant in the following sense

9" (21y]) = 2[¢*W)], (3.95)
for all ¢ € Diff(M). In particular, (3.95) is valid for the flow ¢, of a vector field X.
Hence, it follows by differentiating with respect to ¢ for r = 0 that

d
Lx(2[y]) = I 09[¢,*(1ﬂ)]-

We integrate this equation over a region D which has a smooth boundary and com-
pact closure. From Cartan’s formula (see DG, Sect. 14.5)

Lx=doix+ixod,
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and Stokes’ theorem we find

/Lx.QZ/ dix.QZ/ ix$2=0,
D D aD

when X vanishes on the boundary d D. Thus, we have
/ d
p dt

In particular, we obtain from (3.91) and (3.96), for 8g,, = (Lxg)uy and 2 =
(Rn)lgl,

2o )] =0. (3.96)

t=0

/D G""(Lxg)uwn=0. (3.97)

(Recall that (L xg) v is a special variational derivative, determined by a local flow
of the vector field X.)
The components of the Lie derivative Ly g are (see DG, Chap. 13)

(Lx@uv = X guvr + g X" + gun X™,. (3.98)
In a normal system with origin in p this reduces to
(Lx&uv=Xpuv+ Xop.
Thus, in an arbitrary coordinate system we have the useful expression
(Lx&)pv =Xy + Xop. (3.99)

(Of course, the indices can be interpreted abstractly.) This equation also follows
from (2.120). Hence,

/ G"" (X v + Xy )n =0
D

or, using the symmetry of G*",

/D(G“”XM);UU—/DG“";VX,m:O

According to Gauss’ theorem the first term vanishes. Since D and the values of X,
in D are arbitrary, the contracted Bianchi identity

G" =0 (V,G" =0)

must hold.

The contracted Bianchi identity shows that the vacuum field equations G, +
Agyy = 0 are not independent. That this must be the case becomes apparent from
the following considerations. Suppose that g is a vacuum solution. For every diffeo-
morphism ¢ the diffeomorphically transformed field ¢*(g) must also be a vacuum
solution, since g and ¢*(g) are physically equivalent. The field equations can thus
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only determine equivalence classes of diffeomorphic metric fields. Since Diff(M)
has four “degrees of freedom”, we expect four identities.

Equivalently, one may argue as follows: For every solution of the g,,,, as functions
of particular coordinates, one can find a coordinate transformation such that four of
the g, can be made to take on arbitrary values. Hence only six of the ten field
equations for the g, can be independent.

A similar situation exists in electrodynamics. The fields A, are physically equiv-
alent within a “gauge class”. The function yx in the gauge transformation

Ay — Ay +0ux

is arbitrary and for this reason an identity must hold in the field equations for the
A, In vacuum, these become

0A, —9,0,A" =0.
The left-hand side identically satisfies
" (OA, —0,0,A") =0,

and this is the identity we are looking for. This can be extended to non-Abelian
gauge theories. We shall generalize this discussion to the coupled matter-field sys-
tem further on.

3.3.4 Energy-Momentum Tensor in a Lagrangian Field Theory

In a Lagrangian field theory one can give a general formula for the energy-
momentum tensor.

Let £ be the Lagrangian density for a set of “matter fields” Y4, forA=1,...,N
(we include the electromagnetic field among the fields 1 4). For simplicity, we con-
sider only tensor fields (spinor fields in GR will be introduced in Chap. 9). If we
assume that we know £ from local physics in flat space, the principle of equiv-
alence prescribes the form of £ in the presence of a gravitational field. We must
simply write g, in place of 7, and replace ordinary derivatives by covariant ones,
as we discussed in Sect. 2.4. Thus (dropping the index A) we have

L=LY, VY, Q). (3.100)
For example, the Lagrangian density for the electromagnetic field is

1
L::_EFMVFO'ngOgvp' (3101)

The matter field equations are obtained by means of a variational principle

8/ Ln=0,
D
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where the fields i are varied inside of D such that the variations vanish on the
boundary. As usual, § means differentiation with respect to the parameter of a 1-
parameter family of field variations. Now, we have

oL
/ﬁn—/ (8£)n—/ <@5¢+ a(vw)‘s( w)> (3.102)

The covariant derivative V commutes with the variational derivative §. This is ob-
vious when one considers coordinate expressions for the various quantities, since §
commutes with partial differentiation. Hence, we obtain

0L L L
S(Vy) =V Sy |—(V- 8. 3.103
IVY) v (a(vw) w) ( B(Wf)> v G109

The first term on the right-hand side is the divergence of a vector field (this becomes
clear when one inserts indices). Hence, by Gauss’ theorem it does not contribute to
(3.102). From (3.102) we thus obtain

/(%—v. o )31/! =0
p\ay acvyn ) VT

which implies, with a standard argument, the Euler—Lagrange equations for the
matter fields

oL oL
— V=
YA I(Vuva)

In order to obtain an expression for the energy-momentum tensor, we consider
variations of the action integral, which are induced by variations in the metric. The
Lagrangian £ depends on the metric both explicitly and implicitly, through the co-
variant derivatives of the matter fields. In addition, the 4-form 7 is an invariant
functional of the metric g. Hence, we have

oL
L \% —38g,v LS 3.105
/ n= H(awm VDt e g“)’” ”} (G109

We first consider the term §7. In local coordinates,

n:a/—gdxo/\---/\dx{

(3.104)

and thus

n=—02J—=g) 8gdx" A Adx3.
Since g = gg"*"dguv, it follows that

1
= 5«/—gg’”8g,w dxO A Adx?
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or, in agreement with (3.90),

1
Sy = Eg’wég,wn. (3.106)
Even if 8¢ = 0, we have §(V, ) # 0, since the Christoffel symbols vary. For
the tensor (SF’;ﬁ we use (3.93). With this equation it is possible to express (V)
in terms of 8gyp;, . After integration by parts, one can bring the variation (3.105) of
the action integral to the form

1
8/ £n:§/ T 8g,01, (3.107)
D D

whereby only g is varied. We identify the tensor T#" in (3.107) with the energy-
momentum tensor. Note that T#" is automatically symmetric. As a first justification,
we note that its covariant divergence vanishes.

The proof of TW_V = 0 is very similar to the derivation of the Bianchi iden-
tity in Sect. 3.2. We start with (3.96), which is valid for every invariant functional
L[V, gln, i.e., for an L satisfying ¢* (L[, g]) = LLp* Y, ¢*g] for all ¢ € Diff(M).

Thus,
v/\
D dt

As usual, ¢; denotes the flow of a vector field X, which vanishes on the boundary
of D. The variations of the fields ¥ do not contribute, due to the matter equations
(3.104). Hence, using (3.107), we have

(Cnlerv. 67g]) =0. (3.108)

t=0

/ T"(Lxg)uwn=0. (3.109)
D

Exactly as in the proof of the contracted Bianchi identity (see Sect. 3.3.3), we obtain

T’”;v =0 (V,T"'=0). (3.110)

For familiar systems, the definition (3.107) leads to the usual expressions for the

energy-momentum tensor. We show this for the electromagnetic field. In this case,
the Lagrangian is given by (3.101). If we vary only the metric g and use (3.106), we

obtain
1
8/ En:/(8£n+£6n)=/ (8£+—Eg’”8gw)n
D D D 2

1 1
= /D<_§Fquopguangp + ECglw‘Sg;w>77-

However, the equation g"# 8ap = 8%, implies that

8gvﬁgaﬂ + gvﬁ(sgaﬂ =0,
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so that

88" = —g" g% 8gup.
Hence, we obtain for the variation of the action integral

1 1
3/1)£n= §L<FMvFapg““g”ﬂg“p8gaﬂ - ZFWF’”g"‘ﬂSgaﬁ>n.

Thus we obtain from (3.107)

1 1
R G R |
and
1 w1 L
Taﬂ = E FaﬂFﬂug — ZgaﬁFMVF . (3111)

This agrees with (2.54).

Remark In SR the energy-momentum tensor is usually derived from the transla-
tion invariance. This results in the conserved canonical energy-momenttum tensor,
which is in general not symmetric, but which can always be symmetrized. One could
also use the above procedure in SR: replace formally n,, by a curved metric g,
use (3.107) and then set g, equal to the flat metric at the end. The resulting ten-
sor is then divergenceless (by (3.110)) and symmetric. The relationship of the two
procedures is discussed in [114].

3.3.5 Analogy with Electrodynamics

The definition of 7"V is similar to the definition of the current density j* in elec-
trodynamics. We decompose the full Lagrangian £ for matter into a part L for the
electromagnetic field and a term Ljs, which contains the interaction between the
charged fields and the electromagnetic field. As before,

1
Lrp=——F,F",
F 167 "
where Fy, = A, , — A, . By varying only the A, such that the variation vanishes
on the boundary of D, we obtain

1
8/ ﬁpn:S—/ F“”(S(AH,,,—AV,M)n
D 7T JD

1

= g A FMVS(A[,L;V - Av;u)n
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1
471
1

= F’” LA (3.112)

S A

We define the current density j* by

5/ cMnZ/ JR8 AL, (3.113)
D D

where only the A, are varied.
Maxwell’s equations follow from Hamilton’s variational principle

5/ Ln=0, L=Lpg+ Ly, (3.114)
D

together with (3.112) and (3.113). Equation (3.113) is analogous to (3.107). The
divergence of the electromagnetic current vanishes as a consequence of the gauge
invariance of the action [ p L. Let us show this in detail.

If we subject all the fields to a gauge transformation with gauge function ¢ y (x)
and denote the derivative with respect to ¢ at € = 0 by 8, then the §, ¥ of the matter
fields (without the A,,) do not contribute to the variational equation

D

as a result of the field equations for matter. Using (3.113) and 8, A, = x ., we

obtain
0=8X/ EM??:/ J*x.un-
D D

If x vanishes on the boundary of D, we obtain, after an integration by parts,

OZ/ J'MX,MIZ/ jMX:#WZ/(jMX)'un_/ jﬂ:uxn
D D D : D
e
| i

Hence, the covariant divergence of the electromagnetic current vanishes
Jﬂu=0' (3.115)

This equation is thus a consequence of Maxwell’s equations on the one hand, be-
cause of the identity F"” v = = 0. On the other hand it also follows from the matter
equations (the Euler—Lagrange equations for L£jy). This means that the coupled sys-
tem of Maxwell’s equations and matter equations is not independent. This must be
the case, since the transformed fields {AX, X}, obtained from a solution {A,, ¥}
of the coupled equations for matter and the electromagnetic field, is an equivalent
solution. (These remarks are easily generalized to Yang—Mills theories.)
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3.3.6 Meaning of the Equation V - T =0

In general relativity the equation 7" V_U = 0 plays a completely analogous role to
(3.115) in electrodynamics. For every solution { g, ¥} of the coupled system of grav-
itational and matter equations (we now include the electromagnetic field among the
matter fields), and every ¢ € Diff(M), {¢*(g), ¢*(¥)} is a physically equivalent so-
Iution. We expect thus four identities, since Diff(M) has four degrees of freedom.
(Instead of “active” diffeomorphisms, we could just as well consider “passive” coor-
dinate transformations.) These four identities are a result of the fact that (as was first
emphasized by Hilbert) V- T = 0 is a consequence of both the matter equations and
the gravitational field equations. The role of the gauge group of electrodynamics is
now taken over by the group Diff(M), which of course is non-Abelian.

3.3.7 The Equations of Motionand V - T =0

If we take THV to be the energy-momentum tensor of an ideal fluid with pressure
p = 0 (incoherent dust),

T = putu"”, (3.116)

it follows from 7" , = 0 that

(pu”);uu“ + pu'u” =0.

sV =
Contracting this with u, implies the conservation law
ny —
(pu")., =0, (3.117)

whence
V,u=0. (3.118)

Therefore, the integral curves of u (streamlines) are geodesics. This law of motion
is thus a consequence of the field equations. In the exercises we shall see other
examples for this interesting connection.

Equation (3.117) says that a comoving quantity of fluid is conserved, that is

/ P’?Z/ on,
#1 (D) D

where ¢, is the flow of u. Indeed, since

/ pn=/ &/ (pn)
¢1(D) D
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and D is arbitrary, this conservation is equivalent to
L,(pn)=0. (3.119)
This, in turn, is equivalent to (3.117), because

Ly(pn) = (Lup)n~+ pLun=Vyp+pV-u)yn="V - (pun.

3.3.8 Variational Principle for the Coupled System

Einstein’s field equations and the matter equations follow from the variational prin-

ciple
3/ R=24 Y=o (3.120)
D 167G =5 '

since according to (3.91) and (3.107), variation of g only results in

8/ Rn:—/ G"8g,um,
D

1

D
S| Ln= 5/ T 8guvm.
D D

Using also (3.106), we indeed obtain

Gy =87G Ty — Aguy.

3.3.9 Exercises
Exercise 3.9 Consider a neutral scalar field with Lagrangian density

[
L=—2¢u0" U@ (3.121)

1. Derive the Euler—Lagrange equation for .
2. Show that the energy-momentum tensor, defined by (3.107) becomes

Tuv = @90 + v L. (3.122)

3. Show that Einstein’s field equations imply the Euler—Lagrange equation for ¢ in
points where d¢ # 0.

Exercise 3.10 Investigate the last point of the previous exercise for the electromag-
netic field.
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Exercise 3.11 Decompose the Einstein—Hilbert density as
R/ —g = A(g, dg) + divergence, (3.123)

such that A(g, dg) is only a function of g, and its first derivatives.

Solution We start from the original expression
R:= \/__ggw Ry
= V788" (Ma = Ty + T T = ThaT0)- - (3.124)
The first two terms can be rewritten as
V=88"" (IMua = Tar)
= (V=88""T ) o = (V=88""T")
+ M6 (V=88"") , — T (V=88"") .- (3.125)

This already solves the problem, but we can simplify the expression for A(g, 9g).
We use the familiar formula

V=9 =v=gr’,,
and take the derivatives of g"" from
0=¢"" ,=g"" o+ Fﬁﬁgﬂv +Ipel
to write the last two terms in (3.125) as
I (V=88"") = T50(V=88") , = 28" (1, Dy = T Ty ) V=8 =24

If we use this in (3.125) and (3.124), the combination .4 shows up once more, and
we finally obtain

R=A+(V=g¢"'T%,) , — (V=28""T%,) ,» (3.126)
with

A=gh(re,rh, —re,rh)v=g. (3.127)

Exercise 3.12 Generalize the variational equation (3.91) for the case that R is re-
placed by a function f(R). The result is

1
5 / FRIW=gd*x = / {Raﬁf’m) ~ S8as f(R)

+ gap V2 f'(R) — VaVﬂf/(R)}Sgaﬁ«/_—g d*x. (3.128)
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In deriving this one has to make use of the boundary term (3.94). Deduce from this a
generalized reduced Bianchi identity. Note that the variational derivative in (3.128)
is of fourth order in the metric, in agreement with Lovelock’s theorem.

3.4 Non-localizability of the Gravitational Energy

In SR the conservation laws for energy and momentum of a closed system are a
consequence of the invariance with respect to translations in time and space. Except
for special solutions, translations do not act as isometries on a Lorentz manifold
and for this reason a general conservation law for energy and momentum does not
exist in GR. This has been disturbing to many people, but one simply has to get
used to this fact. There is no “energy-momentum tensor for the gravitational field”.
Independently of any formal arguments, Einstein’s equivalence principle tells us
directly that there is no way to localize the energy of the gravitational field: The
“gravitational field” (the connection I" Zﬁ) can be locally transformed away. But
if there is no field, there is locally no energy and no momentum. This is closely
analogous to the situation with regard to charge conservation in non-Abelian gauge
theories.

However, it is still possible to define the tofal energy and tofal momentum of an
isolated system with an asymptotically flat geometry. In a cosmological context this
is, however, in general not possible. (We shall discuss this in detail in Sect. 3.7.)

At this point, we shall merely show the following: If a Killing field K exists, i.e.,
afield K such that L g g = 0, then a conservation law follows from V - T = 0 for the
vector field

Pt =THE,. (3.129)

Because TV is symmetric we obtain with the Killing equation (2.122)
I wy s Lo
Pl =T" Kv+T Kv;MZET (Kyv+ Ky ) =0. (3.130)

If D is a region having a smooth boundary 3D and compact closure D, then
Gauss’ theorem (see DG, Theorem 14.12) implies

/ P“daﬂzf pP* dv =0, (3.131)
oD p "

where dv is the measure belonging to g.

In SR one has ten Killing fields, corresponding to the ten-dimensional Lie al-
gebra of the inhomogeneous Lorentz group. The corresponding quantities (3.129)
are precisely the ten conserved densities. In a Lorentz system, the ten independent
Killing fields are

9
@7y — —_| (3.132)
0x“
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which generate the translations, and

0

PPl (3.133)

ad
(@B) pg — nwxyax_ﬁ —npyx”
which generate the homogeneous Lorentz transformations. One easily verifies that
the Killing equation is satisfied for (3.132) and (3.133). The corresponding con-
served quantities (3.129) are T** for (3.132) and T*x® — TH*xP for (3.133), in
other words the components of the well-known angular momentum density.

3.5 On Covariance and Invariance

Few words have been abused by physicists more than relativity, symmetry, covariance, in-
variance and gauge or coordinate transformation.
—A. Trautman (1972)

Confusions around these concepts began already in 1917 when E. Kretschmann first
pointed out that the principle of general covariance has no physical content what-
ever. By appropriate reformulations of a theory, the covariance group can always be
enlarged. Well known examples are the Lagrangian and Hamiltonian formulations
of classical mechanics. In the former the covariance group is the diffeomorphism
group of configuration space, while in Hamilton’s theory it becomes the larger sym-
plectic group of phase space (the cotangent bundle of configuration space). It is also
clear that the laws of SR can be made generally covariant. Einstein entirely con-
curred with Kretschmann’s view, but emphasized the ‘heuristic value’ of the covari-
ance principle. This was the beginning of one of the most confusing chapters in the
history of GR with strange discussions over decades. (See [81] for an authoritative
account.)

Unfortunately, it took a long time until a clear distinction between the notions of
covariance and invariance was made. In a textbook this was for the first time done
by J.L. Anderson, [11]. Below we give an abridged version of this discussion.

The heart of Anderson’s clarification is a distinction between absolute and dy-
namical objects. Before we attempt to give general definitions on the basis of field
equations, the following examples should be helpful and illustrate the main points.

We consider three “theories” for a symmetric tensor field g of signature
(=1,1,1,1) on R?, regarded as a differentiable manifold:

(@ Ruveplgl =0;
(b) R[g] =0, Crvaplgl =0;
(C) Ruv[g] =0.

In all three cases the group Diff(R?) is a covariance group, because the Riemann
tensor, its contractions, and the Weyl tensor satisfy the covariance property

Riem[cp*g] =¥ (Riem[g]), etc. (3.134)
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The “theory” (a) just says that the metric field g is the Minkowski metric. It has
no dynamical degrees of freedom, and is the prototype of an absolute object: Each
solution of the “field equation” (a) is of the form

g=@.n. ¢ eDiff(RY), (3.135)
where 7 is the standard metric
n=nudx"dx", () =diag(—1,1,1,1). (3.136)

The theory (b) is just the Einstein—Fokker theory, discussed at the end of
Sect. 3.2. The vanishing of the Weyl tensor implies that g is conformally flat. In
other words, g is of the form

g=0¢.(¢*n), ¢ eDiff(R*), (3.137)

where ¢ is a scalar field. This is the only dynamical degree of freedom. The first
equation in (b) implies that ¢ satisfies the field equation

U,¢ =0. (3.138)
The conformal structure in this theory is absolute: The object g, = guv/(— /4
is an absolute tensor density, in that it is diffeomorphic (as a tensor density) to 1,
(as in (3.135)).

Finally, (c) is Einstein’s vacuum theory of the gravitational field. In this theory,
g is a fully dynamical object.

Which subgroups of the common covariance group Diff(R*) of the three theories
should we consider as invariance groups? With Anderson we adopt the definition
that the invariance group consists of those elements of which leave the absolute ob-
jects invariant. For (a) this is the inhomogeneous Lorentz group, for (b) it is the con-
formal group, which is a finite dimensional Lie group (see [37], p. 352), and for (c)
the invariance group agrees with the covariance group. In particular, the Einstein—
Fokker theory is generally covariant (as emphasized in the original paper), however,
not generally invariant. In GR, on the other hand, the metric is entirely dynamical,
and for this reason, “general relativity” is an appropriate naming.

Given a theory with a set of fields of various types and field equations, we can for-
malize the concepts of absolute and dynamical objects, and give general definitions
of the invariance and covariance groups. The examples discussed above suggest how
this has to be done. First we recall what we mean by a covariance group.

Definition 3.1 Given a set of fields on a differentiable manifold M, collectively
denoted by F(x), and corresponding field equations

D[F]=0, (3.139)

we say that G C Diff(M) is a covariance group, if to each ¢ € G there is a map
F —> @4 F, such that
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(1) ¢ —> @, is arealization of G: id, = id, (¢1 0 ¢2)« = P14 © P24 fOr @1, 2 € G;
(i) With F also ¢, F satisfies the field equations (3.139).

The action of G on the fields defines an equivalence relation.

Definition 3.2 Two solutions F; and J, of (3.139) are equivalent relative to the
covariance group G, if there exists a ¢ € G such that ¢, F| = F>.

It is obvious that this defines an equivalence relation. The corresponding equiva-
lence classes are called G-classes.
Next, we isolate in an intrinsic fashion the absolute elements.

Definition 3.3 Assume that a subset A C F of fields has the following property:
Each G-class contains all solutions of the fields in A. (There is only one G-class
for A.) Then the fields in A are absolute objects. The non-absolute elements are
dynamical.

Remarks

1. This definition is for G = Diff(M) or for groups of (local) gauge transformations
in Yang—Mills theories a bit too narrow (for general manifolds), and should be
replaced by an obvious local version. (For this I refer to [35], p. 105-.)

2. Absolute elements can usually brought in some charts into a standard form,
given in terms of a set of fixed numerical constants (like the flat metric in SR,
Eq. (3.136)).

3. It may happen that by an unfortunate choice of the independent fields of the
theory, a field is absolute according to our definition, while this is not the case
physically. An example, mentioned in [82], would be a nowhere-vanishing vec-
tor field on a Lorentz manifold. Such vector fields are for instance used in dust
models. The problem disappears, however, if one chooses as independent vector
field the product of the density of the dust and its four-velocity field. Nowhere-
vanishing vector fields, which we would regard as absolute, play an important
role in certain much discussed extensions of GR, called Tensor-Vector-Scalar
theories.

4. It must be admitted that an unambiguous general definition of absolute structures
does not exist, however, in concrete situations usually no problems arise.

At this point, we can say what we mean by invariance or symmetry groups.

Definition 3.4 The subgroup
Ihw={peG:p A=A Ac A}

is an invariance (symmetry) group of the system (3.139).
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The reader is invited to illustrate these concepts with other examples. For a more
detailed discussion we refer also to [82]. Note that gauge covariance and gauge
invariance can be distinguished in a similar fashion.

3.5.1 Note on Unimodular Gravity

The volume form 7, of a metric g is, modulo constant factors, an absolute element:
Up to a constant factor, two such forms are locally diffeomorphic.!? This implies
that there are always local coordinates such that |det(g,,)| = 1. Since the volume
forms 1, modulo constant factors are absolute elements!! one may require that the
gravitational action is only stationary with respect to variations of the metric that
preserve 1, i.e., for which g,,8¢"" = 0. For such variations we obtain from the
variational equation

1 v
Ruv — EgWR—87rGTW 8g" =0

the “unimodular field equation”
1 1
R,W—Zg,sz&TG T,W—Zg,wT ,

that is the traceless part of Einstein’s equations.

On the basis of the argument in Sect. 2.4.4, it is justified to assume that 7#"., =0
still holds. Using also the contracted Bianchi identity, we deduce from the modified
field equations the condition d, R = —8w Gd,T. Hence, R + 8w GT is a constant
(=:4A), and thus the unimodular field equations imply that any solution of them is
also a solution of Einstein’s equations with a cosmological term. But now A is an
integration constant and is thus solution dependent.

This alternative interpretation of A, which goes back to Einstein [76], does how-
ever not solve the A-problem. (In vacuum, the unimodular field equations are, for
instance, solved for all Einstein spacetimes, that is for metrics with R, = Agy.,
where A is any constant.)

Exercise 3.13 Consider a metric field g and a 2-form F, satisfying the coupled
system

Riem(g) =0,
dF =0, 8, F=0.

What are the largest covariance and invariance groups?

10For a proof, as part of a global theorem, see [105].
"'This has been emphasized, for instance, by D. Giulini in [35], p. 105-.
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3.6 The Tetrad Formalism

In this section we shall formulate Einstein’s field equations in terms of differen-
tial forms. This has certain advantages, also for practical calculations. We shall use
Sects. 15.7 and 15.8 of DG.

In the following, {#*} denotes a (local) basis of 1-forms and {e, } the correspond-
ing dual basis of (local) vector fields. We shall often assume these bases to be or-
thonormal, so that

3
g=-0"00"+) 0'®0. (3.140)
i=1
Under a change of basis
0% (x) = A% (x)0" (x) (3.141)

the connection forms w = (a)‘%) transform inhomogeneously

@=AwA"' —dAA"!, (3.142)

while the curvature 2 = (Q"é) is a tensor-valued 2-form
R=A2A7". (3.143)
With respect to an orthonormal basis we have (see Eq. (15.70) of DG)
wap + gy =0, (3.144)

so that w(x) € so(1, 3), the Lie algebra of the Lorentz group. For orthonormal tetrad
fields {6“}, (3.141) is a spacetime dependent Lorentz transformation

0(x) = A(x)0(x), (3.145a)
@(x) = AX)o(x) A" (x) —dA@x) AT (x), (3.145b)

where A(x) € Ll (if orientations are preserved). For any given point xq there is
always a A(x) such that w(xp) = 0; according to (3.145b), A(x) must satisfy the
equation A~ (%) d A(x) = w(xp). One can easily convince oneself that this is al-
ways possible, since w(xg) € so(1, 3). If w(xp) = 0, then 6%(x) describes a local
inertial frame with origin x¢. At the point xg, the exterior covariant derivative D
coincides with the exterior derivative d.

Obviously, the metric (3.140) is invariant under the transformation (3.145a). In
analogy to the gauge transformations of electrodynamics (and Yang—Mills theories)
the local Lorentz transformations (3.145a) are also called gauge transformations.
General relativity is invariant with respect to such transformations and is thus a
(special) non-Abelian gauge theory. The tetrad fields {6%} can be regarded as the
potentials of the gravitational field, since by (3.140), variations of the 6% induce
variations in the metric.
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The 4-form xR = Rn in the Einstein—Hilbert variational principle can be repre-
sented in the tetrad formalism as

*R=n"" A2, (3.146)
where n*V = x(0* A 0"). Indices are raised or lowered with the metric coefficients

8uv» appearing in g = g,,0" ® 6".
We prove (3.146). Clearly

Nap A 2°F = %naﬁRaﬁw AOF NGV,
From DG, Exercise 14.7 of Sect. 14.6.2, we have

x(0" NO") = %naﬁa[,g““gﬂueg A 6P,
which implies that

Nap = %naﬂg,ﬁ” NS (3.147)
Hence, we obtain
Nap AO* NG = %naﬁ(,pe" ANOPNOM NOY = (88" — 8580,

and thus

1
Nap A 2% = E(a/g&g — 8

ﬁsg)R“ﬁwn = Ry =x*R.

3.6.1 Variation of Tetrad Fields

Under a variation §6% of the orthonormal tetrad fields %R varies as
8(nap A 2°P) = 80% A (napy A 2P7) + exact differential, (3.148)

where n%fY = (0% A 0P A OY).
We want to prove (3.148). As for (3.147), one finds that

Napy = Napys0°. (3.149)
Now, we have
8(nap A R2%F) = 811ap A 2% + nop A 82°F.

From (3.147) and (3.149) we obtain

1
Snep = 55(%;3;/591’ A 9‘3) =380 A gy
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The second structure equation gives
82°F = dsw™ + 8% A P + 0% A S0P
Hence,
8(nap A 2°F) = 86* A (Napy A 2°F) + d(11ap A S0™F)
— dnap A 80P +nap A (8% A ™ + 0% A S0P).
The last line is equal to sw®? A Dnqp. However,
Dngp =0 (3.150)

for the Levi-Civita connection, as we shall show below. We thus obtain

8(nap A 2°P) = 860" A (Napy A 2°F) +d (e A S0P, 3.151)

i.e. (3.148).

It remains to show that D7y = 0. Relative to an orthonormal system the expres-
sion 7n4gys is constant. Since orthonormality is preserved under parallel transport
(for a metric connection) we conclude that

Dnypys = 0. (3.152)

Together with (3.147) and the first structure equation, this implies

1
Dnaﬂ = ED(naﬂuvgu /\9”) = naﬂﬂ‘,DQu NG
= naﬁ;w@'u ANOY =6OF A Nafus

thus (3.150) for the Levi-Civita connection.
In the same manner, one can show that

Do, =0. (3.153)
Clearly, both (3.150) and (3.153) hold for any frame.

3.6.2 The Einstein—Hilbert Action

As in (3.148) we split off an exact differential from *R. If we use in

*R = Q2% A nl
for Q‘g the second structure equation, we get

>|<R=a’(co°‘ﬂ/\170’?)—i-a)"‘ﬂ/\dno’?—i-a)"‘a/\a)c’ﬁ/\n’6

o

or with (3.150), i.e.,
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dnf — % Anf +of And =0,
we obtain
*R=d(w% Anf)+Len. (3.154)
where

Len=o%nef Anp. (3.155)

(o2

The splitting (3.154) and (3.155) is equivalent to the one we derived earlier in Exer-
cise 3.11 of Sect. 3.3. This can easily by verified by using a coordinate basis {dx*}
for {6} (see Exercise 3.14).

For the Einstein—Hilbert action we obtain from (3.154)

/*R:[ LEH+/ % Anp. (3.156)
D D aD

The boundary term can be expressed geometrically, using the results of DG, Ap-
pendix A about hypersurfaces. We adapt (locally) the orthonormal basis to D and
use Gauss’ formula (A.3), as well as (A.8a):

o, =,  o)=-K;j6/ ondD (3.157)

(bars indicate objects on d D). Thus
w“ﬁ Anp = c?)ij A nl.j — 2K,-j0j A 77(; on dD.

Now, one can easily see (use Eq. (3.167) below) that

67 Anoilap =8} Volyp . (3.158)
Hence, we obtain
% Anflap =a'; Ay —2Te(K) Volap . (3.159)
This gives
/ *R = / LEH — 2/ Tr(K) Volyp +f J)fj An/. (3.160)
D D oD oD

The last term in this equation involves only the induced metric on d D, and thus gives
no contribution to the variation of the action for variations of the metric which vanish
on d D. However, the boundary integral over the trace of the extrinsic curvature has
to be kept. (Examples will be considered later.)

The total Lagrangian density for Einstein’s field equations, without the cosmo-
logical term, is

L= * Rt Loar. (3.161)

Under variation of the 8¢ let
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8 Lonar = 86% A Ty, (3.162)

where 7T, are the 3-forms of energy and momentum for matter. Together with
(3.151) the variation of the total Lagrangian is

SL=1380% AN ( AP 4+ *Ta> + exact differential,

1
167G P
and the field equations become

1 By
—Enaﬁy/\.Q =8rG *xTy. (3.163)

Since the 1y, and 287 transforms as tensors, (3.163) holds not only for orthonor-
mal tetrads. Ty, is related to the energy-momentum tensor Ty,g by

Ty = Ty, (3.164)

With this identification, (3.163) is in fact equivalent to the field equations in the
classical form

R — %g,wR =8nGTy,. (3.165)

We show this by explicit calculation. Using (3.164) and
n® i=x0%, (3.166a)
Na = %nameﬁ AOY NG = %95 A Nag (3.166b)

Eq. (3.163) can be written in the form
1
= Jlauy AO7 NOPRMY = 87 GTupn”.

Here, we use the middle two of the following easily verified identities:

08 A Ny = 8/2[77,

07 A Nap = 8);57705 - 87(;77/3»

s s 5 5 (3.167)

0° A Napy = 5y77a;‘3 + 65’7)/01 +8a77/3ya

6° A Napys = 8%7705/3)/ - 88)/ Nsap + 8%77)/801 - 5277/3)/8,
and obtain for the left-hand side

1
=1 R (80 (8% = 8Gmu) + 8%, (8%mw = 8%na) + 84, (83myx — 6mv))

1 1 1
- _ERM‘)HV”& + leavn//« = Rﬂuavnﬂ o iR'uvlwslgtnﬁ = (R/Z - EBIZR) ng-
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This demonstrates (3.165).

It follows from (3.153) and the second Bianchi identity D2 = O that the absolute
exterior differential of the left-hand side of (3.163) vanishes. Hence Einstein’s field
equations imply

DT, =0. (3.168)

This equation is equivalent to V - T = 0. Indeed, we have

D(Tupn®) = (DTup) AP = Tup, 07 AP =T, % in.

3.6.3 Consequences of the Invariance Properties of the
Lagrangian L

Let us rewrite (3.148) in the form
1
—58 * R =680% A %G, + exact differential, (3.169)

with *Gy = —%naﬁy A £2P7 . According to the derivation of (3.165),
Go = Gaph®, (3.170)

where, as usual, Gog = Ropg — % 8up R is the Einstein tensor. We now consider two
special types of variations §6¢.

Local Lorentz Invariance

For an infinitesimal Lorentz transformation in (3.145a) we have
86% (x) = 1% (x)6” (x),

where ()\‘73 (x)) € so(1, 3). Since %R is invariant under such transformations, it fol-
lows from (3.169) that

0=1Aup (9’3 A*xG* — 0% A *G‘g) + exact differential.

If we integrate this over a region D such that the support of A is compact and con-
tained in D, it follows, with Ayg + Age = 0, that

0% A xGP = 6P A xGY (3.171)

or, using (3.170),
0% A1, GPY =6F A1, GOV
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Using also 6% A n,, = 69,1, we get
G = GPe. (3.172)

In the same manner, the local Lorentz invariance of L£,,,;, together with the equa-
tions for matter, imply

Tup = Tpa. (3.173)

Invariance Under Diff(M)

We now produce the variations by Lie derivatives Ly, with compact support of
X contained in D. This time we have, as a result of the invariance of %R under
Diff(M),

Lx0% A %G, + exact differential = 0, (3.174)

or
/ Lx0% A %Gy =0. (3.175)
D
Since Lx6% = dix0* + ix d6* with d9* = —w® A 08, we have
Lx0% A%Gy =d(ix0% A%Gy) —ix0* Adx Gy —  ix(0% A0P)  A%Gy
—/_J
(ixa)aﬁ)/\eﬁfwaﬂ/\ixeﬁ
= —ix0% A (d % Gy — 0y A%Gy) — (ixw%) A OF AxGy
-+ exact differential.

The second term vanishes due to (3.171) and the antisymmetry of wgg. Therefore,
we obtain

Lx0% AxGy = — (ix0%) D * G + exact differential, (3.176)
—_——
Xa

and from (3.175) we conclude
/ X“D %Gy =0. (3.177)
D

We again obtain the contracted Bianchi identity
D x Gy =0. (3.178)

In an identical manner, the invariance of L,,,;, together with the equations for mat-
ter, imply

D«xT,=0. (3.179)
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These are well-known results in a new form.

Example (Energy-momentum tensor for the electromagnetic field) The Lagrangian
of the electromagnetic field is

1
Lew =——F A%xF. (3.180)
8

We compute its variation with respect to simultaneous variations of F and 6%. We
have

S(FAxF)=8F A*F + F A8 % F. (3.181)

The second term of (3.181) can be computed as follows: From DG, Exercise 14.2
of Sect. 14.6.2, we have

0% NOP AxF =F A%(0% A0P) = F An*P
and hence
8(6% AOP)Y AXF + (0 NOPY NS« F =8F A + F A onP.
Contracting with %Faﬁ results in

1 o« f 1 op
3 upd (0 AG)/\*F+F/\8*F=8F/\*F+§F/\ 80’ Fp.

—_——

ap
80% AFyp0f sov an?

If we insert this into (3.181), we obtain

1
8(——F/\>:<F)
2
1 . P 1 v
:—(SF/\*F—}—E(S@ A | Fopb /\*F_EFAF Nawv |- (3.182)

In the square bracket, use Faﬁeﬂ =i F, with iy :=1i,,, as well as F*Vnq, = 2iq *
F, which is obtained from

. (1 1 . 1
ig % F= la<§F’”nW> = ZF“”angla(Op A 9”) = EFWWW'

This gives
1 1 o elm
) _QF/\*F I—H(SF/\*F+60 /\*Ta s (3183)

where

1
*Toflng(iaF/\*F—F/\ia*F). (3.184)
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We now use (3.167) to rewrite the square bracket in (3.182) in the form
B ! w
[...]= Fug0 A*F—EF/\F Nuva

1
= E aﬁFGp Qﬁ VAN Nop
—_——
5‘;;77(7—5[;77;)
1

1 op FM 0° AOP Aapy
—_—

85(89, 10 —8%,1,)+8". (8%, ny =89 na)+8/% (81, —8%,1v)
1
v v
= _EFILUFM Na +2F0“;Fu Nu-

Thus, we also have

elm __
T, =—

1 1
o (FMF;Q“ + ZFWFWQO,) =T"oP, (3.185)

where Tofém agrees with (3.111).

3.6.4 Lovelock’s Theorem in Higher Dimensions

We mention at this point the generalization of Lovelock’s theorem to dimen-
sions > 4. This is of some relevance for Kaluza—Klein theories.

In four dimensions we know that the most general gravitational Lagrangian den-
sity, leading to second order field equations, is (up to an irrelevant total divergence)

L=an+bR% A Nap

where a, b € R. In n dimensions this generalizes to

[n/2]-1
L= )" @R A AQUM A g g, (3.186)
m=0
with
1 o .
Nopoootm = 7 Nay.a,@ " A AT (3.187)
(n —m)!

Note that m = 0 gives a cosmological term. Each of the remaining ones becomes
in dimension m a so-called Euler form (up to a numerical factor) and determines
the Euler characteristic class. Since we shall not make use of this, we illustrate this
point only with an example.
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The Einstein—Hilbert Lagrangian density 2% A Nap becomes in two dimensions
for an orthonormal 2-bein {0%}

2% nap =22 o1 =202° = Ry
or, using the second structure equation,
Rn= Q“ﬁnaﬂ = Zdwol.

This is locally exact. Its integral has in the Riemannian case a topological meaning.
According to the Gauss—Bonnet theorem the integral of Rn over a compact two-
dimensional manifold is 477 times the Euler characteristic (R is twice the Gaussian
curvature). For all this see, e.g., [49].

The situation is similar in higher dimensions. The characteristic classes are, for
instance, treated in S. Kobayashi and K. Nomizu, [41, 42]. One might call the terms
in (3.186) for m > 0 the “dimensionally continued Euler forms”.

The result (3.186) shows that Einstein’s equations in higher dimensions are not
as unique as in four dimensions.

3.6.5 Exercises

Exercise 3.14 Show that (3.155) agrees with (3.127) of Exercise 3.11.
Hints Use a)”/‘3 = F‘éﬁG" and (3.147).

Exercise 3.15 Show that the Einstein Lagrangian density can be written relative to
an orthonormal basis as follows

1 1
e A Q= =5 (do% A 0P) A %(dOg A 0y)
1

+ —(d6% A 6y) A x(d6F A 6g) + exact differential. (3.188)

Ny

Hints Set d0* = %F“ﬂyeﬁ A 67 and express both sides in terms of F"‘ﬁy.

Exercise 3.16 In the Euclidean path integral approach to quantum gravity, one is
interested in solutions of the (classical) Euclidean Einstein equations. (Of particular
interest are finite action solutions, called gravitational instantons because of the
close analogy to the Yang—Mills instantons.) A variety of solutions with selfdual
curvature are known in the Euclidean case.

Rewrite the Euclidean vacuum field equations in terms of the “dual” curvature
forms

1
Qaﬂ = Eﬂaﬂyﬁgya
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apd show that they are automaticall~y satisfied if the curvature is (anti-) selfdual
Qqp = £824p. What follows from *§2,5 = +£2447

Exercise 3.17 Equation (3.113) can be written in the form

5/ ﬁMHZ/ *J ASA.
D D

Use this and (3.183) to derive Maxwell’s equations from the variational principle

1
8/ (——F/\*F+£Mn) =0.
D 8

Exercise 3.18 Express the term for m = 2 in (3.186) explicitly in terms of the Rie-
mann tensor.
The result is

2P A 2V%00p,5 =: LG,

where the Gauss—Bonnet scalar Lgp is given by
Lcp= R’O,ﬁy(sROlﬂy(S — 4RaﬁRaﬁ + R2.

Energetic readers may derive its variational derivative, which is proportional to
1
Hyy = (RRyuy — 2R3 R — 2RP Ryovp + 2R Rygpi) — Zglwl:(;g.

With the help of the tetrad formalism it is quite easy to show that the variation of
L pn is in four dimensions (locally) an exact differential.

3.7 Energy, Momentum, and Angular Momentum for Isolated
Systems

Far away from an isolated system (like a neutron star), where spacetime is nearly
flat, one expects that mass, momentum, and angular momentum can be defined in
terms of the asymptotically weak gravitational field, and that these quantities are
conserved. Surprisingly, this is an elusive subject in GR, worrying relativists up to
the present day.

In this section we derive the so-called Arnowitt—Deser—Misner (ADM) expres-
sions for energy, momentum, and angular momentum at spatial infinity. These con-
cepts are not very useful for discussing gravitational radiation. For this one has
to define mass and momentum at null infinity, called Bondi mass and momentum.
This construction, introduced in the early 1960s, will be described much later (see
Sect. 6.1).
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We first rewrite the field equations in the form of a continuity equation, from
which differential “conservation laws” follow immediately. Our starting point is
(3.163) in the form

1
—Egﬁy/\nﬁyazsnc;*ra. (3.189)

We rewrite the left-hand side with the second structure equation'?

2y =dwgy — wap A a)gy. (3.190)
The contribution of the first term is proportional to
dwgy A1PY, =d(wgy A0PY ) + wpy AdnPY,,. (3.191)

According to (3.153) Dnﬁya =0, so that
dnP? 4+ P A+ ¥ AP, — 0%, AP, =0.
If this is used in (3.191), the result is
dwg, NP7 = d(wg, A1)
+awpy A(=0fy AT = 0Ty AP+ 0% AP ).

If we add the contribution of the second term of (3.190) to this, we obtain the
identity

1 1
=%y A nf7, = —Ed(wﬂy APY ) —87G 1y, (3.192)
where!3
1 Byo Y Bo
Xty = Ra)ﬂy AN (a)o'a AN —w', AN 0{)' (3193)

This quantity is closely related to Einstein’s ‘energy-momentum’ complex which he
introduced in 1916.
Using (3.192) in (3.189) we obtain Einstein’s field equations in the form

1
—Ed(wﬁy APY ) =87G % (Ty +1a). (3.194)

12Using dgap = wep + wpq one easily derives from Q% =do’ + % A w*ﬂ that 25, =dwg, —
wep A @°,. In a similar manner, one obtains from the first structure equation dfg — % A 65 = 0.

13Remark (for readers familiar with connections in principal fiber bundles). The identity (3.192)
and its derivation can be interpreted globally on the frame bundle, when w is regarded as an
so(1, 3)-valued connection form and 6 as the canonical R”-valued 1-form (soldering form) [106].
In standard terminology (see [41, 42]), *ty is a pseudo-tensorial 3-form on the principal frame
bundle.
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This implies the ‘conservation laws’
d(xTy + *xty) =0. (3.195)

At first sight one might interpret *#, as energy and momentum 3-forms of the grav-
itational field. However, we know from the discussion in Sect. 3.4 that it is mean-
ingless to talk about such concepts. This is reflected here by the fact that xz, does
not transform as a tensor with respect to gauge transformations. When wg,, (x) =0
(which can always be made to hold at some given point x), then xf, = 0. Conversely,
*t, vanishes even in flat space only with respect to global Lorentz systems. A physi-
cal meaning can at best be assigned to integrals of xz, over spacelike hypersurfaces.
For isolated systems with asymptotically flat geometry, this is in fact the case, when
one chooses the reference frame {#%} to be asymptotically Lorentzian.'*

In order to define the total angular momentum in such cases, it is convenient to
use a conservation law of the form (3.195) so that #4g (in 7, = taﬂéﬁ ) is symmetric
with respect to a natural basis. Unfortunately, this is not the case for (3.193). For
this reason, we rewrite the Einstein equations in still another form.!3

As a starting point we again take (3.163), and insert

By — vy, (3.196)

Together with (3.190) this gives (the basis is not necessarily orthonormal)
1
—577“’3}’595 A (dwpy — wup A @°,) =81G * T*.

In the first term, we perform a “partial integration” and use the first structure equa-
tion (see the footnote on p. 113)

d = — .
(a),gy ABs) =05 A dwﬂy wgy N dbs
wes NG

Hence,
1
—En“ﬁyéd(a}ﬂy ANOs) =81 G * (T +1§,), (3.197)

where the right-hand side now contains the so called Landau—Lifshitz 3-forms. They
are given by

1
167G

&, = — P (wep A %, A5 — wpy Awgs AOT). (3.198)

14The use of pseudotensors appeared to many researchers in GR to violate the whole spirit of this
generally invariant theory, and criticism of Einstein’s conservation law was widespread (see, e.g.,
the discussions of Einstein with F. Klein, [77]). Einstein defended his point of view in detail in
[75]. Note that the three forms (3.193) exists globally if the spacetime manifold is parallelizable.
In (3.195) the sum *T,, + *f, is then a three form which is globally closed.

13This discussion follows partly [36], Sect. 4.2.11.
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We now multiply (3.197) by /—g; it follows from

1
Bys _
na = — £ 8
\/_—g afy
that
—d(J=gn™ " wpy AO5) = 16w G/—g(+T + %2,
or

—d(V=goP" An®g,) =16mG /=g (+T% + 17 }). (3.199)

From this we obtain the differential conservation law

d(V=g(*T* + 7)) =0. (3.200)

In a coordinate basis 0% = dx®, r*f corresponding to (3.198) is now symmetric (see
Exercise 3.18)

dxP A xtf, =dx® Axt] . (3.201)

As before, the Landau—Lifshitz 3-forms (3.198) do not transform as a tensor
under gauge transformations. In the following we use the notation

T =T 412, (3.202)

From (3.200), i.e., d(y/—g * ) = 0 and the symmetry of 7%,

dx® A xtP = dxP A 1@, (3.203)
we obtain
d(v/=g*M*) =0, (3.204)
where
*MP = x% 5 7P — xP 5 7%, (3.205)

In fact, we have
d(«/—g * M“’S) =dx® AxtP —dxP A x1¥ =0.

At this point we note explicitly the relation between the two energy-momentum
3-forms. From (3.192) and the corresponding identity for the Landau-Lifshitz 3-
forms, one readily finds

16w G/—g(xtf, —xt*) = —d(V/=88"*) A a)ﬂynalgy. (3.206)

Note that this difference vanishes for orthonormal tetrads.



116 3 Einstein’s Field Equations

3.7.1 Interpretation

We consider an isolated system with asymptotically flat geometry. All coordinate
systems will be assumed to be asymptotically Lorentzian. Consider a spacelike hy-
persurface X' which is non-singular and asymptotically flat (precisions will follow).
We interpret

P :/ J—g*1" (3.207)
P

as the total (ADM) four-momentum and

J = / V=g x M (3.208)
X

as the total (ADM) angular momentum of the isolated system. These quantities can
be decomposed according to (3.202) into contributions from matter and from the
gravitational field. The total four momentum P¢ and the total angular momentum
J are constant in time if the gravitational fields fall off sufficiently fast at spacelike
infinity. (This will be described in detail later.)

We can use the field equations to express P® and J* in terms of two-
dimensional flux integrals. These will be considered as the appropriate definitions
of energy, momentum, and angular momentum at spacelike infinity.

If we integrate (3.199) over a three-dimensional spacelike region D3 C X', we
obtain

167th «/—g*f“:—/ «/—gwﬁ}’/\no‘ﬂy.
D5 dD3

In the limit when D3 becomes all of X' we obtain

1

PY=— 165G ) V=g Ay, (3.209)

The region of integration must be extended over a “surface at infinity”. Note that
one obtains the same expression for the four-momentum from (3.194). We shall see
that (3.209) agrees with the original ADM four-momentum.
We now write the total angular momentum also as a flux integral. If we use the
field equations (in the form (3.199)) in (3.205), we obtain
161 G/—g * M"Y = x” dh* — x“ dh”
= d(x'oho‘ — x“hp) - (dxp AhY —dx® A hp), (3.210)

where

h* = —/=goP” Ay, (3.211)
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The last term on the right-hand side can also be written as an exact differential. We
have

dx” AR —dx® ARP = /=gaP? A dx? Ang,  —(a<—p)
—_———
8y +8yng+g gy
= J—g(a)ﬁp A 77‘73 + PP A ng — (¢ <— ,0))
= \/—_g(a)ﬁp AP +cup/S A P
We now use DnP% =0, which means that
dn”® +60p/3 A nﬂa +waﬂ A nnﬂ =0,
and obtain
dx? AR* —dx* AR = J=g(wl An*P = (p <« a) — dn”?). (3.212)
B
However, if we insert (using o, = I'y, dx®)
wﬁﬂ A naﬂ _ Fﬂ/}. P dxt A naﬁ _ Fﬂﬁpna _ I—.ﬂa/’nﬂ
in (3.212), we obtain
dx? AR® —dx® AP = «/—g(]"%pn“ — F%anp - dn”o‘).

Since

we finally obtain

dx? Y —dx® ARP = = =g dn + /=8 (8" 0" — " n")

-
dxH AP

= —=gdn* —dy=g A,
so that

dx? ANh® —dx* AhP = —d(./—gnpo‘). (3.213)
If we make use of this in (3.210), we obtain for the total angular momentum (3.208)

1

b [ ) )
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or

!
I = 16wG o =8((x"n%, —x“1’g,) APV + 7). (3.214)

Again, regard this as our primary definition of angular momentum at spacelike in-
finity.
P? and J®P are gauge invariant in the following sense: Under a transformation

O(x) — A(x)0(x),
(3.215)
wx) — AX)w@)A™ (x) —dAX) A" (x),

which reduces asymptotically to the identity, the flux integrals (3.209) and (3.214)
remain invariant. To see this we note that the homogeneous contributions to (3.215)
obviously do not change the flux integrals. The inhomogeneous term gives an addi-
tional surface integral of an exact differential, which vanishes by Stokes’ theorem.

Thus P* and J® transform tensorially under every transformation which leaves
the flat metric asymptotically invariant, since every such transformation can be rep-
resented as the product of a Lorentz transformation (with respect to which P¢ and
J transform as tensors) and a transformation which reduces to the identity asymp-
totically.

In order to establish the connection with presentations found in other texts (for
example, [12]), we use the result of Exercise 3.20. This allows us to write the field
equation (3.199) in the form

H" o =161G(—)(T" +11}). (3.216)

The expression (3.198) for t,’fz can be written explicitly in terms of the metric. The
result is (see [12])

B 1 saf =) sak =
(=)t = 6nG {g"‘ S8 =g e,
1 - - - -
+ Eg“ﬂgmg“,pgp“,u — (8" g™ 3",

+ gﬂkgﬂvgav’pgup’k) +gﬂ)\gvpga)u’ugﬂu’p

1
+ §(2g°‘)‘g’3“ _ gaﬁgku)

X (28vp 8ot —gpngur)gw,,\gp”,”}. (3.217)

This complicated expression is quadratic in the g“" ,u» Where g = /—gg*P.
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Sketch of Derivation of (3.217)

Clearly, *# is a linear combination of products of two Christoffel symbols. Next,
we note that I'*F := g@% PP ' can be written as

J20:7: up o ap B _ L Bp o
rheP = ~(ghPgP |~ — g% gPlt —— gPPgaht ).

|-

If we use here

g =v=g(s" , +8“ ).

where
o= (08 = I = 5t
we obtain
HeB — rep | prep
with

| B ~ —p ~
7B — E(gapguﬂ’p + gﬁpgw’p _ gupgaﬁ’p)’

1
AMaB 5(guﬂyw +ghoyh — gaﬁyu)_

This shows that *# is a sum of terms quadratic in g“ﬂ .u» with coefficients depending
only of the metric tensor (and its derivatives). The tedious, but straightforward part
of the calculation is to collect the many terms.

It is actually much simpler to derive the result by making use of Appendix B in
[6], see also Exercise 3.21.

3.7.2 ADM Expressions for Energy and Momentum

Before rewriting expression (3.209) solely in terms of data on X, we state more
precisely what we mean by asymprotic flatness of the hypersurface X', which we
assume to be complete'® to exclude singularities.

16 A pseudo-Riemannian manifold is geodesically complete if every maximal geodesic is defined
on the entire real line. For Riemannian manifolds there is another notion of completeness. Intro-
duce the Riemannian distance d(p, ¢) between two points as the infimum of L (y) for all piecewise
smooth curve segments from p to g. This makes the manifold into a metric space whose topology
coincides with the original one. According to an important theorem of Hopf and Rinow, a Rieman-
nian manifold is complete as a metric space if and only if it is geodesically complete. (Another
equivalent statement is that any closed bounded subset is compact.) For such a space each pair of
points can be connected by a geodesic. For proofs see, e.g., [48].
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We assume that there is a compact set C C X' such that the complement X' \ C
is diffeomorphic to the complement of a contractible compact set in R3. (More
generally, ¥ \ C could be a disjoint union of a finite number of such sets.) Under
this diffeomorphism the metric on X'\ C should be of the form

gij =0ij + hij (3.218)

in the standard coordinates of R3, where hij = O(1/r), ochij = 0(1/r2) and
010khi; = 01/ r3). Furthermore, the second fundamental form K; jof X CM
should satisfy K;; = O(1/r?) and % K;; = O(1/r%).

Now, we rewrite (3.209), working with coordinates for which the asymptotic
conditions stated above are satisfied. If = denotes ‘asymptotic equality’, we have

1
waﬁzi(goty,ﬂ + 8ap.y _gﬂy,a)dxy- (3.219)

Consider first the energy

1 iy

0 0ij k l

= kidx" ANd

167G* ’[sgcg’k” rae

:——1 / €ij18 k. dx* A dx'.
167G Js2, ST

Here, we use dx* A dx! = ey; NS dS, where N* is the outward normal in X of the

surface S2, “at infinity’ and d§ its volume form.!” Then we find the standard ADM
expression

L

16w G

/sz (3jgij — dig;;)N'dS. (3.220)

For the momentum we have in a first step

1
pPr=— raf A K
167rG8 S/;%oa)a,g dx
1 }’0] Ky
=———Y2 | wy; Adx’
167G 52

Here, we can introduce the second fundamental form, using DG, (A.8a), woj|x =
Kij dx’ . Then

P =— ! & K;idx' Adx®
T T8 Gs = ij

7Consider a 3-dimensional Riemannian manifold (N, #) with volume form £2 = vhdx' A dx? A
dx3. If one writes the equation DG, (14.53),

ix$2=(X,N)dS,

in terms of coordinates, one easily finds dx/ A dx* = N;n'i* ds.
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or, as before,

1

" 8nG s,
This is the standard ADM expression. We emphasize that (3.220) and (3.221) in-
volve only the asymptotics of the induced metric and of the extrinsic curvature

on X. The integrals have to be understood, of course, as limits over two-surfaces
S,ZQ for R — o0.

(Kij — 8;;K')N7 ds. (3.221)

3.7.3 Positive Energy Theorem

What about the sign of the ADM energy? To answer this question we have to make
an general assumption about the energy-momentum tensor 7" which is satisfied for
“normal” matter.

Dominant energy condition For an arbitrary spacetime point p and for each time-
like vector £* at p, T;,,"£"” > 0, and THEV isa non-spacelike vector.

For macroscopic matter this is a reasonable assumption, because it says that to
any observer the local energy density is non-negative and that the local energy-
momentum flow vector is non-spacelike. The dominant energy condition implies
that relative to any orthonormal basis

1/2

TOO > |T/,LU , TOO > (_TOITOI)

(3.222)

(Exercise 3.22). Generically, T*, has, as a linear map, a timelike eigenvector. In
this case it is easy to show that T#" can be brought to diagonal form (T"") =
diag(p, p1, p2, p3), relative to an orthonormal basis.'® Then (3.222) implies p > 0,
lpil < p.

Under the assumption that the dominant energy condition holds it has been shown
that the ADM four-momentum P* is a future directed timelike or null vector. Fur-
thermore, P* = 0 if and only if spacetime is flat in a neighborhood of X'.

This positive energy theorem says roughly: One cannot construct an object out of
“ordinary” matter, i.e., matter with positive local energy density, whose total energy
(including gravitational contributions) is negative.

The first proof of this important theorem was given by R. Schoen and S.T. Yau,
[110-113]. Later, E. Witten found a much simpler proof which makes crucial use of

18Consider the following situation in linear algebra. Let (V, g) be a Minkowski vector space, T
a linear map of V which is symmetric, (vy, Tvy) = (T'vy, v2), and assume that there is a timelike
eigenvector of T : Tu = pu. Let V' be the orthogonal complement of 1 in V. Then V splits into
the direct orthogonal sum V = Ru @ V. The symmetry of T implies that V- is invariant under 7.
Restricted to V-, with the induced Euclidean metric, T is—since it is symmetric—diagonizable.
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spinor fields (see [286]). Witten showed that it is possible to write with this tool the
four-momentum in such a way that the stated properties can be read off. We shall
give this proof in Chap. 9, where more will be said about the significance of the
positive energy theorem.

3.7.4 Exercises

Exercise 3.19 Use the fact that I” ’;ﬂ =r 790: in a coordinate basis to verify (3.201).

Exercise 3.20 Show that the left-hand side of the field equations (3.199) can be
written in the form

1
—d(v=gw™® An",5) = J—_H““”ﬂ - (3.223)

where
HIvB .= ghvgap _ gavhr (3.224)

is the so called Landau-Lifshitz “super-potential”.

Solution First note that
v _gwaﬂ A nﬂaﬁ = _(_g)(wotﬁ A dx)h)guygyaﬁk
=—(—g)g" g g™
1 o A
X E(gar,p + 8rp.0 — gpa,r)dx Adx Eyafi-

Hence, we have

1
d(v/=g0™ A" o) = =S evap {(—9)g" 88"

X (gor,p + 8rp.0 — gpa,z)}’K dx* Adx® A dx)‘.

Due to symmetry, the second term does not contribute. If we denote the left-hand
side of the last equation by (,/—g) "' H""n,, we have

1 1
—H" = ——epapif-- - Ve dx” Adx® Adx® Adx”

V=g 2

1
JT—gfuxaxﬂ

or (see DG, Eq. (14.42))

1
H" = = 33180, 8555 { (—2)8" 878" (8v0.p = 8p0.0)}



3.7 Energy, Momentum, and Angular Momentum for Isolated Systems 123
Since the last factor is antisymmetric in p and 7, it is no longer necessary to an-

tisymmetrize in @ and 8. Hence only a cyclic sum over (y, «, 8) remains in the
expression for H"Y

HMY — — Z 8Y8E8G e

(v, )
The first term in the sum is
—{(—2)¢" 8" & (gpr.p — 80p.0)} - (3.225)
We now use
1
gﬂpgﬂp,t = gg,r
and

8 8" gpr o =—8" .

Hence (3.225) is equal to

(8" (—28"") 4) o

s s

In an analogous manner one can simplify the other terms in the cyclic sum and one
easily finds

_ pyrevB
H" ="

which is what we wanted to show.

Exercise 3.21 The result of Exercise 3.20 implies the identity

1
(—9)G" = EHW”’SW — 87 G(—g)tl. (3.226)

Start from this to derive the expression (3.217) for t}fz, using the tools developed

in Appendix B of [6]. More precisely, start from (B.87) of this reference, and use
for the various quantities appearing in this equation for G*¥ the formulas (B.08),
(B.37), (B.43), (B.58), (B.65) and (B.95).

Exercise 3.22 Show that the dominant energy condition implies

Too>0,  |Tupl <Too,  TO> (=10, 7%)"?,

for every orthonormal tetrad. Use, beside 7,,#£" > 0, also fuv‘g‘“&” > (), for time-
like vectors &, where THy — it T.".
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3.8 The Initial Value Problem of General Relativity

Mathematicians are like theologians: we regard existence as the prime attribute of what we
study. But unlike most theologians, we need not always rely upon faith alone.
—L.C. Evans!? (1998)

A study of the Cauchy problem in GR provides a deeper understanding of the struc-
ture of Einstein’s field equations. We give an introduction to the subject but discuss
only the local problem in some detail. Moreover, we shall avoid technicalities (use
of Sobolev spaces and all that). Our aim is to show that the local problem is concep-
tually very similar to the initial value problem in electrodynamics, although much
more difficult because of non-linearities.

In this section we shall make use of the fundamental equations for hypersurfaces
of pseudo-Riemannian manifolds, developed in DG, Appendix A. Standard reviews
of the subject are [10], [107] and [108]. Global aspects are treated in the recent
monograph [109]. A useful source will be the proceedings of the Cargeése summer
school (2002) on the Cauchy problem in GR (see [125]).

3.8.1 Nature of the Problem

Recall that any spacelike hypersurface X of a Lorentz manifold (M, g) inherits a
Riemannian metric g (the induced metric or first fundamental form) and the second
fundamental form K . The equations of Gauss and Codazzi—Mainardi show that cer-
tain components of the Einstein tensor for g are determined entirely by g and K.
If Einstein’s vacuum equations hold (we shall discuss only this case) these compo-
nents have to vanish. Conversely, these equations must be imposed as constraints
for the initial data of the Cauchy problem. These remarks lead us to some basic
definitions.

An initial data set is a triple (S, h, K), where (S, h) is a three-dimensional Rie-
mannian manifold and K a covariant 2-tensor on S. A development of (S, h, K) is
a triple (M, g, o), where (M, g) is a Lorentz manifold and ¢ a diffeomorphism of
S onto a spacelike hypersurface X' in M, such that the induced metric and the sec-
ond fundamental form for X' are the images of 4 and K under the diffeomorphism
o :8 —> X. A different development (M’, g’,c’) is an extension of (M, g, o),
provided there exists an injective differentiable map ¢ : M —> M’ that transforms
g into g’ and respects the images of S pointwise: 6’ = ¢ o o (see Fig. 3.3). A map
which satisfies the latter property will be called admissible. Two developments are
equivalent if each one is an extension of the other, i.e., if there exists an admissible
diffeomorphism ¢ : M —> M’ with ¢,g = g’. A special case would be two exten-
sions (M, g,0) and (M, g’, o) with a diffeomorphism ¢ : M —> M, which leaves
o (S) pointwise invariant and transforms g into g/, i.e., g’ = ¢.g.

19Quote from the textbook [57] by L.C. Evans on partial differential equations. We highly recom-
mend this well written clear graduate text to all those who are eager to read a detailed modern
introduction to this vast field of mathematics.
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Fig. 3.3 Extension of a S

development (6’ = ¢ o o) \/\

o_/
ag

(]\/j/ (]) (A[/7gl)

Fig. 3.4 Cauchy
hypersurface X'. Past and
future directed causal curves
intersect X' exactly once

The Cauchy problem concerns what we shall call E-developments, namely the ex-
istence and uniqueness (modulo equivalence) of a development (M, g, o) for initial
data (S, h, K) such that g satisfies Einstein’s vacuum equations. Of special interest
are developments for which X' = o (S) is a Cauchy surface of (M, g). By this we
mean that X' is a spacelike hypersurface with the property that any non-spacelike
curve (causal curve) intersects X' exactly once (see Fig. 3.4).

From now on it is always assumed that o (S) is a Cauchy surface, if the contrary
is not explicitly said.

3.8.2 Constraint Equations

As already emphasized, an E-development (M, g, o) of (S, i, K) can only exist if
h and K satisfy certain constraints. These follow from

N"G,,, =0, (3.227)

where N* is the (future directed unit) normal to X' = o (S). Using DG, Eq. (A.21),
we can write G, N* NV = 0 as the following equation on &

R+ (TrK)> —Tr(K - K) =0, (3.228)
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where R is the Riemann scalar for the induced metric. The other components of
(3.227) give, according to (A.19),

VTr(K)—-V-K =0. (3.229)

The constraint equations (3.228) and (3.229), called Hamiltonian constraint and
momentum constraint, respectively, are tensor equations on S. They are non-linear
elliptic partial differential equations for the initial data 4 and K.

There is an extended literature on these difficult constraint equations. Before we
discuss special types of solutions, it may be helpful to recall the role of constraints
in the Cauchy problem for electrodynamics in Minkowski spacetime.

3.8.3 Analogy with Electrodynamics

For simplicity, let us also consider the vacuum equations. As initial data at t = 0 we
cannot freely prescribe the electric and magnetic fields. These must be constrained
by the two Maxwell equations that do not contain time derivatives:

V.-E=0, V-B=0. (3.230)
Beside these constraint equations we have the dynamical equations
#E—-V AB=0, B+ VAE=0. (3.231)

A crucial point in the discussion of the Cauchy problem is that these guarantee
the propagation of the constraints (3.230); moreover, the Cauchy problem is well-
posed (see Exercise 3.23). By this one means that (a) the problem has a solution,
(b) the solution is unique, and (c) the solution depends continuously on the data
given in the problem. Something similar happens in GR, as we shall see later.

For illustration, we discuss two special types of solutions of the constraint equa-
tions which make use of conformal techniques.

First we choose K =0, so that o (S) is totally geodesic (see DG, Appendix A).
We are then left with the geometrical problem of finding a Riemannian metric 4 on
S whose curvature scalar R vanishes.”’ For this we make the following ansatz: Let
h be any Riemannian metric on S and set

h=¢*h. (3.232)

20For a compact S this is a special case of the Yamabe problem: Show that on a compact Rieman-
nian manifold of dimension > 3 there always exists a metric with constant scalar curvature. This
problem is solved, but for complete non-compact manifolds there are only a few results.
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A straightforward calculation (see Exercise 3.24) shows that R = 0 is then equiva-
lent to

- 1 -~
Ay~ 2Rp=0. (3.233)

where the tildes refer to the auxiliary metric h.1In the special case when h is chosen
to be flat, this reduces to Laplace’s equation in R3.

Next, we generalize this to K # 0, but require that the mean curvature Tr(K)
vanishes (o (S) is a maximal surface). Assume that we have solved the relatively
simple problem

V-K=0 (3.234)

for a symmetric traceless tensor K. If we then set

47 1 -
%
it turns out (see Exercise 3.24) that
V-K=0 (TrK =0), (3.235)

and that the Hamiltonian constraint is satisfied if ¢ is a solution of the equation

. 1. 1 L
Ag — gRgo + §¢_7 Tr(K - K) =0. (3.236)

This equation has local solutions.

3.8.4 Propagation of Constraints

Let us assume that the six dynamical equations R;; =0, fori =1, 2, 3, are satisfied.
Then all G";} can be expressed linearly and homogeneously in terms of G(L. To see
this note that

1
G = EgOORoo, G4 =¢"Roi,
and use this in

, , 1.

G'; =g Roj - 55'1 (8" Roo +28% Rox).
i _ 40 ik

G'9=¢g"Roo + &' Rox.

If we use this fact in the contracted Bianchi identity

0=VaG% =G% +8,G'y — ', G% + I'%,, G%.
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we obtain a first order linear homogeneous system of partial differential equations
(PDE) for G(L. Thus, if these components vanish at # = 0, they vanish also for
later times 0 < ¢ < fg, at least for analytic data. Without analyticity we can not
refer to a known uniqueness theorem for this type of equations. Indeed, there are
simple counter examples for uniqueness of such linear systems of PDE.?! However,
the propagation of the constraints can rigorously be proved with the existence and
uniqueness theorems discussed below.

3.8.5 Local Existence and Uniqueness Theorems

The classical approach to establish local existence and uniqueness theorems in GR
makes crucial use of the fact that for harmonic gauge conditions the Einstein equa-
tions become a strictly hyperbolic system for which mathematical theorems can
be applied. A second equally important fact is that it suffices to solve the Cauchy
problem for this reduced equation, because it guarantees that the harmonic gauge
condition propagates. If it is imposed on the initial surface—together with the con-
straint equations—it holds also for later times. Hence, the Einstein equations are
also satisfied.

3.8.6 Analogy with Electrodynamics

Since the situation in electrodynamics is conceptually very analogous, we con-
sider this first. This time we work with the gauge potential A, in terms of which
Maxwell’s equations are

G,:=0"(,A, —0d,A,) =0. (3.237)
A first observation is that Gy = 0 contains no second time derivatives:
3'(8;Ag — 9, A;) =0. (3.238)

This equation says that the divergence of the electric field vanishes. It has to be im-
posed on the initial data A, 9; A, at t = 0. The remaining three spatial components
of Maxwell’s equations (3.237) do not give rise to a well-posed initial value problem
for the four potentials A,,. Clearly, this is due to gauge invariance.

2l For example, there exist functions a(t, x) and u(z, x) in C®(R?, C) with supports in {(x,7) €
R?: ¢ > 0}, such that

ou+adyu=0,

but do not vanish everywhere. Such an u and u = 0 are both solutions with the initial condition
u=0.
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The standard procedure is to restrict the gauge freedom by imposing a gauge con-
dition. Because the analogue of the harmonic gauge condition in GR is the Lorentz
gauge condition

r=0"A,=0, (3.239)

we impose this and get from (3.237) the ‘reduced equation’

LG, =04, =0. (3.240)
For an arbitrary gauge we have the identity

Gu="YG, —d,r. (3.241)

Equation (3.240) has an initial value formulation with an existence and uniqueness
theorem, given the initial data (A, 0;A,).

If we impose on these data the Lorentz condition it propagates as a result of
(3.240), if the constraint (3.238), i.e., Go = 0 is satisfied for the initial data. Indeed,
(3.240) implies that I" satisfies the wave equation. Beside I" = 0 for t = 0, we also
have d;" =0 at r = 0, because this is equivalent to (3.238) if equation (3.240) is
satisfied:

O =02A0+ 88, A;
=—03"9;A0+9'9,A; =—V -E.

Summarizing, a solution of the ‘reduced’ hyperbolic equation (3.240) for which
the initial data (A,,, 0;A,,) satisfy the constraint V - E = 0 and the Lorentz condition
I' =0, solves the Maxwell equations and the Lorentz condition. Furthermore, one
obtains in this way all solutions of Maxwell’s equations, up to gauge transforma-
tions. This is clear from the formulation of the Cauchy problem in terms of E and
B, as described earlier (see Exercise 3.23). In terms of the gauge potential we can
argue as follows.

Given a solution A, of Maxwell’s equations (3.237) in any gauge, we can find a
gauge transformation

Ay — DA, =A, +8,x

such that (1) A u satisfies the Lorentz condition, by solving the inhomogeneous wave
equation

Ox =—-0"4,.

(L)AM solves the reduced equation (3.240), and satisfies initially the constraint
(3.238) as well as the Lorentz condition I" = 0, and is thus one of the solutions
considered above.
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3.8.7 Harmonic Gauge Condition

In GR we proceed along the same line of reasoning. We begin by discussing the
harmonic gauge condition. (This was used from the very beginning of GR. We now
know that Einstein introduced it already in 1912 in his Ziirich research notes, when
he studied the Ricci tensor; see [61].)

The harmonic gauge condition is defined as the requirement that the coordinate
functions x* are harmonic:

Ox* = \/L__gav (vV—gg"")=0. (3.242)

This can be written differently. Consider
re:=g"re,. (3.243)
Inserting the explicit expressions for the Christoffel symbols, one easily finds
re=—g,g" — %g“ﬁgl‘”aﬂgw, (3.244)
thus

e =—Ox“. (3.245)

Therefore, (3.242) is equivalent to the gauge condition

re=0. (3.246)

3.8.8 Field Equations in Harmonic Gauge

From now on we work on an open set M C R* since our considerations are local.
The initial surface ¥ is taken to be {x? = 0}.

As a preparation we write out explicitly the second order derivatives of the Ricci
tensor

Ruy = 1%, — 9T + T%, T5 s — T 1. (3.247)

These are contained in the first two terms and also, as one easily verifies, in the
expression

1 1
_Egaﬁaaaﬁguv + E(gomavra + gavaura)-

So, in an arbitrary coordinate system

1
Ry ="MRy,, + 5(gwaurw + gav0u %), (3.248)
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with
1
W Ry = =2 8" 0u0p g0 + Hun (8, 92)- (3.249)

Here, H,,,(g,0g) is a rational expression of g,, and 94g,, with denominator
det(guv) # 0. (By Cramer’s formula g”" is a rational combination of g, with de-
nominator det(g,,).) Clearly, R;,, = (h)RW in a harmonic gauge I'* = 0.

For the Einstein tensor we obtain from (3.248)

1 1
Guv="6,, + E(gWBUF“ + guadu %) — > 8w re, (3.250)
with
1
(h)Gp,u = (h)R;u; - Eg;w(h)R, (h)R == (h)R}i. (3251)

The highest derivative operator — % g*Pa, 0p in (3.249) acts the same way on each
component of the system g, (no mixing of highest order derivatives). The reduced
system

MR, =0, (3.252)

i.e., Einstein’s field equations in harmonic gauge, is in standard terminology (see
[57]), a quasilinear hyperbolic system. The highest derivative in (3.252) is the same
as for the wave equation of a scalar field. It is of crucial importance that such a
system has for smooth initial data g, (0, x*) and 08w (0, x%), locally a unique
smooth solution. For the relevant theorems,?? see [107]. The domain of dependence
is the same as for the wave equation with metric g,,.

Next, we show that it suffices to solve the well-posed Cauchy problem for the
reduced system (3.252), because it will turn out that for special initial conditions
the gauge condition I'* = 0 is then automatically satisfied. To this end we first
derive a linear wave equation for I"*. This is obtained by inserting (3.250) into the
Bianchi identity. For solutions of (3.252) we find

1
0=V"Gpp= 8"V (8ad ' + gratyu I = guv0e ™)
1
= Egavg"“apaﬂr‘* + lower order terms in I"%,

thus,

88,0, + A% (g,88)3, " = 0. (3.253)

22Physicists usually do not care about such theorems, because they take the result for granted. As a
warning, we mention that there are even linear PDE without singular points that have no solution
anywhere. A famous example was constructed by H. Lewy that also highlights the importance of
analyticity in the Cauchy—Kovalevskaya theorem (see Chap. 8 of [58]).
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For this system of linear hyperbolic PDE one again has an existence and uniqueness
theorem (see [107]). Hence I"* (0, x') = 0 and 39 1"%(0, x*) = 0 imply I"%(x*) = 0.
The next point is to show that the constraint equations G0 = 0, that necessarily
have to be imposed at ¢ = 0, imply 997" (0, x') = 0, while I"*(0, x’) = 0 is com-
patible with them.

That the harmonic condition at ¢+ = 0 is compatible with the constraints is not
surprising, because the latter have a geometrical meaning, while the former is a co-
ordinate condition. In Exercise 3.25 we shall verify that the derivatives dpgoy (0, xt)
can indeed be chosen such that " (0, x') = 0.

From (3.250) we see that for a solution of the reduced system (3.252) the con-
straint equations imply that at 1 =0

(gOaavFa +gua80Fa) — 80vde '™ =0. (3.254)

Let us work this out for Gaussian normal coordinates2> relative to ¢ = 0, for which
(see DG, Eq. (A.23))

g00(0,x")=—1,  £0;(0,x*) =0,  dogij(0.x")=—-2K;;.  (3.255)

Imposing glso e, x* =0, Eq. (3.254) becomes gy,,doI"* = 0, thus indeed
00*(0,x") =0.
Let us summarize what has been shown so far:

Theorem 3.3 Let gﬁv and kgv be smooth initial conditions at t =0 in a bounded

open domain of R3 for a Lorentz metric and its first time derivative. Suppose that
re (gfw, kgv) and Gy, (ggv, kgv) vanish. Then there is locally a unique Lorentz
metric gy, such that

() (h)R;w :Q; )
(i) (guv(0,x"), 30g,v (0, x')) = (g, k1))
Moreover, this metric also satisfies the vacuum equations Ry, =0, as well as

re“=o.

Remarks

1. One can also show that g,, depends continuously on ( ggv, k?w) relative to some
natural topology.
2. We can choose the coordinates such that (3.255) holds at t = 0.

Next we prove that we obtain in this way locally all solutions of Einstein’s vac-
uum equations.

Theorem 3.4 Any solution of Einstein’s vacuum equation is locally diffeomorphic
to a solution described in Theorem 3.3. More specifically, let g be a solution on

23Gaussian normal coordinates are introduced in Sect. 3.9.3.
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an open region U C R* and ¥ = U N {x° = 0}. (After an eventual coordinate shift
X is non empty.) Then there exists a diffeomorphism ¢ from a strip |x°| < & in U
preserving the points with x° = 0, such that the standard coordinate functions x"
of R* are harmonic for the metric § := ¢.g, and goo = —1, §oi =0 for x° = 0.

Proof The construction of ¢ proceeds as follows. Let f* be four functions on such
a strip which are harmonic relative to the metric g,

O f* =84 0df® =0, (3.256)

where &, is the codifferential corresponding to g. We solve these wave equations
for the initial data

fi(O,xj):xi, fO(O,xj)zo,

and
3 f*(0,x7) =2, (3.257)
where
guik* =0,  gupt?tl =—1. (3.258)
Clearly, the differentials df* are linearly independent for a sufficiently small
strip U'.

Now, we define ¢ : U' —> V’ by x* o ¢ = f#, where x* are the standard coor-
dinate functions of R* (in other words, ¢ (x)* = f*(x)). For showing that

Oy g (x*) =0, (3.259)

we use the general fact that for a differential form w, and a diffeomorphism ¢ :
M — M, one has the natural transformation rule (exercise)

8¢, (010) = 4 (8gw), (3.260)
and thus

Oy, g (0:0) = 4 (O, ). (3.261)
With this we have

Dwg(x“) = Dfﬂ*g((ﬁ"* ° 9"*)xu) = Dwg(‘/’* (xu ° ¢))
= D%g(‘p*fu) = ‘P*(Dgfu) =0.

This shows that ¢, g belongs to the solutions described in Theorem 3.3. By con-
struction ¢|S = id. O

Remark After a suitable transformation of the original metric g, we can always
assume that (3.255) holds on ¥. Then ¢ preserves X pointwise and by (3.257),
(3.258) its induced metric and second fundamental form.
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Theorem 3.4 and the uniqueness statement in Theorem 3.3 imply the

Corollary 3.1 E-developments of (S, h, k) are locally unique: Two E-developments
are extensions of a common development.

Proof If (U1, gV) and (U, g@), U; C R*, are two such developments, we can
choose local coordinates such that both ¥; N U; are contained in {x® = 0}. For
each of the E-developments construct a diffeomorphism as in the remark above.
The images of g’ and ¢® agree by the uniqueness result of Theorem 3.3. This
implies that there is an isometry between the two E-developments, if U and U, are
appropriately reduced, which respects the initial surfaces X'; and X». g

Let us translate these results into geometrical statements.

Theorem 3.5 (Local existence and uniqueness) Let (S, h, K) be an initial data
set which satisfies the Hamiltonian and momentum constraints (3.228) and (3.229).
Then there exists an E-development (M, g, o). Two such E-developments are exten-
sions of the same E-development.

Proof By Theorem 3.3 we can construct an atlas of S with domains {V;} and E-
developments (U;, g(i), o) of (V;, h, K). On an intersection U; N U; the Corollary
implies that there is an isometry v;; that takes ¢® into g\, if U; and U j are suitable
reduced. Therefore, we can patch the local solutions together: Consider the disjoint
union of the (U;, g”) and identify points p; € U; and pj €Uj when pj = (pi).
This proves the existence part.

The uniqueness follows from the local uniqueness (Corollary) by making use of
an atlas for S. We leave the details to the reader. d

The existence of a maximal development now follows with Zorn’s lemma.

Theorem 3.6 (Global uniqueness) Under the hypothesis of Theorem 3.5 there is a
maximal E-development which is unique, up to isometries.

Proof See, e.g., [108]. O

Note that for uniqueness it is important that the hypersurface X' is a Cauchy
surface. (Recall that we included this property in the definition of a development.)
A spacetime which admits a Cauchy surface X' is globally hyperbolic. One can show
that it is then diffeomorphic to the product R x X.

It is nice to have this general existence theorem, but it does not tell us much about
the global aspects of solutions of Einstein’s field equation. A major result in this
direction was established by D. Christodoulou and S. Klainermann in 1993, [115].
This work, which gave a proof of the global stability of Minkowski spacetime, is
revisited in the recent monograph [109].
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3.8.9 Characteristics of Einstein’s Field Equations

The notion of characteristic surfaces is closely linked with the Cauchy problem of
PDE. Let us explain this concept for the wave equation

¥ =0, (3.262)

whose explicit form is
glwaﬂavw — I3y =0. (3.263)

The Cauchy problem for this equation is to find a solution for which the value of
and its normal derivative on a hypersurface X' are given.

This problem does not have a unique solution if X is chosen such that (3.263)
does not determine the second derivatives of ¥ on X for given Cauchy data. In this
case, the hypersurface X is said to be a characteristic surface, or a characteristic of
the PDE (3.263). The second derivative can be discontinuous across a characteristic
surface. For this reason, a (moving) wave front must be a characteristic.

It is not difficult to show that X' is a non-characteristic for the PDE (3.263),
provided

guvN*N" #0, (3.264)

where N* denotes the unit normal to X'. If X' is a non-characteristic one can show
that for a smooth solution i satisfying the Cauchy conditions, all partial derivatives
of ¢ on X are determined. (The details of the calculations for general quasi linear
PDE can be found in [57].)

If X is described as {S = 0} for a function S, with dS # 0 on X, then (3.264)
becomes>*

g"79,,59,8 #0. (3.265)

In other words, characteristic surfaces are null hypersurfaces; S satisfies the general
relativistic eikonal equation (Hamilton—Jacobi equation)

£""9,83,S=0, (3.266)

which we encountered in the study of the geometrical optics limit in Sect. 2.8. These
surfaces describe for instance the wave fronts in gravitational lensing.

What are the characteristic surfaces of Einstein’s vacuum equations? With our
previous results this can easily be answered. We know that the field equations are
equivalent to the pair (3.252) and (3.253). For both of them the highest derivative

24For a simple proof of (3.265) chose the function S as one of the coordinates, say x!. Along %
the left-hand side of (3.263) has the form g!! 8121// + terms which are all determined by the Cauchy
data on ¥ (since these involve tangential derivatives of ¥ and Vi on X'). Hence, 31210 is only

determined by the Cauchy data and the differential equation (3.263) if g!! £ 0, that is if (3.265)
holds.
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operator is the same as for the wave equation (3.263). Therefore, the characteristic
surfaces in GR are, as expected, null hypersurfaces.

3.8.10 Exercises

Exercise 3.23 Show that the following formulation of the initial value problem for
Maxwell’s vacuum equations has a unique answer.

1. Initial conditions: E(x, 0) and B(x, 0) satisfying the constraints (3.230).
2. Dynamical equations: the first order PDE (3.231).

Hints

1. Show that the constraints (3.230) propagate.

2. Conclude that E and B satisfy the wave equations and that beside E and B also
0y E and 0; B are known for t = 0. Hence E and B are known for all times.

3. Prove that these fields satisfy the dynamical equations (3.231) by showing that
the left-hand sides of (3.231) satisfy all Maxwell equations (by construction)
and vanish at r = 0. Therefore, they vanish at all times, because there is only the
trivial solution of all Maxwell equations with E (x, 0) = B(x, 0) =0 (use 2.).

Exercise 3.24

1. Conformal transformations: Consider a Riemannian manifold (M, g) of dimen-
sion n and the metric g’ = e/ g conformal to g. Show that for the corresponding
Ricci tensors and scalar curvatures one has the relations

n 1
Ri; — Rij = — ViV f = 5Af8k

n—2

+

n—2
VifV;f - Tvlfvlfgjk, (3.267)

and

Re/ —R=—(n—1)Af - Wvlmﬁ (3.268)

2. Let T/ be a symmetric and traceless tensor whose covariant divergence vanishes,
ie., V;T" = 0. Show that V} T’V =0, where V' is the covariant derivative for

g’, and

T — ST g = _g 1. (3.269)

Solution (of 2.) The relation between the Christoffel symbols corresponding to g’
and g is

. . 1 .
=Tl = 58" (9ud; f + 80k f = gjxdif)- (3.270)
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For both parts of the exercise the computation is simplified by using coordinates

normal at the point p for g (g;j(p) = &, F’jk(p) = 0). According to (2.36) we
have

V. T = La.

J - \/E J

In p this reduces to (use 9; T =0)

(Ve'T') + F/j.kT/jk.

VT = (s + %)esfajfT"f +eo; fT
n
=0 for —=-1
s+2

Exercise 3.25 Use the expression (3.244) for I'“ and show that in Gaussian coor-
dinates (3.255) the harmonic constraint I"%(0, x¥) = 0 can be satisfied by a proper
choice of dpgoq (0, xk).

Solution On {x* = 0} we have in Gaussian coordinates
= ¢%%0g01 + g i g5 — %(gooaxgoo + 8" 03.8i)-
This gives for A =0

1 ..
§%30g00 — 3 (%0800 + g dogij) =0,

and for A = k we obtain
00 ij 1
g dogox + 87 0igjk — Eakgij =0.

This shows that for a given g;; and K;; these equations can (uniquely) be solved for
3080u-

3.9 General Relativity in 3 + 1 Formulation

The ‘3+1’ or dynamical formulation of GR plays an important role in basic the-
oretical investigations and is also very useful in applications, including numerical
relativity.
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Preferred timelike orbits

Fig. 3.5 Lapse function and shift vector field

3.9.1 Generalities

We assume that a spacetime (M, g) admits a slicing by a 1-parameter family X, of
spacelike hypersurfaces. More precisely, we assume that there is a diffeomorphism
¢: M — I x X, I CR, such that the manifolds X; = ¢~ ({t} x X) =: i,(X)
are spacelike and the curves ¢~ (I x {x}) are timelike. These curves will be called
preferred timelike orbits. Their tangent vectors define a vector field 9, on M. This
can be decomposed into normal and parallel components relative to the slicing (see
Fig. 3.5):

8 =an+ B. (3.271)

Here 7 is the future directed unit normal field with (n,n) = —1 and B is tangent
to the slices ;. It is common practice to call « the lapse function and B the shift
vector field. A coordinate system {x'} on ¥ induces natural (comoving) coordinates
on M: ¢~ (¢, m) has coordinates (¢, x') if m € X has coordinates x’. The preferred
timelike curves have constant spatial coordinates.

Let us set B = B9;. From (n, 3;) = 0 and (3.271) we find

@, 9)=—(*—B'B)., (3., 3)=p. (3.272)

where 8; = g;; B/ and g; i = (0;, d;) are the components of the induced metric on
%;. Thus in what we could also call comoving coordinates the metric takes the form

g=—(a? —B'B;)dr* +2B;dx" dt + gij dx’ dx’ (3.273)
or

g=—o’dt® + g;j(dx" + B dt)(dx! + p dt). (3.274)
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This shows that d¢ is orthogonal to dx’ + /Si dt,fori=1,2,3.

We call a tensor field S on M tangential when it can be regarded as a family
of tensor fields on X, or as a t-dependent tensor field on the ‘absolute’ space X.
Relative to a comoving coordinate system it has the form

S=S1"" (0, @ ®;,)® (dx) @ @dx]). (3.275)

(For each ¢ the values of S are in_tensor products of TX; and T*X,;.) We shall
denote them by bars (except for dx' and 9;). As an often occurring example, let us
consider a tangential p-form @ and its exterior derivative dow. We can decompose
this as

do=dd+dt A3, (3.276)

where d denotes the exterior derivative in X, (J =dx' A 9; in comoving coordi-
nates), and ;& is the partial time derivative. Both d® and 9;® are, of course, tan-
gential. Other differential operators (covariant derivative, Lie derivative, etc.) can be
decomposed similarly.

Beside the dual pair {9,,} and {dx*} for comoving coordinates, we also use the
dual pair

{9;,n} and {dx'+ p'dt,adt}. (3.277)

For our computations it is often convenient to use instead of {9;} an 'onhonormal
triad of tangential vector fields {e;}, together with the dual basis {#'} instead of
dx'. Then we have the following two dual pairs which will be constantly used

{ei. o), {o'.dt}; (3.2784)
{ei,eo=n},  {0°=ad:0' =9+ pdt}, (3.278b)

where ' is now defined by 8 = ’¢;. Note that
1 _ _. .
eo=n=—(9; — B), ' =0'TX,. (3.279)
o

A stroke denotes covariant derivatives with respect to the induced metric g; =
gijdx' dx’ on X;. For a function f we write d f = f, %' = f;9'.

3.9.2 Connection Forms

We compute in a first step the connection forms ", relative to the ‘orthonormal’
tetrad (3.278b). From Appendix A in DG we know that

o' (@) = ' (@) (Gauss), (3.280a)

V@) =K, (3.280b)
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where cbij are the connection forms for (X, g;) relative to the dual orthonormal

pairs {¢;}, {9'}, and K; ; are the components of the second fundamental form or

extrinsic curvature
K= Kl‘jlgi [ 1§j .

Next, we compute a)(g (eo). We have, using the first structure equation,
0 3 LS N
do” =d(adt) =da Adt = —a)j0’ A0
o

o .
=—aj0/ A" =—w A0
a

Thus, we obtain
) 1 )
ieyd0° = —%(e0)0’ = —;oq,ﬂ‘,
whence
0 i 1
w'(ep) = w'y(eo) = —q);.
o
From (3.280b) and (3.282) we obtain
0 i1 0
w; = —K,'jej + —a;0°.
o
Finally, we need o' j (eo). The first structure equation and (3.283) give
iegd0' = —igy (g AO0 + &'} AOT) = —(K'; + &' (e0))6 .
Hence, we have
K'; 4 o' (e0) = —iz;ie, d6".

The right-hand side can be worked out as follows

ie,d0" =i, d (0" + Bl dt) =ig( D' +dt N3O +dB Adr)

— ol ADK
Lo sy, Loz 15,
=iz AD -0, — —dpt,
alﬂ(wk )+Olt o ﬂ

and
iz)ie d0" = —[(@ A DY) (B, 2)) + 8D (@) — dB'@))]

QI— Q| ~

oo . 1 _.
[@lj(ﬂ)_ﬁlu]‘f‘aatﬁl(éj)-

(3.281)

(3.282)

(3.283)

(3.284)

(3.285)
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Let us set
0" =c'9, (3.286)
giving
(0:8)ij =cij +cji- (3.287)
We then obtain from (3.285)
Kij +wij(eo) = —é[a')u (B) — Biyj +cij]- (3.288)

The symmetric and skew symmetric parts of this equation give
| 1 1
w;j(eg) = — o ij B+ Z(,Bilj = Bji) — %(Cij —Cji), (3.289a)
1
Kij = E[(ﬂﬂj‘f‘ﬂjli) — (cij +¢jn)]- (3.289b)

Equation (3.289a) solves our problem. The last equation provides an interesting
relation. In fact, from (3.287) and

(Lg2)ij = Bitj + Bji (3.290)
we get
_ 1 -
K=——(0;,—Lzg. 3.291
Za( t ﬂ)g ( )
Later we shall need an explicit expression for LK . In
I:BIZ = ([_Jﬂ-Kij)éi v/ + K,'j(liﬁ[?i RV +9'® 1_151_91)
we use
Lgd' =digd' +izdd' =dp' —ig(o', AD")

DB’ — & (B)B* = (B — & (B) D", (3.292)

This gives

(LgK)ij = LKij + Ky (B — @3(B))
+ Ksi (B — % (). (3.293)

In what follows we shall encounter (3; — L B)K . Now, we have

K = (0:Kij + Ky, + Kisc') )0 @97, (3.294)
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thus
(0K — LK)ij = 3 — Lp)Kij + (Ksj(c} = B% + @5(B)) + (i «— ).
With (3.288) this becomes
(%K — LgK)ij = @ — Lp)Kij —2a(K - K)jj
— a(Ksjw}(e) + Kisw'; (), (3.295)

where (K - K);j = Ky K*,. This formula will turn out to be useful.

3.9.3 Curvature Forms, Einstein and Ricci Tensors

The Gauss and Codazzi-Mainardi equations, derived in DG, Appendix A, provide
the tangential parts of the curvature forms

Q=2+ KLK{D" AD* onTX,, (3.2962)
20 = Kijp?/ A9* onT ;. (3.296b)

These determine already some components of the Einstein and Ricci tensors (see
DG, (A.19) and (A.21))

1, - . . ;
Goo = E(R + (K1)’ — K'K])  (Gauss) (3.297a)
Goi = Roi = ViK ]] -V iK { (Codazzi—Mainardi). (3.297b)

For the other components we need all of .Q? With the second structure equation
this can be worked out as follows:

.Qi) = da)io + a)ij A w{)
A 1 . , . 1 .
CZY _a(k'0)) + d(—a’90> +ao'; A (—K{@l + —afe"). (3.298)
07 (07
The first term on the right is, using (3.283) once more,
—dK' AOT + K (] A 0" + 0l A 0°)
= —dK', N0 + K (w] A 0" — K]0' A 0°).
We also need

A ) 1 ..
o' —a A 0° =o' (@) —al/6F A 6",
o o
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and
1 1 . 1
d( —a0®) =d( —a" ) A6° + ol a6®
o o o —
La;00 000

1 : 1 1 ;
= (—a“) 0/ A 0%+ —otll—(x‘jO-’ A 60
o J a  «o

1 .. .
= a6/ n6°.
a
Therefore, the second and last term on the right in (3.298) give together éa“l jé’f A
6°. Thus we obtain
@i = Lol 97 00— aK’ A6
0= L@ AT ARG A
+(K'o) — o K)) A6 — K K16 A 6°. (3.299)

As a check one can restrict this to 7 X, to get the Codazzi—Mainardi equation.
The Ricci tensor is obtained from (see DG, (A.17))

Rgs = .Q%(ea, €s)- (3.300)
In particular, using the fact that w;; is skew symmetric and K;; symmetric, we have
. 1 - , o
Roo = 24,(&;, e0) = — Aa + d K’ (eg) — K’ng
o
1 i ] P\
= A = KGK|+ —(0 = LpK;.
Thus, if H :=K ’l (often called the mean curvature) we obtain
Iz i iy ] 3
Rop=—Aa — KK +—(0, — Lp)H. (3.301)
o o
Finally, we need
Rij = 2%eo. ) + 2% @, 2)). (3.302)
According to (3.296a) the second term is
Q];(Ek,éj)ZRij—i-HKij—Ki]Klj. (3.303)
For the first term we use (3.299)
_ j _ 1 .
@](e0,2)) = 2 (e0,8)) = = —ajyj = dKij(eo) + Kis (@ (e0) + K) = 'y (e) K.

This gives
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D 1 1 2 K K
Rij=R;j+ HK;; — aaw — 5(3; — ng)Ki-/ + K,'Sa)j(eo) + K5’ (eo).
Now we can use (3.295) for the last three terms, and obtain
_ - 1 - - - 1
Rij=Rij+ HK;; —2(K - K);j — &(BtK — LﬁK),'j — &Oq,'j. (3.304)
For the Riemann scalar one obtains?
> 2 N 7 2 -
R=R+H +(K-K)i——(8,—L/;)H——Aa. (3.305)
o o

For later use we collect the results. All components are given relative to the or-
thonormal tetrad (3.278b):

0% = dr, o' =0 + Bl dr.

We found

1= Py ] 3

Roo = —Aa — K' K|+ =3 — LpH, (3.306a)
o o

Roi = Go; = V;H — %K{, (3.306b)
_ 1 - - - 1

Rij:Rij—l—HK,-j—ZKI-IKZJ-—E(BZK—LEK),-]-—;&W, (3.306¢)
1, - o

Goo = E(R +H? - KL KY); (3.306d)
_ ) g2 - 2 -

R=R+H*+K;;K' -2 —LzH— = Aa. (3.306e)

4 o P o

The right-hand sides of all these equations contain only tangential objects, i.e., time
dependent fields on X and their derivatives. With obvious changes they hold for
arbitrary comoving coordinates relative to the basis {dt, dxt + /3i dt}, where B8 =
Bo;.

Let us consider the vacuum field equations without the cosmological term. The
four equations G, = 0 do not contain time derivatives and give the constraint equa-
tions for g and K on ¥

R+ H? - Kij K7 =0 (energy constraint), (3.307a)

V:H - V;K { =0 (momentum constraint). (3.307b)

2Note that (3, K )ii # 0, K ’l we find from (3.291) (since ;, L g are derivations commuting with
contractions)

(0 — LzK) = (0 — Lj)H — 2a(K - K)';.
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Fig. 3.6 Construction of
Gaussian normal coordinates

Geodesics

These elliptic equations have already been discussed in Sect. 3.8 in connection with
the Cauchy problem.
The remaining six equations R;; = 0 involve time derivatives

K =LzK —Hess(a) + a(Ric(3) — 2K - K + HK), (3.308)

where Hess(a) denotes the Hessian of a, whose components are «|;;. Beside, we
have the identity (3.291) for the time derivative of g

08 =—2aK + Lg3. (3.309)

The system (3.308) and (3.309) are the dynamical equations for g and K. They
contain the lapse function « and the shift vector 8 which have to be fixed by four
gauge conditions.

The simplest choice & = 1 and 8 = 0 corresponds to Gaussian normal coordi-
nates that are often useful.

3.9.4 Gaussian Normal Coordinates

Close to a spacelike (or timelike) hypersurface X' C M we can introduce so called
Gaussian normal coordinates as follows. Let N be as before a field of unit normals
on X near a point p € X'. Construct through each point g € X' the geodesic through
q tangent to N and assign to a point along such a geodesic as time coordinate ¢
the proper time (+ =0 on X'), and as spatial coordinates those of the point g of a
coordinate system of X in a neighborhood of p. For sufficiently small |¢| we obtain
in this way a coordinate system of M in a neighborhood of p (see Fig. 3.6).

We claim that the hypersurfaces X; near X with constant ¢ are orthogonal to
the geodesics leaving X' orthogonally (Gauss’ Lemma). We emphasize that this is
a local result; distinct geodesics can meet at some distance from X (coordinate
singularity).

For a proof of Gauss’ Lemma, consider a 1-parameter family ¢, of our congru-
ence of timelike geodesics, with constant coordinates xz, x3and x! = x(lo) + ¢, and
apply the first variation formula of DG, Sect. 16.3. If Y denotes the variation vector
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d/0¢|s=0 along the geodesic ¢ = c¢—0, this reads
fo
L'(0) =Y, &)g - / (Y, Vec) dr.
0

Since the length is constant (equal to #(), and Y at c(0) is tangent to X, thus orthog-
onal to ¢(0), we obtain with Vi.¢ =0

(Y,¢)=0

for all 7. Hence, every ¢ is orthogonal to 8/dx', and similarly to all 3/dx’. This
proves the lemma.

Since (9;, d;) = —1 and (9,, 9;) = 0, the metric has in Gaussian normal coordi-
nates the form

g = —dt* + gix(x") dx' dx*, (3.310)

thus & = 1 and B = 0. We emphasize once more that this slicing usually develops
caustics (coordinate singularities).

3.9.5 Maximal Slicing

A traditional condition for the lapse results by requiring maximal slicing: H =
Tr(K) = 0. For vacuum solutions this condition, originally proposed by Lichnerow-
icz, implies the elliptic equation

Aa=aTr(K - K) (3.311)

(see (3.306a)). It has the advantage that it decouples.

Imposing successful choices for lapse and shift for numerical relativity is a diffi-
cult problem that is still under study. Mathematically, not much is known about the
evolution equations in the form (3.308) and (3.309), because they are not hyperbolic
in the sense of any known definition.

Remark The ADM system of evolutionary equations has traditionally been used in
3D numerical relativity. It turned out, however, that this system is not ideal. Severe
instabilities often show up in numerical simulations. There is no good understanding
of this, but it is true that the ADM evolutionary equations do not satisfy any known
hyperbolicity condition. This situation prompted attempts for developing alternative
formulations of Einstein’s equations. Among these there are various hyperbolicity
formulations (see [119-124]).

Eventually, it turned out that a simple way of rewriting the traditional ADM form
(3.308), (3.309) of the evolutionary equations leads to remarkably stable numerical
evolution. In this formulation (see [116]) one separates out the conformal degrees
of freedom of the 3-metric g and the trace-free part of the second fundamental
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form. In addition, the quantities (3.243) for g are promoted to independent variables,
for which a first order evolutionary equation is derived. (For details, the reader is
referred to [117], and the textbooks [19, 20].) That this ‘conformal approach’ leads
to more stable evolutions has been demonstrated in a number of simulations (see,
e.g., [118]).

3.9.6 Exercises

Exercise 3.26 Consider the volume form vol = #! A 9% A 93 of the 3-metric g.
Show that

3 vol =(V-B —aTrK)vol.

Exercise 3.27 Sometimes the dynamical equation (3.308) is written in terms of
the contravariant tensor K¥ = (K'/). This is easily done once one has the identity
(dropping bars)

(8 — Lp)K)" = (8, — Lp)K* — 4aK* - KF.

Derive this equation with the help of (3.291).

3.10 Domain of Dependence and Propagation of Matter
Disturbances

In this section we prove the following general fact. Assume that the energy-
momentum tensor 7#" satisfies, beside T#"., = 0, the dominant energy condition.
Suppose that 7" vanishes on a compact part S of a spacelike hypersurface. Then
T*" vanishes in the domain of dependence DT (S), defined as the set of all points p
of spacetime such that every past-inextensible non-spacelike curve through p inter-
sects S. In other words, the dominant energy condition implies that matter can not
move faster than light into an empty region. It is remarkable that this follows from
4 equations for the 10 components of 74",

In order to prove this?® we consider for a point g € D (S) the region I/ in D*(S)
to the past of ¢g. One can show that this is compact (see Proposition 6.6.6 of [10]).
Consider a foliation by a time function ¢ (whose gradient is everywhere timelike).
Then T#"t,,t., > 0, and X* := TH"t., is non-spacelike and future directed. There-
fore, the integral

o(t) :=/M THL uton (3.312)
t

26We adapt the proof in Sect. 4.3 of [10].
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is non-negative. Here, U; denotes the region of ¢/ at times < ¢. The integrand is
equal to

(dt, X)n=dt Nixn.

Hence, using the Fubini theorem for manifolds,2’ we obtain

t
@(1) =/ </ ixn) dt, (3.313)
iU

d
—¢—/ ixn. (3.314)
XU

thus

dr

The right hand side appears in the following application of Stokes’ theorem:

/ dixn = / ixn= / ixn plus additional boundary terms.
t o, U

By assumption, T*” = 0 on the initial surface. The rest of the boundary terms not
written out give a positive contribution, as a result of the dominant energy condition.
To show this, we use the following fact for a domain D with boundary 9 D (equipped
with the standard induced orientation):

ixnlop = €x X, (3.315)

where py is a positive density (DG, Sect. 15.11), and ex (x) = 1(—1) if X (x) points
out (into) D, and ex(x) = 0 if X (x) is tangent to d D. The reader may prove this
as an exercise or consult p. 447 of [56]. Because X is non-spacelike and future
directed, it points out of the domain (ex = 1) or is tangential (¢x = 0) on the parts
of the boundary under discussion. So the additional boundary contribution is non-
negative, hence we know that

/ ixnsf dixn.
U A

Here, the integrand on the right is
dixn=(V-X)n=T""t.,.
Since U is compact there is a P > 0 such that
Tty < PTHt i1,

on U. Therefore, we obtain with (3.314) the inequality

do
L < Po(r).
s @(t)

2TFor this we refer to the treatise [126], Sect. XII.2.
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Because ¢ vanishes on the initial surface S, the Gronwall inequality implies ¢(¢) <
0, hence ¢ =0 on Y. If the dominant energy condition is satisfied, this is only
possible if 7" =0 on U (use (3.222)).

3.11 Boltzmann Equation in GR

In relativistic astrophysics and cosmology one often has to use a general relativistic
version of the Boltzmann equation. Important examples are: (1) Neutrino transport
in gravitational collapse. (2) Description of photons and neutrinos before the re-
combination era in cosmology, when a fluid description no more suffices. In this
section we give a general introduction to this kinetic theory. References to concrete
applications will be given later.

3.11.1 One-Particle Phase Space, Liouville Operator for Geodesic
Spray

For what follows we first have to develop some kinematic and differential geometric
tools. Our goal is to generalize the standard description of Boltzmann in terms of
one-particle distribution functions.

Let g be the metric of the spacetime manifold M. On the cotangent bundle
™M =J pem Ty M we have the natural symplectic 2-form w, which is given in

natural bundle coordinates®® (x*, pv) by
w=dx" ANdp,. (3.316)

(For an intrinsic description, see Chap. 6 of [60].) So far no metric is needed. The
pair (T*M, w) is always a symplectic manifold.

The metric g defines a natural diffeomorphism between the tangent bundle 7 M
and T*M which can be used to pull w back to a symplectic form wg on TM. In
natural bundle coordinates the diffeomorphism is given by (x*, p%) > (x*, py =
8up pP), hence

wg =dx" /\d(gwp”). (3.317)
On T M we can consider the “Hamiltonian function”
1
L= Eglwp”‘pv (3.318)

281f x* are coordinates of M then the dx* form in each point p € M a basis of the cotangent
space Ty M. The bundle coordinates of B € T; M are then (x*, B,) if B = B, dx" and x/* are the
coordinates of p. With such bundle coordinates one can define an atlas, by which 7*M becomes a
differentiable manifold.
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and its associated Hamiltonian vector field X, determined by the equation

ix,wg =dL. (3.319)
It is not difficult to show that in bundle coordinates

3 9
Xg=p'o = Mapp® pP o (3.320)

(Exercise). The Hamiltonian vector field X, on the symplectic manifold (T M, wg)
is the geodesic spray. Its integral curves satisfy the canonical equations:

o (3.321)
4 P '

d 12

;;x = I p®pP. (3.322)

The geodesic flow is the flow of the vector field X.
Let £2,,, be the volume form belonging to wy, i.e., the Liouville volume

.ng =constwg A -+ A g,
or (g = det(gap))
Ry, = (—g)(d)c0 Adx! Adx? A dx3) A (dpo A 0lp1 A a’p2 A dp3)
= (—g)dx""B AdpP'?. (3.323)

The one-particle phase space for particles of mass m is the following submani-
fold of TM:

D, = {v € TM | v future directed, g(v, v) = —mz}. (3.324)

This is invariant under the geodesic flow. The restriction of X, to &,, will also be
denoted by X,. .ng induces a volume form £2,, (see below) on &,,,, which is also
invariant under X:

Lx, $2, =0. (3.325)

4

£2), is determined as follows (known from Hamiltonian mechanics): Write £2,, in
the form

ng =—dL Ao,

(this is always possible, but o is not unique), then §2,, is the pull-back of £2,, by
the injection i : @,, > TM,

2, =i"o. (3.326)
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While o is not unique (one can, for instance, add a multiple of d L), the form £2,, is
independent of the choice of o (show this). In natural bundle coordinates a possible
choice is

d 123
o= (—g)dx"P AL
(—po)
because
. dp123
—dLAo =[-guptdp’+-|ro= (—g)dx""? A guopt dp® N —— = R0, -
Po
Hence,
2m=n Ay, (3.327)
where 7 is the volume form of (M, g),
n=+—gdx""?, (3.328)
and
dp123
I, =4/-g ol (3.329)

with p® > 0, and guptp’ = —m?.

We shall need some additional tools. Let X' be a hypersurface of &,, transversal
to X,. On X' we can use the volume form

voly =ix,2m| . (3.330)
Now we note that the 6-form
Wm =X, $2m (3.331)
on &, is closed,
dwy =0, (3.332)

because
da)m Zdingm = LXng =0
(we used d$2,, = 0 and (3.325)). From (3.327) we obtain
om = (ix,mM) AN+ Nix My (3.333)

In the special case when X' is a “time section”, i.e., in the inverse image of a
spacelike submanifold of M under the natural projection @,, — M, then the second
term in (3.333) vanishes on X', while the first term is on X' according to (3.320)
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equal to i,n A I, p = p*d/0x*. Thus, we have on a time section?’ ¥
Voly = wp | X =ipn ATy, (3.334)

Let f be a one-particle distribution function on &,,,, defined such that the number
of particles in a time section X is

N(X) =/ fwn. (3.335)
)
The particle number current density is
n(x) =/ "y, (3.336)
P (x)
where P, (x) is the fiber over x in ®,, (all momenta with (p, p) = —m?). Similarly,

one defines the energy-momentum tensor, etc.
Let us show that

nt., =/P (Lx, )y (3.337)
We first note that (always in @,,)
d(fom) = (Lx, ). (3.338)
Indeed, because of (3.332) the left-hand side of this equation is
df Nom=df Nix,$2m = (ix, df) N 2w = (Lx, [)$2n.

Now, let D be a domain in @,, which is the inverse of a domain D C M under
the projection @,, — M. Then we have on the one hand by (3.333), setting ixn =
Xtoy,

/ fwm:/_aﬂ/ prHm:f_aunM:/_inn:/_(v'n)n-
aD ab P () aD aD D

On the other hand, by (3.338) and (3.327)

f fom= / d(fom) = / (L, ) = / . / (L, )T
aD D D D Py (x)

Since D is arbitrary, we indeed obtain (3.337).
The divergence of the energy-momentum tensor

TH = f plp® f, (3.339)

29Note that in Minkowski spacetime we get for a constant time section voly = dx!?3 A dp'?3.
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Fig. 3.7 Picture for the proof

of (3.341)
integral
curve of
Xg
G
is given by

", =/ p*(Lx, /)Ty (3.340)
Py

This follows from the previous proof by considering instead of n" the vector field
NV :=v,TH*", where v, is geodesic in x.

3.11.2 The General Relativistic Boltzmann Equation

Let us first consider particles for which collisions can be neglected (e.g. neutrinos
at temperatures much below 1 MeV). Then the conservation of the particle number
in a domain that is comoving with the flow ¢, of X, means that the integrals

[ son
¢s(X)

X as before a hypersurface of @, transversal to X, are independent of s. We now
show that this implies the collisionless Boltzmann equation

Ly, f=0. (3.341)

The proof of this expected result proceeds as follows. Consider a ‘cylinder’ G,
sweeping by X' under the flow ¢y in the interval [0, s] (see Fig. 3.7), and the integral

/g Ly, f 2 = /d fom

(we used Eq. (3.338)). Since iX,Wm =X, (ixg £2,,) = 0, the integral over the mantle
of the cylinder vanishes, while those over X~ and ¢;(X") cancel (conservation of
particles). Because ¥ and s are arbitrary, we conclude that (3.341) must hold.

From (3.337) and (3.338) we obtain, as expected, the conservation of the particle
number current density: n#,, =0.
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With collisions, the Boltzmann equation has the symbolic form
Ly, f=CLf], (3.342)

where C[ f] is the “collision term”. For the general formula of this in terms of the
invariant transition matrix element for a two-body collision, see Sect. 1.9 in [296].
This is then also worked out explicitly for photon-electron scattering.

By (3.340) and (3.342) we have

THY., = Q", (3.343)
with
ot = [ prClf1,. (3.344)
Py

For cosmological applications, see [85-94] or [127, 296]. (The last two refer-
ences make use of material presented in this section.)
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Applications of General Relativity



Chapter 4
The Schwarzschild Solution and Classical Tests
of General Relativity

Imagine my joy at the feasibility of general covariance and the result that the equations give

the perihelion motion of Mercury correctly. For a few days I was beside myself with joyous
excitement.

—A. Einstein

(To P. Ehrenfest, Jan. 17, 1916)

The solution of the field equations, which describes the field outside of a spher-
ically symmetric mass distribution, was found by Karl Schwarzschild only two
months after Einstein published his field equations. Schwarzschild performed this
work under rather unusual conditions. In the spring and summer of 1915 he was as-
signed to the eastern front. There he came down with an infectious disease and in the
fall of 1915 he returned seriously ill to Germany. He died only a few months later,
on May 11, 1916. In this short time, he wrote two significant papers, in spite of his
illness. One of these dealt with the Stark effect in the Bohr—Sommerfeld theory, and
the other solved the Einstein field equations for a static, spherically symmetric field.
From this solution he derived the precession of the perihelion of Mercury and the
bending of light rays near the sun. Einstein had calculated these effects previously
by solving the field equations in post-Newtonian approximation.

4.1 Derivation of the Schwarzschild Solution

The Schwarzschild solution is the unique static, spherically symmetric vacuum
spacetime and describes the field outside a spherically symmetric body. It is the
most important exact solution of Einstein’s field equations.

We know that a static spacetime (M, g) has locally the form (see Sect. 2.9)

M=Rx X, g=—¢>dt* +h, (4.1)

where & is a Riemannian metric on X and ¢ is a smooth function on X'. The timelike

Killing field K with respect to which (M, g) is static is d;,. We assume that this is

the only static Killing field and thus that there is a distinguished time. Note also that
2

¢”=—(K, K).

N. Straumann, General Relativity, Graduate Texts in Physics, 157
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Fig. 4.1 Construction of
Schwarzschild coordinates

Geodesics
(perpendicular
to the orbits)

We say that a Lorentz manifold is spherically symmetric, provided it admits the
group SO(3) as an isometry group, in such a way that the group orbits, i.e., the sub-
sets on which the group acts transitively, are two-dimensional spacelike surfaces. If
(4.1) is also spherically symmetric, the action of SO(3) is only non-trivial on X,
i.e., the time ¢ is preserved. This follows from the fact that K = 9, is invariant un-
der SO(3) (because of the uniqueness assumption). Indeed, this implies that K is
perpendicular to the orbits of SO(3). (A non-vanishing orthogonal projection of K
on an orbit would also be invariant, but such an invariant vector field can not exist.)
Another way to see that ¢ remains invariant is to note that the 1-form w = (K, K) dt
belonging to K (see Eq. (2.114)) is also invariant. Since (K, K) is obviously invari-
ant we conclude that df remains invariant under the SO(3) action. But since SO(3)
is connected this implies that ¢ is preserved.

We now consider the isometric action of SO(3) on (X, &). An orbit is a homoge-
neous two-dimensional Riemannian manifold S and therefore has constant Gaussian
curvature k and is complete. It is known! that the standard simply connected surface
M (k) (2-sphere of radius 1/+/k for k > 0, hyperbolic plane of curvature k < 0, Eu-
clidean plane for k = 0) is a Riemannian covering of S. By this one means that there
is a covering map which is also a local isometry. Since the isometry group of S in-
cludes SO(3), k must be positive and there are only two possibilities for S: Either S
is the 2-sphere of radius 1/+/k or the projective plane of radius 1/+/k (obtained from
the 2-sphere by identifying antipodal points). Considering—for good reasons—only
the first possibility we have a foliation of (X, ) by invariant 2-spheres, character-
ized by the surface area A. The radial Schwarzschild coordinate r is defined by
A = 47r?. We assume that dr # 0.

Let us now consider the family of geodesics orthogonal to some particular 2-
sphere (see Fig. 4.1), for which we introduce polar coordinates and transport these
with the family of geodesics. We leave it as an exercise to show that this family is
orthogonal to all SO(3) orbits. (Consider, for instance, the scalar product of a Killing

IFor detailed proofs see Chap. 8 of [49].
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field & for the SO(3) action with the tangent field u for the geodesic congruence, and
show that u (&, u) = 0.) With this construction the metric & takes the form

h=e*" dr? 4 r?(dv? + sin® 0 dp?). 4.2)

Clearly, (K, K) also depends only on r. Setting — (K, K) = ¢?*")| Eq. (4.1) takes
the form X = I x §2, where I is an interval (R, 00) of RT, and

g =—eX0ar? + e ar? + 1 (dv? +sin® ¥ do?). (4.3)

The Schwarzschild coordinates (t,r, ¥, ) are well adapted to the symmetries of the
spacetime manifold.

The functions a(r) and b(r) approach zero asymptotically (g is asymptotically
flat). We must now insert the ansatz (4.3) into the field equations. For this, it is
necessary to compute the Ricci tensor (or the Einstein tensor) corresponding to the
metric (4.3). This is accomplished most quickly with the help of the Cartan calcu-
lus. The traditional computation using Christoffel symbols is, for instance, given in
detail in [13].

We choose the following basis of 1-forms:

09 = e dt, o' = el dr, 0% =rdv, 0% =rsinvd do. 4.4)
The metric (4.3) then reads
g=gum0" ®0", (gu) =diag(—1,1,1,1). 4.5)

Thus, the basis {#*} is orthonormal. Hence, the connection forms ", satisfy (see
Sect. 3.6)

Wpy F @ =0, @y =g’ (4.6)

In order to determine these from the first structure equation, we compute the exterior
derivatives of 6%, With a’ =da/dr, etc., we have

do® =d'e® dr A dt,
do' =0,
d6* = dr A dv,
d6® =sin® dr Adg + rcos® dd Ade.
Expressing the right-hand sides in terms of the basis 67 A 6, we obtain
de® =a'e™bo' A 6O,
de' =0,
4.7)
de* =r~le b9 n 6%,

do® =r~'(e"0' A6® + cotv6? A 6°).
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When this is compared with the first structure equation d6% = —w"k AP one ex-
pects the following expressions for the connection forms:

a)ol = wlo =a'e 0%,

a)02=a)20=w03=w30=0,

o) =—wh=r"le7"9? (4.8)
a)31 = —a)13 = r_le_bOS,

a)32 = —a)23 =r~cot6?

This ansatz indeed satisfies (4.6) and the first structure equation. On the other hand,
we know that there is unique solution (see DG, Sect. 15.7).

The calculation of the curvature forms £2%; from the second structure equation is
now straightforward. For example

.Q? = da)o1 + a)(}( A a)kl = dw% = d(a/e_bGO)
=(de™) dr n® +d'e b an’
= (d'e™)e 0" A6° + (d'e7?) 0" A6,
Q(i — _ebe(a/Z —d'b +a//)90 A 91;
/
0 1 —e_2ba—90/\92.

0_ ;.0 0 k _ _
25 =doy+w Aoy=w]ANw,y= .

The other components are found similarly. We summarize the results for later use
(note that £2' is proportional to 8* A 6"; the indices 2 and 3 are equivalent)

2V =e(ab —a" —a?)e’ n o',

/67217
20=-25 0 np2,
r
/67217
20=-25 g0 63,
r
pe—2b 4.9)
QL="—0" 6%
r
b —2b
2l=""0"n6d,
r
1— —2b
Q3= ———07n0,
r
and £2,,, 1= gux Q"\) = —£2,,,. From this, one reads off the components of the Rie-

mann tensor with respect to the basis {#*}. The Ricci tensor can conveniently be
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obtained from the formula
Rgs = .Q";;(ea, es) (4.10)
({e} is the dual basis), that is easily verified. For the Einstein tensor one then finds

1 1 2b/
0 2b
G __+e <___)’

r r
1 1 2a’
Gl —m pe (= 420
1 r2 + r2 + r

G5 =G3 :ezb(a/2 —a'b' +a" + a _b/>,
.

4.11)

G v =0 for all other components.

We now solve the vacuum equations. First, note that Gogp + G11 = 0 implies
a’ + b =0, and hence a + b = 0 since a, b —> 0 asymptotically. The equation

Goo = 0 reads
2b' 1 1
—2b
—— = — =0.
© < r r2> + r2

This is equivalent to (re~2?)’ = 1, which implies that e =2 = 1 — 2m/r, where m is

an integration constant. We thus obtain the Schwarzschild solution

2 dr?
g=—(1-)ar+ —Z— 4 2 (d9? +sin? 0 dg?). (4.12)
r 1-2m/r

Note that the other Einstein equations are also satisfied, because G22 is proportional
to (r2GY)'.

4.1.1 The Birkhoff Theorem

Let us allow the functions a and b in (4.3) to be a priori time dependent. In Exer-
cise 4.1 we show that then the components of the Einstein tensor with respect to the
basis (4.4) are given by (@ =da/dt, etc.)

1 2
GO — L m(l 20
(i B T U R

1 1 2(,1/
1 2b
G]———2+€ (l"—2+_>7

r

T b . . .
GL=G3=e? (a’2 —db +d + a—) +e 2 (=b* +ab—b), (4.13)
r
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G* =0 for all other components.

We now solve the vacuum equations for these expressions. The equation G} =0
implies that b is independent of time and hence it follows from Gy = O that b has
the same form as in the static case. From Gop+ G1; = 0 we again obtain the relation
a’ + b’ = 0. Now, however, we can only conclude that

a=—-b+ f(1).

The other vacuum equations are then all satisfied and the metric is

2 dr?
g=-0(1-2) a2 4+ — T 4 2(av? +sin? 9 dg?).
r 1—-2m/r

If we introduce the new time coordinate

t’:/ef(’)dt,

we again obtain the Schwarzschild metric (4.12). For r > 2m, a spherically symmet-
ric vacuum field is thus necessarily static (Birkhoff theorem). This should not be too
surprising because of the spin-2 nature of the gravitational field. The Birkhoff theo-
rem is closely related to an analogous fact in electrodynamics: The electromagnetic
field outside a time dependent spherical charge distribution is time independent, and
equal to the Coulomb field of the total charge.

The physical meaning of the integration constant m in (4.12) becomes clear by
comparison with the Newtonian limit at large distances. In this region we must have
goo =~ —(1 4+ 2¢), with ¢ = —G M /r. Hence,

_GM

iy 4.14
m==3 (4.14)

We shall now show that the integration constant M is also equal to the total
energy PC. For this purpose, we write (4.12) in nearly Lorentzian coordinates. Let

o= %(r —m—+ (r2 — 2mr)1/2),

whence
m\2
r=p<1+—) . 4.15)
2p
Substitution into (4.12) results in

1-m/2p\* , m\* s 5 2
=—(—28) ar 1+— ) (d dv 9 de?). (4.16
g (1+m/2p) + +2p (dp™+p + p?sin® 9 dp?). (4.16)
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If we now set
| 2 . 3 _
X = psincosg, Xx“ = psin¥sing, x> = pcosv,

the Schwarzschild metric takes the form

g =—h*(Ix])dt* + f3(|x) dx?, (4.17)

with
I _1—m/2r (1 m\? 418
(”)—m’ f(r)—(‘f‘;)- (4.18)

Note that the spatial part in (4.17) is conformally flat. With respect to the orthonor-
mal tetrad {6%} = {h dt, f dx'} one finds the following connection forms

Wy ) /
YL PN | = () dxk — x* dx). (4.19)
fr fr

We now compute P° from Eq. (3.209):

1 ; 1 .
0 k 0 k !
P =_167TG /52 ! AN = 16 Geojklf XN
/

1 .
O]kl/ kadxl /\dxl.
sz r

Let us integrate over the surface Sgo of a large sphere. Then,
Sijlxk dx’ A dx! = xkskﬂ dx’ Adx! = r2r? as2,

where d 2 denotes the solid angle element. This gives, as expected,

PO:—RRIIIH / f/r2d.Q M.
TT —00

It is easy to verify that P’ = 0. Furthermore, one obtains a vanishing angular mo-
mentum from (3.214).
The Schwarzschild solution (4.12) has an apparent singularity at

GM
r= RS = 2—2, (420)
c

where Ry is the so-called Schwarzschild radius. Schwarzschild himself was quite
disturbed by this “singularity”. For this reason, he subsequently investigated the
solution of Einstein’s field equations for a static, spherically symmetric mass distri-
bution having constant energy density. He showed that the radius of such a config-
uration must be bigger than 9Rs/8. Schwarzschild was extremely satisfied by this
result, since it showed that the singularity is not relevant (for the special case being



164 4 The Schwarzschild Solution and Classical Tests of General Relativity

considered). However, somewhat later, in 1923, Birkhoff proved that a spherically
symmetric vacuum solution of Einstein’s equations is necessarily static for r > Rg.
Hence, the exterior field for a non-static, spherically symmetric mass distribution is
necessarily the Schwarzschild solution for » > Rg. Clearly, the lower bound 9Rg/8
is no longer valid for a non-static situation. Hence it is necessary to investigate in
more detail what is going on in the vicinity of the Schwarzschild sphere r = Rg.
We shall do this in Sect. 4.7. It will turn out that the spacetime geometry is not sin-
gular there. Merely the Schwarzschild coordinates fail to properly cover the space-
time region for r —> R (“‘coordinate singularity”). The Schwarzschild sphere has
nevertheless physical significance (as a horizon). When r < Rg, the solution is no
longer static. It took remarkably long until all this was clearly understood. Lemaitre
was the first who recognized in 1933 the fictitious character of the “Schwarzschild
singularity”.

4.1.2 Geometric Meaning of the Spatial Part of the Schwarzschild
Metric

We shall now give a geometrical illustration of the spatial part of the metric (4.12).
Consider the two dimensional submanifold {¢ = %, t = const} and represent this as
surface of rotation in three-dimensional Euclidean space E3. This submanifold has
the induced metric

. dr?
b= e (@21)

On the other hand, a surface of rotation in E> has the induced metric
§=2"dr’ + (dr? +17de%) = (1+2%)dr’ + 17 dg?,

where z(r) describes the surface. (We use cylindrical coordinates.) If we require this
to agree with (4.21), then

dz [ 2m \'?

dr \r=2m ’

Integration gives z = (8m(r — 2m))'/2 + const. If we set the integration constant
equal to zero, we obtain a paraboloid of revolution

22 =8m(r — 2m). (4.22)

4.1.3 Exercises

Exercise 4.1 Derive the formulas (4.13).
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Exercise 4.2 Consider a spherical cavity inside a spherically symmetric non-
rotating matter distribution. Show that there the metric is flat. This remark justifies
certain Newtonian considerations in cosmology.

Exercise 4.3 Generalize the Schwarzschild solution for Einstein’s equations with a
cosmological constant.

Exercise 4.4 Determine the solution representing spacetime outside a spherically
symmetric charged body carrying an electric charge (but no spin and magnetic
dipole moment). The result is the Reissner—Nordstrgm solution (c = 1)

2m  Ge? 2m  Ge*\™!
== (1= O Yar (1= 2L 00} a0 st o ag?),
r r r r
where m /G represents the gravitational mass and e the electric charge of the body.

Solution Since the fields are static and spherically symmetric we can use for the

metric the ansatz (4.3). It is again convenient to work with the orthonormal tetrad

(4.4). Relative to this the Einstein tensor is given in (4.11). We expect that the elec-

tromagnetic field has only a radial electric component. Hence we make the ansatz
F=26n6" (4.23)

r
For this the components of the energy-momentum tensor (2.54) are readily found to
be

2
9=1! =—T%3=-73 :—e—’ 4.24
0 ! 3 8rr4 4.24)
all other 7),, = 0. Hence, the equations GO = SJTGT% and Gl1 = 87TGT11 become
1 (1 20\ Gé?
1 _opf 1 24 Ge?

By subtraction we see that again a 4+ b = 0. Furthermore, (4.25a) is equivalent to

2
~2bY/ e’G
e =1—-——.
(r ) 2
The metric functions are thus given by
2 G
e e (4.26)
r r

where m has the same interpretation as for the Schwarzschild solution. The other
components of Einstein’s equation are also satisfied.
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It remains to show that Maxwell’s vacuum equations are also fulfilled. For this
we first note that ' =dA, A = £dt, hence dF = 0. Since xF = —r%@z AB3 =
d(ecosv dg), we have also d * F = 0.

For later use we write the result in the form

P2

A
g=——5di*+ Zdr2 +r2(d®? + sin’ 0 dg?),
r
e
F = - dt Adr,
r
where

A=r%—2mr +2G. 4.27)

The apparent singularities will be resolved later (see Sect. 4.9.1).

4.2 Equation of Motion in a Schwarzschild Field

We consider a test body in a Schwarzschild field. We know (see Sect. 2.4.1) that
its geodesic equation of motion is the Euler—Lagrange equation for the Lagrangian
L= %guv)'c“)é”, which for the Schwarzschild metric (4.12) is given by

2m\ . 7 2752 .2 .2
2L=—(1—— )i+ ————+r*(¥* +sin°9¢°), (4.28)
r 1 —2m/r

where the dot denotes differentiation with respect to proper time. By definition of
the proper time we have along the orbit x*(t)

2L=-1. (4.29)
We consider first the #-Euler-Lagrange equation
(r*9) =r?sin® cos ¥ ¢7.
This implies that if the motion of the test body is initially in the equatorial plane

¥ = % (and hence 9 =0), then ¥ = 7. We may therefore take ¢ = 7 without loss
of generality, and thus

2m . 2
w=—(1-"Vey 252 (4.30)
r 1 —2m/r

The variables ¢ and ¢ are cyclic. Hence, we have
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oL

— = r2¢7 =const =: L, (4.31a)
¢
oL . 2
—— = t<1 — _m) =const=: E. (4.31b)
Jat r
Inserting (4.31a) and (4.31b) into (4.29) gives
2m\ ! 2 2m _1‘2 L2
1—— E-—{1—— r——2:1. 4.32)
r r r
From this we obtain
PP+ V() =E>?, (4.33)

with the effective potential

2
V() = (1 - 2—”’) (1 + L—2) (4.34)
r r

The conservation laws (4.31a) and (4.31b) are based on the following general
fact. Let y (7) be a geodesic with tangent vector 1 and let £ be a Killing field. Then

(u, &) = const (4.35)

along the geodesic y. In fact, using the Ricci identity and the Killing equation we
find

u{u, &) = (Vyu,§) + (u, V,&)
= uﬂuvsﬂ;v = %uuuu(‘i’_u;v +'§v;u) =0.

For the Schwarzschild metric, d/9¢ and d/d¢ are Killing fields. The corresponding
conservation laws (4.35) agree with (4.31a) and (4.31b) along y:

90 (99 ! 1 2m { = const
M, — ) =Uu —, — )= u — — _— = y
ot or 1| 5% r

9 d 0
u, — )= u? — )= gwpu(p = r‘z(i) = const.
Ao dp dg

In the following, we are primarily interested in the orbit r(¢). Use r’' =7 /¢,
where the prime denotes differentiation with respect to ¢, and (4.31a) to get 7 =
r'¢ =r'L/r?. Inserting this in (4.33) gives

L2
r/zr—4 =E?— V(r).

As in the Kepler problem we work with u = 1/r and thus ' = —u’/u?. In terms of
this variable, we have
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L% = E? — (1 — 2mu)(1 + L*u?)

or

E -1 2m
2 4u?= B +ﬁu+2mu3. (4.36)

Differentiating (4.36) with respect to ¢ gives

2

2
"W+ 2uu' = L—n;u’+6mu’u .

2u'u
Hence either u’ = 0 (circular motion) or u satisfies the simple differential equation
"= 3’ 437)

wtu=7 mu”. .

At this point it is instructive to make a comparison with Newtonian theory, in
which the Lagrangian for a test particle in a central gravitational potential ¢ (r) is

given by
[ fdr 2 2 de 2
“z[(a) o (z) }““’)-

Since ¢ is cyclic, we have

d
rz_‘P =: L = const,
dt

and the radial Euler-Lagrange equation is

d*r do\> do
—=rl—) ——.
dt? dt dr
Now, we can write

dr drdy , L ,
—=——=r'—==—-Lu’,
dt  de dt r2

& — —Lu//d—(p — —LZM//uz

dr? dt '

After some rearrangement we obtain the differential equation

P 1 d¢ 1
U=

=———. 4.38
" L2 dr u? (4.38)
For a Newtonian potential ¢ = — GTM this becomes
GM
W +u=—. (4.39)

L2
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Fig. 4.2 The effective A
potential for L/m < 2+/3 I )
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Equation (4.37) contains the additional term 3mu?. For our planet system this “per-
turbation” is small, since

3mu? 1 2 do 21
=3u’L? =3 (r?¢) ~3(r—) —
m/L? . r2 (¢) "a ) @

~ 31)i/c2 ~77%x107% for Mercury,

where v is the velocity component perpendicular to the radius vector.
According to (4.38), we may regard (4.37) as a Newtonian equation of motion
for the potential

GM L?
¢r)=——"—m—. (4.40)
r r

It is instructive to have a closer look at the effective potential V (r) in (4.34). As
a function of »/m it depends in an interesting way on the ratio L/m. The limiting
values are always V (r) — —oo for r — 0 and V(r) — 1 for r — 0o0. When
L/m < 2+/3 the potential has no critical points (see Fig. 4.2), whence any incoming
particle with E2 < 1 crashes directly toward r = 2m. Other cases are discussed in
Exercise 4.5 (see also Fig. 4.3).

4.2.1 Exercises

Exercise 4.5 Show that the effective potential (4.34) has the following properties:

1. For L/m < 2+/3 any incoming particle falls toward r = 2m.

2. The most tightly bound, stable circular orbit is at r = 6m with L/m = 2+/3 and
has fractional binding energy of 1 — /8/9.

3. Any particle with E > 1 will be pulled into r = 2m if 24/3 < L/m < 4.
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Fig. 4.3 The effective T T T T
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4.3 Perihelion Advance

We shall now examine the orbit equation (4.37), treating the term 3mu? as a small
perturbation. In the Newtonian approximation, the orbit is a Kepler ellipse

u(p) = l(1 + ecos ), 4.41)
p

where e is the eccentricity and

L2
p=a(l—¢?) =— (4.42)

We now insert this into the perturbation term and obtain from (4.37) to a first ap-
proximation
1 2

1
u' +u =mrs +3m3—4(1 +ecos )

7 (4.43)
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Fig. 4.4 Planetary orbit in
GR

A
v/ +v=1{Acosg
A cos? Q,
with A = const, have the particular solutions
A
1 .
v(p) = §A<P s g (4.44)

! A ! Acos?2

—A — —Acos2ep.

27 T e

The general relativistic correction term in (4.43) leads to the following modification
of the Kepler ellipse (4.41)

@)= "1t ecosp) + 2 (14 € cosdpteps (4.45)
=— cos — — — —cos sin .
we) =13 ecosg 14 > 7% Y Tepsmgy

with perihelion at ¢ = 0 (see Fig. 4.4). The important part of the small correction
term is the secular contribution proportional to ¢ sing. The next perihelion will
appear near ¢ = 27 where u’ = 0. From

, me +3m3e e_2 4 sino+ (4.46)
u =——sin ——— | = sin sin cos .

12 2 4 \3 @ YT pcose
we see that the perihelion advance (or anomaly) Ag per revolution is approximately
determined by the first and the last term of this expression:

. 3m?
—sinAgp + 7(271 + Agp)cos Ap >~ 0.

Since Ag is small we obtain

6rm?

Ap ~tan Ap =~ 2

(4.47)



172 4 The Schwarzschild Solution and Classical Tests of General Relativity
Using (4.42) this can be written as (recall (4.20))

Rs

Ap =37 —5
=T =

(4.48)

This famous result was presented by Einstein in a lecture delivered to the Prussian
Academy of Sciences in Berlin on 18 November 1915, before he had the definite
field equations with matter (see [74]). For the excess perihelion motion of Mercury
he obtained 43 seconds of arc per century, in very satisfactory agreement with ob-
servations. Einstein later told his former collaborator A. Fokker that when he saw
the result he was so excited that he had heart palpitations.

The perihelion shift of Mercury’s orbit was an unsolved problem in celestial
mechanics since the announcement by Le Verrrier in 1859 that, after the perturbing
effect of the other planets on Mercury’s orbit had been accounted for, there remained
in the data an unexplained advance in its perihelion. Various ad hoc proposals were
made to account for this excess, such as the existence of a new planet Vulcan near
the Sun, a ring of planetoids, a solar quadrupole moment, and a deviation from the
inverse-square law of gravitation.—The natural explanation by GR was indeed a
great triumph.

From (4.48) one sees that this important effect of GR is most pronounced when
the orbit’s semi-major axis is small and/or the eccentricity is large. In addition, it is
easier to determine the precise position of the perihelion observationally for large
eccentricities. In the solar system, Mercury provides the most favorable case. Sub-
stituting the orbital elements for this planet and the physical constants of the Sun,
the prediction (4.48) gives for the rate of perihelion shift

@ = 42" .98 per century. (4.49)

On the other hand, the measured perihelion shift of Mercury is known accurately.
The excess shift, after the perturbing effects of the other planets have been accounted
for, is known to about 0.1 percent from radar observations of Mercury since 1966.
Within this uncertainty theory and observation agree.

Before we take a closer look at the Newtonian perturbations, it should be men-
tioned that the equinoctial precession of the celestial coordinates used in planetary
observations gives an apparent advance of about 5000” per century. The perturb-
ing effects of the various planets on Mercury’s perihelion precession are listed in
Table 4.1. Note that the observational accuracy of 0.1 percent corresponds on Mer-
cury’s orbit to about 300 meters.

An additional Newtonian perturbation is caused by the solar quadrupole moment.
Let us derive the contribution of the solar oblateness to the perihelion shift. The
Newtonian potential exterior to a mass distribution having the matter density o (x)

is
5(x) = _G/|p(x)
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Table 4.1 Newtonian

perturbations on Mercury Perturbing planet  Perihelion shift/century

Venus 277".86 £0".27
Earth 90”.04 £0".08
Mars 2".54

Jupiter 153”.58

Saturn 7".30

Uranus 07.14

Neptune 07.04

Sum 5317.5+0".3

For r > r’ we use the well-known formula

oo+l

'
| Z Z 2l—|—1< ) Ylm( /)Ylm('%)’

=0 m=—I

to expand ¢ in terms of multipoles

_ Olm 1
(x)=—4nG ZZ T Yim (%), (4.50)
where the
Oim = / o ()" Y (&) d3x’ 4.51)

are the multipole moments. Suppose that p(x) is azimuthally symmetric, and sym-
metric under reflections at the (x, y)-plane. Then Q;,, = 0 for m # 0. The monopole
contribution (with Yoo = 1/+/47) is equal to —GMg/r. Due to mirror symmetry,
the dipole contribution vanishes:

/p(x) r'Yio(®) d*x' =0.
—_——
oz’

The remaining terms give

e GM@{ ZJZ< )P,(cosﬁ)} (4.52)
=

with the reduced moments

-1

Ji = ]
MgoRg

/ p(x')r" Py (cos ) dx’. (4.53)
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It suffices to keep the quadrupole term / = 2. For ¢ = 7 we have

GMy 1 GMgJR2
p=——-—0_ - TTO02T0 (4.54)
r 2 r
Note that J; is positive for an oblate Sun. This has the same form as (4.40), provided
we make the substitution m —> %GMQL_ZJZRé in the second term. Hence, we
obtain from (4.48), using (4.42),

67 1JGM@R§D
al—e2)2 % 12

6mrm 1 Ré
a(l—e2) 22 (GMg/D)a(l — ey’

A@quadrupole =

which means that

1 RZ,

—Js

2 “(GMg/cH)a(l — e?)

A(pquadrupule = A‘pEinsteim (4.55)
From this one sees that Aguadrupote and AQEinstein depend differently on a and e.
For Mercury one finds in seconds of arc per century

@Einstein + Oquadrupole = 42.98[1+3 x 1074(J/1077)]. (4.56)

Assuming that the Sun rotates uniformly with its observed surface angular ve-
locity one estimates J, ~ 107 This agrees with values inferred from rotating solar
models that produce the observed normal modes of solar oscillations (helioseismol-
ogy). From this we conclude that the solar oblateness effect on the perihelion shift
of Mercury is smaller than the observational error. The perihelion anomaly is almost
entirely given by GR.

This and other solar system tests of GR discussed below involve weak fields.
With the discovery of the binary pulsar PSR 1913+16 by Taylor and Hulse in 1974
strong field effects and the influence of gravitational radiation reaction can be tested.
This will be discussed in detail later in Sect. 6.8. At this point we only mention that
the periastron advance? of this remarkable close binary system of compact objects
is per day as large as for Mercury in a century. The reader is encouraged to read the
Nobel Prize lectures [128, 129] of Hulse and Taylor.

4.4 Deflection of Light

This is the most important result obtained in connection with the theory of gravitation since
Newton’s day.
—1J.J. Thomson (6 November 1919)

2Literally, the term perihelion shift should be restricted to orbits around the Sun, while the more
general term is periastron.
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Fig. 4.5 Path of a light ray in the field of the Sun

For light rays in a Schwarzschild field, (4.29) is replaced by £ = 0. Instead of (4.32),
one then obtains

2
(1—;m/r) - (1—;m/r)f2_f_2:0’ 457
and (4.36) becomes
L*u*=E* - (11— Zmu)Lzuz.
The orbit equation for light rays is thus
2 2 E2 3
u-+u :ﬁ+2mu . (4.58)
Differentiation results in
W 4 u = 3mu’. (4.59)

(Compare this with the orbit equation for a test body (4.37).) For the solar system
the right-hand side is very small:

3mu’/u=3Rs/2r < Rs/Ro ~ 107°.
If we neglect this, the light path is straight (see Fig. 4.5):
u=>b"'sing, (4.60)

where b is the impact parameter. Inserting this into the right-hand side of (4.59)
gives in first order perturbation theory

W’ +u=3mb"%(1 —cos’g). (4.61)

This has the particular solution

3m 1
MIZ@ 1+§C052(p .

giving to first order

plsing + 2 (14 L cos2 (4.62)
u = — — . .
MIST R
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Observer Sun Stars

Apparent position of stars —

Fig. 4.6 Deflection of light

For large r (or small u), |¢| is either small or close to . For small ¢ we take
sing >~ ¢ and cos ¢ > 1. In the limit u — 0, ¢ approaches ¢, with

2m

Poo = _7-

The fotal deflection § is equal to 2| |; thus

4m  GM _Rg
§=— =4—— =25 (4.63)
b 2b b

For the sun we obtain Einstein’s famous prediction
§=1.75"Rg/b. (4.64)

This result follows already from the linearized theory (see Chap. 5). Thus, the bend-
ing of light rays does not depend on the non-linearity of GR; by contrast, the pre-
cession of the perihelion does depend on this, as will be shown in Exercise 4.7.

Historically, this prediction of Einstein was first tested during the solar eclipse
of March 29, 1919. Eddington and Dyson organized two expeditions, one to the
Brazilian city Sobral, and the other to the island Principe in the gulf of Guinea.

The effect of the deflection of light is observed as an apparent outward shift in
the position of the stars during the eclipse. This shift can be determined by pho-
tographing the stars in the vicinity of the sun during the eclipse and later the same
stars at night. Then one compares the two photographs (see Fig. 4.6).

Sir EW. Dyson, the Astronomer Royal, had realized that the expected eclipse
should be particularly suitable, since the Sun would be standing before the stellar
cluster of the Hyades. The final result of the two teams were

~ )1.98”+0.12”  Sobral
~ | 1.60”£0.3”  Principe.

Based on these, Eddington announced that “there can be no doubt that the values
confirm Einstein’s prediction. A very definite result has been obtained that light is
deflected in accordance with Einstein’s law of gravitation.”
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The news made headlines in most newspapers, and Einstein quickly rose to in-
ternational fame. On 27 September 1919 he wrote on a postcard to his mother: “. ..
joyous news today. H.A. Lorentz telegraphed that the English expeditions have ac-
tually measured the deflection of starlight from the Sun.”

The history around this event is complicated. For good reasons, controversies
surrounded the reliability of the results at the time. On the other hand, J.J. Thomson,
Chair of the special joint meeting of the Royal Astronomical Society and the Royal
Society of London on 6 November 1919, stated: “This is the most important result
obtained in connection with the theory of gravitation since Newton’s day.” For a
detailed discussion of the experiments and references to the original literature see
[130].

‘We have mentioned in Sect. 2.2 that in 1914, a German expedition, led by E. Fre-
undlich and funded by Krupp, was sent to the Crimea to photograph the solar eclipse
on 21 August. Due to the outbreak of the First World War, the scientists were im-
prisoned, and their instruments were confiscated by Russian authorities.

Later, numerous measurements of the bending of light have been performed dur-
ing solar eclipses. The results show considerable scatter and the accuracies were
low. After 1969, substantial improvements have been made using radio astronomy.
Every year the quasar 3C 279 is eclipsed by the sun on October 8, and thus the de-
flection of radio waves emitted from this quasar, relative to those from the quasar 3C
273, which is 10° away, can be measured. Similar measurements can be performed
on the group 0111+02, 0119+11 and 0116+08.

Before a comparison with GR can be made, it is necessary to correct for the
additional deflection caused by the solar corona. For radio waves, this deflection de-
pends on frequency as w2 (see Exercise 4.6). By observing at two frequencies, the
contributions due to the solar corona and the Earth’s ionosphere can be determined
very precisely.

The development of very-long-baseline interferometry (VLBI) have the capabil-
ity of measuring angular separations and changes in angles as small as 10~* sec-
onds of arc. A series of transcontinental and intercontinental VLBI quasar and radio
galaxy observations (made primarily to monitor the Earth’s rotation) was sensitive
to the deflection of light over almost the entire celestial sphere. (Note that at 90°
from the Sun, the deflection is still 4 milliarcseconds.) A recent analysis of VLBI
data [131] yielded for the ratio of the observed deflection to Einstein’s prediction
the value 0.99997 £ 0.00016.

It has become traditional to parameterize the static, spherically symmetric vac-
uum field independent of theory. In “isotropic” coordinates, one then has, in place
of (4.16) and (4.17)

2
g:—{1—2@+aﬁ(@>-+”}dﬁ+[1+2yf~+”}dx% (4.65)
r r r

where  and y are the so-called Eddington—Robertson parameters. According to
(4.17), we have in GR

B=y=1. (4.66)
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For a systematic presentation of the so-called Parameterized Post-Newtonian (PPN)
formalism and an analysis of solar system tests within this framework, we refer to
[8]. The result of Exercise 4.7 shows that the precession of the perihelion is sensi-
tive to non-linearities of the theory (the parameter §), while the light deflection is
proportional to %(1 + y). The measurements discussed so far restrict the Eddington—
Robertson parameters as follows:

ly —1] <3 x 1074, IB—1] <3 x 1073, (4.67)

Measurements of (1 + y)/2 are shown in Fig. 4.7.

4.4.1 Exercises

Exercise 4.6 (Deflection by the solar corona) Compute the deflection of radio
waves by the solar corona for the electron density (for /R > 2.5)

A B

") = R T R

(4.68)
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where A = 10% electrons/cm® and B = 10° electrons/cm?, which should be fairly
realistic.

Hints The dispersion relation for transverse waves in a plasma (see, e.g., Sect. 7.5
in [23]) is given by

o =k + o). (4.69)
Here, w), is the plasma frequency, which is related to n, by
4 2
W2 =0 (4.70)

P m

The corresponding index of refraction is

k| @
n=c—= 1—w—’2’. 4.71)

Let s denote the arc length of the light ray x(s). In any optics text one finds that
x (s) satisfies the differential equation (ray equation)

d ([ dx
—(\n—)=Vn. (4.72)
ds \ ds
(This is also derived in Sect. 5.8.1.) Since the deflection is small, we may calculate
it to sufficient accuracy by integrating (4.72) along an unperturbed trajectory y = b,
—00 < X < 00.
Since n =1 for r —> o0, the difference in the direction of the asymptotes is
given by
dx
ds

dx
w ds
The coronal scattering angle §. is (for small §.) equal to the left-hand side of (4.73)
multiplied by e,. Since Vn =n'(r)x/r, we have

o0 b
S (Va2 4 b2) ———— d. 474
. /_Oon( x2+b?) = X 4.74)

Compute this integral using the saddle point method.

o0
:/ Vn(xeyx + bey) dx. 4.73)

—00 —00

Exercise 4.7 Derive the following generalizations for the deflection of light rays
and the advance of the perihelion from the metric (4.65):

1

5= (1 +y)scr. (4.752)
1

&= =B +2y) e (4.75b)

Hint Use Fermat’s principle to derive (4.75a) (see Sect. 2.7).
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Point 2

Fig. 4.8 Time delay of radar signals

4.5 Time Delay of Radar Echoes

In 1964 1. Shapiro proposed as a new test of GR to determine the time delay of
radar signals which are transmitted from the Earth through a region near the Sun to
another planet or satellite and then reflected back to the Earth. Suppose that a radar
signal is transmitted from a point 1 with coordinates (r1, ¥ = %, ¢1) to another point
2 with (r, 9 = %, ©2), as indicated in Fig. 4.8.

We first compute the Schwarzschild coordinate travel time #15 required. From

(4.57) we have
2m\ L?

Using (4.31b) we can express 7 as

. dr t._dr E
"T\G) T oamr

Inserting this into (4.76) gives

2m\ 7 (dr\? 2m\ 7' L\ 1
(=) (@) =0-7) -(5) = e

At the distance » = rg of closest approach to the Sun, dr/dt vanishes, so that

L 2_ r&
(E> ~ (1 =2m/rg)’

If we insert this in (4.77), we obtain

-3 2 2 -1 —1
(-2 GG 0-2) ) = e
r dt r 70 r

According to this equation, the coordinate time which the light requires to go from
ro to r (or the reverse) is

_ r dr 1=2m/r (ry 12
t(r’r‘))_/ 1—2m/r<1_1—2m/r0<7)> ' (4.79)

ro
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Hence, for |¢1 — ¢2| > 7/2,
t1p =1t(r1,ro) +1(r2, ro). (4.80)

We shall treat the quantity 2m /r appearing in the integrand of (4.79) as small, thus

obtaining
r 2m 2m  2m ro 2172
t(r, o) = I+ —)Il=|\——— | = dr,
"o r o r r
" ) /’ 1 rg —172 I+ 2m n mrg d
r,ro) = i 2 p "t r

Elementary integration gives

r—{—,/rz—rg r—ro\'"/?
t(r,ro):,/rz—r§+2mln<7>—i—m( ) . (4.81)

70 r+ro

or

For the circuit from point 1 to point 2 and back, it is natural to introduce the follow-
ing Shapiro delay in coordinate time:

At = 2<t(r1, ro) +t(ra, ro) — \/’"1 - ”0 - \/”2 - r0>
(ri+4/ri—r )(r2+ r2 — 2
~ 4m ln( Ve )
+2m<\/”_m+/”_ro>. (4.82)
ry+ro r+ro
Although this time is not observable, it gives an idea of the magnitude of the general

relativistic time delay.
For a round trip from the Earth to Mars and back, we get (for ro < r, r2):

4rirp

At ~4m| In +1 (4.83a)
ro

(At)max = 240 ps. (4.83b)

To give an idea of the experimental possibilities, we mention that the error in the
time measurement of a circuit during the Viking mission was only about 10 ns.

We emphasize once more that the coordinate time delay (4.82) cannot be directly
measured. For this, it would be necessary to know (r? — r$)V/2 + (r3 — r})!/% ex
tremely precisely (i.e., to better than 1 km for a 1% measurement). Now, the various
radial coordinates in general use (see, e.g., (4.14)) already differ by an amount of the
order of GMg,/c? ~ 1.5 km. For this reason, the theoretical analysis and practical
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evaluation of the data from a time delay experiment is much more complicated. One
must carry out the measurements of the circuit times over a period of several months
and fit the data to a complicated model which describes the motion of the transmit-
ter and receiver very precisely. The post-Newtonian corrections to the equations of
motion must also be taken into account.? In every reasonably realistic model, there
is a set of parameters which are not known well enough. It is necessary to include
all these “uninteresting” parameters, along with the relativistic parameter y (see
(4.65)), in a simultaneous fit.

The first (“passive”) experiments were performed with radar echoes from Mer-
cury and Venus. The rather complicated topography of these planets limited the pre-
cision attainable in these experiments. In addition, the reflected signals were very
weak. The result of an early measurement is shown in Fig. 4.9.

The (“active”) radio observations from satellites, in which the reflected signals
are shifted in frequency by a transponder, suffer from the difficulty that the satellites
are subject to strong, non-gravitational perturbations, such as radiation pressure, loss
of gas, etc.

In all the experiments, time delays due to the solar corona provide an additional
source of error. In spite of all these difficulties, the Viking mission (see [133]) pro-
vided a very precise determination of y:

y = 1£0.001, (4.84)

confirming the GR prediction y = 1. An important factor in attaining such an amaz-
ing precision is that in the Viking mission two transponders landed on Mars, while
two others continued to orbit the planet. The orbiting transponders transmitted in

3 A similar, but even more demanding analysis will be carried out in Sect. 6.8, in connection with
binary pulsar data. The Shapiro time delay will there also play an important role.
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both the S-band and the X-band (unfortunately, the two “landers” could only trans-
mit at S-band frequencies). It was thus possible to determine the rather large time
delays (up to 100 ps) due to the solar corona fairly precisely (since these are propor-
tional to v’z). Since two of the transponders are fixed on Mars, the determination
of the orbits is more precise than was possible with Mariner 6, 7 an 9. One also
discovered that the corona varies considerably with time, and hence that the time
delays cannot be determined sufficiently precisely with a parameterized theoretical
model.

We add that the one-way time delay of signals from the millisecond pulsar PSR
1937421 have also been measured, but the accuracy is by far not as high as for the
Viking experiment.

More recently, a substantially improved test of the predicted time delay has been
achieved, using the radio multi-frequency links with the Cassini spacecraft. The
experiment was carried out between 6 June to 7 July 2002, around the time of a
solar conjunction when the spacecraft was on its way to Saturn.

What is actually measured is the fractional frequency shift of a stable and co-
herent two-way signal (Earth—spacecraft—Earth). The expected general relativistic
contribution to this observable is the time derivative of (4.83a), i.e.,

dAt 1 drg
— =—-8m——.
dt ro dt

For the parameterized metric (4.65) this is proportional to 1 + y. Numerically, this
quantity is —(1 x 107s)(1 4+ y)dInrg/dr.
The analysis of the experiment led to (see [142])

y=14+2.1£23)x 107>,

This is a significant improvement in comparison to (4.84).

Exercise 4.8 Use the electron density (4.68) to compute the time delay caused by
the solar corona.

Hints The group velocity corresponding to the dispersion relation w = (¢?k* +
a)?,)l/ 2is

do kc? 1oy
vg= e =~ (1 c.

ok [c2k? + a)l% 2 w?

For the computation of the time delay, one may use the unperturbed straight line
path for the light ray. This can be seen with Fermat’s principle, according to which
the actual path of the ray minimizes the transit time (hence the error is of second
order in the perturbation).
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4.6 Geodetic Precession

Suppose that a gyroscope with spin S moves along a geodesic. Then the four-vector

S is parallel transported (see Sect. 2.10.1). As a special case, we consider a circu-

lar motion in the plane ¥ = 7 in the Schwarzschild field and compute the corre-

sponding spin precession. The spin precession for general motion will be studied in
post-Newtonian approximation in Sect. 6.6.

In the following, we use the tetrad (4.4) and its dual basis, denoted by {e,}. The
four-velocity u and the spin S of the gyroscope moving along a geodesic satisfy the
equations

(S,u) =0, V.S =0, Vuu=0. (4.85)
The components of V,, S are given by (see DG, (15.61))
(VuSH = SH + w”ﬁ(u)Sﬂ =0, (4.86)

where a dot again denotes differentiation with respect to proper time. For circular
motion with ¥ = %, we obviously have ul = u? = 0. If we now use the connection
forms (4.8) with a = —b, we obtain

§0=-0%w)S’ = -0", )S" = —d'eP0°w)S" =b'e Pu’S".
The other equations are derived similarly. The result is
SO — b/e—bu()Sl
. 1
St =p'e7bu0s% 4 —ePu3s3,
. ' (4.87)
§* =0,
&3 | P
§S7=——e"u’S".
r

From V,u = 0 we obtain in place of the second equation in (4.87)

0=>b"e(u’)’ + %e_b (),

u®\? 1
(E) ==y (4.88)

The following normalized vectors are perpendicular to u:

which implies that

el =ey, ey =en, e3 =M3eo+u0€3. (4.89)

When expanded in terms of these, S has only spatial components: S = S’é;. Obvi-
ously, we have

SO =u383, st =31, §? =52, 3 =ul83. (4.90)
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We now write (4.87) in terms of the S’, with the result (dropping the bars)

. uo . uo
Sl=—be?=s’  $=0, §=pe=s" (4.91)
u u
In obtaining (4.91), we used (4.88) and (u%)* — (u?)* = 1.
We now replace the S’ in (4.91) by derivatives with respect to coordinate time.

Note that (4.4) implies u® = e~’7, hence dS*/dt = §' /i = S'e=? /u", and therefore

as' __b_/e—2b53 ds? 0 ds’ _b_/e—ZbSI.

—= =0, —= 4.92
dt u3 dt dt  u3 (452)
From (4.4) we have ud = r¢, thus
dp ¢ 14
w=—=-=-—¢
dt ¢ rud
or, together with (4.88),
3\ 2
p (w1 oy L g L opy
Using e 2’ = 1 — 2m/r we obtain
=" (4.93)
r
This is the relativistic version of Kepler’s third law.
The orbital angular frequency 2 in (4.92) satisfies
b 2 .,—4b 1 1
02— &')"e :(b/)26_4b e — ) =1+~ R
(u3)? b'r r
2.—2b( 2.-26( M 1
= b +1)= —_—— 41
w-e (r—}—) @-e <r1—2m/r+>
1—
— e 3m/r 7
1-2m/r
thus 22 = ¢2w?, with
3
A=1-22 (4.94)
r
We write (4.92) in vector notation
d
ES:Q xS, £=(0,ew,0). (4.95)

In the Newtonian limit £ = (0, w, 0). Equation (4.95) shows that in the three-
dimensional space oriented toward the center and perpendicular to the direction of
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motion, S precesses retrograde about an axis perpendicular to the plane of the orbit,
with frequency ew < w. After one complete orbit, the projection of S onto the plane
of the orbit has advanced by an angle

2
27 (1l —e) =: wg— (4.96)
w

(the reader should convince himself of the sign).
The precession frequency ws = w (1 — e) is given by

m\/? 3m\ /2 GM\'*3GM
o= 1-(1-= ~ (=5 ,
r r r 2r

3 (GM)>
TR

The square root in the exact expression for wy is always well defined, since there are
no circular orbits for r < 3m.
Taking the Earth as the central mass, one obtains

or

(4.97)

r

Re 5/2
wy =84 — arcs/yr. (4.98)

In addition to the geodetic precession (4.98), there is a further small contribution
from GR which is due to the Earth’s rotation. This Lense—Thirring precession will
be discussed in Sects. 5.2 and 6.6 (see also Sect. 2.10.5). The Stanford Gyroscope
Experiment had as its goals the measurement of these effects. It completed the flight
portion of its mission in the fall of 2005. The final results, reported in [143], are:
The geodetic drift rate is —6601 £ 18.3 mas/yr, and the frame-dragging drift rate is
—37.2 £ 7.2 mas/yr, to be compared with the GR predictions of —6606.1 mas/yr,
and —39.2 mas/yr, respectively (“mas” is milliarcsecond).

The most serious competition for these results comes from the LAGEOS exper-
iment, in which laser ranging accurately tracked the paths of two satellites orbiting
the Earth. The LAGEOS satellites finally yielded tests at a quoted level of approxi-
mately 10% [144].

Remarks

1. The Earth is a natural gyroscope. After one “sidereal year” (i.e., Ap = 27) the
projection of the Earth’s axis on the ecliptic has advanced by the angle

27(1 —e) =0.019".

The sidereal year is characterized by the return of the Sun to the same location
with respect to the fixed stars. The pole axis has then moved with respect to the
fixed stars. However, this effect is masked by other perturbations of the Earth’s
axis.
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2. The Earth-Moon system can be considered as a “gyroscope”, with its axis per-
pendicular to the orbital plane. The predicted precession, first calculated by de
Sitter in 1916, is about 2 arc-seconds per century. Using Lunar laser ranging data
over many years, this effect has been measured to about 0.7 percent (see [134]).

3. Another natural gyroscope is the binary pulsar PSR 1913+16. As we shall see in
Sect. 6.8, its general relativistic precession amounts to 1.21 deg per year, leading
to a change in the pulse profile and polarization properties. Due to these effects,
spin precession is now detected for several relativistic binaries. (For the Hulse—
Taylor pulsar see [135]; the interesting data from the double pulsar system will
be discussed in Sect. 6.8.)

Exercise 4.9

1. Determine the azimuthal velocity of a circular geodesic orbit in the Schwarzs-
child field. How large is this on the last stable circular orbit? The result is

1L
r1+L12/r2

This becomes equal to 1/2 for the last stable circular orbit, and approaches 1 for
the smallest (unstable) circular orbit.

2. Calculate also the radial acceleration for a non-geodesic circular orbit. Show that
this becomes positive for r < 3m. This counter-intuitive result has led to lots of
discussions.

v? =

Hints Use the tools developed in Sect. 4.6.

4.7 Schwarzschild Black Holes

In Chap. 7 we shall show that, in spite of the uncertainties in the equation of state,
the mass of non-rotating, cold (neutron) stars is bounded by a few solar masses.
Here we mention only a few important results (see also [137]).

Let p denote the mass-energy density, and assume that the equation of state is
known for p < p,, where p, is not significantly larger than the nuclear matter den-
sity pp = 2.8 x 10" g/cm?. The mass of a non-rotating neutron star is bounded
by

M/Mg < 6.75(po/ =)'/, (4.99)

assuming only that the equation of state above p, obeys p > 0 and dp/dp > 0.
If, in addition, one assumes that the speed of sound is less than the speed of light,
so that dp/dp < c2, the bound (4.99) can be tightened:

M/ Mg <4.0(po/p:)"/?. (4.100)
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“Realistic” equations of state give typical values of M,,,, around 2Mg. For rapidly
rotating neutron stars this limit increases.

Of course, a supercritical mass can exist in a temporary equilibrium, if pressure is
built up by means of thermonuclear processes. Sooner or later, however, the nuclear
energy sources will be exhausted, and thus a permanent equilibrium is no more pos-
sible, unless sufficient mass is “blown off” (for example in a supernova explosion).
Otherwise, the star will collapse to a black hole.

In this section, we shall consider qualitatively the spherically symmetric col-
lapse and the detailed properties of spherically symmetric black holes. Many of the
qualitatively important aspects of the realistic collapse to a black hole are already
encountered in this simple situation. The spherically symmetric collapse is particu-
larly simple, since we know the gravitational field outside of the star. In this region,
it depends only on the total mass of the collapsing object, and not on any dynamical
details of the implosion, as we have already shown for r > 2m in Sect. 4.1 (Birkhoff
theorem). In the following section, we shall extend this result to the case » < 2m.

4.7.1 The Kruskal Continuation of the Schwarzschild Solution
The Schwarzschild solution

2 dr?
g=—(1-" Va2 4 +r2(d0? + sin® ¥ dg?) (4.101)
r 1 —2m/r
has an apparent singularity at r = 2m. We shall see that (4.101) becomes singular
at r = 2m only because the chosen coordinate system loses its applicability* at
r = 2m. A first hint of this behavior comes from the observation that, with respect to
the orthonormal basis (4.4), the Riemann tensor (4.10) is finite at » = 2m. A typical
component is

b 1

1 1 —2b
Ry =R33=¢"—~ 3

Hence at r = 2m, the tidal forces remain finite.

Before we continue the Schwarzschild solution beyond r = 2m, let us consider
timelike radial geodesics in the vicinity of the horizon. For L = 0, we obtain from
(4.33) and (4.34) the following equation of motion for a test body in a Schwarzschild
field:

2 =2m/r +E*—1. (4.102)

“It is easy to construct coordinate singularities. For example, consider in R? the metric ds> =

dx? + dy? and introduce in place of x the coordinate & = x3/3. The transformed metric is given
by

ds® = (36)"7 dg* + dy?,

which is “singular” at £ = 0.
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Suppose that a radially falling particle is at rest at » = R, so that 2m/R =1 — E2,
with E < 1. From (4.102) we have

2 2 —1/2
dr = (—m — —m) dr. (4.103)

One can easily find the parametric representation of the motion (cycloid)

R
r= 5(1 + cosn), (4.104a)
3\ 172
T = (—) (n +sinn). (4.104b)
8m

Nothing unusual happens at r = 2m. For n = 0, we have r = R and v = 0. The
proper time for free falltor =0 (i.e., n=m)is 7 = (n/2)(R3/2m)1/2.

On the other hand, consider r as a function of the coordinate time t. Together
with (4.31b) we obtain

. dr. dr E
P =

=—f=——. (4.105)
dt dt 1 -2m/r
Let us use the radial coordinate
r*=r+2m1n(L - 1). (4.106)
2m
Since
dr* . 1 dr
dt — 1=2m/rdt’
it follows from (4.105) that
. dr*
F=F . (4.107)
dt
If we now insert this in (4.102), we obtain
dr*\? 2
(EL> —p2o14+ (4.108)
dt r

Let us look for an approximate solution in the vicinity of r = 2m. For r | 2m,
we have r* — —o0 and the right hand side of (4.108) approaches E2. Hence, for
r>~2m,

dr*

dt
Thus, we obtain, using (4.106),

~—1, and r*~ —t+ const. (4.109)

r ~2m + const e /%™ (4.110)
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Fig. 4.10 Radial motion of a

test body as a function of r

proper time and coordinate

time, respectively t
r_2mpE———————Xc—————-=

and this shows that the test body arrives at the Schwarzschild radius only after in-
finitely long coordinate time.

It is also possible to express ¢ in terms of the parameter 1. From (4.31b), (4.104a)
and (4.104b), we have

_ Edrt _Edr 1
1=2m/r dnl-=2m/r

3\ 1/2
=m(R—> 1+cospy dn.

8m 1 —4m(R(1 + cosn))~!

dt dn

With the help of integration tables, one finds

=In
2m (R/2m — 1H)1/2 —tann /2

R 172 R
+<——1) <n+—(n+sinn)). (4.111)
2m 4dm

Lo R2m— 172 —i—tann/Z'

Here, the constant of integration was chosen such that t =0 for n =0 (r = R). For
tann/2 — (R/2m — Y2, we have r — 2m and t — 0o (see Fig. 4.10).

Next, we consider radial null directions for the metric (4.101) (for r > 2m and
r < 2m). For these we have ds =0 and

ﬂ:i(l_z_’"). (4.112)

As r | 2m, the opening angle of the light cones becomes increasingly narrow, as
shown in Fig. 4.11.

The previous discussion indicates that the simultaneous use of the coordinates r
and ¢ is limited. By using the proper time, it is possible to describe events which
only occur after t = co.

When r > 2m, ¢t is a distinguished timelike coordinate. The Schwarzschild so-
Iution is static and the corresponding Killing field K is just K = 9/9d¢ (the corre-
sponding 1-form K" is given by K” = (K, K) dt). Since the coordinate ¢ is adapted
to the Killing field K, it is uniquely defined, up to an additive constant.

We now wish to continue the Schwarzschild manifold (» > 2m) in such a way
that the Einstein vacuum field equations are always satisfied. This was done most
simply by Kruskal in 1960. We wish to avoid having the light cones contract in a
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Fig. 4.11 Light cones in A
Schwarzschild coordinates t

singular manner for r | 2m. Hence we try to transform to new coordinates (u, v),
for which the metric has the following form

g = —f2(u, v)(dv* — du®) +r?*(d9? + sin® ¥ dp?). (4.113)

For radially emitted light rays we then have (du/dv)> =1 when f2 # 0. The met-
rics of the two-dimensional submanifolds {1}, ¢ = const} are conformally equivalent
to the 2-dimensional Minkowski metric dv? — du?.

We can easily write down the differential equations for the desired transformation
(¥ and ¢ are unchanged). From

CaxMax"
= Bxe gxB Swv

2 2
A )]
r ot ot
(=) =G - ()]
(1= =f ) (= ,
r or or
O_8u ou o0v dv
9t 9r At or’

8ap

it follows that

Note that the signs of u and v are not determined by these equations.

It is convenient to work with the radial coordinate r*, introduced in (4.106).
Furthermore, let

1—-2m/r
F(r) o= 2T
2

Here we have assumed that it is possible to find a coordinate transformation such
that the function f depends only on r. The transformation equations can now be

rewritten as:
w\2  [ou\?
— ) —— ) =F(r"), 4.114
(m) <a;) ") (4.1142)
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v\ (o) F(r 4.114b
<3r*) _<%) - (}’ )’ 4. )

ou au_av ov

— =—- . (4.114¢)
at  or* dat  or*
The linear combinations (4.114a) 4 (4.114b) £ 2 x (4.114c) give
dv v 2 ou , du 2 1150
il == , .115a
at  or* ar  or*
ov v \? ou du\?
— — =—— . (4.115b)
at  or* ar  or*

When extracting square roots, we choose the positive roots in the first equation and
the negative roots in the second (this avoids vanishing of the Jacobi determinant®).
We then obtain

8v_8u 8v_8u

—=—, — = (4.116)
atr  or* ar* ot
This implies
?u  %u _ v 3% _ @.117)
a2 orx2 a2 a2 ‘
The general solution of these wave equations is
v=h(r*"+0)+gtr*—1), (4.118a)
u=h@r*+1)—gtr*—1). (4.118b)

We now insert this into (4.114a)—(4.114c). Equation (4.114c) is satisfied identically,
while (4.114a) and (4.114b) lead to the additional condition:

—4h'(r*+t)g'(r*—t)=F(l’*)- (4.119)

For the moment, we assume that » > 2m and hence that F(r*) > 0. Differentiation
of (4.119) with respect to r*, respectively ¢, leads to

F/(r*) _ h//(r* + t) g//(r* _ t)

- , (4.120a)
Fr) — W40 " g =1
_Pedn gt on (4.120b)
W +t) gu*—1)
hence
(InF(r*)) =2(nn’) (r* +1). 4.121)

SFrom (4.114a) and (4.116) it follows that the Jacobi determinant is equal to the function F.
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We may regard r* and y = r* 4 ¢ as independent variables. In (4.121), both sides
must then be equal to the same constant 27, say. Introducing suitable constants of
integration, we then obtain

1 *
h(y) = 5e™, F(r*) =n%e™". (4.122)
From (4.120b) we also find

1
gy)= —7¢"- (4.123)

The relative sign of & and g is determined by F > 0 and (4.119).
Summarizing, we have

— * _ * _ _1 n(r*+1) l n(r*—r)
u—h(r +t) g(r t)—ze +2e

r* r Zmn r
=¢e” cosh(nt) = Sy 1 e cosh(nt),
m

thus
r 2mn
U= (— — 1) e cosh(nt).
2m
Similarly,
r 2mn
v= (— — 1> e sinh(nr).
2m
Furthermore, we have

1-4
() e

Cn2r\2m

We now choose 7 such that f2 0 for r = 2m. This requires 7 = 1/4m. In this
manner, we are led to the Kruskal transformation:

t
"= /ZL — 1e/4m cosh(4—>, (4.1242)
m m
r r/4m _: 4
v= i le sinh am ) (4.124b)
m m

By construction, the metric expressed in terms of these new coordinates has the form
(4.113), with

32m3
2= 2 r/am (4.125)

r
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Fig. 4.12 Schwarzschild A
quadrant in Kruskal 1%
coordinates 450 7
—2
7/
Ve
AN u -
N
450
Fig. 4.13 Lines of constant ¢ A e
and r in the Kruskal plane /?1/ Q&
e t=const
e .
., &P
7 7 &,
7
7
N u
AN
AN
AN
AN
N r=const
AN
S N
AN
AN
o)
2

4.7.2 Discussion

1. So far we just made a change of coordinates. In the (u, v)-plane, the Schwarzs-
child region r > 2m corresponds to the shaded quadrant u > |v| of Fig. 4.12.
The lines » = const in the (u, v)-plane corresponds to hyperbolas. This fol-

lows from

ul— = (L _ 1)er/2m,
2m
v =tanh<i).
4dm

(4.126)

In the limit » — 2m these approach the lines at 45° in Fig. 4.12. According
to (4.126), the lines ¢ = const correspond to radial lines through the origin, as
shown in Fig. 4.13.

. However, the transformed metric

g =— 2w, v)(dv* — du®) +r*(u, v) d$22, (4.127)

in which r is implicitly defined as a function of u and v by (4.126), is regular in
a larger region than the quadrant u > |v|.
The region in which (4.127) is non-singular is bounded by the hyperbolas

v2 — u? =1, where according to (4.126) we have r = 0, and hence by (4.125)
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Fig. 4.14 Graph of the A
function g g(r'2m)
14
R /1 /2m
-1

Fig. 4.15 The four quadrants
of the Kruskal region

f? becomes singular. For v> — u? < 1, r is a uniquely defined function of u
and v, since the right-hand side of the first equation in (4.126) is a monotonic
function when r > 0; its derivative with respect to r is proportional to re’/?",
thus positive for > 0. If we write (4.126) as u? —v? = g(r/2m), the graph of
the function g looks as in Fig. 4.14. We have thus isometrically embedded the
original Schwarzschild manifold in a larger Lorentz manifold, which is known as
the Schwarzschild—Kruskal manifold. The Ricci tensor vanishes on the extended
manifold. This is a consequence of the next two remarks.

3. In the derivation of the Kruskal transformation, we have arbitrarily chosen the
sign of & to be positive (and hence g to be negative). We could just as well have
chosen the reverse. This would amount to the transformation (u, v) — (—u, —v).
Thus the regions I and III in Fig. 4.15 are isometric.

4. We now consider the original Schwarzschild solution (4.101) formally for
r < 2m. This also satisfies the vacuum equations, as is easily shown by direct
computation (see also the Appendix to this chapter). In this region, » behaves
as a time coordinate and ¢ as a space coordinate. This manifold can be mapped
isometrically onto region II of Fig. 4.15. In order to see this, consider the deriva-
tion of the Kruskal transformation once more. For 0 < r < 2m, we now have
F(r*) <0, and hence the relative sign of g and & must be positive. If we choose
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both to be positive, we obtain

t
u=_|1- Le’/“msinh —,
2m dm
r r/4m !
v=_[1——e cosh| — ).
2m 4m

The transformed metric again has the form (4.127), and the function f is also
given in terms of 7 by (4.125). The image of (0 < r < 2m) under the transforma-
tion (4.128) is precisely the region II. The inverse of (4.128) is given by

t
o= (1- e, L _ (). (4.129)
2m v 4m

Taking g and h both negative is equivalent to the transformation (u,v) —
(—u, —v), so that the regions II and IV are mutually isometric.

5. Along the hyperbolas v> — u? = 1, the metric is truly singular. For example, here
the invariant Rygys ReBYS diverges. The Kruskal extension is maximal, which
means that every geodesic can either be extended to arbitrary large values of the
affine parameter, or it runs into the singularity v> — u?> =1 for a finite value
of this parameter. The manifold is geodesically incomplete (see the footnote on
p. 119).

6. The causal relationships in the Schwarzschild—Kruskal manifold are quite obvi-
ous. Radial light rays are lines at 45°, as in the Minkowski diagram. Observers
in I and IIT (where the metric is static) can receive signals from I'V and send them
to II. However, any particle which enters region II must run into the singularity
at » = 0 within a finite proper time. A particle in region IV must have come from
the singularity at a finite previous proper time. There is no causal connection
between regions I and III.

The singularity in the future is shielded from distant observers in regions I and
III by an event horizon. By definition, this is the boundary of the region which is
causally connected with distant observers in regions I and III, and is given by the
surfaces r = 2m. Signals which are sent from IV to I (or III) will already have

(4.128)

reached I at t = —oo. It is presumably not possible to observe such light.
7. In Sect. 4.7.4 we shall see that the complete Kruskal extension is not relevant in
astrophysics.

8. For a geometric visualization of the Schwarzschild—Kruskal manifold, we repre-
sent the two-dimensional surface {v = 0,9 = 7} as a surface of rotation in the
three-dimensional space (see Fig. 4.16). The upper part of the embedding dia-
gram corresponds to # > 0 (I) and the lower part to u < 0 (IIT). The reader should
consider how the funnel-like structure (“Schwarzschild throat”, “Einstein—Rosen
bridge”) changes for slices with increasing v.

9. The Schwarzschild—Kruskal manifold is static in regions I and III, but is dynam-
ical in regions II and IV. In these regions, the Killing field K = d/d¢ becomes
spacelike. (At the horizon, K is null: (K, K) =1 — 2m/r =0.) There are no
observers at rest in regions II and I'V.
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Fig. 4.16 The “Einstein—
Rosen bridge”

In Appendix to this chapter, we shall prove a generalization of Birkhoff’s theo-
rem (see Theorem 4.1).

4.7.3 Eddington—Finkelstein Coordinates

For spherically symmetric gravitational collapse, only part of the regions I and II
of the Kruskal diagram are relevant. For this part we shall introduce other, fre-
quently used coordinates, which are originally due to Eddington and were redis-
covered by Finkelstein. They are related to the original Schwarzschild coordinates
(t,r) in (4.101) by a change of time, but leaving (7, ¥, ¢) unchanged:

/

r=r, =1, =9,

t:z’—2m1n<2L—1) for r > 2m, (4.130)
m

t:t/—2mln<1 — ZL) for r < 2m.
m

The coordinates r and ¢’ are related to the Kruskal coordinates by

u= ler/4m (et’/4m + ﬂez’/m)’

2 2m
. 5 (4.131)
o= —er/Am (ot fam _ T T ANt A )
2 ( 2m
From these relations one immediately finds
r_zmer/2m=u2_v2’ et//2m=r_2mu+v (4132)
2m 2m u—v

With the help of these equations, one can readily convince oneself that the transfor-
mation (4.131) is regular for u > —v (i.e., in the region I UII). Inserting (4.130) into
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Fig. 4.17 Light cones in A
Eddington—Finkelstein t
coordinates

(4.101) gives

2 2 4
g= —(1 - —m> dr”? + (1 + —m> arr+ 2 ar dr 12 a0, (4.133)
r

r r

This form is valid in the region I U II. The metric coefficients expressed in terms of
the Eddington-Finkelstein coordinates are independent of ¢'; the price one pays is
the existence of non-diagonal terms, i.e., a non-trivial shift.

We determine the light cones for (4.133). For radially propagating light rays the
condition ds* = 0 leads to

, 2m , 2m
(di' +dr)| (1= =—)dt'—(1+— |dr|=0. (4.134)
r r
Hence the radial null directions are determined by

dr _ dr _r—2m (4.135)
e dt’ r+42m’ '

The radial null geodesics corresponding to the first of these equations are given by
t' +r = const.

These are the straight lines in Fig. 4.17. The second equation of (4.135) shows that
the tangents to the null geodesics of the other family have the following properties:

dr dr
— —> —1 forr —0, — —> 0 forr — 2m. (4.136)
dt’ dt’

The second of these properties implies that the geodesics do not cross the sur-
face r = 2m. This is indicated in Fig. 4.17. One can easily show that non-radial
null geodesics and also timelike directions have dr/dt’ between the two values in
(4.135). Hence the light cones have the structure shown in Fig. 4.17.
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Fig. 4.18 Spherically
symmetric collapse in
Kruskal coordinates

Fig. 4.19 Spacetime diagram
of a collapsing star in
Eddington—Finkelstein
coordinates

199

Null surface of
— lastinfluence

Distant
astronomer

Singularity r=0

Event
horizon

<

Ingoin
ligh rays

Surface of the star at
start of collapse

4.7.4 Spherically Symmetric Collapse to a Black Hole
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We now describe qualitatively the spherically symmetric, catastrophic collapse of
a supercritical mass. Since, according to the generalized Birkhoff Theorem 4.1, the
exterior field is a region of the Kruskal manifold, the collapse is most easily visual-
ized in Kruskal coordinates as in Fig. 4.18. In Fig. 4.19 we show the same process
in Eddington—Finkelstein coordinates. From these two figures we may draw the fol-

lowing conclusions:

1. Equilibrium is no longer possible when the stellar radius becomes smaller than
the radius of the horizon, since the world lines of the stellar surface must lie
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inside the light cones. Collapse to a singularity cannot be avoided. At some point
in the vicinity of the singularity, GR will probably no longer be valid, since
quantum effects will become important.

2. If a signal is emitted from inside the horizon, it will not reach a distant observer.
The stellar matter is literally cut off from the outside world. Also light rays will
approach the singularity. Thus, the horizon is the boundary of the region which is
causally connected to a distant observer. It is defined generally by this property.
Thus, the event horizon acts like a one-way membrane through which energy
and information can pass to the interior, but not to the exterior. The existence of
horizons, or causal boundaries, in our universe is a remarkable consequence of
GR. The singularity is behind the horizon, and hence has no causal connection
to an external observer; he cannot “see” it. It has been conjectured by R. Penrose
that this is true for all “realistic” singularities (‘“‘cosmic censorship hypothesis™).

3. An observer on the surface of a collapsing star will not notice anything peculiar
when the horizon is crossed. Locally the spacetime geometry is the same as it is
elsewhere. Furthermore, for very large masses the tidal forces at the horizon are
harmless (see below). Thus the horizon is a global phenomenon of the spacetime
manifold. Note also the “null surface of last influence” shown in Fig. 4.18.

4. An external observer far away from the star will see it reach the horizon only
after an infinitely long time. As a result of the gravitational time dilation, the
star “freezes” at the Schwarzschild horizon. However, in practice, the star will
suddenly become invisible, since the redshift will start to increase exponentially
(see below), and the luminosity decreases correspondingly. The characteristic
time for this to happen is T ~ Rg/c ~ 1075(M/Mg) s; for M ~ M, this is
extremely short. Afterward, we are dealing with a “black hole”. It makes sense
to call the horizon the surface of a black hole, and the external geometry the
gravitational field of the black hole. The interior is not relevant for astrophysics.
When observed from a distance, the exterior field looks exactly like that of any
massive object. Its surface area is 4 R%.

Black holes act like cosmic vacuum cleaners. For example, if a black hole is part
of a close binary system, it can suck up matter from its partner and heat it to such
a degree that a strong X-ray source results. There is strong reason to believe that a
number of X-ray sources arise from such an accretion mechanism. We shall examine
this evidence more closely in Sect. 8.7.

Astrophysicists are by now convinced that gigantic black holes, with perhaps
10° M, exist in the center of many galaxies. The accretion of matter by these black
holes would provide a relatively natural explanation for the huge amounts of energy
which are set free in a rather small volume as observed in active galactic nuclei.

It now appears likely that the central core of most galaxies contains a black hole
of at least 10° M. The best evidence for supermassive black holes has been estab-
lished for our galaxy (see [140] and [275]). Many years of high resolution astromet-
ric imaging made it possible to determine the orbit for the star (S2) currently closest
to the compact massive black hole candidate Sagittarius A* (Sgr A*). The measured
points and the projection of the best fitting Kepler orbit are shown in Fig. 4.20. The
orbital period is 15.2 years, and the pericentre distance of the highly elliptic Kepler
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Fig. 4.20 Orbit of the star S2 [ T T e ]
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orbit is only 17 light hours. The orbital elements require an enclosed very compact
mass of (3.7 £ 1.5) x 10° solar masses. This means that the pericentre distance is
about 2100 times the Schwarzschild radius. For further details of these remarkable
findings, see [140, 141]. The future infrared interferometry will offer the possibility
to explore relativistic motions at 10—100 Schwarzschild radii from the central dark
mass, and tighten its interpretation as a black hole.

The current evidence for both stellar-mass and supermassive black holes will be
presented in Sect. 8.7. This has become overwhelming, but is still indirect.

4.7.5 Redshift for a Distant Observer

Suppose that a transmitter approaches the Schwarzschild horizon radially with four-
velocity V. The emitted signals with frequency w, are received by a distant observer
at rest (with four-velocity U) at the frequency wp (see Fig. 4.21). If k is the wave
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Fig. 4.21 Redshift for A
approach to Schwarzschild t
horizon

Transmitter

r=2m r

vector, then, according to (2.124), the redshift is given by

we (ks V>
1 =—= . 4.137
+z T ( )
We use the “retarded time”
u=t—r", (4.138)

where r* is given by (4.106). In terms of the coordinates u, r, ¥ and ¢ the metric
becomes

2m 2 2 162
g=—\|1——)du"—2dudr +r-ds2-. (4.139)

r

For a radially emitted light ray we have u, ¥, ¢ = const. Hence k is proportional to
a/dr. Now the Lagrangian for radial geodesics is given by

1 2
,c=—<1_—’")u2+ur'.
2 r

Since u is cyclic the following conservation law holds:

oL 2my., .
pui=—=\|1——)u+7=const. (4.140)
dau r
This shows that for radial light rays (& = 0), we have 7 = p, = const. Hence we
have, in terms of the coordinates u, r, ¥ and ¢,

a
k = const —. (4.141)
ar
Using this in (4.137) gives
V,d/0
| 4= Yo/0m) (4.142)
(U,d/0r)
The four-velocity V of the transmitter can be expanded as
.o .0
V=u—+r—,

u or
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Fig. 4.22 Qualitative A

behavior of r,(z,.)
r=2m i& ,,,,,,

Te
and hence (V,9/0r) = ug,, = —u. Similarly, we have for a distant observer,
(U,d/0r) = —t ~ —1, and thus

.. 2m _1,
l+z~u=t—(1—-—) F. (4.143)
r
We set
. 2m
E:=i(1-—|. (4.144)
r

For a radial geodesic, E would be constant. However, we shall not assume free fall.
Since 2L =1, i.e.,

2m\ .y P2
ity 2 . —— (4.145)
r 1—-2m/r
we have
2
P2+ (1 - —m> = E2. (4.146)
r

It then follows from (4.143) and (4.144) that

E—7 2m\ ! 2 2m\ /2
l+7z2=——=(1—-—— E+E" —1+— . (4.147)
1—-2m/r r r

From U >~ 9/du we see that u is the proper time of the observer, that we also denote
by 79. Keeping (4.147) in mind, we are interested in the radial coordinate r, of the
transmitter as a function of 9. From (4.143) we have

dre dre (F\ 7
dvg du \u), 14z
If we insert (4.147) into this expression and use (4.146), we obtain for r =r,

d 2 2 1/2 2 1/29-1
—r=—<1——m><E2—1+—m> [E+<E2—1+—m> ] . (4.148)
drtg r r r

Now r,(t.) has qualitatively the form shown in Fig. 4.22. After a finite proper
time the transmitter reaches the Schwarzschild horizon (e.g., in free fall). From
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(4.146) we see that for r >~ 2m, E is finite, non-zero, and slowly varying. It then
follows from (4.148) that in the vicinity of r =2m

drN 11 2m N r—2m
drvg 2 r ) 4m

r — 2m =~ const e T/ (4.149)

or

From (4.147) we obtain the asymptotic expression

14+z2> (4.150)
r—2m
Inserting (4.149) into (4.150) gives the previously mentioned result
1 4z o e®/4m, (4.151)

which shows that the redshift increases exponentially in the vicinity of r = 2m.

4.7.6 Fate of an Observer on the Surface of the Star

As the stellar radius decreases, an observer on the surface of the star experiences
constantly increasing tidal forces. Since his feet are attracted more strongly than his
head, he experiences a longitudinal stress. At the same time, he is compressed from
the sides (lateral stress). Let us calculate these forces.

As a first step, we compute the components of the Riemann tensor relative to the
basis (4.4). If we insert

2
2 =2 = (1 _ —m> (4.152)
r

into the curvature forms (4.9), we obtain

2m
Roto1 = —Rp323 = ——5-,
r

(4.153)
m

Ri212 = Ri313 = —Ro202 = —Ro303 = -3

All other components that are not determined by (4.153) and by symmetry proper-
ties vanish.

The falling observer with four-velocity U will use his rest system as a frame
of reference. For » > 2m, this is reached by the special Lorentz transformation in
the radial direction, which transforms eq to the four-velocity U. Remarkably, the
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Fig. 4.23 Freely falling
square prism
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components of the Riemann tensor with respect to this new system are unchanged.
A Lorentz “boost” has the form

cosha sinha | O
A= sinhae  cosha | O
0 0 1

From (4.153), we then obtain, for example,
R6101 = AOMAlvA(()IAf)Ruwp
= Rolo01 (cosh4 o — 2 cosh? a sinh® & + sinh* a) = Roio1-

The invariance of the other components is shown similarly. This invariance is the
result of the particular structure of the Schwarzschild geometry.

We now follow the observer in quadrant II. For this, we need some results from
the Appendix to this chapter. According to (4.214), the metric in quadrant II has the
form (4.204) with (see (4.214))

e =e2=C2m/1)—1, R=t. (4.154)

If one inserts these metric functions into the curvature forms (4.208) relative to the
basis (4.205), one obtains the same expressions as we had for » > 2m, except that r
and ¢ are interchanged. If we denote the timelike variable ¢ in (4.154) by r, then the
expressions (4.153) are always valid for the local rest system.

The equation for geodesic deviation implies that the distance between two freely
falling test bodies increases according to (3.11) as

it = R, jnj, (4.155)

where the dot denotes differentiation with respect to the proper time. Using (4.153)
we thus obtain for our problem

.1 2m 1 ) m 5 .3 m 5

in=—n, ne=-—-—n", n=——=n’. (4.156)
r r r-
Let us consider a square prism having mass p and height / with equal length and
width w, as in Fig. 4.23.
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We now ask what forces must be present in the body in order to avoid having
its various parts move along diverging (or converging) geodesics. From (4.156) we
see that the 1-, 2- and 3-directions define the principal axes of the stress tensor (the
2- and 3-directions are equivalent). The longitudinal stress is calculated as follows:
According to (4.156) an element du of the body at a height 4 above the center of
mass (the distance is measured along e;) would be accelerated relative to the center
of mass with a = 2mr=3h, if it were free to move. In order to prevent this, a force

2
dF =adu = —’:lhd,u
2

must act on the element. This force contributes to the stress through the horizontal
plane through the center of mass. The total force through this plane is

1/22 h
F:/ MRt an
0

r3 lw?
or
1
po Lwml
4 3

The longitudinal stress 7' is given by 7! = — F /w?, so that

1 uml
T =—- . 4.157
4 r3yw? ( )
Similarly, using (4.156), one finds for the lateral stress 7| :
T, =i bm (4.158)
TR '

As a numerical example, take 4 =75 kg, = 1.8 m and w = 0.2 m. We find

T!~—1.1 x 10" M /Mg (r/1 km) =3 N/m?,
(4.159)
T, ~0.7 x 102M/Mg(r/1 km)~—> N/m?.

For comparison, recall that 1 atmosphere is 1.013 x 10° N/m?.

When the mass of the black hole is very large, the tidal forces are even at the
Schwarzschild horizon completely harmless.

After the body is finally torn apart, its constituents (electrons and nucleons) move
along geodesics. For r < 2m, these have the qualitative form indicated in Fig. 4.24.
The spatial coordinate ¢ is nearly constant as r — O (the reader should provide an
analytic discussion). Thus, when the upper (lower) end has the radial coordinate ,
(t1), the length L of the body approaches

1/2
L=gy(n'*(t—1)~ (T) (t2 — 1) ocr ™% o (Teoiapse — 7)1/ — 00
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Fig. 4.24 Qualitative form of A
geodesics for r < 2m
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as r — 0. Here, 7 is the proper time

r/o —12
T= —/ <_m — 1) dr,
o\ T

and Teollapse = Tlr=0. For r = 0, we have Toliapse — T & r3/2. For the surface area A
we find

1/2
A= (gz?z?(")gw(")) / AYAp x r? o (Teollapse — T)4/3 — 0.
The volume V behaves according to
V = AL oc 3% o¢ (Teoltapse — 7) —> 0.

It is thus not advisable to fall into a black hole.

4.7.7 Stability of the Schwarzschild Black Hole

The Schwarzschild solution is only physically relevant if it is stable against small
perturbations. Whether this is the case is a very difficult unsolved problem. Some
insight can be expected from a linear stability analysis. It turns out (see [138] and
[139]) that the frequencies w, of the normal modes in the time dependent factors
exp(—iw,t) are all real, because the a),% can be shown to be the eigenvalues of a self-
adjoint positive operator of the Schrodinger type. (The radial parts of the normal
modes are the corresponding eigenfunctions.)

From this linear stability we can, however, not conclude anything about the sta-
bility of the non-linear problem (as is well known from simple examples of ordinary
non-linear differential equations).

4.8 Penrose Diagram for Kruskal Spacetime

In this section, we shall construct a ‘conformal compactification’ of the Kruskal
spacetime. Such constructions make it possible to discuss the behavior at infinity
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with local differential geometric tools, a point of view that is important for the anal-
ysis of gravitational radiation (see Sect. 6.1).

For illustration, let us first recall the well-known example of a conformal com-
pactification of the Euclidean space (R”, n) provided by the n-sphere S and its
natural Riemann metric g: From Exercise 3.8, Eq. (3.76) it follows that the inverse
of the stereographic projection from the north pole is a diffeomorphism ¢ such that
@*g is conformal to the flat metric 5. Furthermore, the conformal factor £2, given
by (3.76), has a smooth extension to all of S”. On the north pole it vanishes and
ds2 #0.

4.8.1 Conformal Compactification of Minkowski Spacetime

As a more relevant example for what follows, we now construct a conformal com-
pactification of Minkowski spacetime. In polar coordinates the Minkowski metric
is

g =—dt* +dr’ +r*(dv? +sin* ¥ d¢?). (4.160)
It will be useful to introduce the null coordinates u =t — r and v =t + r, in terms
of which we have

1
¢=—dudv+ Z(v—u)z(dﬁz—f-sinzﬁd(pz). (4.161)

Note that the hypersurfaces {# = const} and {v = const} are null surfaces, i.e.,
(du,du) =0 and (dv, dv) = 0. Both coordinates u, v range over the complete real
line, subject only to the restriction v > u. This unbounded range can be mapped
diffeomorphically to a bounded region, for instance by the map (u, v) —> (U, V)
given by

u=tanU, v=tanV, (4.162)
with U, V € (=%, %) and the restriction V — U > 0. Using

1
dudv=—————dUdV
cos2 U cos2 V

and

w—u)?= sin?(U — V),

cos2 U cos? V

the metric becomes in the coordinates (U, V, ¢, )

1
=g 4.163
8= fcotUcos Ve ( )

where

§=—4dUaV +sin*(U — V)(d®? + sin® 9 dg?). (4.164)
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Fig. 4.25 Conformal
compactification of
Minkowski spacetime. The
open part of the shaded
region of the Einstein
cylinder is conformally
isometric to Minkowski
spacetime. The various pieces
of the conformal boundary
are also shown

Thus g and g are conformally related as
§=0%, 2%=4cos’Ucos’V. (4.165)

In contrast to g, the metric g is also defined when U or/and V are equal to /2.

In other words, g is a smooth metric on the compact manifold M=[— 5 %]2 x §2.

The Lorentz manifold (M, §) is actually a compact submanifold of the Einstein uni-
verse, discussed in Sect. 3.2. This becomes obvious by introducing the coordinates
f=U+Vand x =V — U, in terms of which

§=—di* +dx* +sin® x (d0* +sin? ¥ dp?). (4.166)

Here, the spatial part is the metric of S in polar coordinates (x, 9, @).

The compact manifold M is the shaded part of the Einstein cylinder R x $°,
shown in Fig. 4.25. The image of Minkowski spacetime is the open part of this
compact subset. Its boundary, called conformal infinity of Minkowski spacetime,
consists of the following pieces: The two null-hypersurfaces .#* and .# ~, given
by V=n/2,|U| <n/2for #T and U = —7 /2, |V| < /2 for .# ~, represent fu-
ture and past null infinity, respectively. This is where null-geodesics end up. The
points i*, given by U = V = 41/2, represent future and past timelike infinity,
where timelike geodesics end. Finally the point %, corresponding to U = —x/2,
V = /2 represents spacelike infinity. This is the end of all spacelike geodesics.

Note that the conformal factor vanishes on the conformal boundary of Minkowski
spacetime, consisting of .#%, i* and i°, but d£2 # 0 there. This part is fixed by the
Minkowski metric. Any further extension, like the part (—m, ) x S3 of the Einstein
cylinder, is arbitrary.

The conformal diagram in the (7, x) coordinates is shown in Fig. 4.26. The inte-
rior of the triangle corresponds to Minkowski spacetime.
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Fig. 4.26 Conformal
diagram of Minkowski
spacetime. The various pieces
of the conformal boundary
are also shown

4.8.2 Penrose Diagram for Schwarzschild—Kruskal Spacetime

For the Schwarzschild—Kruskal spacetime we proceed very similarly. Let u, v be the
Kruskal coordinates introduced in Sect. 4.7, and let t = v — u, U = v + u. We use
again the transformation (4.162),

u=tanU, v=tanV,

with (U, V) € (=%, ) and the restriction V — U > 0. In addition, we use the com-
binations f = U + V and 7 = V — U. The image of the Schwarzschild—Kruskal
spacetime in the (7,7)-plane is shown in Fig. 4.27. Note, for example, that in
this Penrose diagram the hyperboloids v> — u? = 1, where the metric (4.113) di-
verges, are transformed into tanU - tan V = iiv = v?> — u? = 1. This means that
cos(U+V)=0,ie., t=%m/2.

For a suitable conformal factor £2% the metric g := £22g has again a smooth
extension to .#+. Interestingly, it can also be extended to i 0 however, not in a
differentiable manner; g is only continuous at i 0,

Future singularity r = 0

Past singularity r= 0

Fig. 4.27 Conformal picture (Penrose diagram) of the Schwarzschild—Kruskal spacetime
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Exercise 4.10 Sketch the lines {r = const} and {r = const} in the triangle of
Fig. 4.26.

4.9 Charged Spherically Symmetric Black Holes

The generalization to electrically charged black holes is of theoretical interest, be-
cause some new qualitative features will show up. In particular, we shall encounter
two horizons, an external event horizon and an internal “Cauchy horizon”. This we
shall also find for uncharged, but rotating black holes (see Chap. 7). Astrophysically,
charged black holes are of little interest, since macroscopic bodies do not possess
sizable net electric charges.

In Exercise 4.4 we derived the Reissner—Nordstrgm solution as the unique two
parameter family of static, spherically symmetric solutions of the coupled Einstein
and Maxwell equations. In Schwarzschild coordinates the metric and the Faraday
form F are given by (G =1)

A 2
g=—d+ VZ dr? 4 r2(do? + sin® 9 do?), (4.167a)
.
F=-Sdindr, (4.167b)
r
where
A=r%=2mr+eé°. (4.168)

Recall that m is the mass parameter and e the charge, measured far away. Indeed,
far away F reduces to the Coulomb field of strength e. In other words, the electric
flux is asymptotically®

/ «F — 47e. (4.169)
52

4.9.1 Resolution of the Apparent Singularity

We consider only the case when A(r) has two roots, that is m > e. (This means that
the mass is larger than ~/4waMp;.) Then

AW) = —rp)F —ro), (4.170)
with

re=m+vm? —e2. (4.171)

We have F = E;0' A 09 with E; :.e'/r2 and thus *F = E102 A 93 = ed® Asin?d de.
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Fig. 4.28 Graph of the
metric coefficient

g00(r) = A/r? for the Gy (1)
Reissner—Nordstrgm solution. ——_-
The dotted line shows this i -
quantity for the r. rys r
Schwarzschild solution ,/
+ Schwarzschild

The graph of goo(r) = A/r? is shown in Fig. 4.28.

In the following discussion we distinguish the three regions:
0O<r<r_ (regionA), r— <r <ry (regionB), r >ry (region C).

It will turn out that {r = r,} is an event horizon, while {r =r_} is a ‘horizon’ of a
different kind.

The following radial coordinate r, generalizes (4.106) for the Schwarzschild so-
lution:

2
= dr. 4.172
" /A(r) ' @17
Since
r2 ri 1 rz 1
=14 — 4.173)
A ry —r_\r—rg Fp —r_\r—r_
we have
}’2 2
— + =
e =1+ Inlr —ry| — Inlr —r_|. 4.174)
r4 —r— r4 —r—

Next, we generalize the Eddington coordinates. The new time coordinate 7 is again
defined by t — r =: 7 — r, or with (4.174)

~ }"2 2
t=i——F—Inlr—ry|+ ———nj